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Summary We discuss parametric estimation of a degenerate diffusion system from time-discrete
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a non-degenerate diffusion coefficient and a parameter 6, in the drift term. The second com-
ponent has a drift term parameterized by 03 and no diffusion term. Asymptotic normality is
proved in three different situations for an adaptive estimator for 5 with some initial estimators
for (01, 0,), an adaptive one-step estimator for (6;, 65, 03) with some initial estimators for them,
and a joint quasi-maximum likelihood estimator for (61,05, 63) without any initial estimator.
Our estimators incorporate information of the increments of both components. Thanks to this
construction, the asymptotic variance of the estimators for #; is smaller than the standard one
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the other parameters. The resulting asymptotic variance is smaller than that of an estimator
only using the increments of the second component.
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1 Introduction

In this article, we will discuss parametric estimation for a hypo-elliptic diffusion process. More
precisely, given a stochastic basis (2, 7, F, P) with a right-continuous filtration F = (F})scr, ,
R, = [0, 00), suppose that an F-adapted process Z; = (X}, Y;) satisfies the stochastic differential
equation

{ dXt = A(Zt, eg)dt + B(Zt, el)dwt ( )
1.1

dY, = H(Z,05)dt

Here A:RYZ x ©y — R, B: R x ©; = R @R, H : R x O3 — RY, and w = (w;)er,
is an r-dimensional F-Wiener process. The spaces O; (i = 1,2,3) are the unknown parameter
t; = jh, h = h, satisfying h — 0, nh — oo and nh? — 0 as n — cc.

Estimation theory has been well developed for diffusion processes. Even focusing on para-
metric estimation for ergodic diffusions, there is huge amount of studies: Kutoyants [22, 24, 23],
Prakasa Rao [29, 30], Yoshida [39, 40|, Bibby and Sgrensen [1], Kessler [20], Kiichler and
Segrensen [21], Genon—Catalot et al. [11], Gloter [13, 14, 16], Sakamoto and Yoshida [31],
Uchida [35], Uchida and Yoshida [36, 37, 38], Kamatani and Uchida [19], De Gregorio and Ia-
cus [9], Genon—Catalot and Larédo [12], Suzuki and Yoshida [34] among many others. Nakakita
and Uchida [28] and Nakakita et al. [27] studied estimation under measurement error; related
are Gloter and Jacod [17, 18]. Non parametric estimation for the coefficients of an ergodic
diffusion has also been widely studied : Dalayan and Kutoyants [8], Kutoyants [24], Dalalyan
[5], Dalalyan and Reiss [6, 7], Comte and Genon—Catalot [2], Comte et al. [3], Schmisser [33],
to name a few. Historically attentions were paid to inference for non-degenerate cases.

Recently there is a growing interest in hypo-elliptic diffusions, that appear in various applied
fields. Examples of the hypo-elliptic diffusion include the harmonic oscillator, the Van der Pol
oscillator and the FitzHugh-Nagumo neuronal model; see e.g. Leén and Samson [25]. For para-
metric estimation of hypo-elliptic diffusions, we refer the reader to Gloter [15] for a discretely
observed integrated diffusion process, and Samson and Thieullen [32] for a contrast estimator.
Comte et al. [4] gave adaptive estimation under partial observation. Recently, Ditlevsen and
Samson [10] studied filtering and inference for hypo-elliptic diffusions from complete and par-
tial observations. When the observations are discrete and complete, they showed asymptotic
normality of their estimators under the assumption that the true value of some of parameters
are known. Melnykova [26] studied the estimation problem for the model (1.1), comparing
contrast functions and least square estimates. The contrast functions we propose in this paper
are different from the one in [26].

In this paper, we will present several estimation schemes. Since we assume discrete-time
observations of Z= (Z;)er+, quasi-likelihood estimation for ¢; and 65 is known; only difference
from the standard diffusion case is the existence of the covariate Y= (Y;)icgrs in the equation of
X= (X})iers but it causes no theoretical difficulty. We will give an exposition for construction
of those standard estimators in Sections 7 and 8 for selfcontainedness. Thus, our first approach
in Section 4 is toward estimation of #3 with initial estimators for 6; and #,. The idea for
construction of the quasi-likelihood function in the elliptic case was based on the local Gaussian
approximation of the transition density. Then it is natural to approximate the distribution of



the increments of Y by that of the principal Gaussian variable in the expansion of the increment.
However, this method causes deficiency, as we will observe there; see Remark 4.6 on p.18. We
present a more efficient method by incorporating an additional Gaussian part from X. The rate
of convergence attained by the estimator for 5 is n~'/2h/? and it is much faster than the rate
(nh)~Y/2 for 0y and n~'/2 for 0. Section 5 treats some adaptive estimators using suitable initial
estimators for (0, 0,,03), and shows joint asymptotic normality. Then it should be remarked
that the asymptotic variance of our estimator 6, for 6; has improved that of the ordinary
volatility parameter estimator, e.g. é? recalled in Section 7, that would be asymptotically
optimal if the system consisted only of X. In Section 6, we consider a non-adaptive joint
quasi-maximum likelihood estimator. This method does not require initial estimators. From
computational point of view, adaptive methods often have merits by reducing dimension of
parameters, but the non-adaptive method is still theoretically interesting. Section 2 collects
the assumptions under which we will work. Section 3 offers several basic estimates to the
increments of Z.  To investigate efficiency of the presented estimators, we need the LAN
property of the exact likelihood function of the hypo-elliptic diffusion. We will discuss this
problem elsewhere.

2 Assumptions

We assume that ©; (i = 1,2, 3) are bounded open domain in RPi, respectively, and © = H?Zl@i
has a good boundary so that Sobolev’s embedding inequality holds, that is, there exists a
positive constant Cg such that

1
sup [£i(0:)] < Co > 105l mae) (2.1)
k=0

0cO

for all f € CY(©) and p > Z?Zl p;- If © has a Lipschitz boundary, then this condition is
satisfied. Obviously, the embedding inequality (2.1) is valid for functions depending only on a
part of components of 6.

In this paper, we will propose an estimator for 6 and show its consistency and asymptotic
normality.

Given a finite-dimensional real vector space E, denote by Cgvb(leZ x 0;; E) the set of functions
f : RY7 x ©; — E such that f is continuously differentiable a times in z € R% and b times
in #; € © in any order and f and all such derivatives are continuously extended to R4 x ©;,
moreover, they are of at most polynomial growth in z € R%Z uniformly in 6 € ©. Let C = BB*,
* denoting the matrix transpose. We suppose that the process (Z;)cg, that generates the data
satisfies the stochastic differential equation (1.1) for a true value 6* = (07,03, 65) € ©1 x O, x Os.

[A1] (i) A € Ci#I4(RYZ x ©9;RIX) and B € C}P77 (R x ©1; R @ R).
(ii) H € C;H’jH([I?dZ X O3;RIY).
We will denote F), for 0, F, F, for ,F, and F; for 0y, F'.

[A2] (i) supeg, [|Zt]|, < oo for every p > 1.



(ii) There exists a probability measure v on R such that

% /0 F(Z)dt —» / Fw(dz) (T > o)

for any bounded continuous function f : R¥% — R.

(iii) The function 6, — C(Z;,6;)" is continuous on ©; a.s., and

sup sup || det C(Z;,6,)7'|l, < oo
91661 tE[R+

for every p > 1.

(iv) For the R ® R valued function V(z,0y,0s) = H,(z,03)C(2,01)H.(2,03)*, the
function (0y,63) — V(Z;,01,05)7! is continuous on ©; x O3 a.s., and

Sup sup ”det V<Zt791793>_1Hp < o0
(61,03)€01 xO3 teER4

for every p > 1.

Remark 2.1. (a) It follows from [A2] that the convergence in [A2] (ii) holds for any continuous
function f of at most polynomial growth.

(b) We implicitly assume the existence of C(Z7,60;)~" and V(Z;,6,,63)~" in (iii) and (iv) of
[A2].

(c) Fatou’s lemma implies
/|z|p1/ (dz) + sup /(det C(z,01)) "v(dz) +  sup /(det V(z,01,03)) "v(dz) < oo
916@1 (91,93)€61X63
for any p > 0.
Let
1 N . det C(z, 6,
YW (4) = —3 / {Tr(C’(z,Hl) 'C(2,07)) —dx + logﬁgeg}l/(dz).

Since |logz| < x4+ 27! for > 0, YV(6,) is a continuous function on ©; well defined under

[A1] and [A2]. Let

YD (g)) = —%/{Tr(C(z,el)—lc(z,ef))+Tr(V(z,91,9;)—11/(2,9;,9;))—dZ
det C(z,60,) det V (64, 03)
108 Gt oz, o) det V(@f,@*)}y(d )
Let
Y@ (6,) = —%/C(z,e;*)—l[(A(z,eg)—A(z,eg))@]y(dz) (2.2)



Let
Y(?))(eg) = - / 6‘/(2, 9; 93)_1 [(H(Z, 03) - H(Z, 0;))(82} V(dZ).
The random field Y® is well defined under [A1] and [A2]. Let

YU (6, 0,) — — / 6V (2,01, 05) " [(H (=, 05) — H(=,03)) "] v(dz).

We will assume all or some of the following identifiability conditions
[A3] (i) There exists a positive constant x; such that
YOO < —xalei -7 (6 €0).

(i") There exists a positive constant xj such that

YUO(6) < —xil -6 (61 € o).
(ii) There exists a positive constant y, such that

YP(0y) < —xslba —65]> (62 € O).
(iii) There exists a positive constant ys such that

Y(g)(93) S —X3‘93 — 9:95‘2 (93 c @3)

(iii") There exists a positive constant x3 such that

YUI(0,0) < —xslds— 03P (€O, b€ Oy)

3 Basic estimation of the increments

We denote U®* for U®---@U (k-times) for a tensor U. For tensors S! = (S}

11,17---7i1,d1;j1,17---7j1,k1)’
e S = (S g,) and and & tensor T = (T ninin) e it

T[S',...,8™ = T[S'®---®@ 9™

— < Til,l,---,il,dl,---,im,l ----- im,deil : i i
2 : L,1y81,dy 301, 1501,k

U1,15-80,dy see s bm, e bm, diy,

..gm

U, 1seessbim, dyp 3 m, 1o jm,km)‘ A ‘ A
J1,15- 501,k e m, 10y Jm,km,

This notation will be applied for a tensor-valued tensor 71" as well.



We have

t; t;
WX = BV / " B(Z,07)dw, + h V2 / " A(Z,05)dt

ti—1 ti—1

= hV2B(Z, 0 A + Y (3.1)

where

2 2
r3D = p1/2 / (B(Z4,07) — B(Z, . 07))dw, + h™*/? / A(Zy, 03)dt (3.2)
ti_1 t

J
J Jj—1

Lemma 3.1. (a) Under [Al] with (ia,ja,i8,J8.in, jo) = (0,0,0,0,0,0) and [A2] (i),

sup || Zs — Zil, = O(A?) (A1 0) (3.3)

steRy, [s—t|<A
for every p > 1.

(b) Under [A]'] with (,L.A7jA7tijBa'L.H7jH) - (0707 1707070) and [AQ] (Z); T(32

) J
1.€.,

— 5Loo7(h1/2),

3.
supsup [r*?], = O(h'/?)
n J

for every p > 1.

Proof. (a) is trivial. For (b), the first term on the right-hand side of (3.2) can be estimated by
the Burkholder-Davis-Gundy inequality, Taylor’s formula for B(Z;,07) — B(Z;,_,,0}) and by
(3.3). O

We have
t.
hil/zAjX = 1/2/ B(Z;, 07)dw, + h~ 1/2/ A(Zy, 03)dt
ti—1

1/2/ B Zt,e* dwt+h1/2A(th 1’0*) (34)
where
tj
MCE N h1/2/ (A(thgg)_A(th_l,é’;))dt (3.4)
tj—1

Then
Lemma 3.2. r*Y =0« (n), i.c.,

sup sup HT§34) Hp = O(h) (3.5)
noj

fO’f’ every p > 1 Zf [Al] f07" (Z.AajAaiBajBaiHajH) - (17070707070) and [Az] (l) hold.



Proof. Thanks to (3.3). O
Let

1
Li(2,601,02,05) = Hau(z,03)[A(z,02)] + 5 Huw(2,05)[C (2, 01)] + Hy (2, 05)[H (2, 65)].
Define the R -valued function G, (z, 01,60, 03) by

h
Gn(Z,el,eg,eg) = H(Z,eg) + 5[/[{(2’,91,02,03).

tj t
G = \/g/ / dw,dt
ti—1 Jtj—1

Then F [CJ®2] = h31, for the r-dimensional identity matrix I,.

