N

N

Partially hyperbolic diffeomorphisms and Lagrangean
contact structures
Martin Mion-Mouton

» To cite this version:

Martin Mion-Mouton. Partially hyperbolic diffeomorphisms and Lagrangean contact structures. 2020.
hal-02489310v2

HAL Id: hal-02489310
https://hal.science/hal-02489310v2

Preprint submitted on 26 Feb 2020 (v2), last revised 4 Jan 2021 (v4)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02489310v2
https://hal.archives-ouvertes.fr

Partially hyperbolic diffeomorphisms and Lagrangean contact
structures

Martin Mion-Mouton

February 26, 2020

Abstract

In this paper, we classify the three-dimensional contact partially hyperbolic diffeo-
morphisms whose stable, unstable and central distributions are smooth, and whose non-
wandering set equals the whole manifold. We prove that up to a finite quotient or a finite
power, they are smoothly conjugated either to a time-map of an algebraic contact-Anosov
flow, or to an affine partially hyperbolic automorphism of a nil-Heis(3)-manifold. The rigid
geometric structure induced by the three dynamical distributions plays a fundamental role
in the proof.

1 Introduction

In a lot of natural situations, a differentiable dynamical system on a smooth manifold preserves
a geometric structure on the tangent bundle coming from invariant distributions. For instance,
if it preserves a borelian measure, then Oseledet’s theorem provides an almost-everywhere
defined splitting of the tangent bundle, given by the rates of expansion or contraction of the
tangent vectors by the differentials of the dynamic.

Although invariant geometric structures naturally arise, they are in general highly non-
regular (Oseledet’s decomposition is for instance only measurable), and this lack of regularity
allows a lot of flexibility of the dynamic: former examples can be deformed in order to produce
a lot of new ones. In contrast, the smoothness of the dynamical distributions puts a strong
restriction on the system, and the known examples with C* distributions are in general “very
symmetric”: typically, they arise from compact quotients of Lie groups, with action by affine
automorphisms.

It is thus natural to ask to what extent the geometric structure preserved by the dynamic
makes the situation rigid, and especially why.

Let us give a paradigmatic example of rigidity with the following result of Etienne Ghys
concerning three-dimensional Anosov flows (the statement proved by Ghys in [Ghy87] is more
precise than the one given below).

Theorem 1.1 ([Ghy87]). Let (') be an Anosov flow of a three-dimensional closed connected
manifold. If the stable and unstable distributions of (p!) are C*®, then up to a finite covering:

— either (¢!) is smoothly conjugated to the suspension flow of a hyperbolic automorphism
of the two-torus,

— or (') is smoothly orbitally equivalent to the geodesic flow of a compact hyperbolic surface.

We recall that a smooth non-singular flow (¢!) of a compact manifold M is Anosov if Dt
preserves two distributions E* and E" (respectively called the stable and unstable distribution)
satisfying TM = E* ® E° @ E*, where EY denotes the direction of the flow, and such that:



— E% is uniformly contracted by ¢!, i.e. there are constants C' > 0 and 0 < A < 1 such that
for some Riemannian metric on M, we have for any € M and t € R*: | Dyt |ps|| < CN

— and E% is uniformly expanded by ¢!, i.e. uniformly contracted by ¢ .

Under the smoothness assumption of £ and E*, Ghys notices that the smooth plane dis-
tribution E* @ E* can only have two extreme geometrical behaviours: either it integrates into
a foliation, or it is a contact distribution (i.e. it is locally the kernel of a contact one-form).
In the first case, former results of Plante and Franks conclude the proof. The work of Ghys in
[Ghy87] is therefore entirely devoted to three-dimensional contact-Anosov flows, i.e. when E*
and E" are smooth, and E*@ E" is contact. Under this assumption, the Anosov flow preserves
a rigid geometric structure that makes the classification possible.

Roughly speaking, a rigid geometric structure is a structure with “few automorphisms”.
More precisely, they are those smooth geometric structures whose Lie algebra of local Killing
fields (vector fields whose flow preserves the structure) is everywhere finite-dimensional.

As d’Ambra and Gromov pointed out in [GD91], it is natural to believe that rigid geometric
structures preserved by rich dynamical systems have to be particularly special: “one does not
expect rigid geometry to be accompanied by rich dynamics” ([GD91, §0.3 p.21]), and it seems
thus reasonable to look for classification results in these situations. The general idea is that rich
dynamical properties will imply strong restrictions on the rigid geometric structure, inducing
in return a rigidity of the dynamical system itself.

Several rigid geometric structures can be preserved by a contact-Anosov flow (¢'). First of
all, (¢!) always preserves a contact one-form «, and the induced volume form a A da is thus
also preserved, i.e. the contact-Anosov flows are conservative. For contact-Anosov flows of
any odd dimension, (¢!) moreover preserves a natural linear connection on the tangent bundle,
initially defined by Kanai in [Kan88]. The invariant Kanai connection allowed for example
Benoist, Foulon and Labourie to obtain a classification result for contact-Anosov flows of any
odd dimension in [BFL92].

While these invariant rigid geometric structures require the existence of a one-parameter
flow of diffeomorphisms, this paper investigates rigid geometric structures preserved by the
discrete-time analogs of contact-Anosov flows that are the contact partially hyperbolic diffeo-
morphisms.

1.1 Three-dimensional contact partially hyperbolic diffeomorphisms

Let us recall the definition of a partially hyperbolic diffeomorphism.

Definition 1.2. A diffeomorphism f of a compact manifold M is partially hyperbolic if it
preserves a splitting TM = E*® E"® E° of the tangent bundle into three non-trivial continuous
distributions, satisfying the following conditions with respect to some Riemannian metric on

M:

— the stable distribution E*® is uniformly contracted by f, i.e. for any x € M and any unit
vector v* € E*(x), ||[Dgaf(v®)| < 1;

— the unstable distribution E" is uniformly expanded by f, i.e. uniformly contracted by
A

— the splitting is dominated, i.e. for any z € M, and any unit vectors v® € E*(x), v¢ €
E¢(z), and v* € E%(x), ||[Dyf(v*)]] < |[Dzf(v)| < [|Dzf(v*)| (E€ is called the central
distribution).



We refer to [CP15] for a very complete introduction to partially hyperbolic diffeomorphisms.
A lot of progress has been made in the recent years concerning their classification in dimension
three (see for example the survey [HP18]). Let us quote the recent work of Bonatti and Zhang
in [BZ19], who obtain rigidity results for partially hyperbolic diffecomorphisms in the continuous
category under specific dynamical conditions.

In this paper, we investigate the particular case when the three distributions E£¢, E*, and
E° are smooth. Carrasco, Pujals and Rodriguez-Hertz obtain in [CPRH19| a classification
result under this smoothness assumption, assuming moreover that the differential of the dif-
feomorphism is constant when read in the global frame given by three smooth vector fields
generating these distributions. The geometric structure (E*, E%, E€) defined by such a par-
tially hyperbolic diffeomorphism is in general not rigid, and their result is obtained through
dynamical arguments.

We will not be interested in this paper in additional assumptions on the partially hyperbolic
diffeomorphism, but in geometrical conditions, beside the smoothness of £*, E* and E°. The
generic case for the plane distribution £* @ E" is to be contact on a non-empty open subset
of the manifold, and we assume in this paper that E® @& E" is everywhere contact. The
partially hyperbolic diffeomorphisms satisfying these assumptions are the discrete-time analogs
of contact-Anosov flows, and will be called contact partially hyperbolic diffeomorphisms. Let
us recall two well-known families of examples, easily described in an algebraic way.

1.1.1 Three-dimensional algebraic contact-Anosov flows

These first examples are the deformations of geodesic flows of hyperbolic surfaces appearing in
[Ghy87] (see Theorem 1.1).

With H = (3 %) € sly and o' = exp(tH) € SLy(R), we denote by A = {a'};cg the
one-parameter subgroup of the universal cover éig(]R) of SLa(R) generated by H. For any
cocompact lattice I'y of Sig(R), the right hyperbolic flow (R,:) on the left compact quotient
I‘O\éig(R) is a finite covering of the geodesic flow of a compact hyperbolic surface (up to a
constant rescaling of the time by a factor %), and is thus Anosov. 3

Following the terminology of Salein in [Sal99], we will say that a morphism u: 'y — A is
admissible if the graph-group T' := gr(u,Tg) = {(7,u(y)) | v € To} acts freely, properly and
cocompactly on SAIZQ(R) by the action (g,a) - * = gra. We can then look at the action of the
right hyperbolic flow (R,:) on the new quotient T'\SLy(R), defined by Ry (T - z) = T - (zat).
This flow is still Anosov (see for example [Zeg96, Prop. 4.2 p.868| and [Man77, Theorem A]),
and we will call these flows the three-dimensional algebraic contact-Anosov flows.

We will be interested in the sequel with the contact partially hyperbolic diffeomorphisms
given by any non-zero time-map of these flows.

1.1.2 Partially hyperbolic affine automorphisms of nil-Heis(3)-manifolds

For (A, 1) € R*2, let us introduce the following automorphism of the Heisenberg group:

1 = =z 1 A Apz
oap: |0 1 y| €eHeis(3) = [0 1 puy | € Heis(3).
0 01 0 0 1

Let ' be a cocompact lattice of Heis(3), g € Heis(3) and (\, u) € R*%. If gpy ,(T)g~! =T,
then the affine automorphism Lg o ¢ ,, of Heis(3) induces a diffeomorphism of the nil-Heis(3)-
manifold I'\Heis(3), defined by Ly o ) ,(I'z) = I'(gpxu(x)). If we moreover assume that
either |A\| < 1 and |u| > 1, or the opposite, then L, o ¢y , is a contact partially hyperbolic
diffeomorphism of I'\Heis(3), that we will call a partially hyperbolic affine automorphism.



1.2 Principal results

Having in mind these examples, we obtain the following result.

Theorem A. Let M be a closed, connected and orientable three-dimensional manifold, and f
be a contact partially hyperbolic diffeomorphism of M, i.e.:

— the stable, unstable, and central distributions E°, E* and E€ of f are smooth,
- and E° ® E" is a contact distribution.
If the non-wandering set NW (f) equals M, then we have the following description:

1. either some finite power of f is smoothly conjugated to a non-zero time-map of a three-
dimensional algebraic contact-Anosov flow,

2. or f lifts by a covering of order at most 4 to a partially hyperbolic affine automorphism
of a nil-Heis(3)-manifold.

The class of diffeomorphisms that we will consider is actually wider than the partially
hyperbolic diffeomorphisms. In fact, our geometrical condition is so rigid that the uniformity
of the contraction and the expansion will be obtained as a byproduct, without being assumed.

Definition 1.3. A distribution E of a compact manifold M is weakly contracted by a diffeo-
morphism f of M, if for some Riemannian metric on M, and for any x € M, we have:

either nll)r}_loo ID.f"|Ell =0, or nEIPOO ID.f" &l = 0.

We emphasize that the “direction” of weak contraction can a priori change from point to
point, and that the notion of weak contraction is unchanged when replacing f by f~'.
With this definition, the main result of this paper is the following.

Theorem B. Let M be a closed, connected and orientable three-dimensional manifold, endowed
with a smooth splitting TM = E* & EP @ E°, such that E* ® EP is a contact distribution. Let
f be a diffeomorphism of M that preserves this splitting, and such that:

— each of the distributions E* and EP is weakly contracted by f,
— and f has a dense orbit.

Then the conclusions of Theorem A hold. In particular, f is a partially hyperbolic diffeomor-
phism.

Theorem A stated above for partially hyperbolic diffeomorphisms will directly follow from
Theorem B by an argument of Brin. This argument is explained in Paragraph 8.2 at the end
of the paper, where a refined version of Theorem A is stated that does not use any domination
hypothesis on the central direction (see Corollary 8.2). The rest of the paper is devoted to the
proof of Theorem B.

1.3 A rigid geometric structure preserved by contact partially hyperbolic
diffeomorphisms

Theorem A is a discrete-time analog of Theorem 1.1, and the general strategy of its proof shares
a lot with the one of Ghys in [Ghy87]. However, the transition from a continuous dynamic to
a discrete one will completely change the situation. First of all, contact partially hyperbolic
diffeomorphisms do not anymore preserve a contact one-form, and are thus (a priori) not
conservative. From a geometrical point of view, the difficulties that appear are analog to the
ones of a conformal geometry, with contrast to a metric geometry.



In the discrete-time case, an invariant Kanai connection does not anymore exist, which
requires to look for less common rigid geometric structures. A contact plane distribution is
far from being rigid: according to Darboux’s theorem, they are all locally isomorphic. A sin-
gle smooth one-dimensional distribution in a contact plane distribution is still not sufficient
to make it rigid. But in the case of three-dimensional contact partially hyperbolic diffeomor-
phisms, the pair (E*, E*) of transverse smooth one-dimensional distributions whose sum is
contact happens to be a rigid geometric structure, called a Lagrangean contact structure.

The usual machinery of differential geometry being not available, this uncommon structure
requires specific tools. The usual invariant linear connection will be replaced by another type of
connection called a Cartan connection, that does unfortunately not live on the base manifold
but on a principal bundle called the Cartan bundle. The data of this bundle together with
its connection define a Cartan geometry, invented by Elie Cartan. This Cartan geometry is
implicitly used by Ghys in [Ghy87] under the form of the geometry of second-order ordinary
differential equations.

The strength of Cartan geometries is to link the Lagrangean contact structures with the
homogeneous model space X = PGL3(R)/Pin of complete flags of R? (where P, is the
subgroup of upper-triangular matrices). In particular, the flat Lagrangean contact structures,
i.e. the ones whose curvature identically vanishes, are locally isomorphic to X (see Paragraphs
2.2.2 and 2.3.2). The geometry of X will thus play a prominent role in our proof.

Let us quote the work of Barbot in [Bar10], where the geometry of X and the dynamic of
PGL3(R) are studied with a different approach, the purpose being among others to construct
Anosov representations in PGL3(R) and compact quotients of open subsets of X.

1.4 Organization of the paper

This paper is organised in the following way. Section 2 introduces several notions and results
about the geometric structures that will be used in the whole paper. At the end of the paper
in Paragraph 8.2, we prove Theorem A from Theorem B, and the rest of the paper is devoted
to the proof of Theorem B. In Section 3, we begin this proof by showing that the triplet
S = (E®, EP, E°) is quasi-homogeneous, i.e. locally homogeneous in restriction to a dense open
subset 2 of M, and that its isotropy on €2 is non-trivial. This implies that the Lagrangean
contact structure (E®, E?) is flat, i.e. described by a (PGL3(R), X)-structure on M. In Section
4, we refine this description, proving that S|q is locally isomorphic to one of two possible
homogeneous models (Y, Sg) or (Ya, Sa), defined in Paragraphs 4.2.2 and 4.2.3. This relies on
a technical classification of the underlying infinitesimal model, done in Section 5. A critical
step of the proof of Theorem B is to show in Section 6 that the open dense subset (2 is actually
equal to M, implying that M has a (H,Y)-structure, with two possible models (Hg,Y;) or
(Ha,Ya). We prove in Section 7 that this (H,Y)-structure is complete, implying that M is a
compact quotient I'\Y" of one of these two models, with I' a discrete subgroup of H = Aut(Y").
This description allows us to conclude the proof of Theorem B in Paragraph 8.1.

1.5 Conventions and notations

From now on, every differential geometric object will be supposed to be smooth (i.e. C*°) if
nothing is precised, and the manifolds will be supposed to be boundaryless. We denote by
7y M — M the universal cover of a manifold M. The flow of a vector field X € X(M)
is denoted by (¢%). The Lie algebra of a Lie group G is denoted by g, and for any v € g,
we denote by ¢ the left-invariant vector field of G generated by v. If @: G x M — M is a
smooth group action (on the left or the right) of G on M, then the orbital map of the action
at x € M is denoted by 6, = O(-,x), and we denote by L, = O(g,-) the translation by g € G
if the action is on the left (respectively by R, if the action is on the right). For any v € g
we denote by vf € X(M) the fundamental vector field of the action generated by v, defined by



vl (z) = D6, (v). Finally, for any subset Q of R"*! we denote by [Q] the projection in RP" of
the linear subspace of R"*! generated by Q.
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2 Three-dimensional Lagrangean contact structures

The rigid geometric structures that will be studied in the rest of this paper are the following.

Definition 2.1. A Lagrangean contact structure £ on a three-dimensional manifold M is a
pair £ = (E®, EP) of transverse one-dimensional smooth distributions, such that E* @ E”
is a contact distribution. An enhanced Lagrangean contact structure S on M is a triplet
S = (E“, EP, E°) of one-dimensional smooth distributions such that TM = E*® E® @ E°, and
E~ @ EP is a contact distribution.

