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CONNECTED ALGEBRAIC GROUPS ACTING ON
THREE-DIMENSIONAL MORI FIBRATIONS

JEREMY BLANC, ANDREA FANELLI, AND RONAN TERPEREAU

ABSTRACT. We study the connected algebraic groups acting on Mori fibrations
X - Y with X a rational threefold and dim(Y") > 1. More precisely, for these
fibre spaces we consider the neutral component of their automorphism groups
and study their equivariant birational geometry. This is done using, inter alia,
minimal model program and Sarkisov program and allows us to determine
the maximal connected algebraic subgroups of Bir(IP?), recovering most of the
classification results of Hiroshi Umemura in the complex case.
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1. INTRODUCTION

1.1. Aim and scope. In this article we work over a fixed algebraically closed field
k. Our main goal is to study the connected algebraic subgroups of the Cremona
group Bir(P?) (see Definition 2.3.1 for a precise definition), up to conjugation,
via a new geometric approach involving explicit birational geometry of rational
threefolds.

When k is the field of complex numbers C, a classification of the maximal con-
nected algebraic subgroups of Bir(P?) has been stated by Enriques and Fano [EF98]
and achieved by Umemura in a series of four papers [Ume80, Ume82a, Ume82b,
Ume85]. In more than 150 pages, detailed arguments are given and a finite list
of families is precisely established. The proof of Umemura uses a result of Lie
that gives a classification of analytic actions on complex threefolds (see [Ume80,
Theorem 1.12]) to derive a finite list of algebraic groups acting rationally on P3.

Umemura, together with Mukai, studied in [MU83, Ume88] the minimal smooth
rational projective threefolds (a smooth projective variety X is called minimal if
any birational morphism X — X’ with X’ smooth is an isomorphism). For each
subgroup G ¢ Bir(P?) of the list of maximal connected algebraic subgroups of
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Bir(P?), they determine the minimal smooth rational projective threefolds X such
that ¢ !Gp = Aut®(X) for some birational map ¢: X -» P3; this gives a detailed
story of 95 pages additional to Umemura’s classification.

In this paper we will not use the long work of Umemura or any analytic method.
We will rather use another strategy to recover both the maximal connected algebraic
subgroups of Bir(P?) and the minimal rational projective threefolds on which they
act, based on the minimal model program (MMP), as we now explain.

If G is a connected algebraic subgroup of Bir(P?), then the regularisation the-
orem of Weil (recalled in § 2.4) gives the existence of a birational map ¢: X -» P3
such that G ¢ p Aut®(X)p t. Also, one can always compactify X equivariantly
and assume that it is projective. Supposing moreover that the base field k is of
characteristic zero, we may even assume that X is smooth. And finally we can run
an MMP (which is always Aut®(X )-equivariant; see Remark 2.1.7) to reduce to the
case where X is a Mori fibre space (see Theorem 2.4.4).

This observation justifies our strategy: we start from a rational projective three-
fold, take an equivariant resolution of singularities if char(k) = 0 or assume it is
smooth otherwise, run an MMP (which is valid for any smooth projective threefold
provided that char(k) ¢ {2,3}), and then study which of the possible outcomes
X - Y (with 0 < dim(Y) < dim(X) = 3) provide maximal algebraic subgroups in
Bir(P?). We distinguish between three cases:

(1) if dim(Y) =2, then X - Y is a Mori conic bundle over a rational projective
surface with canonical singularities. This case is studied in §3;

(2) if dim(Y) =1, then X - Y = P! is a Mori del Pezzo fibration over P*. This
case is studied in §4; and

(3) if dim(Y") = 0, then X is a Q-factorial Fano threefold of Picard rank 1 with
(at worse) terminal singularities.

When char(k) = 0, our results provide a full description of all the possible ma-
ximal connected algebraic groups acting on rational three-dimensional Mori fibre
spaces (and not just the smooth models), except when the basis of the Mori fi-
bration is trivial (i.e. dim(Y’) = 0); see Theorem E for a precise statement. As
consequence of the classification we also prove that each connected algebraic sub-
group of Bir(P?) is contained in a maximal one (Corollary G). This fact seems
difficult to prove without the classification, is unknown for Bir(P") when n > 4 and
is false for Bir(P! x C') with C is a non-rational curve (see [Fon19]). The hypoth-
esis on the characteristic is needed in several steps to obtain the classification (for
instance, we use our previous work [BFT17]).

It turns out that most of such connected algebraic groups are conjugated to
algebraic subgroups of automorphism groups of certain P!-bundles over smooth
rational surfaces; these were studied thoroughly in [BFT17]. Therefore, in the
present article we mostly focus on the neutral component of the automorphism
groups of conic bundles over rational surfaces that are not P'-bundles and of del
Pezzo fibrations over P!. It is striking to see that, even though there are many
rational three-dimensional Mori fibre spaces, in the end, only very few of them give
rise to maximal connected algebraic subgroups in the Cremona group Bir(P?); see
Corollary G. This is for instance completely different from the dimension 2 case
where each rational Mori fibration X — Y, with X a minimal surface, gives a
maximal connected algebraic subgroup of Bir(P?).
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Several results obtained in [BFT17] are used in this article, but nevertheless we
tried to make it mostly self-contained. For specialists of the MMP and the Sarkisov
program, our results can be seen as a natural geometric application of the ideas
and techniques from these theories, together with some explicit birational geom-
etry of threefolds, to determine and understand the maximal connected algebraic
subgroups of the Cremona group.

For non-specialists interested in the birational geometry of threefolds, this paper
could represent a good source of natural examples of Mori fibrations. In addition,
the geometric restriction given by the connected algebraic group actions allows us
to describe explicitly all the equivariant links between those.

The birational geometry of rational threefolds is incredibly rich and our results
also enlighten certain geometric features for the different classes of Mori fibrations
such as conic bundles and del Pezzo fibrations. For instance, we prove that conic
bundles over rational surfaces whose generic fibre is not P! and del Pezzo fibrations
over P! whose generic fibre is of degree < 6 have quite few automorphisms; see
Theorems C-D for precise results.

1.2. Statement of the main results. In all the article the base field k is supposed
to be algebraically closed. Our first main result is the following:

Theorem A. (see § 4.5 for the proof) Assume that char(k) ¢ {2,3,5} and let X
be a smooth rational projective threefold. Then there is an Aut"(f( )-equivariant
birational map X -> X, where X is a Mori fibre space that satisfies one of the
following conditions:

(1) X is a P'-bundle over P2, P x P or a Hirzebruch surface F, with a >2; or

(2) X is either a P?-bundle over P! or a smooth Umemura quadric fibration
Q, over P! (see Definition 4.4.2) with g € k[ug,u1] a square-free homogeneous
polynomial of degree 2n > 2; or

(3) X is a rational Q-factorial Fano threefold of Picard rank 1 with terminal
singularities.

Let us comment on the possible cases of Theorem A:

(1) As explained before, very few Mori fibrations appear in Theorem A. In par-
ticular, there is no conic bundle that is not a P!-bundle and no del Pezzo fibration
of degree d <7 (see Theorems C and D for more details).

(2) In this text a P"-bundle is always a Zariski locally trivial P*-bundle. The
P2-bundles over P! are simply given by R, = P(Op1 (-m) ® Op1(-n) @ Op1) for
some m,n >0 (see § 5.1(6)). Their automorphism groups are easy to describe (see
Lemma 5.3.1).

(3) There are many distinct families of P*-bundles over P? or over a Hirzebruch
surface F,. In [BFT17], we focused on these and gave a classification of maximal
ones in the case where char(k) = 0.

(4) The Umemura quadric fibrations Q, - P! are studied in Section 4.4. They
are parametrised by classes of hyperelliptic curves, and then form an infinite dimen-
sional family. Their automorphism group is however simply PGLy (or an extension
by G, in a very special case, but in this case Aut®(Q,) is conjugated to a strict
subgroup of Aut®(Q) = PSO5 with @ € P* a smooth quadric hypersurface).

(5) The case of Fano threefolds is less understood. There is for the moment no
complete classification of their automorphism groups, except in the smooth case
and over an algebraically closed field of characteristic zero [KPS18, Theorem 1.1.2].
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Along our way to prove Theorem A, Theorem E, and Theorem F below, we prove
the following three results (Proposition B and Theorems C-D), which we believe
are interesting on their own.

The next result, whose proof is elementary, is certainly well-known from special-
ists but we could not find a suitable reference. Therefore we chose to recall it and
write a complete proof.

Proposition B. (Lemma 2.4.2 and Corollary 2.5.9) Let X be a rationally connected
variety (i.e. two general points of X are connected by a rational curve). Then every
algebraic subgroup G ¢ Bir(X) is a linear algebraic group.

Suppose moreover that char(k) = 0, dim(X) = 3, and X is not rational (for
instance X is a smooth projective cubic threefold). Then every connected algebraic
subgroup of Bir(X) is trivial. In particular, Aut®(X) is trivial.

The next two results concern automorphism groups of certain conic bundles over
surfaces and del Pezzo fibrations over P!; these are key-ingredients in the proof of
Theorem A.

Theorem C. (see § 3.3 for the proof) Assume that char(k) # 2, let X be a normal
rationally connected threefold, and let m: X — S be a conic bundle.

(1) If the generic fibre of m is isomorphic to IP’ll((S), then there is an Aut®(X)-
equivariant commutative diagram

X————- > X
¥ "
G- .5

where Y and n are a birational maps, S is a smooth projective surface with no
(-1)-curve, and the morphism #: X - S is a P'-bundle.

(2) If the generic fibre of w is not isomorphic to ]P11<(s)7 the action of Aut®(X)
on S gives an exact sequence (see § 2.1 for the notation)

1> Auwt’(X)s - Aut®(X) - H > 1,

where H ¢ Aut®(S) and Aut®(X)gs is a finite group, isomorphic to (Z[2Z)" for
some r € {0,1,2}. Moreover, the following hold:

(4) If S is rational, which is always true if char(k) = 0, then both H and Aut®(X)
are tori of dimension at most two.

(i) If X is rational, then S is rational and there is an Aut®(X)-equivariant
birational map ©: X -> P3 such that ¢ Aut®(X)e ™! ¢ Aut(P?) = PGLy.
Theorem D. Assume that char(k) ¢ {2,3,5}. Let mx: X — P! be a Mori del Pezzo
fibration of degree d. Then, d €{1,2,3,4,5,6,8,9} and the following hold:

(1) If d <5 (resp. d =6), then Aut®(X) is a torus of dimension <1 (resp. < 3).

(2) If Aut®(X) is not isomorphic to a torus, there is an Aut®(X)-equivariant
commutative diagram

such that v is a birational map, Aut®(X) acts reqularly on'Y, and either
(i) my:Y =Pl is a P2-bundle; or
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(ii) there is a square-free homogeneous polynomial g € k[ug,u1] of degree 2n
(with n > 1) such that (Y, my) = (Qq, 7).
Moreover, in Case (ii), the group 1 Aut®(X)y™" c Aut®(Q,) is either equal to
PGLy (see Lemma 4.4.4(2)) if n > 2 or to PGLa xG,,, (see Example 4.4.6, with
g=uouy) if n=1.
Remark 1.2.1. The main reason for the restriction on the characteristic of k in

Theorem D comes from the fact that the generic fibre of a del Pezzo fibration
X — P! can be non-smooth in small characteristic (see Lemma 4.1.2).

Once we have proven Theorem A, we use results obtained in [BFT17] together
with the Sarkisov program (recalled in § 2.2) to prove the following results.

Theorem E. Assume that char(k) =0 and let X be a rational projective threefold.
Then there is an Aut®(X)-equivariant birational map X -> X, where X is one of
the following Mori fibre spaces (see § 5.1 for the notation):

(a) A decomposable P! -bundle Fbe— T, with a,b>0, a# 1, ceZ, and
(a,b,¢) =(0,1,-1); or
a=0,¢c#1,b22,b>|c; or
—a<c<a(b-1); or
b=c=0.

(b) A decomposable P! -bundle P, — P2 for some b > 2.

(¢)  An Umemura P!-bundle use— T, for some a,b>1,c>2 with
c<bifa=1; and
c—2<abandc-2#a(b-1) if a>2.

(d) A Schwarzenberger P-bundle Sy — P2 for someb=1 orb>3.

(e) A P-bundle V,— P? for some b > 3.

(f) A singular P!-fibration Wy — P(1,1,2) for some b> 2.

(g9) A decomposable P2-bundle R — P! for somem>n>0,
with (m,n) # (1,0) and
m=mn orm>?2n.

(h)  An Umemura quadric fibration Q,— P! for some homogeneous
polynomial g € k[ug,u1] of
even degree with at least
four roots of odd multiplicity.

(i)  The projective space P3.

(7)  The smooth quadric Qs c P

(k)  The weighted projective space P(1,1,1,2).

(1)  The weighted projective space P(1,1,2,3).

(m) A rational Q-factorial Fano threefold of Picard rank 1 with terminal singularities,

not isomorphic to any of the cases (i)-(j)-(k)-(1).
Remark. In Theorem E, Families (a), (b), (¢), (d), (e), (g), (i), (j) correspond
to smooth varieties. A variety Qg from Family (h) is smooth if and only if the poly-
nomial g is square-free. Families (f), (k), and (1) correspond to singular varieties.
Family (m) contains smooth varieties and singular varieties.

Remark. A description of the automorphism groups of the Mori fibre spaces listed
in Theorem E can be found in [BFT17, § 3.1, § 3.6, § 4.1, and § 4.2] for the P!-
bundles, in § 4.4 for the Umemura quadric fibrations, in § 5.3 for the P2-bundles
over P!, in Proposition 6.5.5 for the P!-fibrations W, — P(1,1,2), and in [AIAm89,
§ 8] for the weighted projective spaces. (See also [Ume85, § 4] for an alternative
description of these automorphism groups in the smooth cases.)
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Theorem F. Assume that char(k) = 0. Let X; and X5 be two Mori fibre spaces
such that X5 belongs to one of the Families (a)—(1) of Theorem E. If there exists an
Aut®(X1)-equivariant birational map p: X1 -> Xo, then X5 also belongs to one of the
Families (a)—(1), and ¢ Aut®(X1)¢ ™t = Aut®(Xs). Moreover, ¢ is a composition
of isomorphisms of Mori fibrations and of the following equivariant Sarkisov links
(or their inverses):

(S1) P! xP' x PY/(P' x P') = P' x P! x P'/(P' x P') (exchange of factors);

(52) P! x P2/P! = P! x P?/P? ;

(S3) 81/P? = 81 /P? (automorphism of order two exchanging fibrations, Prop. 6.1.2);

(S4) ]_—(1)7,0 — Fy x P! = ]—'l?’o for b>2 (isomorphism, Lemma 6.5.2);

(S5) Sp-» Sy for b >3 (birational involution, Prop. 6.2.2);

(56) Py —P(1,1,1,2) (reduced blow-up of the singular point of P(1,1,1,2));

(S7) Fullt = R for m =n > 1 or m > 2n > 2 (blow-up of a section,
Prop. 6.3.3);

(S8) Ri1-»Ru1 (birational involution which is a flop, Prop. 6.3.3);

(S9) P(1,1,2,3) -» Rs1 (reduced blow-up of [0:0:1:0] followed by a flip,
Lemma. 6.3.4);

(S10) P(1,1,2,3) -> Wy (weighted blow-up of [0:0:0:1], Lemma 6.3.4);

(S11) Fbe s Fotlera for all a,b,ceZ, a,b >0, a(c+a) >0 and either ab> 0 or
ac<0 (Lemma 5.2.1);

(S12) UL -> ULt for each Umemura bundle UL (Lemma 5.2.1);

(S13) L{f’z =V, for each b >3 (blow-up of a point, Lemma 5.2.3);

(S14) W, -» .7:3_1’_1 for each b > 2 (blow-up of a singular point followed by a
flip, Ezample 6.5.3);

(S15) W, -» .7-'5’1 for each b > 2 (blow-up of a singular point followed by a flip,
Ezample 6.5.4); and

(516) Qg -> Qgp2 for each g,h € k[ug,u1] homogeneous polynomials of degree
2n > 4 and 1 respectively and such that g has at least three roots (blow-up of a
singular point followed by a divisorial contraction, Lemma 6.6.2).

Remark. We conjecture that, for any singular rational Q-factorial Fano three-
fold X of Picard rank 1 with terminal singularities (other than P(1,1,1,2) and
P(1,1,2,3)), there is always an Aut®(X)-equivariant birational map X -» X' with
X' either being a smooth rational Fano threefold of Picard rank 1 or belonging to
one of the Families (a)—(1) of Theorem E.

When k = C, Umemura obtained the full classification of the maximal connected
algebraic subgroups in Bir(P?) in [Ume80, Ume82a, Ume82b, Ume85] using analytic
methods (see § 1.3 for a comparison with our classification). He then described,
together with Mukai, the possible regular actions of these groups on smooth projec-
tive algebraic varieties in [MU83, Ume88]. Combined with our results, this proves
the conjecture above in the case k = C. However, an independent geometric proof of
this conjecture would lead, together with our results and [KPS18], to an alternative
proof of Umemura’s classification via methods from modern birational geometry.

Finally, the next result follows readily from Theorems E and F, and from a
simple instance of the BAB conjecture (the boundedness of terminal Q-factorial
Fano threefolds). A proof of this corollary is given at the end of the article.
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Corollary G. Assume that char(k) = 0. Let G be a connected algebraic subgroup of
Bir(IP3). Then there exists a birational map ¢: X -> P? such that o 'Gp € Aut®(X),
where X is one of Mori fibre spaces listed in Theorem E and such that the connected
algebraic subgroup ¢ Aut®(X )¢t € Bir(P3) is maximal for the inclusion.

Moreover, for each variety Y that belongs to one of the Families (a)-(1), and for
each birational map :Y -> P3, the connected algebraic subgroup v Aut®(Y )y~ c
Bir(IP?) is maximal for the inclusion.

1.3. Comparison with Umemura’s classification. In this section we recall
the classification of the connected algebraic subgroups of Bir(IP’%) obtained by
Umemura [Ume80, Ume82a, Ume82b, Ume85] and compare it with our results.
The corresponding smooth relatively minimal models were determined by Mukai
and Umemura in [MUS83, Ume88|. Their main result can be expressed as follows.

Theorem. [Ume80, Ume82a, Ume82b, MU83, Ume85, Ume88|

Let G be a connected algebraic subgroup of Bir(IP’%). Then G is conjugated to an
algebraic subgroup of Aut®(X), where X is a smooth rational Mori fibre space of
dimension 3. Moreover, the conjugacy classes of algebraic subrgoups of Bir(P2)
parametrized by the families [P1],[P2],...,[J6;m,n],...,[J12] in the table below
are the mazimal conjugacy classes of algebraic subgroups of Bir(IP’fé),

[P1 the projective space P3
[ P2 the smooth quadric @ ¢ P*
[E1] the Fano threefold X5
[E2] the Mukai-Umemura Fano threefold X2V
[J1] P? x P!
[J2] P x P x P!
[J3;m] m>2 P! xT,,
[J4] the projectivisation of the tangent bundle of P?
[J5;m] m>3 the Schwarzenberger P'-bundle S, — P2
[J6;m,n] | m>22,-2>n P(Op1,p1 ® Opi,p1 (-m, —n))
[JT;m] m>2 P(Op2 @ Op2(-m))
[J8;m,n] | m>n>2 P(Op1yxp1 ® Opiypi (-m,—n))
m2>1 P(Op1xp1 & Oprypr (-m, -1))
or P(Op1 (—-m) ® Op1(-m) & Op1)
[J9;m,n] | mAan22,m22n24 |P(Op, ® O, (-mf —ks_,)) with k> 2]
mAan22,2n>m>n | P(Op, ®Op, (-mf -ks_,)) with k> |2 |
or P(Op:(-m) & Op1(—-(m-n)) & Op1)
mAan=1m22n24 | P(Or, ®Or,(-mf-ks_,)) with k> |7 |
or the so-called Fuclidean model Uy, ,, /
mAan=12n>m>n | P(Of, ®Or,(-mf -ks_,)) with k> |2 |
or P(Opi(-m) ® Op1(-(m—-n)) & Op1)
or the so-called Euclidean model Uy, ,,
[J10;m] m>2 P(Opi(-m) & Opr & Op1)
[J11;m, 1] | m=>2,0>2 the Umemura P*-bundle %/ — P? with j > [
m=1,1>3 the Umemura P!-bundle U457 - P? with j > 1
[J12;9(¢)] | g € k[t] of even degree | the smooth quadric fibration O, -~ PT of § 4.4

The conjugacy classes [P1], [P2], [El], and [E2] are determined in [UmeS80,
Ume82a] and correspond to the case of Fano threefolds with Picard rank 1. This first
part of the classification of the maximal connected algebraic subgroup of Bir(P2) is
based on the classification of law chunks of analytic actions (see [Ume80, § 1] for the
definition, these are the analytic counterpart of the rational actions introduced in
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Definition 2.3.1) due to Lie combined with the classical theory of algebraic groups
and invariant theory.

The other conjugacy classes [J1],...,[J12] correspond to non-trivial Mori fibra-
tions (i.e. conic bundles over a surface and del Pezzo fibrations over P'). They
are determined in [Ume82b, Ume85] by studying the properties of linear algebraic
groups of small rank, their linear representations, and their homogeneous spaces.

Let us note that Umemura first obtained an explicit representative for each con-
jugacy classes via group-theoretic arguments, and only then Mukai and Umemura
determined the relatively minimal models X realising each maximal conjugacy class
of Bir(P2) in [MUS83, Ume88] via the Mori theory.

The Euclidean models that appear in Umemura’s paper [Ume88] do not appear
in our classification, since they are not Mori fibre spaces; those smooth models can
however be recovered from our list, as explained in Remark 6.5.8.

We now give the correspondence between Umemura’s classification and the one
obtained in Theorem E.

« Family (@) corresponds to Umemura’s Families [J2], [J3], [J6], and [J8] when
a =0 and to Umemura’s families [J3] and [J9] when a > 2.

« Family (b) corresponds to Umemura’s Family [J7].

+ Family (¢) corresponds to Umemura’s Family [J11].

« Family (d) corresponds to Umemura’s Families [J4] and [J5].

« Family (e) was overlooked in the work of Umemura. But this family corre-
sponds to conjugacy classes of algebraic subgroups of Bir(P{) contained in [J11].

» Family (g) corresponds to Umemura’s Families [J1], [J8], [J9], and [J10].

o Family (h) corresponds to Umemura’s Family [J12].

« Elements [P1], [P2], [E1l], and [E2] are smooth Fano threefolds with Picard
rank 1 and they belong to Families (), (j) and (m) .

1.4. Content of the sections. Let us specify the content of each section.

Section 2 is dedicated to preliminaries. In § 2.1 we recall the notion of Mori
fibration and consider in particular the case of threefolds. In § 2.2 we recall how
equivariant birational maps between Mori fibrations can be factorised in equivariant
Sarkisov links, with a particular focus on the three-dimensional case. Then in § 2.3
we recall the definition and characterize the algebraic subgroups of the group of
birational transformations Bir(X) for a variety X. In § 2.4 we prove the first part
of Proposition B (Lemma 2.4.2), then we recall the famous regularization theorem
of André Weil and apply it to prove Theorem 2.4.4 (which is the starting point in
the proofs of Theorems A and E). In § 2.5 we prove the second part of Proposition B
(see Corollary 2.5.9).

Section 3 is dedicated to the proof of Theorem C. In § 3.1 we explain how to
reduce the case of standard conic bundles, which are Mori conic bundles with nice
geometric features. In § 3.2 we study standard conic bundles whose generic fibre is
not P!, and finally in § 3.3 we prove Theorem C.

Section 4 is dedicated to the proof of Theorem D. In § 4.1 we recall some general
results on del Pezzo surfaces and del Pezzo fibrations. In § 4.2 we study del Pezzo
fibrations of small degree over P! and prove the first sentence in Theorem D. In
§ § 4.3-4.4 we consider the case of P2-fibrations and quadric fibrations over P!
respectively. The proof of Theorem D is given in § 4.5. Once we have proven
Theorems C and D, we easily prove Theorem A, also in § 4.5.
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Section 5 is an intermediate step towards the proof of Theorem E. In § 5.1 we
introduce some families of P'-bundles over P? and Hirzebruch surfaces F, (with
a > 0), and we recall the main result proven in [BFT17] (which is necessary to
prove Theorem E). Then in § 5.3 we prove a series of lemmas that are also useful
to prove Theorem E.

Section 6 is dedicated to the proofs of Theorem E, Theorem F and Corollary G.
We first describe in § § 6.1-6.6 all the equivariant Sarkisov links starting from the
non-trivial Mori fibrations listed in Theorem 5.1.3, and then we easily deduce from
this the proofs of Theorem E, Theorem F, and Corollary G in § 6.7.

2. PRELIMINARIES

Notation. In this article we work over a fixed algebraically closed field k. To
the extent possible, we make no assumption on the characteristic of k. Each time
a restriction on the characteristic of k is required we write it down explicitly. A
variety is an integral separated scheme of finite type over a field; in particular,
varieties are always irreducible. An algebraic group is a group scheme over a field
that is smooth, or equivalently, geometrically reduced. By an algebraic subgroup,
we always mean a closed and reduced subgroup scheme. The neutral component of
an algebraic group G is the connected component containing the identity element,
denoted as G°; this is a normal subgroup scheme of G, and the quotient G/G° is
a finite group scheme. When the base field of our varieties, rational maps, and
algebraic groups is not specified, we work over the fixed algebraically closed field k.
In this article, a P™-bundle is always assumed to be locally trivial for the Zariski
topology; in particular, it is the projectivisation of a rank n+ 1 vector bundle when
working over a regular Noetherian scheme.

2.1. Mori fibrations. In this subsection we recall some notions from the Mori
theory / MMP; see [KM98, Mat02, Kol13] for more details.

Definition 2.1.1. A normal projective Gorenstein variety Z defined over an arbi-
trary field is called Fano if the anticanonical bundle w} of Z is ample. A del Pezzo
surface is a surface that is a Fano variety.

Definition 2.1.2. Let X be a proper scheme over an arbitrary field K. Then one
can associate to X the Picard scheme Picx,x and its neutral component Picg(/K,
which is a connected group scheme of finite type parametrising the algebraically
trivial line bundles on X (see [Gro62, n. 232, Sect. 6], [Mur64], and [Oor62]).

The Néron-Severi scheme NSx i is defined via the following exact sequence of
abelian group schemes:

0 - Pick,x — Picx;x -~ NSx/x > 0.

The abelian group of K-points NSk (K) is denoted by NS(X) and the Picard
rank of X is defined as p(X) := dimg NS(X)g.

Definition 2.1.3. Let m: X — Y be a dominant projective morphism of normal
projective varieties. Then 7 is called a Mori fibration, and the variety X a Mori
fibre space, if the following conditions are satisfied:

a) m.(Ox) = Oy and dim(Y) < dim(X);

b) X is Q-factorial with terminal singularities; and



10 JEREMY BLANC, ANDREA FANELLI, AND RONAN TERPEREAU

¢) wy is m-ample and the relative Picard number p(X/Y") of 7, that is, the rank
of NS(X/Y) =NS(X)/n*NS(Y), is one.

In the rest of this article, we will consider only the case where X is a rational
threefold. The MMP for smooth projective threefolds has been established over a
field of characteristic zero in [Mor82] and recently over a field of characteristic > 5
(see for instance [HX15, CTX15, Birl6, BW17, HW19]). Consequently, if X is
a smooth rational threefold and char(k) = 0 or > 5, then we can run an MMP to
produce a Mori fibration.

If X is a rational threefold and X — Y is a Mori fibration, then we distinguish
between three cases according to the dimension of the basis Y.

« dim(Y’) = 2. The Mori fibration 7 is a conic bundle, that is, a general fibre of
7 is isomorphic to P! (hence the generic fibre is a geometrically irreducible conic).
Also, the surface Y is rational with only canonical singularities.

o dim(Y) = 1. The Mori fibration 7 is a del Pezzo fibration, that is, a Mori
fibration whose general fibre is a del Pezzo surface (which is smooth if char(k) = 0,
but can be singular in low characteristic, see § 4). Also, the curve Y is isomorphic
to PL.

« dim(Y’) = 0. The Mori fibration is trivial and X is a rational Fano threefold
with Picard rank 1 and terminal singularities.

Let us note that a conic bundle (resp. a del Pezzo fibration) is not necessarily a
Mori fibration (because of the Picard rank condition).

Definition 2.1.4. A Mori conic bundle (resp. a Mori del Pezzo fibration) is a conic
bundle (resp. a del Pezzo fibration) which is also a Mori fibration.

We recall a result due to Blanchard [Bla56] in the setting of complex geometry,
whose proof has been adapted to the setting of algebraic geometry.

Proposition 2.1.5. [BSU13, Proposition 4.2.1] Let f: X — Y be a proper morphism
between varieties such that f.(Ox) = Oy. If a connected algebraic group G acts
reqularly on X (i.e. G acts on X through a morphism of algebraic groups G
Aut®(X)), then there exists a unique regular action of G on'Y such that f is G-
equivariant.

Let us note that, if X is a projective variety, then Aut®(X) is a connected alge-
braic group; see [MOG7] for the algebraic group structure of the neutral component
of the automorphism group of a proper scheme. We now consider two particular
situations of high interest for us where Proposition 2.1.5 applies.

e Let f:X — Y be a divisorial contraction between projective varieties. By
Proposition 2.1.5, the algebraic group Aut®(X) acts on Y and f is Aut®(X)-
equivariant. This means that there is an inclusion of algebraic groups

FAut(X)f! c Aut®(Y),

where we write f~' to denote the birational map which is the inverse of the bira-
tional morphism f. This observation will be useful in § § 5.3, 6.3, and 6.5.

o Let now m: X — Y be a Mori fibration. By Proposition 2.1.5, the algebraic
group G := Aut®(X) acts on Y and 7 is G-equivariant. To study G = Aut®°(X), we
will often consider the exact sequence

(A) 1-Auwt®(X)y - Auwt®(X) > H - 1,
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where H is the image of the natural homomorphism G - Aut®°(Y), and Aut®(X)y
is the (possibly disconnected) subgroup scheme of Aut®(X) which preserves every
fibre of the Mori fibration .

Remark 2.1.6. Let K =k(Y'), and consider the cartesian square

P1

Xk X
P2\1/ \Lf
Spec(K) ————>Y

defining the generic fibre of the Mori fibration 7m: X — Y. Since, for any ¢ €
Aut®(X)y, we have gopy = f op; = f o ¢ opy, the universal property of Cartesian
squares yields the existence of ¢ e Aut(Xk) such that p; od=cop; and pyo = ps.
The map ¢+ ¢ is an injective group homomorphism Aut® (X)y = Aut(Xk).

Remark 2.1.7. Let G be a connected algebraic group. It follows from Proposi-
tion 2.1.5 that an MMP applied to a smooth projective G-variety is automatically
G-equivariant. Indeed, any contraction morphism ¢: X — Y associated with an
extremal ray of NE(X) g, <o satisfies the assumptions of Proposition 2.1.5, hence
is G-equivariant. Moreover, the finite type Oy-algebra A := @,,50 . Ox(mKx) is
canonically a G-equivariant sheaf (see [Sta20, Tag 03LE]| for the definition), hence
the variety X* := Proj(A) is endowed with a G-action and the birational map
X" -> X is G-equivariant.

2.2. The equivariant Sarkisov program for threefolds. In this subsection we
recall some classical facts about the Sarkisov program. This is used to factorise
birational maps between Mori fibrations in easy links. We discuss here the three-
dimensional case, following the approach by Corti [Cor95].

The following notion of isomorphism is often used implicitly in the literature. For
instance, in [Cor95, HM13], the authors consider linear systems instead of rational
maps and implicitly study Mori fibrations up to such isomorphisms.