Write

We have
AJY - hGn(th_1 ) 817 827 03)
h2
= A)Y —hH(Z;;_,,05) — ELH (Zi,_,,01,02,05)
- hH(th_l,Q;;) - hH(th_l,eg)
tj t
+H$<th179§>B<th179T)/ / dwsdt
ti—1 Jtj—1
t; t
+/ / {H,(Z,,03)B(Zs,07) — Ho(Zy,_,,05)B(Zy,_,, 07) }dw,dt
tjl t '
—|—/ / (LH<ZS,9T,9;,9§) —LH(thfl,Gl,HQ,Gg))dsdt
ti—1 Jtj—1
= {hH(th—1 ) 9;’:) - hH(th—n 03)} + K’(th—1 ) 0?? eg)CJ + Pj(el, 02, 03) (36)
where
’%(th—n 0; 0;) = 3_1/2H96(th—17 eg)B(th—l7 0;)
and

t; t
p]’<¢91,92,¢93) = / {Hx<Zs,9§)B<Zs,9T) — Hm(thfl,«9§)B(Zt].71,«9’f)}dwsdt
ti—1 Jtj—1

t; t
+/ / (LH(ZS,HT,HS,QZ“;) — LH(th_l,Ql,HQ,Hg))dsdt. (37)

tj—1 Jtj—1
Let
b ) )

D;(6:,02,05) =
J h—3/2 (A]Y — hGn(th_1,6’1,92,93))



Lemma 3.3. Suppose that [Al] with (ia,ja,iB,JB,in, ju) = (1,0,1,0,3,0) and [A2] (i) are
satisfied. Then

= O(h?) for every p > 1.

(a) supsup |[p;(67,05.65)]|
n J

(b) SupsupHDj(QTﬁ;,@;) P
no

< oo for every p > 1.

Proof. 1t is possible to show (a) by (3.7) and using the estimate (3.3) with the help of Taylor’s
formula. Additionally to the representation (3.6), by using (3.1) and (3.2), we obtain (b). O

We denote by (B, B)(z, 02) the tensor defined by (B, B)(z, 02)[u1®@us] = B, (z, 02)[us, B(z, 02)[u1]]
for uy, uy € R™. Moreover, we write dwsdw, for dw,®dw,, and (B, B)(Z,,_,,03) ﬁj,l ﬁ,l dw gdw,

for (BuB)(Zy, ., 03)[ J7, f,,, dwedw;]. We will apply this rule in similar situations. Let
1
LB(Z, 91, 02, 93) = Bx(z, 01)[14(2’, 92)] -+ §B$$(Z, 93)[0(2’, 01)] -+ By(Z, 03)[H(Z, 03)] (39)

Lemma 3.4. Suppose that [Al] with (ia,ja,ip, i, im,ju) = (1,1,2,0,0,0) and [A2] (i) are
satisfied. Then

W20 X — hA(Zy,_,,00) = &7+ 3 +01(0,) (3.10)
where
gj(g.11) — WV2B(Z,, . 00)Aw, (3.11)
t; t
= B B) (2,0 [ dwdw, (3.12)
tji—1 Jtj—1
and
3.13 K !
rB9(g,) = 2 / / (B.B)(Z.,6;) — (B.B)(Zi,_,.6}))dw.duw,
t'—l t'—l
J tj J .
+h—1/2/ / L(Zs, 07,035, 03)dsdw,
tji—1 Jtj—1
tj
T / (A(Z,05) — A(Z,,.0))dt. (3.13)
ti—1
Moreover,
supsup |77 (03)], = O(h) (3.14)
noj

for every p > 1, and

r1(0:)] < IOIR2)0, — 05 + b} (3.15)
with some random variables 7“7(3316) satisfying
sup sup Hr,(j;m)Hp < o0 (3.16)
noj

for every p > 1.



Proof. The decomposition (3.10) is obtained by It6’s formula. The estimate (3.14) is verified
by (3.3) since 0,(B,B) and 0,A are bound by a polynomial in z uniformly in 6. The estimate
(3.15) uses O, A for 65 near 05 as well as 0, A evaluated at 65:

‘7’](3'13)(‘92)}1{\92_95|<T} < 7’7(3.16){}11/2‘(92 - ‘9;‘ + h}1{|92—9§\<r}

with some positive constant r and some random variables 7’7(5’3.16) satisfying (3.16). The small
number r was taken to ensure convexity of the vicinity of 5. For 0, such that |0y — 05| > r,

(3.16)

the estimate (3.15) is valid by enlarging 7, if necessary. O

Lemma 3.5. (a) Suppose that [Al] with (ia,ja,iB,j5,im,ju) = (1,1,2,1,3,0) and [A2] (i)
are satisfied. Then

AY — hGn(th_l,Hh 0,,0%) = gj(‘g.us) + gj(}g.19) + h3/2r](3'20)(01, 0,) + h3/2r§3'21)(91, 05)

(3.17)
where
eV = w(Zy, ,,01,05)¢, (3.18)
tj t S
fJ(‘::'..lg) _ ((HmB)xB)(thNGT,G;)/ / / dw,dwgdt, (3.19)
tji—1 Jtj—1 Jtj—1
ri*2(01,60y) = 3/2/ / / {((HaB)2B)(Z:, 65, 65)
B)(Zi;_,,01,03) }dwrdwsdt
B / / / Lis( 70,07, 05, 03)drduw,dt
+h3/2/ / (Lt (Zs, 01,0, 05) = L (Z,_y, 01,02, 65)) dsdt (3.20)
tj 1 tj 1
with
1
LHwB(Za 817 027 83) - (HxB)JJ(Za 017 03)[*’4(27 82)] + §(H$B)xx(za 817 03)[0(27 01)]
+(HxB)y(Z,01,93)[]'](2’,03)],
and
t; ot
3209, 8,) = h—?»/z/ / (Lit(Za,07,03,05) — L (Z., 01,05, 05))dsdt.  (3.21)
j—1 Y tj—1
Moreover,
sup sup sup ‘7’](»3'20)(«91,92)‘ = O(h) (3.22)
noJ (01,02)€01xO2 P




for every p > 1, and

0, 0] < W oy 0] + 03]}
(3.23)
for all (01,0,) € ©1 x Oy with some random variables r(3 satisfying
supsupHr(3 2 H < 00 (3.24)

p
for every p > 1.

(b) Suppose that [A1l] with (ia,ja,iB,jiB,iu,ju) = (1,1,2,1,2,0) and [A2] (i) are satisfied.

Then there exist random variables r,(jff’) and a number p such that
sup |D;(01,02,05) — D;(07,03,05)| < B2 {]00 - 07] + |65 — 03]}
03€03
for all (61,02) € B((07,03),p) and that
sup sup Hr(3 5)Hp < (3.25)
j
for every p > 1.
Proof. By (3.6), we have
DY —hGo(Zyy 00, 00.05) = €7+ pi(01,0,65) (3.26)

and

tj t
PO 009 = [ [ {HAZ8)BZ0) ~ HalZy, 85)B(Z, 6] b
ti—1 Jitj—1

t; t
—|—/ / (LH<ZS,9T,9;,9§) —LH(thfl,Gl,HQ,Ggf))dsdt.
tji—1 Jtj—1

Then the decomposition (3.17) is obvious. The first and third terms on the right-hand side of
(3.20) can be estimated with Taylor’s formula and (3.3), and the second term is easy to estimate.
Thus, we obtain (3.22). Since 0, 9,) L1 (2, 01,02, 05) is bound by a polynomial in z uniformly in

(01, 05), there exist random variables r( 524 that satisfy (3.23) and (3.24). [ First show (3.23) on
the set {|(61,02)— (91‘, 9*)| < 1}, next see thls estimate is valid on (07 x0,)\{|(61,62)—(67,63)| <

r} by redefining r( ) if necessary. We obtained (a). The assertion (b) is easy to verify with
(3.6), (3.7) and Lemma 3.4. O

Lemma 3.6. Suppose that [Al] with (ia,ja,iB,jB,in,ju) = (0,0,0,0,2,1) and [A2] (i) are
satisfied. Then

sup | Dj(01,02,03) — D;(01,05,04)] < RV 0200, — 05| (65,04 € ©y)
(91,92)6@1X®2

10



(3.27
n7j

for some random variables r ) such that

(3.27) H

supsupHrw < (3.27)
no g

for every p > 1.

Proof.

D;(01,0,05) — D;(6y,0-,05)

0
< h71/2 (H(th_p eé) - H(th_m 83)) + L2/2 (LH(th_l ) 017 027 eé) - LH(th_l ) 017 827 83)) )

Therefore the lemma is obvious. Apply the Taylor formula for the argument 05 if 63 and 605 are
(3.27) 0

close, otherwise and if necessary, redifine ;"""

4 An adaptive estimator for 63

We will work with some initial estimators 9 for 9 and 69 for 6,. The following standard
convergence rates, in part or fully, will be assumed for these estimators:

[A4] (i) ) — 6" = O,(n""?) as n — oo
(i) 69 — 05 = O,(n2h=Y?) as n — oo

Sections 7 and 8 recall certain standard estimators for #; and 6,5, respectively. The ex-
pansions (3.1) and (3.6) with Lemma 3.5 suggest two approaches for estimating 5. The first
approach is based on the likelihood of h=3/2 (AjY —hGn(Zy;_,, 01,0, 93)) only. The second one
uses the likelihood corresponding to D, (6, 05, 05). However, it is possible to show that the first
approach gives less optimal asymptotic variance; see Remark 4.6. So, we will treat the second
approach here.

4.1 Adaptive quasi-likelihood function for 65

Let
S( 0 0) . C(z,@l) 2_10(2791)Hm(2,93)*
SV T 27 H (2,05)C (2, 00)  37VH, (2, 05)C (2, 01) Hy(z, 03)*
Then
5(2’791,93)_1
C(Z, 91)_1 + 3Hm(27 93>*V(Z, 91, 093)_1Hm(2}, 93) —6Hx(2}, 93)*‘/(2, 091, 93>_1
B 6V (2,601, 0) " Ho (2, 05) 12V (2, 01, 05) " '

11



Recall that
V(z,01,03) = Hy(z,05)C(z,0,)H.(z,03)".
Let
S(z,05) = S(z,6°05).

We define a log quasi-likelihood function by
H®(@;) = —= Z { 412 03) 7 [Ds(89, 63, 05)72] + log det S(thl,eg)}. (4.2)

Let 69 be a quasi-maximum likelihood estimator (QMLE) for 65 for HY, that is, 09 is a Oy
valued measurable mapping satisfying

H®(69) = max H®(6s).

03603

.....

also depends on (Zy )J —01,..n
We introduce the following random fields depending on n.

(0000, 00,0, 05,00 = S S(Z,, ,.00.65)" {Djw;,e;,eg)

J=1

= NSz, 0.0 {Djw;,e;,eg)
=1

181LH th 1791792793> >:|

0
2- 1H:m: Z 93 [810( ti— 1,91)] ):| ’

al0r. 00,000, 05,00 = S S(Z,, 00,65 [u(eg,eg,eg)

J=1

th 1791792)
182LH Zt 1791792793>

(-
(
(2
_ Zn:S(th_l,Hl,Hg)_l [Dj(eg,eg,eg) ( 27 H,(z, 0 Ja;’j(bej)ﬁz)] )}
(20
(

j=1

Uy (01,0, 0,01, 04, 05) = > S(Z,_,,01,05)" [ﬁj(eg,eg,eg)

j=1

th 1792) )
LH Zt 91792793)

j—17

— - -1\ p o pno Zt 1,92)
- ZS(th—lvelvefi) |:Dj(91792703) o-1p Z 93 82A(Zt 71’92)] )

j=1
where

15 0* 0* 9* 5(311 _'_5312
j( 1>Y2> 3) - h 3/2(§318 +£319) )
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and

\II3<91792793,9£,9§79§) = ZS<th1791793)1|:1Dj<9379é79§)
j=1
2 0
83H(th71, 0s) + 2_1h33LH(Zt].71, 01,05, 03)
G0, 00, 05,0, 0, 0,) = Zs<ztj_l,el,eg>1[@(9;,0;,9;,)
j=1
® 0
O3H(Zy,_,,03) + 27 'hdsLy(Zy,_,, 01,02, 05)
/ / / - — [ / / / 0 ]
\113,1(01793701702793) = le(ztj—welaefﬂ) ! Dj(01792703)7 (83H(th_l,03) )
i L i
o~ Y . — [~ / / 0 ]
Wy1(01,03, 01,05, 05) = Z;S(thlvel’e?’) ' Di(6, 6, 63), (63H<thl,93) )
i L i
A AN - -1 o o oo 0
\113,2(01792703701792793) - jzls(ztj—welae?)) |:Dj(91702703)7 < 2_1h63LH<th71,91,92,93) ):|
oo I (o . ,
Ws3(01, 05,01, 05,05) = 52(5 1(038)S7)(Zt,, 01, 05) [D; (01, 05, 05)%% — S(Zy; ., 61, 65)]
j=1
n 0 ®2
\J = — Ly -1
33,1(91792793) ;S( t]71791793) [( 83H(th_1,93)+271h63LH(th_1,91,92,93) ) ]
Ws35(01,0,,05,0,05,0,) = ZS(th_l,el,egrl{Djw;,e;,eg)
j=1
® 0
8§H(th_l, 03) -+ 271h8§LH(th_1,91, 02, 93)
1 n
Us33(01,03) = -3 Z {(571@35)571) (th717 01, 03) [8351(2@;17 01, 93)] }
j=1

13



\1[33,4<‘9179279379/179;79é) = _2ZSil<a35)571<ztj71791793) [,D]<9£79;79§5)
=1
® 0
O3H(Zy,_,,05) + 27 hOs Ly (Zy,_,, 01,02, 05)
I gl pl 1 - - Il opl
\1[33,5<91793791792793) = 5283{(5 1(635)5 1)<th71791793)}[Dj<91792793)®2_S<th—1791793)]'
=1

4.2 Consistency of ég

Lemma 4.1. Suppose that [Al] with (ia,ja, i, i, iu,jo) = (0,0,0,1,1,1) and [A2] (i), (i)
and (iv) are fulfilled. Then

sup < o0

tEIR+

sup  {[S(Z, 01, 0)| + det S(Zy, 01, 605) " + |S(Z, 61,65) |}
(61,03)€01 %03

p
for every p > 1
Proof. By [A2] (iii) and (iv), det S(Z,_,,601,05)"" as well as S(Z,,_,,6;,03) is continuous on

O, x O3 a.s., and continuously differentiable on ©; x ©3. Moreover we see

iy, 0, (det S(Z;,01,05)71)|| <
T (s, <

for every p > 1 from (4.1). This implies that

sup sup (det S(Zt,ﬁl,ﬁg)_l) < 00
teRy || (01,03)€0©1x0O3 P
for every p > 1 by Sobolev’s inequality. The inequality
sup sup ’S(Zt, 01, 93)’ < o0
teRy || (01,03)€©1x0O3 P
for every p > 1 is rather easy to show. O

Let
Y& (0;) = nth{HD(0;) — HP(63)}.