A (local) isomorphism between two Lagrangean contact structures is a (local) diffeomorphism
that preserves individually the distributions a and g, and the (local) isomorphisms of enhanced
Lagrangean contact structures preserve in addition the central distribution E*.

We first define what will be for us the most important example of three-dimensional La-
grangean contact structure.
2.1 Homogeneous model space

We will call projective line the projection in RP? of a plane of R?, and we denote by RP? the
set of projective lines of RP? (called the dual projective plane). A pointed projective line is a
pair (m, D) with D € RP? and m € D, and we denote by

X = {(m, D) \ D € RP?,m € D} C RP? x RP?

the space of pointed projective lines. In other words, X is the space of complete flags of R3.
We will denote in the whole paper by

G = PGL;3(R)

the group of projective transformations of RP2. As the projective action of G on RP? and
RP?2 preserves the incidence relation m € D, it induces a natural diagonal action of G on
X C RP? x RP2. The action of G on X is transitive, and the stabilizer in G of the base-point
o = ([e1], [e1, e2]) of X is the subgroup

Stabg(0) = Poin = <G

S O ¥
S ¥ ¥

of upper-triangular matrices. From now on, we will identify X and G/P,,;, by the orbital
map 0,: G/Pin — X at 0. The space X is a RP-bundle over RP2 and RP% through the
projections

Ta: (m, D) € X = m € RP? and 75: (m, D) € X = D € RP2. (2.1)
For = (m, D) € X, we will denote by C%(x) = C*(m) (resp. C’(z) = C?(D)) the fiber of =
with respect to m, (resp. 7g) and call it the a-circle (resp. [-circle) of . We denote by

£% = Ker(Dm,) and £° = Ker(Dmg)



the one-dimensional distributions of X respectively tangent to the foliations by « and S-circles.
The sum £* @ £P is contact and we will call Lx = (£%,£P) the standard Lagrangean contact
structure of X.

Lemma 2.2. The group of automorphisms of the standard Lagrangean contact structure L£x
is equal to G. In particular, the structure (X, Lx) is homogeneous.

Proof. First of all, the action of G preserves the foliations of X by a and -circles, i.e. preserves
Lx. Conversely, if f is a diffeomorphism of X preserving Lx, the fact that f preserves the
foliation by a-circles shows that f can be pushed down by 7, to a a diffeomorphism f of
RP2. Since f moreover preserves the foliation by f-circles, f maps any projective line to a
projective line. This implies that f is a projective transformation according to a classical result
of projective geometry (proved for example in [Sam89, Theorem 7 p.32]), i.e. that f is induced
by the action of an element of G. O

2.2 Lagrangean-contact structures as Cartan geometries

We now introduce the Cartan geometries modelled on the homogeneous space X = G/P,in,
and make the link with Lagrangean contact structures. This notion will be our principal
technical tool to deal with Lagrangean contact structures. We refer the reader to [Sha9d7] or
[CS09] for further details about Cartan geometries in a more general context.

2.2.1 Cartan geometries modelled on G/P,,;,

Definition 2.3. A Cartan geometry C = (M,w) modelled on G /Py, on a three-dimensional
manifold M is the data of a P,,;,-principal bundle over M denoted by : M — M and called
the Cartan bundle, together with a sl3-valued one-form w: TM — sl3 on M called the Cartan
connection, that satisfies the three following properties:

1. w defines a parallelism of M, i.e. for any & € M, w; is a linear isomorphism from Tz M
to sls,

2. w reproduces the fundamental vector fields of the right action of Py, i.e. for any v € sl3
and & € M we have: v () = L],_o3 - e = w;'(v),

3. and w is Pyin-equivariant, i.e. for any p € P, and & € M we have: Rjw = Ad(p)~tow
(where Ad(p) stands for the adjoint action of p on sl3).

A (local) automorphism f of the Cartan geometry C between two open sets U and V' of M is
a (local) diffeomorphism from U to V that lifts to a P,,;,-equivariant (local) diffeomorphism
f between 771(U) and 7=1(V), such that f preserves the Cartan connexion w (i.e. f*w = w).

Ezample 2.4. The homogeneous model space X is endowed with the Cartan geometry of the
model Cx = (G,wg), given by the canonical P,,;,-bundle 7g: G — G/P,,, = X over X,
together with the Maurer-Cartan form wg: TG — sl3 (defined by wg(?) = v on the left-
invariant vector fields of G).

We fix for the rest of this subsection a Cartan geometry (M,C) = (M, M, w) modelled on
2.2.2 Curvature of a Cartan geometry

The following definition replaces the curvature of a Riemannian metric in the case of Cartan
geometries.



Definition 2.5. The curvature form of C is the sls-valued two-form Q of M defined by the
following relation for two vector fields X and Y on M:

QX,Y) = dw(X,Y) + [w(X),w(Y)]. (2.2)

Thanks to the Cartan connection, the curvature form €2 is equivalent to a curvature map
K: M — End(A2sls,sl3) on M (that we will often simply call the curvature of C), having
values in the vector space of sls-valued alternated bilinear maps on sl3, and defined by the
following relation for & € M and v, w € sl3:

Ki(v,w) = Qw; H(v),w; ! (w)). (2.3)

We will say that the Cartan geometry C (or the Cartan connection w) is torsion-free if
K;(v,w) € ppin for any & € M and v, w € sls.

If v or w is tangent to the fiber of the principal bundle M, then the curvature form satisfies
Q(v,w) = 0 (this is proved in [Sha97, Chapter 5 Corollary 3.10]). Since w maps the tangent
space of the fibers of M to Pmin (because the fundamental vector fields are w-invariant), this
implies that the curvature K (v, w) vanishes whenever v or w is in p,,;,. As a consequence at
any point & € M, K; induces a slz-valued alternated bilinear map on sl3/Ppin, and we will
identify in the sequel K with the induced map

K : M — End(A?(sl3/pmin), 513). (2.4)

The adjoint action of P,,;, induces a linear left action on End(A2(sl3/pmin),sl3) defined for
p € Ppin and K € End(A2(sl3/pmin), 5l3) by

p-K:uhve— Ad(p) - (K(Ad(p)~! - u,Ad(p)~! - v)). (2.5)

Using the linear right action of P,,;, on End(A%(sl3/pmin),sl3) defined by K -p = p~! - K,
K is Ppip-equivariant (this is proved in [Sha97, Chapter 5 Lemma 3.23]). Moreover, K is
preserved by any local automorphism f of the Cartan geometry (i.e. K o f = K for any such
local automorphism).

2.2.3 Lagrangean-contact structure induced by a Cartan geometry

At any point x € M and for any # € 7~ !(z), we denote by iz: T, M — sl3/pmin the unique
isomorphism satisfying
i3 o Dypm = W;, (26)

where @ denotes the projection of w on sl3/pm. Since the adjoint action of P, preserves
Pmin, it induces a representation Ad: P, — GL(8l3/Pmin) on sls/pmin, and the Pp,-
equivariance of w implies the following relation for any p € Pn:

izp = Ad(p) ! 0 is. (2.7)

This relation shows that any Ad(P,,;,)-invariant object on sl3/pmin gives rise, through the
isomorphisms iz, to a well-defined object on the tangent bundle of M. Let us apply this idea
to define a Lagrangean contact structure on M associated to the Cartan geometry C. We
introduce

000 000 000
= (§84) 00 = (§§8) ana o= (84) e8)
defining a basis (e, €s, €g) of sl3/Pmin, in which the matrix of the adjoint action of
a x z
p=10 a o' y| €Ppin
0 0 b



is equal to:
a2t 0 aly
Mat(éavé&éo)(m(p)) = 0 ab> —b%x | . (2.9)
0 0 a'b

In particular, the adjoint action of P, individually preserves the lines Re, and Reg of
5l3/pmin. Together with the relation (2.7), this shows that for x € M, the lines i; ' (Ré,)
and i;l(Rég) of T, M do not depend on the lift Z of x. The Cartan geometry C induces thus
two one-dimensional distributions EZ(x) = i} ' (Ré,) and Eg (z) = i3 (Rég) on M.

Lemma 2.6. Any torsion-free Cartan geometry (M,C) modelled on G/P i induces a La-
grangean contact structure ( g,Eg ) on the three-dimensional base manifold M.

Sketch of proof. For x € M, considering a local section of the Cartan bundle over x, we can
push down by 7 the w-constant vector fields é, and ég of M (characterized by w(é.) = e.)
to local vector fields X, and Xz of M defined on a neighbourhood of z, that respectively
generate the distributions Eg and Eg . If the curvature of C has values in Py, then the
identity w([€q,€s]) = [ea,ep] — K (eq,es) (deduced from Cartan’s formula for the differential
of a one-form) implies that [X,, Xg] ¢ Vect(X,, Xp) in the neighbourhood of x. This shows
that Eg ® Eg is contact, and concludes the proof of the lemma. O

Remark 2.7. In the case of the homogeneous model space, the Lagrangean contact structure
(EE, ng) induced by Cx is the standard Lagrangean contact structure £x.

2.3 Normal Cartan geometry of a Lagrangean contact structure

Actually, any three-dimensional Lagrangean contact structure is induced by a torsion-free Car-
tan geometry modelled on G/P,,,;,,. This equivalence between three-dimensional Lagrangean
contact structures and Cartan geometries modelled on G/P,,;,, was discovered by Elie Cartan,
who developped this notion and after whom these geometries are named.

2.3.1 Equivalence problem for Lagrangean contact structures

A given three-dimensional Lagrangean-contact structure is induced by several Cartan connec-
tions, but to obtain an equivalence between both formulations, we have to choose a particular
one. This choice will be done through a normalisation condition on the curvature. Using the
basis (€4 /A€o, €3\ €0, €a Aég) Of A%(sl3/Pmin), we define the following four-dimensional subspace
of EDd(A2 (5[3/pmm), 5[3)2

00 K« Ks K#
Wk = {K: ea N €y — <88lga> e N\ eg— (8 0/3 0 >,ea/\eg — 0 ‘ (Ka,KO‘,Kg,Kﬁ) €R4}.
00 0
(2.10)
The linear action of P,,;, preserves Wy, that will be called the space of normal curvatures.
Theorem 2.8 below is proved in [DK16, Theorem 3 p.14], where the normalisation condition is

explicitely calculated through Cartan’s method of equivalence (see also [CS09, Theorem 3.1.14
p.271 and Paragraph 4.2.3] that makes the link with general parabolic Cartan geometries).

Theorem 2.8 (E. Cartan, [DK16], [CS09]). For any Lagrangean contact structure £ on a three-
dimensional manifold M, there exists a torsion-free Cartan geometry modelled on G/P iy
inducing L on M, and whose curvature map has values in the space W of normal curvatures.
Such a Cartan geometry is unique (up to action of principal bundle automorphisms covering
the identity on M ), and will be called the normal Cartan geometry of L.

Furthermore, if (M7, £1) and (Ma, L2) are two three-dimensional Lagrangean contact struc-
tures, and Cy, Co are the associated normal Cartan geometries, then the (local) isomorphisms



between £; and Ly and the (local) isomorphism between C; and Co are the same (this a di-
rect consequence of the quasi-unicity of the normal Cartan geometry). The curvature map
K: M — Wg of the normal Cartan geometry of a three-dimensional Lagrangean contact
structure £ will simply be called the curvature of L.

2.3.2 Flat Lagrangean contact structures
The homogeneous model space (X, Lx) verifies the following analog of Liouville’s theorem.

Theorem 2.9. For any connected open subsets U and V of the homogeneous model space X,
and any diffeomorphism f from U to V' that preserves its standard Lagrangean contact structure
Lx, there exists g € G = Aut(X, Lx) such that f is the restriction to U of the translation by

g.

Proof. The Maurer-Cartan form satisfies for any tangent vectors v and w the structural equa-
tion dwg (v, w) + [wg(v),wa (w)] = 0 (see [Sha97, §3.3 p.108]), implying that the curvature of
the Cartan connection wg is zero. The Cartan geometry of the model satisfies thus the normal-
isation condition of Theorem 2.8, i.e. is the normal Cartan geometry of Lx (see Remark 2.7).
According to Theorem 2.8, any local isomorphism of Lx between two connected open subset U
and V of X lifts therefore to a local isomorphism of the Cartan geometry Cx between wg'(U)
and Wal(V). Such an automorphism is the left translation by an element of G according to
[Sha97, Chapter 5 Theorem 5.2], which concludes the proof. O

A three-dimensional Lagrangean contact structure (M, L) is flat if its curvature vanishes
identically. According to the proof of Theorem 2.9, the model space is flat, and since this
property is local, any Lagrangean contact structure locally isomorphic to (X, Lx) is flat.

The power of Cartan geometries lies in the converse of this statement: any flat three-
dimensional Lagrangean contact structure L is locally isomorphic to the homogeneous model
space (see [Sha97, Theorem 5.1 and Theorem 5.2 p. 212]). There exists in this case an atlas of
charts from M to X consisting of local isomorphisms of Lagrangean contact structures from £ to
Lx, and whose transition maps are restrictions of left translations by elements of G (according
to Theorem 2.9). A maximal atlas satisfying these conditions is called a (G, X)-structure on
M. Any (G, X)-structure conversely induces on M a Lagrangean contact structure £ locally
isomorphic to Lx, whose charts are local isomorphisms from £ to £x.

Theorem 2.10. Any flat three-dimensional Lagrangean contact structure (M, L) is induced by
a (G, X)-structure on M.

Denoting by 7: M — M the universal cover of M, we recall that any (G,X)-structure
on M is described by a local diffeomorphism 6: M — X called the developping map, that is
equivariant for a morphism p: m1(M) — G called the holonomy morphism (see for example
[Thu97, §3.4 p.139-141]). Moreover for any g € G, the pair (g o §,gpg~!) of developping
map and holonomy morphism describes the same (G, X)-structure. The Lagrangean contact
structure £ induced by a (G, X)-structure is characterized by: 6*Lx = m3,L.

2.3.3 Harmonic curvature

For K € Wk an element of the space of normal curvatures defined by

_ _ 00K\ _ _ 0Kg K8\ _ _
K:e,Negr | 00Ks |,egANeg—= (00 0 ).€aNegr 0,
0

00 O 00
and
a X z
b= 0 a_lb_l Y| € Pmina
0 0 b
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the adjoint action (2.9) of Py, given in Paragraph 2.3 enables to compute the components -,
and g of p- K € Wk

(p- K)o =a’bK, and (p- K)g =a b °Kjp. (2.11)

These expressions show in particular that the two-dimensional subspace Wy = {K € Wx |
K, = Kg =0} of W is preserved by the linear action of P,;,.

Proposition 2.11. If the curvature map of a three-dimensional Lagrangean contact structure
L has values in the subspace Wy (ie. if Ko and Kg identically vanish), then L is flat.

We will use in the proof of this result the graduation of sl3 given by the following block-
decomposition:
(sl3)o  (sl3)1  (sl3)2
sly = | (sls)—1  (sl3)o  (sl3)1 |- (2.12)
(sl3)—2 (sl3)-1 (sl3)o

The graduation property simply means that the components of the splitting sl3 = @?:72(5[3%
satisfy [(sl3)s, (sl3);] C (sl3)i4; for any i and j (where (sl3); = {0} for any |i| > 2). This
graduation of sl3 gives rise to a filtration defined by slg’ = @®;>i(sl3);, with respect to which
sl3 is a filtered Lie algebra, i.e. [sl3’,sl37] C sl3*™/ (with sl3? = sl3 for i < —2 and sl3’ = {0}
for i > 2).

A~

Proof of Proposition 2.11. Let (M, M,w) be the normal Cartan geometry of £, and let us intro-
. . 000 000 000 1 00
duce the following basis of sl3: ey = (088) ,€q = (0 00) €8 = ((1]88) ,e1 = (0 -1 0) ,€2 =

0 1 010 000
00 0
(0 10 ) ,ed = (88(1]) el = (8(1)8) el = (88(1)), that we denote by B. The graduation of
00 -1 000 000 000
sl3 implies [, (sl3)1 @ (sl3)2] = {0}, and we have the following Lie brackets relations between
the elements of B: [e¥,eg] = €1 + ea, [e¥,eq] = €7, [0, e5] = —€2, [€¥, 1] = [0, 2] = —€". We

denote the coordinate of the Cartan connection w with respect to an element e of the basis
B as a real-valued one-form w, on M. We thus have w = Y ecBWee, and in the same way,
the curvature form Q of w will be denoted as 2 = > 5 e, where the (2.’s are real-valued
two-forms on M. According to the normalisation condition (2.10), if K, = Kg = 0 identi-
cally, then the only non-zero two-form Q. is Q0 = K%, A wy + K ng A wg. The curvature
form satisfies moreover the Bianchi identity dQ2 = [Q,w], where [Q,w] = L o (Q A w) with
L:v®w € sl3®@sl — [v,w] € sl3 (see [Shad7, Chapter 1.5 p.61 and Chapter 5 Lemma 3.30]).
Projecting the Bianchi identity to Re® and Re®, we obtain the following equalities:

0:—Kawa/\wo/\wg,():Kﬂwg/\wo/\wa.