Definition 2.2.1. Let mX - Y and 7": X’ - Y’ be two Mori fibrations. An
isomorphism ¢: X — X' is called isomorphism of Mori fibrations if there is a com-
mutative diagram

X X'
w\l] lﬂ"’
Y T Y’
where 7Y — Y is an isomorphism.
Definition 2.2.2. A birational map
X-—- " _sXx",
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where m: X - Y and 7": X’ - Y’ are two Mori fibrations, is a Sarkisov link if it has
one of the following four forms:

(type I) w = X' (type III) X > W'
div $_ - \1/77’ - =~ P div
X ] Y’ Y \\ X’
(type 1I) w > W' (type IV) X i > X'
div div . l”’
Qi > X' Y Y’
Y - Y’ Z
where:

« all varieties are normal;

« all arrows that are not horizontal are elementary contractions, that is, contrac-
tions of one extremal ray, of relative Picard rank one;

» the morphisms marked with div are Mori divisorial contractions;

« all the dotted arrows are small maps, that is, compositions of Mori flips, flops
and Mori anti-flips; and

« the birational map ¢: X -> X’ is not an isomorphism of Mori fibrations.

Remark 2.2.3. In a Sarkisov link, the birational map ¢: X -> X' is not an isomor-
phism in Cases I, II, III. In Case IV, it is a pseudo-isomorphism, which can be an
isomorphism or not.

Remark 2.2.4. The composition of a Sarkisov link with an isomorphism of Mori
fibrations is again a Sarkisov link. In the sequel we will identify two such links, and
thus often say that there is a unique link, or finitely many links, which means “up
to composition at the target by an isomorphism of Mori fibrations”.

Remark 2.2.5. In a Sarkisov link ¢ as above, the morphism W — Y (type LII), W' —
Y’ (type ITI) or X — Z (type IV) is of relative Picard rank 2. The Sarkisov link (up
to inverse and up to isomorphisms of Mori fibrations as above) is determined by
this morphism, by applying a relative MMP to the two extremal rays (see [BLZ19,
Lemma 3.7]).

Over an algebraically closed field of characteristic zero, the fact that every bira-
tional map between Mori fibrations is a composition of elementary links as above
(and of isomorphisms of Mori fibrations) was proven by Corti in [Cor95, Theo-
rem 3.7], and generalised by [HM13, Theorem 1.1] to any dimension. We need an
equivariant version of this result for the action of a connected algebraic group. In
dimension 3, this follows actually from the proof of [Cor95, Theorem 3.7] as every
step turns to be equivariant. We refer to [Flo18, Theorem 1.3] for a complete proof
of the validity of the equivariant Sarkisov program in dimension > 3.

Theorem 2.2.6. [Cor95, Theorem 3.7], [HM13, Theorem 1.1], [Flo18, Theorem 1.3].
Assume that char(k) =0. Let X > Y and X' > Y’ be two terminal Mori fibrations
and let G = Aut®(X). Every G-equivariant birational map ¢: X -» X' factorises into
a product of G-equivariant Sarkisov links and isomorphisms of Mori fibrations.
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Notation 2.2.7. From now on when we write equivariant link we always mean
non-trivial G-equivariant Sarkisov link, where the connected linear algebraic group
G acting is clear from the context.

We now give some results that provide restrictions about the possible links that
can occur in our setting (Lemmas 2.2.8 and 2.2.9 below).

The following result is essentially [BLZ19, Lemma 2.13] (see also [And84, The-
orem 2] in the case where W and X are smooth threefolds and char(k) = 0). We
reproduce here the simple argument, which works over any algebraically closed field.

Lemma 2.2.8. Let n: W — X be a divisorial contraction between Q-factorial termi-
nal projective threefolds that contracts a divisor E onto a curve C € X. Let U c X
be a dense open subset intersecting C' such that UnC, U, and n~(U) are contained
in the smooth loci of C, X and W respectively. Then, n:n~*(U) - U is the blow-up
of UnC.

Proof. Let pe CnU be a point. We may take a smooth closed irreducible surface
S ¢ X containing p such that the strict transform S ¢ W of S is again a smooth
surface (see [BS95, Theorem 1.7.1]). Up to shrinking U, we may assume that p is
the only intersection point of S and I'. We will prove that S — § is the blow-up of
p.

Let C4,...,C,, be the irreducible curves contracted by the birational morphism
S — S, which is the composition of m blow-ups. We now show that m = 1. As 7 is
a divisorial contraction, we have p(W/X) =1, so all C; are numerically equivalent
in X. Hence, for each i, we have

(C2)5=Ci BE=C;- B =(C)g.

Since at least one of the self-intersections (C7)s must be equal to -1, and the
exceptional locus of S — S is connected, we conclude that m =1. So S — S is the

blow-up of p.
Repeating the argument for each point p € C' nU, we obtain that 7-3(U) - U is
the blow-up of U nC. O

Lemma 2.2.9. Let X be a smooth threefold endowed with a non-trivial PGLa-
action. Then there is no PGLg-equivariant anti-flip X -» X to a threefold X with
terminal singularities.

Proof. Let G = PGL3 be the group acting non-trivially, and thus faithfully as PGLy
is simple, on X. Assume by contradiction that there is a G-equivariant anti-flip
X -» X, where X is a G-threefold with terminal singularities. This induces an
isomorphism between X \~ and X \7¥, wherey ¢ X and 7 ¢ X are unions of rational
curves. As X--»X is a flip, X must be singular (with terminal singularities).
Hence, ¥ contains an isolated singular point p of X. The point p is fixed for
the G-action. As G is simple, this implies that the G-action on every irreducible
component C' of 4 containing p is trivial.

Let now ¢ be a smooth point of X contained in such an irreducible component
C of 4. Let K be a one-dimensional torus contained in G. By Sumihiro’s theorem
[Sum74, Corollary 2], there exists a K-invariant affine open subset U ¢ X which
is smooth and contains ¢q. Then, by [Lun73, § I.1, Lemme|, there exists a K-
equivariant morphism U — TqX , mapping ¢ to 0 and étale at ¢q. Hence, if K acts
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trivially on qu( , then it acts trivially on X, and this contradicts the fact that G
acts faithfully on X.

Therefore, G acts non-trivially on the tangent space qu( , and so we obtain an
injective homomorphism G < GL(T,X) = GL3, which preserves the line ¢ ¢ T,
corresponding to the tangent direction of 4. This would give an injective homo-
morphism into the parabolic subgroup P € GL3 that preserves the corresponding
line, but this is impossible as G ~ PGLy does not embed in P. Therefore there is
no G-equivariant anti-flip X -» X. |

2.3. Algebraic subgroups of Bir(X). The group of birational transformations
Bir(X) of a variety X has no structure of algebraic group in general, but one can
define a topology on it. In this subsection we recall this topology (Definition 2.3.4)
and characterise the algebraic subgroups of Bir(X).

Definition 2.3.1. Let X be a variety and let A be a scheme.

(1) An A-family of birational transformations of X is a birational transformation
@ Ax X -> A x X such that there is a commutative diagram

AxX ———-=— - >AxX
A

where p1: A x X — A is the first projection, and which induces an isomorphism
U -5V, where U,V € Ax X are two dense open subsets such that p1(U)=p1 (V) =
A.

(2) Every A-family of birational transformations of X induces a map from A (or
more precisely from the k-points of A) to Bir(X); this map p: A — Bir(X) is called
a morphism from A to Bir(X).

(3) If A is moreover an algebraic group and if p is a group homomorphism, the
rational map A x X -» X obtained by ps o ¢ (where pa: A x X - X is the second
projection) is called a rational action of A on X, the morphism p: A — Bir(X) is
called a algebraic group homomorphism, and the image of A by the morphism is
called an algebraic subgroup of Bir(X).

If, in addition, the map ¢ is an automorphism, we say that the rational action
of A on X is a reqular action, that the morphism p: A - Aut(X) is an algebraic
group homomorphism and that the image of A by the morphism p is an algebraic
subgroup of Aut(X).

Remark 2.3.2. Let ¢: X ->Y be a birational map between two varieties. For each
scheme A, the map 1 induces a bijection between A-families of birational trans-
formations of X and A-families of birational transformations of Y. In particular,
morphisms A — Bir(X) correspond, via ¢, to morphisms A — Bir(Y").

Example 2.3.3. Let n > 2, d > 1 two integers and let X = A", A = A?. The next
isomorphism corresponds to an A-family of birational transformations of X:

Ax X — Ax X
((tr, . ta), (1, m0)) = (1 ta), (21, Ty, T + X i)

Since (A, +) is an algebraic group and because the corresponding morphism A —
Aut(X) is a group homomorphism, there is a regular action of A on X.
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There is a natural contravariant functor, say Bitx, from the category of schemes
to the category of groups; it is defined at the level of objects by

Birx (A) = {morphisms from A to Bir(X)},

where the group law on this set is given by pointwise multiplication. In the case
where X is rational, of dimension > 2, this functor is not representable by an
algebraic group; this is not surprising and essentially follows from Example 2.3.3,
as the dimension of the corresponding algebraic group would be unbounded. In
fact, this functor is not even representable by an ind-variety (inductive limit of
varieties) by [BF13, Theorem 1], and the same holds when replacing ind-varieties
by ind-stacks. However, the natural contravariant subfunctor, say 2Autx, from the
category of schemes to the category of groups, defined at the level of objects by

Q[utx(A) = AutA(X X A),

is representable by a group scheme when X is proper [MOG67].

In any case, even if Bir(X) has no structure of algebraic group or ind-algebraic
group associated with the above families / morphisms, we can define a topology on
Bir(X). This was done implicitly in [Dem70] and explicitly in [Ser10].

Definition 2.3.4. Let X be a variety. A subset F' ¢ Bir(X) is closed in the Zariski
topology if for any variety A (or more generally any k-scheme locally of finite type
A) and any morphism A — Bir(X) the preimage of F' is closed.

We can then characterise algebraic subgroups of Bir(X), when X is rational.
Definition 2.3.5. Each element f € Bir(P") can be written as

[zo::xn] = [fo(xoy. o xn) it fulzo, .- xn)]

where the fo,..., fn € k[zo,...,2,] are homogeneous of the same degree d. Taking
the polynomials without a common factor, the degree of f is equal to d.

This degree leads to the notion of subgroups of Bir(P™) of bounded degree, which
is invariant under conjugation by an element of Bir(P").

Similarly, when X is a rational variety of dimension n, a subgroup H ¢ Bir(X) is
of bounded degree if Hp™! c Bir(P") is of bounded degree for some (equivalently
for each) birational map ¢: X -> P™.

This, together with the Zariski topology of Bir(X), allows to give the following
characterisation. In particular it gives a unique structure of algebraic group to each
algebraic subgroup of Bir(X).

Proposition 2.3.6. [BF13, Corollaire 2.18, Lemme 2.19, and Remarque 2.20].
Let X be a rational variety. The following hold.

(1) Ewvery algebraic subgroup G ¢ Bir(X) is closed and of bounded degree.

(2) For each subgroup H < Bir(X) which is closed and of bounded degree, there is
an algebraic group G and an algebraic group homomorphism p:G — Bir(X) whose
image is H and such that, for each irreducible variety A, morphisms A — Bir(X)
whose image is contained in H correspond, via p, to morphisms of varieties A — G.
In particular, p induces an homeomorphism G — H.

We can in fact generalise the notion of bounded degree subgroups to any va-
riety. This will be used to show that some elements of Bir(X) do not belong to
algebraic subgroups. (More precisely, Lemma 2.3.11 will be used in the proofs of
Proposition 3.2.3 and Lemma 4.4.5.)
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Definition 2.3.7. Let X be a projective variety and let H be an ample divisor on
X. To every birational map ¢ € Bir(X), we associate its degree, with respect to H,
given by

degpy () = 9" (H) - HE™O™ = ()" (HECO™) - (my)* (H),

where 71, m9: " = X are the two projections from the graph I' € X x X of ¢.
We say that a subset G € Bir(X) has bounded degree if the subset {degy(g)|g €
G} < N admits an upper bound, for each ample divisor H on X.

Remark 2.3.8. In order to verify the boundedness of the degree, it is sufficient to
check it with respect to one ample divisor H on X (see [Danl7, Theorem 2]). More-
over, the boundedness of the degree is invariant under conjugation by a birational
map X ->Y.

In particular, the notions of bounded degrees introduced in Definition 2.3.5
and 2.3.7 are the same, when X =P", since we can choose H to be a hyperplane
and obtain the classical degree deg;;. More generally, these two notions coincide if
X is rational.

Definition 2.3.9. Let X be a variety. We say that an element ¢ € Bir(X) is
algebraic if it is contained in an algebraic subgroup G ¢ Bir(X).

Lemma 2.3.10. Let X be a projective variety. Then the following hold.

(1) FEwvery algebraic subgroup G ¢ Bir(X) is of bounded degree.

(2) If X is rational and G ¢ Bir(X) is a subgroup of bounded degree, then G is
contained in an algebraic subgroup of Bir(X).

(3) If X is rational, then an element ¢ € Bir(X) is algebraic if and only if the
subgroup generated by @ is of bounded degree.

Proof. (1): Let G be an algebraic group, let G - Bir(X) be an algebraic group
homomorphism, and let H be an ample divisor on X. We want to show that
{degy(g) | g € G} admits an upper bound. Replacing H with a multiple of it, we
may assume that H is very ample, and thus that X is a closed subvariety of P",
such that H is a hyperplane section. The action of G on X yields a rational map
G x X -> X, which extends to a rational map G x P -> P". This latter is defined
by polynomials of fixed degree, so {deg(g) | g € G} is bounded.

(2): We may assume that X = P". Then, the closure G ¢ Bir(P") of G is
of bounded degree [BF13, Corollary 2.8]. Let us moreover observe that G is a
subgroup of Bir(PP"): the proof follows the same arguments as in an algebraic
group, see [Hum?75, §7.4, Proposition A]. Hence, G is an algebraic subgroup of
Bir(P™) by Proposition 2.3.6.

(3): Follows from (1) and (2). O

Lemma 2.3.11. Let X be a variety, let n > 1, and let fi1,..., fn € K(X)*. Then,

the following conditions are equivalent:
(1) The birational map ¢y € Bir(X x (P*)™) given by

(@, [ur rv1], o [un s v ]) = (2, [ur s fr(@)vr], o, [ug 2 fo(@)vn])

is algebraic.
(2) Fach rational function f; e k(X)* (withi=1,...,n) is a constant, i.e. is an
element of k*.
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Proof. (2) = (1) follows from the fact that the group G, acts on X x (P1)", via
(‘Tﬂ [U1 : Ul]a ) [un : Un]) = (IL‘, [U1 : t1v1]7”'a [un : tn’Un]), (tla cee 7tn) € G%

(1) = (2): We suppose that at least one of the f;, is not constant, and show that
¢y is not algebraic, by showing that the group generated by ¢ is not of bounded
degree. Let Hx be the class of an ample divisor on X, up to linear equivalence.
Fori=1,...,n, we denote by Z;, P; the divisors given by the zeros and poles of f;:
if f; e k* then Z; = P; = 0 and otherwise Z;, P; are effective divisors on X with no
common support, such that div(f;) = Z; - P;.

We write Y = X x (P})", denote by pry:Y — X the first projections and pr;: Y —
P! (i =1,...,n) the other projections. We denote by Hp: the equivalence class of
a divisor of P! of degree 1. The class H = (pry)*(Hx) + X1, (pr;)* (Hp1) is then
ample on Y.

We fix an integer d > 1 and write ¢ = ()¢ € Bir(Y). As 1 acts trivially on
X, we obtain (¢)*((pryx)*(Hx)) = (prx)*(Hx). For i = 1,...,n, an element of
the class (pr;)*(Hp1) is given by the equation pu; + Av; = 0 for some [p: A] € PL.
Its pullback is then given by pu;fi(z)? + A\jv = 0, and thus it belongs to the class
(pr;)* (Hpa) +d(pr;)*(Z;) = (pr;)* (Hpr) + d(pr;)*(P;).

This yields v*(H) = H +d Y-, (pr;)*(P;) and thus

degH(i/)) = (H + dZ(pri)*(Pi)) . (}Idirn(Y)_1)7
i=1
which is then not bounded when d goes to infinity, if at least one of the f; is not
constant. !

2.4. Regularisation and reduction to automorphisms of Mori fibre spaces.
We now put together the notion of algebraic subgroups of Bir(X) introduced in
§ 2.3 together with the results on Mori fibrations of § 2.1.

Theorem 2.4.1. [Wei55, Theorem)] (see also [Zai95, Kral6] for a modern proof)
Let G be an algebraic group acting rationally on a variety V. Then there exists
a variety W birational to V' such that the rational action of G on W obtained by
conjugation is regular.

Therefore, for every algebraic subgroup G < Bir(P"), there exists a birational
map P" -> X, where X is a (smooth, otherwise remove the singular locus) rational
variety, which conjugates G to a subgroup of Aut(X) (and of Aut®(X) if moreover
G is connected). The following fact is well-known by the specialists but worth being
mentioned.

Lemma 2.4.2. Let X be a rationally connected variety (two general points of X
are connected by a rational curve). Then every algebraic subgroup G € Bir(X) is a
linear algebraic group.

Proof. Since an algebraic group is linear if and only if its neutral component is
linear, we can replace G by G° and assume that G is connected. By Theorem
2.4.1, there is a variety Y birational to X such that G identifies with a subgroup
of Aut°(Y). As X is rationally connected, so is Y. As before, we may assume
that Y is smooth. Let ay : Y - A(Y) be the Albanese morphism, that is, the
universal morphism to an abelian variety [Ser59]. Then G acts on A(Y") by trans-
lations, compatibly with its action on Y, and the Nishi-Matsumura theorem (see
[Mat63, Bril0]) asserts that the induced homomorphism G - A(Y") factors through
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a homomorphism A(G) - A(Y') with finite kernel. However, since Y is rationally
connected, A(Y), and then A(G) are trivial. Hence, G is linear by the Chevalley’s
structure theorem; see for instance [BSU13, Theorem 1.1.1]. g

Remark 2.4.3. The previous result in the case X = P", with almost the same proof,
already appeared in [BF13, Remark 2.21].

Under the extra assumption that char(k) = 0, which ensures the existence of an
equivariant resolution of singularities (see [Kol07, Proposition 3.9.1]), we have the
following more precise result for algebraic subgroups of Bir(P™).

Theorem 2.4.4. Assume that char(k) = 0. Fuvery connected algebraic subgroup
G ¢ Bir(P") is conjugated to an algebraic subgroup of Aut®(X), where X is an
n-dimensional rational Mori fibre space.

Proof. By Lemma 2.4.2 the group G is linear, and by Theorem 2.4.1, the group G
is conjugated to a subgroup of Aut®(X"), where X' is a smooth rational variety. By
[Sum74, Lemma 8] the variety X’ has an open covering that consists of G-invariant
quasi-projective open subsets of X’. Replacing X’ by one of these G-invariant
quasi-projective open subsets, we can assume that X’ is quasi-projective. Taking
a G-equivariant compactification [Sum74, Theorem 1] and then a G-equivariant
resolution of singularities [Kol07, Proposition 3.9.1], we may assume that the ra-
tional variety X' is smooth and projective. Then we can run an MMP to X’ (see
[BCHM10, Corollary 1.3.2]) and check that this one is G-equivariant as G is con-
nected (see Remark 2.1.7). We obtain a Mori fibre space X birational to P on
which G acts faithfully. ([l

2.5. Tori and additive groups in the Cremona groups. In this subsection we
prove that two tori of the same dimension resp. two additive groups are conjugate
in Bir(P?). These results are well-known from the specialists but we chose to recall
the proof as it is quite elementary and needed in an essential way later in this
article.

Proposition 2.5.1. Let G be a torus or the additive group G,, and let X be a
variety with o faithful action of G. Then there exists a G-invariant affine dense
open subset X' € X which is a G-cylinder, that is, a G-variety G-isomorphic to
G x U, where G acts on itself by multiplication and U is a smooth affine variety on
which G acts trivially.

Proof. Removing the singular locus, we may assume that X is smooth. We first
assume that G is a torus. By [Sum74, Corollary 2], the variety X is covered by
G-invariant affine open subsets, and thus we may assume that X is affine. Then,
the result follows from [SB00, Part II, §1.5, Proposition 9.

We now assume that G = G, . By a theorem of Rosenlicht [Ros63], there
exists a G-invariant dense open subset V' ¢ X that admits a geometric quotient
q:V - W =V/Gg,. Then, another theorem of Rosenlicht [Ros56, Theorem 10]
gives the existence of a rational section o : W -> V of the geometric quotient map
q. If we consider the cartesian square

Y Vo
¢ ql o

Spec(K) W
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where K = k(W) and Spec(K) — W is the generic point of W, then it means
that the K-variety Y has a K-rational point. Moreover, G, acts faithfully on Y
(because Y is a G, g-invariant dense open subset of V') and since ¥ — Spec(K) is
a geometric quotient, this action is actually defined over Spec(K), and so G, x =
Ga,k XSpec(k) Spec(K) acts on Y. Hence, Y is an irreducible curve (over Spec(K))
that contains a closed G, g-orbit isomorphic to G, x, and so Y =G, . As Y is a
dense open subset of V and G,  is an affine G, x-cylinder, we obtain the existence
of an affine G, k-cylinder inside X. O

Remark 2.5.2.

+ Assume that char(k) =0, and let X be a variety with a G,-action. By Rosen-
licht’s theorem there exists a G,-invariant dense open subset V' € X that admits a
geometric quotient ¢ : V — V/G,. Since G, has no non-trivial subgroup in charac-
teristic zero, ¢ is in fact a G,-torsor. Then the existence of an affine G,-cylinder
inside X follows from the fact that G, is a special group [Grob8, §3].

« Proposition 2.5.1 does not hold for G = G”*! with r > 1. For instance, G"**
acts faithfully on the Hirzebruch surface F, (with the notation of § 5.1 (1)) through

G’ x T, - F,
((ao,--yar), [Yo:y1:20: 21]) = [Yo:y1+ Yo Lip@izp2] 520+ 21]

but F, does not contain a G"*'-cylinder when r > 1 (for » > 2 this is clear for
dimensional reasons, and for 7 = 1 this follows from the fact that the G”*!-orbits
are at most one-dimensional).

 Proposition 2.5.1 can also be deduced from [Pop16, Theorem 3].

Proposition 2.5.3. Let X be a rationally connected variety of dimension n and let
G < Bir(X) be an algebraic subgroup of dimension d. We suppose that G is a torus
or the additive group. Then, there is a G-equivariant birational map X ->» G xY
where Y is a rationally connected variety of dimension n—d, and the group G acts
on itself by left multiplication and trivially on Y.

Proof. By Theorem 2.4.1, we may assume that G acts faithfully and regularly on X.
By Proposition 2.5.1, we may assume that X = G x Y, for some variety Y, where
G acts on itself by multiplication and acts trivially on Y. Since X is rationally
connected, so is Y. O

Corollary 2.5.4. Let X be a rationally connected variety of dimension n and let
G be an algebraic group of dimension d, which is a torus or the additive group.
We have a bijection

birational classes of conjugacy classes of algebraic
varieties Y such that - subgroups of Bir(X)
Y xP? is birational to X isomorphic to G

that sends Y onto the subgroup of Bir(X) obtained by conjugating the action of
G on G xY (by left multiplication on G and trivially on Y') via a birational map
GxY ->X.

Proof. For each variety Y such that Y x P4 is birational to X, the variety Y x G
is birational to X, as G is birational to P4. We then obtain an algebraic subgroup
of Bir(X) isomorphic to G, unique up to birational conjugation. Proposition 2.5.3
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shows that every algebraic subgroup of Bir(X) isomorphic to G is obtained in this
way.

Let us then take another variety Y’ such that Y’ x P4 is birational to X. If
Y is birational to Y, the actions of G on Y x G and Y’ x G are conjugate by a
birational map, so we obtain the same conjugacy class in Bir(X). Conversely, if
the actions are conjugate, there is a G-equivariant birational ©:Y x G -> Y/ x G.
As the fibres of the projections my:Y xG > Y and myY' xG - Y  onto Y or Y’
are the orbits of G, we obtain a birational map 1:Y -> Y’ that makes the following
diagram commutative:

YxG- - - _>Y'xG
ﬂy\l/ \Lﬂ'yr
y- - -~ .y

(]

Corollary 2.5.4 implies that studying conjugacy classes of tori in the Cremona
groups is the same as studying birational maps between stably rational varieties.
In particular, one gets the following;:

Corollary 2.5.5. For each d > 3, there exist two d-dimensional tori in Bir(P&

which are not conjugate.

Proof. In [BCTSSD85] an example is given of a complex variety Y of dimension 3
which is not rational but such that ¥ x P? is rational. The result then follows from
Corollary 2.5.4, applied to Y and P3. O

Recall that unirational surfaces over algebraically closed field of characteristic
zero are rational, but this is not true in positive characteristic (e.g. Shioda’s surfaces
in [Shi74]). However, we have the following characteristic-free classical result; it will
be used in the proofs of Theorems A and C.

Proposition 2.5.6. Let Y be an irreducible variety of dimension <2 and suppose
that one of the following holds:

(1) The variety Y is stably rational (i.e. such that Y x P™ is rational for some
m>1); or

(2) char(k) # 2 and there is a Mori fibration X — Y with X rational of dimension
<3.

Then Y is rational.

Proof. If Y is a curve, this is a consequence of the fact that Y is unirational, by
Liiroth’s theorem, so we may assume that Y is a surface.

In case (1), we denote by ¢ a birational map 1:P"™ -> Y x P™, with n = m+2 and
write m:Y x P - Y the first projection. As v is birational, the differential map of
mo:P" -> Y is surjective at a general point of P".

In case (2), we denote by 1:P" -» X a birational map and by m: X - Y the Mori
fibration, which is a conic bundle since Y is a surface. There is a dense open subset
Y’ of Y over which = is flat (by generic flatness) and its fibres are geometrically
regular (see [Liu02, Proposition 9.3.16] and [MS03] for examples in characteristic 2
of conic bundles whose a general fibre is non-reduced). Hence 7 is smooth over Y’
([Har77, Chapter I, Theorem 10.2]), and so the differential map of wo¢:P" -> Y is
surjective at a general point of P”.
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In both cases, taking a general plane P ¢ P", the restriction of ¢ yields a domi-
nant rational map f: P -» Y with a surjective differential map for a general s ¢ P.
Therefore, [Hum75, §5.5, Theorem] implies that f is a separable morphism, that
is, the induced field extension k(Y) < k(P) ~ k(P?) is separable, and thus Y is
rational by Castelnuovo’s theorem [Zar58, §1]. O

Corollary 2.5.7.

(1) For each n>1 and each d € {n,n-1,n -2}, two tori of dimension d in the
Cremona group Bir(P™) are conjugate.

(2) For each n € {1,2,3}, two additive groups are conjugate in the Cremona
group Bir(P").

Proof. Follows from Corollary 2.5.4 and Proposition 2.5.6(1). O

Remark 2.5.8. Corollary 2.5.7 is a classical result when char(k) = 0; see [Popl3,
Theorem 2] for (1) and [Popl7, Corollary 5] for (2).

Note that we have the following result, well-known to specialists (see [BL15,
Proposition 4.1] for a similar argument), but that we did not see written explicitly
in the following form.

Corollary 2.5.9. Suppose that char(k) = 0 and let X be a rationally connected
variety of dimension 3, which is not rational (for instance a smooth projective
cubic threefold, or more generally every non-rational Fano threefold). Then every
connected algebraic subgroup of Bir(X) is trivial. In particular, Aut®(X) is trivial.

Proof. By Lemma 2.4.2 every algebraic subgroup of Bir(X) is linear. The Jordan-
Chevalley decomposition implies that any connected linear algebraic group is gen-
erated by tori and unipotent subgroups. Let G be a connected linear algebraic
subgroup of Bir(X). To prove the statement it suffices then to show that G con-
tains no non-trivial tori and no additive groups. Assume that H is a subgroup
of G that is a non-trivial torus or an additive group. Then by Proposition 2.5.3,
the variety X is birational to H x Y, where Y is a rationally connected variety of
dimension at most 2. If dim(Y) = 1, Lur6th theorem implies that Y is rational.
If dim(Y") = 2, since char(k) = 0, Castelnuovo’s theorem implies that Y is rational
(see [BO1, Theorem 13.27]). So X must be rational which is false by assumption.
Therefore, G does not contain a non-trivial torus or an additive group, and so G
must be trivial. (]

3. MORI CONIC BUNDLES OVER SURFACES

The main goal of this section is to prove Theorem C (in § 3.3). We will first reduce
to the case where X — S is a standard conic bundle (in §3.1). If the generic fibre
of this conic bundle is P!, we will obtain a P'-bundle (Lemma 3.1.5). Otherwise,
we will see that Aut®(X) is a torus of dimension at most two (in §3.2).

3.1. Standard conic bundles. To study the automorphism group of a conic bun-
dle over a surface we can reduce to the case of a standard conic bundle, which is a
Mori conic bundle with nice geometric features. In this subsection we explain this
reduction and some consequences.

Definition 3.1.1. A morphism m: X — S is called standard conic bundle if
(1) The varieties X and S are smooth projective, and dim(X) = 1 + dim(S).
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(2) The morphism 7 is induced by the inclusion of X (given by an equation of
degree 2) in a P2-bundle over S. The discriminant divisor A ¢ S is reduced, and
all its components are smooth and intersect in normal crossings (i.e. A is an SNC
divisor). For each p € S, the rank of the 3 x 3-matrix corresponding the quadric
equation is 3, 2, 1 respectively when p ¢ A, p e A xsing(A), p € sing(A).

(3) The relative Picard rank is p(X/S) = 1.

Remark 3.1.2. We may observe that the P2-bundle over S that appears in the
definition of a standard conic bundle is unique; indeed, it is given by Pg(ﬂ*w}l)
(see [Bea77, Proposition 1.2] in the case S = P?).

Remark 3.1.3. A standard conic bundle is always a Mori fibration. Indeed, the only
non-trivial condition to check is that 7.Ox = Og, but this follows from [Sta20, Tag
0AY3], since the generic fibre of 7 is assumed to be geometrically reduced.

The following result, without the connected algebraic group action, is due to
Sarkisov [Sar82]. It was generalised in the equivariant setting for finite group actions
by Avilov [Avil4]. The assumption char(k) # 2 is assumed in [Sar82] and needed
at different steps of the proof, as it deals with conics and symmetric matrices.

Theorem 3.1.4. Assume char(k) # 2. Let S be a surface, let X be a normal
variety, let m: X — S be a conic bundle, and let G = Aut®(X). Then there is a
G-equivariant commutative diagram

where 1 is a birational map, n is a birational morphism, and the morphism 7 X8
is a standard conic bundle.

Proof. We follow the proof of [Sar82, Theorem 1.13], and simply check that all
steps are G-equivariant.

Firstly, we may assume that S is normal, by replacing .S with its normalisation
S and X by X xg S. We then denote by U c S the maximal open subset of smooth
points of S over which 7 is smooth, which is G-invariant (as a general fibre being P!,
the set U is dense in ). We embed Xy = X x5 U into Proj(m.(wY,,)) (see [Sar82,
§1.5]); the closure is another conic bundle (X’,S,7') embedded in a P2-bundle.
These steps of [Sar82, p.362] are naturally G-equivariant.

For each point p € S we can then find a neighbourhood in which the fibre of 7’ is
a conic in P2. The discriminant of the conic yields a local equation, which produces
a divisor A on S. We now observe that this one is reduced. This can be shown
only on the open subset of S consisting of regular points since its complement only
consists of points, and follows then from [Sar82, Corollary 1.9].

As G is connected, we can resolve the singularities of S in a G-equivariant way:
it suffices to repeatedly alternate normalising the surface with blowing-up singular
points (see [Art84]). Let S — S be a G-equivariant resolution of singularities of S,
and consider #: X = X xg S —» S. By blowing-up the points of the new discriminant
curve where this one does not have simple normal crossings and replacing it by its
strict transform, one may assume, after finitely steps, that the discriminant curve
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A of 7 satisfies Assumption (2) of Definition 3.1.1 [Sar82, Proposition 1.16 and 1.8].
Again, this process is G-equivariant.

It remains to observe that if p(X / S ) > 1 then the preimage of some components
of A split into two surfaces, and one can contract one of these. As our group G
is connected, both components are invariant, so this step is again G-equivariant.
This achieves the proof. (I

The following result is well-known by experts (see for instance [Bea77, Proposi-
tion 1.2], [Sar82] or [Isk87, Lemma 1] for similar results), but we chose to recall the
guidelines of the proof for the sake of completeness.