Theorem 4.2. Suppose that [Al] with (ia,ja,iB,JB,iu,jg) = (1,1,2,1,3,1) and [A2] are
satisfied. Then

sup }YS’)(Q;»,)—Y(?’)(Q;»,)’ —P 0 (4.3)
03€03

as n — oo, if 00 =P 0% and 09 — 05. Moreover, 03 —? 0% if [A3] (iid) is additionally satisfied.

14



Proof of Theorem 4.2. We have

YO (0s) = n'h'?> " S8(Z,,_,,05) 7 [h16;(69, 03, 05),D;(69, 63, 05)]

j=1
——ZS (Z, ,05) " [(B1/25,(69, 02, 65)) %°] + n~ h R (0)
where
5j(017927€3) = —Dj(01,92,6’3)+Dj(01,02,8§)
and
(44) _ - & Q *\—1 (00 0 px\®2
R - Z SZt] 17 _S(th—1793) )[D](01792703) }

z": det S( (Zi;_,,03)
=1 det S(Zt 9*)
By Lemma 3.3 (b), Lemma 3.5 (b) and Lemma 4.1, we obtain

n~'h sup ‘R(“ (63)] = Oy(h).
03€03

(4.4)

j—17

By definition,
0

( H(th_la 93) - H(th—17 0;) + %(LH(th—17 é(ljv égv 03) - LH(th—1 ) é(ljv éga 0;)) )

Since the functions A(z,0s), H(z,03) and Ly(z,6;,0,,03) are dominated by a polynomial in z
uniformly in 6, by using the above formula, it is easy to show

h1/25j (égv égv 03) =

sup [Y2(05) = Y9 (00,05)| = Oy(h'/?) (4.5)
63€O03
for
(16) Ly 0 -
46 b —1
Yn (017 93) - m Z S(th—n 017 03) ( H(Zt~,1 93) _ H<Ztv,1 9;) ) : (46)
j=1 J J
The derivative 0,5,(z,01,0s) is dominated by a polynomial in z uniformly in 6. Therefore
sup [YEO(09,05) — YO (67, 65)| =7 0. (4.7)
03€03

Finally, the estimate (3.3) gives

Ygl.ﬁ) (01(7 93) +

®2
sup ( 0 ) dt
6305 H(Zy,05) — H(Z,,05)
Now (4.3) follows from (4.5), (4.7), (4.8) and [AZ2] (ii) since d5'H(2,6;,03) (i = 0,1) are dom-
inated by a polynomial in z uniformly in 3. Then the convergence 65 —? 63 as n — oo is
obvious under Condition [A3] (iii). O

1 nh . B
%/O S(Z;,05,03) 7" —P0. (4.8)
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4.3 Asymptotic normality of 6}
Let

n hY2B(Z,,_,,05)Aw 0
MO = n1/2ZS<Zt,,eL9§)1[( I )( . )]
j=1 1 h_?’/Z/f(th_l, 05, 0%)¢; O3H(Zy,_,, 05)

Let

Py — / S(=.0;,05)7" [( OuF (2 52) )®2] v(d2)

_ / 12V (2, 07, 65) " [ (95 H (=, 65)) **]w(d2)
= /1283H(z,0;‘)*1/(2,01‘,05)_183H(z,0§)1/(dz). (4.9)

Lemma 4.3. Suppose that [A1] with (ia, ja,in, jp,im. i) = (1,1,2,1,3,1), [A2], [A3] (iid)
and [A4] are satisfied. Then

n”PRY2 0 HD(05) = MY = 0,(1)
as n — oo.

Proof. From [A3] (iii), I's3 is non-singular. From (4.2) and (3.8), we have

nT PR o HP (05) = ROV 09) + R0, 69) + R (67, 65) (4.10)
where
RID(@),05) = n7'2Ws,(60,63,67,05,63), (4.11)
R{D(09,05) = n'20s2(07, 05,65, 67, 65, 65)
(4.12)
and
REUS(00,00) = n 2nM2Ws5(60,05,67,603,05). (4.13)
We have
D; (67,65, 03) — D;(09,63,05) = —h1/2[ (A(Zt“’eg)_A<AthN92)) ]
27 Ho (21, 05)[A(Zy, 1, 88) — AZ,,,05)]

and so only by algebraic computation we obtain
A A A A 0
Zi 057 | D00, 609,05) — D89, 05,05 = 0. 4.14
S( t]71793> J<‘917‘92793) ](917927‘9?,)7 83H(th_l,0§) 0 ( )
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Applying Lemma 3.5 (b) under [A4], and next using the results in Lemmas 3.4 and 3.5, we see

ROD(6),65) = n7 2y, (08,05, 07, 03, 05) + Op(h'?)
n_1/2‘1’3,1(é?7 9§7 ‘91(7 957 9;) + OP<1)
(4.15)

since (nh?)!/? = o(1). Consider the random field
OO () = VAW (05 + rus, 05,07, 05,05) — Vs, (05,05,07,05,05))  (4.16)
on {u; € RP; |uy| < 1} for any sequence of positive numbers r,, — 0, Sobolev’s inequality gives

sup [P ()] = 0,(1)

u1:|u1\<1

with the help of orthogonality. In particular,

Rg.ll)(é?’ég) - n_l/Z{I}&l(eT’0576;0;’05)+0p(1)'

(4.17)
This implies
REW@,00) = M +o0,(1).
Simpler is that RY"(69,69) = O,(n*/2h). Similarly,
RUD(@Y,03) = n7' 2Ry 4(67, 65,67, 65,05) + Op(h'/?)
0,(h/?).
Thus, we obtained the result. O

In what follows, we quite often use the estimates in Lemma 4.1 without mentioning it
explicitly.
Lemma 4.4. Suppose that [Al] with (ia,ja,iB, B, iu, ju) = (1,1,2,1,3,2), [A2] and [A4] are
satisfied. Then

sup ’nflhﬁgﬂﬁf’)(@g)+l’33’ =P 0
03B,

or any sequence of balls B,, in RP® shrinking to 0%.
Y seq 9 3

Proof. We have

nthORHE (0;) = n ' Ug(00,69,0;)
+n_1hl/2‘1’33,2(é?7 ég, 03, é?, ég, 03)
+n AW 500, 05)
+n_1h1/2\1’33,4(é?>égﬁs,é?aégaei’»)
W 5(00, 05, 69,69, 05).
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For D;(69,69,65) in the above expression, we use Lemma 3.5 (b) to replace 60 by 6% for i = 1,2,
and Lemma 3.6 to replace 05 € B,, by 05 with an error uniform in 65 € B,,. Next we use Lemma
3.3 (b). Then

n R 0 ®X2
17 92p4(3) 1 -1 (4.18)
nthBHP (05) = —n le(zt“’93) [( 53H(th_1,93)) + {18 (6,)
J:
where
sup ’T£L4'18)(03)} = 0,(1). (4.18)
03€03

Now we obtain the result by using [A2] and estimating the functions 935S and 93 H uniformly
in (91, 93) ]

Theorem 4.5. Suppose that [A1] with (ia, ja,ip, j5.im jn) = (1,1,2,1,3,2), [A2], [A3] (iii)
and [A4] are satisfied. Then

WPRV2 (80— 65) T MP v o
as n — oco. In particular,
n'2h712(03 - 05) —4 N(0,T3)
as n — oo.

Proof. Use Lemmas 4.3 and 4.4. O

Remark 4.6. It is possible to construct a QMLE U3 for 05 based on the quasi-log likelihood
function

HP(05) = —% > {3V(th_1,é?, 05) [{ =2 (A;Y — hG, (69,69, 65) }*°]
j=1

+log (37'V(Z,_,,6,65)) }
Then, under a certain set of conditions, we have
n'2hTV2 (05— 03) =T N(0,4T3)).

Therefore 63 is superior to v3.

5 Adaptive one-step estimator for (6,60, 605)

In this section, we will consider a one-step estimator for @ = (6, 6, 05) given an initial estimators
(67,609, 09) for (61,605, 05) based on (Z;,)j—o,1,....n. We will assume the following rate of convergence
for each initial estimator

.....
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[A4] (i) 6 — 67 = O,(n"Y?) as n — oo

(i) 69— 605 = O,(n~?h™"?) as n — o0

(iii) 6 — 05 = O,(n"Y?n'/?) as n — oco.

The initial estimator ég is not necessarily the one defined in Section 4, though we already
know that one satisfies [A4%] (iii). That is, the initial estimator éo used in this section is re-
quested to attain the convergence rate n=/ 2hl/ 2 only, not to necessarlly achieve the asymptotic
variance equal to sy or less. Thus, the estimator U5 mentioned by Remark 4.6, as well as 69
in Section 4, can serve as the initial estimator of 3. As Section 7 recalls a construction of the
initial estimator é?, in estimation of non-degenerate diffusion processes, there is an estimator
of 0, satisfying Condition [A4¢] (i) based on only the first equation of (1.1). It is know that its
information cannot be greater than the matrix

%/Tr{(c—l(alc)c—lalc)(z,0;)}y(dz).

It will be turned out that the amount of information is increased by the one-step estimator.

We will recall a standard construction of ég in Section 8.
Let

n

1 _ — — x 0%\ [N x gk ok x %
MY = on Y (STH@S)S ) (2, 05.63) [Dy (67,65, 65)% — S(Z,,_,.67.65)].
j=1

Let

'y = %/Tr{s—l(als)sqals(zjer’9;)},/((12)

- 1 [[ier woc a0 wen)
+Tr{ (V" "H. (0, C)HLV "Hy (0, C)H}) (2, 07, 65) } | v(dz).
If H, is an invertible (square) matrix, then I'y; coincides with
/ Te{ (C1(8,0)C10,C) (2, 67) }v(do).

Otherwise, it is not always true.
Let

_ * nx\—1 82"4(’279;) ®2
1—‘22 = /S(Z,QUQB) [( 2_182[/[_](2,9;79;79:;) V(dZ)

_ / Dy A2, 05) Cz, 07 0p A2, 05)0(d2). (5.1)
Let I'V(6*) = diag[T'11, [0, I'33], where Ty is defined by (4.9).
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We will use the following random fields:
HO(G,) = —= Z { (Z, 1,61,69) 71 [D;(61,09,09)%%] + logdet S(Z,, ,, 61, ég)}. (5.2)

and
S(Z,.

Jj=1

H2%(0,,05) = 0D D;(8), 02, 05)%7]. (5.3)

N)I*—‘

Recall S(z,03) = S(z,09,65). To construct one-step estimators, we consider the functions
E.(6:) = 60— [0fH (60)] ' aiHY (61)
and

0 _
Fr(02,03) = ( 92 ) B [8?02,03)H§12’3) (92793)} 18(92 93)[H (92793)

when both matrices 92H\ (6;) and 8(292793)0%,(12’3) (62,63) are invertible. Let

xW = {we OPHWD (Y)Y is invertible and E,(6?) € O}
and
X% = {we 8(292793)l]—|f’3) (ég, ég) is invertible and [, (69, 63) € ©, x O3}

Let X, = A 1 x®Y. The event X, is a statistic because it is determined by the data

=U,...,

(69,69,09) is defined by

9:1 < [En/\(oeg])o ) on Xn
0y = Fr (92 g 93)
03 v on X¢

where v is an arbitrary value in ©.
Let 4 = (6s, 93)*, A0 = (9, 09)" and v* = (63, 9§)*. Let U be an open ball in RP2*P3 centered
at v* such that U C ©, x ©3. Let X728 = x*) n {3° e U}.

Lemma 5.1. Suppose that [A1] with (ia,ja,ip, i, iu, i) = (1,2,2,1,3,1), [A2] (i), (1), (iv)
and [A4¥] are satisfied. Then

n71/2h71/282u_|1(12,3)(;y0> — Op(l)

as n — 0.
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Proof. By using Lemma 3.6 and Lemma 3.5 (b) together with the convergence rate of the initial
estimators, we have

n_l/zh_l/Q 82['—'1(1273) (,3/0) = n_l/zwz(é?a éga égv é?) éga ég)
w2 (01,65, 05,01, 05, 03) + Op(1)
by Lemma 3.4 and Lemma 3.5 (a).
The open ball of radius r centered at 6 is denoted by U(#, 7). Define the random field

OP(O) = n*Wy(04, 00,05, 07, 03, 05) (5.4)
on 0 = (6,,0-,03) € U(0*,r) for a small number r such that U(6*,r) C ©. With the Burkholder-

Davis-Gundy inequality and in particular twice differentiability of A in 3, we obtain

supz sup ’|8’<I>(54) )|Hp

0106 (6*,r)

for every p > 1. Therefore, Sobolev’s inequality ensures

sup|| sup [PCY@)|]| < oo
n 0cU(0*,r) p
Consequently,
(5.4) (H0 40 /0 _
(I)n (017 02’ 93)1{(9(1)79(2)7@3))6(](9*77,)} - Op(l)
This completes the proof. O

Lemma 5.2. Suppose that [A1] with (ia,ja,ip, i, iu, i) = (1,1,2,1,3,2), [A2] (i), (1), (iv)
and [A4%] are satisfied. Then

nT2R2 9HED (309 = 0,(1)
as n — oo.
Proof. The proof is similar to that of Lemma 5.1. First,
n PR GHED (30) = V(@9 09, 02, 69, 9, 09)
n~Y20(69, 09, 65,07, 05, 05) + Oy(1).