Since (wa, wo, wg) is at each point & € M a basis of the dual space (wj *((sl3)_2®(sl3)_1)))*, the
three-form w, AwgAwg does not vanish, and the above equalities imply therefore K¢ = K F=0
identically, 7.e. K = 0 as announced. U

Remark 2.12. The components K, and Kz of the curvature actually encode the harmonic
curvature of a normal Cartan geometry modelled on G /P,,;,, which is known to be the only
obstruction to the flatness for parabolic Cartan geometries. With this point of view, the above
Proposition 2.11 is the translation in the specific case of Lagrangean contact structures of a
general phenomena arising for any parabolic Cartan geometry (see for example [CS09, Theorem
3.1.12)).

2.3.4 Normal generalized Cartan geometry of an enhanced Lagrangean contact
structure
Let S = (E*, EP, E°) be an enhanced Lagrangean contact structure on a three-dimensional

manifold M, and C = (M ,w) be the normal Cartan geometry of the underlying Lagrangean
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contact structure (E®, Ef). Using the isomorphisms iz defined in (2.6), the transverse distri-
bution E° is encoded by the map

¢: &€ M iz(E(n(2))) €V,
having values in the open subset

V ={L € P(sl3/pmin) | L ¢ Vect(éa,ep)}

of the projective space P(sl3/pmin). Endowing V with the right P,,;,-action defined by L-p =
Ad(p)~Y(L), ¢ is Ppn-equivariant. Conversely, any P,,;,-equivariant application ¢: M —V
defines on M a distribution E°(7(#)) = 4 '(¢(2)) which is transverse to the contact plane
E*@® EP of L.

Definition 2.13. We will call (C,¢) = (M,w,gp) the normal generalized Cartan geometry of
the enhanced Lagrangean contact structure S.

2.4 Killing fields of (enhanced) Lagrangean contact structures
2.4.1 Some classical properties of Killing fields

A (local) Killing field of a Lagrangean contact structure (M, L) is a (local) vector field X of
M whose flow preserves £. We will denote by RKill(U, £) the subalgebra of Killing fields of £
defined on an open subset U C M, and by &lll¢°(z) the Lie algebra of germs of Killing fields
of £ defined on a neighbourhood of x. The Killing fields of an enhanced Lagrangean contact
structure S are defined in the same way.

The following statement summarizes some important properties of Killing fields, coming
from their description through Cartan geometries and well-known in this context. The results
are stated for Lagrangean contact structures, but are true as well for enhanced Lagrangean
contact structures.

Lemma 2.14. Let M be a three-dimensional connected manifold endowed with a Lagrangean
contact structure L, and C = (M,w) be the normal Cartan geometry of L.

1. If f s a Pmm—equwarmnt diffeomorphism of M that covers idy; and preserves w, then
f id If X is a Ppin-invariant vector field on M whose flow preserves w and whose
projection on M wvanishes, then X =0. 4sa consequence, the lift of a local automorphism
[ (respectively Killing field X ) of L to a Pin-equivariant diffeomorphism f of M that
preserves w (resp. to a Py -invariant vector field X on M whose flow preserves w), is
unique.

2. If the lift X of a Killing field X of £ vanishes at some point & € M, then X = 0. In
other words, the linear map X € KIl(M, L) — wz(X;) € slg is injective.

3. The Lie algebra morphism X € Kill(M, L) — [X], € €ll¢¢(x) sending a Killing field of
L to its germ at a point x € M is injective.

Sketch of proof. 1. The first assertion is a direct consequence of [CS09, Proposition 1.5.3] for
Cartan geometries modelled on G /Py, and implies the second one.

2. Let us assume that a local automorphism f of C fixes a point & € M. Then, since f preserves
the parallelism defined by w, a classical argument implies that f is trivial on the connected
component of Z. This remark easily implies the assertion about Killing fields.

3. According to [BFM09, Lemma 7.1], a local automorphism that is trivial in the neighbourhood
of z is trivial on the connected component of its domain of definition that contains x. This
result easily implies the statement concerning Killing fields. O

12



Remark 2.15. The third statement of the previous lemma shows in particular that for any
connected open neighbourhood U of x € M, the dimension of Kill(U, £) is bounded from above
by dim slg = 8. If we consider a decreasing sequence of connected open neighbourhoods Uy, of x
such that N U = {x}, (dim Kill(Ug, £)) is thus a bounded increasing sequence, and is therefore
constant for k large enough. This proves the existence of a connected open neighbourhood U
of x such that

X € Rill(U, L) — [X], € &l (x)

is a Lie algebra isomorphism.

The following Lemma is the translation of Theorem 2.9 for Killing fields of (X, £x).

Lemma 2.16. 1. At any point x € X, the Lie algebra of local Killing fields of Lx at x
is identified with sl through the fundamental vector fields of the action of G. In other
words, the application v € slz — [vf], € {?i[[l[f; (z) sending v € sl to the germ of v at
is an anti-isomorphism of Lie algebras.

2. Any local Killing field of (X, Lx) defined on a connected neighbourhood of a point x € X is
the restriction of a global Killing field defined on X. In other words, X € Rill(X, Lx)
[(X]z € Ei[[l[f)c( (x) is a Lie algebra isomorphism.

Proof. 1. If v' is trivial in the neighbourhood of z, then for any t € R, e acts trivially
on an open neighbourhood of x. But the action of G on X is analytic: if g and h in G
have the same action on some non-empty open subset of X, then g = h (because the linear
subspace generated by the pre-image in R? of a non-empty open subset of RP? is equal to R?).
Therefore, ¢’ = id for any ¢ € R, i.e. v = 0. The application v — [v'], is thus injective, and as
dim Ei[[lgf{ (z) < dimsl3 according to the third assertion of Lemma 2.14, it is an isomorphism.
Finally, v — v’ is known to be an anti-morphism of Lie algebras.

2. Any local Killing field at x is the restriction of v for some v € sl according to the first
assertion, and extends therefore to a Killing field defined on X. U

2.4.2 Total curvature map of an enhanced Lagrangean contact structure

Let (C,p) = (M,w,¢) be the normal Cartan geometry of a three-dimensional enhanced La-
grangean contact structure (M,S). With K: M — W the curvature map of C, we define the
curvature map

K= (K,p): M — Wi =Wk xV,

of the enhanced Lagrangean contact structure (M, S), which is P,,;,-equivariant for the right
diagonal action of P,,;, on Wi.

If W is any manifold endowed with a right action of P, we define B(W) = {(w,l) |
w € W,l € End(sls, T,,/W)} (this is a vector bundle over W), that we endow with the right
Pin-action (w,l) -p = (w - p,DyRy ol o Ad(p)). For any smooth P,,;,-equivariant map
P M — W, we define a P,,;,-equivariant map Dy M — B (W) encoding the differential of
Y as follows: D)(2) = ((2),Dgrp ow; ). We then define inductively B*1(W) = B(B*(W))
and DFtlyp = D(D¥4p): M — B¥Y(W) for any k € N (with BO(W) = W and D% = ).

Denoting m = dimslg = 8, we define Wictor := B" (W), and the total curvature

’Cmt =D"K: M — W]Ctot

of the enhanced Lagrangean contact structure S. The total curvature K is P,,;,-equivariant
and preserved by local automorphisms of S (i.e. for any such local automorphism f we have
Ktot o f = K!!). We also define for k¥ € N* the space of Killing generators of order k by
Kill*(#) = wz(Ker(D;zD* 1K) C sl3, and the space of Killing generators of total order by
Kill"”!(z) = Kill™ (%) = ws(Ker(D;K")) C sls.
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2.4.3 Gromov’s theory
The integrability locus Mt of M is the set of points # € M such that for any v € Kill"!(2),

there exists a local Killing field X of S defined around n(z) and such that ws(Xz) = v. It is
easy to check that M is a P,,;,-equivariant set, and we define the integrability locus of M

as Mt = q(N[int),

Theorem 2.17 (Integrability theorem). Let (M,S) be a three-dimensional enhanced Lagrangean
contact structure of total curvature K, and M be its normal Cartan bundle. Then the inte-
grability locus M™ of N is equal to the set of points & € M where the rank of D;K" is locally
constant. In particular, Mint g open and dense, and so is the integrability locus M of M.

Gromov investigates in [Gro88] the integration of “jets” of Killing fields for very general rigid
geometric structures, and proves results related to the above Theorem. In the case of three-
dimensional enhanced Lagrangean contact structures, the equivalence with normal generalized
Cartan geometries allows to avoid the notion of jets of Killing fields, replaced by the one of
Killing generators of total order. In this setting, Theorem 2.17 is a consequence of [Pecl6,
Theorem 4.19]. We use here a modification of the statement of Pecastaing proved by Frances
in [Fral6, Theorem 2.2]. The proof of Frances statement for generalized Cartan geometries is
straightforward by following the lines of the proof he does for Cartan geometries, and using
[Pec16, Lemma 4.20 and Lemma 4.9].

3 Quasi homogeneity and flatness

From now on and until the end of this paper, we are under the hypotheses of Theorem B
and we adopt its notations. The manifold M is thus three-dimensional, closed, connected
and orientable, S = (E®, B, E°) is an enhanced Lagrangean contact structure on M, and we
will denote by £ = (Ea,Eﬁ ) the underlying Lagrangean contact structure. Finally, f is an
automorphism of (M, S) such that:

— each of the distributions E* and E? is weakly contracted by f (see Definition 1.3),

— and f has a dense orbit.

In particular, the non-wandering set NW(f) = NW(f~!) equals M, and the set Rec(f)
(respectively Rec(f~!)) of recurrent points of f (respectively f~1) is thus a dense Gs-subset of
M. In particular, Rec(f) N Rec(f~1) is dense in M as well.

3.1 Quasi homogeneity of the enhanced Lagrangean contact structure

At a point © € M, we introduce the subalgebra
isle"(z) = { X € bl (2) | X () = 0} (3.1)
of local Killing fields vanishing at x, that we call the isotropy subalgebra of S at x.

Definition 3.1. The Kill"®orbit (for S, respectively L) of a point z € M is the set of points
that can be reached from x by flowing along finitely many local Killing fields of S (respectively
L). An enhanced Lagrangean contact structure (M,S) (resp. a Lagrangean contact structure
(M, L)) is locally homogeneous if any connected component of M is a Kill'-orbit (for S, resp.

L.

The first claim of the following Proposition is a consequence of Gromov’s “open-dense
orbit theorem”, and the second one is the translation in the context of enhanced Lagrangean
contact structures of a work done by Frances in [Fral6, Proposition 5.1] for pseudo-Riemannian
structures.
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Proposition 3.2. There exists an open and dense subset @ of M, such that the enhanced
Lagrangean contact structure S is locally homogeneous in restriction to ). Moreover for any
x € Q, the isotropy subalgebra isi$(x) is non-trivial.

Proof. Since S has an automorphism f with a dense orbit, Gromov’s dense orbit theorem
directly implies the first claim (see [Gro88, Corollary 3.3.A], and [Pecl16, Theorem 4.13] for a
proof in the case of generalized Cartan geometries). We fix from now on a connected component
O of Q. By local homogeneity of S|q, it suffices to prove the second claim for one point of O.
Since the integrability locus M is open and dense (see Theorem 2.17), and Rec(f)NRec(f~1)
is dense in M, there exists a point z € O N M™ N Rec(f) N Rec(f~!). We show now that
i5'9°(z) is non-zero.

Let us denote by (M,w, ) the normal generalized Cartan geometry of S (see Definition

2.13), and let us choose & € 7~ !(z). Possibly replacing f by f~!, we have lir_{l Dz f™ || =0,
n—-+0o0

and by hypothesis on z, there exists a strictly increasing sequence (ny) of integers such that
f™(z) converges to z, implying the existence of a sequence py € Poin such that fm (&) - pk

converges to Z. We claim that the sequence ( f”k( )) has to leave every compact subset of M,
1mply1ng that (pg) also leaves every compact subset of P,;,. In fact, 1f not, some subsequence
(f" (2)) converges in M, implying that (f”k) converges in Diff* (M ) for the C*°-topology,
because f preserves the parallelism defined by w (see [Kob95, Theorem 1.3.2]). Therefore,

=0.

(f™) also converges for the C*°-topology, which contradicts klirf HD”C F7%)| o
—+00

The sequel of the proof of [Fral6, Proposition 5.1] will enable us to conclude, using the
total curvature Kt : M — Wictor of S (see Paragraph 2.4.3). By Pmm—equivariance of the total
curvature and its invariance by automorphisms, we have py, - K%°4(2) = KLoH(f(2) - pi '), and
pi- K% (2) converges thus to K(2). The manifold Wictor has a canonical structure of algebraic
variety for which the action of P, is algebraic (because its action on the space Wi of normal
curvatures and on the algebraic variety V C P(sl3/pmn.y) are algebraic, see [Pec16, Remark 4.16]
for more details). Therefore, the orbits of the action of P, on Wicter are locally closed, and
are thus imbedded submanifolds. In particular, there exists a sequence i € P,y;, converging to
the identity and such that py, - K'(2) = ey, - K*!(2), i.e. such that & 'py, € Stabp, , (K% (#)).
Since &tlzlpk leaves every compact subset of P, Stabp, . (K"!(%)) is non-compact. But
Stabp, . (K!(%)) is an algebraic subgroup of P,,;, and has thus a finite number of connected
components, which implies that its identity component is also non-compact.

There exists thus a non-zero vector v € P, in the Lie algebra of Stabp . (K'*'(2)). For
any t € R we have by hypothesis K (% - exp(tv)) = K(%) - exp(tv) = K!(#), and deriving
this equality at ¢ = 0 we obtain Dz (w1 (v)) = 0, i.e. v € wz(Ker(DzK")) = Kill"(2).
Since Z is in the integrability locus M, there exists a local Killing field X € #ll%$¢(z) such
that wz(X3) = v # 0. This shows that X # 0 and X (z) = 0, i.e. that X € is?°(z) \ {0}, and
concludes the proof of the proposition. O

3.2 Flatness of the Lagrangean contact structure

In particular, the underlying Lagrangean contact structure £ = (E%, E?) is also locally homo-
geneous with non-zero isotropy in restriction to the open and dense subset 2. The following
result due to Tresse in [Tre96] (see also [KT17, §4.5.2]) implies that L|q is flat.

Theorem 3.3 (Tresse [Tre96]). Any three-dimensional locally homogeneous connected La-
grangean contact structure with non-zero isotropy is flat.

By density of 2 and continuity of the curvature, the Lagrangean contact structure (M, L)
is therefore flat, and according to Paragraph 2.3.2, we obtain the following corollary.

Corollary 3.4. The Lagrangean contact structure L is described by a (G, X)-structure on M.
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The rest of this paragraph is devoted to prove Tresse’s Theorem 3.3. We consider a lo-
cally homogeneous Lagrangean contact structure £ with non-zero isotropy defined on a three-
dimensional connected manifold M. We denote by C = (M ,w) the normal Cartan geometry
of £, and by K: M — Wk its curvature map. Choosing € M and # € 7~ !(x), it suffices to
prove that K(Z) = 0 by local homogeneity of C. We will denote by

b = €l (z) and i = isi¢°(x)

the algebra of local Killing fields of £ at x and its isotropy subalgebra. As L is locally homo-
geneous, ev,(h) = {X(x) | X € h} = T, M, and in particular dimbh — dimi = 3. The following
result gives us a sufficient condition for the vanishing of the curvature.

Lemma 3.5. Let f be a local automorphism of a locally homogeneous three-dimensional La-
grangean contact structure (M, L) fiving a point x € M, let & € 7~ (z) be a lift of x in the
normal Cartan bundle of L, and let p € P, be the holonomy of f at &, characterized by

f(&)=2-p~'. If p= exp(v) with

a * *
v=1|0 —a—>b *| € Pmin such that b # —5a and a # —5b, (3.2)
0 0 b

then L is flat.