Lemma 3.1.5. Assume char(k) #2. Let S be a smooth projective rational surface,
let m: X — S be a standard conic bundle (as in Definition 3.1.1), let A< S be the
discriminant curve, and let K :=k(S). Then the following are equivalent:

(1) X is a P*-bundle over S;

(2) the generic fibre X is isomorphic to Pk ;

(3) m has a rational section; and

4) A=g.
Moreover, if A is non-empty and reducible, then each rational irreducible component
C of A intersects the complement A\ C into at least two distinct points. If A is
non-empty and irreducible, then g(A) > 1.

Proof. The implication (1) = (2) is direct. The equivalence (2) <> (3) is classical:
The map 7 has a rational section if and only if the generic fibre X has a K-point.
By hypothesis Xk is a conic and it is isomorphic to ]P’}( if and only if it has a
K-point (just consider the projection from the point).

The proof of (1) < (4) is more subtle; it is a consequence of the Artin-Mumford
exact sequence and can be found in [Sar82, Corollary 5.4].

The implication (3) = (4) is a consequence of p(X/S) = 1 (Condition (3) of
Definition 3.1.1). Indeed, assume by contradiction that A # @ and let p € A be a
general point of A such that 7~!(p) ~ Fy u F, = P UP!. Since 7 has a rational
section o, we know that NS(X/S) = Z[o] is generated by it. As o- (Fy U Fy) =1,
we get o - F; = 0, for some 4, which gives D - F; = 0 for each divisor D on X, a
contradiction.

For the second part of the statement, assume (C' - A\ C) < 1. Then the curve
C that parametrises the irreducible components of 7 1(C) - C gives a double
cover of C see for instance [Bea77, Proposition 1.5] for the construction of C. The
condition on the intersection numbers together with the Hurwitz formula [Har77,
Corollary IV.2.4] implies that C' is reducible. This contradicts the minimality con-
dition p(X/S) = 1. Similarly, Hurwitz formula implies that, if A is irreducible,
g(A) must be positive (the double cover of A is étale in this case). O

Remark 3.1.6. Theorem 3.1.4 reduces the study of automorphisms of conic bundles
to the case of standard ones. Lemma 3.1.5 then implies that a standard conic bundle
with a generic fibre isomorphic to P! is a P!-bundle, a case studied in [BFT17].

3.2. Conic bundles whose generic fibre is not P'. Let m: X — S be a standard
conic bundle (see Definition 3.1.1). In this subsection we study the case where the
generic fibre of 7 is not rational and prove that G = Aut®°(X) is a torus of dimension
<2.
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Proposition 3.2.1. Let K be a field, with char(K) # 2 and algebraic closure K.
Let T c P? be a geometrically irreducible conic, defined over K and let g € Aut(T') be
a non-trivial K -automorphism. Then, g extends to a unique element of Aut(P?) =
PGL3(K) and one of the following holds:

(1) There is exactly one point of P2(K) fized by g. This point is defined over K
and belongs to T'.

(2) There is one point p € P2(K) fized by g and a line £ € P? invariant by g such
that p ¢ LUT and such that £ N T consists of two K -points fized by g.

Proof. Since the anti-canonical divisor of I' is given by an element in the linear
system of hyperplane sections, there is a surjective group scheme homomorphism

v: Aut(P*,T) - Aut(D),

where Aut(P?,T) is the algebraic subgroup of Aut(PP?) consisting of elements pre-
serving I'. The group homomorphism v is moreover an isomorphism, since no
non-trivial element of Aut(P?) fixes pointwise a conic.

After applying an element of PGL3(K), the curve I' is given by 2% —yz = 0. We
consider the group homomorphism

o b ad+bc ac bd
[ d:| = ﬁ 2ab a2 b2 ’
¢ 2cd a2
which induces an injective group homomorphism p: PGLy(K) < PGL3(K). Writing
-2 0 0
Q=10 0 1|eGL3(K) the matrix corresponding to the conic I' (defined up to
0 1 0
multiple), we observe that
(B) (p(h)Qp(h) = Q

for each h € GLy(K). This shows that the action of PGLy(K) on P? induced by
p preserves I'. Moreover, the isomorphism P! — T' given by [u : v] = [uv : u? :
v?] is PGLy(K)-equivariant. Hence, p factorises through the group isomorphism
v 1 PGLy(K) = Aut(I)(K) —» Aut(P?,T)(K).

The element g is conjugate, in PGLy(K), to s = [} (1)] or ty = [3 (;], for some
Ae K~ {0,1}. Hence g maps in PGL3(K) to the class of
0
0

or p(ty) = |
\-

= o O
OO =
o > O

1 1
(©) pls)=[0 1
2 1

In the first case, the only fixed point of P2(K) is p; = [0: 0 : 1], which belongs to
I'. In the second case, the points p=[1:0:0], g1 =[0:1:0], g2 =[0:0:1] are
fixed (and are the only ones except if A = —1). The last two belong to I' but the
first does not belong to it.

It remains to show that p;, p and the line ¢ through ¢; and ¢, are defined over
K (before the change of coordinates). To do this, we associate with g € Aut(T") its
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extension F € PGL3(K) = Aut(P?), and take a matrix M € GL3(K) that represents
the class F. There exists thus R € SL3(K) and pe K such that

RMR™ = up(h),

where h € GLo(K) is such that h = s or h = t) for some A € K. We obtain in
particular det(M) = u® € K. Moreover, Equation (B) yields ‘MQM = ;?Q, where
Q = 'RQR is a symmetric matrix that defines the conic I before the change of
coordinates. Since T is defined over K, there is € € K such that Q' = £Q € GL3g(K).
As 'MQ'M = p?2Q" and M,Q € GL3(K), one finds that p? € K, whence pu € K
(because u* € K). Replacing M with puM, one can thus assume that g = 1. The
points p1,p correspond then, before the change of coordinates, to eigenvectors of
eigenvalue 1 and are thus defined over K. The same holds for the line ¢, which also
corresponds to an eigenvector of eigenvalue 1, for the dual action of M. [

Corollary 3.2.2. Let K be a infinite field of characteristic # 2 such that -1 € K
is a square. Let T CP? be a geometrically irreducible conic defined over K, with no
K -rational point, and let g € Aut(T") be a non-trivial K -automorphism of T'. Then,
up to a K-automorphism of P2, the equation of T is given by
A2 + 9% — puz?

for some A\, e K* that are not squares, and g is given by

[x:y:z]P [zray+cuz:cy+az] or[x:y:z]m [z:ay—cuz:cy-az],
for some a,ce K satisfying 1 = a® - cp.

Proof. Proposition 3.2.1 provides the existence of a point p € P2\ T' and a line
¢ cP?, both defined over K and invariant by g, such that p ¢ £ and £nT" consists of
two K-points ¢, ¢ fixed by g.

We may assume, applying an element of PGL3(K), that p=[1:0:0] and that ¢
is the line z = 0. The automorphism g is then of the form [z :y: 2]~ [z :ay+ bz :
cy + dz], for some a,b,c,d € K, ad - be # 0. Writing the equation of the conic I' as

Az + x(A2y + A32) + Aay? + A5z + Ng22 = 0,

where A1, ..., Ag € K, we find that Aoy + A3z is fixed by the action given by (y,2) —
(ay+bz,cy+dz). Conjugating by [z :y: 2] = [z—(A2y+A32) : ¥ : 2] we may assume
that /\2 = /\3 =0.

The points q1, ¢z correspond to the roots of the polynomial A\yy? + Asyz + Ag22,
which is therefore irreducible in K[y, z]. In particular, \y\¢ # 0. Dividing the
equation by A4 and completing the square, we may assume that Ay =1 and A5 = 0.
We then write 11 = —Ag, A = A\;. The equation is then Az? + 4% — uz?, and \, u e K*.
Moreover, none of the +\, £ is a square in K, as the curve does not contain any
K-point. The equation being preserved, we find

Az2 + y2 - ,uzz =2+ (ay + 52)2 - p(ey + dZ)Q’
1=a?-cu, ab=cdu, 1=d*-b*u .

It remains to show that d = a,b = cp or that d = -a,b=—cpu.

Since —p is not a square in K, we have d # 0. If ¢ = 0, we find b = 0 and then
a’=1,d%=1, 50 d=+a as we wanted. We can then assume that abcd # 0 and write
W= 3—3, which yields 0 = a® - 2 - d? + b?p~t = W' Hence, d = +a, which
yields b = +cu as we wanted. O
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Proposition 3.2.3. Assume that char(k) # 2. Let m: X — S be a morphism of
algebraic varieties whose generic fibre is a smooth conic in ]P’IQ((S), not isomorphic
to ]P’ll{(s). If G is an algebraic subgroup of Aut®(X)gs, then G is a finite group
isomorphic to (ZJ2Z)" for some r € {0,1,2}.

Proof. The generic fibre Xy (g) is a smooth conic in IP’IQ(( gy Dot isomorphic to IF’ll(( )
and thus does not have any k(S)-rational point. The action of G yields an injective
group homomorphism G < Aut(Xy(gy) by Remark 2.1.6. As Aut(Xy(g)) is iso-
morphic to PGLy over the algebraic closure k(S) of k(S), it suffices to show that
every non-trivial element g € G has order 2.

By Corollary 3.2.2, there is a S-birational map X -» Y, where Y ¢ P2 x § is given
by Az? +y? — uz? for some A,y € k(S)* which are not squares, and the action of g
on Y is given by

haclz:y:z]m [zray+cpz:cy+az]or by [x:y: 2] = [z:ay —cpz:cy - az],

for some a, ¢ € k(S) satisfying 1 = a® - ?u. As (h},,)? is the identity for all a,c as
above, one may assume that g belongs to the set

H={ha.|a,cek(S),1=a*-c’u}cBir(Y/S).

Note that H is a subgroup of Bir(Y/S), isomorphic to a subgroup of the multi-
plicative group (k(S)[\/i])* via hq,c = a+c/fr. Hence, H is an abelian group and
its elements of finite order are contained in k* ¢ (k(S)[\/x])*, and thus contained
in the finite group kn H =k(S) n H = {h1,0, h-1,0} of order 2.

It remains then to see that g cannot be of infinite order. We denote by Gg ¢ G
the smallest algebraic group containing g, which is given by Gy = (g), and is an
abelian algebraic subgroup of G.

The degree 2 field extension k(S)[\/n]/k(S) corresponds to a double covering
S - S. Since g acts trivially on S, we can then lift the rational action of g, and of
Go, to the fibred product Z =Y xg 9, by acting trivially on S. The automorphism
g yields therefore an algebraic element § € Bir(Z). To write this one explicitly, we
identify k(S) with a subfield of k(3), denote by & € k(S) the element corresponding
to /i, and view locally Z as

([ 2).5) € B x § | A()a® + 2~ 5(s)?2* = 0},

The variety Z is birational to P' x S, via ([z : y : z],5) = ([z : y + k(5)z], ),
and the action of § is now given by ([u:v],s) = ([u: (a(s) + c(s)k(s))v],s). By
Lemma 2.3.11, the element a + cx € k(S) belongs to k ¢ k(S). Hence, ¢ = 0 and
a € k. This implies that a = +1, since a® — c?p = 1. O

Remark 3.2.4. The case of Proposition 3.2.3 when char(k) = 0 and G is finite
was proven in [BZ17, Corollary 4.12] and then used to show Jordan properties of
birational maps of X.

Proposition 3.2.5. Let S be a smooth projective rational surface and let A be
an effective reduced divisor on S having at least two components and such that all
its components are smooth and intersecting with normal crossings (i.e. A is an
SNC divisor). If each rational irreducible component C of A intersects AN C' in
at least two points, then every connected algebraic subgroup G ¢ Aut®(S,A) = {g €
Aut®(S) | g(A) = A} is a torus of dimension < 2.
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Proof. Since Aut®(S) is a linear algebraic group (Lemma 2.4.2), so is Aut®(S,A).
For each irreducible component C' € A, one gets a homomorphism of algebraic
groups pc:G — Aut(C). Suppose that there exists a component C' such that p¢ is
injective. If C' is rational, then p(G) is a subgroup of Aut(C) = Aut(P!) that fixes
at least two points by hypothesis, and thus is a torus of dimension < 1. If g(C) > 1,
then G is trivial, as the identity is the only connected linear algebraic subgroup of
Aut(C).

One can thus assume that each irreducible component C' of A is pointwise fixed
by a non-trivial element of G. If S = P2, this implies that all components of A are
lines (the fixed locus of any non-trivial element of Aut(P?) ~ PGL3 is a union of
points and lines), and the hypothesis implies that A contains the union of three
lines not having one common point. This implies that G is a torus of dimension
< 2. If S # P?, there exists a birational morphism 7:S — F,, (contract the (-1)-
curves until reaching a minimal surface, and stop at F; if you end up at P?). This
morphism is Aut®(S)-equivariant and thus G-equivariant.

The group G acts then faithfully on F,,, preserving n(A). Denoting by m:F,, — P*
a P'-bundle structure, the action of G yields an exact sequence 1 - G’ - G - G" —
1 where G” ¢ Aut(P') and G’ ¢ Aut®(F,,)p:. It remains to show that both G’ and
G"" are tori of dimension < 1. Denote by C ¢ A an irreducible component such that
n(C) is not contained in a fibre (which always exists because of the hypothesis on
A). The action of G on C fixes at least two points by hypothesis. If these are sent
onto two different points of P!, then G fixes at least two points of P! and thus is a
torus. Otherwise, 7(C) is not a section and G’ fixes the points of P! corresponding
to the ramification of mon:C' — P!, so G” is a torus in both cases. It remains to see
that G’ is a torus. As n(C) ¢, is not contained in a fibre and G’ preserves each
fibre, G’ pointwise fixes n(C). Hence, the only possibility to study is when 7(C)
is a section. But then the hypothesis on A implies that we get another irreducible
component D ¢ A such that n(D) is not contained in a fibre. This implies that G’
fixes at least two points on a general fibre of F,, - P!, which implies that G’ is a
torus of dimension < 1. Indeed, if n =0 then G’ ¢ Aut®°(F,,)p1 ~ PGLy and if n > 1
then G’ c Aut®(F,,)pr ~ G, x k[0, 21 |- ]

Remark 3.2.6. In Proposition 3.2.5 the two-dimensional tori do appear by taking
for S any smooth projective toric surface and choosing for A the complement of
the two-dimensional torus.

3.3. Proof of Theorem C. First, using Theorem 3.1.4, we may assume that
m: X — S is a standard conic bundle. In particular, the discriminant divisor A is
an SNC divisor. We then consider two cases, depending on the generic fibre of :

(1): If the generic fibre is isomorphic to Pi(s), the morphism mX — S is a
Pl-bundle (Lemma 3.1.5). We reduce to the case where S is smooth by applying
[BFT17, Lemma 2.2.1], and then we contract all (—1)-curves on S to obtain a surface
with no (-1)-curve (follows from the “Descent lemma”, see [BFT17, Lemma 2.3.2]).

(2): If the generic fibre is not isomorphic to ]P’ll(( 5y We keep the same notation
as in §2.1 and consider the short exact sequence (A). Proposition 3.2.3 yields that
the group Aut®(X)g is finite, isomorphic to (Z/2Z)" for some r € {0,1,2}.

(2)(7): We now suppose that S is rational (which is always true if char(k) = 0,
as X is rationally connected, so S is rationally connected, hence rational [Bél,
Theorem 13.27]). By Lemma 3.1.5, the discriminant curve A is not empty. If A
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is irreducible, then g(A) > 1 (Lemma 3.1.5), so the action of H gives an injective
homomorphism H = Aut(A), as the set of fixed points of every non-trivial element
of Aut®(S) is the union of finitely many points and rational curves. This implies
that H (and thus Aut®°(X)) is trivial, as H ¢ Aut®(S) is a linear algebraic group.
If A is not irreducible, then each rational irreducible component C' of A intersects
the complement A \ C' into at least two distinct points (Lemma 3.1.5). Proposition
3.2.5 implies that H is a torus of dimension < 2. By [Bor91, IV.11.14, Corollary 1],
the group G = Aut®°(X) contains a subtorus of dimension dim(H) = dim(G), hence
G is a torus of dimension < 2. This achieves the proof of (2)(3).

(2)(#): If X is rational, then S is rational too (Proposition 2.5.6(2)), so G is a
torus of dimension < 2 by (2)(4). By Corollary 2.5.7 the group G is conjugated to
a subtorus of Aut(P3), that is, there is a G-equivariant birational map ¢: X -» P3
such that oG~ ¢ Aut(P?) = PGL,. O

4. MORI DEL PEZZO FIBRATIONS OVER P!

Our main goal in this section is to prove Theorem D and then to deduce Theo-
rem A. This will be done in § 4.5.

4.1. Some generalities. As before we fix once and for all an algebraically closed
field k. We recall that a smooth del Pezzo surface defined over k is isomorphic to
P? (degree 9), P* x P! (degree 8) or to the blow-up of a set of r points in P2, with
1 <7 <8, in general position (degree 9—r); see for instance [Dol12, Corollary 8.1.14].
We can associate a degree d € {1,...,9} with any del Pezzo fibration, defined as the
degree of the (geometric) generic fibre and this degree coincides with the degree of
a general fibre.

We also recall that a Mori del Pezzo fibration over P! is a Mori fibration m: X —
P! whose general fibres are del Pezzo surfaces. We remark that the generic fibre
of 7 is a regular del Pezzo surface over k(PP!) [FS19, Lemma 15.1], which is not
necessarily smooth if char(k) > 0 by [FS19, Theorem 14.8].

Lemma 4.1.1. Let S be a normal Gorenstein del Pezzo surface of degree d defined
over k, and let T: S > S be a minimal resolution. Then, either S is isomorphic to a
Hirzebruch surface Fg or Fo, or there is a birational morphism S — P2 which is the
composition of 0 < 9-d <8 smooth blow-ups. Moreover, every curve ofg contracted
by T is a (-2)-curve.

Proof. Follows from [Dol12, Proposition 8.1.10 and Theorem 8.1.15]. |

Lemma 4.1.2. Let m: X — P! be a Mori del Pezzo fibration over k, let K = k(P'),
let X be the generic fibre and let K be an algebraic closure of K. Then, X has
a rational point, it is regqular, it satisfies p(Xi) = tkNS(Xg) = 1, and one of the
following conditions holds:

(1) X4 is regular (which is equivalent to say that Xy is smooth);

(2) char(k) =7, the surface X4 is a del Pezzo surface of degree d € {1,2} with
exactly one isolated singularity, of type Ag, and p(X4)=4-d>1; or

(3) char(k) € {2,3,5}.

Proof. The existence of a rational point for Xk is a consequence of [GHS03, The-
orem 1.2] in characteristic zero and of [dJS03, Theorem]| in positive characteristic.
As explained before, the regularity of X follows from [FS19, Lemme 15.1]. By
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definition of a Mori fibration, the relative Picard rank is 1, so p(Xg) = 1. If X3
is again regular (or equivalently X is smooth, since smoothness is equivalent to
geometric regularity in our setting; see [Sta20, Tag 038X]), we are done. We can
then assume that X+ is a singular del Pezzo surface, which implies that K is not
a perfect field. We can moreover assume that char(k) > 7, otherwise we are in
case (3).

The generic fibre Xy is geometrically normal, see [FS19, Theorem 15.2] and
[PW17, Corollary 1.4]. Moreover, Xk is also Gorenstein, since this property is
invariant by base-change [Sta20, Tag 0C07] and the only singularities of normal
projective Gorenstein surfaces are rational double points or simple elliptic singular-
ities [HW81, Theorem 2.2]. As X7 is singular and char(k) > 7, the only possibility
is that char(k) = 7 and all singularities are of type Ag (follows for instance from
[Hir04] or from [Sch08, Theorem 6.1, Remark 2.8]). Each of the singular points gives
rise to a chain of six (-2)-curves in the minimal resolution W of X-. Hence, we
can only have one such isolated singularity and W is the blow-up of 9-d € {6, 7,8}
points of IP’%, where d is the degree of the del Pezzo fibration by Lemma 4.1.1.
Moreover p(X3) =4 —d, so we only need to show that d = 3 is impossible. In this
case, X7 would be a singular del Pezzo surface of degree 3, hence a cubic surface
in P3, with an Ag-singularity. This does not exist by [Dol12, Lemma 9.2.4]. d

Definition 4.1.3. Let K be a field and let K be an algebraic closure of K. The
perfect closure of K is the field L ¢ K, which is equal to K if char(k) = 0 and equal
to the field KP ~ = {ae K |a?" € K for some n > 1} if char(k) = p > 0. The field L
is then a perfect field and the extension K /L is separable.

Lemma 4.1.4. Let K € L be a field extension and let X be a proper scheme over
K. Then the following hold.

(1) If K c L is purely inseparable (in particular when L is a perfect closure
of K), then p(X) = p(X1).
(2) IfK ¢ L is Galois with Galois group G = Gal(L/K), then p(X) = rk NS(X1)®.

Proof. (1) is in [Tanl5, Proposition 2.4(2)], while (2) is in [Kol96, Chapter I,
Proposition 4.3]. O

Remark 4.1.5. In the following, we will write Tk NS(X1)® = p(X1)® (with the
notation of Lemma 4.1.4) to shorten the notation, even if this does not refer to the
fixed part of p(Xp), as this latter is a number.

4.2. Mori del Pezzo fibrations of small degree. In this subsection we prove
that if X — P! is a Mori del Pezzo fibration of degree < 6, then Aut°(X) is a torus
of dimension < 3 (Proposition 4.2.3).

The next result is classical in Mori theory (see e.g. [Mor82, Theorem 3.5] for the
smooth case and [CFST16, CFST18] for the case of terminal singularities, when
k = C). We recall the proof due to a lack of a precise reference.

Lemma 4.2.1. Assume that char(k) ¢ {2,3,5} and let m: X — P! be a Mori del
Pezzo fibration of degree d. Then either d € {1,2,3,4,5,6,9} or d = 8 and 7 is
a Mori quadric fibration (i.e. a Mori del Pezzo fibration whose generic fibre is a
smooth quadric).

Proof. Let K = k(P!), let Xk — Spec(K) be the generic fibre of m, let K be an
algebraic closure of K, let L ¢ K be the perfect closure of K, and let G = Gal(K /L)
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be the associated Galois group. We have p(Xk) =1 (Lemma 4.1.2), which implies
that p(X1)® =1 by Lemma 4.1.4. If d ¢ {7,8}, the result holds, so we may assume
that d € {7,8}, which implies that X7 is smooth (Lemma 4.1.2).

If d = 8, then either X is isomorphic to IF’% X ]P’lf or to the blow-up of a point in
IP’% Let us observe that this latter case is impossible. Indeed, the group NS(X4) =
72 is generated by the unique (-1)-curve E, obtained by blowing-up a point in P,
and the pull-back of any line ¢ not intersecting E. As G preserves E and the
canonical class -3¢ + E, we have tk NS(X7)® = 2.

If d = 7, then X5 is isomorphic to the blow-up of two distinct points py,p; € IP’%
and so NS(Xz) = Z* is generated by the two (-1)—curves E; and E» contracted
on p; and py € P2, together with the (—=1)—curve £ defined as the strict transform of
the line through p; and ps. These are the only three (-1)—curves, and as ¢ is the
only (-1)—curve intersecting the two others, it must be G-invariant, and so is the
set {Ey, E»}. This implies that p(X 7)€ > 2, which is not possible. O

Lemma 4.2.2. Suppose that char(k) ¢ {2,3,5}. Let m: X — P! be a del Pezzo fibra-
tion of degree d <8 and let H ¢ Aut(P') be the image of the natural homomorphism
Aut®(X) —» Aut(PY). Then H is a torus of dimension at most 1.

Proof. Let K = k(P') and let X be the generic fibre, which is a regular del Pezzo
surface with p(Xg) = 1 (Lemma 4.1.2). Denote by K an algebraic closure of K
and by L ¢ K the perfect closure of K. We have p(X1) = 1 by Lemma 4.1.4. We
now observe that p(X4) > 1. If X5 is smooth, this is because p(X5) = 10 - d. If
X7z is singular, then chAar(k) =7 and p(X3) € {2,3} by Lemma 4.1.2.

We then denote by L ¢ K the splitting field of L, that is, the intersection of all
subfields containing L and such that all extremal rays of NE(X4) are defined over L
(or equivalently the minimal field L € L ¢ K such that p(X i) = p(X3%)). Replacing
L with its normal closure, we may assume that ﬁ/L is a Galois extension. We
then denote by G the Galois group Gal(L/L), which is non-trivial, since p(X;) =
p(X7) > 1, p(X1)=1and p(X1) = p(X;)® by Lemma 4.1.4.

This implies that the (unique) cover 7:C — P! associated with the field exten-
sion ﬁ/L is non-trivial. Moreover the branch locus of 7 is preserved by H. As
a consequence of Hurwitz’s formula [Har77, Corollary IV.2.4], we deduce that H
preserves at least two points of P, This finishes the proof. ([

Proposition 4.2.3. Assume that char(k) ¢ {2,3,5}. If m: X — P! is a Mori del
Pezzo fibration of degree d < 5 (resp. d = 6), then G = Aut®(X) is a torus of
dimension <1 (resp. < 3).

Proof. Let K = k(IP'), and let K be an algebraic closure of K. By Remark 2.1.6,
there is an injective group homomorphism Gy := Aut®(X )p1 = Aut(Xg ), where X
is the generic fibre of m: X — P, Also, there is an injective group homomorphism
Aut(Xg) = Aut(X5).

If d <5, we will show that Aut(X5;) is a finite group. This will imply that Gg
is finite and thus that Aut®(X) is an extension of a finite group with a torus of
dimension < 1 (Lemma 4.2.2), and so that Aut®(X) is a torus of dimension < 1. We
now prove that Aut(Xy) is finite if d <5. To do so, we distinguish between two
cases, depending on whether X+ is smooth or not.
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If X+ is smooth, then it is isomorphic to the blow-up of 9 —d > 4 points of IP’%
(Lemma 4.1.1). The group Aut(X3) acts on the finite set of (-1)-curves of X+4.
The kernel H ¢ Aut(X7) of this action is the lift of the group of automorphisms of
IP’% that fix the 9 — d > 4 points blown-up. As X+ is a del Pezzo surface, no three
of the points are collinear, so H is trivial and Aut(X7;) is finite.

If X3 is not smooth, then d = 2 and X5 has a unique singular point, which
is of type As (Lemma 4.1.2). Note that X4 is a double cover of IP’% ramified
over a quartic curve I' (see [Dol12, §8.7]). The group Aut(Xy) then acts regu-
larly on P? and preserves I'. Moreover, I has a unique singular point, which is
of type Ag, and thus an “oscular rhamphoid cusp”, which means that the mini-
mal embedded resolution of the singularity ¥ — ]P’% is given by blowing-up three

infinitely near points p1,p2,p3, and that the strict transform T is tangent to the
divisor E3 associated with ps with multiplicity 2, and does not intersect E; or
E5. Choosing coordinates such that p; = [0 : 0 : 1], and that ps and p3 lie
on the conic yz + 22, the equation of I' is given by the homogeneous polynomial
F = (22 +y2)? + M2 (2% + y2) + pry® + vy* € K[x,y, 2] for some \, pu,v € K. We
moreover have u # 0, as otherwise F € K[z% + yz,5?] cannot be irreducible, and
thus the singularity cannot be of type Ag. Replacing z with z — %y, we may assuie
that A = 0. We then replace z and z with z+&y and z—&2y—2€x respectively, where

¢ = —ﬁ, and may assume that v = 0. Finally, replacing y and z with y/x and zk,

where 1% = 1, we may assume that the equation of I' is given by (2% + y2)? + 2y°.

The group of automorphisms of P? that preserves the quartic is then the finite
group given by {[z:y: 2] = [wz:w?y: 2] |w® = 1}. This implies that Aut(Xz) is
finite.

If d = 6, then X is smooth (by Lemma 4.1.2) and is thus isomorphic to the
blow-up of three non-collinear points of P2. We take a finite field extension K ¢ L
such that the six (-1)-curves of X3 are defined over L. We then denote by C' — P!
the finite morphism corresponding to the field extension L/K. Then, the Gg-action
on X lifts to a Gp-action on Y := X xp1 C by letting Gy act trivially on C. The
generic fibre of Y - C is now a del Pezzo surface of degree 6 with all six (-1)-
curves defined over k(C'). Hence, Y is birational to S x C, where S is the blow-
up of three general points of P? and Gy identifies with an algebraic subgroup of
Aut(S) ~ Aut(Sx ). As Aut(S) = G2, x Dg [Dol12, Theorem 8.4.2], we conclude
that the neutral component of Gy is a torus T of dimension < 2.

Let us recall a classical fact: if there is a non-constant morphism from a one-
dimensional connected linear algebraic group J to G,,, then J ~ G,,. Indeed, the
other one-dimensional connected linear algebraic group is the additive group G,
and there is no non-trivial morphism G, - G,,.

If we mod out G and G by T in the exact sequence (A) (in § 2.1), we see that
G/T is an extension of a finite group with a torus of dimension < 1. By the previous
paragraph, G/T is G,, or the trivial group. But there are no non-trivial extensions
between algebraic tori (consequence of [Bor91, §11.14, Corollary 1]), and so G must
be a torus of dimension < 3. O

4.3. P2-fibrations over P!. Let m X — P! be a Mori del Pezzo fibration of de-
gree 9, that is, a P2-fibration with terminal singularities, and let G = Aut®(X). In
this subsection we prove that there is a P2-bundle 7:Y — P! and a G-equivariant
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commutative diagram

where ¢ is a G-equivariant birational map (Proposition 4.3.5).

Lemma 4.3.1. Assume that char(k) ¢ {2,3,5} and let m: X — P! be a Mori del
Pezzo fibration of degree 9. Then the generic fibre X is isomorphic to P%, where
K =k(P).

Proof. Let K = k(P!), let Xk be the generic fibre, and let K be an algebraic
closure. The surface X4 is smooth (Lemma 4.1.2). Hence, by Lemma 4.1.1, the
surface X4 is isomorphic to IP%. To show that X is isomorphic to IP%(, it suffices
to show that the Brauer group of K is trivial (see [GS06, Theorem 5.2.1]). This
follows from Tsen’s theorem as K = k(P') (see [Sta20, Tag 03RF)]). O

With Lemma 4.3.1, it is then natural to ask whether a Mori del Pezzo fibration
X — P! whose generic fibre is isomorphic to P? is necessary a P?-bundle. The
answer is unfortunately negative as the next example shows. But we will see with
Proposition 4.3.5 that we can always reduce to the case of P?-bundles.

Example 4.3.2. Assume that char(k) # 2. Let o € Aut(PP?) be an involution and
let C be a smooth projective curve with a po-action such that C/us = P!, Let
X = (P?2 x C)/uz, where ps = {£1} acts on P? via the involution o. Then the
induced morphism m: X — P! is a Mori del Pezzo fibration of degree 9 (the only
singularities of X are double points). But 7 is not a P2-bundle as s acts on C
with at least two fixed points (by Hurwitz’s formula) and over a fixed point a fibre
of 7 is generically non-reduced.

The next elementary lemma will be useful in the proof of Proposition 4.3.5.

Lemma 4.3.3. Let G be a connected linear algebraic group. For each integer n > 2
that is not a multiple of the characteristic of the ground field k, every (abstract)
group homomorphism v:G — Z[nZ is trivial.

Proof. As G is generated by its subtori and unipotent subgroups, we only need to
show the result in the two cases where G is isomorphic to G, or G,.

Let G ~ G,,,. As the base field is algebraically closed, for any ¢t € G we can find
t' € G such that t'" =t. Then v(t) = v(t'™) =nv(t') =0, and so v is trivial.

Let G ~ G,. As char(k) does not divide n, for any v € G we can find v’ € G such
that nu’ = u. Then v(u) =v(nu') = nv(u’) =0, and so v is again trivial. O

Remark 4.3.4. If char(k) = p, then Zorn’s lemma provides a basis B of k as a F-
vector space. This implies that G, ~ @5 Z/pZ as an abstract group, and so there
are non-trivial homomorphisms G, - Z/pZ. Hence, Lemma 4.3.3 is false if p = n.