Then we can show the lemma in the same fashion as Lemma 5.1 with a random field. O

Let

B, =U(0;,n"?log(nh)) x U (6, (nh)"/*log(nh)) x U(05,n""/*h'/?log(nh)),
B, =U(6;, (nh)"*log(nh)) x U(65,n""/*h'/?log(nh))
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and
Bl =U(0;,n " log(nh)) x U(05,n " /2h'/? log(nh)).
We will use the following random fields.

n ) D A(Z, ., 00) i
, , , . _ 1 2 tj_17 2
q)22,1<91793791792793) - ZS<th*1’91’93) [( 2_182LH<th7179/179§79§>) )

j=1

(I)22,2(017 937 0/17 eév eéa 857 eg)

- B RAZ,, ., 0%)
= ) S(Z,_,,01,05)" lD 01,05, 03), ( - ST y )}
jzl ( tj— 1 3) j( 1> Y2 3) 9 1Hx<th,17 93) [822A<th71, 92)]

622,2(017 937 0/17 eév 9&7 857 eg)

- L[ BA(Z,,_,.00)
= 582, ,.00.05)! {D» 0, 0,.0), ( ) 2 Ay 10 05) )}
; (Ziyo1: 00, 00) | Dil00: 02:00): { gorpy (7, " ony[aaa(z, ,.00)]

(I)23,1(017 937 8/17 eéa 9;57 ega eg)

N -1 0
N ZS(th_l,el,eg) |:< 2_183LH(th_170/179570g5) )

Jj=1
® < 82A(th—1 ’ 05) ):|
2_1H$<th717 9g> [62‘4(215]'717 9&’)]

(I)23,2(017 937 937 eéa 957 egv eg)

_ - —1 (p' / / 0
- ZS(thfp‘glveB) |:DJ<91792793)7 (2163Hx(th_1,9§,/) [82A(th_1,9g)] ):|

j=1
n 0 ®2
Das 1 (01,03,07,05,05) = — S(Z,. . ,601,05)7 " ,
3371( b T 3) ; ( bt 3> [< 83H(th—179é)+21h83LH(th—170179579é)) ]
(I)33,2<‘9179379/17%79379/1/7‘9&/7‘%) = ZS(Zt]’,laelue?))il |:D](9/179é79é)
j=1

0
® ( O2H(Z,, ,,00) + 2 hd2 Ly (Z,, .00, 04, 01) ) ]
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Lemma 5.3. Suppose that [A1] with (i, ja,ip,jB,im, ju) = (1,3,2,1,3,1), [A2] and [A4%] are
satisfied. Then

sup ‘n_lh_l 8% [Hgﬁ) (92, 03) + 1—‘22‘ —P 0
(62,03)€B],

as n — 0.

Proof. We have

n_lh_l 822[H£LZ’3) (02, 93) = n_1<1>2271(é?, ég, é?, 02, 93)
+n71h71/2q)22,2<9(1)79379?792793792793) (55>
Apply Lemma 3.6 and Lemma 3.5 (b) to obtain
sup sup sup ‘n’lhﬂﬁ@gm(@l, 03,01,05, 05,05, 653)
(61,03)€BL (0),04,04)€Bn (04,04)EBY,
_n71h71/2q)22,2 (917 937 9; 9;7 9§7 957 9;’:)‘

= op(1).
(5.6)

Here we used the assumption that the functions are bound by a polynomial in z uniformly in
the parameters, and the count

log(nh)
vnh
to estimate the error when replacing 05 by 63, as well a similar count when replacing (6}, 65) by

(67, 63)-
We apply Lemmas 3.4 and 3.5 (a) to obtain

nthTV2 o x b2 x nTV2R 2 log(nh) =

—17-1/2 x gk ok ol ol
sup sup  |[n T hTV2®gy5(61, 05, 607, 03, 05,05, 0%)
(01,03)€By! (04 ,64)eBL,

—n*h“”?ﬁm(@l,93,9T,€§,9§79579§>}
_ Op((nh)_1/2 log(nh)) = o0,(1). (5.7)

Since 12»(0]‘, g5,0%) in (522,2 are martingale differences with respect to a suitable filtration, we
can conclude by the random field argument with the Sobolev space of index (1,p), p > 1, that

sup sup ‘n71h71/2&)22,2<91,93,9?,9;,95,‘95,‘9‘%’)‘ = OP<<nh)71/2) = Op(l)
(01,03)eB!! (04,05)eB!,
(5.8)
On the other hand,
sup sup  |[n7 ' ®oy 1 (01, 03,01, 05, 05) — nT @1 (67,6035, 07,605,05)| = 0,(1) (5.9)

(01 703)634{ (Gllvgéveé)eBn
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From (5.5)-(5.9) and [A4F] (i), (iii), we obtain

sup |nthTt O5HEY (60, 05) — nT Pan 1 (65,65, 05,05,05)| = o,(1). (5.10)
(62,03)eB!,
Now the assertion of the lemma is easy to obtain if one uses [A1], [A2] and Lemma 3.1. O
Let
. . (9214(2,92)* 2_162LH<2791792793)* -1
i(z,0) = ( 0 Oy H (=, 05)" S(z,01,03)
% 6214(2, 92) @]
2_182[/[-](2,91,92,93) 63H<Z,93) '
(5.11)
Then simple calculus with (4.1) and
Do Li(2,01,02,05) = Hy(z,05)[02A(2,05)]
yield
Z(Z 9) _ 8214(2,92)*C<Z,91)_162A<Z,92) O
’ O 1283H(Z,93)*V(Z,91,03)_163[{(2,03) '
(5.12)

Lemma 5.4. Suppose that [Al] with (ia,ja,iB, jB,iu,jo) = (1,1,2,1,3,1) and [A2] are satis-
fied. Then

sup ‘n*10382ﬂ—|,(12’3)(92,93)} —P 0
(62,03)eB],

as n — 0.

Proof. From (5.11) and (5.12), we see

» 0 O A(z,05) _
stet0™ [ (antny ) (oo oy )] =

Then, by definition,

nt 8382[!%;2’3’(92, ;) = n_lhq)zg,l(é?, 93, é?, 05, 05,05,05)
+n71h1/2q)23,2 (é(l)u ég7 é?u 927 937 927 93)

Now it is not difficult to show the desired result. O

Lemma 5.5. Suppose that [Al] with (ia,ja,iB,jB,iu,jo) = (1,1,2,1,3,2) and [A2] are satis-
fied. Then

sup }n’lhﬁgﬂ—l,(f’:”(%,@g)+F33’ —P 0
(62,03)eB!,

as n — 0.
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Proof. By definition,
n_lh 3§[H§’3) (92, 93) = n_1®33,1(é?, ég, é(l), 92, 93)
+n*1h1/2<1)33,2(«§(1), ég7 é?u 927 937 é?7 927 93)

P45, involves the first derivative 05, and @339 does the second derivative 0%. First applying
Lemma 3.6 and Lemma 3.5 (b), and next Lemma 3.3 (b), we have

Sup ’n71h1/2q)3372<é(1)7ég7é?7927937é?792793)’
(62,03)€By,

< sup | 'R Da30(0Y, 69,07, 605, 05,09, 02,05)| + Oy(n” 20 log(nh))
(92,93)€B;L

= Op(hl/z)-
Moreover, it is easy to show

(02,03)€ B},

from [Al], [A2] with the aid of Lemma 3.1. O

n—1/2p-1/2 0
an = 0 n-12p1/2 |-

Lemma 5.6. Suppose that [Al] with (ia,ja,iB,jB,iu,jg) = (1,3,2,1,3,2) and [A2] are satis-
fied. Then

Let

sup }an8(292793)[|—l,(12’3)(92,Gg)an+F(2’3)(9*) =0 (5.13)
(62,03)€By,
where
Iy O
23) g%y — 22
sy = (T3 0.
Proof. The convergence (5.13) follows from Lemmas 5.3, 5.4 and 5.5. O

Lemma 5.7. Suppose that [A1] with (ix, ja,ip,iB,im, ju) = (1,3,2,1,3,2), [A2] and [A4%] are
satisfied. Then P[X;*%] =1 asn — .

Proof. By Lemmas 5.1 and 5.2,
a"a(92,93)u—|g73)(ﬁ/0) = Op(l)

and by Lemma 5.6,

. —1
(ana(ZGQ,Gg)H—I£7,273) (70)%) = 0y(1).
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Therefore,

~ -1 ~ _
(000 HEV (7)™ 00200 HEP (%) = Opl(nh)™1?)

as n — co. This means P[X;*?] — 1. O

Let

@ e e | PTEB(Z 01 A 0 A(Zs . 03)
MP = ) S(2,,.00,6) iy g |0\ 2 0Ly (Z, 67,65, 62)
j=1 h /{(th—1701703)§j 2HH\Atj—15 Y15 Y2573

= 02N C(Z,_,,07) [W PB4, ) Ajw, 2A(Zy,_,,63)]. (5.14)

j=1

Lemma 5.8. Suppose that [Al] with (ia,ja,iB, B, iy, ju) = (1,1,2,1,3,1), [A2] and [A4] are
satisfied. Then

n Y22 9,HE3 (05,05) — M =P 0
as n — 0.

Proof. By using Lemma 3.5 (b) together with the convergence rate of the estimators é(f and ég,
and next by Lemma 3.5 (a) and Lemma 3.4, we have

n” 2R 9,H (05, 63)

1/9 %= & vt [oe o a WA(Z,,_,,05) ]
_ 1/2 0y—1 (A0 px px 2 tj-1> V2
n ;S(thlve?;) _DJ<91792793)7 < 2—162LH(th_1’9(1)’0>2k’0§) )_
2% A | A(Zy, ., 03) ]
_ 1/2 0y—1 0% px o 2 tj—1:Y2 1/2
n jzls(ztj—we?;) _D](91792783)7 < 27162[/]{(225].71,9(1),9;,9;) )_ +Op(h )
1% A L= A(Zy, ., 03) ]
_ 1/2 *\—1 (n* p* pE 2 tj—1 72 1/2
n jzls(ztj—lvefﬂ) _D](91792703)7 ( 2_162[/]{(215].71,9?,9;,9;) )_ +Op(\/ﬁh) +Op(h )
(5.15)
Here we used the derivative 0, H.
We consider the random field
P (w) = nVPWy(01(w), 03,05, 67,05, 63)
(5.16)

on {u; € RP; |uy| < 1}, where 60 (uy) = 0 + n~/?(logn)u;. Then LP-estimate of
OOE ) — BP9 (0)) (1 =0.1)

n

yields

wp [9519uy) — F90) 7 0
u1€U(0,1)
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in particular,

P19 (ul) — 2P19(0) —r 0

n n

where u! = n'/2(logn)~(6; — 67). Obviously, MP — @%5'16)(0) —P 0. Since the first term on
the right-hand side of (5.15) is nothing but o0 (ul) on an event the probability of which goes
to 1, we have already obtained the result. O

Lemma 5.9. Suppose that [A1] with (ia,ja,iB, B, iy, ju) = (1,1,2,1,3,1), [A2] and [A4] are
satisfied. Then
n~ V2R 9gHE) (05 02) — MP =P 0

n

as n — 0.

Proof. We have

n” 2Rl 63[H£7,273) (057 9;) = n ' Z S(th—l ) é?? ég)_l Dj(éga 0;7 9;)
j=1
°( O )
83H(th_1,9§) + 271h83LH(th_1,9(1),9;,0§) ’

Then this lemma can be proved in the same way as Lemma 5.8. O

M@
(23) _ n
e = (Még) )

Combining Lemmas 5.8 and 5.9, we obtain the following lemma.

Lemma 5.10. Suppose that [Al] with (ia,ja,ip, 8,0, i) = (1,1,2,1,3,1), [A2] and [A4¥]
are satisfied. Then

Let

a”8(92,93)H£Lz73) (9;7 ‘9;) - Mr(ng) =" 0
and MY =4 N(0,T3)(6%)) as n — oo. In particular,
ana(%,@s)u—igﬁ)(e;’ 9;) _)d N(O> F(2,3)(0*))

as n — 0.