Proof. Since the curvature K is preserved by f and P,,;,-equivariant (see Paragraph 2.3), we
obtain p- K(2) = K(&-p~!) = K(f(2)) = K(&), where the holonomy p is of the form

A * *
p=10 Xxlu™t «x
0 0 7

with g # A7 and A # pu~° by hypothesis. According to the expression of the compo-
nents (p.K), and (p.K)g of the curvature given in (2.11), we have N> uK (%), = K(£), and
MSK (£)5 = K (%), implying K(#), = K(2)3 = 0. The structure being locally homogeneous
and the subspace Wy = {K € Wk | K, = K3 = 0} being P,,;,-invariant, K has values in Wg
on a neighbourhood of &, and therefore K = 0 on this neighbourhood according to Proposition
2.11. By local homogeneity, L is flat. U

We introduce the Cartan subalgebra a ~ R? of diagonal matrices of p,nin, and the projection
P: Pmin — @ on a parallel to heis(3), which is a Lie algebra morphism. The following linear
map will play an important role in the proof:

A

¢: X €ir plwz(Xz)) € a.

Fact 3.6. If there exists X € i such that ¢(X) satisfies the hypotheses (3.2) of Lemma 3.5,
then L is flat.

Proof. Denoting by p(t) the element of P,,;, such that Lpg((uﬁ) =2 -p(t), {p(t)}ier is a one-
parameter subgroup. There exists thus w € Py, such that p(t) = exp(tw), and deriving the
relation Lpg((uﬁ) = i -exp(tw) at t = 0 we obtain w = wz(X;) (because w reproduces the
fundamental vector fields of the action of Py, ). There exists thus an automorphism ¢ = <p)_(1
of (M, L) fixing z and such that ¢(#) = & - exp(wz(Xz)) ™. Since ¢(X) = p(wsz(Xz)) satisfies
the conditions (3.2), wz(X;) also does, and Lemma 3.5 implies that £ is flat. O

Fact. If Ker(¢) # {0} then L is flat.
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A

Proof. There exists then X € i such that v := wz(X;) € heis(3) = (sl3)!, i.e.
Oac
v=(544) o

000

We first assume that (a,b) # (0,0). For an element of the form w = <%’ o0 ) in sl3,
* 0

we have [v,w] = (ag bb' —aa’  * ), and since a # 0 or b # 0, there exists such an element
0 0 —bb’

. . 1 % 0 0x 0 . .
w € sl satisfying [v, w| = (8 —01 3) or [v,w] = (8 ! _*1). Since L is locally Ijomogeneous, there
exists a Killing field Y € b such that Y, = Dam(w; ' (w)), implying wsz(Yz) = w + wp with

wo € Pmin = (513)°. We now use the relation
w([X,Y]) = —[w(X),w(¥)] + K (w(X),w(Y)), (3.3)

verified for any Killing fields of the Cartan geometry C, that will be proved at the end of this
demonstration. This relation implies wz([X,Y]:) = —[v, w] + [v, wo] + K (v, w + w) € Prmin,
where [v,wp] € (sl3)! according to the filtration property of sl3, and K (v, w +wg) = 0 because
U € Pmin (see Paragraph 2.2.2). In particular [X,Y] € i, and ¢([X,Y]) is equal to one of the
diagonal matrices [1,—1,0] or [0, 1, —1], that both satisfy the conditions (3.2). This shows that
L is flat according to Fact 3.6. -

If a = b =0, we can find an element w € sl3 such that [v,w] = (é 0 _01), and by the same

[e=]

argument as before we find Y € b such that [X,Y] € i and ¢([X,Y]) = (é (8) _81). Since this

element of a satisfies the conditions (3.2), £ is flat according to Fact 3.6.

We now prove the relation (3.3) for two Killing fields X and Y of the Cartan geometry
C. Since the flow of X preserves w, the Lie derivative Lyw vanishes identically, and applying
Cartan’s formula Lx = dotx +tx od to Y, we obtain Y - w(X) + dw(X,Y) = 0. Cartan’s
formula dw(X,Y) =X -w(Y) =Y - w(X) —w([X,Y]) implies then X -w(Y) = w([X,Y]), and
since Lyw = 0 as well, we also have —Y - w(X) = w([X,Y]). Equation (3.3) then follows from
the definition of the curvature. O

Fact. If ¢(i) = a then L is flat.

Proof. There exists in this case a Killing field X € i such that ¢(X) = ( é ,81 ), which satisfies
the conditions (3.2). This implies that £ is flat according to Fact 3.6. O

[elelen)

It remains to handle the case when ¢ is injective, and ¢(i) is one-dimensional. There exists
then V' € i such that i = RV, and we can moreover assume without lost of generality that
v = w3(Vz) € Pmin does not verify the conditions (3.2) (because if it does, then £ is flat
according to Fact 3.6). In other words, denoting the components of v in a by

a 0 0
p(V)=pv)=10 —a—0b 0| €aq,
0 0 b
with (a,b) € R?, we assume that:
either a = —5b # 0, or b = —bHa # 0. (3.4)

Since v € Ppin, the curvature part of the relation (3.3) vanishes, and for any X € h we
have:

o — ~

wi([V, X]3) = —[v, wa (Xa)]. (3.5)

The linear map

>

p: X € h— wz(X;) €5l
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is injective according to Lemma 2.14, and since ev,(h) = T, M by local homogeneity of L, ¢
induces an isomorphism @ between h/i and sl3/p,in. Using the notations (2.8) of Paragraph
2.2.3 for the basis (€q,€g,€0) of sl3/Pmin, there exists X, Y, and Z in h such that ¢(X) €
ea + Pmin, ©(Y) € eg + Pmin, and ¢(Z) € ey + pmin. According to (3.5), ¢ intertwines the
adjoint action of V' on h/i and the adjoint action of —v on sl3/pn, implying:

o o —a —2b 0 *
Mat g ¢ 7)(ad(V)) = Mat(z, ¢, &) (ad(—v)) = 0 2a+b x| (3.6)
0 0 a—b

We will denote by A = —a —2b and B = 2a + b the eigenvalues of ad(V) with respect to X
and Y. Our hypotheses (3.4) on a and b imply A # 0 and B # 0, allowing us to choose X and
Y in b satisfying

[V,X] =AX and [V, Y] = BY.

In fact, if X € b satisfies ¢(X + 1) = €4, there exists A € R such that [V, X] = AX + AV
according to (3.6) (recall that i = RV), and X’ := X + 4V satisfies then [V, X'] = AX’. We
deal with the case of Y by the same computations.

The Jacobi identity yields [V, [X, Y]] = (A+ B)[X, Y], implying in particular that [X,Y] ¢
Vect(X,Y,V) since A + B is distinct from A, B and 0. A second application of the same
identity gives [V,[X,[X,Y]]] = (24 + B)[X,[X,Y]] and [V,[Y,[X,Y]]] = (A +2B)[Y,[X,Y]].
Furthermore, if [X, [X,Y]] # 0, then 2A + B is an eigenvalue of ad(V') € End(h), and is thus
equal to one of the eigenvalues A, B, or A+ B (since dimh = 4 and 2A + B # 0). But the
equalities 2A4+ B = A+ B or 2A+ B = B would contradict A # 0, and the equality 2A4+B = A
would likewise contradict our hypotheses (3.4) on a and b. Consequently, [X, [X,Y]] =0, and
for the same reasons [Y, [X,Y]] = 0.

This shows that £ := Vect(X,Y, [X,Y]) is a subalgebra of h isomorphic to heis(3). There is
a connected open neighbourhood U of x such that the injective linear map X € Kill(U, £) —
[X], € 6lll¢(x) is an isomorphism (see Remark 2.15), and there is thus an injective Lie algebra
morphism ¢: heis(3) — Rill(U, L) of image £. According to the work of Palais in [Pal57],
chapter IT Theorem XI and its corollary, there exists a (unique) local action of Heis(3) on U
that integrates this infinitesimal action, i.e. such that Xt = 4(X)|y for any X € heis(3). In
particular, the local action of Heis(3) on U preserves £, and since ¢(heis(3)) Ni = {0}, this
action is moreover simply transitive at . The Lagrangean contact structure £ is thus locally
isomorphic to a left-invariant Lagrangean contact structure on Heis(3). The following lemma
implies then that £ is flat, finishing the proof of Theorem 3.3.

Lemma 3.7. Any left-invariant Lagrangean contact structure on Heis(3) is flat.

Proof. The left-invariant Lagrangean contact structure Mo = (RX,RY) of Heis(3) gener-
ated by X = (§ é §) and Y = (§ § g) is flat. In fact, we will see in Paragraph 4.2.3 that
(Heis(3), M) is isomorphic to an open subset of the homogeneous model space (X, Lx). Con-
sidering a left-invariant Lagrangean contact structure M on Heis(3), it suffices thus to find an
isomorphism of Lagrangean contact structures from My to M to prove our claim.

There exists v,w € bheis(3) such that M = (Ro,Rw), and since Rt & Rw is a contact
distribution, [v,w] ¢ Vect(v,w). Denoting Z = (§ § é), v=aX+bY+cZ andw =d X+V'Y +
dZ, we have [v,w] = (ab’ — ba')Z, which implies ab’ — ba’ # 0. The Lie algebra automorphism
¢ of heis(3) whose matrix in the basis (X,Y, Z) is (?ﬁ Z’: b/(o]b /) sends (X,Y) to (v,w), and
since Heis(3) is simply-connected, there exists a Lie gcrguap au%omorphism ¢ of Heis(3) whose
differential at identity is . As ¢ is an automorphism, D.¢(X,Y) = (v,w) implies ¢*0 = X
and ¢*w =Y, i.e. ¢ is an isomorphism of Lagrangean contact structures from Mgy to M. O
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4 Local model of the enhanced Lagrangean contact structure

In the previous section, we proved that the Lagrangean contact structure L is locally isomorphic
to the homogeneous model space (X, Lx), and thus described by a (G, X)-structure on M.
The classical strategy is then to reduce the possibilities for the images of the developping map
§: M — M and of the holonomy morphism p: m (M) — G of this structure.

In the case studied by Ghys in [Ghy87] of an Anosov flow preserving the structure, the
holonomy group p(m1(M)) C G is centralized by a one-parameter subgroup of G, which reduces
dramatically the possibilities for p(71(M)). But in the case of a discrete-time dynamic, we do
not have any relevant algebraic restriction of this kind on p(m1(M)).

For this reason, we have to look not only at the local homogeneity of £ on 2, but at the
local homogeneity of the whole enhanced Lagrangean contact structure S = (E®, E®, E€) on
this open dense subset. In this section, we will show that in restriction to €2, S is locally
isomorphic to an infinitesimal homogeneous model, that preserves a distribution transverse to
the contact plane.

4.1 Two algebraic models

We first describe the infinitesimal models in an algebraic way.

4.1.1 Left-invariant structure on SLy(R)
We will use the following basis for the Lie algebra sly of SLa(R):

E=(§6).F=(38), and H = (%) (4.1)

The Lie bracket relation [E, F| = H in sly shows that the left-invariant distributions gener-
ated by E, I' and H induce a left-invariant enhanced Lagrangean contact structure Ssy,r) =
(RE,RF,RF[ ) on SLa(R). Moreover, the right action of the one-parameter subgroup A gen-
erated by H also preserves Sgr,g). We endow the universal cover SLy(R) of SLy(R) with

the pullback of Sgr, k), so that the right action of the one-parameter subgroup A of S\]ZQ(R)

generated by H preserves Séfg (®)"

For any cocompact lattice I'g of éig(]R) and any admissible morphism u: I'y — A (see
Paragraph 1.1.1 of the introduction), the left-invariant enhanced Lagrangean contact structure
of SLy(R) is preserved by the graph-group I' = gr(u,Tg) C SLy(R) x A, and T'\SLy(R) is
endowed with the induced enhanced Lagrangean contact structure. The stable and unstable
distributions of the algebraic contact-Anosov flow (Rt ) on I'\SLy(R) are given by this enhanced
Lagrangean contact structure.

4.1.2 Left-invariant structure on Heis(3)

We will use the following basis for the Lie algebra heis(3) of Heis(3):
010 000 001
x=(886) v =(888), =az=(38)-

The Lie bracket relation [X,Y] = Z in heis(3) shows that the left-invariant distributions
(RX,RY,RZ) induce a left-invariant enhanced Lagrangean contact structure Spyeis(3) on Heis(3).
The subgroup

A= {@A,u ’ (A ) € R*z}

of automorphisms introduced in Paragraph 1.1.2 is exactly the subgroup of automorphisms of
Heis(3) that preserve Syeig(3)-

Any cocompact lattice I" of Heis(3) preserves Speis(3), and the quotient I'\Heis(3) is endowed
with the induced enhanced Lagrangean contact structure. The stable, unstable and central
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distributions of any partially hyperbolic affine automorphism of I'\Heis(3) are given by this
enhanced Lagrangean contact structure.

4.2 Two homogeneous open subsets of X

The left-invariant enhanced Lagrangean contact structures of SLo(R) and Heis(3) can be geo-
metrically imbedded in X as homogeneous open subsets, that will be the local models of the
enhanced Lagrangean contact structure S in restriction to 2.

4.2.1 Some specific surfaces of X, and one affine chart

For D a projective line of RP?, we define the  — a surface
Spa(D) =71 (D) = Uyees()C* (),
and for m € RP?, the analog a — 8 surface

Sap(m) = 75" ({L € RP?

m € L}) = Uyeco(m)C’ (¥)-

The open subset
Qa =X \ 85704([61, 62])

of X, composed by pointed projective lines (m, D) for which m ¢ [e1, e3], will be identified
with the set X, of pointed affine lines of R? as follows:

¢a: (M, D) € Qg — (MmNP,DNP)eX,, (4.2)

where Vect(e1,ez) + (0,0,1) is identified with R? by translation. The diffeomorphism ¢, is
moreover equivariant for the canonical identification

lAX

0 11 € Stabg () — A+ X € AH(RQ) (4.3)

of Stabg(€2,) with the group of affine transformations of R2.

4.2.2 The open subset Y;
We will embed SL2(R) in G as follows:

t: g € SLy(R) — lg ﬂ €G.

The resulting copy Sy of SLa(R) acts simply transitively at oy = ([1,0,1],[(1,0,1),e2]) =
o7 (e1 + Reg) € Qq, and its orbit Y; = Sp - 0y can be described as

Yy = Q4 \ Sagles] = ¢! ({m +L \ m € R2\ {(0,0)},L € RP!\ {Rm}}) .

The left-invariant structure of SLy(R) induces on Y; a Sp-invariant enhanced Lagrangean con-
tact structure

St = (0o, © 1)+Ss1,(R)> (4.4)

which is compatible with Lx in the sense that its a and S-distributions coincide with the ones
of Lx, and whose central distribution is entirely described by its value at oy:

. 100
Eloy) = RHg(ot),Where Hy = (8 S 8) . (4.5)
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Let us denote by A* the subgroup of SLo(R) composed by diagonal matrices. The right
action of A* preserves Ss1.,(R), and the direct product SLa(IR) x A* acts on SLa(R) by (g,a)-h =
gha. The isomorphism from SLy(R) to (Y%, St) given by the orbital map at oy is equivariant
for:

(9:(3,2)) € SLa(R) x A% = Ag € GLs(R).
In particular,

H, = [GLQ(]R) 0]

0 1

is contained in the automorphism group of (Y, St).

4.2.3 The open subset Y,

The action of Heis(3) is simply transitive at 0a = ([e3], [e3, e2]) = &5 1((0,0) + Res) € €, and
its orbit Y, = Heis(3) - 05 can be described as

Ya =\ Sasler] = 65" ({m+L|m e R LeRP! {Re1}}).

We endow Y, with the Heis(3)-invariant enhanced Lagrangean contact structure

Sa = (90a|HeiS(3))*SHeis(3) (46)
which is compatible with Lx, and whose central distribution is entirely determined by
E(0a) = RZ1(04). (4.7)

Let us recall that A is the subgroup of automorphisms of Heis(3) that moreover preserve
Sheis(3) (see Paragraph 4.1.2). The group of affine automorphisms Ly o ¢ of Heis(3), where
g € Heis(3) and ¢ € A, will be seen as a semi-direct subgroup Heis(3) x.A. With this notation,
the isomorphism from (Y,,Sa) to Heis(3) given by the orbital map at o, is equivariant for:

A x z 1 pz p~tz X
[0 Ayt y} € Poin — <<0 1 M1y> PNy AIMQ) € Heis(3) x A. (4.8)
0 0 pu 00 1 ’

In particular, Hy := Py, is contained in the automorphism group of (Ya, Sa).