Proposition 4.3.5. Assume that char(k) # 3. Let m:X — P! be a morphism
whose generic fibre is isomorphic to P? (this is for instance the case when char(k) ¢
{2,3,5} and 7 is Mori del Pezzo fibration of degree 9 by Lemma 4.3.1). There is a
regular action of Aut®(X) on a P2-bundle 1Y — P!, and an Aut®(X)-equivariant
birational map ¢: X -»Y such that Top =m.
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Proof. There is an open subset V ¢ P! over which 7 is a P2-bundle. Let us write
G = Aut°(X). If V = P}, we are done. Otherwise, we take a point p € P\ V,
necessarily fixed by G (as G is connected and P! \ V is finite), and take affine
coordinates in a neighbourhood of p such that p has for equation ¢t = 0 in A'. We
use a local trivialisation on a open subset of P!, and obtain a rational action of G
onto A xPP? (a group homomorphism G — Bir(A! xP?) such that the corresponding
map G x Al x P2 -> Al x P? is rational), given by

G x A x P? - Al x P?
(gt feey:2)) o (f505 Mg 0y 2),),

where a € k[G]*, b e k[G] and M € PGL3(k[G](%)).

For each g € G, we then obtain an element M, € PGL3(k(t)), represented by a
matrix M, € Matz(k(t)), that we may assume to be in Matg(k[¢]) and such that
My4(0) = Mgli—o # 0. We then denote by ny € N the biggest integer such that ¢
divides det(M,). If n, = 0 for each g € G, then the rational action of G on A' xP? is
regular on a neighbourhood of {0} xP2, so we can replace X with another projective
variety X' for which the open set V is replaced with V u{p}. We will show that we
can reduce to this case by conjugating the action with an element of PGL3(k(t))
coming from a matrix in Matg(k[¢]) with determinant having zeroes only at ¢ = 0.
After finitely many such steps, we reach the case V = P! which achieves the proof.

We now study the case where ng, > 0 for some g € G. For each g € G, we define
two matrices Ry, Ny € Mats(k) such that

My = R, +tN, (mod t*),

and obtain R, = M,(0) #0.
Since the action of G on A xP? has to satisfy the axioms of a group action, there
is, for all g,h € G, an element v, € k(t) such that the following equality holds in

Mats (k(t)) : a(h)t

D cMyp(t) = My(———"—) - Mp(t).

( ) ngh gh() g(1+b(h)t) h()

In particular, taking determinants, the element

(E) thon "o~ (1) € k(t) is invertible at ¢ = 0.

We define nyax = max{n, | g € G} > 1 (which is finite because GxA*xP? -» At xP?
is rational), and define subsets of G as follows:

1
Gmax:{gEG|ng:nrnax}EG+:{gEG|ng>§nmax}gG>O:{gEG|ng>0}gG-

We then observe that
(F)
RyR;, =0 for all g, h € G such that ng + nj > nmax (in particular for all g,h e G.).
Indeed, the inequality ng +np > nmax implies that ng +ny > ngp, which implies that
Vg.n € k(t) vanishes at ¢t =0 (E), and thus that M,(0)M}(0) = RgR, =0 (D).

We now fix an element s € Guax. By (F) we have R? = 0. After conjugating
all Ry, g € G, by a common element of GL3(k) (this corresponds to conjugate the
action by an element of PGL3(k)), we can then assume that

0 01

(G) Rs=|0 0 o0].
00 0
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We now prove that

0 * x
(H) Ry;=10 0 x| for each g€ Gso.
0 0 0

(This means that the non-zero coefficients of the matrix R, = M,(0) are above the
diagonal). To prove this, we take g € G5o and observe that ng + ns > ns = Nmax,
which implies that R;R, = RgRs = 0. The matrix R, has thus a first column and a
last row equal to zero. It remains to see that the middle coeflicient of R, is equal
to zero.

0 = *
Suppose by contradiction that some g € G satisfies By = [0 p [ for some
0 0 0

p € k*, and choose g with this condition such that n, is maximal. As (Ry)? =
0 * *
0 u? *|#0, weget (R,)?= ARy for some A € k* and ng = 2ng > ng, contra-
0 0 0
dicting the maximality assumption. This achieves the proof of (H).
We now prove that, after conjugating all Ry,g € G with a fixed element of
GL3(k), one of the following two situations holds.

0 * =% *x  *

(Ao) Either R;=[0 0 0|,VgeGy,and R, =|0 x x[,VheG; or
[0 0 0] |0 |
—O 0 % ] P

(Bo) Ry=10 0 x|,VgeG,,and R, =|x * x|,VheG.
[0 0 0] [0 0 «]

To do this, we first recall that RyR}, = 0 for all g,h € G, (F), which means that
Im(R,) ¢ Ker(Ry,). This being true for all g, h € G, we get

1 1110
([0]) cIm(R,) = U Im(Ry) € [ Ker(Ry) cKer(Rs) =([0],[1])
0 geGy geGy 0 0

We then denote by V ¢ k? the linear subspace V = Ngec, Ker(Ry), and obtain two
possibilities for V.

1 0 = = 11 {0
Either V' = (|0[), then R, =0 0 0| for all g e G4; or V = ([0],[1]), then
0 0 0 O 0] 10
0 0 x
R;=10 0 «|forall geG,. This gives the first part of (Ap) or of (By).
0 0 O

To obtain the second part, we take h € (G, and prove that it has the desired
form. If ny, > 0, this follows from (H). We then assume that n;, = 0, which means
that det(Mp) is not divisible by ¢, and gives Ry, = My (0) = My|i=0 € GL3(k). This
implies that (M, (7505) - My (t))]i=0 = Ry Ra and (M (754255) - My (1) |0 = Ra R,
are not equal to zero, so ¢t does not divide vy j, nor v, . In particular, ng, = nps =
Ng + Np = Nmax, and so sh and hs are in G,. If the first part of (A4p) holds, the
second and third rows of RpRs = ARps (A € k¥) are equal to zero, which yields
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* * *
R =10 * x|, and gives (Ap). If the first part of (By) holds, the first and second
0 x *
* * *
columns of RyRy, = ARgp, (X € k*) are equal to zero, which yields R, = [+ * x|,
0 0 =«

and gives (Byp).
We now prove that moreover one of the following two cases holds:

(A4)
[0 »  «] [« %« %] [ « 1

R,=|0 0 0[VgeGy,Ry=[0 * x|VYheGand N,=|0 * | Vg € Gmax; or
0 0 0] 0+ x) 0 |

(B) ) ) ]
0 0 +] [« *

Rg: 0 0 «* VggG_HRh: *  x % VheG’anng: * kK ngGmax
0 0 0] 0 0 x) 00~

These correspond to (Ag) and (By), with additional properties on Ny for g € Gax.
To prove these, we first calculate, for all g, h € Giax (recall that RyRy, = 0),

(D) F _ h
o Mo Z MG M) = (B + il o) 1)
g tla g ht+ h

t(a(h)NyRp + RgNy)  (mod t?)

and use it to prove that

(0 a(h)NgRp, + RgN}, = for all g, h € Gax-

(el en i n)
S O *
S

To prove (I) we may assume that a(h)N, Ry, + RyNj, # 0. In this case, t 'y, p, is
invertible at ¢ = 0 and Ry, = A(a(h)NgRy, + RyNy) for some A € k* (D), which
implies that ng, = ng +np =3 (E). As ng = np = Nmax, we have ngp = 2nmax —3 > 0.
Hence Nmax > 2 and 2nmax — 3 > 0, so ngp, > 0. This, together with (H), gives (I).

The first column of Ry being zero (H), the first column of a(h)NyR), is zero, so
(I) shows that the first column of R, Ny, is zero. Choosing g = s, we obtain that the
lower-left coefficient of N}, is zero for each h € Gyax (using the explicit form of Ry
given in (G)).

We now write (I) with explicit coefficients. We can write

[0 alg) B(g)] [0 a(h) B(h)
Ry=10 0 ~(9)|,Rn=|0 0  ~(h)]|by (H), and also
o o 0 | o 0 0

Ng=|Xyg) * x|, Ny=|Ah) * x| Then, (I) gives:
| 0 0(9) +] | 0 O(h) ~
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[a(9)A(h) x *
(J) a(h)NgRn+RyNy, = 0 a(h)a(h)A(g)+v(g)0(h) *
[ 0 0 a(h)y(h)6(g)
—() * ok
(K) 1o 0 *|,Vg,heGma.
0 0 0

If there is g € Ginax such that a(g) # 0, then (J) yields A(h) =0 for all h € Gax.
As (By) is impossible, we are in case (Ap), and thus in case (A).

If there is h € Giax such that y(h) # 0, then (J) yields 6(g) = 0 for all g € Gax
(since a(h) #0). As (Ap) is impossible, we are in case (By), and thus in case (B).

The only remaining case is when a(h) = vy(h) = 0 for each h € Gyax. This implies
that S(h) # 0 for each h € Grax (as Ry # 0). Moreover,

0 B(9)0(h) *
a(h)N,Ry + RyNy, = | 0 0 a(h)B(R)A(g) | for all g, h € Gumax.
0 0 0

If a(h)NgRp + RgNp = 0, then A(g) = 0(h) = 0. If a(h)NgRp + RgNp # 0, then
as we observed before we have Ry, = A(a(h)NgRy, + RgNy,) for some A € k*, and
0 < ngp = 2Nmax — 3 < Nmax. There are then only two possibilities for nmax, namely
2 or 3. If nyax = 3, then gh € Gax € G4+. We then obtain A(g) = 0 if (Ap) holds,
and 6(h) =0 if (By) holds. This shows that if nmax = 3, then (A) follows from (Ag)
and (B) follows from (By).

It remains, to prove that either (A) or (B) holds, to exclude the case where
Nmax = 2. SUPpPoOse Nmax = 2 and derive a contradiction. We define a map v:G —
Z,/37 sending g onto the class of nyax. We then observe that v is a non-trivial group
homomorphism (follows from (E)). This contradicts Lemma 4.3.3 as char(k) # 3.

To achieve the proof, we conjugate the group by (¢,[z:y:z]) ~ (¢t [tz :y: z])
in case (A) and by (¢,[z:y:z]) ~ (¢, [tz :ty: z]) in case (B).

ain a2 Q13
In Case (A), this replaces My =|a21 a2 ag3| with
asy asz2 a3z
0 0 ! ail f,alg ta13
1 0f = %021 aga2  a23
az1 azz a33f[|0 0 1 3031 as2 a3

t 0 Of|lair a2 aiz||t
O 1 0 a1 a99 a23 O
0 0 1

for each g € G. The new matrix has the same determinant, and has still coeflicients
in k[t]. In particular, n, stays fixed, unless the new matrix is divisible by ¢, in
which case it decreases. As this latter always hold for every g € Giax (because of
(A)), the integer nyayx is decreased by this process.
ailr a2 ais
Case (B) is similar. We replace My =|a21 ag2 ag3 | with
az1 asz2 asg

1 0 O a11 Q12 Qi3 1 0 O arl ai2 ta13

01 0 ag1 Q22 423 01 0 =1 a21 ano ta23
1 1 1 1

0 0 3flas1 as2 azgs|[0 O 3 031 332 a33
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for each g € G. O

4.4. Quadric fibrations over P!. In this subsection we study Mori quadric fi-
brations over P!. We introduce the Umemura quadric fibrations (Definition 4.4.2
and Lemma 4.4.3). Then we prove a series of lemmas that will be useful to prove
Theorem D in the next subsection.

We first recall a fact about quadric surfaces, probably well-known, which will be
useful later on, in order to study the generic fibre of a quadric fibration.

Lemma 4.4.1. Let K be an arbitrary field with char(K) # 2, and let Q < P3, be
a smooth quadric surface. Assume that Q(K) # @. Then there is p € K* and a
linear projective change of coordinates such that the quadric surface Q is defined in
IP’% by the equation
33% - X122 — ,UI?, =0.
Moreover, the following hold:
(1) If there exists v € K such that u =12, then Q is isomorphic to ]P’}( X IP’}( via

Kyt Pl x P, = Q
([uo :ur], [vo:v1])  +~  [r(uovr +urvp) : 2rugvg : 2rugvy © upvy — Uvg |

(2) If p is not a square in K, then Q is not isomorphic to Pk xPL.. Let L/K
be the unique field extension of degree 2, with L = K[r] for some r € L with =12,

and let v be the generator of Gal(L/K) ~Z/27. Let

o:(z,y) = (y,2), and let

Ho ={(z,y) = (A(2),:(A)(y)) | A e PGLy(L)}.

Then, the isomorphism Qr — P} x P} given by (1) conjugates Autx(Q) to the
subgroup H = Ho x (o) € Auty (P} xP}). In particular, Autx (Q) is isomorphic to
PGLo(L) x Z[2Z, where the action of Z[2Z on PGLy(L) is the one induced by t.

Proof. By hypothesis, @ has a K-point, which can be assumed to be P:=[0:1:
0: 0]. Moreover, since @ is smooth, we may assume that the tangent space of Q
at P is given by the equation zo = 0. So @ has the form ziz2 + h = 0, for some
homogeneous polynomial h € K[xg,z2,23] of degree 2. Replacing z1 with x1 + ¢
where g € K[xg,22,x3] is a homogeneous polynomial of degree 1, we may assume
that h € K[zg,z3]. By completing the square and applying diagonal automorphisms
we may assume that ) has the required form.

(1) If there exists 7 € K such that u = r%, we check that &, is an isomorphism,
with inverse given by x ~ (s1(), s2(x)), where s1,52:Q — P! are given by

s1: Q — P!
[20: 23] { [x1:20—rx3] if (21,20 —-r23) # (0,0)
[zo+rx3:za] if  (xg+rxs3,22) #(0,0)

So: Q > P!
[0 ay] - { [z1:zo+r23] if (21,20 +723) #(0,0)
[xg—ras:za] if  (xg-—ras,z2)#(0,0)

(2) If 1 is not a square, and L is the degree 2 extension of K such that L = K[r]
and r € L is such that 7% = p, then Gal(L/K) is of order 2, generated by t: L — L
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sending p onto —u. The isomorphism x;':Qr, = P} x P! of (1) conjugates the
action of Gal(L/K) on @, to the involution

([uo : ur], [vo : v1]) = ([e(vo) = e(v1)]; [e(uo) : e(u1)]).
This implies that p(Q) = p(NS(Qr))%/K) = 1 (Lemma 4.1.4). In particular Q
is not isomorphic to Pk x Pi.. Computing the elements of Auty(P% x PL) that
commute with the above involution, we obtain the group H = Hy % (o) described in
the statement of the lemma. (]

Definition 4.4.2. Let n > 0 and let g € k[ug, u1] be a homogeneous polynomial of
degree 2n. We denote by Q, the projective threefold given by

{[zo a1 : @2 w35u0 2 u1 ] € P(OSP ® Op1 (n)) | vf — w122 — g(ug, u1)a3 = 0.

and we denote by m,: Q, - P! the morphism [z : 21 : @2 : 23;u0 : u1] = [ug : u1].
Note that X = P(O2? ® Opi(n)) is the quotient of (A*x {0}) x (A% \ {0}) by the
action of G2, given by
Gy, x (AT {0}) x (A%~ {0})  — (A"~ {0}) x (A*~ {0})
(()\,‘LL),($0,(£1,(£2,.’£3,U0,U1)) = (N:L'Oaliwla/~L1’27pinﬂx3’puoapu1)'

The next lemma gives some basic properties of the variety Q4. In particular, if
g is not a square, then Lemma 4.4.3(4) yields a structure of Mori quadric fibration
Mgt Qg — P!: we will call such a fibration an Umemura quadric fibration. It is a
quadric bundle in the sense of [Bea77, Definition 1.2] (except that our base is P!
and not P? and that our varieties are not necessarily smooth). Note that we do
not work with analytic coordinates, since we work in any characteristic and we can
give a precise description of the singularities in Zariski local coordinates.

Lemma 4.4.3. Let g € k[ug,u1] be a non-zero homogeneous polynomial of degree
2n, for some n > 0. Denote by H,F' ¢ Qg the hypersurfaces given respectively by
x3=0 and uy = 0.

(1) The variety Qg is an irreducible normal rational projective threefold with ter-
minal singularities. Every singularity is Zariski locally given by the cAj-singularity
{(z,y,2,t) € A} | 2% —yz —t™p(t) = 0} for some m > 2 and some polynomial p(t)
with p(0) £ 0. Moreover Q, is Q-factorial if and only if g is not a square or g € k*
and it is smooth if and only if g is square-free.

(2) If g is not a square, then Pic(Q,) = ZH®ZF'. The cone of curves is moreover
generated by the curves f = HNF and h € H, where h is given by g =x1 =23 =0.

(3) The canonical divisor of Qg is given by —2H —(n+2)F and satisfies h-Kg, =
n-—2.

(4) The morphism

Tyt 9y - P!
[zo:z1:xa:@siuoua] = [uo:ui]

is a Mori quadric fibration (i.e. a Mori fibration whose generic fibre is a smooth
quadric) if and only if g € k[ug,u1] s not a square.

Proof. For i =0,...,3, we denote by H; = Q,n{z; =0} ¢ Q, the hypersurface given
by z; = 0 and by F; the fibre given by Qg n {u; = 0}, so that F' = F; and H = Hs.
‘We then observe that Fy ~ F = F and that Hy ~ Hy ~ Hy ~ H3 +nFy=H + nF.
We observe that Fjy and F} are irreducible quadric surfaces, as well as each fibre
of my: Q4 - P!. Moreover, Hs is a surface, which is irreducible if and only if g is not
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a square. As Q, \ (Ha U F) is isomorphic to A%, via (z,y,2) = [z : 2% - g(1,2)y*:
1:y;z:1], the Picard group of Qg is generated by the irreducible components of
H; and F. The same holds with H; instead of Hy (by exchanging x; with x2), so
Qg is irreducible and rational. Moreover, if g is not a square, the Picard group of
Qg is generated by Hy and F', and thus by H and F'

The singular locus is the finite (possibly empty) set given by

0 0
{iﬁo =21 =22 =0 and g(uo,u1) = %(Uo,ul) = %(Uo,ul) = 0}-
0 1

Hence, Q, is smooth if and only if g is square-free. Around a singular point ¢ = [0:
0:0:1;ug: up], the variety Qg is (Zariski) locally defined by

{(z,y,2,1) € Aj | 2? —yz —t"p(t) = 0},
where m > 2 is the multiplicity of [ug : u1] as a root of g and p € k[t] is a polynomial
that does not vanish at the origin. This is the equation of a (normal) cA;-singularity,
which is terminal; see [Kol13, §1.42]. The singularity is moreover factorial if and
only if 22 —#™p(t) is irreducible [JK13, (13.2)]. This corresponds to ask that t™p(t)
is not a square.

Note that H = Hs is isomorphic to P'xP*, with two rulings given by f = HnF and
h:HﬁHoﬂHl. As h-F =1 and hH2 :0, we obtain hHg :h~(H2—nF) =-Nn.
We moreover have f-F = f-Fy =0 and f-H = f-Hy = 1. This implies that
Pic(Qg) =ZH ®ZF if g is not a square, and that each irreducible curve c ¢ Q, is
numerically equivalent to ah + bf for some a,b € Q, with ¢c- F =a and ¢- H = b-an.
To achieve the proof of (2), we prove that a,b > 0. If ¢ € H, this is because h, f ¢ H
generate the cone of curves of H ~ P! xP'. If c¢ H, then 0<c-H =b—-an. As
a=h-F=h-F >0, we get (2).

The differential form % %-k le % on (A*~{0})x(A%\{0}) being G2 -invariant,

i=0 Ut j=o "
it corresponds to a differential form on X, which has poles at —K x = Z?:o fflz + FO +
Fy~4H4+ (Bn+ Q)FO, where H;, Fj € X are given by z; =0 and u; = 0 respectively.
As Qg ~ 2H, ~ 2Hs + 2nFy, we get by adjunction that Kg,=-2H - (n+2)F, since
H= f[3|gg and F' = ﬁb|gg. Computing moreover Kg, -h=-2H -h—(n+2)F-h=
-2(-n) - (n+2) =n-2 gives (3).

It remains to prove (4). The map m, is a dominant projective morphism of
normal projective varieties, and it remains to check if the conditions a), b), ¢) in
Definition 2.1.3 are fulfilled.

a): For a projective morphism f: X — Y with Y normal, the condition f,Ox =
Oy is equivalent to the connectedness of the fibres of f (this can be seen for instance
as a consequence of Stein factorisation [Har77, Corollary III.11.5]). As 7, is a
projective morphism with connected fibres, this condition holds.

b): was proven in (1).

¢): If g is a square, then Lemma 4.4.1(1) yields that p((Qyg)x(p)) = p(P'xP') = 2,
and so 7y is not a Mori fibration. If ¢ is not a square, (2) gives p(Q,) = 2, which
proves c). O

Lemma 4.4.4. Assume that char(k) # 2 and let g € k[ug,u1] be a homogeneous
polynomial of degree 2n that is not a square, for some n > 1.

(1) There is a unique double cover T:C — P such that the generic fibre of
Q, xp1 C — C is isomorphic to P} x P}, with L =k(C).
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(2) The group PGLa(k) acts reqularly on Q, via
PGLa(k) x Qg - Q9

([Ccl 2 Jworxytxo i zziugiur]] ~ [(ad+be)xg + aczy + bdxs

2

2abxo + a’x1 + b2xs : 2edxg + 2y + d2xy

(ad —bc)xs;ug : uq].

Proof. As g is not a square, the generic fibre (Q,)k, with K = k(P'), is not
isomorphic to P* x P! but is isomorphic to it after a base change via a unique field
extension L/K of degree 2 (Lemma 4.4.1). The ramified double cover 7:C — P!
associated with the field extension L/K corresponds to the morphism of (1).

The action of PGLa(k) given in (2) is obtained by restriction of the PGL2(k)-
action on ]P’((’)]l?l3 ® Op1(n)), given by the group embedding

ad+bc ac bd 0
a b 1 2ab a? v 0

PGLQ(k) > PGL4(k), [C d:I Ld ad — be %2%¢d 02 d2 ol
0 0 0 1

as the hypersurface 2% — z122 — g(ug, u1 )23 = 0 is invariant for this PGLa(k)-action.
Therefore, we have a regular action on Q, giving an inclusion of algebraic groups
PGL2(k) € Aut®(Qg)p:. This achieves the proof of (2). O

Lemma 4.4.5. Let us take the notation of Lemma 4.4.4(2).
(1) There is a PGLa(k)-equivariant birational map

@ Qg xp1 C->P'xP xC
that induces an isomorphism between the generic fibres of the natural projections
Qg xpr C = C and P xP' x C - C,

where the action of PGLa(k) on C is trivial, the action on P! x P! is the diagonal
action, and the action on Q, is the one giwen in Lemma 4.4.4(2).

(2) Denote by

+ H ¢ Birp1(Qg) the subgroup of elements corresponding to automorphisms of
the generic fibre;

« Hc Bir(Qg xp1 C) the lift of H (obtained by acting trivially on C);

« Hy ={(z,y,¢) » (A(2),0(A)(y),c) | A e PGLa(k(C))};

o o:(x,y,¢) ~» (y,z,¢); and

o 1e Aut(k(Q)) is the involution induced by the (2:1)-cover C — PL.
Then the group ¢He™' € Birg(P' x P! x C) is equal to H' = H} x (o). Also,
every element of H{y that is algebraic and not of order 2 is conjugate, in HY, to
an element of PGLy(k). Furthermore, o acts on Qg as the biregular involution
[xo:x1:wo:x33ugur] — [To: @1 i @o: —T3;ug U ].
Proof. We can see C' as the curve given by g(uo,u;) = u3 in the weighted projective
space P(1,1,n), quotient of A%\ {0} by G,, via (ug,us,us) = (Aug, Auy, \"us).
Then, Qg xp1 C is given by z3 — z172 — u3z3 = 0 in P(O8? ® Oc(n)). We then have
a birational map ¢: Q4 xp1 C -» P! x P! x C given by

Qg xp1 C -> Pl x P! xC
[zo 121 @ w3sug tuy tug] = ([wo +uxs: 2], [0 — uaws : x2], [uo * uy : uz])
= ([x1 : 2o — uaxs], [x1 : ®o + u2x3], [uo : uy : uz])
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whose inverse is given by ¢~ ':([zo @ 1], [vo : y1],[uo : w1 : u]) = [ua(zoys +
T1Yo) © 2UaToYo : 2u2T1Y1 : ToY1 — T1Yo;Uo : Uy : uz]. We observe that ¢ induces
an isomorphism on the generic fibres of the natural projections Q4 xp1 C' - C' and
P! xP'xC - C.

The group PGL4 (k) acts on Qg xp1 C via its action on the coordinates g, z1, z2, 23
given by Lemma 4.4.4(2) and trivially on the coordinates ug, w1, us. On the other
hand, PGLy (k) acts on P! x P! x C by acting diagonally on P! x P! and trivially on
C'. We now check that ¢ is PGLa(k)-equivariant with respect to these two actions.
It suffices to check that for € € {1} the rational map Q4 xp1 C -» P! that sends
[To: a1 2o T3 up Uyt us] onto [xg + cusxs : x2] is PGLa(k)-equivariant. This is
a straightforward calculation (left to the reader) which achieves the proof of (1).

We now focus on the subgroup H ¢ Bir(Q, JP!) of elements corresponding to
automorphisms of the generic fibre, whose action lifts to a subgroup H ¢ Bir(Q, xp:
(') isomorphic to H (by acting trivially on C'). As ¢ gives an isomorphism on the
generic fibres, the group cpﬁcp’l c Bir(P! x P! x C) is contained in the group of
birational maps of P! x P! x C' inducing automorphisms on the generic fibre Pl xP;.
This latter is naturally isomorphic to PGLa(L) x PGLa(L) % (o), where o is the
involution (z,y,c¢) = (y,z,c). The description of H' = H{ x (o) in the statement
then follows from Lemma 4.4.1(2).

It remains to see that each element h € H{ that is algebraic and not of order 2
is conjugate, in H{), to an element of PGLy(k). We denote by A € PGL2(k(C)) =
PGLy(L) the element such that h = (z,y,¢) —» (A(z),u(A)(y),c), and by A €
GLy(L) a lift. We write the characteristic polynomial of A as X4i=(X-a)(X-0),
where «, 5 € ﬁ*, and L is a field extension of L, of degree 1 or 2, such that L=
Lla,8]. Suppose first that o = 3. This implies that y ; = X? - 2aX + a? € L[ X],

so a € L as char(L) = char(k) # 2. We can thus conjugate A to [g g] =a- [(1) 1]

0 « 0 1

that a # 3. We then write 8 = pua for some p € L~ {0,1}. If € k, then X4 =
X2—a(pu+1) X +a?p € L[ X], which implies that o € L (we use here that 1 # 1 as h is
not an involution). We can then replace A with éA and obtain x 4 = (X -1)(X —p),

0].
M] in GL2(L).

1 . . . .
or [a O] = - [ O]. This achieves the proof in this case, so we may assume

0

It remains to show that p € k. We take again a finite cover C - C associated
with the extension I:/L and consider the lift of g on X x¢o €. Take a birational
map X x¢o C -> P! x P! x (' that conjugates g to ([ug : u1],[vo : v1],t) - ([uo :
p(t)ur], [vo = i/ (t)v1],t) where p' € L. By Lemma 2.3.11, the element y is in k.
This achieves the proof of (2). O

which implies that A is conjugated to [1

Example 4.4.6. Let a,b > 1 be two odd numbers and let us consider the variety
Q, of Definition 4.4.2 with g = ugu$. It is equal to

Qg = {[wo 11 1 w2 : w35u0 w1 ] € P(OZE @ Opa (n)) | 25 - 2102 — ufula3 = 0},
where n = (a +b)/2.
(1) We have an algebraic subgroup G, € Aut®°(Q,) given by

G x Qy = Qy, (t,[xo: w1 :wo:as;up:ur]) = (2o @1 wo t 8 %as;t%ug t us].
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This G,,-action, together with the subgroup PGLy(k) ¢ Aut®(Q,) given in Lem-
ma 4.4.4(2), gives an inclusion

PGL3(k) x G, € Aut®(Q,).

We will prove in Corollary 4.4.7 that it is in fact an equality. The action of
PGLy(k) x G,,, on P! gives an exact sequence

1 — PGLy(k) x (o) — PGL2(k) x G, — Gy, — 1,
where o € G,,, € Aut®°(Q,) is the involution given by
o:[wo @yt xg w3 ug U] = [Tt xy T —T33 U U]

(2) When n = 1, the morphism Q, — P* given by [xo : 21 : @2 : 23;ug : u1] + [z0
Ty :To: T3Ug : T3u ] is the blow-up of the plane P ¢ P* given by P = {[xg: 21 : 22 :
r3:x4] €P* |23 =24 =0}, 50 Q, is the blow-up of the smooth quadric @ = {[zo :
Ty:xyiw3imy] €PY w3 - x129 — w374 = 0} along the smooth conic I' = Pn Q. This
conjugates Aut®(Q,) to the connected group Aut(Q,TI') = {g ¢ Aut(Q) | g(T') =T},
strict subgroup of Aut®(Q).

The following corollary will be useful in § 6.6 when studying the equivariant links
between the Umemura quadric fibrations.

Corollary 4.4.7. Assume that char(k) # 2, let n > 1 and let g € k[ug,u1] be a
homogeneous polynomial of degree 2n that is not a square.

If g has only two roots, we may change coordinates to get g = uu$ for some
odd a,b > 1 and then Aut®(Qg) is equal to the group PGLa(k) x G,,, given by
Example 4.4.6. Otherwise, Aut®(Qg) is equal to the group PGLy(k) given in
Lemma 4.4.4(2).

Proof. The group PGLy(k) embeds into Aut®(Q,), via the action given in Lem-
ma 4.4.4(2). If moreover g = uu}, we obtain an embedding of PGLy(k) x G,, into
Aut®(Qy), as in Example 4.4.6. It remains to see that this gives in both cases the
whole group Aut®(Q,).

As PGLy (k) does not fix any section of Q, — P!, Theorem D gives a square-free
homogeneous polynomial § € k[ug,u;] of degree 2n’, for some n’ > 1 and a birational
map ¥: Q4 -» Qg, inducing an isomorphism between the generic fibres and such that
the group ¥ Aut®(Q,)y! ¢ Aut°(Qy) is either equal to the group PGLa(k) given
in Lemma 4.4.4(2) or to PGL2(k) x G,, given (after change of coordinates) in
Example 4.4.6. Moreover, in this latter case we have n’ = 1.

In the first case, the group 1 Aut®(Qy)y ™" is equal to PGLy (k) and contains the
image of PGLy(k) ¢ Aut®(Q,). As PGL2(k) does not contain any proper algebraic
subgroup isomorphic to itself, the group Aut®(Q,) is equal to the PGLy(k) given
in Lemma 4.4.4(2). In the second case, the action of ¥ Aut®(Q,)w ™" on P! is
isomorphic to G, fixing exactly two fibres. So Aut®°(Q,) also acts on P! fixing
exactly two fibres, which implies that g has only two roots. Changing coordinates,
g = ugu® for some odd number a,b > 1, we obtain an inclusion of PGLy(k) x Gy,
into Aut®°(Qy), as in Example 4.4.6. The group Aut®°(Qy) is then sent, via 1, to
a subgroup of PGLy(k) x G,,,. As the kernel of the action on P! is in both cases
PGL2(k) x (o) and the image are the same, both groups are equal. ([

Motivated by Lemma 4.4.5, we now study the subgroups of PGLy (L) having the
property that each element is conjugated to an element of PGLa (k).
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Lemma 4.4.8. Let K € L be an arbitrary field extension, with K an algebraically
closed field. Let G € PGLy(L) be a subgroup. If every element of G is conjugated to
an element of PGLa(k) by an element of PGLa(L), then G is conjugate in PGLo(L)
to either a subgroup of PGLo(K) or to a subgroup of

(L) T = {[g 113] e PGLy(L)

aeK*,PEL}:LxK*.