Theorem 5.11. Suppose that [Al] with (i, ja,i8, 7810, i0) = (1,3,2,1,3,2), [A2] and [A4f]
are satisfied. Then

a1 (5 =7 = (DI (O) TMED —r 0 (5.17)
as n — oco. In particular,
a' (=) =t NP9 ()) ) (5.18)

as n — 0.
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Proof. Let

X8 = a0 {(@),4°) € B, }ﬂ{ sup [andfy, g, H Y (V)ant T (6] <
vEB],

Here c is a postive constant and we will make it sufficiently small. Then P[X**] — 1 thanks to
Lemmas 5.7 and 5.6. On the event ;% , we apply Taylor’s formula to obtain

a, ' (7 =)
~ —1 *
- [an8(202703)[H51273) (Vo)an} { - an8(92,93) [Hg’g) (7 )

1
+an/ (02, 00 HZD(30) — 02, 00 HED (5(w)) ] dua, a, ' (4° — 7*)}
0

where 4(u) = v* + u(4° —~v*).  Then Lemmas 5.6 and 5.10 give (5.17). Then the martingale

central limit theorem gives (5.18). O
Let
n~1/? 0 0
by = 0 n 'Rl 0
0 0 nop

The following notation for random fields will be used.

\Ijl,l(ela 027 037 0/17 eéa 9{,5) = v (917 eZa 937 9&7 057 0/)

— (o pn o 0
— ZS Zt; 1791703) |:D](91702793)7 ( 27161[/[{(2%._1,91,92,03) ):|

\1[1,2(9179379/179;793) = (Sil<als))571)< ti— 1791793>[,Dj<9/179§79§3>®2_S( tj— 17‘91793)]

/ / - 0 *
\1111,1<91793791’9é’93> - ZS( ti- 1’91’93) [( 27181LH(Zt- 70/170576%)) ]

J=1
n

Woaa(O0, 0, 0,00, 04, 00, 00,02) = 5" S(Z,,,00,03) [ D,(0).6,.6,).

j=1
® 0
132LH(Z,5J . 07,05,0%)

\1111,3(9170379370;70/ Zal{s 81 th 1701793)}[Dj(6/17957025)®2 - S(th_l,ﬁiﬁg)}
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n

\Illl,4<91793> == 2(5*1(815)571>(th71’91’93) [8151(th71791793)}

j=1

\111175(017 03, 937 0;7 Qg, 91/’ 9;’, Qg) - Z(S_l(als)s_l)(ztj—lveh 03) |:Dj(0/17 9;, 0?’,)7

j=1
® 0
27181LH(th_17011/7057eg) .
Lemma 5.12. Suppose that [Al] with (ia, 54,0, 8, i, i) = (1,1,2,3,3,1), [A2] and [A4¥]
are satisfied. Then, for any sequence of positive numbers r, tending to 0,

sup |n! 8fﬂ—l,(11)(«91)+1“11} —P 0 (5.19)

01€U(05,mn)
as n — oQ.

Proof. By definition,
nLPHY(0) = —nTthWy (6,65, 6,,69,609)
T A2 (60,1, 63, 604,09, 09,01, 69, 69)
o W01, 65,01,08, )
—%n_l\IlUA(Gl, 09) (this term will remain)
—n R 5(64, 65, 6,, 603,65, 64,05, 69)

We will use Condition [A4] for 69 and 69, and the estimate |6 — ;| < r,, for 6, € U(0;, 7).
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Then

sup }n_l 8%H£Ll)(91) + P11’
01U (0% rn)

Op(h)

+n R sup | Waia(61, 605, 03,05, 05,601,095, 09)] + Y20, (n” Y2 + B2
01€U (0% ,rn)

(Lemmas 3.6 and 3.5(b))

7t sup [Ua(64, 69,65, 03, 05)
916U(9{,T‘n)

(Lemmas 3.6, 3.5(b) and 3.3(b))

1
+( - 577,71\1’1174(9T7 9;) -+ FH) + Op(’f’n)

+n Y2 sup | Wais(04, 69,01, 03,05, 01,05, 09)| + O, (M + 07?2
01€U (0% )

(Lemmas 3.6 and 3.5(b))
= Op(h)
+0,(h"?)  (Lemma 3.3(b))
+0,(n"Y?) + O,(r,) (random field argument with orthogonality)
+0,(1) (Lemma 3.1(a))
+0,(hY*)  (Lemma 3.5(b))

= 0p(1)

We remark that the used lemmas and appearing functions here require the regularity indices
(14,74,%8,7B,%m, ju) for [Al] as follows: (1,0,1,0,3,0) for Lemma 3.3(b); (1,1,2,1,2,0) for
Lemma 3.5(b); (0,0,0,0,2,1) for Lemma 3.6; jp = 3, jgy = 1 for random field argument for
Uiy 3. O

IA

+ Op(h'? + n2R1/2)

Lemma 5.13. Suppose that [Al] with (ia,j4,ip, B, i, i) = (1,1,2,1,2,1), [A2] and [A4¥]
are satisfied. Then

n~20,HD09) = 0,(1) (5.20)
as n — oo.
Proof. We have the expression
2O (@0 = 22w, (00,0000 00 49) V2, (0, 0. 30 0. 40,
We use [A4] together with Lemmas 3.6 and 3.5 (b) to show

VR, (@0 6040 60 40 40Y = p 2N/ (80,00, 80, 0 5 0%) + o (1)
0(1) = Oy(1)
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and

n_l/ZIIIL?(é??ég?é?végaég) = n_l/QIIIL?(é??01870;79;76;)+Op(1)
= 0,(1)

as n — 0o. Here random field argument was used. O

Lemma 5.14. Suppose that [Al] with (ia,ja,i5, jB.ig, jn) = (1,1,2,1,3,1), [A2] and [A4f]
are satisfied. Then

n Y2oHWM (07 — M =P 0 (5.21)
as n — oco. In particular,
n 2o HY(@07) =4 N(0,T4) (5.22)

as n — 0.

Proof. We have

Ej(02793) = Dj(eikve??e?’) —'D](QT,QS,@;)
h1/2 (A<th7179;> - A( ti—19 92))
WY2(H(Zy,_,,0%5) — H(Zy,_,,05))
+27 0 2 (Ly (2,05, 05,05) — Lu(Zy,_,, 07, 02,63))

Define the random field Z,,(us, u3) on (us,uz) € U(0,1)% by

En(UQ, U3)
n

nimz(sil(als)sil)( b1 01,05+ )[ i(07,05,05) @ E;(05 + 1P us, 05 4 1) >]

J=1

whre r{?) = (nh)~'/21og(nh) and r$) = n1/2p1/2 log(nh). Then the Burkholder-Davis-Gundy
inequality gives

lim sup Z Hﬁ(m uz)=n UQ,U?,)H = 0,

n—00 (u2,u3)€U(0, 1 i=0,1
which implies

sup ’En(ug, u;»,)} =P 0
(ug,ug)EU(O,l)2

under [A4%], and hence

77,71/22 (571(815)571)( tj— 179T790> D](9T79;7‘9§) ® E]<ég7ég) =P 0 (523)

j=1
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as n — oo. It is easier to see

n2Y (STHS)S ) (Z, . 67, 09) [E; (65, 09)%%] —P 0 (5.24)

j=1
as n — 0o. From (5.23) and (5.24),

n71/2\111,2(91 éga 0?? éga ég) = n71/2\111,2(91 égv 9;, 937 05) + Op(l)
n~ Y2 (07,605,075, 05, 03) 4 0,(1) (5.25)

as n — 0o, where the last equality is by [A4].
On the other hand, by [A4*] and Lemmas 3.6 and 3.5 (b), we obtain

V220 (05,69,69,67,09,09) = nTV2RMAW (07,609,609, 67,605,605 4+ 0,(1)  (5.26)
By random field argument applied to the first term on the right-hand side of (5.26),
nV2RM20 1 (0F,69,09,67,09,09) = o,(1). (5.27)
Consequently, from (5.25) and (5.27), we obtain the convergence (5.21) since
n 2o HWV(07) = nTV2RV20 (07,609,690, 609,09) + n 2wy (67,69, 07,69, 69)
= n_l/Q\Pl,Z(eL 037 91(7 957 0;) + Op(l)
= MS) + 0p(1)

by using Lemmas 3.10 and 3.5 (a). Convergence (5.22) follows from this fact and Lemma 3.1
with [A2], O

Finally, we obtain a limit theorem for the joint adaptive one-step estimator.

Theorem 5.15. Suppose that [Al] with (ia,ja,iB, js,iu,jo) = (1,3,2,3,3,2), [A2], [A3] and
[A4] are satisfied. Then

b (0= 07) — N(0,(I7(67)7)
as n — Q.

Proof. Let

x = xWn a3 n {(é?, %) € B} N { sup ‘n_lﬁfﬂ—lg)(el)+l’n‘ < cl}

0B’

where B = U(0;,n""?logn), and ¢; is a sufficiently small number such that |A4+T';| < ¢
implies det A # 0 any p; x p; matrix A. We obtain P[X**] — 1 from Lemmas 5.13 and 5.12.
On the event A, we apply Taylor’s formula to obtain

n'’?(0, — 07)
= (o] o)

1
part [ (D) — 02D By (3 - ) |
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where 6, (u) = 0% + u(f? — 6*). Then we obtain
n'2(0, — 07) =T MY =P 0 (5.28)

as n — oo from Lemmas 5.12 and 5.14. Therefore the convergence of b;'(6 — 6*) follows from
the martingale central limit theorem and the relations (5.17) and (5.28) O

6 Non-adaptive estimator

In this section, we consider a non-adaptive joint quasi-maximum likelihood estimator. This
method does not require initial estimators. From computational point of view, adaptive meth-
ods often have merits but the non-adaptive method is still theoretically interesting. We will
work with the quasi-log likelihood function H,, (6) given by

1 n
H,(0) = _52{5%_1,91,93)1[pj(91,02,93)®2}+1ogdet5(ztj_1,el,93)} (6.1)
j=1

for 6 = (61,0,605). Suppose that a function 07= (07,64 ,0J) of the data maximizes H,(6) in
O. Let
D, (61, 62,03,07,05,05) = H,(01,0,,03) — H, (6], 65,05).
Let
DI (61, 64, 05,61, 05, 05)

1 n
= 5D S(Zi,1,00.05) 7 [(Dy(61,02.605) — D; (67,65, 65) "]

j=1
L W2 (A(Zy, ,,05) — A(Z, ., 00)) o2
- _5 ZS<Z’5J717917‘93)_1 h71/2 (H<th71793) - H<th7179é)) )
j=1 +2-1p1/2 (LH(th,p 01,05,03) — LH(th,p 01,05, Gg))

0

D[nz}(elue?nelheéaeé) = h*1/2ZS<th71791’93)*1 |:,D]<9379é79§))7 (H(th_l,eg)_H(th_l,eé)

j=1
DE}<917 ‘927 937 9/17 9;, 9?’))

- _ A(Zy . 0:) — A(Z,._,,05)
— 1/2 1 (o o p tj—1,Y2 tji—11Y2
h ZS(th—Uelae?)) [D](€1702703)7 ( 2_1(LH<th,17‘917‘92793) _ LH(th,la‘%’%’eé))

j=1

and
Y 1 - — / — / /
D%}<917937917927‘9§) = _52{(5<th1791793) 1_S<th7179179é> 1) [Dj<917‘9§793)®2]
j=1

det S(Zy,

j—1’

i o 917 93)
& det S(th,p 9/17 Hé) .
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Then
[Dn(91,9279379179§>9§,) - D[l](elae%e&eiaeéaeg)+|D£12](0170379£79;70§,)

n

+D}(01, 05,05, 01,05, 05) + DY (01, 03,601,605, 6).  (6.2)

Lemma 6.1. Suppose that [Al] with (ia,ja,iB,jB,iu,jg) = (0,0,1,1,2,1) and [A2] are satis-
fied. Then

(a) Asn — oo,

sup |[n” " h{H, (61, 6,05) — H, (61,605, 05)} — YO (65)] =7 0 (6.3)
0O

(b) If [A3] (iii) is satisfied, then 0] —P 6% asn — oc.
Proof. We have

nilh{u—ln<91792793>_Hn<9179279§>} = n 'hD, (61,65, 05,06:,0,,03)
n_lh[Dgll](017 827 037 917 827 0;) + n_lh[D[nQ}(017 837 817 027 8;)
+n Y hDE(y, 0, 05,01, 05, 05) +n " hDH(6,, 05, 6,05, 6%).

By definition,

n_lh[D[nl}(017 827 837 017 827 0;)

0 @2

1 n
— _§n*1 § S(Zy,_,,01,63)7" (H(Zy,_,,05) — H(Zy,_,,03))
j=1 —|—2_1h(LH(Zt 91,92,93) — LH<Ztv,17917‘927‘9§))

j—17 J

We apply Sobolev’s inequality to uniformly estimate the “S”-part and the “H”-part; these
estimates involve 9:9? B and 902 H for i € {0,1} and j € {0,1}. For the “Ly”-part, we use the
assumption that the function is bound by a polynomial in Z;, , uniformly in 6. More precisely,
we obtain

sup }n_lh[D[nl}(ela 927 837 817 927 9;) - @;6-4) (017 93)’ = Op(]-)
0cO
where
1 n O ®2
OON (. 05) = —=n7 'S S(Z,. 601,057 ( ) . (6.4
n (1 3) 2” ; ( tj—1»Y1 3) H(th_l,e?,)_H(th_l,e;) ( )

With the help of Lemma 3.1 (a), Taylor’s formula and [A2] give

OO (0, 0) + / 6V (2,01, 05) " [(H (2, 05) — H(2,03)) ] v(d2)

sup = o,(1).