4.3 From the infinitesimal model to the local model

We take back the notations of Theorem B. We recall that 75;: M — M denotes the universal
cover of M and that € is a dense and open subset of M where S is locally homogeneous (see
Proposition 3.2). We will denote S = 73,8 = (E*, E?, E°), L= L, Q= 71';/[1(9), and
§: M — X a developping map of the (G, X)-structure of M describing the Lagrangean contact
structure £ (see Corollary 3.4 and Paragraph 2.3.2). We finally choose for this whole section a
connected component O of €, i.e. an open Kill'**orbit of S.

Our goal in this section is to describe the local model of S in restriction to O.

4.3.1 Infinitesimal model

At any point of X, we will identify the Lie algebra of local Killing fields of Lx with sl through
the fundamental vector fields of the action of G (see Lemma 2.16). Since the developping map
d is a local isomorphism from £ to Lx, it induces at each point x € M an isomorphism

0% v € sly = BlES (3(x)) = 070 € Bl (2), (4.9)

of Lie algebras, whose inverse will be denoted by d,: Ei[[lgc(x) — sl3. For X € Ei[[lzoc(x) and
t € R for which ¢ () exists, denoting v = §,[X], € sl3, we have

5(¢l (2)) = € - 8(a). (4.10)
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Lemma 4.1. There exists a subalgebra by of sl such that:
Ril(0, S]o) = (3*h)|o= {(3*v)|o] v € b} .
Moreover, any local Killing field of S on O extends to the whole Kill'“-orbit O.

Proof. Tt suffices to show that the subalgebra h(z) = 5*Pi[[f,§c(x) is locally constant on O. This
will in fact imply by connexity of O that h(x) is constant equal to some Lie subalgebra b on
O, and then (5*h)|oC Kill(O,8]o). But for x € O, dimb = dim Ell¢°(x) > Kill(O,8|o) (see
Lemma 2.14), and this inclusion is thus an equality.

For any x € O there exists an open connected neighbourhood U of z such that any local
Killing field of S at x extends to a Killing field defined on U (see Remark 2.15), and for any
y € U we thus have h(z) C h(y). But h(x) and h(y) have the same dimension since z and y

are in the same Kill'*°-orbit of S, and this inclusion is thus an equality. This shows that b(z)
is locally constant and finishes the proof. U

We denote from now on by H the connected Lie subgroup of G of subalgebra h. It is not
necessarily closed in G, but the action of H on X is smooth for the structure of immersed
submanifold of H.

Lemma 4.2. All the points of 6(O) are in the same orbit Y wunder the action of H. In
particular, Y is open.

Proof. We consider x and y in O, and we want to find h € H such that d(y) = h - d(z). By
hypothesis, as « and y are in the same Kill'®-orbit of S, there exists a finite number of points
1 = z,...,x, = y such that for any i < n — 1 there exists a local Killing field X; of S
satisfying x;41 = @}(i (x;). According to Lemma 4.1, there exists for each i an element v; €
such that X; = 0*v;, and we have d(x;11) = €"d(x;) according to the equation (4.10), implying
d(y) =e"-1...e%xg € H-6(x). O

We choose from now on a point z € O, we denote xg = d(x) € Y, and we consider the
isotropy subalgebra

i = staby(xo) == {v € b | v(zg) =0} (4.11)
of h at xg, characterized by §*i = isfggc(x). Since the orbit Y of xg under H is open, dimb —

dimi = 3, and i is non-trivial according to Proposition 3.2. We also denote £¢(xg) = D,6(E¢(z)),
and /i = D® @ DP @ D¢ the splitting sent to Ty, Y = (£* ® EP @ £°)(x0) by the isomorphism
D.0,, induced by the orbital map at xy.

Lemma 4.3. 1. The adjoint representation ad: i — End(h/i) preserves the line D¢ in h/i,
i.e. for any v € i we have ad(v)(D) C D°.

2. There exists in the neighbourhood of xo an unique H-invariant germ of a smooth one-
dimensional distribution E¢ that extends E(xg) on a neighbourhood of xq, and this dis-
tribution is everywhere transverse to £ @ EP.

3. The developping map is an isomorphism between the enhanced Lagrangean contact struc-
tures S and Sy = (£%,EP,£°), from a neighbourhood of x to a neighbourhood of xg.

4. b =8l (29) and i = is'$° (20).

5. If I = Staby(xg) is a connected subgroup of H, then there exists an unique H -invariant
smooth one-dimensional distribution ¢ that extends E°(xg) on the whole open orbit Y,
and E€ is transverse to £ ® EP. Furthermore, 8|o is a local isomorphism from (O, S|o)
to (Y,Sy).
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Proof. 1. For v € i, denoting X = 0*v € isf,)?c(x), equation (4.10) implies £¢(xg) = Dy,e (E¢(x0))
for any ¢t € R, and thus D¢ = Ad(e®) - D¢. Deriving this equality at t+ = 0, we obtain
ad(v) - D¢ C D¢,

2. The isotropy subgroup I = Staby(x¢) and its identity component I° are closed in H for its
topology of immersed submanifold, and the orbital map at xgy induces a local diffeomorphism
O,: H/I° =Y, equivariant for the action of H. We saw previously that Ad(exp(i)) preserves
D¢ implying that the subgroup {z el ’ Ad(i) - D¢ = Dc} is equal to I' by connexity, i.e. that
I° preserves D¢. Therefore, H/I° supports an unique H-invariant smooth one-dimensional dis-
tribution extending D¢, that can be pushed by éxo to a H-invariant distribution extending
E%(xp) on a neighbourhood of zy. Conversely, the pullback of any H-invariant distribution
extending £¢(z) on a neighbourhood of g is H-invariant on H/I?, which proves the unicity
of the germ of £¢. Since £° is preserved by H, it must moreover remain transverse to £ @ EP.
3. For y sufficiently close to z, there exists X € Rill(O,S|o) such that y = ¢k (z). Denoting
yo = 0(y) and v € b such that §*v = X, we have Dy,e " 0D, §(E°(y)) = Dy oDy (EC(y)) =
E¢(xp), implying D, 6(E°(y)) = £%(yo) by H-invariance of £°.

4. This is a direct consequence of the equalities 6*h = Ei[[fgc(x) and 6" = isfgc(x), and of the
fact that § is a local isomorphism from S to Sy at .

5. Concerning the first assertion, the orbital map at zy induces a H-equivariant diffeomorphism
from H/I to Y, and we saw in the proof of the second assertion that H/I® = H/I supports an
unique H-invariant distribution extending D¢ on H/I°, which stays transverse to the contact
plane.

The set € of points y € O such that ¢ is a local isomorphism in the neighbourhood of y is
open and non-empty, and we only have to prove that £ is closed to conclude by connexity of
O. Let z € O be an adherent point of £, and let us denote zy = d(z). There exists a point
y € & sufficiently close to z such that, for some Killing field X of S, z = ¢ (y). Denoting v € b
such that X = §*v, we have D, e~ 0 D,§(E°(2)) = D6 o D,y (E%(2)) = E%(yo), implying
D.6(E°(2)) = £(20) by H-invariance of £¢. By local homogeneity of S|o, we can reach all the
points of some neighbourhood U of z in O by a Killing field, and the same computation as
before shows that |y is a local isomorphism, i.e. that z € £, which concludes the proof. [

4.3.2 Local model of an open Kill'®-orbit

We will call

k: (m,D) € X — (Dt mt)eX (4.12)
the flip diffeomorphism of the homogeneous model space. This involution switches the distri-
butions £ and £P of the standard Lagrangean contact structure, and is moreover equivariant
for the Lie group morphism kg: g — ‘g~ of G.

Consequently, interverting the distributions E* and E® of the Lagrangean contact structure
of M is equivalent to composing the developping map of the (G, X)-structure with x. At the
level of the subalgebra b introduced in the previous paragraph, it is equivalent to apply the Lie
algebra morphism kg, = Dekg: A — — tA.

Denoting
A 0
(4.13)4 = {(o —tr(A)> ‘ A€ 9[2} ’

ha = Pmin,

we will prove in the next section that:
Proposition 4.4. Up to conjugacy in G or image by ke, = — '+, b is equal to by or ha.

To deduce a local information about S |o from this infinitesimal classification, it only re-
mains to look at the action of the connected Lie subgroups HY := GLj (R) and HY := P of
G of respective Lie algebras by and b,.
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Proposition 4.5. 1. Y; (respectively Ya) is the only open orbit of HY (resp. of HY) on X.

2. Sy (respectively Sa) is the only HY-invariant (resp. HQ-invariant) enhanced Lagrangean
contact structure of Yy (resp. Ya) that is compatible with Lx.

Proof. We refer to Paragraphs 4.2.2 and 4.2.3 for the description of (Y, St) and (Ya, Sa)-

1. Both of these groups are contained in Stabg ([e1, e2]) = {[4 ¥ ] | A € GLa(R), X € R?}, that
preserves the surface Ss o[e1, e2], and whose only open orbit is thus ©, = X\ Sg q[e1, e2]. Any
open orbit of one these groups is therefore contained in €),. Since H{ preserves the surface
Saples], any open orbit of HY is contained in Yy = X\ (Sgale1,e2] U Saples]) = HY - og.
In the same way, since HQ preserves S, sle1], any open orbit of HY is contained in Y, =
X\ (Sgaler, e2] U Sapler]) = Hy - 0a.

2. We start with Y;, and we denote

it = Lie(Stang(ot)) = {(§ féa

Q OO

)[ocr}

010 000 100
E:(000),F:(100),H:<0710).
000 000 000

The standard Lagrangean contact structure of X satisfies RET(0y) = £%(0t) and RF(0g) =
EB(oy), and for a € R, the adjoint action of the diagonal element [a,—2a,a] of it has the
following diagonal matrix in the basis (E, F, H) of h/i:

Mat s 7 ) (ad([a, —2a, a])) = [3a, —3a,0].

and

Any line D¢ of by /ig that is transverse to Veﬁ(E, F) has projective coordinates [z,y,1] in the
basis (E,F,H) for some (z,y) € R? and ad([a, —2a,a])(D¢) is generated by the vector of
coordinates (3az, —3ay,0). The only transverse line stabilized by ad(i¢) is therefore RH, and
EC is the only HY-invariant distribution of Y; transverse to Lx.
Let us denote
0 0>
—a—b0
0 b

010 000 001
088) v =(863). 7= (848). (414
We have RXT(0,) = £%(0a), RYT(0a) = £°(0a), and for (a,b) € R?, the adjoint action of the
diagonal element [a, —a — b, b] of i, has the following diagonal matrix in the basis (X,Y, Z) of
pmin/ia:

ia = Lie(Stabys(0a)) = {( (a,b) € RQ} .

oo

and

Mat g v 7 (ad([a, —a — b,b])) = [2a + b, —a — 2b,a — b]. (4.15)

Any line D€ of p,nin /ia that is transverse to Vect(X,Y) has projective coordinates of the form
[z,y,1] in the basis (X,Y,Z) for some (z,y) € R?, and ad([a, —a — b, b])(D°) is generated by
the vector of coordinates ((2a + b)x, (—a — 2b)y,a — b). The only transverse line stabilized by
ad(ia) is therefore RZ, and &¢ is the only HY-invariant distribution of Y; transverse to Lx. [

We can finally describe the local geometry of O.

Corollary 4.6. Up to inversion of the distributions E* and EP, the restriction §|o of the
developping map to O is a local isomorphism from (O,S|o) to (Y, St), or to (Ya,Sa).

Proof. Inversing the distributions E* and E? is equivalent to apply Ksl; to b, and the conju-
gation of h by g € G is equivalent to replace the developping map § by g o § (that describes
the same (G, X)-structure on M). According to Proposition 4.4, we can thus assume that b is
equal to h¢ or ha, and the open orbit Y is therefore equal to Y; (respectively Ya) according to
Proposition 4.5. Since the isotropy subgroups Stab HO (0¢) and Stab g (0a) are connected, there
exists a Hp-invariant (resp. H3-invariant) enhanced Lagrangean contact structure Sy on Y
that is compatible with £x and such that 6|o is a local isomorphism from (O, S|o) to (Y, Sy)
(see Lemma 4.3). According to Proposition 4.5, Sy is equal to St (resp. Sa). O
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5 Classification of the infinitesimal model

The goal of this section is to prove Proposition 4.4. Let us recall that the Lie subalgebras
i C b of sl3 are characterized by (6*h)|o= Rill(O,S|o) and [6*i], = isfs?c(x) (see Lemma 4.1 and
(4.11)).

5.1 Algebraic reduction

We first prove some purely algebraic restrictions on b.
Lemma 5.1. The dimension of b is either 4 or 5.

Proof. Possibly translating the developping map by an element of G, we can assume that
xo = o = ([e1],[e1,e2]) € X, and since the adjoint action of P,,;, on the lines of sl3/pmin
transverse to Vect(eq, €g) is transitive (see equation (2.9) in Paragraph 2.2.3), we can moreover

7 /Ty — . 000 . . . .
assume that D¢ = D.0,(Rey) with ey = (? 8 8). As a consequence, i = § NPy is contained in

a

0 = {0 € puuin | 2d(v)(Ren) C Reo ) = {(8 —a 2) (a,b,2) € R3} . (5.1)

001 . . . . .
Denoting ¢’ = (0 0 0) € 0, we now prove that i N Re” = {0}, which implies dimi < 2 and

concludes the proof of the Lemma since i is non-zero and dim ) — dimi = 3.
Let us assume by contradiction that ¢® € i. As b 4 ppin = sl3 (because the orbit of o
. . 000
under H is open), there exists v € h and w € Py, such that eg = ((1] 8 8) = v+ w. We have

then [v,e"] € b, and since w € P, [w,e’] € Re® C i. This implies that (8 0 ?) = leg, €] =

000
[v, €]+ [w, €] € N Pyin = i C 0, which contradicts the description of o in (5.1) and concludes
the proof of the lemma. O
Let
b = s,xt, (5.2)

be the Levi decomposition of b, where s is a semi-simple subalgebra of § (or is trivial if h is
solvable), v is the solvable radical of b (it is an ideal of ), and ¢ is the restriction of the adjoint
representation ad: h — Derh to s (¢: s — Dert describes the bracket in h by [v, w] = ¢(v)(w)
for v € s and w € v).

A proper semi-simple subalgebra of sl3 of dimension less than 5 is three-dimensional, and is
thus isomorphic to sly or to s0(3). Moreover, up to conjugacy in SL3(R), the only embedding
of 50(3) in sl3 is the inclusion, and the only embeddings of sly in sl are:

50 = {(61 8) ‘ Ae 5[2} and so(1,2). (5.3)

If b is not solvable, s is thus equal to sp, s0(1,2) or so(3) up to conjugacy in SL3(R). The
centralizers of these subalgebras in slg are:

C5[3 (50(1’ 2)) = C5[3 (50(3)) = {0}’
o [ [(z0 0 R (5.4)
w(0) = {(87.4,) |= <R},
Lemma 5.2. Up to conjugacy in SL3(R) or image by ks, = — ¢+, we have the following results.

1. If b is not solvable, then:

(a) s is equal to s,
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(b) and b is equal to by or to
b =R xsly = {(§) | A €slo, X € R?}. (5.5)
2. If b is sovable, then either by is contained in Ha = Pmin, or b is equal to

ho = R? % sim(R?) = { (4 _¥,) | A€ sim(R?), X € R?}, (5.6)

where sim(R?) = {(fbg) } (a,b) € RQ}.

Proof. 1.a) Let us assume by contradiction that s is conjugated to so(1,2) or so(3), implying
that Cg,(s) = {0} according to (5.4). Since s is simple, if the Lie algebra morphism ¢ is
not injective then it is trivial, implying v C Cg,(s) = {0}, and therefore dimbh = dims = 3
which contradicts Lemma 5.1. Our hypothesis on s implies therefore that ¢ is injective, and in
particular that dim Dert > dims = 3.

Since dims = 3, the solvable radical t is of dimension 1 or 2 according to Lemma 5.1,

and is thus isomorphic to R, aff(R), or R%. But if t is isomorphic to R or aff(R), then Dert
is of dimension 1 or 2 which contradicts the injectivity of ¢, and t is thus isomorphic to R2.
Since s0(3) has no non-zero two-dimensional representation, this implies that s is conjugated to
50(1,2). The connected Lie subgroup H of SL3(R) of Lie algebra b contains then SO°(1,2), and
its adjoint action induces thus by restriction a two-dimensional representation ¢ of SO°(1,2)
on t (because t is an ideal of ). Since SO°(1,2) is isomorphic to PSLy(R), ¢ is trivial, implying
that ¢ is trivial as well. This contradiction concludes the proof of the firs claim.
1.b) Let us assume by contradiction that v is isomorphic to aff(R). Then Dert is two-
dimensional and ¢ is thus non-injective, i.e. trivial by simplicity of 5. But v is then contained
in the centralizer of 9 which is one-dimensional according to (5.4), contradicting v ~ aff(R).
Therefore, t is isomorphic to R? or R.