Proof. Observe that the determinant map det: GL(2, L) — L* induces a group ho-
momorphism

det:PGLo(L) - L*/(L*)?,

where (L*)? = {P? | P € L*}. Since every element of K* is a square, we have
doE(PGLy(K)) = {1},

For each element g € G, we have then det(g) = 1, because ¢ is conjugated to an
element of PGLy(K) by assumption. There exist then exactly two elements g, —g €
SLo(L) that represent the element g € PGLo(L) (or one element § = —¢ if char(K) =
2). These elements satisfy furthermore Trace(g) € K. As K is algebraically closed, §

is conjugate, in GLy(L), to either a diagonal element of the form [3 )\01], e K™,
11
or to +7, where 7 = 0 1] € SLy(K).

(a) Suppose first that § is conjugated to +7 for each g € G\ {1}. If G is trivial,
we do not need to prove anything, so we can conjugate by an element of PGLo(L)
and assume that there is gy € G such that gy = 7. For each h € G, the element

h = [CCL Z] € SLo(L) has then trace equal to +2 (as it is +id or conjugate to +7); we

may thus assume that a+d = 2 by replacing h with —h if needed. We then compute
Trace((go)"h) = 2 + nc € {2}, for cach n € Z, which implies that ¢ = 0. As ad = 1
and a+d =2, we get a=d=1, so G is contained in 7.

(b) We can now assume, after conjugating by an element of PGLy(L), that one

element gg € G satisfies gg = [g\ )\01], for some A e K~ {0,+1}.

We take an element h € G and write h = [a where a,b, P,Q € L satisty

P
Q@ b)
ab-PQ =1 and a+b e K. Since Trace(gdoh) = Aa + A\"'b € K, we find that
a=25(a+b)- ﬁ(/\a +A71b) € K. This implies that a,b, PQ € K.
If P =0 for each h € G as above, then conjugating by an anti-diagonal matrix,

a B where
Q1 b

, we may assume that

we find that G € T. Otherwise we can choose h; € G with le = [

1 0
0 P
P =1e¢ K* and Q; € K. If GG is not contained in 7', there exists hy € G such that
ho = [“2 Pz], with ag, ba, PoQ2 € K and Q2 # 0. The diagonal of hihg = +hy - hy

a1,b1,P1Q1 = ¢1 € K, P, # 0. Conjugating with

Q2 b
being (alag + P1Q27Q1P2 + blbg) € K2, we find that QQ e K*.

We finish the proof by taking any element g € G, by computing g - h; for i = 1,2
which shows that g € PGLo(K). O
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We will also need the following associated result:

Lemma 4.4.9. Let K € L be a field extension, where K contains at least three
elements. The group PGLy(K) is its own normaliser in PGLy(L).

a b
Proof. We take A = ¢ d

A e PGLy(K).
(i) We first study the case where ¢ = 0, in which case ad # 0, so we can assume
that a = 1. For each pe K ~{0,1}, we compute

A_l[l E]A:[l b(l—u)]’A-l[l M]A:[l du]ePGLQ(K),

] € PGLy(L) that normalises PGLy(K) and prove that

0 0 1 0 1 0 1

which imply that b,d € K, achieving the proof.
(it) We then study the case where ¢ # 0. We then assume that ¢ = 1 and compute,
for each pe K*,

|1 o pl, |ed-b+du d*u
A [O 1 A= u ad-b- dy e PGLy(K).
This yields ad — b+ du € K for each p e K*, so d € K as K* contains at least 2

d 1] € PGL2(K') normalises PGL2(K), so does also

elements. The matrix S = [_1 0

ad-b a
ASz[ 0 1
A. O

]. By the previous argument, AS belongs to PGLy(K), so also

The next result will be crucial in the proof of Proposition D (in § 4.5).

Lemma 4.4.10. Assume that char(k) # 2. Let m: X — P! be a Mori del Pezzo
fibration of degree 8.

(1) There is a square-free homogeneous polynomial g € k[ug,u1] of degree 2n,
for some n > 1, and a commutative diagram

for some birational map ¥: X -» Qg inducing an isomorphism on the generic fibres.
(2) The image of the natural homomorphism Aut®(X) — Aut(P!) = PGLy is
either trivial or G,,,. In this latter case, every polynomial g as in (1) has to satisfy

deg(g) =2.

Proof. Let us write K = k(P'). By Lemma 4.2.1, the morphism 7 is a Mori quadric
fibration, that is, a Mori del Pezzo fibration whose generic fibre is a smooth quadric.
This quadric having a K-point by Tsen theorem (K is a C; field, see [Sta20, Tag
03RD]) or by Lemma 4.1.2, it is isomorphic, over K, to a quadric surface of ]P’%
given by 22 — 2125 — pz3 = 0, for some p € K (Lemma 4.4.1). Moreover, p(Xg) =1,
as m is a Mori fibration, which implies that 4 is not a square in K (Lemma 4.4.1(1)).

Replacing x3 with z3a for some o € K* does not change the isomorphism class,
so we may assume that the restriction of y to A =P\ {[1:0]} = {[t: 1] |t e Al}is
a square-free polynomial. We then choose ¢ € k[ug, u; ] homogeneous of even degree
d e {deg(u),deg(p) + 1} such that g(¢,1) = u(¢) and obtain that Xk is isomorphic
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to the generic fibre (Q,)x. As p is not a square in K*, we get d > 1. We then
obtain a birational map ¢: X -> Q4 such that 7,4 = w. This yields (1).

Assertion (2) follows from the fact that the double covering 7: C' — P! is uniquely
determined by the generic fibre of X — P!, which is also the generic fibre of Q, — P!,
and that this one is ramified over the zeros of the polynomial g of (1), which are
deg(g) > 2 distinct points of P!. The action of Aut®(X) on P! then fixes these
points. If deg(g) = 2, then the image is a subgroup of G,, ¢ PGLy(k), but if
deg(g) > 3, then it fixes three distinct points of P!, so one gets the trivial group in
PGL, (k). O

4.5. Proof of Theorems D and A. In this subsection we gather the results
obtained so far and give the proofs of Theorems D and A, both stated in the intro-
duction.

Proof of Theorem D: The fact that d € {1,...,9} and d # 7 is given by Lemma 4.2.1.
Part (1) of Theorem D is given by Proposition 4.2.3. It remains then to prove (2),
so we now assume that Aut®(X) is not a torus. By Lemma 4.2.1, either d = 8 and
7y is a Mori quadric fibration, or d =9 and 7y is a P?-fibration (Lemma 4.3.1). If
7x is a P2-fibration, then the result follows from Proposition 4.3.5. It remains only
to consider the case where mx: X — P! is a Mori quadric fibration.

Using Lemma 4.4.10(1), we have a square-free homogeneous polynomial g ¢
k[ug,u1] of degree 2n, for some n > 1, and a birational map : X -» Q, such
that 741 = mx, inducing an isomorphism on the generic fibres. We then use the
unique double cover 7:C' — P! such that the generic fibre of Qg xpr C - C is
isomorphic to P} x P, with L = k(C) (Lemma 4.4.4(1)), and the birational map
¢: Qg xp1 C -> P x P! x C given by Lemma 4.4.5(1).

We denote by G the connected component of Aut®(X)p:. Note that G is equal
to Aut®(X) if n > 1 (Lemma 4.4.10(2)). Since Aut®(X) normalises Aut®(X )p1, it
also normalises its neutral component and thus the group G is normal in Aut®(X).
The whole group G acts rationally on Qg, via %, inducing automorphisms on the
generic fibre of @, - P!. It then also acts rationally on Q, xp1 C by acting trivially
on C. The conjugation by ¢ then yields a rational action of G on P* x P! x C, and
thus an inclusion G = Birg(P* x P! xC). As ¢ induces an isomorphism between the
generic fibres and G is connected, we get an inclusion G € PGLy(L) x PGLy(L) ¢
Birg (P! x P! x C). More precisely, Lemma 4.4.5(2) implies that G ¢ H/,, where the
group H}, ¢ Birg (P! x P! x C) is given by

Hy = {(z,y,¢) » (A(z),1(A)(y),c) | A e PGL2(k(C))} = PGLy(k(C)) = PGLy(L).

From now on, we identify Hj with PGL2(k(C)) = PGLa(L) by sending (z,y,c) —
(A(z),(A)(y),c) onto A. By Lemma 4.4.5(2) every element of G that is not an
involution is conjugate in H{j to an element of PGLy(k) ¢ H|, acting diagonally
on the two factors and thus corresponding to PGLy(k) ¢ PGLo(L). As G is a
connected algebraic group and char(k) # 2, every involution is a semisimple element
of G and thus contained in a torus of G by [Hum?75, §19.3 and §22.2]. This implies
that every involution is the square of an element of order 4, hence also conjugate
in H) ~PGLa(L) to an element of PGLy (k).

We then obtain two cases (by Lemma 4.4.8): G is conjugate in H) ~ PGLa(L) (we
recall that the isomorphism between the two groups is fixed) to either a subgroup
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of T € PGLy(L) or of PGLy(k) € PGLy(L), where

T-= {[‘O‘ ]13] € PGLy(L)

aek*,PeL}zka*.

We first assume that G is conjugate in H| to a subgroup of the triangular group
T. There is then a rational section of P! x P! x C' — C, which is fixed by G, and its
image in X is a rational section of X — P!, also fixed by G. We now prove that if G
is non-trivial, then there are only finitely many rational sections of X — P! that are
fixed by G. The preimage of any such section gives either two rational sections of
P! x P! x C' - C, both fixed by G, or an irreducible curve I' ¢ P! x P! x C, invariant
by G and whose projection to C' gives a 2 : 1-map. (This follows from the fact that
there are only finitely many orbits of size < 2 in a general fibre of P! x P! x C' - C.)

If G fixes finitely many rational sections, Aut®(X) acts on this finite set of
sections, as G is normal in Aut®(X). As Aut®(X) is connected, each of these
sections is Aut®(X)-invariant. The projection away from one section (that we can
do in family, using the trivialisation given by 7:C — P!, étale on a dense open
subset of P!) gives an Aut®(X)-equivariant birational map to a P?-fibration over
P!. Applying Proposition 4.3.5 we reduce to the case of a P?-bundle over P!. If
Aut®°(X) is trivial, we can do the same with any rational section (which exists by
Lemma 4.1.2). The remaining case is when G is trivial, so Aut®(X )p: is finite, but
Aut®°(X) is not trivial. In this case Aut®(X)/Aut®(X)p: is isomorphic to G,, and
n =1 (Lemma 4.4.10(2)). As Aut®°(X) is an algebraic group of dimension 1 having
Gy, as a quotient, the group Aut®°(X) is isomorphic to G,,, a case excluded by
assumption.

According to Lemma 4.4.8 and the previous case, the remaining case is when
G ¢ H) ~ PGLy(L) is conjugated to a subgroup of PGLa(k), not conjugated to
a subgroup of T. The group G corresponds to a subgroup of PGLy(k) acting
diagonally on P! x P! x C. If G is a strict subgroup of PGLy(k), then it fixes again
a point of the generic fibre, and so G is conjugated to a subgroup of the triangular
group 7. We may then assume that G = PGLa(k). By Lemma 4.4.5(2), the rational
action of G on Q, is then exactly the biregular action of PGL3(k) on Q, given in
Lemma 4.4.4(2). This proves that : X -> Qg is G-equivariant, for the biregular
action of G ~ PGLa(k) on Q4 given in Lemma 4.4.4(2).

If G = Aut®°(X), we obtain that ¢ is Aut®(X)-equivariant, and ¢ Aut®(X)y~! ¢
Aut®(Qy) is the group PGLy given in Lemma 4.4.4(2).

The remaining case to study is when G ¢ Aut®(X), which implies that n = 1, and
that Aut®(X)/Aut®(X)p ~ Gy, (Lemma 4.4.10(2)). As n=1 and g is square-free,
the polynomial g has two distinct roots, so we may assume that g = ugu;. We then
use the group G,, ¢ Aut®°(X) of Example 4.4.6, which contains an involution o,
being the kernel of the action of G,, on P! that fixes the two ramification points.
It remains to see that ¢ Aut®(X )y~ c Aut°(Q,) is the group PGL32 xG,, given in
Example 4.4.6 to conclude the proof. The rational action of Aut®(X)p: on Q,, via
1, gives a group of automorphisms of the generic fibre that normalises PGLo (k).
Looking at the group Aut®(X)p: in H' = H{x{c) ~ PGLy(L)x(c) (Lemma 4.4.5(2)),
it should normalise PGLy(k) and is thus contained in PGLa(k) x (o); this follows
from the fact that o normalises PGLy(k) (commuting with it) and that PGLy (k)
is its own normaliser in PGLy(L) (Lemma 4.4.9). This gives ¢ Aut®(X)my ™' ¢
PGL; x(0) € PGL2 xG,, € Aut®(Q,)
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Every element o € ¢ Aut®(X)y™ acts on P! in the same way as an element
d e Gy, so B =ad?! e Bir(X) acts trivially on P! and yields an automorphism
of the generic fibre. Since o and d normalise PGLa(k) ¢ Aut®(Q,), the same
holds for 3, which again then belongs to PGLy x(0) € Aut(Q,). This proves that
Y Aut®(X)y~! € PGLy xG,,,. As ¢ Aut®(X)y~! contains ¥Gvy~! = PGL; and as its
action on P! is the same as G,,, we get 1 Aut®(X )yt = PGLy xG,,, as desired. [J

Proof of Theorem A. As explained in the introduction, we run an MMP to X (see
[BCHM10, Corollary 1.3.2] and [BW17, Theorem 1.7]); this gives a birational map
X -»Y, which is Aut®(X)-equivariant (see Remark 2.1.7), and is such that Y has
a structure of Mori fibre space Y — S.

If dim(S) = 0, we obtain Case (3) of Theorem A.

If dim(S) =1, then Y — S is a del Pezzo fibration. If Aut®(Y") is not isomorphic
to a torus, we can apply Theorem D, and replace Y — S with either a P2-bundle
or a smooth Umemura quadric fibration Q, — P!, so get Case (2) of Theorem A.

If dim(S) = 2, then Y — S is a conic bundle. Proposition 2.5.6(2) implies that S
is rational. We can apply Theorem C and either reduce to the case where Y — §S'is
a Pl-bundle and where S a smooth projective rational surface with no (-1)-curve
(Case (1) of Theorem C), or obtain that Aut®(Y") is a torus of dimension at most 2
(Case (2) of Theorem C). The first possibility gives rise to Case (1) of Theorem A.
It remains to consider the case where Aut®(Y) is a torus. As all tori of Bir(P?) of
the same dimension are conjugate (Corollary 2.5.7), there exists a birational map
Y -»> P? which conjugates Aut®°(Y’) to a diagonal torus of Aut(PP?), and so we are
in Case (3) of Theorem A. (In fact, we could as well have used Corollary 2.5.7 to
conjugate Aut®(Y") to a subgroup of Aut®(Z), with Z any rational Mori fibre space
of dimension 3 endowed with a faithful regular action of a two-dimensional torus,
and end up in any of the three Cases (1)-(2)-(3) of Theorem A.) O

5. FIRST REFINEMENT OF THEOREM A, FIRST LINKS, AND NON-MAXIMALITY
RESULTS

5.1. Some families of P!-bundles and first step towards Theorem E. We
first introduce certain families of Mori fibrations, then we put Theorems A and 5.1.2
together to get Theorem 5.1.3; the latter, which is a refiniment of Theorem A in
the case where the base field k is of characteristic zero, is the first step to prove
Theorem E.

We now define seven families of Mori fibrations that will play an important role
in the rest of this article: Families (1)—(5) are actually families of P!-bundles over
smooth rational surfaces (that will appear in the statement of Theorem 5.1.2),
Family (6) is formed by the P2-bundles over P!, and Family (7) is formed by some
P!-fibrations over a (singular) rational surface. The threefolds of Families (1)-(2)-
(6)-(7) are toric while the threefolds of Families (3)-(4)-(5) are not.

(1) Leta,b,ceZ. Thea-th Hirzebruch surface F, can be defined as the quotient
of (A%~ {0})? by the action of (G,,)? given by

() (A2 {0)? > (A2 {0})?
((/Lap)v(y()aylaz(]azl)) ind (/U’piayOa:uylapZOwD'zl)
The class of (yo, Y1, 20, 21) will be written [yo : y1; 20 : 21]. The projection

Ta:Fo > P [yo:v1320:21] = (20 21]
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identifies F, with P(Op1(a) ® Op1) as a P'-bundle over P!.

The disjoint sections s_4, s, ¢ F, given by yo = 0 and y; = 0 have self-intersection
—a and a respectively. The fibres f c F, given by zg = 0 and z; = 0 are linearly
equivalent and of self-intersection 0. We moreover get Pic(F,) = Zf @ Zs_, =
Zf@®ZLs,, since sq ~ S_q +af.

We now define F2¢ to be the quotient of (A% {0})? by the action of G, given
by

Gy, x (A2~ {0})? - (A%~ {0})?

(s 11:0); (20, 1,90, 91520, 21)) = (Ao, Ap™ 1, 1p™ Yo, Y1, p20, p21)
The class of (xq,z1,%0,Y1,20,21) Will be written [zg : Z1;90 : Y1520 : 21]. The
projection

Fo¢ > TFa, [mo:@1i90:y1520:21) = (Yo Y1320 21]
identifies F¢ with

]P)(O]Fa (bsa) ® O]Fa (Cf)) = P(O}Fa 52 OIF,l (—bSa + Cf))

as a P'-bundle over F,.

Moreover, every fibre of the composed morphism F2¢ - F, — P! given by the
z-projection is isomorphic to F, and the restriction of F2¢ on the curves s_, and
Sq is isomorphic to F. and F._gp.

As for Hirzebruch surfaces, one can reduce to the case a > 0, without changing
the isomorphism class, by exchanging yy and y;. We then observe that the exchange
of 2o and z; yields an isomorphism F2¢ ~ F;%~¢. We will then assume most of the
time a,b > 0 in the following. If b = 0, we can moreover assume c < 0.

(2) Let beZ. We define P, to be the quotient of (A% \ {0}) x (A%~ {0}) by the
action of G2, given by

Gp, x (A2~ {0}) x (AP~ {0}) - (A%~ {0}) x (A*~{0})
(1) (o, 91520, 21, 22)) = (p™"Yo, 115 p20, P21, p22)
The class of (yo,y1, 20, 21, 22) will be written [yo : y1;20 : 21 : 22]. The projection
Po— P [yo:yiiz0:21:22] o [20: 210 20]
identifies P, with
P(Op2(b) ® Op2) = P(Op2 ® Op2(-D))

as a P'-bundle over P2. As before, we get an isomorphism of P'-bundles P, = P_y,
by exchanging yo with y;, and will then often assume b >0 in the following.

(3) Let a,b>1 and ¢ > 2 be such that ¢ = ak+2 with 0 < k <b. We call Umemura

Pl-bundle the P!-bundle U - F, obtained by the gluing of two copies of Fj x A
along Fy, x A' x {0} by the automorphism v € Aut(F, x A' < {0}),

vi([wo:asy0:1),2) = ([wo: w12+ zoybyy 2 im0z 1yl 1),
= ([wo: w1277 + oyfyl F 2"y s 270, 1)

The structure morphism U%¢ — F, sends ([zo : #1590 : ¥1],2) € Fy x Al onto
respectively [yo :y1;1: 2] € F, and [yo : y1;2:1] € F, on the two charts.

(4) Let b > 1. The P'-bundle V, - P? is the P'-bundle obtained from U —
F; by contracting the —1-section F; — P2, The existence of the P*-bundle V, —
P? follows from the descent Lemma obtained in [BFT17, Lemma 2.3.2] (see also
Lemma 5.2.2 below).
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(5) Let b> -1 and let x: P! x P! - P2 be the (2: 1)-cover defined by
K P! x P! - P2
(lyo 1l [20:21]) = [yoz0: Y021 + Y120 : yr121],
whose ramification locus is the diagonal A ¢ P! x P! and whose branch locus is

the smooth conic I' = {[X : Y : Z] | Y? = 4XZ} c P2. The b-th Schwarzenberger
P-bundle S, — P? is the P-bundle defined by

Sp = P(k.Opr,pr (~b - 1,0)) > P*.

Note that Sy is the projectivisation of the classical Schwarzenberger vector bundle
K+ Op1,p1 (-b—1,0) introduced in [Sch61]. Moreover, the preimage of a tangent line
to I by S, — P? is isomorphic to F, for each b > 0 (see [BFT17, Lemma 4.2.5(1)]).
This explains the shift in the notation.

(6) We recall that any vector bundle over P! is split (see e.g. [HMS82]), and so a
P2-bundle over P! is isomorphic to

R =P(Op1(-m) & Op1(-n) & Op1) for some m,n € Z.

The P2-bundle R, , identifies with the quotient of (A% \ {0}) x (A% \ {0}) by the

action of G2, given by

Gz, x (A*~{0}) x (A*~{0}) - (A%~ {0}) x (A%~ {0})
(N p), (o, 1, 2,90,91)) = (A x0, A" 21, AT2, 1Yo, f1y1)

The class of (zg,21,x2,Y0,y1) is written [zq : 21 : 2;yo : y1]. Then the structure
morphism R, , — P! identifies with the projection [xg : @1 : @230 : y1] = [Yo :
y1]. Also, the permutations of x,z; and 1,z give isomorphisms of P2-bundles
Rm.n = Rn,m and Ry, p = Rm-n,-n. Hence, up to an isomorphism that per-
mutes the coordinates xq, x1,r2, we may assume that m >n > 0.

(7) For each b > 2, and when the field k has characteristic # 2, the variety W is
the toric threefold defined as the quotient of (A% \ {0}) x (A3 \ {0}) by the action
of G2, given by

Gr, x (A2 {0}) x (A%~ {0}) — (A%~ {0}) x (A%~ {0})
((1:0)s (Yo, 01320, 21, 22)) = (up~ ¥ Dy, pyn; p20, p21,p°22)
The class of (yo,y1, 20, 21, 22) will be written [yo : y1;20 : 21 : 22]. The projection
We = P(1,1,2), [yo:y1;20:21:22] 0 [20: 21+ 22]

yields a P!-fibration over P(1,1,2) which is a P!-bundle over P(1,1,2) ~[0:0:1].
Moreover, using tools from toric geometry (see e.g. [Mat02, Chapter 14]), we verify
that W, — P(1,1,2) is a Mori fibration. Indeed, the conditions of Definition 2.1.3
are easily checked from the fans ¥; and Xy of W, and P(1,1,2) respectively; for
instance, the variety W, is Q-factorial with terminal singularities if and only if each
cone of X7 is simplicial and, for each cone o of 31, the only lattice points contained
in the convex hull of the vertices of ¢ are the vertices of 0. Moreover, we verify that
W has exactly two singular points, namely [1:0;0:0:1] and [0:1;0:0: 1], both
located in the fibre over [0:0: 1] and both having a neighbourhood isomorphic to
A3/{£id} locally isomorphic to the vertex of the cone over the Veronese surface in
P°; in particular, W, is Q-Gorenstein of index 2.
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Remark 5.1.1. The open subsets Uy,Us € Ry, given respectively by yo # 0 and
y1 # 0 are canonically isomorphic to P2 x A, via ([zo : 21 : 22],t) = ([z0 : 21 : 2251 ¢
t]) and ([zg : yz1 : x2],t) = ([To : 21 : 22;t : 1]). On the intersection, the gluing
function is the birational involution of P? x A! \ {0} given by ([z¢ : x1 : 22],t)
([tml‘o : tnl‘1 : J)Q], %)

The following result, proven in [BFT17], is a first reduction result in character-
istic zero. We will use it to refine Theorem A into Theorem 5.1.3.

Theorem 5.1.2. (weak version of [BFT17, Theorem Al)
Assume that char(k) = 0. Let X - S be a P'-bundle over a smooth projective
rational surface S. Then there is an Aut°(X)—equivam‘ant birational map X - X,
where X is one of the following P'-bundles (with the notation above):
(a) a decomposable Pl-bundle F>¢— F, witha,b>0,a#1, ceZ,
c<0ifb=0,
and where a =0 orb=c=0
or —a<c<ab;
(b) a decomposable Pl-bundle P, — P?2 for some b>0;
(¢) an Umemura P-bundle UPC — F, for some a,b>1,c>2,
with c—ab< 2 ifa>2,
andc—ab<1lifa=1;
(d) a Schwarzenberger P'-bundle S, —> P? for someb>1; or
(e) a P -bundle V, —> P? for someb>2.

Theorem 5.1.3. Assume that char(k) = 0, and let X be a rational projective
threefold. Then there is an Aut®(X)-equivariant birational map X -> X, where X
is a Mori fibre space that satisfies one of the following conditions:

(1) X —» S is one of the P*-bundles listed in Theorem 5.1.2;

(2) X - P! is either a P*-bundle or a smooth Umemura quadric fibration Qg —
P! (see Definition 4.4.2) with g € k[uo,u1] a square-free homogeneous polynomial
of degree 2n > 2; or

(3) X is a rational Q-factorial Fano threefold of Picard rank 1 with terminal
singularities.

Proof. First, since char(k) = 0, we may always assume that X is smooth by applying
an equivariant resolution of singularities. Then we apply Theorem A, followed by
Theorem 5.1.2 to reduce the case Theorem A(1) to the case of the P!-bundles over
P2 P! xP!, or F, (with a > 2) listed in Theorem 5.1.2. This gives the list (1)-(2)-(3)
of Mori fibre spaces given in the statement of Theorem 5.1.3. O

5.2. General results on P!-bundles over Hirzebruch surfaces. In this sub-
section we collect some results on equivariant links starting from P!-bundles over
Hirzebruch surfaces (mostly proven in [BFT17]) that we will use to prove Theo-
rems E and F.

For each P!-bundle m: X — S over a smooth surface S, there are Sarkisov links
obtained by blowing-up a section s € X over a smooth curve I' € S, and then
contracting the strict transform of 771(T"). In the next lemma we apply this ob-
servation to the P'-bundles over Hirzebruch surfaces listed in Theorem 5.1.2. Two
types of such P!-bundles arise, namely the decomposable P'-bundles .7-'}1”0 -, and
the Umemura P*-bundles U%¢ - F,.
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Lemma 5.2.1.
(1) For all a,b,c€Z, a,b>0, the blow-up of the curve log € Fo:¢, given by xq =
yo = 0, followed by the contraction of the strict transform of the surface m1(s_4)

onto lyg € Forbera given by 21 = yo = 0, yields a type 11 Sarkisov link

@ f‘(l;,c -5 fcll)+1,c+a
([zo:z1590:y1320: 21]) = ([mo: 210390 : Y1320 : 21])-
We have then ¢ Aut®(F2) o™t ¢ Aut®(F2r1e+2) if and only if ab> 0 or ac < 0, and
et Aute (Frrherayg ¢ Aut® (F2©) if and only if a(c+a) > 0.

(2) For each Umemura P'-bundle U>¢ — F,, the blow-up of the curve log € UZC,
giwen by xg = yo on both charts, followed by the contraction of the strict transform
of the surface 7 1(s_q) onto the curve lyg, given by x1 = yo = 0 on both charts,
yields a type 11 equivariant link

(,D:Z/{(ll)’c _s ug+17c+a
satisfying @ Aut®(US*)p™' = Aut® (Us1ere),

Proof. Part (1) is given by [BFT17, Lemma 5.4.2] and Part (2) is given by [BFT17,
Lemma 5.5.3]. 0O

The next lemma applies to any P'-bundle over a surface S obtained by blowing-
up a surface S. As we will only use it for S = F; and S = P2, we prefer to state it
only in this particular situation.

Lemma 5.2.2. Let m: X — Fy be a P'-bundle, and let 7:F1 — P? be the contraction
of s_1 onto the point p € P2. There is then a P!-bundle m': X' — P? and an Aut°(X)-
equivariant birational map ¢: X -> X', unique up to isomorphisms of PL-bundles,
such that 7w =7'p.

Proof. The existence and uniqueness of ¢, together with the fact that ¢ is Aut®(X)-
equivariant, are given by the “descent lemma” [BFT17, Lemma 2.3.2]. (]

Lemma 5.2.2 applied to UP? — Fy gives a type III equivariant link U>? — V),
which is a divisorial contraction already described in [BFT17, Lemma 5.5.1].
Lemma 5.2.3. For each b > 2, there is a sequence of type Il equivariant links

b+n,2+n b+n-1,2+n-1 . . . . . .
U - U , forn > 1, and a type 111 equivariant link that is a birational

morphism w:L{f’z — Wy, that fit into a commutative diagram

2.4 1 2 P
o—_— >Z/{f+’ - — >Uf+ S >Uf’ —V

\l !

Fy P2,

Moreover, for each n > 0, the induced birational map gon:L{f+n’2+n -> Vy satisfies
O Aut® (UMY ol = Aut® (V).

Proof. The existence of the sequence of type Il equivariant links that conjugates
Aut® (UMY to Aut® (@2 follows from Lemma 5.2.1(2). The type I11
link Z/lf’Q — V), is given by Lemma 5.2.2, and the fact that z/JAut"(Z/lf’z)w_l =
Aut®°(Vp) is given by [BFT17, Lemma 5.5.1(4)]. Thus, for each n > 0, the compo-
sition gives a birational map @,:U ™™ > V), that conjugates Aut® (U ™*™) to
Aut® (V). O
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5.3. Non-maximality results. In this subsection we give the existence of explicit
equivariant birational maps between varieties listed in Theorems A and 5.1.3, prov-
ing the non-maximality of some of their automorphism groups in Bir(P?). This
series of lemmas that will be useful to prove Theorem E in § 6.7. We keep the same
notation as in § 5.1.

Lemma 5.3.1. For each i € Z we denote by k[yo,y1]: € k[yo,y1] the vector subspace
of homogeneous polynomials of degree i (which is {0} if i <0). For each m,n € Z,
the group Aut®(R,.,) consists of all elements of the form

P10 P2n-m P3,-m Zo
[1’0 tT11T23Y0 yl] = | | P4,m-n Ps.0 P6,-n || T1];0Y0 + byl P CYo + dyl
P7m Ps,n P90 T2
P1,0 P2,n-m P3,-m

where pi; € k[yo,y1]i, for k =1,...,9, [Mm—n P5.0 PG,—n] € GL3(k[yo,%1]) and

P7,m p8,n P90
[‘é Z] € GLa(k). In particular, the variety R, n is toric and the morphism R, n —

P! yields a surjective group homomorphism
pr Aut®(Ro.n) - Aut(P') = PGL, .

Proof. The existence of p: Aut®(R, ) = Aut(PP!) is given by Proposition 2.1.5. In
addition, the group GLa(k) acts on R, n by

([28] [0 x1: 22390 1 91]) = [mo : @1 : w25 ayo + bys = cyo + dyn ],

which proves the surjectivity of p. Then to determine Aut®(R, »)p:, the kernel of
p (case a=d =1, b=c=0 in the above description), we use the global description
of Ron.n given in § 5.1(6) and the fact that the P2-bundle R,,,, — P! is trivial on
any open subset of P! isomorphic to A'. O

Lemma 5.3.2. Let G = Aut®(Ry,,n) withm>n > 0.

(1) Let ¢: Ri — P3 be the blow-up of the line [0: 0 : % : *]. Then we have
@ Aut®(Ri0)p~" ¢ Aut(P?).

(2) If2n>m>n>1, then there is a P'-bundle X — S over a smooth projective

rational surface S and an Aut® (R, »)-equivariant birational map §: Ry, -> X such
that § Aut® (R )0 ¢ Aut®(X).

Proof. (1): The blow-up of the line £=[0:0: *: %] in P? can be written
@r Rio—~P? [2o:@1: 2390 :y1] = [woyo : Toyr : 21 = w2].

By Proposition 2.1.5, ¢ is Aut®(R1)-equivariant. Therefore p Aut®(Ri0)p ™' ¢
Aut(P?) as p Aut®(R1,0)¢ ' must preserve the line /.