(61 ,93)661 X O3

The uniform-in-(6;, 63) convergence follows from the point-wise convergence with the aid of the
derivatives with respect to (#1,60s5). Remark that 0,V therefore 0,B is used, and Ly has H,,
in its expression.
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It is easy to see

sup [n " hDZ (01, 03,01, 05,05)| = O,(h'?),
0cO
sup ’n_lth[T?}(917 827 837 917 827 8;) = Op(h3/2)

0cO

and

sup [n'ADE (01,05, 01,0,05)| = O,(h).
6cO

This completes the proof of (a). The assertion (b) is a consequence of (a). In fact, for € > 0,
{165 =651 > e} < (YOO < —xse’}

C {su;_) I h{H, (61,02, 03) — Hy (601, 605,05)} — Y (63)] > X362/2}
0O

since H,(07,07,607) — H,(07,64.63) > 0. O
We will derive a rate of convergence of 83 by the random field H, (67,63, 65).
Lemma 6.2. Suppose that [Al] with (ia,ja,iB,jB,iu,jg) = (1,1,2,1,3,1) and [A2] are satis-
fied. Then
n~Pht? 05H,, (67,05, 05) = O,(n'/*h'/?)
as n — oo.
Proof. We first use Lemmas 3.5 (b) and 3.3 (b), next take out the principal part of D;(65, 05, 63),

and apply argument with a random field and the Burkholder-Davis-Gundy inequality. By this
procedure,

n~V2RY2 9gH, (0], 61, 0%)
= 7 Y2W4(0],0],0:,0] 0,05 +n V220, 407,05, 67,0, 0%)
= n2Ws(07,05,05,07,05,05) + Oy(n'/2h1/?)
= 0 '2Uy(07,03,63,05,05,05) + Op(n'/*h!/?)
Op(nl/th/Q).
]

Lemma 6.3. Suppose that [Al] with (ia,ja,iB,jB,iu,jg) = (1,1,2,1,3,2) and [A2] are satis-
fied. Then, for any sequence of positive numbers r, tending to 0,

sup ‘n_lh 8§H—|n(éi],é‘zj,93) +F33(éf,0§)
03€U (0%,7n)

=P 0 (6.5)

as n — 0o, where
Tys(6,67) — / 12V (=, 61, 02) " [05H (=, 65)%2] v(d2).

If [A3)(iii') is satisfied, then T's3(6y,6%) is non-degenerate uniformly in 6y and 0] —6; = O,(h).
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Proof. By definition,

n_lh agu‘In(éi], 9‘2], 93) = TL_l\I/3371(éi], éé], 03) + n_lhl/QII/gg’Q(éi], éé], 03, éi], éé], 93)
+n_1h\113373(é‘1], t3) + n_lhl/Q‘Ijs?,A(éi], 9‘2], 03, éi], 9‘2], 03)
+7’L71h\1’3375(éi], 93, éi], éé], 93)

By Lemmass 3.5 (b) and 3.6, we have

n YWy 0 (0],607,05,0],07,05) = T hY a3 4(0],04,05,07,05,05) + Op(rs) + Oy(h)
O(hY? +1,)

and this error is uniform in 5 € B(03,7,). Here Lemma 4.1 was applied to estimate the factor
(S7H55)S™1)(Z,_,, 0] ,05). Estimation of the term involving Wss, is similar. Estimation of
other terms is simpler. The term n~ a3, (67,07, 605) is approximated by T's3(67,0%) uniformly
in B(0;,7,). Remark that 8§ appears in W33 9 and W33 5. We do not need further differentiation
with respect to #5 to estimate them, because they are accompanied with the factor h and the
uniform-in-f#5 estimate for each term is carried out by simple LP estimate without random field
argument.

Condition [A3] (iii’) implies [A3] (iii). We obtain the rate of convergence of 6§ from the
consistency given in Lemma 6.1 (b), Lemma 6.2 and (6.5), if applying the Taylor formula and
dsH, (67 ,07.07) = 0 on an event with probability tending to 1. O

Lemma 6.4. Suppose that [Al] with (ia, ja,i5,jB,iu,jo) = (1,1,2,1,3,2), [A2] and [A3](iii")
are satisfied. Then

(a) Asn — oo,

sup [0 {Ha(61, 02, 09) — Ha (67, 02,05) } — YYD (01)| =P 0 (6.6)
(91,92)€®1><@2
(b) If [A3] (/') is satisfied, then 0] —? 0% as n — oco.
Proof. We have
0" M, (01, 05,07) — Ho(05,05,09)}
nilu)n(elve%éé]aeiue%ég)

nillD[nl} (917 927 éi{u ‘9>1k7 927 é;{) + nillDE} (917 éf’,]7 9T7 927 éf’,])
+n'DE(0y, 05,07, 607,05, 07) + n'DI(6,, 07,67, 0,,6).

We have
n~ D0y, 6,5, 67,07, 6,,07)
— —ln_lhiS(Z 01,60])7" Y A -
2 = tim1 71 73 2_1(LH(th,1,91,92,9§,])—LH(th,pefa@%@é])) '
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Therefore,

sup [0 'DI(6:, 62,07, 67,62,07)] = O,(h).
(91 ,92)6@1 X@g

By definition, DE](Ql, ég{ , 07,0, ég{ ) = 0. Moreover, by using the preliminary estimate ég{ —0; =
O,(h) provided by Lemma 6.3, and the expression

n~ DBy, 6,, 01,07, 6,,0])

- X 0
_ —-131/2 Jy—1 (p* J R .
n - h ZS(Z@,UGI,G?)) |:DJ<¢917‘927‘93)7 ( 271(L(th_1,91,02,0§]) _L(th_l,QT,QQ,eg)) ):| )

j=1
we obtain

sup  |n D01, 05,07, 07,00,0)| = O,(h)
(91,92)€é1><62

by using Lemmas 3.6, 3.5 (b) and 3.3 (b).

Now

. R 1 & R . .
Dg](eh 955]7 ‘9;7 927 eé]) = _5 Z { (S<thf17 917 9&1)71 - S<th717 ‘9;7 955])71) [D](9T7 927 955])®2]
j=1

det S(Z,. ., 61,07
+ log et 520, b1 Ag)}.
det S(Zy, ., 03,07

Once again by using 07 — 05 = O,(h) provided by Lemma 6.3, we obtain the result with the
help of Taylor’s formula and Lemma 3.1. O

We shall deduce a tentative rough estimate o,(n~*/2h=1/2) for the error of é{ .
Lemma 6.5. Suppose that [A1] with (ia,ja,is,iB,iu,ju) = (1,1,2,1,3,2), [A2] and [A3](iii)
are satisfied. Then
nPRY? 0 H,, (05,0,05) = o0,(1)
as n — oo.

Proof. We use the tentative estimate of ég{ — 03 given by Lemma 6.3. Then
o V2RA2 g (67 0, 6)
= n V2R, (65,05,09. 05,05, 09) + n 2R (05,604,070, 67)
— 0,(n?h)+0,(h"?) (6.7)
= 0p(1)
since nh? — 0. In the equality (6.7), we used the following estimates for the second term:
n~ V220 (07,64, 67,07, 6))
= nTVERYRW (07,070,067, 05, 05) + Op(nt?h) (. Lemmas 6.3, 3.6, 3.5(b) and 3.3(b))
= n V2RO L (607,65, 07, 05, 605) + O,(n*?h) (.- Lemmas 6.3 and random field argument)
= 0,(n"?h) + 0,(h*?) (. orthogonality).
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A similar estimate applies to the first term on (6.7). O
Recall
1
ry, = 5 /Tr{S_l(&S)S_l@lS(z,91‘,0;)}1/(dz)
= %/ lTr{(Cl(ﬁlC)ClﬁlC) (z,67)}
+Tr{ (V' Hy (0, C)Hy V' Hy (01 C)H) (2, 65, 03) } | v(dz).

Lemma 6.6. Suppose that [Al] with (ia,ja,ip, 5,0, ju) = (1,1,2,3,3,2), [A2], [A3](¢') and
[A3](ii") are satisfied. Then, for any sequence of positive numbers r, tending to 0,

sup  |[n7" O7H, (64, 07,67 + Tl =2 0 (6.8)
91€U(9T,Tn)

as n — co. In particular, 0] — 07 = o,(n~1/2n=1/2).
Proof. By definition,

TL_l 8%[Hn(01, 9‘2], éé]) = —n_lh\Ifn,l(Ql, éé], 01, 9‘2], éé])

+n_1h1/2\:[111,2(017 éi{) ela éga éi{a 017 éga éf’,])
1 . .

_énilq]ll,fi(eh 955]7 917 ‘95]7 955])

1 A
—§n_111111,4(91, 03) (this term will remain)

—n71h1/2\1111,5(91, éé]7 917 égu éé]7 917 éé]7 éf{)

If we apply the same machinery as in the proof of Lemma 6.5, it is easy to obtain the result. [It
is remarked that 0? appears in Uyp 9 and Wy; 3. Uniform-in-6; estimate for Wy, 5 is simple since
it has the factor h'/? in front of it. On the other hand, we use random field argument for Uips
after making the martingale differences. We need 93 at this stage. | For the second assertion,
the argument becomes local by Lemma 6.4, then Lemma 6.5 and the convergence (6.8) gives it
by Taylor’s formula. O

Lemma 6.7. Suppose that [Al] with (ia,ja,ip,78,im, i) = (1,1,2,3,3,2), [A2], [A3](¢') and
[A3](ii’) are satisfied. Then

n V2R OsH,(07,05,65) = O,(1)
as n — oo. In particular, 0 — 65 = O,(n~/2h}/?),

Proof. First using an algebraic identity similar to (4.14), next using Lemma 6.6 and once again
using Lemma 6.6 with Lemma 3.5(b), we have

nV2, (07,605,676, 05 = nV2Ws,(0],65, 67,05, 6%)
= nY2Ws4 (0], 05,07, 05,0%) + 0,(1)
n~ VAU, (07,605,075, 05,05) 4+ O,(1).
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Then, from the representation of D; (67,63, 05) given by Lemmas 3.4 and 3.5 (a) with the aid
of the orthogonality of the martingale parts, we obtain

n Y (0],05,0],07,05) = O,(1).
Lemmas 3.5(b) and 3.3 easily ensures
n Vg, (07,04,603,01,04,05) = O,(1)
Lemmas 3.5(b), 3.3 and 6.6 give
V2R (07,605,607 ,0],0%) = nTVPRY2Ws 407, 65,0, 605, 03) + O,(nt?h) + 0,(1),

and the representation of D;(67, 63, 65) in Lemmas 3.4 and 3.5 (a) and the orthogonality between
the martingale differences, we see

nTV2RN 20, (07,05, 07,04,05) = O,(1).
Consequently,
n~V2RM2 93H, (07,604, 0%) = nTY s (0], 605,07 ,07,0%) + n 205,07, 64,605,076, 6%)
V2R, (07,603, 07,05,03)
= 0,(1).
For the last assertion, we may apply Lemma 6.3. O

Recall

1 — — — * * ~ * * * * *
MO = ZaT YT (STHOS)S ) (2, 67, 65)[Dy67. 65,65 — S(Zi,_,. 67, 65)].
j=1

Lemma 6.8. Suppose that [Al] with (iAujA7iBujB7iH7jH) = (17 1727 3737 2)7 [A2]7 [A3]<ZI) and
[A3](ii1") are satisfied. Then

n2 0 H,(67,609,0]) = O,(1)
as n — co. Moreover,

n'2(6] —07) — MY =P 0
as n — co. In particular, 0] — 07 = O,(nY?) as n — oo.

Proof. We are in the same situation as Lemma 6.5 but we can use the convergence rate 6 — 65 =
O, (n~/2h1/%) elaborated by Lemma 6.7. Then

n~Y2 0H, (67,607, 67)

= n_l/th/Q\Pl,l(eL éLZ]’ éé]’ 91(’ éé]’ é{{) + n_l/Z\I/LZ(QT’ éf{? 0?’ éé]’ éi{)
VR (0],05,05,07,05,05) + Oyl *h) + O,(h/%) - (Lemmas 3.5(b), 3.6 and 6.7
+n Y20 (07,65, 60%,07,60%) + O,(1)  (Lemmas 3.6, 3.3(b) and 6.7 )
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For the last term, we can use the decomposition
D;(67,03,05)° = D;67,03,6)% = {D;(61,03,6) - Dy(67, 85, 0)}
+2{0,(01,03,09) + (0,001, 0.05) — D,01.05.07) |
Dy {Dj(07,05,03) — D;(67,05,65) }.

where ®sy,, means the symmetrized tensor product.

We have
D;(6;,64,65)%% — D;(65, 65, 65)”
* N * * %k * % F P * x g ) 92
= Q(Dj(91>951793) - Dj(91792>93)) ®sym Dj(91>92793) + (Dj(01,9‘2],03) - Dj(91>92793))
— 2h1/2 ( A(th_170§) - A(th—ﬂeé])
2V (Ly(Z,, . 07,05.05) — L (Z,

j—17 j—1?

A wom D07, 05,0%) + Ope- (h
‘9;’9‘2]’9;:)) )® Y ]( 1»7Y2 3)_'_ L ( )

To estimate n= 12U, (07, 0%, 0%, 05, 0%), we introduce the random field
$N0,) = n7 PR (STHOS)S T (2, 65, 65)
=1

A(Zy,,05) — A(Zy,_,,0) ) . o e
. =y L wm D07, 02,09
|: ( 271(LH(th_170T78;79§) - LH(th—meT?ere;)) = Y j( b 3)

(1]

(6.9)

With the aid of the representation of D;(65,0;,65) and the orthogonality between martingale
differences, a random field argument concludes

sup [E79(62)] = O,(n'?),
02€02

in particular,
VAW (07,05, 07,07,0%) = nTV2U,5(607, 05,605,605, 05) + 0,(1).
The orthogonality further applied gives
nERYED (07,05, 05,07,05,05) = O,(h'?).