We first assume that v is isomorphic to R?, implying that ¢ is injective (otherwise v C
Cst, (50) which is one-dimensional). We use the linear mapping eve,|.: M € v+ M(e3) € R3
and discuss according to the dimension of its image t(e3). Let us emphasize that t is normalized
by the connected Lie subgroup Sy of SL3(R) of Lie algebra s, and that v(e3) is thus preserved
by So. If t(e3) is a plane then t(e3) = Vect(ey, ea), because it is the only plane of R? preserved
by Sp. Moreover, eve,|, is then injective. There exists v € v such that eve,(v) = e, and
with A = (§ %) €slp and u = (§9) € 59 we have eve,([u,v]) = €1 = eve,(v). This implies
[u,v] = v by injectivity of eve,|,, and finally v = (§ § é) for some x € R. The same reasoning
with w € v such that eve,(w) = ez and A = (_01 (1)) € sly, implies that w = <§§g) for

some y € R. Since t is abelian we have [v,w] = 0, which implies x = y = 0 and proves that
t= (8]%2), i.e. that h = R? x sly. If t(e) = {0}, then p: (£9) € v — X € R? is injective
(recall that t N sg = {0}), implying p(r) = R2. Therefore dim (kg (t))(e3) = 2 which brings us
back to the first case, and kg, (h) = R? x sly. Finally, dimt(eg) = 1 is impossible. Otherwise,

v == kerev,, Nt is one-dimensional, and since p|. is injective, p() is a line of R%. But for
wev andv = (49) € 5o we have p([v,w]) = —p(w)A, i.e. p(t) is preserved by sly and cannot
be a line.

We now assume that v is isomorphic to R. Then ¢ is non-injective and thus trivial, implying
t C Cq4(80). This inclusion is an equality by equality of dimensions, proving b = bs.
2. Since b is solvable, it preserves a complex line in C? according to Levi’s theorem. More
precisely, either h preserves a real line, or it preserves a plane on which it acts by similari-
ties. The second case implies h C R? x sim(R?) = by up to conjugacy in SL3(R). In the first
case we can assume that h preserves Rej, and if the representation (§4) € h — A € gl
also preserves a real line, then h C ppin = ha up to conjugacy. If not, then kg (h) C
{(‘%A 21) ‘ A € sim(R?), X € RQ}, according to the same remark than before. This last sub-

algebra being conjugated to R? x sim(R?) = o, this concludes the proof of the lemma. O
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5.2 Two further properties of the infinitesimal model

In order to eliminate the subalgebras h; and ho appearing in Lemma 5.2, we prove two additional
properties of the infinitesimal model (b, 1).

Lemma 5.3. Let [ be a subalgebra of sl containing b, j = stabi(xg) be its isotropy at xy, and
D¢ be the line of /i sent to E¢(x0) by the orbital map at xo. If ad(j)(D) C D¢, then [ = h.

Proof. Let us denote by L the connected Lie subgroup of G of Lie algebra [, and by J° the
identity component of J = Staby (xq). As ad(j) preserves D¢, Ad(exp(j)) preserves D¢, and the
subgroup of elements j € JY such that Ad(j) preserves D¢ is thus equal to J° by connexity.
The construction made in the second assertion of Lemma 4.3 is thus valid for L/J°, and proves
the existence of an unique L-invariant enhanced Lagrangean contact structure Sj extending
(E%(z0), EP(x0), E%(20)) in the neighbourhood of xg. As h C [, we have H C L, and S}, is thus
H-invariant, implying S}, = Sy by the unicity of such a tructure (see Lemma 4.3). Therefore
[C El[[fggﬁ (:UO) = B, which concludes the proof. O

Lemma 5.4. Let us assume that i is one-dimensional, and let v be a non-zero element of
i. Then the eigenvalues of ad(v) € End(h/i) with respect to the eigenlines D and D" are
non-zero.

Proof. We already know that ad(i) is diagonalizable with eigenlines D®, D? and D¢ (see
Lemma 4.3). The proof is the same for the eigenvalues of both eigenlines D* and D, and we
only do it for D®. By density of Rec(f) N Rec(f~!) in M (see the introduction of Section 3),
there exists € O such that = my/(2) € Rec(f) NRec(f~1), and possibly replacing f by f~!

we have hm HDxf | 2o (&)

v 0 for a given Riemannian metric that we fix on M.

By hypothesm on z, there exists a sequence () in 71 (M) and a strictly increasing sequence
(ng) of integers such that ~; f™ (z) converges to z. We can moreover assume up to extraction
that 2, € O for any k, implying that v, f™ preserves O. Endowing M with the pullback s
= 0 (since 71 (M) acts by

of the Riemannian metric of M, we have lim HD;,;(ka N o[-
k—+o0

isometries).
Theorem 2.9 implies the existence of a unique sequence (gi) in G satisfying

8oy f™ = gi 06 on a neighbourhood of . (5.7)

Denoting o = d(x), gr -x9g = d 0 'ykf”k( ) €Y = H - xy converges to zp. There exists thus
a sequence hy € H converging to the identity in G and such that hg - zg = g - z¢. Since 9 is
a local isomorphism from S lo to Sy on a neighbourhood of z, the equation (5.7) defining g
shows that g preserves Sy on a neighbourhood of xy. By H-invariance of Sy, iy = h,;l gi also
preserves Sy, and iy is thus contained in the closed subgroup

I == {i € Stabg(x¢) | i preserves Sy on a neighbourhood of xy}

of G. The Lie algebra of I is equal to i because isg’ﬁ (x0) =i (see Lemma 4.3).

Fact. I = {2 € Stabg (zg) ‘ Ad(i) - b = b and Ad(i) - D¢ = Dc}. In particular I is algebraic
and has a finite number of connected components.

Proof. For i € I and v € b, the relation D, i 0D, = D0y, 0 Ad(i) implies i v = Ad(i) - v
Since i is a local automorphism of Sy and v a Killing field of Sy, Ad(7) - v is also a Killing field
of Sy, implying Ad(i) - v € b since El[[?}f (9) = b (see Lemma 4.3). Moreover, D.,i(E5,) = &5,
implies Ad(i) - D¢ = D°.

Let us conversely assume that i € Stabg (z¢) satisfies Ad(i)-h = b and Ad(i)- D¢ = D°. We
consider v € b sufficiently close to 0, such that with h = e” € H and y = h-xzg € Y, Sy is defined
at y. Since Ad(i) - D® = D¢, Dy, i(E¢(x0)) = £%(w0), and W = ihi~t = AV ¢ I because
Ad(i) - h = . By H-invariance of £¢, we obtain Dyi(E°(y)) = Dyoh' 0 Dgyi(E%(xg)) = E°(i - y),
proving that 7 € I. O
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We can thus assume up to extraction that (i) lies in a given connected component of
I, and there exists then g € I such that jp = gir is contained in the identity component
I9. We endow X with a Riemannian metric pux, and denote by fix = d*ux its pullback on
M. Since (y;f™(z)) is relatively compact in M, the metrics fips and fix are equivalent in

restriction to (yxf™ (x)), and the limit stated above for fips is thus valid for ix, implying that
lim Hongk‘ga(mO)H = 0. Since j; = gh,;lgk with (gh,;l) relatively compact in G, we also
X

have lim HonjkLi‘a(xO) " 0.

The identity component I° being connected and one-dimensional, there exists a non-zero
v € i and a sequence t; € R such that i = exp(txv), implying that D,,ji is conjugated
= 0. Denoting by A,

by the orbital map to exp(txad(v)), and thus lim Hexp(tkﬁ(v))\[)a ’

the eigenvalue of ad(v) with respect to D%, exp(trad(v))|pa= exp(Aqtx)idpa implies then
Ay # 0. 0

5.3 End of the classification
We are now able to conclude the classification.
Lemma 5.5. h; = R? x sly does not satisfy the geometrical conditions of Lemma 4.3.

Proof. The only open orbit of the connected Lie subgroup H; of G of Lie algebra by is the
open subset (), defined in Paragraph 4.2.1. If Hy - zg is open for some point zy € X, we
can thus assume that xg = ([es], [e3,e1]) € Q4 up to conjugacy in Hj, implying that i; =
Lie(Stabg, (z0)) = {(&2%,) | a,b € R?}. Denoting v, = (99) and vz = (}) € b1, we have
Ru! (29) = £%(x0) and Rvg(xo) = EP(x0), and defining v. = (9) and i = (J}) € i1, the matrix
of ad(i) in the basis (Va,vs,0.) of by /iy is:

- 000
Mat (5,,,55,5.) ad (i) = (8 0 é) '

Any line of b1 /i; that is transverse to Vect(vqa,v3) has projective coordinates [a,b,1] in the
basis (Va, Vg, .) for some (a,b) € R?, and ad(i)(D¢) has thus coordinates [0, 1,0]. This proves
that ad(i)(D€) ¢ D¢, i.e. that h; does not satisfy the geometrical conditions of Lemma 4.3. [

Lemma 5.6. If b is a four-dimensional subalgebra of ha = Pmin, or s equal to hy = R? x
sim(R?), then b does not respect both the geometrical conditions of Lemma 4.3 and the dynam-
ical condition of Lemma 5.4.

Proof. We first assume that b is a four-dimensional subalgebra of p,n;n. Therefore H C Ppin,
and if H - x( is open then zy € Y, according to Proposition 4.5. We can thus assume up to
conjugacy in H that xo = 0a = ([es], [e3, €2]) € Ya, implying:

0 0
i = staby(0a) C ia = staby, ;. (0a) = {<§ —ach g)

(a,b) GRQ}.

Let D¢ C h/i be a line preserved by ad(i), and such that D.f,, (D) is transverse to (€% @
£P)(0a). Since b is a proper subalgebra of p,in, Lemma 5.3 implies that ad(is)(D¢) ¢ D¢, and
thus that stab;, (D¢) == {v € ia ‘ ad(v)(D°) C Dc} is equal to i. Consequently, dim stab;_ (D) =
1. Any line D¢ of pynin/ia which is transverse to the contact plane has projective coordinates
[z,y,1] in the basis (X,Y,Z) of pmin/ia, for some (z,y) € R? (see Proposition 4.6), and
according to equation (4.15):

—ifx =y =0, i.e. D°=RZ, then stab; (RZ) = i;
~ifz=0andy #0, i.e. D°= D$(t) :=R(Z+1tY) for some t € R, then stab;, (D (t)) is
equal to the line iy generated by the diagonal matrix [1,1, —2] = (é ((1; _82);
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~ifz#0and y =0, d.e. D°= D%(t) :=R(Z +tX) for some t € R, then stab;_ (D% (t)) is
equal to the line ix generated by the diagonal matrix [-2,1,1] = (%2 g %);

— if 2 # 0 and y # 0, then stab;_ (D°) = {0}.

The only transverse lines of Py /ia having a one-dimensional stabilizer in i, are thus D% (¢)
and DY (t), and i is therefore equal to ix or iy. But Mat g y 7 ad([1,1,-2]) = [0,3,3] and
Mat g v 7 ad([-2,1,1]) = [-3,0, —3] according to (4.15), i.e. the elements of iy and iy have
zero eigenvalue with respect to either the a or the (S-direction. This shows that h does not
satisfy the dynamical condition of Lemma 5.4, and concludes the proof in the case § C Poin-
In the same way, if h = bho, then we can assume that o = 0, € 2, up to conjugacy in
Hy = R?xSim(R?), implying i = staby,(0a) = iy defined above. But we saw that the elements
of iy have zero eigenvalue with respect to the a-direction, which shows that hs does not satisfy
the dynamical condition of Lemma 5.4. U

Proposition 4.4 directly follows from Lemmas 5.2, 5.5 and 5.6.

6 Global structure

From the local model that we determined for the enhanced Lagrangean contact structure S,
we will now deduce a global information.

6.1 Local homogeneity of the enhanced Lagrangean contact structure

So far, we only have informations about S on a dense and open subset €2 of M (see Proposition
3.2), and the first step to obtain a global information is to prove the following result.

Proposition 6.1. The open dense subset  equals M, i.e. S is locally homogeneous on M.

We will denote in this paragraph by (C,¢) = (M ,w, ) the normal generalized Cartan
geometry of the enhanced Lagrangean contact structure S = TS of M, and by K% M —
Wictor its total curvature (see Paragraphs 2.3.4 and 2.4.2). We recall that Q = 7,(Q) C M,
and that the projection of the Cartan bundle is denoted by 7: M — M.

We also recall that the local homogeneity of S | means that the connected components of
Q are exactly its Kill'-orbits (see Definition 3.1). Since the rank of DK is invariant by the
right action of P,,;, and by the flow of Killing fields, this shows that rk(DK!) is constant
over any connected component of ).

We choose for this whole paragraph a connected component O of (i.e. an open Killtoe-
orbit of §) such that rk(DzK*?) for & € 7~1(0) is maximal among k(D) for 2 € 7~1(Q).
We will denote by (Y,Sy) the local model of S lo, equal to (Yi,S¢) or (Ya,Sa) and such that
Slo: (0,8]o0) — (Y,Sy) is a local isomorphism (see Corollary 4.6). We still denote by b the
subalgebra of Killing fields of Sy, respectively equal to by or h, (see Proposition 4.4), and by
H the corresponding Lie connected subgroup

+
HO — [GL% (R) ﬂ or HO = Pt

of G of Lie algebra b, preserving Sy.
We recall that 0: M — X denotes the developping map of the (G, X)-structure of M
describing the flat Lagrangean contact structure £ (see Corollary 3.4).

Lemma 6.2. The boundary of O is mapped to X \'Y by the developping map: §(00) C X\ Y.
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Proof. Let us assume by contradiction that there exists © € dO such that g = §(z) € Y. The
pullback b := §*h = {6*v | v € b} is a subalgebra of vector fields of M, such that &ill(O,S|p) =
6\0 according to Lemma 4.1. As zg € Y, there exists an open and convex neighbourhood
Wy of 0 in b such that V = exp(Wy) - g C Y is an open neighbourhood of zj. Denoting
W =66W,cCh U= {ap}((m) ] X € W} is thus an open neighbourhood of z, and possibly
shrinking W), we can moreover assume that ¢y is a diffecomorphism from U to V. As x € 00,
there exists y € UN O, and X € W such that x = ¥ (y), implying that % (y) € U for any

€ [0;1], and thus d(¢% (y)) € V C Y. Denoting ty = inf {t € [0;1] | ¢’ (y) € DO}, to > 0
because O is open, and apgg(y) € 00 because 90 is closed. Replacing z by wg‘g(y) and X by
% € W, we finally have y € O, * = % (y) € 90, and for any t € [0;1[, ¢’ (y) € O, with
X|o€ Kill(0, S|o).

Choosing § € 7~ 1(y), the invariance of D'K!* by local automorphisms and the fact that
¢l is a local automorphism of (C, ) on the neighbourhood of y for any ¢ € [0;1] implies
DKt (@ (9)) = DKt (§) for any ¢ € [0;1]. Denoting & = ch(g]), we obtain DK (%) =
DIt (§) by continuity, i.e. K(2) = K (§) and DzK!" ow " = DyK® o T (see Paragraph
2.4.2 for the definition of D!KCt?).

This implies & € Mt In fact since the rank of DK can only increase locally, there is an
open neighbourhood U of # where the rank of DK is greater than rk(D;zK"). Let us assume
by contradiction that the open subset of U where rk(DyK™") > rk(D;K™) is non-empty.
Then by density of 7~ (Q), there exists 2 € 7 1(Q) such that rk(D:K!) > rk(D;K). But
rk(D; ) = rk(DgK™!) because DKY!(£) = DK (), and thus rk(DzK%!) > rk(Dgkt)
with § € 771(0), wich contradicts our hypothesis of maximality of rk(DK") on O. Therefore
k(D) is constant on the open neighbourhood U of £, proving that & € Mt according to
Theorem 2.17.