(2): f2n>m>n>1, then [0:0:1; % : #] is a G-invariant curve of R,, ,, (follows
from Lemma 5.3.1) whose blow-up can be written

Z/J: fic - Rm,n
[zo: 21590 y1520: 21] = [oyo : Toyr 21520+ 21].

where a = m-n >0, and ¢ = -n < 0. Thus ¢ 'Gv = Aut®(F}¢) by Proposition 2.1.5.
On the other hand, according to Lemma 5.2.1(1), there exists a G-equivariant
birational map ¢: F1¢ -» F2:¢*1 such that o Aut®(F1<)p™! ¢ Aut®(F2°"). Hence,

composing ¢~ and ¢ gives a G-equivariant birational map §: R, ,, -> F2°* such
that G~ ¢ Aut®(F2e+). O
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Lemma 5.3.3. Let a >0 and let c € Z. There is a birational morphism
@ Fa® > Rae: [m0: 21390 Y1520 : 21] = [Toyo : @1 : Toy; 20 ¢ 21],

which contracts the divisor Hy, = (xg = 0) onto the section £ = [0:1:0;%: =] of
Ra.c = P We then have p Aut®(F1)p™! ¢ Aut®(Ra..) with an equality if and
only if ¢ < 0.

Proof. We check that ¢ is the blow-up of the section of R, given by xg =22 = 0.
The inclusion p Aut®(Fr“)p™! ¢ Aut®(R,.) is given by Proposition 2.1.5. The
equality holds if and only if ¢ is fixed by Aut®(R,,.), which is equivalent to the
condition ¢ < 0 (Lemma 5.3.1). O

Lemma 5.3.4. Let X = F2° witha >0, b2 0, and ce Z, and let G = Aut®(X).

(1) If b=0 and —a < ¢ <0, then there is a birational map ¢: X -> Ry, such that
©Go™t ¢ Aut®(Racra)-

(2) If b=1 and c > 0, then there is a birational morphism ¢: X — Rgq . such
that G~ ¢ Aut®(Ra..).

(3) Ifb>2, and ab—a < ¢ < ab, then there is a birational map ¢ X -> Ry c—a(b-1)
such that oG~ ¢ Aut®(Rg, c-a(b-1))-

(4) If a =0 and c = 1, then there is a birational morphism ¢: X — Rop such
that G ¢ Aut®(Rop).

Proof. Assertion (2) follows directly from Lemma 5.3.3.

(1): As ac < 0, [BFT17, Lemma 5.4.2] gives a G-equivariant birational map
@ FO¢ -» Flera quch that oGp~! = Aut®(FL*), and then (1) follows from (2).

(3): As ab-a < ¢ < ab, we have a > 0. For all integers b’,¢’ > 1, there is an
Aut® (FV)-equivariant link F2o¢ -» FUV-1¢~¢ by [BFT17, Lemma 5.4.2]. Iter-
ating these links yields a G-equivariant birational map ¢: Fo¢ -» FU¢7re with r
the smallest non-negative integer such that b—r <0 or c-ra<0. If ¢ = a(b-1),
then r = b—1 and pGy! = Aut°(.7:,1’cfa(b71)), so the result follows from (2). If
a(b-1) < ¢ < ab, then r = b and Gt = Aut®(F2¢ ), so the result follows
from (1).

(4) As .7-'8’0 and foc’b are isomorphic, via [Zg : 1;Y0 : Y1520 : 21] = [Z1 : Zo; 20
z1;Yo : Y1, Assertion (4) follows from (2). O

Lemma 5.3.5. Let ¢: Py — P3 be the blow-up of the point [0:0:0:1]. Then
e Aut®(P1)e ! ¢ Aut(P?).

Proof. The blow-up of the point pg = [0:0:0:1] in P3 is given by

@ Pr =P [yo:yis20: 21t 22] = (Y020 : Yo21 i Yoz2 i Y1)
By Proposition 2.1.5, the morphism ¢ is Aut®(P; )-equivariant, hence ¢ Aut®(P; )™
c Aut(P?). The inclusion is strict as ¢ Aut®(Py)p ! fixes po. O
Lemma 5.3.6. Let a,b>1 and ¢ > 2 be such that ¢ = ak +2 with 0 < k < b. Let
7 U > T, be an Umemura PL-bundle and let G = Aut®(U>°).

(1) Ifa=1 and b= c > 2, then there is a birational map ¢: U -> Q3 < P* to
a smooth quadric Qs, such that pGo™' ¢ Aut®(Qs3) = PSOs. Moreover, there is
an Auto(Uf’z)—equivariant birational morphism Z/llz’2 — Q3 that contracts the two
divisors xo =0 and yo = 0 onto a line £ c Q3.
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(2) Ifa>2,b>1, and c=2+a(b- 1), then there is a birational map p: U ->
Ra-1,0 such that pGyp™ ¢ Aut®(Ra-1,0). In particular, Uy? is isomorphic to the
blow-up of Re-1,0 along a section of the P2-bundle Ra-1,0 —~ Pl

Proof. (1): If b = ¢ > 2, then [BFT17, Corollary 5.5.4] yields the existence of a
G-equivariant birational map &: U -> U2, Hence 6G5~ ¢ Aut®(U2?), and so it
suffices to prove (1) for G = Aut®(U;"?).
We use the notation of § 5.1(3). There is a morphism ¢ from Z/{12’2 to P* given
by
Fyx A" = P*, ([m0: 21590 : 111, 2) = [woy} + 212 : 21 moyh 2 Toyp : Toyoyr ]
on the first chart, and thus by
Fox AY = P4 ([2o: 21590 2 91],2) = [0 2 212 = 2oyt = 20y Toys 2 * Toyoyn ]
on the second chart. Outside of zgyg =0, it is an isomorphism with its image: On
each chart we obtain A% < Fyx Al (z,y,2) = ([1:2;1:y],2), and the composition
yields respectively
(2,,2) o> [y 42211 y]
(x,y,2) > [z:az-y* 1 2:y]
on the first and the second chart. Hence, ¢ is a birational morphism whose image
is the quadric

Qg = {[.’EO HEREIH 1’4] € IP)4 | Tox3 —{Ei —T1Tg = O} c ]P)4.

More precisely, ¢ is the blow-up 71: Bl (Q3) — Q3 of the line £ = (x5 = x5 = 24 = 0)
in Q3 followed by the blow-up of a section ¢; c Bl,(Q3) of ny!(¢) - £. According
to Proposition 2.1.5, it is G-equivariant, and so pG¢™! is the seven-dimensional
parabolic subgroup P = {g € PSO5 | g-¢ =/} ¢ PSOs.

(2): By [BET17, Corollary 5.5.4], there is a G-equivariant birational map &:U2¢ -
U2, Therefore 5G3~" ¢ Aut®(UL?) and so it suffices to prove (2) for G = Aut® (U, ?).

Let £ be the closure in X =U}? of the line defined by X ([0: 1;%: #],0) ¢ F; x Al
in the first chart of X (see § 5.1(3) for the definition of X with the two charts and
the transition function). Then the class of ¢ generates an extremal ray of the cone
of effective curves NE(X) and Kx £ = -1 (see Lemma 6.4.1). The variety X can be
viewed as a Fi-bundle over P!, and contracting the numerical class of ¢ corresponds
to contract fibrewise the (~1)-section Fy — P2, [zo : 21390 : y1] = [ToYo : Toy1 : T1]-
Using the transition function of X given in § 5.1(3) we obtain a P?-bundle X’ — P*
whose transition function is

P2 x A1~ {0}  -» P2 x Al \ {0}
([uo s ursuzl,t) = ([2%uo:uy:2%up + 2u1], 1)
Composing with automorphisms on both sides, we obtain
P2 x Al -> P2 x Al
([uo:ur :ug],t) = ([2%0: 2us : zus], 1)

and so according to Remark 5.1.1, we have X’ ~ R4_10 . Therefore, there is a
G-equivariant birational morphism ¢: X - R,-1,0, and so ©Gp™' ¢ Aut®(Ra-1.0)-
But according to Lemma 5.3.1, the group Aut®(R,-1,0) acts on R4_1,0 with two
orbits, which are a divisor and its complement, while Gy~ must preserve the

section of Rq-1,0 — P! obtained by contracting the numerical class of ¢. Hence,
©Go' ¢ Aut®(R,-1,0) and we get (2). 0
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Corollary 5.3.7. There exists a birational morphism :Vo — Q3 € P* such that
P Aut®(Ve)yt ¢ Aut®(Q3) = PSOs.

Proof. The morphism gp:b{f’Q — @3 described in the proof of Lemma 5.3.6(1) fac-
torises through the contraction morphism 5:2/{12’2 - V,. Since §Aut°(1/l12’2)6’1 =
Aut®(Vy), it follows that 1 Aut®(V2)y ™! ¢ Aut®(Q3). O

To study the Schwarzenberger P*-bundle S, - P?, we can consider the P!-bundle
Sy - P! x P! given by the pull-back Sy xpz (P! x P') - P! x P! that comes from the
double covering k: P! x P! - P? defined in § 5.1(5). It is much easier to work with
the P-bundle S‘b, which can be described by the following result:

Lemma 5.3.8. ([BFT17, Lemma 3.5.5]) Assume that char(k) # 2. Let b>1 be an
integer. Let m and 7' denote the P'-bundles m: S, — P! x P! and ' fg+1’b+1 -
P! x P! respectively. Then, the following hold.

(1) For each i = 1,2, denoting by pr;: P! x P! — P! the i-th projection, the
morphism pr; o m: Sy - P! is a Fy-bundle. Denoting by S; € Sy the union of the
(=b)-curves of the Fy’s, the intersection C = S1 NSy is a curve isomorphic to the
diagonal A ¢ Pt x P* via 7. The curve C coincides with the intersection of m1(A)
and the surface xo =0 in both charts.

(2) We have Aut°(S) =~ PGLy, and a commutative diagram

A
/ \
S if _¥_____Z = Fhrb

where all maps are PGLa-equivariant, the action of PGLy on P xP! is the diagonal
one, the action of PGLy on .7:3+1’b+1 is given by

[zo:@1590 1 Y1320 : 21] = [@0 : T1;090 + By1 : VYo + Oy1; azo + Bz1 i 20 +021],

the morphism n the blow-up of the curve C’ ¢ given by P! - f§+1’b+1,

[u:v]~[1:1:u:v:u:v], and the morphism € is the blow-up of the curve C.
Moreover, the group Aut®(Sp)prxpr is trivial.
(3) If char(k) does not divide b+ 1, the curve C is the unique curve invariant by

Aut®(Sy).

]:-g+1,b+1

The above lemma gives a PGLy action on S’b, which goes down to a PGLs-action
on Sy, which is in fact the whole automorphism group Aut®(S;) for b > 2 ([BFT17,
Lemma 4.2.5(2)]).

We now determine the intersection form on &, the cone of effective curves
NE(S;), and the canonical divisor Kg, .

Lemma 5.3.9. Assume that char(k) # 2. Let b > 2, let m: X = S, — P? be
the Schwarzenberger P'-bundle and let e Sy = Sy be the double covering given by
the projection S, = Sy xpe (P! xP') - S,. Taking the notation of § 5.1(5) and
Lemma 5.3.8, the following hold:

(1) Ifchar(k) does not divide b+1, the action of Aut®(Sy) ~ PGL2 on Sy has four
orbits: the curve v, the surfaces D\~ and E \~, and the open orbit S~ (DUE),
where 7y = €(C) =P, C € 8y is the curve as in Lemma 5.3.8, E = €(S1) = €(S2) =~
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P! x P! and D = n71(T). If char(k) divides b+ 1, the four subsets v, D~~y, E 7,
and Sy~ (DU E) are still Aut®(Sp)-invariant, but they are not the Aut®(Sy)-orbits
anymore.

(2) The group of numerical equivalence classes of 1-cocycles NSq(Sp) is gener-
ated by H = 7~1(¢), with £ cP? a line, and by E.

(3) Let f be a fibre of w, and let s1 and s be the two curves of E €8y, obtained
respectively as the images of the two curves sy = {[1:0;0: L;u: v] | [u:v] e P'}
and s = {[0:1;0: L;u:v] | [u:v] e P} of .7:3+1’b+1 through the birational map
eotp~t. Fori=1,2, the group of numerical equivalence classes of 1-cycles N;Q(Sb)
is generated by f and s;.

(4) The intersection form on X satisfies

E H
71 2 o0
S1 1-0b 1
S9 b+3 1

(5) The cone of effective curves NE(X) is generated by s1 and f.
(6) The canonical divisor Kx is -E-2H, and so Kx-f =-2 and Kx-s1 =b-3.

Proof. We first observe that the involution & € Aut(fb+1 1y given by [To:x1;y0:
Y1320 : 21] v 21 ¢ .130,2:0 zl,yo y1] preserves the curve C’ of Lemma 5.3.8, so &
induces an involution ¢’ =¥l od o) € Aut(Sb) We then prove that ¢’ is equal
to the involution o € Aut(Sb) associated with the double cover e: Sb - &p. Indeed,
both involutions are lifts of the involution 7 € Aut(P! x P') that is the exchange of
the two factors. Since every automorphism of the P*-bundle Sy — P! x P! is trivial
(Lemma 5.3.8(2)), o = o’ is the unique lift of 7 in Aut(Sy).

Let us denote by S7,55 ¢ fb+1 2*1 the sections given by z1 = 0 and zg = 0
respectively. Let ¢ = [0: 1] € ]P’1 be a point (the same would work with another
point). For i = 1,2, we consider the preimage F c .7-'b+1’b+1 of the fibre of the i-th
projection P! x P! over ¢. With the explicit description of Fo b+l brl given at the
beginning of § 5.1, we check that F{ ~ FJ ~Fy,y, with exceptlonal sections given by
s1=F{nS] and FQ’ NS4 and sections of self-intersection b+ 1 given by s}, = F{ n S}
and F5nS]. AsC'nF|{=[1:1;0:1;0:1] is outside of the exceptional section, the
images Fy,Fh C Sy of F], F} through ¢! are isomorphic to F;, with exceptional
sections being the intersections with the strict transforms of S and S5 respectively,
which are then equal to S; and S5. Hence, §; = F; NSy and F» NSy are the sections
of self-intersection —b of F} and F3, and 35 = F1 NSy and Fy NSy are sections of
self-intersection b + 2 of F} and F5 respectively.

We are now ready to prove the lemma:

(1): Since & exchanges S and S5, the involution ¢ exchanges S; and Ss, which
yields E = €(S1) = €(S3) ~ P! xP'. As e &, - S is an isomorphism above the
branch locus I', it suffices to show that the action of PGL3 on S‘b has five orbits: the
curve C, the surfaces S1\C, So\C, D~C and the open orbit Sp™ (DuSl uSs), Where
D is the pull-back of the diagonal A ¢ P' x P!, The fact that the surfaces Sy, S, D
are invariant directly follows from the description of the action of PGLj on F b+l,b+l
given in Lemma 5.3.8, as S7 and S5 are correspond respectively to the burfaces S
and S5. Hence, C' = Sy NS, is also invariant, and is one orbit as its image in P! x P*
is A (Lemma 5.3.8(1)). The fact that D\ C is an orbit follows from the fact that
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D - A'is a P'-bundle and that C is the only curve invariant in S, (Lemma 5.3.8(3)).
It remains to see that S; ~ C, Sy~ C and Sy~ (f) U S U Sy) are orbits, which
corresponds to ask that S7~ C', S5 nC" and fé’H’bH N (87U S5 U D) are orbits,
where D' ¢ .7:8+1’b+1 is the preimage of the diagonal. For S{nC’, i = 1,2, this directly
follows from the explicit action given in Lemma 5.3.8. For Fo™* 1\ (S5uS,uD’),
we observe that [1:1;0:1;1:0] is sent onto [1:1;3:d;a: d], so its orbit contains
the whole fibre over [0:1;1: 0], except the two points of S7 and S.

(2)-(3): As m: S - P? is a P'-bundle, we only need the preimage of a non-trivial
element of Pic(IP?) (respectively of a point) and a divisor (respectively a curve) not
contracted by 7 to generate NSg (respectively Ni@)

(4): The restriction 7 : E > P? is a (2 : 1)-cover ramified over the diagonal
AcP!xP! and so E- f =2. Also, since all fibres of 7 are linearly equivalent, we
can assume that fn H =@, hence H - f = 0. Choosing for ¢ the tangent line to the
conic I' € P2, such that x£~1(£) ¢ P* x P! is the union of the fibres over ¢ = [0: 1], we
get 71(¢) = e(Fy) = €(Fy) ~ Fy. The restriction of E to 7~1(¢) corresponds to the
union of the two curves s1 = €(F1nS1) = e(FonS3) and so = €(F1nS3) = e(FonSy).
Hence, the intersection E-s; in S, can computed by the intersection s; - (s1 +s2) in
the surface 71(¢) ~Fy. As (51)%>=-b, s1-s0=1and s2=b+2, weget s;-F=1-b
and so- E =b+ 3.

(5): We already know that the curve f can be contracted, this corresponds to
7 Sy — P2, thus the cone NE(X) is generated by f and some effective curve
r =asy + Bf. If the curve r is contained in F, then r € Q, (s1, s2) € Q4 (s1, f), as
s2 =s1+(b+1)f, and so we must have r = s;. If r is not contained in F, then
E-r=a(l1-b)+2820. Also, we always have H -r = « > 0. It follows that, if r ¢ E,
then «, 8 > 0, and thus again we must have r = s7.

(6): Let Kx = aF + SH be the canonical divisor of X. Recall that E ~ P! x P!
and H ~ Fy, therefore K = —2s1 — 259 and Ky = -2s1 — (b+2)f. Applying the
adjunction formula yields Ky = (Kx + H) - H = 2as1 + (a(b+ 1) + 8+ 1) f by (4).
Hence, a = -1 and = -2, and we obtain Kx =—-F - 2H. [l

Lemma 5.3.10. Assume that char(k) =0. Let G = Aut®(Sz) ~ PGLy. Then there
is a G-equivariant birational morphism p: So — P3| that is the blow-up of a twisted
cubic, such that pGe™' ¢ Aut(P?) ~ PGLy.

Proof. Let p:P* — P3, [u:v] = [u®: u?v : uv? : v®] be the standard parametrisation
of the twisted cubic I' = p(P) ¢ P3. The natural action of SLs on k[u,v]3 gives rise
to an action of Aut(P') = PGL, on P? that makes p equivariant. Let ¢: X — P3
be the blow-up of I'. By Proposition 2.1.5, the group Aut®(X) is conjugate via ¢
to the group of automorphisms of P? that preserve the twisted cubic. The group
Aut®(X) is therefore isomorphic to PGLg, as no non-trivial element of Aut(P?)
can fix T' pointwise (the fixed locus of an element of Aut(P?) is a union of linear
subspaces). The linear system of quadrics through I' gives a P!-bundle X — P%:
this can be checked in coordinates and is also very classical. As Aut®(X) = PGLg,
the P'-bundle is not decomposable and is in fact isomorphic to a Schwarzenberger
bundle S,, for some n > 1 [BFT17, Proposition 4.3.4]. The case n =1 is impossible
as Aut®(S;) ~ PGL3 (because S; — P? is the projectivisation of the tangent bundle,
see [BFT17, Corollary 4.2.2]). Then, Lemma 5.3.9(6) implies that n = 2. O
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6. DESCRIPTION OF THE EQUIVARIANT LINKS

In this section we describe the equivariant Sarkisov links between certain Mori
fibrations: the P2-bundles over P!, the Umemura quadric fibrations Q4 — P!, and
the P'-bundles over P2, P! x P! and F,, (n > 2) listed in Theorem 5.1.2. Then in
§ 6.7 we give the proof of the main results of this article when the base field is
assumed to be of characteristic zero (Theorems E and F).

6.1. Homogeneous spaces. In this subsection we consider the equivariant links
starting from a Mori fibre space X on which Aut®(X) acts transitively.

Lemma 6.1.1. Let G be an algebraic group and let ¢: X ->Y be a G-equivariant
birational map between two projective varieties equipped with a regular G-action. If
X is G-homogeneous (i.e. if G acts transitively on X), then ¢ is an isomorphism.
In particular, if ¢ is a Sarkisov link, then ¢ is of type IV.

Proof. Since X is G-homogeneous, the rational map ¢ has no base-point and does
not contract any hypersurface. It is then an isomorphism between X and ¢(X),
and since X is projective we have that ¢(X) =Y. O

Proposition 6.1.2. Let X be one of the following variety:
P, Qs c P!, P! x P! x P!, P2 x P or S; = P(Tpz).

Then Aut®(X) acts transitively on X, so every Aut®(X)-equivariant link starting
from X is an isomorphism and a type IV link. There is no such link in Cases (1)-
(2), there are two links in Case (3), and one link in Cases (4)-(5).

(1) X =P3 and Aut(X) ~ PGLy.
(2) X =Q3 cP* is a smooth quadric and Aut(X) ~ PSOs.
(3) X =P' xP' x P! = F) and Aut®(X) = PGLy x PGLy x PGLy; the two links

are then given by

P! x P! x P! 1—3>P1 x Pl x PL %—Pl x P x PL
prlxpr3\1/ prlxprgl/ pr2><pr3\1/
P! x P! P! x P! P! x P!

pTy PT2
P! P!

(4) X =P?2xP! and Aut X ~ PGL3 x PGLy; the link is then

Py = P! x P? - PIXPQZRQO
. / :

pt.

(5) X = {([zo : 21 : 22],[yo : y1 * y2]) € P? x }P’Q,Z?:Oxiyi =0} ~ 81, which
coincides with the projectivisation of the tangent bundle of P?, and Aut°(X) =
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PGL3; the link is then

x—94 o x

) e

Proof. In all the cases listed above, Aut®(X) acts transitively on X. This is clear
in all cases except maybe when X = S; — P? is the projectivisation of the tangent
bundle, but then X ~ PGL3 /P, where P is a maximal parabolic subgroup, and so
Aut®°(X) ~ PGL3 acts indeed transitively on X.

The fact that every equivariant link starting from X is an isomorphism follows
from Lemma 6.1.1. Every such link is then of type IV, and corresponds to the
different contractions of the extremal rays of NE(X) negative against Kx that we
can obtain, all being Mori fibre spaces. If X = P? or X = Q3 ¢ P* is a smooth
quadric, the Picard rank is equal to 1, so there is no equivariant link. If X =
P! x P! x P!, we have three extremal rays, one gives the Mori fibre space and the
two others give two links as in (3). If X = P2xP!, the two contractions correspond to
the Py - P? and Rg,o — P!, with one link as in (4). If X = {([zo: 21 :22],[yo:vy1:
yo]) € P2xP? Zf=0 x;y; = 0}, then X it is isomorphic to Sy, or to the projectivisation
of the tangent bundle of P2. The Picard rank being of rank 2, there are exactly
two contractions, and we get the link of (5). O

6.2. Decomposable P!-bundles and Schwarzenberger P!'-bundles over P2.
In this subsection we consider the equivariant links starting from Py, from P(1,1,1,2),
and from S (see § 5.1 for the definition of P, and Sp).

Proposition 6.2.1. Assume that char(k) # 2. Let b > 2, and let G = Aut(Pp).
There is an equivariant link from Py if and only if b = 2. This link, which is
unique, is the contraction of the unique G-invariant divisor ¢: Py - P(1,1,1,2),
and oGt = Aut®(P(1,1,1,2)). Moreover, ¢! is the unique equivariant link start-
ing from P(1,1,1,2).

Proof. We use the same notation as in § 5.1(2). For b > 2, it follows from [BFT17,

Lemma 4.1.2 and Remark 4.1.3] that P, is the union of two G-orbits: the divisor

D ~ P2, given by yo = 0, and its complement in P;,. Therefore we can only contract

D, which is possible if and only if b = 2 as Kp, -£ = b—3, where Kp, is the canonical

divisor of P, and ¢ is a line contained in D. Indeed, the cone of effective curves

NE(P,) is generated by £ and by a fibre f of the structure morphism Pj, — P2.
Contracting the class of ¢ yields the G-equivariant morphism

o Po—> Z=P(1,1,1,2), [yo:y1;20:21:22] [zo:zl t2o %]
Hence pGp™! ¢ Aut®°(Z). Since Aut°(Z) acts on Z with two orbits, the singular
point ¢ =[0:0:0: 1] and its complement, and ¢ is the blow-up of the singular point
¢, we have an equality ¢Gp~! = Aut°(Z). Finally, any other blow-up ¢": X’ - Z of
the point ¢ in Z cannot be G-equivariant. Indeed, we see that 1) = ¢’ top: X -» X' is
a G-equivariant birational morphism (because X has no G-orbits of codimension >
2), thus it must a G-equivariant isomorphism. [
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Proposition 6.2.2. Assume that char(k) # 2, and let b > 3 such that char(k)
does not divide b+ 1. Let G = Aut®(Sy) ~ PGLy. There is a birational involution
©: Sy > Sy, which is a type 11 equivariant link such that pGe™ = G. Moreover, ¢
is the unique equivariant link starting from Sy.

Proof. By Lemma 5.3.9(1) the variety S is the union of four G-orbits: a curve 7,
two surfaces whose closures are divisors D and F, and the open orbit. Also, by
Lemma 5.3.9(5), the cone of effective curves is generated by f and s;, where the
curves numerically equivalent to s; span the divisor E, but Ks, -s1 =b-3>0.

We first show that there is no equivariant link of type III or IV starting from
Sp. As the extremal rays cover respectively S, and E, the small map starting from
Sy cannot be a flop or a flip. It follows from Lemma 2.2.9 that it also cannot be an
anti-flip, so the small map is an isomorphism. Hence, an equivariant link of type I1I
or IV needs to start with the contraction of a negative extremal ray, but Ks, -s1 >0
and the contraction of f is the morphism S, — P2, and so there is no such link.

The only possible equivariant links then start with blowing-up the curve « (with
its reduced structure, by Lemma 2.2.8). One such equivariant link exists: it is
of type II, obtained by blowing-up the curve v and then contracting the strict
transform of the divisor E, and is the birational involution considered in [BFT17,
Lemma 5.6.2]. By Remark 2.2.5, this is the only possible equivariant link starting
from Sp. Il

6.3. P2-bundles over P!. In this subsection we study the equivariant links starting
from Ry, from certain F2¢, and from P(1,1,2,3) (see § 5.1 for the definition of
Rom.n and Fo:©),

Lemma 6.3.1. Let X =R, , withm>n>0.

(1) The group of numerical equivalence classes of 1-cocycles NSq(X) is gener-
ated by F = (yo =0) ~P? (a fibre of the P*-bundle) and H = (9 =0) ~F,,.

(2) The group of numerical equivalence classes of 1-cycles NiQ(X) is generated
by the curve £ = (xo = x1 = 0), which is a section of the structure morphism
Romn = P, and by the curve f = HNF = (x9 =y =0).

(3) The intersection form on X is given by

H F H F
H|{-(m-n)f f ] -m 1
F ¥ ollrl 1 o
(4) The cone of effective curves NE(X) is generated by £ and f.
(5) The canonical divisor Kx is —=3H — (2m-n+2)F, and so Kx -{=m+n—2
and Kx - f =-3.

Proof. As X — P! is a P2-bundle, NSg(X) is generated by a fibre F' and by a divisor
whose restriction to each fibre is a line. We can choose this divisor to be one of the
following surfaces H := (9 =0) 2 F,, H := (21 =0) 2 F,,,, or H" := (22 =0) 2~ Fy,_,.
In particular, (1) is shown.

As x‘;—yjﬂ, % are two rational functions on X, we get H” = H+mF = H' + nF
in NSg(X). Writing £ = Hn H’', we obtain £- H" =0 and ¢- F =1, thus £- H = -m.
Moreover, f=H-F =H'-F=H"-F and f satisfies f-F =0 and f-H =1. Hence, f
and ¢ generate NP(X). AsH-H=H-(H -(m-n)F)={-(m-n)f. This yields

(2)-(3)-
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To show (4), we take an irreducible curve v ¢ X, which is equivalent to al+bf €
NE(X) for some a,b € Q, and show that a,b > 0. We observe that 0 <~-F =a, and
that v-H" =b,v-H' =b-an, v-H =b—am. As v cannot be contained in the three
surfaces H, H', and H”, we have b > 0.

Writing Kx = aH + BF, for some «a,( € Z, and applying twice the adjunction
formula (once for H and once for F) yields Kx = -3H — (2m —n + 2)F, and then
(5) follows from (3). O

Lemma 6.3.2 and Proposition 6.3.3 below describe equivariant links starting
from R, n, where we may assume m > n > 0. By Lemma 5.3.2, the cases where
(m,n) = (1,0) or when 2n >m >n >1 can be excluded. The case of Rq o = P! x P2
is done in Proposition 6.1.2.

Lemma 6.3.2. If m > 2, then there are no equivariant links starting from R, 0.

Proof. We see from Lemma 5.3.1 that R, is the union of two G-orbits: the
divisor H = (29 = 0) ~ P! x P! and its open complement. Hence, small maps are
isomorphisms and type I and II equivariant links are excluded. By Lemma 6.3.1(5),
Kx-£=m-23>0, so type III and IV equivariant links are also excluded, which
proves the lemma. O

Proposition 6.3.3. Assume that char(k) ¢ {2,3}, and assume that m =n >1 or
m>2n > 2. The morphism

. 1,-n e A . . o .
@ Formn = Ry [To T390 1 Y1520+ 21] = [ZoYo * Toyr : T13 20 © 21]

is the blow-up of the curve £ = (xo = x1 = 0) and satisfies o Aut®(Fp_n)p™ =
Aut®(Rp,.n). Hence, ¢ is a type 111 equivariant link starting from ]:,ln’:z and @1
is a type 1 equivariant link starting from R, . Moreover, the following hold:

(1) If (m,n) ¢ {(1,1),(3,1)}, then ¢! is the unique equivariant link starting
from Ry .

(2) If (m,n) = (1,1), there are two equivariant links starting from Ry 1: the link
o and the flop of £ (type IV link) that yields a map Ry 1->R11. This flop can
be further factorised into the composition of equivariant links as follows:

1,-1
® ‘fO N ¥
2= ¥~ N
R171 Pl X I[Dl R171
i \
p! / \ P!
{pt}
where the two morphisms @, " are defined by
Ria < fol’_l N Ria

[zoz0 @021 121390 :y1] < [To:@1sy0:yis20:21] = [ToYo :Toyr w1520t 2]

(3) If (m,n) = (3,1), there are two equivariant links starting from Rs1: the link
¢~ above and a type NI link n:R31 - P(1,1,2,3), starting with the anti-flip of ¢
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followed by the contraction of the unique invariant divisor (the image of the divisor
xo=0in Rz 1). The link satisfies n Aut®(Rs1)n " = Aut®(P(1,1,2,3)).

antiflip

R3,1 i =W’
77\11 T = \W\ div
P! \“P(L 1,2,3)

{pt

Proof. Asm >n > 1, the curve £ € R, ,, is invariant by Aut®(R,,,,) (Lemma 5.3.1).
This yields ¢ Aut®(Ry,.. ) € Aut®(F, "), and the inclusion ¢ Aut®(Fy )¢~ ¢
Aut®(R,.n) follows from Proposition 2.1.5. Hence, ¢ and ¢! are equivariant links
of type III and I respectively.

We now study other equivariant links starting from X = R, ,. For each equiva-
riant link of type I or II, if the divisorial contraction W — X is centered at £ € X,
it is the blow-up of ¢ with the reduced structure (Lemma 2.2.8), so the equivariant
link is equal to ¢! (see Remark 2.2.5). Hence, ¢! is the only equivariant link of
type I and there is no equivariant link of type II.

Moreover, by Lemma 6.3.1(4) the cone of effective curves NE(X) is generated by
¢ and by f. The contraction of f is the P2-bundle X — P! and there is no divisorial
contraction associated with ¢, since Kx -£=m+n—-2>0 (Lemma 6.3.1(5)). Hence,
every equivariant link of type III or IV starting from X starts by an anti-flip (or a
flop when m =n =1) centred at ¢.

Since Ry, is a toric variety (Lemma 5.3.1), we can use tools from toric geometry
(see e.g. [Mat02, Chapter 14]) to verify from the fan of R,, , that there exist non-
trivial toric small maps from R, , to a toric threefold with terminal singularities
if and only if n =1. In this case m =1, m =3 or m > 4.