Consequently,
n71/2 A [Hn<¢9i, éilv éé]) = nil/Q\I]L?(eTv 957 9?7 ‘9;7 95) + Op(l)
= MY +0,(1) (6.10)
= Op(l)
as n — oo. )
Since 0] —P 07 by e.g. Lemma 6.4, we can show the first order efficiency of 6 by using
Taylor’s formula combined with (6.10) and Lemma 6.6. O
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Lemma 6.9. Suppose that [A1] with (ia,ja,i5,JB,in,jo) = (1,1,2,3,3,2), [A2], [A3](i") and
[A3](ii’) are satisfied. Then

V22 93H, (67, 60,05) — MB) =P 0 (6.11)
as n — 0o. In particular,
n'2h712(0] —03) =7 N(0,T33) (6.12)

as n — 0.

Proof. We elaborate the estimate in the proof of Lemma 6.7. Taking advantage of the conver-
gence rate of 8/ given by Lemma 6.8, we see
n~Y2n'? 951, (6], 61, 0%)
= n71/2\y3,1(ei]7 9:957 9{7 9;7 9;) + 7’1,71/2\11372(91], 957 9§7 ei]’ 95]’ 95)
+n71/2h1/2\113,3(ei]7 9:957 ei]) 057 0;)
— n_1/2\113,1(éi], 05,07, 05,05) + Op(hl/Z) (Lemmas 6.8 and 3.5(b))
+n*1/2\1’3,2(éi]7 éé]7 957 9T7 9;7 9;) + Op(h’l/2> (Lemma 35<b))
+n’1/2h1/2\1’3,3(éi], 03,07,05,05) + 0,(1) (Lemmas 3.5(b) and 3.3(b)).

By Lemma 6.8, the representation of D;(6], 63, 65) and the orthogonality, we obtain

n71/2h1/2\11373<é‘1]’ 957 9?? 9;7 95) = 77,71/2;7,1/2\1/373(9; ‘9;7 9?? 9;7 95) + Op(h'l/z)
- Op(hl/Q)-

We have

sup  [nTV2W54(64, 0,03, 05, 03, 05)
(01,02)€01 X602

= Op(h)-
Next, we consider

n

2618 () = n1/2{\113,1(0f+Tnu1,0§,9T,0§,8§)—111371(9;0;,0;,9;,0;)} (6.13)

for any sequence r,, of positive numbers such that r, — 0. Then a random field argument with
Sobolev’s inequality ensures the convergence

sup [EF (u)] = o,(1).
u1€B(0.1)

Therefore,

n71/2\113,1(éi]7 9§7 0?? 0;7 9;) = nil/Qlll?nl(eTv 9§7 0?? 0;7 9:;) + Op(l)
= M® +0,(1).

From the above estimates, we already have (6.11). Moreover, Lemmas 6.3 and the martingale
central limit theorem givens (6.12). O
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Lemma 6.10. Suppose that [A1] with (ia,ja, i85, I8, iu,jo) = (1,1,2,3,3,2), [A2], [A3](') and
[A3](ii") are satisfied. Then

(a) Asn — oo,

sup [0 h T {HL (07, 05,07) — H.(0],605,09)} — Y@ (6,)| = 0 (6.14)

02€0,
(b) If [A3] (ii) is satisfied, then 0 —P 6% as n — oc.
Proof. We have
n T (07,05, 09) — H,a(6],03,69)}
= n'hTIDL(6], 6,607,065, 67)
n'h D0, 6,, 07,67 . 65,60)) + n n D20, 67,67, 05,67
+n W DB 0,, 04,67 05,60]) + n h DM, 07, 6] 05, 07).
We have
n'h'DIN(6], 05,607,005, 67)

1, 41 = AT AT\ — 5 ) ) x N 2
= —Nn lh 1525(215].71,‘9{79;{) 1[(Dj<9{7927eé])_D]<9{7927955]>)®:|
j=1
= LS s, 0 (AZe,1 00 = A(Z06) )T
27 ST 27 (Ly(Zy,_,,07,02,67) — Lu(Zy,_,,0{,605,.6))

n 2
_ 1 -1 nJ pJy—1 (A(th—weZ) _A(th—ne;)) ¢
- " ZS(th—l’81’93) 27 H,(Zy, ., 0])[A(Zy, ,,02) — A(Zy, ,,05)]

=1 v

j—17

1 z .
= _énil Z C(thfu 9{)71 [(A<Zt1717 92) - A<th71 ) 9;))(82} ’

j=1
DI(07,07,6,05,67) = 0, DI(8],64,6/,03,6]) = 0 and
n R DB, 0,,07,07,05,6]) = nth DB, 05,07, 07,65, 60%) + 0,(1)

by Lemmas 6.7, 6.8, 3.6 and 3.5 (b), where the order o0,(1) is uniform in 6, € ©5. The last
expression is

n_lh_ll])g’](ef, 927 057 9; 0;7 9;) + Op(]‘)

by using the exact convergence rate of 67 and ég{ , where 0,(1) is uniform in 6, € ©,. Random
field argument shows that the last one converges in probability to zero uniformly in 5. This
shows (a). The property (b) is now easy to deduce from (a). O

We will derive a convergence rate of 6.
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Lemma 6.11. Suppose that [A1] with (ia,ja, i85, I, iu, jo) = (1,1,2,1,3,2), [A2], [A3](') and
[A3](ii") are satisfied. Then

n~V2hV20,H, (07, 65,07) — MPP P 0
as n — oo.
Proof. By simple algebra and Lemma 3.2,

PR, (07,03.0)

B~ A r AT A A BA(Z, . 05)
_ 1/2 J pJ\—1 pJ px pJ 2 ti—1,Y2
- n ZS(th—Uelve?,) |:DJ<917‘92793)7 ( 92— 1H (Zt 9‘])[8214( L 1’9*)] ):|

=1 -
*1/220 (Zi, 1, 0)) 7 [0:A(Z,,,03), VA (AX — hA(Zy, . 03))]
= *1/220 (Zi, 1, 0)) 7 [0:A(Zy, 1, 03), hV2B(Zy, ,,07)Ajw] + 0,(1)

= MP+ op(1).

Here the last equation can be verified by a 01 random field argument using the consistency of
07 obtained in Lemma 6.4. Remark that M) is defined by (5.14) on p.26. O

Lemma 6.12. Suppose that [Al] with (ia,ja,i5,78,iu,ju) = (1,3,2,3,3,2), [A2], [A3](i),
[A3](ii) and [A3](iii") are satisfied. Then

sup  |n"'RT RH, (0] ,0,,07) + Tos| =2 0 (6.15)
GQEU(GS,Tn)

as n — 0o, where r, is any sequence of positive numbers such that r, — 0 and

BsA(z,03) @2
( 2_182LH<279T79§79§> V(dz>

_ / (2, 07) [0 A(z, 05)%] w(d2).

F22 = /S(Z,HT,H;)I

Moreover,
D121/ (9 —63) — | e VACU (6.16)
as n — oco. In particular,
PR (0] = 03) = N(0,T53)

as n — 0.
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Proof. We see

n~ hT 02H, (07, 60, 07)

o o RA(Zy,_,,00) -
_ -1 J -1 2T 2
— n ZS(th_pel?e?») [( 2_1Hm(Zt~ «93])[6214<th,17‘92)] )

j=1 i
- A7 A 7 o O2A(Z, .. 0,)
~1p-1/2 J a1 Do (g7 J 2\ 451,02
+n h Z S<th,17 91 ) ‘93) |:D]<¢91 9 927 93)7 ( 271H$(th_1,eéj)[aSA(th_l,eg)] ):|

Jj=1

- N R A(Zy,_,,00) -
_ -1 J jIy-1 2T T2
= —n ') S(z,_,.6].69) [(2—1Hm<ztjl,eg>[azA<th1,92)])

j=1
—17— - * F)— * * 82A Z '—179
+n 1h 1/2ZS<th71791793) ! |:Dj<917‘92793)7 < 271H$(Zt.2 ’(eékt)J[a;AQ()Zt ’02)] ):|

j=1

+0,(n"Y2h712)  (Lemmas 6.7 and 6.8)

= —nt Z C(th,l, él)il [(82"4(225]'717 92))@)2}
j=1

+n_1h_1/2 Z C(th—1 ) 0?)_1 [a;A(th—1 ) 92)7 h_l/Q(AjX - hA(th—1 ) 0;))] + Op(l)

j=1

= 'Y C(Z,,,0)7 [(0:A(Z,,,.02))7"]  (Lemma 6.8)

j=1

+n71h71/2 Z C<th717 9?)71 [a§A<thf17 92>7 h71/2<AjX - hA<thf17 9;))] + Op<1)

j=1
= Y C(Zy,,00) 7 [(02A(Zs, ., 02)) 7] + 0,(1)
j=1

The order o0,(1) is uniform in 6 € ©5. The last equation is verified by random field argument
with the shrinking B(63,7,), where we need & A. Since 67 —? 63 by Lemma 6.10(b), applying
Taylor’s formula with d3A, we obtain (6.15) with the help of Lemma 3.1 (a). Moreover, we
obtain (6.16) by combining (6.15) with Lemma 6.11. O

Let
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Recall
(g — diagB / lTr{(C1(81C)C1810)(z,9f)}
+Tr{ (V" 'Hy(0: C)HLV ™ 'Hy (0, C)H}) (2, 07, 63) }} v(dz),
/ Dy A(z,05)*C (2, 07) " 0y A(z, 05)v(d2),
/ 1203H(z,9;;)*1/(2,0;,0;)—103H(z,9§)y(dz)]

Theorem 6.13. Suppose that [Al] with (ia,ja,iB,JB.iu,jun) = (1,3,2,3,3,2), [A2], [A3](i),
[A3](i7) and [A3](iii") are satisfied. Then

b1 (07 —07) =% N(0,(T7(6%) 7))
as n — oQ.

Proof. B;f Lemmas 6.8, 6.12 and 6.9, we obtain the result. B?l)simple linear calculus, we can see
1

that M and M? are asymptotically orthogonal. Since M, ’ is written by the second Wiener
chaos, it is asymptotically orthogonal to MP and M. O

7 Estimation of 6,

The purpose of this section is to recall a standard construction of estimator for #; and to clarify
what conditions we mentioned validate its asymptotic properties. Let

HY(6,) = _% Z {C(thl,el)l[hl(AjX)m] + log det C(thl,el)}
j=1

where A; X = X, — X;,_,. It should be remarked that the present [HSLI)(HI) is different from the

one given in (5.2) on p.20. Under [Al] and [A2] (iii), H" is a continuous function on ©; a.s.
Given the data (Z;;);—o,1,....n, let us consider the quasi-maximum likelihood estimator (QMLE)

.....

HD@9) = max HV(6,) a.s.
01€0;

Routinely, n'/?-consistency and asymptotic normality of é? can be established. We will give
a brief for self-containedness and for the later use. Let

rW®? = %/[Rdz Tr{CH(0.C)[w]C~ (D C)[ui](z, 07) }v(dz) (7.1)

for u; € RP. We will see the existence and positivity of I'™ in the following theorem.
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Theorem 7.1. (a) Suppose that [A1] with (i, ja,ip, j5, i, ju) = (0,0,1,1,0,0), [A2] (i), (i4), (i),
and [A3] (i) are satisfied. Then 69 —P 07 as n — co.

(b) Suppose that [Al] with (ia,ja, i, jB,in,jn) = (1,0,2,3,0,0), [A2] (), (i), (7ii), and [A3]

(1) are satisfied. Then T'V) exists and is positive-definite, and
V() —607) — (@MW)t ® e o
as n — 0o, where

MY = %n—mz(C—l(alc)c—l)(ztj_l,ef)[(h—l/QB(th_l,e;‘)Ajw)@—C(th_l,e;*)].
j=1

Moreover, MY N,, (0,TW) as n — oo. In particular,
Vi@ —67) =4 N, (0, ("))
as n — oo.

Proof. (a): Let Y\ (6,) = nfl(H,(f)(Ql)—[l-Ig)(Q’f)). Suppose that [Al] with (i4, 4,5, B, ix, ju) =
(0,0,1,1,0,0) and [A2] (i), (ii), (iii). Use (3.1) and Lemma 3.1, then

1

sup |9} (Y(l (61) — Y(l)(el))‘ — 0 (n— o0)
916@1 D
for every p > 1. By Sobolev’s inequality, we obtain
sup |Y(6,) — Y ()] — 0
01661 D

for every p > 1. Therefore, the identifiability condition [A3] (i) ensures 90 —P 07 as n — oo.