For any X € ill¢¢(y), X; € Ker(DyKtt), which implies wy YPomin) + Ker(D ICtOt) Ty M

since the Kill'“-orbit O of y is open, and therefore w} * (Pmin ) —|— Ker(DzK™) = Tz M (because
D; K% 0wyt = Dyt o wy ). Since & € M™, this equality implies {XgC i [fgc(m)} =
T, M, i.e. that the KlHlOC—OI"blt of z is open. But & € 90, and the Kill"*“-orbit of = intersects
thus O, i.e. z € O since O is also a Kill"®-orbit, which contradicts our initial hypothesis. This

contradiction concludes the proof of the lemma. O

Lemma 6.2 allows us to reduce the study of the central direction E¢ on the boundary of O,
to the study of the central direction £¢ on the boundary of Y. We first do some geometrical
remarks about the open subsets Y, and Y; of X, defined in Paragraphs 4.2.2 and 4.2.3.

Let us recall that, denoting Do, = [e1, €], m¢ = [e3] and ma = [e1], we have:

= X\ (88,0(Doc) USag(mt)) and Ya = X\ (S5,0(Doo) U S5,a(1ma))-

In particular, for ¢ = a and t we have X \ Y. = 0Y: = S3.4(Doo) U Sy g(me).
We define in both cases

G = {x €Yy ’ C*(z) € Y or CP(x) ¢ OY}.
It is easy to check that for ¢ = a and t, we have:
Ge = 0Y: \ {CB(DOO) UC*(me) U (Sg,a(Doo) N Sa,p(me))},

and that for any z € G, if C*(z) ¢ OY for e = a or 8, then C*(x) \ {z} C Y.
We have Sg o(Dog) N So 5( a) = C#(Duo) UCY(ma), and S5 (Do) N Su g(ms) is equal to
the chain defined by (m, Do), denoted by C(my, Do) and defined as follows:

C(ms, Doo) = {(m, [m,ms]) [ m € Doo} .

Finally, we will use the following description of the respective orbits of H on G:
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1. the orbits of HY on Gy are G{ = S, g(my) \ (C*(m) UC(my, D)) where C¥(x) \ {z} C Yz,
and G2 = S5.4(Doo) \ (C°(Deo) UC(my, Doo)) where CP(z) \ {7} C Yg;

2. the orbits of H) on G, are G} = S, g(ma) \ (C®(ma) UCP (D)) where C%(z) \ {7} C Ya,
and G2 = S5.4(Doo) \ (C%(ma) UCP(Dy)) where C%(z) \ {2} C Ya.

We now prove that the central direction £¢ degenerates along the o and [-circles when
converging to a point of G.

Lemma 6.3. Let v: [0;1] — X be a smooth path such that v(]0;1]) C Y, x = ~v(0) € G, and
v([0;1]) is entirely contained in C*(z), or entirely contained in C°(x). Then E(y(t)) converges
att =0 to a line contained in (£¢ @ E°)(x).

Proof. Since the action of H on Y preserves £¢, it will be sufficient to prove this result for
one point of each of the two orbits of H on G described above, in each of the two cases Y;
or Ya. Moreover, we saw that in each case, either C%(x) \ {z} C Y and C’(z) C 9Y, or the
contrary. We thus have only one possibility to consider for + in each of these four cases, either
that v([0;1]) C C%(z), or that v([0;1]) C C%(z). To clarify our strategy, let = be a point of g
for y =t or a and ¢ = 1 or 2, and let us consider the following data:

— a one-parameter subgroup {g‘}icr of G such that, denoting z(t) = g¢' -z, we have

{z(t) |t e R} = C*(x) \ {y}, with y € C°(z) NY, and € = « or B according to the
case considered,

— a one-parameter subgroup {h’}cr of H such that ¢* -z = z(t) = R y for any t € R*,
— A in sl3 such that D.§,(RA) = £°(y), where 0,: G — X is the orbital map at y,
— and gy € G such that go - © = o where o = ([e1], [e1, e2]) is the usual base-point of X.

Then for any t € R* we have
D (909~ )(E (2 (1)) = Deblo(R Ad(gog ') - A)).

Denoting by p: sl3 — sl3/pmin the canonical projection, let us assume that p(R Ad(gog_thfl) .
A) converges at t = 0 to a line contained in Vect (e, €g). Then D.6,(R Ad(gog~tht")-A) C T, X
converges to a line L C (£ @ £°)(0), and since gtga1 converges to gal at t = 0, we deduce
by continuity that £¢(x(t)) converges at t = 0 to D,gy ' (L), contained in (£* @ £)(x) because
gal preserves £ @ £P.

In conclusion, we only have to find, in each of the four cases y =t oraandi=1or 2, a
point x € QL, together with ¢', ht, A, and gq satisfying the above conditions, and to prove that
p(RAd(gog~th'™") - A) converges at t = 0 to a line contained in Vect(éq, eg).

We begin with Y;, for which we choose for both orbits Qtl and QE the point y = oy =

([1,0,1],[(1,0,1),e2]) € Y;. Let us recall that in this case, A = (é —81 §) satisfies £%(0g) =
D¢b,, (RA) (see Paragraph 4.2.2).

— For G}, choosing = = ([1,0,1],[(1,0,1),e1]) = ([1,0,1],[e1,e3]), g0 = (ég—gl), and the
one-parameter subgroups g\ = (% g —(l)t) of G and h! = (é é %) of HY such that ¢* -z =

1

ht - oy € C%(z), we obtain:

_ 1 —2 —2¢71
Ad(gog~tht ") - A= ( e 2f_1) :
—t t

and thus p(R Ad(gog*h'™") - A) converges at ¢t = 0 to Reg.
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010
— For G, choosing = = ([ea], [e2, (1,0,1)]), go = (% 0 _01) , and the one-parameter subgroups

(1
¢ (110 ¢ (100 0 T 5 .
g —(8%(1)) of G and h _(65(1)) of H{ such that ¢" -z =h" - 0¢ € C’(x), we obtain

-1
Ad(gogtht™ -A:(”t 0)
(909 ) 010},

and thus p(R Ad(gog—th' ') - A) converges at ¢t = 0 to Ré,.

We now consider the case of Ya, for which we choose for both orbits G. and G2 the point

001
y = 0a = ([es], [e3, e2]) € Ya, and we recall that in this case A = (8 0 8) satisfies the above

condition £%(0s) = De¢b,, (RA) (see Paragraph 4.2.3).

— For G}, choosing = = ([es],[es,e1]), go = (g?é), and the one-parameter subgroups

3
¢ (100 ¢ (1t0 0 bt N .
g _(65(1)) of G and h —(8(1)(1)) of H) such that ¢"-x = h" ~ -0, € C¥(x), we obtain:

P} /000
Ad(gog™"h )-A—(_ltgg),

and thus p(R Ad(gog'h'"") - A) converges at ¢t = 0 to Reg.

— For G2, choosing = = ([ea], [e2,€3]), g0 = (?) é g) , and the one-parameter subgroups

. (100 . (100 0 bl 5 .
g —(8%(1)) of G and h —(85{) of H such that ¢* -2 =h 0a € CP(x), we obtain

—ty¢1 ) o 000
Ad(gog™"h" ) A—(ggg),

and thus p(R Ad(gog—*h' ') - A) converges at ¢t = 0 to Ré,.
According to the discussion above, this concludes the proof of the lemma. O
We are now able to prove Proposition 6.1.

Proof of Proposition 6.1. Let us assume by contradiction that € # M. We choose a connected
component O of € such that the rank of DK for # € 7—(0) is maximal among the ranks
of DKt for & € n=1(Q). Since @ # O # M there exists z € 9O, and since E* @ EP is
contact, [Sus73, Theorem 4.1] implies the existence of a piecewise smooth path ~: [0;1] — M
constituted of a finite concatenation of segments of o and S-leaves, joining z = (1) to a point
y = v(0) € O. Denoting ty = inf {¢t € [0;1] | v(¢t) € 0}, to > 0 and ~(ty) € JO. Replacing
x by ~(to), keeping only the last smooth arc of v, replacing y by the origin of this arc, and
choosing a parametrization of this arc by [0;1], we finally obtain a smooth path ~: [0;1] — M
such that v([0;1]) C O, x = (1) € 00, and (]0;1]) is entirely contained in a same « or
f-leaf. The proof being the same in the two cases, we assume that v([0;1]) € F*(z) to fix the
ideas. Denoting z¢ = §(z), g € X \ Y according to Lemma 6.2, and d(y([0;1])) C Y because
d(0) C Y (see Lemma 4.2). Finally §(7([0;1])) is an open interval of C*(x() contained in Y,
and 79 € X\ Y, i.e. g € G. Denoting vo(t) = d(y(t)), Lemma 6.3 implies therefore that
E¢(70(t)) converges to a line D§ C (E* @ £P)(zp) at t = 1. As §|o is a local isomorphism
between S|p and Sy, we have E°(y(t)) = (Dy1)0) 1 (E(10(t))) for any ¢ € [0;1[, implying
E¢(z) = (D,0)"1(Dg) by continuity. Since § is a local isomorphism between the Lagrangean
contact structures £ and Lx, this implies that E°(z) C (E* & E®)(z), which contradicts the
definition of the transverse distribution E°. This contradiction concludes the proof of the
proposition. ]
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6.2 Reduction of the holonomy group
Let us describe the global and local automorphisms of (Y3, St) and (Ya, Sa).

GLy(R) 0

Proposition 6.4. 1. Aut(Y;,S¢) = Hy = l 0 1

] and Aut(Ya, Sa) = Ha = Ppin.
2. Let (Y,Sy) be one of the two models (Yi,St) or (Ya,Sa). Then any local isomorphism of

Sy between two connected open subsets of Y is the restriction of the action of a global
automorphism of Aut(Y,Sy).

Proof. 1. The inclusions Hy C Aut(Y;, S¢) and Hy C Aut(Ya, Sa) were explained in Paragraphs
4.2.2 and 4.2.3. Since the automorphism groups are contained in the respective stabilizers of
Y: and Y,, the equalities follow because Hy = Stabg(Y;) and H, = Stabg(Ya).

2. Let us emphasize that in both cases, Aut(Y, Sy ) is the normalizer of ) in G. Let ¢ be a local
automorphism of Sy between two connected open subsets U and V of Y. For any v € h, since
v|y is a Killing field of Sy, ¢*(v|y) is a Killing field of Sy, and therefore ¢*(v|y) = w|y for
some w € h. But ¢ is in particular a local automorphism of the Lagrangean contact structure
Lx of X, and is thus the restriction to an open subset U C Y of the left translation by an
element g € G, according to Theorem 2.9. Therefore w|y= ¢.(v|v) = (Ad(g) - v)|v, implying
that Ad(g)-v = w € b since the action of G on X is analytic (see Lemma 2.16). Consequently,
g € Norg(h) = Aut(Y, Sy). O

We recall that p: m1 (M) — G denotes the holonomy morphism associated to the develop-
ping map §: M — X of the (G, X)-structure of M (see Corollary 3.4 and Paragraph 2.3.2).

Proposition 6.5. The holonomy group p(mwi(M)) is contained in Aut(Y,Sy). Consequently,
M has either a (Hy,Yy)-structure or a (Ha, Ya)-structure, and its developping map is a local
isomorphism of enhanced Lagrangean contact structures from S to S (respectively S, ).

Proof. According to Proposition 6.1, S is locally homogeneous, and we thus deduce from Corol-
lary 4.6 that, up to inversion of the distributions E® and E?, the developping map of the
(G, X)-structure of M is a local isomorphism from (M, S) to one of the two models (Y, S¢)
or (Ya,Sa). According to Proposition 6.4, the holonomy morphism has moreover values in the
corresponding automorphism group Hy (respectively H,) described in the same result, i.e. S
is described by a (Hy, Yi)-structure (resp. (Ha, Ya)-structure) on M. Concerning the inversion
of E* and EP, it is easy to construct for both models (Y3, S;) and (Ya, Sa), a diffeomorphism
of Y inverting the distributions £* and £° and fixing the transverse distribution €. In other
words, for these both models, the structures (EO‘,Eﬁ,Ef/) and (Eﬁ,EO‘,Ef/) are isomorphic, so
that a posteriori, the order of the distributions E* and E? in the statement of Proposition 6.5
does not matter. O

7 Completeness of the structure

The goal of this section is to prove that:
Proposition 7.1. The developping map & is a covering map from M to Y.

It is a known fact that a local diffeomorphism satisfying the path-lifting property is a
covering map (the reader can for example look for a proof in [DC76, §5.6, Proposition 6 p.
383]). According to the following statement, it will be sufficient to check the path-lifting
property in the «, § and central directions, to prove that J is a covering map.

Lemma 7.2. Let h: N — B be a local diffeomorphism between two smooth three-dimensional
manifolds, B being connected. We assume that there is a smooth splitting Fh ® Es & E3 =TB
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of the tangent bundle of B into three one-dimensional smooth distributions, such that for any
i€{1,2,3}, x € Im(h), and & € h='(x), any path tangent to E; and starting from = entirely
lifts through h to a path starting from &. Then h is a covering map from N to B (and in
particular, h is surjective).

Proof. Since h is a local diffeomorphism, it suffices to prove that our weaker hypothesis implies
the lift of any path. By compactness, it is moreover sufficient to locally lift the paths in
B, around any point. We choose x € B and a sufficiently small open neighbourhood U
of x, such that there are three smooth vector fields X, Y and Z generating E;, E5 and
Es on U, and ¢ > 0 such that (t,u,v) € |—e;¢* = é(t,u,v) = @ o % o Ph(x) € U
is well-defined, and is a diffeomorphism (this exists according to Inverse mapping theorem).
Let us choose Z € h~!(x). Then, denoting by X = h*X, Y = h*Y and Z = h*Z the
pullbacks, the path-lifting property in the directions F;, F5 and FEj3, and from any point,
implies that ¢(t,u,v) = P 0 Pt 0 p%(Z) is well-defined on J—esel’. If~:[0;1] - Uis a
continuous path starting from x and contained in U, there are three continuous maps ¢, u and
v from [0;1] to ]—e; e[ such that v(s) = ¢(t(s),u(s),v(s)). Since ho ¢ = ¢ by construction,
F(s) = @(t(s),u(s),v(s)) is a lift of v starting from &, which concludes the proof. O

Remark 7.3. Proving that the paths in 5(M ) in the a-direction (respectively [ or central
direction) lift to M is equivalent to prove that for any = € §(M) and & € §~!(x), we have:

§(F(7)) = C*(x) N (M),

(respectively the same equality for S-leaves and [-circes, or for central leaves).

We first prove that the image of any « (respectively ) leaf in M miss exactly one point in
the associated a-circle (respectively [-circle) of Y. We recall that Y = X \ Y, as explained
before Lemma 6.3.

Lemma 7.4. For any T € M, denoting x = §(Z) € Y, there exists * € C?(x) N Y such that
§(FB(2)) = CP(x) \ {z*} = CP(x) NY. The same happens for a-leaves and their associated
a-circles.

Proof. We will only write the proof for g-leaves and S-circles as in the statement, the case of
the a-direction being the same. Denoting Z = my;(Z) € M, and possibly replacing f by f~!,

= 0 for some Riemannian metric that we fix on M.

we have nll)r_{loo Hfo | 2o (&)

The description of the open subsets Y; and Y, in Paragraphs 4.2.2 and 4.2.3 easily shows
that in these both cases, the intersection of any S-circle (respectively a-circle) with Y miss
exactly one point of the circle. In other words, the intersection C%(z) N Y is a single point
{z*}, and as a consequence §(F?(z)) c C#(x)\ {2*} = CP(2) NY. To finish the proof of the
lemma, we have to prove that 6(F”(Z)) cannot miss more than one point of C(z). To achieve
this, we assume by contradiction the following:

there exists = # 27 € C%(x) \ {x,2*} such that §(F%(z)) =]z~ ;2] C CP(2) \ {z*}, (7.1)

where |z~ ;27| is the connected component of C%(z)\ {z~, 2"} that contains z.