If m =n =1, the flop of £ is the type IV link R ; -> R1,1 given in the statement.
This gives (2).

If m > 2 and n = 1, denote the anti-flip of the curve ¢ by X -» X;. We then
verify, using again tools from toric geometry (since X; is a toric variety), that the
cone of effective curves NE(X ) is generated by two torus invariant curves £ and £¢
satisfying Kx, -f5 =m—4 and Kx, -fg = 1-m (and flipping £ brings us back to X).
Moreover, the curves in X defined by the equations xg = 2 — pz1yg =0, with p ek,
are numerically equivalent and cover the divisor defined by the equation zy = 0.
As these curves all intersect ¢ transversally, their images in X; are numerically
equivalent to /5, it follows that the set of curves equivalent to £5 covers a divisor,
namely the image of zg = 0. This implies that there is no equivariant link starting
by the anti-flip of ¢5 if m > 4. This finishes the proof of (1).

If m = 3 and n = 1, we get a divisorial contraction X; — P(1,1,2,3) and
the birational map Rs1 -» P(1,1,2,3) is given by n:[zo : 21 : z2;%0 : y1] +~
[z0Yo : Zoy1 : Tox1 : 23x2]. Also, by Proposition 2.1.5 we have n Aut®(Rs1)n~! ¢
Aut®(P(1,1,2,3)), and computing the dimension on both sides yields an equality.
(To compute dim(Aut®(Rs1)) we use Lemma 5.3.1, and for the computation of
dim(Aut®°(P(1,1,2,3))) see for instance [AIAmS89, § 8].) O

Lemma 6.3.4. Assume that char(k) ¢ {2,3}. The variety X =P(1,1,2,3) is the
union of four Aut®(X)-orbits, namely the two singular points py =[0:0:1:0] and
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pa=[0:0:0:1], a curve C satisfying C = {[0:0: % : %]} = Cup; Upy, and the
open complement X ~ C. Moreover, there are only two equivariant links starting
from X, both of type 1:

(1) The (reduced) blow-up of p1 followed by the flip of the strict transform of C,
which yields the P-bundle R3 1 — P! and verifies p Aut®(R3 1)t = Aut®(X).

fl

Wt Ry
div 2 _ -
~ _ _ — \yﬂ_l
X=" Pl

2

{pt}
Explicitly, one has

(p_lt P(l, 1,2,3) -> R371
[zo:x1:maia3] w [lizg:xgizeim]
(2) The weighted blow-up of pa (with weights (1,1,2)), which yields the Mori

PL-fibration Wy — P(1,1,2) (defined in § 5.1(7)) and verifies o Aut®(Ws)p™! =
Aut°(X).

® W2

div \Lﬂ”
X P(1,1,2)
71'\1/ /

{pt}
Ezxplicitly, one has

ol P(1,1,2,3) - Wo
[o:21:we:x3] — [lias;me:ay:as]

Proof. The description of the Aut®(X)-orbits of X follows from Lemma 5.3.1, and
Proposition 6.3.3(3). It can also be obtained by writing explicitly the Aut®(X)-
action on X in global coordinates.

Using tools from toric geometry (see [Ful93] and [Mat02, Chapter 14]), we
verify from the fan of X that we cannot contract C, that blowing-up C (torus-
equivariantly, but not necessarily with its reduced structure) always gives a variety
with non-terminal singularities, and that there is only one way to blow-up (torus-
equivariantly) p; and py respectively to get a variety with an Aut®(X)-action and
terminal singularities; for p; it is the reduced blow-up while for ps it is a weighted
blow-up with weights (1,1,2) corresponding to the projection morphism from the
closure of the graph of the equivariant rational map

P(1,1,2,3) -> P(1,1,2), [xo:x1: 22 : 23] = [T0: 21 : T2].
This implies that there are only two equivariant links starting from X which are

those described in the statement. O

6.4. Umemura’s P'-bundles over F,. In this subsection we first study the geom-
etry of the P*-bundles ¢ - F, and V, — P2, and then we consider the equivariant
links starting from U5 and V.

Lemma 6.4.1. Let a,b>1 and ¢ > 2 be such that ¢ = ak +2 with 0 < k <b. Let
¢ X =U>° T, be an Umemura’s PL-bundle.



64 JEREMY BLANC, ANDREA FANELLI, AND RONAN TERPEREAU

(1) The group of numerical equivalence classes of 1-cocycles NSq(X) is gener-
ated by Hy = (29 =0) ~F,, H, = (yo=0)(2F. ifc>2 and ~P* xP! if c=2), and
H, ~Fy (given by z =0 on the first chart).

(2) The group of numerical equivalence classes of 1-cycles N?(X) is generated
by f=HynH,, s=H,nH,, and loo = Hy n H, (which is the curve on H, of
self-intersection ¢ if ¢ >2 and is a curve of bidegree (1,1) on H, ~P'x P! if ¢ = 2).

(3) The intersection form on X satisfies
H, H, H.
F{1 0 0
s | -b 1 0
loo A —a 1

where A=cifc>2 and A=2 if c=2.

(4) Let lip = (1 = yo = 0) that satisfies lig = loo — ¢f in N;Q(X) and 1is the
curve of Hy = F. of self-intersection —c if ¢ > 2. If c = 2, then H, = P! x P!,
the fibres of the two rulings are equivalent to f, and r = lpg — f € Ni@(X). Then
NE(X) =Q(f,s,l10) if ¢>2. and NE(X) = Q4 {f,s,7) if c=2.

(5) The canonical divisor of X is Kx = -2H, —(b+2)H, —a(b+1-k)H,, thus
Kx-f=-2, Kx-s=b0-2, Kx -lip=a(k+1) ifc>2, and Kx -r=a-2ifc=2.

Proof. The proof (1)-(2) is analogue to the proof of Lemma 5.3.9(2)-(3).

(3): Note that H, is a section of ¢:U>¢ - F, and Hy, =q '(sq), H. = Y (f),
where f,, s, € F, are respectively a fibre and the section of self-intersection —a.

As f is a fibre of U2 > F,, we have f-H, =1, f-H, = f-H, =0.

The curves lgp and s have self-intersection —a and 0 in H, ~[F, and are sections
of H, - s, and H, — f, respectively. Hence, loo- H, =s-H, =1 and s-H, = 0.
Moreover, loo - Hy = —a, as it the self-intersection of log in H,. Similarly, we get
s+ H, = -b, as it is the self-intersection of s in H, ~ [, respectively.

It remains to compute the self-intersection of oy in H, to get log-H,. The surface
H, is obtained by gluing two copies of P! x A! via

vi([wo:21;0:1],2) = ([@o:212%0:1],1) if ¢>2,
vi([zo:x1;0:1],2) +— ([xozx122+xgz;0:1],%) if ¢=2.

Hence, if ¢ > 2 we get H, ~ F. and log - H, = ¢. Moreover, {1 is the curve of
self-intersection —c. If ¢ = 2, we use the automorphisms at the source and target
given respectively by

ar: ([wo:21;0:1]),2) = ([wo-212:2150:1],2)  and
as: ([xo:21;0:1],2) — ([z1:-20+212;0:1],2)

We obtain ap o v o ay:([zg @ 2150 : 1],2) = ([wg : 2150 : 1], 1), so H, =~ P! x P,
Moreover, the curve lyg is given by zg = 0 on the two charts and is sent by a[l onto
xo—x12 = 0, corresponding thus to a curve of bidegree (1,1) on P! x P!, This gives
loo - H; =2 if ¢ =2 and achieves the proof of (3).

(4): We first assume that ¢ > 2. Let £ = af + s+ y€10. We want to prove that
a,B,v€Q;. We have y=H, -¢>0. Then we distinguish between three cases.

o If ¢ ¢ H,, then since NE(H,) = Q4 (s,%y0) and £y = l10 + cf € Q4 (f, l10), we
get the result.

« If < H,, then since NE(H,) = Q. (f,{o0), we get the result.

«If¢¢ H,,Hy, then « -3 =¢-H, >0 and f-ay =¢-Hy >0. Therefore, we
deduce that a, 8 € Q. (since vy € Q,), and so we get again the result.
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We now assume that ¢ = 2. Let £ = af + Bs+r. Arguing as in the case ¢ > 2,
and using the fact that oo = 19 + 2f and foo = r + f when ¢ = 2, we prove that
a, 8,7 € Q. This yields (4).

(5): Tt remains to determine the canonical divisor Kx of X. We write Kx =
aH, + Hy +vH, with «, 8,7 € Z. The adjunction formula gives Ky = (aH, +
BHy+(y+1)H,)|u, =as+Bf. As H, ~F, and s, f are respectively the (-b)-section
and a fibre, we find @ = -2 and 8 = -b— 2. To find v, we again use the adjunction
with H, and obtain Ky, = (-2H, - (b+1)Hy+vH.)|u, = —2loo— (b+1)H,-H,+~f.
Note that the divisor Hy. given by y; = 0 is linearly equivalent to Hy, + aH, as the
(a)-section (y; = 0) of Fy is equivalent to s, +af. Hence, H,-H, = H,-(Hy,—aH.) =
-aH-Hy, =-af, which gives Ky, = —2loo + (v +a(b+1))f.

If ¢ > 2, then H, = F., loo is a (c)-section, and f is a fibre. Hence, Ky, =
~2lpo—(2-c) f, which yields v = c-2-a(b+1) = —a(b+1-k). If ¢ = 2, then H, ~ P! xP*
and lgo has bidegree (1,1), so Kp, = —2loo. As this is also ~2lpp — (2~¢) f (because
¢ =2), we again obtain the same ~.

The intersection with the curves is then a straightforward calculation. O

Lemma 6.4.2. Let b>1 and m: X =V}, — P? be the P*-bundle obtained by the con-
traction : Z/{f’Q =V, of the extremal ray of r (with the notation of Lemma 6.4.1).
(1) The group of numerical equivalence classes of 1-cocycles NSqg(X) is gener-
ated by H' =4y (H,) and F' =y (H,).
(2) The group of numerical equivalence classes of 1-cycles NiQ(X) s generated
by f" =¥ (f) and s" = ¥(s).

(3) The intersection form on X satisfies

H' F'
71 0
s =(b-1) 1

(4) The cone of effective curves NE(X) is generated by f' and s'.
(5) The canonical divisor of X is Kx = -2H' - (b+ 1)F’, thus Kx - f' = -2 and
KX . S/ =b-3.

Proof. The morphism w:b{f 2 'V, contracts the divisor Hy, =~ P! xP! onto the curve
f'=(H,), which is a fibre of the P!-bundle 7: X =V}, - P2. The fibres of H, —» f’
are the curves equivalent to r. The curves equivalent to f are fibres of the other
projection and lpg = 7 + f is of bidegree (1,1). This gives 9. (lpo) = ¥« (f) = f'.
As the cone of effective curves of L{f 2 is generated by f,s,r, the cone of effective
curves of Vy is generated by f’ and s’. This gives (1)-(2)-(4).

The morphism |y,:H, — H' = ¢(H,) is an isomorphism since H, n H, is
the curve lyp that has bidegree (1,1) in Hy, =~ P! x P! and is thus a section of
H, - ¢(H,) = f'. Hence, the curve f’ has self-intersection -1 in H' = ¢(H,) ~Fq
and m: H' - P? is the contraction of f'. Moreover, s’ is a fibre of H' - P!, as s was
a fibre of H, — P!. Since F'- H' = s’ + f', we obtain F'-s" = (s'- (s’ + f'))gr = 1
and F'- f'=(f"-(s'+ f)g =0.

The morphism H, - F’'=1(H,) is an isomorphism, so F’ ~ F;, and the curves
s’ and f’ are the (-b)-curve and a fibre, as so happens for s, f in H,. We then
compute ' - H = (s'-(s'+ f'))pr==b+1land f'-H =(f - (s + f'))r = 1. This
gives (3).
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The canonical divisor of X =V is Kx = aF’ + SH' for some «,3 € Z. The
adjunction formula gives Kpr = ((a+ )F' + BH )|pr = (a+ 1) f' + B(f' +§') =
(a+B8+1)f +Bs". As F' ~Fy and s, f' ¢ F’ are the (=b)-section and a fibre, we
obtain f=-2and a+8+1=-(b+2),s0 Kx =-2H'—(b+1)F".

This yields Kx - f'=-2 and Kx s =b-3. d

Lemma 6.4.3. Let w:Uf’z -V, be the morphism induced by the contraction of the
(-1)-section in F1. We keep the notation of Lemmas 6.4.1 and 6.4.2.
(1) The variety Uf’Q is the union of four Aut°(Z/{f’2)-0rbits:
L[f’2 = (Uf72 AN (Hw U Hy)) L (Hw N 600) L (HU AN 600) Ufoo.
(2) Let b>2. The variety Vy is the union of three Aut®(Vy)-orbits:
Vo=V ~H)Yu(H N fYuf'.
Proof. The variety Z/{f’Q contains two G-invariant divisors, namely the invariant
section H, ~ F; of the P'-bundle Uf’Q — [F; and the preimage H, ~ P! x P! of the
(=1)-curve in Fy, they intersect along the invariant curve oo ~ P*. It follows from
the description of the automorphism group G in [BFT17, §3.6] that I/{f’2 \(HyuH,)

and H, \ {oo are two G-orbits. As observed in [BFT17, Remark 3.6.5] the group
GL; acts on L{f’Q, this induces a PGLj-action on H,, given in the two charts of L{f’Q

by
Fp x Al - Fy x Al
([ro:21;0:1],2) "’([950 21 (2 + 6)2+moy(yz +6);0: 1], /‘;Zl), and
([xo:21;0:1],2) — ([xo cxy(Bz+a)?-xoB(Bz +a);0: 1], 'f;:rg)

Since this PGLy-action is non-trivial and stabilizes the curve £y, which corresponds
to a curve of bidgree (1,1) on P! xP!, the image H ~ PGLsy of the natural homomor-
phism PGLy - Aut®(H,) ~ PGLy x PGLs is conjugated to the diagonal embedding
of PGLy. Hence H, = (H, ~ oo) U4y is the union of two G-orbits. This proves (1).

By [BFT17, Lemma 5.5.1(4)] the morphism ¢:U>? — V), satisfies Gip~" =
Aut®(V,) since b > 2. Also, it is an isomorphism outside H,. But f’ = ¢(H,)
is a line on which Aut®(V,) acts transitively since G acts transitively on the two
rulings of H, ~ P! x P*. This proves (2). O

To study the equivariant links starting from Z,{fl”c in Proposition 6.4.5, we will
need Proposition 6.4.4 that gives restrictions on the possible links.

Proposition 6.4.4. Let m: X — F, be a decomposable or an Umemura P'-bundle
with numerical invariants (a,b,c) as in Theorem 5.1.2, let G = Aut®(X), and let
x: X -» X' be an equivariant link. Then, one of the following three possibilities
ocCurs:

(1) The link x is of type 11, and either x or X~ is equal to the link @ given by
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and described in [BFT17, Lemma 5.4.2] and [BFT17, Lemma 5.5.3] respectively.

In particular, x decomposes as the blow-up of a section T’ € X over the (-a)-curve
5_q of By, followed by the contraction of the strict transform of T 1(s_4).

(2) The link x is of type 111 (resp. IV) and the small map associated with it (see
Definition 2.2.2) is an isomorphism. Hence, the map X -> X' (resp. X ->Y") is
the contraction of a negative extremal ray distinct from the one given by the fibres
of mX - TF,.

(3) The link x is of type II1, the small map is not an isomorphism and X = .7-'5’0
with ¢ = +1; in particular, a = 2.

Proof. We keep the notation of Definition 2.2.2. The link x starts from the Mori
fibration X — Y over the surface Y = F,,.

We first exclude the case of an equivariant link of type I. As 3 = dim(X’) >
dim(Y”) > dim(Y) = 2, we find that Y’ and Y are surfaces, so Y’ — Y is a divisorial
contraction, hence the blow-up of a point of F,. This is impossible, as the action
of G on F, gives the whole group Aut®(F,), which has no fixed point.

Suppose now that the link is of type II. It starts with a divisorial contraction
W — X, which contracts the exceptional divisor on a invariant curve I' € X, as
there is no point fixed by G on X. By Lemma 2.2.8, the morphism 7 is the blow-
up of I' with its reduced structure. Moreover, I' is a section of X - F, - P! by
[BFT17, Lemmas 5.4.1-5.5.2]. The equivariant link starting from this blow-up is
then unique up to automorphisms of the target (see Remark 2.2.5). It remains
to apply [BFT17, Lemmas 5.4.2 and 5.5.3], to obtain that y is a link of type II
between two P!-bundles, that the small map W > W' is an isomorphism, and the
morphism W’ — X' is the contraction of the strict transform of 7~ (7 (T')); we are
thus in Case (1).

If the link is of type IV, then Z has dimension < 1 ([Cor95, Proposition 3.5]).
The morphism F, - Z being of relative Picard rank 1, we obtain Z = P!. The
small map X > X' are obtained by running an MMP over Z, so only curves of
NE(X/Z) are considered. Hence, the curves on which the small map is not defined
are contained in fibres. But in our situation there are no such curves since G maps
onto Aut®(F,), and the latter acts on IF, with no fixed point. Hence, the small map
of the type IV link is an isomorphism.

We now finish the proof by considering type III links. The morphism F, — Y’
is of relative Picard rank 1. Hence, it is either F; - P2, Fy - P(1,1,2) or F, — P!,
since singularities for the base of a three-dimensional Mori fibration over a surface
are canonical (see [MPO08, Theorem 1.2.7]). If it is F, — P!, the same argument as
above implies that the curves over which the small map is not defined are contained
in fibres, which is impossible as the action of G on F, gives Aut®°(F,). Hence, if
the small map is not an isomorphism, the morphism F, - Y is either F; - P? or
Fy - P(1,1,2), s0 a =1 or a = 2. We distinguish between the two cases.

e a—1: We have X = Z/lf’c with 2 < ¢ < b (as the P-bundles ff’c do not appear
in Theorem 5.1.2). If ¢ = 2, Lemma 6.4.3 (1) gives that the only invariant curve
of Uf’Q is £po (defined by xg = yo = 0), and by Lemma 6.4.1(4) the latter is not
extremal. Hence, if X -» W' is not an isomorphism, we must have ¢ > 2. Now
for ¢ > 2, [BFT17, Lemma 5.5.2] gives that L{f '“ has exactly two invariant curves,
namely foo and £1p (given by x1 = yg = 0), but according to Lemma 6.4.1(4), only
l10 is extremal. Thus, X -> W' is the anti-flip of the curve f19, and W' - X' is
a divisorial contraction, which necessarily contracts the strict transform in W’ of
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the divisor H, ~ F. (as Y - Y is the contraction F; — P?). The curve l;p on
H, is the —c-curve of F, (Lemma 6.4.1(4)) so the strict transform of H, in W' is
isomorphic to the weighted projective space P(1,1,¢). The divisorial contraction
W' — X’ contracts then this divisor P(1,1,¢) onto a point, fixed by G, and we
obtain a P!-fibration ¢: X’ - Y’ = P? on which G acts with a fixed point. On the
other hand, denoting by ¢ € P? the fixed point for the induced G-action on the
basis, we observe that X'\ ¢™*(q) ~ V, \¢~!(g) as P'-bundles over P\ {¢}, where
¥:Vy, — P2 is the structure morphism. It follows from [Cor95, Proposition 3.5] that
X'~V as a Pl-bundle over P2, which contradicts the fact that G acts on V, with
no fixed point (Lemma 6.4.3(2)). Hence, the case a = 1 cannot occur if X -> W' is
not an isomorphism.

e a=2: If X = U§7C, then ¢ = 2k + 2, for some k > 0. As c is even, the group
SLo /{£1} ~ PGL2 acts non-trivially on X (see [BFT17, Remark 3.6.5]). Therefore
Lemma 2.2.9 implies that the small map X -->W’ is an isomorphism. We now
consider the case of the toric variety X = ]_-g,c. Recall that (a,b,c) satisfy the
numerical conditions of Theorem 5.1.2, and so either -2 < ¢ < 2b or b = ¢ = 0.
If ¢ is even, then by [BFT17, §3.1] the group PGLy acts non-trivially on X, and
we can again apply Lemma 2.2.9 to conclude that X -» W’ is an isomorphism.
Also, applying the terminal singularity criterion for toric varieties (see e.g. [Mat02,
Proposition 14.3.1]) to the variety W', obtained from X by antiflipping an extremal
invariant curve, yields that W' has terminal singularities if and only if ¢ < 1 (see
Lemma 6.5.1 for a description of the extremal curves of X). Hence, if X -> W' is
not an isomorphism, we must have ¢ = 1. ([

Proposition 6.4.5. Let a,b>1 and c > 2 be such that c=ak+2 with 0< k <b. Let
7t X =UP¢ - F, be an Umemura P*-bundle and let G = Aut®(X).

(1) If a =1 and c < b, then the equivariant links starting from X are the bi-
rational maps p: X -» X' = Z/If+p’c+p, with p = 1, and if ¢ = 2 the contraction
morphism : X - X' =Vy; all these equivariant links were described in Proposition
6.4.4(1) and [BFT17, Lemma 5.5.3] and satisfy ¢ Aut®(X)p™' = Aut®(X’) and
P Aut®(X)y~t = Aut®(X).

(2) If b > 3, then the only equivariant link from the P'-bundle V, — P? is the
blow-up morphism 1/1:1/{{)’2 -V, that satisfies 1) Aut® (Uf’Q)i/)_l = Aut®° (V).

(3) If a>2 and c—ab < 2 (with c—ab + 2—-a), then the equivariant links starting
from X are the birational maps p: X -» X' = uf;mﬁpa, with p = +1, described in
Proposition 6.4.4(1) and [BFT17, Lemma 5.5.3]; they all satisfy o Aut®(X)p™! =
Aut®(X").

Proof. (1): Case (1) in Proposition 6.4.4 gives the family of type II equivariant
links of the form X =U5¢ -> UL*P-e*P2. Case (2) in Proposition 6.4.4 corresponds to
links of type IIT or IV with a small map being an isomorphism, and are thus given
by the contraction of a negative extremal ray distinct from Qq- f, corresponding to
the structure morphism X — F,. Since b > ¢ > 2, Lemma 6.4.1 shows that there is
another negative ray on X if only if (a,¢) = (1,2), namely Qsq-r. The contraction of
this ray yields the type III equivariant link : Z/{f 2 >}, considered in Lemma 5.2.3
and satisfying ¢ Aut®(U?)y~" = Aut® (V).

(2): According to Lemma 6.4.3(2), the variety V, is the union of three Aut®(V)-
orbits which are a line ¢, a surface S whose closure is S = Su /¢ ~F;, and an open
orbit VN S. By Lemma 6.4.2(5), there is only one negative extremal ray (as b > 3),
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namely Qs f, whose contraction yields the structure morphism V, — P2. Hence we
can only blow-up ¢ that yields the P!-bundle L{f 2 L.

(3): According to Lemma 6.4.1, there is only one negative extremal ray (as our
numerical conditions on a, b, ¢ imply b > 2), namely Qs f, whose contraction yields
the structure morphism X — F,. Hence Case (2) in Proposition 6.4.4 cannot occur.
Thus the only equivariant links starting from X are the type II links described in
Proposition 6.4.4(1). O

6.5. Decomposable P!'-bundles over F,. In this subsection we first study the
geometry of the P'-bundles F2¢ - F,, and then we consider the equivariant links
starting from F2¢ and from certain P!-fibrations over P(1,1,2).

Lemma 6.5.1. Let X = F2¢ with a >0 and b,c € Z.

(1) The group NSq(X) is generated by Hy, = (0 =0) 2 Fo, Hy, = (yo =0) = F,
and H,, = (20=0) 2 Fy.

(2) The group N;Q(X) is generated by the following curves

o ly:=Hy,nHy, = {[0:150:1520:21]} ~ P!

o lyi=H,ynHyy={[0:1;50:91;0: 1]} = P!

e l3:=H, nHy ={[ro:21;0:1;0: 1]} ~ P!

(3) The intersection form on X is given by

HZO Hyo Hﬂio HZO Hyo Hwo
Hzo 0 63 gg El 1 —Q &
Hyo 63 —Clgg 61 62 0 1 -b
on (2 fl —bfl + (C - ab)fg 63 0 0 1

(4) Let £y = (w1 = yo = 0) ~ P! that satisfies £4 = {1 —cl3 in Ni@(X). The cone of
effective curves NE(X) is generated by {1, £o, and {3 if ¢ <0 and by Ly, ls, and {3
if ¢>0.

(56) The canonical divisor of X is Kx = —(a(b+1)+2-c)H,,—(b+2)H,, —2H,,,
thus Kx -l1=a-c-2, Kx - lo=b-2, Kx-l3=-2, and Kx -y =a+c—2.

Proof. The proof is analogue to the proof of Lemma 6.3.1. O

We now consider the equivariant links starting from F2¢. By Theorem 5.1.3, we
can consider a,b >0, a # 1, ¢ € Z and may assume that ¢ <0 if b=0 and that a =0
orb=c=0or —a<c<ab.

We first consider the case where a = 0. As the Mori fibre spaces fé”c - Fy,
Tgb’_c - TFy, fgc’_b — Fy and fg’b — Fy are isomorphic, we may assume b > |c|.
Moreover, the case of (b,¢) = (0,0) has been treated in Proposition 6.1.2(3), the
case where b > ¢ = 1 has been removed in Lemma 5.3.4(4) and the case (b,¢) = (1,0)
in Lemma 5.3.4(2). The remaining cases are done below:

Lemma 6.5.2. Let X = fg’c with b>|c|, ¢ # 1 and either b>2 or (b,c) = (1,-1),
and let G = Aut®°(X). Every G-equivariant link starting from X is a link of type
IIT or IV and the complete list is given as follows:

(1) If (b,c) = (1,-1), there are exactly two equivariant links starting from X,
namely the links ¢, ¢": X - Ry 1 of type 111 given in Proposition 6.3.3(2).
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(2) If c=0 and b > 2, the unique equivariant link is the type IV link given by
FOO 2 Fyx P! ——— F)0 ~ Iy x P!

| l

Fo IFy

~

P
(3) If c = =1 and b > 2, the unique equivariant link starting from X is the
type 111 link cp:fg’_l ~ .’Fg’_b - Rpp given in Proposition 6.3.3, which satisfies
LpAut°(.7:g’_1)ap_1 = Aut®(Ryp).

Proof. By [BFT17, §3.1], if ¢ <0, then the variety X is the union of two G-orbits:
the divisor H,, = (r¢ = 0) ~ P! x P! and its open complement. And if ¢ > 0, then
X is the union of three G-orbits: the two divisors H,, = (zo = 0) ~ P! x P! and
H,, = (z1 =0) 2 P!xP! and the open complement of H,,UH,, in X. In both cases,
there is no invariant subspace of dimension < 1, so the only possible equivariant
links are of type IIT or IV and start with the contraction of a negative extremal
ray of N1(X), which gives respectively a divisorial contraction or a Mori fibration.
By Lemma 6.5.1(4), the cone of effective curves NE(X) is generated by ¢1, {5, and
l3 if ¢ <0 and by #5, £4, and /3 if ¢ > 0. Also, the contraction of ¢3 gives the Mori
fibration X — Fy. Moreover, Kx -¢1 = -c-2, Kx -l =b-2and Kx -{4 =c—-2
(Lemma 6.5.1(5)). Asb>1 and ¢ # 1, this shows that the only possible contractions
are those of ¢; when c € {0,-1} and ¢3 when b= 1.

(1): If (b,c) = (1,-1), there are exactly two contractions, (of ¢; and ¢2). These
are the two birational morphisms ¢, ¢': ]-'3’71 — Rq1 given in Proposition 6.3.3(2).

(2): If ¢=0 and b > 2, the only contraction is given by contracting ¢1; this gives
the type IV link of (2).

(3): When ¢ = -1 and b > 2, the unique link is the contraction of ¢, given by
90:.7:3’71 ~ fé’fb - Ro,-» = Rpp and that satisfies cpAut"(}"g’*l)cp’l = Aut®(Rpp)
(see Proposition 6.3.3). O

It remains to consider the equivariant links starting from F2¢ when a > 2.

Example 6.5.3. For each b > 2 we have a birational map

W - Fyb

(Yo :y1520:21:22] = [yo:y1sl:ze320: 21]

One checks, using toric coordinates, that it is the blow-up of the point p = [1 :
0;0:0:1] (with its reduced structure) followed by the flip of the strict transform
of the curve f € W, given by 2z = 23 = 0. As Aut°(W,) acts on P(1,1,2) by
Proposition 2.1.5, it fixes the singular point [0 : 0 : 1] and the fibre over it. The
point p is also fixed as it is a singular point of W (see § 5.1(7)). Hence, the
birational map is Aut®(W,)-equivariant.

Example 6.5.4. For each b > 2 we have a birational map
W - Vs
[vo:y;20:21:22] = [yoiyisl:22320: 21]

One checks, using toric coordinates, that it is the blow-up of the point ¢ = [0 :
1;0:0: 1] (with its reduced structure) followed by the flip of the strict transform
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of the curve f ¢ W, given by 2z = 21 = 0. As Aut°(W,) acts on P(1,1,2) by
Proposition 2.1.5, it fixes the singular point [0 : 0 : 1] and the fibre over it. The
point ¢ is also fixed as it is a singular point of W, (see § 5.1(7)). Hence, the
birational map is Aut®(W})-equivariant.

Proposition 6.5.5. Let X = F2¢ witha >2, b>0, and c € Z, and let G = Aut®°(X).

(1) If b=c=0, then there is a unique equivariant link starting from X, which is
the inverse of the one of Lemma 6.5.2(2), namely X = FO° = F, x P! = ]_-g,o.

(2) If b=1 and —a < ¢ <0, then the equivariant links from X are the following:

o the type 11 link FL¢ -» F2:c*2 described in [BFT17, Lemma 5.4.2];

o the type 111 link o2 FL¢ - Ra-c,-c defined in Proposition 6.3.3;

o if (a,c) = (2,-1), then there is an extra type III link n: X -> Wy defined as
the antiflip of the curve £1 followed by the contraction of the image of the invariant
divisor yo = 0 and such that n Aut®(X)n™t = Aut°(Ws), where Wy — P(1,1,2) is
the Mori P -fibration defined in § 5.1(7).

(3) If b > 2 and —a < ¢ < a(b—1), then the equivariant links from X are the
following:

o the type 11 links X = Fo¢ -» Forkerka ith k = 1 and c + ka > —a, described
in [BFT17, Lemma 5.4.2];

o if (a,¢) = (2,z1), then there is a type III link n: X -> W, defined as the
antiflip of the unique invariant extremal curve of X followed by the contraction of
the image of the invariant divisor yo =0 and such that n Aut®(X)n™t = Aut®(W),
where Wy, — P(1,1,2) is the Mori P!-fibration defined in § 5.1(7). The link is the
inverse of the one given in Example 6.5.3 if ¢ = =1 and of Example 6.5.4 if ¢ = 1.
Moreover, we have the following commutative diagram, for each b > 2:

ntifli ntifli
Fph e R Yy R
l div div i
F2\ W Fy
P(1,1,2)

Proof. By Proposition 6.4.4 there are no type I equivariant links starting from X
and if the small map X -» X' is not an isomorphism, then the link is of type III and
X = f;”c with ¢ = £1. Moreover, recall from Lemma 6.5.1 that NE(X) is generated
by 41, £5, and £3 if ¢ <0 resp. by #o, {4, and {3 if ¢ >0, and that Kx -¢; =a—-c—-2,
Kx - ly=b-2, Kx-l3=-2and Kx-{4 =a+c—2. The contraction of /3 corresponds
to the Mori fibration F¢ - F,. If b=c =0, then X ~ P! xF, ~ ]_-g,o and (1) follows
from the study of contractions made in Lemma 6.5.2(2). This yields (1).

Assume that b > 1 and —-a < ¢ < a(b—1). Type II equivariant links are those
given in Proposition 6.4.4(1) and described in [BFT17, Lemma 5.4.2]. Also, the
only negative extremal rays are Qsof3, corresponding to the structure morphism
X - F,, and Qsof2 when b = 1. The contraction of the class of ¢5 (when b = 1)
is the divisorial contraction ¢: f;’c — Ra-c,—c defined in Proposition 6.3.3. By
Proposition 6.4.4, it remains only to consider type III links where the small map is
not an isomorphism to have the complete list of equivariant links from X.