Since M is compact, there exists a strictly increasing sequence (ny) of positive integers such
that [ (Z) converges to a point ZToo € M, and there exists then a sequence Y € m1(M) such
that Zj, == 5, - /(&) converges to a point Too € T (Zso). Since ka"’f is an automorphism
of the Lagrangean contact structure £ and § a local isomorphism from £ to £x, Theorem 2.9
implies the existence of a unique sequence g € G satisfying:

3 - [™(8)) = g1, - (%)
We denote x, = 6(Z;) = gr(x) € Y, that converges to o = 6(T). Denoting z, = gp(z™)
and z; = gi(z7), 2y, ¥, and x; are three distincts points of CB(x},) for any k. By compactness

of X, we can assume up to extraction that x; and xz respectively converge to points xo, and
+ of C#(x4), and the hypothesis (7.1) allows us to obtain the following crucial statement.

e}
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Fact 7.5. 2o # 7, and Too # T1.

o

Proof. Let us assume by contradiction that x_, = 2. Considering a neighbourhood U of
Foo such that |y is injective, we can choose fo € (FP(foo) NU) \ {#oo}. There exists a
sequence §j, € FP (Zg) converging to ¥, and possibly changing ., we can moreover assume
that 6(gx) € Jx) ;xx[, implying that §(Joo) € [25,;Too| by continuity. But [23 ;%] = {Zoo}
since x5, = Zoo, and therefore 0(Joo) = Too = 0(Zo), IMplying Joo = T by injectivity of d|y,
which contradicts our hypothesis on §,. This contradiction concludes the proof of z # z,
and = # xl is proved in the same way. O

The subgroup SO(3) of G acts transitively on X, and we can thus choose ¢ € SO(3)
and a sequence (¢p) in SO(3), satisfying ¢(z) = o and ¢i(zr) = o for any k (we recall that

o = ([e1],]e1,€2])). Since Stabso(3)(C5(0)) = {300(2) ﬂ acts transitively on C%(0), we can

moreover assume that ¢(z) = o and ¢y (z]) = oF, where o™ = ([e2], [e1,e2]) € CP(0). For

10 x
any k, ¢ o gr o ¢! is an element of Stabg (o) N Stabg(0T), 4.e. is of the form {8 >E]Ic ij . Since

10 .. . . 100 .
[8 *} acts trivially in restriction to C%(0), Ay = [(0] )\Ok (1) satisfies thus:

1 %
0 *

Ikles (@)= b ' © Ak © dles(n)-

The following commutative diagram summarizes the situation.

CP(0) «—— CP(z) «—— FP(z) — L — Fh(z)

LS R =

CP(0) «—— CP(ay) —— FP(iy) 0 FO(f"(2))

The action of A4;, € G on C?(0) is conjugated to the action of the projective transformations
[(1) )?k} € PGL2(R) on RP!, i.e. to the action of the homotheties of ratio Ay on R U {oo}. By
this conjugation, o corresponds to 0, o to 0o, and 0~ = ¢(x~) € C#(0) \ {0,0"} corresponds
to a non-zero point of R. Fact 7.5 implies that Ax(0~) = ¢x(z; ) € C?(0) stays bounded away
from o (since ¢ € SO(3)), and therefore that \i is bounded away from 0.

On the other hand, endowing M with the pullback of the Riemannian metric of M, the di-
agramm (7.2) implies lim HDa*:(’Yngnk)’EB(j) _ =0 (since 71 (M) acts by isometries). Fixing

k—+o0 M

any Riemannian metric on X, as (Zj) is relatively compact we also have lim HDm Ik £8() ||y = 0,
and since (¢y) and (xy) are relatively compact as well, we finally obtain lim HDoAk|£5(x) - 0.

This contradicts the fact that Ag is bounded away from 0, and this contradiction concludes
the proof of the lemma. O

Lemma 7.4 allows us to easily infer the path-lifting property in the o and S-directions.

Corollary 7.6. 1. For any x € §(M), C*(z) N §(M) = C*(z) NY and CP(x) N §(M) =
Clx)nY.

2. The paths in 5(]\;1) in the a and B-directions lift to M from any point.

Proof. We only write the proof of the statements for the a-direction, the case of the S-direction
being proved in the same way.

1. For any & € M, denoting 6(&) = z, we know that Y NC%(z) is equal to a single point {z*}
that satisfies C%(z) \ {z*} = C%(2) NY. Furthermore, §(F*(Z)) = C*(z) \ {z*} = C*(z)NY
)

according to Lemma 7.4. Since C®(z) N §(M) C Uzes—1(2)0( Fa(z)) = C*(z) NY, we finally
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obtain C%(z) N §(M) = C*(z)NY.

2. The first claim together with Lemma 7.4 imply 6(F(&)) = C*(z) N §(M), for any = € §(M)
and & € 6 !(z). According to Remark 7.3, this proves that any path starting from z in the
a-direction lifts to M from Z. O

The accessibility property of Lagrangean contact structures allows us to deduce that:
Corollary 7.7. The developping map is surjective: 5(M) =Y.

Proof. Let x be a point of § (M ), and y be any point in Y. Restricting the standard Lagrangean
contact structure of X to the connected open subset Y, [Sus73, Theorem 4.1] implies the

existence of a finite number x = z1,...,z, = y of points of Y such that foranyi=1,...,n—1,
Tiy1 € CY(xz)NY or zi41 € CP(2;)NY. Applying the first statement of Corollary 7.6, we deduce
by a direct finite recurrence that for any i, x; € (M), implying y € §(M). O

We finally prove that the central paths also lift, by a specific method for each model.

Lemma 7.8. In the case of Y, any central path starting at any point x € Yy lifts in M from
any point ¥ € 5~ (z).

10 0
Proof. Denoting Z = (8 1 _02) € B¢, the transverse distribution on Y; is generated by Z at
ot (see Paragraph 4.2.2). But Z is Hg-invariant since Z is central in b, and &F is there-

fore generated by Z on Yi, i.e. the central leaves are the integral curves of Z on Y;. Since
p(m1(M)) C Hy according to Proposition 6.5, Z is preserved by p(m(M)), and Z = §*Z is thus
71 (M )-invariant. This allows us to push it down by 7 to a vector field Z of M generating E°,
and since M is compact, Z is a complete vector field. Since 7y is a covering map, Z = WLZ
is also complete, which allows us to lift any central path in Y; to M. ]

Lemma 7.9. In the case of Ya, any central path starting at any point x € Yy lifts in M from
any point ¥ € 5~ (z).

Proof. Let us first emphasize that the argument used in the previous lemma for the case of Y
does not work here, because the center of h, is trivial.

We identify Y, with R? through (x,v,2) € R3 = ([z,v,1],[(z,v,1),(z,1,0)]) € Ya, and we
define three vector fields of Y, as follows in these global coordinates:

Xa(x? y? Z) = 63?XB('CL" y’ Z) = (Z’ 1?0)? and XC('CL" y’ Z) = 61'

These vector fields are complete and generate the enhanced Lagrangean contact structure
Sa = (E%,EP,ES) on Yy (see Paragraph 4.2.3). Since the paths tangent to the a and j-
distributions entirely lift to M according to Corollary 7.6, X := §*X* and X? := §*X” are
complete as well. We can furthermore realize the flow of the central vector field X¢ by a — 3
curves through the following equalities:

_ _ 2
{@X% 0 pxa 0 Phs 0 Pra() =z + 1 = Phye(2),
_ _ _ 42
s © PXa 0 PXs 0 Pia(z) = 2 — tPer = pxe (x).
The same equalities are true for X%, X? and X¢ = §*X¢, and since the flows of X® and X”

are defined for all times, these equalities show that X¢ is complete. This allows us to lift any
central path of Y, from any point of M, and concludes the proof of the lemma. O

End of the proof of Proposition 7.1. According to Corollary 7.6 and to Lemmas 7.8 and 7.9,
the local diffeomorphism ¢ satisfies the path-lifting property on Y in the «, 3, and central
directions, and is thus a covering map from M to Y according to Lemma 7.2. U
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8 Conclusion

8.1 End of the proof of Theorem B
8.1.1 Case of (Ya,Sa)

We first assume that (M, S) is locally isomorphic to (Ya, Sa). We identify Y, with Heis(3) and
the action of H, on Y, to the action of Heis(3) x A on Heis(3) as explained in Paragraph 4.2.3.
The developping map being a covering according to Proposition 7.1, it is a diffeomorphism
§: M — Heis(3) by simple connexity of Heis(3). Moreover, § conjugates the action of 71 (M)
on M to the one of T' := p(m(M)) C Heis(3) x A on Heis(3) (see Proposition 6.5). We can
thus assume that M is a quotient I'\Heis(3), with I a discrete subgroup of Heis(3) x A acting
freely, properly and cocompactly on Heis(3), and that f is an element of Heis(3) x .4 such that
fLft=T.

1
Denoting [x,y, z] = (8 :g ?;), the identification [z,y, z] € Heis(3) — (x,y, z) € R? of Heis(3)

with R? is equivariant for the following injective morphism from Heis(3) x A to the affine
transformations of R3:

A0 O x
O: ([z,y,2],pr ) EHeis(3) x A= [0 p 0 |+ |y| € AF(R?).
0 px Au z

M is thus diffeomorphic to the quotient A\R3, where A := O(T') is a discrete subgroup
of affine transformations of R contained in S := O (Heis(3) x A), acting freely, properly and
cocompactly on R3. Since S is solvable (because Heis(3) x A ~ P, is), the work of Fried
and Goldmann in [FG83] (more precisely Theorem 1.4, Corollary 1.5 and Paragraphs 3 and
4 of their paper) implies the existence of a crystallographic hull C for A. This group C is a
closed subgroup of S containing A, and whose identity component C° satisfies the following
assumptions: AN CY has finite index in A and is cocompact in CY, C? acts simply transitively
on R3, and C? is isomorphic to R3, Heis(3), or Sol. One can check that S does not contain any
subgroup isomorphic to R3, that the subgroups of S isomorphic to Sol do not act simply tran-
sitively on R?, and that ©(Heis(3)) is the only subgroup of S isomorphic to Heis(3). Finally,
CY is equal to ©(Heis(3)), and therefore, AN ©O(Heis(3)) has finite index in A and is cocompact
in ©(Heis(3)). As a consequence, I'g := I' N Heis(3) has finite index in I" and is a cocompact
lattice of Heis(3).

The kernel of p: (g,¢) € Heis(3) x A — ¢ € A is equal to Heis(3), and I'/T'y is thus
isomorphic to p(I') € A. But A is isomorphic to (R*)2, and a finite subgroup of A is thus
contained in the subgroup {¢41 41} of cardinal 4, implying that the index of I'g in I" is at most
4. Since f = (g,¢) € Norgeig(3)x.a(l'), we have gp(To)g~! =Ty, and the affine automorphism
x — go(x) of Heis(3) induces therefore a diffeomorphism f of M := I'g\Heis(3). The canonical
projection #: M = T\Heis(3) — M = I'\Heis(3) is a covering of finite order equal to [I'g : T,
and we haveﬁ'of:fofr.

We denote ¢ = ¢, ,. To conclude that f is a partially hyperbolic affine automorphism
of Heis(3), it only remains to show that A < 1 and g > 1, or the contrary. Let us assume
by contradiction that A < 1 and p < 1. Choosing a left-invariant volume form v on Heis(3),
we have ((De)*1)e = A2u2v,, and v induces a volume form o on M = T\Heis(3) such that
f*D = Nu?0 (because L, preserves v). Since f is a diffeomorphism of the compact manifold
M, we must have T =y o= 22 J37 v, which is a contradiction because [, 7 # 0 and
A2u? < 1. The same argument shows that we cannot have A > 1 and p > 1 neither, which
concludes the proof of Theorem B in the case of the local model (Y, Sa).
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8.1.2 Case of (Yi,St)

We now assume that S is locally isomorphic to (Y%, St). According to Proposition 7.1, d: M —
Y} is a covering map. Identifying Y; with SLo(R) as explained in Paragraph 4.2.2, § lifts thus to
a diffeomorphism 6: M — SLy(R). According to Proposition 6.5, p(mi(M)) C Hy = GLy(R).
But M is orientable, and 71 (M) preserves thus the induced orientation of M, implying that
p(m1(M)) is contained in GLJ (R). We saw in Paragraph 4.2.2 that the identification of Yy with
SLy(R) conjugates the action of GLI (R) on Y; to the action of SLy(R) x A on SLy(R). This
shows that M is a quotient I'\SLy(R), with T a discrete subgroup of SLy(R) x A acting freely,
properly and cocompactly on §I:2(R). Possibly replacing f by f?, we can moreover assume
that f preserves the orientation of M, and Theorem 6.4 implies then that f = L, o R, with
(g,a") € N0r§EQ(R)XA(I’).

Denoting by 71: SLa(R) x A — SLy(R) the projection on the first factor, and 'y := 1 (I') C
SLy(R), we now prove that

Fact 8.1. Ty is a cocompact lattice of Sig(R), and T is the graph-group gr(a, f’o) of a morphism
a: T — A.

Proof. Choosing a generator z of the center Z of Sig(R), the finiteness of the level proved by
Salein in [Sal99, Theorem 3.3.2.3] implies the existence of a non-zero integer k£ € N* such that
LN (Z x {e}) = ((*,€)). We will denote by (g) the group generated by an element g, and

we introduce the group PSLgk) (R) := SLy(R)/(z*) and denote by pj: SLa(R) — PSLgk)(R) its
universal cover. Then, denoting A = pk(ﬁ) and Ty = (pr X pk)(f) C PSLgC) (R) x Ak, pk
induces a diffeomorphism I'\SLy(R) — Fk\PSL;k)(R) (because Ker py, = (2F) and (2*,¢) € T),
implying in particular that I'y acts freely, properly and cocompactly on PSLgk) (R).

We can now apply the work of Kulkarni-Raymond in [KR85] to I'y. Let us denote by
7: SLy(R) — PSLy(R) the universal cover morphism of PSLy(R) (of kernel Z), and by m,: PSLgk)(R) —
PSL2(R) the induced k-fold covering by PSLgk) (R). Then, with I' = (7 x 7)(T) and Ty =
r1(I') € PSLa(R) the projection on the first factor, the form of Kulkarni-Raymond’s results
proved by Tholozan in [Thol4, Lemma 4.3.1] implies that Iy is a cocompact lattice of PSLa(R),
and that 7 o ry|p, is injective.

The first assertion ensures that T'g is discrete in Sig(R). The second one implies that
I' = gr(u, ) is the graph-group of a morphism u: Iy — A = 7(A). Since 1| is also injective,
this implies that T is the graph of a morphism @: I'y — A, trivial on Ty N Z.

Since Z N Ty = (z*) is finite, the projection I'y\SLa(R) — T'o\PSLy(R) has finite fibers,
implying that I is a cocompact lattice since I'o\PSLy(R) is compact. O

The projection Ty = m(T) is a cocompact lattice of PSLy(R) according to the proof of Fact

8.1, and I'g\ Norpgy, r)(I'0) is thus finite. Therefore, fO\Nor§ﬂ2(R) (Tg) is finite as well since

the projection Tg\ Norgy (®) (To) = To\ Norpgr,(r) (o) has finite fibers (ZNTg = (2*) is finite

according to the finiteness of the level).

Recall that f = L, o R,, where (g,a') € Norg ). Therefore g € I\IoréZQ(R)(fo),

5 5 Q(R)XA(
and since I‘O\Noré\i2 ®) (Tp) is finite, there exists n € N* such that v := ¢" € I'g. Denoting
a = a"i(y)"!, we have f* = L, o Rgn = Ry 0 (Lo Ry(y)). But L, o Ry, acts trivially on
the quotient f\éig(R)l and therefore f = R, is a non-zero time-map of the algebraic contact-
Anosov flow (R,t) on I'\SLy(R). This concludes the proof of Theorem B in the case where S

is locally isomorphic to (Y, St).

This paragraph concludes the proof of Theorem B.
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8.2 Proof of Theorem A

Theorem B implies the following refined version of Theorem A stated in the introduction.

Corollary 8.2. Let M be a closed, connected and orientable three-dimensional manifold, en-
dowed with a smooth splitting TM = E“® EP & E°, such that E*® EP is a contact distribution.
Let f be a diffeomorphism of M that preserves this splitting, and such that:

— each of the distributions E* and E® is either uniformly contracted, or uniformly expanded

by f,
—and NW(f) =M.

Then the conclusions of Theorem A hold. In particular, f is a partially hyperbolic diffeomor-
phism.

Let us emphasize that no domination is required on the central direction, and that the two
remaining directions can a priori be both contracted, or both expanded.

Proof of Corollary 8.2. Since E* & EP is contact and M connected, any two points of M are
linked by the concatenation of a finite number of paths, tangent either to E* or to E? (this is for
example a consequence of the work of Sussmann in [Sus73, Theorem 4.1]). In other words, the
pair (F<, FB) of foliations associated to (E®, EP) is topologically transitive in the terminology
of Brin in [Bri75]. Our hypothesis of uniform contraction or expansion of the distributions E“
and EP directly implies that F* and F¥ are uniformly contracted or expanded in the sense of
[Bri75]. Since NW(f) = M by hypothesis, [Bri75, Theorem 1.1] implies that f is topologically
transitive. In fact, Brin states this result assuming that one of the distributions is contracted,
and the other one expanded, but it is easy to see that his proof does not use this assumption,
and that the same proof works if both distributions are expanded, or both contracted.

We are now under the hypotheses of Theorem B, and its conclusions hold. O
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