If the small map is not an isomorphism, then a = 2, ¢ = £1 and it must be
the antiflip of the unique extremal invariant curve of X (see Proposition 6.4.4(3)),
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namely ¢; if ¢ <0 or ¢4 if ¢ > 0, this gives a variety that we denote by Y. This
antiflip can easily be described using tools from toric geometry since X is a toric
variety (see e.g. [Mat02, § 14.2]); in particular, the image of the invariant divisor
H,, ~F; in X is an invariant divisor D ~ P? in Y. Then we can only contract
D, this yields the threefold X' = W, if ¢ =1 and X' = W1 if ¢ = -1, which is
equipped with a P!-fibration structure X’ — P(1,1,2). Denote by n: X -» X' the
birational map obtained by composing the small map x: X -» Y with the divisorial
contraction §:Y — X’. By Proposition 2.1.5 we have nAut®(X)n™ ' ¢ Aut®(X’).
On the other hand, the morphism Y — X" is the blow-up of a singular point (with
its reduced structure) in X', hence the Aut®(X')-action on X’ lifts to Y, and so
we have § Aut®(Y)é~! = Aut®(X’). Furthermore, x Aut®(X)x ™! = Aut®(Y), and so
it follows that n Aut®(X)n~' = Aut®(X’). This gives (2) and (3). O

Remark 6.5.6. Putting together Propositions 6.5.5 and 6.3.3(3) yields the following
commutative diagram of nested equivariant links, between five Mori fibrations,
given below by thick arrows :

div div
Y1,71 W2 Y2,1

Mfs
P(1,1,2,3)

flip flip {pt} D P(171,2) flip

Fie F» — £

div 174 %

Lemma 6.5.7. Letb>2 and let W, - P(1,1,2) be the Mori P*-fibration introduced
in § 5.1(7). Then W, is the union of five Aut®(W;)-orbits. There is one invariant
section D ~P(1,1,2) and one invariant fibre £, which is the union of three orbits:
two points g1 and gz2(=£n D) and their complement £\ ({q1} U {g2})-

Moreover, the only equivariant links starting from W, — P(1,1,2) are the two
type I links described in Examples 6.5.3 and 6.5.4 and, if b = 2, the type I11 link corre-
sponding to the divisorial contraction Wy — P(1,1,2,3) described in Lemma 6.3.4(2).

Proof. The orbits description follows from the description of the Aut®(F2¢)-action
on F2¢ in [BFT17, §3.1] and Proposition 6.5.5(3). Using tools from toric geometry
(see [Ful93] and [Mat02, Chapter 14]), we verify that

« it is not possible to contract nor antiflip ¢;

« blowing-up ¢ (torus-equivariantly, but not necessarily with its reduced struc-
ture) always gives a variety with non-terminal singularities;

« we can contract D if and only if b = 2 in which case we get P(1,1,2,3); and
that

« only the reduced blow-ups of g1 and ¢, give varieties with terminal singularities
(the varieties Y3, 1 and Y31 _1 of Proposition 6.5.5(3)).

The description of the equivariant links starting from W, follows from these obser-
vations. (]
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Remark 6.5.8. Umemura classifies in [Ume88] all smooth minimal rational three-
folds realising maximal connected algebraic subgroups of Bir(P?) and in class [J9]
(defined in the table of § 1.3) certain Euclidean models appear. These are obtained
from the P'-bundles .7-'2’0 via a sequence of blow-ups of G-invariant curves followed
by a divisorial contraction. These models are not Mori fibre spaces, but they can
be recovered from our classification (Theorem E). For instance, one can recover
the smooth Euclidean model £ obtained from ]—'; ! via toric elementary birational
maps (divisorial contractions and flips). In the following diagram the varieties X;’s

are smooth, while the Y;’s are singular.

<
div
Xl ~ flip
div /
FL1_ flip
3
F3 Ra1 =<
\ I

6.6. Umemura’s quadric fibrations over P'. In this subsection we study the
equivariant links between Umemura quadric fibrations. There are many equiva-
riant links between them, we will however prove that all of them are given by
Lemma 6.6.2.

Lemma 6.6.1. Assume that char(k) # 2. Let g € k[ug,u1] be a homogeneous
polynomial of degree 2n > 4 with at least three roots and let m: Q4 — P! be the
associated Umemura quadric fibration (Definition 4.4.2). The orbits of Qg for the
action of Aut®°(Qg) ~ PGLy are the following:

(1) Two orbits for each point p € P! that is not a root of g: the orbit T} =
7 (p) N Hy, ~ P, corresponding to the diagonal of 7= (p) ~ P! x P, and the orbit
7 (p) N Ty

(2) Three orbits for each point p € P! that is a root of g: the fized point q € =1 (p),
given by xo = 11 = 19 = 0 (the singular point of the quadric cone 7~ (p)), the curve
Iy =n"p)nHyy ~ P, and the orbit 7 (p) ~ (Tpu{q}).

Proof. By Corollary 4.4.7, the group G = Aut®’(X), is equal to PGLs, via the
action given in Lemma 4.4.4(2). The action on P! being trivial, every fibre 771(p)
is invariant, for each p = [ug : u1] € P'. The equation of the fibre is x% -T2 =
g(ug,u;)r3 in P? and is thus isomorphic to P! x P! if g(p) # 0 and to a quadric cone
if g(p) = 0. In both cases, the action of PGLy preserves the conic I', = 77 (p) n H,,,
isomorphic to P!, and acts on it via the standard action of PGLy on P!, so I'yis an
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orbit. As I, is a conic, it corresponds to the diagonal in P* x P! when g(p) # 0, so
the action is diagonal and the orbits in the fibre are I', and its complement. This
achieves (1). If g(p) = 0, the fibre is a quadric cone, so the vertex ¢ of the cone is
fixed. It remains to observe that the action on 7~ (p) \ (T, u{g}) is transitive (can
be checked explicitly with the formula of Lemma 4.4.4). This proves (2). O

Lemma 6.6.2. Assume that char(k) # 2. Let g,h € k[ug,u1] be homogeneous
polynomials of degree 2n > 4 and 1 respectively and such that g is not a square. Let
p e P! be the zero of h. The birational map

CE o > Qgn2

[o:21:@a:x3;up:ur] +—  [hao:hxy:hey:xs;ug:ug]

is a Sarkisov link of type 11, which decomposes as

W<—"=W
div div
P
Qg 777777777777 > Qgh2
| |
id

where W — Q is the blow-up of the curve T’ € 771 (p) given by x3 =0 and W' — Q2
is the blow-up of the point q € m~1(p) given by xo = x1 = x5 = 0, singular point of
Qgn2. Moreover, Pt Aut®(Qgp2)9 € Aut®(Qy), which is an equality if and only if
either g has more than two roots or gh® has two roots.

Proof. The birational map 1 contracts 7~ *(p) onto the point ¢. Its inverse is given
by [wo: 21t @9 T35ug 1 ur] = [To 21 : @2 hws;ug : uy ] and contracts 7'~ (p) onto
the curve I'. One then locally checks that the map simply decomposes in the above
equivariant link. By Corollary 4.4.7, both Aut®(Q,) and Aut®(Q,2) contain the
group PGLs given in Lemma 4.4.4(2), and are equal to it if and only if g and gh?
have respectively more than two roots.

The explicit description of ¥ and of the PGLy-action given in Lemma 4.4.4(2)
imply that 1 is PGLo-equivariant. If gh? has more than two roots, we have
Aut®(Qyp2) = PGLo, so ¢ Aut®(Q,p2)¢' € Aut®(Q,), with an equality if and
only if g has more than two roots. If gh? has less than three roots, it has exactly two
roots, as it is not a square, and the same holds for g. We may thus assume, up to a
change of coordinates of P!, that g = ugu}{ for some odd a, b > 1, that h = ug, and thus
that gh? = ul*?u}. Corollary 4.4.7 implies that both Aut®(Q,) and Aut®(Q,2) are
then equal to the group PGLy xG,,, and so ¢™" Aut®(Qgp2 )¢ = Aut®(Qy); this can
be checked with the explicit description provided by Example 4.4.6 or since both
groups leaves invariant the centres of the blow-ups W - Qg and W' —» Q2. 0O

We will apply to the quadric fibrations Q4 the next lemma, which applies to
compound du Val singularities of type Ay (or cAy); these are by definition locally
analytically isomorphic to {(x,y,z,t) € A} | 2% —yz —t™ = 0} for some m > 2. This
makes sense over C, but also over any algebraically closed field of characteristic zero,
as the variety is defined by finitely many equations and we can then work over a
subfield that embeds into C. In the case of the quadric bundles Q,, we moreover
have an equation of the form 2% -yz—t™s(t) = 0 in Zariski local coordinates, where
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s(t) is a polynomial verifying s(0) # 0 (Lemma 4.4.3(1)). As explained in [Kol13,
§1.42], a cA; singularity is terminal.

Lemma 6.6.3. Assume that char(k) =0. Let X be a Q-factorial terminal variety,
let G = Aut®(X), and let :W — X be a G-equivariant extremal divisorial contrac-
tion that contracts the exceptional divisor E to a point q, which is either smooth
or cA1. Then there exists a finite sequence of G-equivariant blow-ups of reduced
centres h := hjo--ohny: Xy - Xn_o1 = - > X7 = Xg = X and a commutative
diagram

XN ***** =W

such that the strict transform Ex = (¢7')«(E) is exceptional for hy and such
that for any 1 < i < N the centre of the blow-up h; is contained in the divisor
FE;_1 contracted by h;—1 but not contained in the strict transform of another divisor
exceptional for hyo---oh;_q.

Proof. The sequence of birational morphisms hy,...,hx is described in [Kaw01,
Construction 3.1] for the smooth case and in [Kaw02, Construction 4.1] for the cA;-
singularity. We will show that each h;: X; — X,;_1 is G-equivariant. The (X, h;)
are defined inductively as follows:

e Xo=X and Zy = {q};

o the morphism h;: X; - X;_1 is the blow up of X;_; along Z;_; followed by a
G-equivariant resolution;

« the centre Z; is defined as the centre of E in X; (the image of F in X; under
the rational map (hy o -+ o h;)™! on) with reduced structure, and E; is the only
h;-exceptional prime divisor on X; containing Z; (the unicity is explained below);

» the process terminates when Zny = Ey.

Moreover, the process always terminates as explained in [Kaw01, Remark 3.2]. To
show the last part of the lemma and the unicity of F; in the construction, assume
that Z;.1 € Ei(Hl) N FE;,1 for some i, where Ei(Hl) is the strict transform of FE; in
Xi+1. This means that Ox (-2E) = m,, which is impossible, as explained in [Kaw(01,
Section 5.1] and [Kaw02, Corollary 4.11(1)]. O

Proposition 6.6.4. Assume that char(k) = 0. Let g € k[ug,u1] be a homogeneous
polynomial of degree 2n > 4, let X = Qg be the associated Umemura quadric fi-
bration (Definition 4.4.2), and let :W — X be an Aut®(X)-equivariant divisorial
contraction from a terminal Q-factorial variety W that contracts a divisor E ¢ W
onto a smooth or cA;y point g € X, and let us write Ky =n*(Kx ) +aE where a € Q
is the discrepancy of n. Then, the following are equivalent:

(1) a<?2;

(2) a=1;

(3) q is a singular point of X and n is the simple blow-up of q¢ (blow-up with the
reduced structure).

Proof. Let us write G = Aut®(X), which is isomorphic to PGLg, via the action
given in Lemma 4.4.4(2) (Theorem D). We apply Lemma 6.6.3 and obtain a finite
sequence of G-equivariant blow-ups of reduced centres h := hy oo hy: Xy —
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Xn-1 == X5 - Xy =X and a commutative diagram

such that the strict transform F := Ey € Xy of F is exceptional for hy. Moreover,
by construction (see Lemma 6.6.3), for any 1 < ¢ < N the centre of the blow-up
h; is not supported in the intersection of two divisors that are exceptional for
hio--ohi 1. As the fibre F' = 771 (p) is invariant by G, its strict transform F; ¢ X;
is also invariant by G, for each i. Also, the exceptional divisor E; € X is invariant,
as well as its strict transform EZ-(j) € X; for each j > 1.

Writing Kx,, = h*(KX)Jer\:fl oziEi(N) where aq,...,ay € Qand Ky =n*(Kx)+
aFE where a € Q, we then obtain a = ay. This can for instance be seen by taking a
resolution of g and comparing the coefficients of E = Eiy and E in the ramification
formula on both sides.

We can write Kx, = (h1)*(Kx) + a1 E1. Moreover, as the centre of the blow-up
h; is contained in the divisor E;_; for each i > 1, we get oy < as < ...<ay. If ¢ is
smooth, then oy = 2, so ay > 2 in which case none of the three conditions (1)-(2)-(3)
is satisfied. If g is singular, the singularity is Zariski-locally given by x? —yz—t"p(t)
for some m > 2 and some polynomial p(¢) with p(0) # 0 (Lemma 4.4.3(1)). Hence,
computing the simple blow-up in charts, we obtain «; = 1. If N =1, then all three
conditions (1)-(2)-(3) are satisfied. It remains to assume that N > 2 and to prove
that ao = 2, which will imply that a3 > 2 and thus that none of the three conditions
(1)-(2)-(3) is satisfied.

The exceptional divisor Ej is isomorphic to the cone P(1,1,2) if m > 2 and its
singular point corresponds to a singular point of the variety X; locally analytically
defined by x3 — x129 —t™ 2 = 0. If m = 2, the exceptional divisor is isomorphic to
P! x P! and X is smooth. Moreover, E; intersects the strict transform of the fibre
(isomorphic to Fs) in a smooth curve. The second blow-up hy being G-equivariant,
there are two possibilities:

a) hg is the blow-up of the curve C; := By n FM ip Xiq; or
b) hso is the blow up if the singular point of X;.

In both cases, the discrepancy of hs is equal to 1 so ag = 2. ([l

Proposition 6.6.5. Assume that char(k) = 0. Let g € k[ug,u1] be a homogeneous
polynomial of degree 2n > 2 that is not a square, let X = Qg be the associated
Umemura quadric bundle (Definition 4.4.2), and let G = Aut®(X).

(1) If g has only two roots, then G = PGLg xG,,, is conjugated to a strict subgroup
of Aut®°(Q), where Q < P* is a smooth quadric hypersurface.

(2) If g has at least three roots, then G = PGLy and the only G-equivariant links
starting from Qg are those described in Lemma 6.6.2 and their inverses.

Proof. If g has only two roots, we may assume that g = ugu® for some odd inte-
gers a,b > 1. By Corollary 4.4.7, G is equal to the group PGLs xG,,, given by
Example 4.4.6. Writing a =2r + 1 and b = 2s + 1, the birational map

'Q[}: Qg g Quoul

[o:21i@e:xs;upur] —  [@o:x1:xa:xgudui;ug:ug]
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is PGLg xGy,-equivariant (follows from the explicit description of the PGLg xGy;,-
action given in Example 4.4.6). We then use the Aut®(Q,,., )-equivariant link
Quou, — @ of type III given in Example 4.4.6 to obtain (1).

We now assume that g has at least three distinct roots. By Corollary 4.4.7, G is
equal to to the group PGLs given in Lemma 4.4.4(2), which preserves every fibre
of @, -~ P'. We now consider a G-equivariant link x: Q, -» X'.

We first show that x is not of type III or IV. Assuming the converse by contra-
diction, we obtain respectively that Y’ or Z is a point (because Y = P! has Picard
rank 1). Hence, the link is given by applying an MMP on Q, and starts by con-
tracting the two distinct extremal rays of Pic(Qg) (see Remark 2.2.5). These two
extremal rays are the fibre f of Q, - P! and the curve h given by z¢ =21 =23 =0
(Lemma 4.4.3(2)). The curve h satisfies Ko, -h =n -2 > 0 (Lemma 4.4.3(3)).
We then cannot do a link of type IIT or IV with a pseudo-isomorphism being an
isomorphism. The divisor H ¢ @, isomorphic to P! x P! and given by z3 = 0, is
covered by curves equivalent to h, so it is also not possible for the link to start with
a non-trivial pseudo-isomorphism.

We then only have to consider the case where the G-equivariant link y is of type
I or II. The divisorial contraction n:W — X is then G-equivariant. The centre
of 1 is contained in a fibre F' of Q, — Pl. We recall that the fibres of Q4 — P!
are quadrics in P (Definition 4.4.2). We now distinguish two cases, depending on
whether F' is smooth or not.

If the fibre F is smooth, then F ~ P! x P!, with G acting with two orbits (the
diagonal and its complement, see Lemma 6.6.1(1)). Hence, 1 is the blow-up of
the only invariant curve (with reduced structure, see Lemma 2.2.8). We can then
contract the strict transform of a fibre and obtain a G-equivariant link Qg -» Qgp2
as in Lemma 6.6.2. There is no other possibilities of equivariant link starting from
1 (Remark 2.2.5).

If the fibre F' is singular, then F' is isomorphic to a quadric cone, with an action
whose orbits are the singular point g € F' of F, the curve I' = F n H,, ~ P! and
F~({q}uTl) (Lemma 6.6.1(2)). Hence, the centre of ) is either I" or ¢. In the case
where the centre is I', we similarly obtain that x is a G-equivariant link Qg -» Qg2
as in Lemma 6.6.2. If the centre is ¢, we write the ramification formula

KW IU*KX +aE,

where E is the exceptional divisor of . We then denote by F(") and Lpwy the
strict transforms on W of the fibre F' and of the ruling ¢ of F. As E intersects
Lpowy, we have E - {powy > 0. We then prove that E-€pw) > 1. This is because the
union of curves equivalent to ¢pw) covers the divisor F W) and as FW) and E
are Q-Cartier divisors, they intersect into a curve (by the Krull’s Hauptidealsatz).
Hence E and {pw) intersect into a smooth point of Y, which gives E - {pw) > 1.
Moreover, the class of £y in NE(W/P!) is extremal, since all curves contracted
by 7 are numerically equivalent to a positive combination of {pw) and £g, where
lg is a curve on E. Since £ w) spans a divisor, it can be contracted if and only if
KW ~€F(W) < 0. So:

O>KW'£F(W) I(f*KX+(lE)'£F(W) :KX~€p+a2a—2,

which is negative if and only if a < 1. Proposition 6.6.4 implies that 7 is the
simple blow up of a cA; point. Thus x is a G-equivariant link Qg2 -» Qg4 as in
Lemma 6.6.2. (]
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6.7. Proofs of Theorem E, Theorem F, and Corollary G. In this subsection
we combine the results obtained in § § 5-6 to prove Theorem E, Theorem F, and
Corollary G.

Proof of Theorem E: We first take a rational projective threefold X and prove the
existence of an Aut® (X )-equivariant birational map X -> X, where X is one of the
Mori fibre spaces listed in Theorem E. Applying Theorem 5.1.3, we may assume
that X belongs to one of the three cases (1)-(2)-(3) of Theorem 5.1.3.

Case (3) of Theorem 5.1.3: it corresponds to Cases (i)-(j)-(k)-(1)-(m) of The-
orem E.

Case (2) of Theorem 5.1.3: we prove that we can reduce to Cases (g)-(h) of
Theorem E. Indeed, every P2-bundle over P! is isomorphic to X = Rom,n with
m >n >0. We can then exclude the cases (m,n) = (1,0) and 2n >m >n > 1 by
applying Lemma 5.3.2. In the case of a smooth quadric fibration Q, — P!, the
polynomial g is a square-free homogeneous polynomial of degree 2n > 2. We apply
Proposition 6.6.5 to remove the case where g has exactly two roots (i.e. when n = 1),
and may thus assume that n > 2, so g has at least four roots, all with multiplicity
1. In particular, Q4 belongs to the Family (/) of Theorem E, as it has at least four
roots of odd multiplicity.

Case (1) of Theorem 5.1.3: we prove that we can reduce to Cases (a)—(e) of
Theorem E. In each case listed in Theorem 5.1.2, we can exclude certain numerical
values using the series of lemmas proven in § 5.3.

In Case (a), Theorem 5.1.2 gives the P!-bundle F>¢ — F, with a,b >0, a # 1,
ceZ,c<0if b=0, and either a =0 or b=c =0, or —a < ¢ < ab. We then apply
Lemma 5.3.4 to remove F2¢ in the following cases:

(1)b=0and —a<ec<0; (2)b=0andc20; and (3)b>2and ab—a<c<ab.

In Case (b), we apply Lemma 5.3.5 to remove P; and notice that Py = P? x P! =
Ro,0 is contained in Case (g).

In Case (c¢), Theorem 5.1.2 gives US’C with a,b > 1,¢ > 2 and where ¢ — ab < 2 if
a>2and c—ab<1if a=1. We apply Lemma 5.3.6 to remove Z/{s’c in the following
cases:

(1)a=landb=c>2 and (2)a>2,b>1and c=2+a(b-1).

In Case (d), Theorem 5.1.2 gives S, with b > 1, and S is removed by Lem-
ma 5.3.10.

In Case (e), Theorem 5.1.2 gives V), with b > 2, and Vs is removed by Corol-
lary 5.3.7. OO

Proof of Theorem F: Let X; be a Mori fibre space belonging to one of the families
(a)—(1) of Theorem E. If p: X7 -> X5 is an Aut®(X)-equivariant birational map,
where X, is some other Mori fibre space, then according to Theorem 2.2.6 the
map ¢ factorises into a product of equivariant Sarkisov links. It remains then to
prove that each possible equivariant Sarkisov link y: X; -» X7, where X; belongs
to one of the Families (a)—(1) is, up to isomorphisms of Mori fibrations, one of the
sixteen Cases (S1)—(516) of Theorem F (or its inverse) and that y Aut®(X;)x ™! =
Aut®(X7), which corresponds to say that x~! is also equivariant. This has been
done in § 6 and implies in particular that X] belongs also to the list. Note that
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the fact that y ™! is equivariant follows from Proposition 2.1.5 if x~! is a morphism
(and is even trivial if y is an isomorphism), so we only prove it when x ™! is not a
morphism. Let us now go into details for the ten cases (a)—(1):

(a): here X = F2¢ with a,b>0, a # 1, ce Z, and

(a,b,¢) =(0,1,-1) or a=0,c#1,b0>2,b>|clor —a<c<a(b-1)orb=c=0.

If (a,b,¢) = (0,0,0) then X; = P! x P! x P! and by Proposition 6.1.2 the only
equivariant links are the exchanges of factors given by (S1).

If (a,b,¢) = (0,1,-1), Lemma 6.5.2 implies that there are exactly two equiva-
riant links starting from X; = .7-'01’_17 namely the equivariant links ¢, ¢": X1 - R 1
of Proposition 6.3.3(2). Both are given by (S7) (up to isomorphisms of Mori fibra-
tions), and their inverses are equivariant by Proposition 6.3.3.

Ifa=0andc#1,b>2,b>|c, the equivariant links starting from X are also given
by Lemma 6.5.2. If ¢ =0 and b > 2, there is a unique equivariant link starting from
X, which is F2° 5 Fy x P! 5 FO, given by (S4) (Lemma 6.5.2(2)). If ¢ = -1
and b > 2, the unique equivariant link starting from X, is .7-'3’71 ~ .7-'&’4’ - Rop.p,
given by (S7) (Lemma 6.5.2(3)). Its inverse is equivariant by Proposition 6.3.3.

If —a < c<a(b-1), the equivariant links starting from X; are given by Propo-
sition 6.5.5. If b = 1 and —a < ¢ < 0, then by Proposition 6.5.5(2) the equivariant
links starting from X; are the link F1:¢ -» F2:¢*% given by (S11), whose inverse is
equivariant by Lemma 5.2.1(1), the link F}¢ - R,_. _. given in (S7) (we have here
n=-c>1and m=a-c>2n >2), whose inverse is equivariant by Proposition 6.3.3,
and the link .7-“21’71 -> Wy which is the inverse of the link given by (514), and whose
inverse is equivariant by Proposition 6.5.5(2). If b > 2 and —a < ¢ < a(b—1), then
by Proposition 6.5.5(3) the equivariant links starting from X are the link given by
(S11) and its inverse,which are both equivariant by Lemma 5.2.1(1), and the links
}"3’1 -> Wj and }'3’71 -> Wh1, whose inverses are given by (515) and (514) respec-
tively. In this last case, the fact that the links and their inverses are equivariant
follows from Proposition 6.5.5(3).

If (b,¢) = (0,0) and a > 2, then Proposition 6.5.5(1) implies that the only equi-
variant link starting from X3 is X3 = ]—"g’o = F, xP! = ]—"g’o, which is the inverse
of the link given by (54).

(b): here X; = Py, with b > 2, is a decomposable P!-bundle over P2. Proposi-
tion 6.2.1 there is an equivariant link starting from X; if and only if b = 2 in which
case it is the link ¢: Py - P(1,1,1,2) given by (S56). Moreover, Proposition 6.2.1
also gives ¢ Aut®(Py)p~! = Aut®(P(1,1,1,2)).

(c): here X; = U<, for some a,b > 1,c > 2 with either c<bifa=1orc-2<ab
and ¢c-2 # a(b-1) if a > 2, is an Umemura P*-bundle over F,. The equivariant links
starting from X are given in Proposition 6.4.5; these are the links given by (512)
and their inverses, together with the link Llf 25, given by (513). Moreover, by
Proposition 6.4.5 the inverses of all these links are equivariant.

(d): here X; = S, with b =1 or b > 3, is a Schwarzenberger P!-bundle over
P2. If b =1, then X; is the projectivisation of the tangent bundle of P? and so by
Proposition 6.1.2(5) the only equivariant link starting from X is S; /P> = S1/P?
given by (S53) and its inverse. If b > 3, then Proposition 6.2.2 implies that the only
equivariant link starting from X is the birational involution Sy, -» S, given by (S5),
which conjugates Aut®(Sp) to itself.
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(e): here V,, with b > 3, is a P!-bundle over P2. By Proposition 6.4.5(2) the only
equivariant link starting from X; is the birational map V), -» Z/lf 2 whose inverse is
the blow-up morphism Z/lf’Q -V given by (513).

(f): here X; = W, with b > 2, is a singular P!-fibration over P(1,1,2). By
Lemma 6.5.7 the only equivariant links starting from X; are the links W, -» ]—'3’1
given by (S15) and W, -» .7-'5_1’_1 given by (S14), whose inverses are equivariant
by Proposition 6.5.5(3), together with the link Wy — P(1,1,2,3) given by (510),
whose inverse is equivariant by Lemma 6.3.4.

(g): here Xy = Ry pn, where m =n >0 or m > 2n >0 and (m,n) # (1,0), is a
decomposable P2-bundle over P!. If m > 2 and n = 0, then by Lemma 6.3.2 there
are no equivariant links starting from X;. If m = n = 1, then by Proposition 6.3.3(2)
there are two equivariant links starting from X; which are R; ; -» .7-'&‘1 given by
(S7) and Ry1 -> R1,1 given by (S8). The inverses are equivariant: the inverse
of the first one is a morphism and the second one is an involution. If (m,n) =
(3,1), then by Proposition 6.3.3(3) there are two equivariant links starting from
X1 which are Rg; -» .7-'21’_1 given by (S7) and R3 1 -» P(1,1,2,3) given by (59);
their inverses are equivariant by Proposition 6.3.3. If m =n>2 or m > 2n > 2 (but
(m,n) # (3,1)), then by Proposition 6.3.3(1) the only equivariant link starting
from X, is Ropn > Fiaiw given by (S7). Again, the inverses of these links are
equivariant by Proposition 6.3.3. Finally, if m =n =0, then R, , P2 x P! and by
Proposition 6.1.2(4) the only equivariant link starting from X; is P! x P?/P! —
P! x P?/P? given by (52).

(h): here X; is an Umemura quadric fibration Q,4, where g € k[ug,u1] is homo-
geneous of even degree with at least four roots of odd multiplicity. By Proposi-
tion 6.6.5(2) the only equivariant links starting from Qg are the links Qg -» Qg2
and Qg -» Qgp2, which are either given by (S16) or whose inverse is given by
(516). As g is homogeneous of even degree with at least four roots of odd multi-
plicity, the same holds for gh? or g/h%. The equivariance of these links is given by
Lemma 6.6.2.

(1)-(j): These cases is studied in Proposition 6.1.2.

(k): here Xy = P(1,1,1,2) and by Proposition 6.2.1 the only equivariant link
starting from X is the blow-up Py - P(1,1,1,2) given by (.56).

(1): here X; =P(1,1,2,3) and by Lemma 6.3.4 there are only two equivariant
links starting from X7, namely P(1,1,2,3) ->» R31 given by (59) and P(1,1,2,3) -»
W, given by (S10). Moreover, the inverse of these two links are equivariant by
Lemma 6.3.4. O

Proof of Corollary G: Theorem 2.4.4 and Theorem E imply the following assertion:

For each connected algebraic subgroup G of Bir(IPS), there exists
(*) a birational map ¢: X -> P* such that oGy € Aut®(X) and such
that X belongs to one of the Families (a)-(m) of Theorem E.

It remains to prove the following two assertions:

(i) In (*), we can always assume o Aut®(X)¢ ™' to be a maximal connected
algebraic subgroup of Bir(IP?); and

(i1) ¥ Aut®(Y)y™! is a maximal connected algebraic subgroup of Bir(P?) for
each Y that belongs to one of the Families (a)-(I) and each birational map ¢:Y -»
P3.
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We first prove (ii) and then prove (i). To simplify the notation, we only say “is
maximal” for “is a maximal connected algebraic subgroup of Bir(IP%)”.

(#1): If the connected algebraic subgroup ¢ Aut®(Y)y™' ¢ Bir(P?) were not
maximal, it would be strictly contained in a connected algebraic subgroup G ¢
Bir(P?). Applying (*), we would obtain a birational map x:Y -» Z, where Z
belongs to one of the Families (a)-(m), and such that s Aut®(Y)x™! ¢ Aut®(Z),
contradicting Theorem F.

(i): If X belongs to one of the Families (a)-(1), then ¢ Aut®(X)p™! is maxi-
mal by (ii). We may thus assume that X belongs to family (m) and is thus a
rational Q-factorial Fano threefold of Picard rank 1 with terminal singularities.
If o Aut®(X)p~! is not maximal, it is strictly contained in a connected algebraic
subgroup G c Bir(P3). Applying (%), we find a birational map ¢;: X; -» P3
such that go’lGlcpl ¢ Aut®°(X;) and such that X; belongs to one of the Families
(a)-(m) of Theorem E. Again, if X; belongs to the one of the Families (a)-(1),
then o Aut®(X1)p7! is maximal, so we may assume that X; again belongs to
family (m), and continue this process. We obtain either the result or an infinite
sequence G' ¢ G; ¢ Gy ¢ G3 & -~ where each G; is equal to ; Aut®(X;)p;!, and
X, a rational Q-factorial Fano threefold of Picard rank 1 with terminal singular-
ities and ¢;: X; -> P? is birational. We now explain why this is impossible, by
using that the set S of Q-factorial Fano threefolds with terminal singularities is
parametrised by a bounded family. This is a simple case of the BAB conjecture,
proven already by [KMMTO00, Theorem 1.2] (see also [Bir21] for the more gen-
eral case). As a consequence, there is an integer r > 1 such that —-rKx is Cartier
for each X € & ([KMMTO00, Theorem 1.2(1)] gives the explicit bound r = 24!).
Then [Kol93, Theorem 1.1] gives the existence of an integer m such that |-mKx|
is base-point free for each X € S. Applying [Kol93, Lemma 1.2], we can choose
m bigger if needed and assume that -mKx is very ample for each X € S. The
elements of S being isomorphic to the fibres of a morphism, there exists d > 1
such that for each X € S, the linear system |-mKz| provides a closed embedding
pz: 7 o Ph°(mEz)-1 with h%(-mKz) < d. This gives an embedding of Aut®(X)
into PGL(h°(-mKz)) and implies that there is an integer D > 1, not depending
on Z, such that dim(Aut®°(X)) < D. Therefore we cannot have the above infinite
sequence. [
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