(b): Under [A1] with (ia,ja,i8,78,%u,ju) = (0,0,0,2,0,0), we have

al[H(l 91 - _Z )(th 179 )[hil(AjX) C(Zt] 17‘9 )}

and
62 = %ial )(th 179 )[hil(A]X) C(Zty 1’9 ﬂ

_% ; (CH OV (Zy,_,,00) [0 C (2, 01)]-

46



Now, by using orthogonality and the estimate (3.5), if [A1] is satisfied for (i4, ja,iB, jB, in, jo) =
(1,0,2,1,0,0), then
n_1/281[H

(1
n
n

= Y (OO (Fay O [ AX) — Oy, 07)]

(67)

J
= M 4 Opeo (n7Y%) + Ope- (n/?h)

2

tj ®
MY = 1n”2Z<O1(&0)@1)<th_1,er>[(h1/2 / B(Zt,endwt) oz, ,.6)|.
ti—1

j=1 i

At the same time [t0’s formula gives
tj tj

h‘l/Z/ B(Zy,07)dw, = h™'2B(Z,, ,,07)A; w+h_1/2/ (B(Z,07) — B(Zy,_,,07))dw,
ti—1

WVEB(Z,,,00) A + b2 / / (70, 0)[B(Ze, 07 ]y

+h712 / / Ly(Z,, 0,05, 60%)dsdw, (7.3)
ti_1 Jti_q1
for Lp(z,6;,0,,03) given by (3.9). The products of the first two terms on the right-hand side
of (7.3) form martingale differences, and hence
M2 = MY 4 Opee (BY?) + Ope (n/?h).
Under [A2] (i), (ii), (iii), the martingale central limit theorem gives
M =T N, (0,T)
as n — 0o. Consequently,
n 2o HP ;) =4 N(0,TW) (7.4)

if [A1] with (ia,Ja4,%8,jB, i, ju) = (1,0,2,1,0,0) and [A2] (i), (ii), (iii) are fulfilled.

Next, suppose that [Al] with (ia, ja, i85, jB,im, ju) = (0,0,2,3,0,0) and [A2] (i), (ii), (iii)
are fulfilled. It is rather simple to prove

1
Z sup

i—0 U107 +pnu1 €01, |ur|<1

— 0 (7.5)

p

a:‘“( LORH, <0*+,onu1>+r<1>)

for every p > 1 and any sequence (p,)nen of positive numbers tending to 0 as n — oco. We
apply Sobolev’s embedding inequality to each component of the matrix valued random field
8§[H£})(9; + ppur) on {u; € RPY; |uy| < 1} for large n. Then (7.5) gives

sup }n’lﬁleg)(Gf + ppur) + F(l)}
u1:07 +pnu1 €01, ur|<1

— 0 (7.6)

p
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for every p > 1.

Suppose that [A1] with (ia, ja,i5, 78, ix,Ju) = (1,0,2,3,0,0), [A2] (i), (é), (#i), and [A3]
(1) are satisfied. Then differentiating Y twice, we see, from [A3] (i), that I'") is positive-
definite. By (a), #9 — 0. With this fact, we obtain (b) from (7.4) and (7.6). O

Remark 7.2. It is possible to show that the quasi-Bayesian estimator (QBE) also enjoys the
same asymptotic properties as the QMLE in Theorem 7.1, if we follows the argument in Yoshida
[40]. This means we can use both estimators together with the estimator for fy e.g. given in
Section 8, to construct a one-step estimator for #3 based on the scheme presented in Section 4,
and consequently we can construct a one-step estimator for 6 = (61,605, 05) by the method in
Section 5.

8 Estimation of 0,

This section will recall a standard construction of estimator for #,. As usual, the scheme is

(i), i.e.,

.....

0 —0; = Oy(n'?)

as n — oo. Obviously we can apply the estimator constructed in Section 7, but any estimator
satisfying this condition can be used.
Define the random field H'? on O, by

HO (6,) — _% S CZ, 80 [ (X — hA(Z, ,6))). (8.1)
j=1

We will denote by ég = égn any sequence of quasi-maximum likelihood estimator for IH%Q), that
is,

HP(09) = sup HP(6,).
02€65

Let Y (6,) = T~ (HY (62) — HY (83)), where T = nh.

Lemma 8.1. Suppose that Conditions [Al] with (ia,ja,iB,jB,in,ju) = (1,1,2,1,0,0), [A2]
and [A4%] (i). Then

sup ’ﬂ—lf)(ﬁg)—Yf)(Qg)} —P 0
02€02

as n — oo. If additionally [A3] (ii) is satisfied, then 09 —P 6% as n — oo.

Proof.

Y& (0:) = OB (0,) + 05387, 6,)
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where

and

oEN(0y,0:) = T C(Z,_

=
(8.3)
For Y® given by (2.2) on p.4,
1
> sup 35(2F(02) = YO (6))]|, — 0 (8.4)

i—0 926@2

for every p > 1. Here Conditions [Al] (i) with (ia,ja,iB,JB,ix,Jju) = (1,1,1,1,0,0), [A2]
(i)-(iii) and [A4%] (i) were used. Then (8.4) implies

sup |@F2(0,) — Y (6,)] =P 0 (8.5)
62€0-
as n — o0.
We have
1
Z Sup Halﬁ 02) (I) (017 92)” =0 (86)

i—0 (01,02)€01x02

for every p > 1 from Lemma 3.10 applied to A;X — hA(Z;;_,,05) with the aid of orthogo-
nality. The conditions we used include [A1l] with (i, ja,i5,78,%u,jn) = (1,1,2,1,0,0). The
embedding inequality makes

sup ‘<I>( (61,02)] —P 0 (8.7)
(91,92)661 ><@2
from (8.6).
The proof completes by the estimates (8.5) and (8.7). O

The matrix I'sy is defined by (5.1) on p.19.

Lemma 8.2. Under Conditions [Al] with (ia,ja,iB,jB,iu,jr) = (1,3,2,1,0,0), [A2] and
[A4F], Then

sup  |[T'OHP () — Das| —P 0 (8.8)
02€U(05,71)

for any sequence of positive numbers r, satisfying r, — 0 as n — oco.
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Proof. From (8.1),

n

BHD (02) = > C(Z,_,,00) ' [AjX = hA(Zy,_,, 62), 2 A(Z,_,, 05)] (8.9)
j=1
and
BHO(0) = —3 (. 00 [(A(Z, . 0)) "]

j=1
+ i C(Zy, 0 [AX — hA(Zy, . 02),05A(Z, ,,05)] (8.10)

j=1

Let
MT'(LZ) = T_1/2 i C(thfu 9;)_1 [B(thflv GDAJw? 62"4(215]'717 9;)] (811)
j=1

By random field argument for (8.9) with 8;C(Z,,_,,6,) and [A4%], we obtain
TY209,H® (03) — MP  —p 0 (8.12)

as n — o0, if (3.10) in Lemma 3.4 applied to A; X — hA(Z;,_,,03).

Under Conditions [A1] with (i, ja,i5, jB,im, ju) = (1,3,2,1,0,0), [A2] and [A4¢], we obtain
the convergence (8.8) for any sequence of positive numbers 7, satisfying r, — 0 as n — oo.
Here we applied random field argument to the second term on the right-hand side of (8.10). O

The matrix I'gy is given by (5.1) on p.19. Form Lemmas 8.1, 8.1 and 8.2, the following
theorem follows.

Theorem 8.3. (a) Suppose that Conditions [A1] with (ia,ja,iB, jB,iu, ju) = (1,1,2,1,0,0),
[A2], [A3] (i) and [A4%] (i). Then 69 —P 05 as n — oo.

(b) Suppose that Conditions [Al] with (ia,ja,iB,JB,ix,Jju) = (1,3,2,1,0,0), [A2], [A3] (i)
and [A4%] (7). Then

(nh)V2(03 — 03) — T MP =P 0
as n — 0o. In particular,
(nh)'2(03 = 63) —* N(0,I)

as n — 0.

Remark 8.4. The estimator é? in Section7 is asymptotically orthogonal to ég constructed in
this section. Therefore, for that 6Y, we obtain the joint convergence

(n'2(07 — 67), (nh)'2(03 — 63)) = N(0, diag[(PV) ™", 1))

as n — 00, as is well known.
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9 Symbols and Conditions

9.1 Section 1

dXt = A(Zt, eg)dt + B(Zt, el)dwt
dY, = H(Z,05)dt

9.2 Section 2

[A1] (i) A € Ci#Ia(RYZ x ©y;RIX) and B € CjP97 (R x O1; R @ R").
(ii) H € Cimim(RYZ x ©3; RY).

[A2] (i) supseg, [|Z:]], < oo for every p > 1.

(ii) There exists a probability measure v on R% such that

% /0 F(Z)dt —» / Fw(dz) (T > o)

for any bounded measurable function f : RY2 — R.

(iii) The function 0; — C(Z;,6;)7! is continuous on ©; a.s., and

sup sup || det C(Z;,6,)7 Y|, < oo
01€01 teRy

for every p > 1.

(iv) For the R™ ® R% valued function V(z,61,605) = H,(2,03)C(z,6,)H.(2,05)", the
function (61, 603) — V(Z;,0;,63)~" is continuous on ©; x O3 a.s., and

sup sup || det V(Z,,01,05) 7Y, < oo
(01,03)€01 xO3 tERy

for every p > 1.

YW (4,) = —%/{Tr(C(z,Gl)lC(z,Gf)) —dX—l—log%}u(dz).

Since |logz| < x + 27! for > 0, YV (6;) is a continuous function on ©; well defined under

[A1] and [A2]. Let

YUD(g) = —%/{Tr(C(z,Gl)10(2,9?))+Tr(V(z,91,9§)1V(z,9f,9§)) —dy

det C(z,0;)det V (0,,03)
1 d
+Ogdet0(z,ef)deﬂ/(0w§) v(dz)
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Let
¥6) = —5 [ (A 0) — Al 09)]u(d)
Let
YO (gy) = — / 6V (2,607, 05) " [(H(z,05) — H(z,65)) " v(dz).
The random field Y® is well defined under [A1] and [A2]. Let
Y30y, 05) = —/GV(Z,el,eg)—l[(H(z,eg)—H(z,0§))®2]1/(d2)~

We will assume all or some of the following identifiability conditions

[A3] (i) There exists a positive constant x; such that
Y(1)<¢91) < —X1|91 — 9;‘2 (91 S @1)

(i') There exists a positive constant x} such that

YUU@) < =Xl -6 (61 €6n).
(ii) There exists a positive constant xo such that

YO (0) < —xalb— 605> (62 € 0,).
(iii) There exists a positive constant s such that

Y(?’)(ﬁg) < —X3‘¢93 — 9:95‘2 (93 € @3)
(iii") There exists a positive constant x3 such that

VOO0, 0:) < —xalfs— G5 (61 € On, 65 € Oy).
9.3 Section 3

1
Ly (2,601, 02,05) = Ha(z,03)[A(z, 05)] + 5 Huo(2,05)[C (2, 61)] + Hy (2, 05)[H (2, 65)].
h
Gn(z,ﬁl,ﬁg,eg) = H(Z,03)+§LH(Z,01,02,93).

tj t
G = \/g/ / dw,dt
ti—1 Jtj—1

h=V2(AX — hA(Zy, ,,6,)) )

D;(b:,02,05) =
J h—3/2 (A]Y — hGn(th_1,6’1,92,93))
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9.4 Section 4

- C(z,6) “10(2,0,)Hy(z, 03)*
S(z,01,03) = <2_1Hm(z,93)0(2791) 3! Hx<2793)0(2 01)H(z,03)" )

S(z,6,65)7"
C(Z, 01)71 + 3Hx(2, 03)*V(2, 01, 03)71Hx(27 03) —GHx(Z, 03)*V(Z, 0y, 03)71
B 6V (2,01, 04) " H,(z, 05) 12V (2,0, 05)
S(z,05) = S(z,6°,65)
1 — N A0 A A
H®(05) = —52{S(th_l,eg)—l[Dj(eg),eg,eg)@?} + log det S(th_l,eg)}
j=1
\I[1<9179279379179;79é) = ZS<th,1791793)7 9179é79/ ( 18[1 Z 8 6) 9 ) ):|
=1 1 H tj—1, Y1, V2, V3
_ - Y /
- le(th—l701793) 9179270 ( 92— 1H:m: Z 93 810<Zt].71,¢91)] ):|
j=
!l ! . — Il / J17917‘92)
\P2(917€2793791702793) = ZS(th_pelaeS) 9179270 18[1 Z 8 9 9)
=1 2 H tj—15 Y1, V2, V3
N - ) A(Zy,_,.01,62)
B 215<th”91’93> D; (61,05, 65). (2 (2,03)[02A(Zy;_,, 02)]
]:
@9899'0’9'—nSZ 0y,05)7 " 9'9'8’ 31’92>
2( 1,Y2,V3,Vq1,V9, 3) - Z ( tji—17 Y1 3) 1>Y2, 182LH Zt 91 92 93)
j=1 j—17 ) )
. a - Y / Zt 1792)
= 2560007 Bt (g oS E o))
j=

where

15 0* 0* 9* £(311 _'_£312
j( 1°»Y2 3) - h 3/2(§318 +£319) )
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n

W01, 02, 05,0, 0,03) = Zs<ztjl,el,eg>l{DJ-(eg,eg,eg)

j=1

0
® < 83H<th717 93) + 2_1h63LH(Zt.71, 917 927 93) ) :|

J

n

G000, 05,01, 0, 0,) = Zs<ztj_l,el,eg>1[@(9;,0;,9;,)
j=1
® 0
OsH(Zy,_,,03) + 27 hOs Ly (Zy,_,, 01,05, 03)
/ / / . — [ / / / 0 ]
\113,1(01793701702793) = ZIS(ZU—NQMHS) ! Dj(01792703)7 (83H(th_l,03) )
iz L 1
T /ol & — [~ / / 0 ]
Wy1(01,03, 01,05, 05) = Z;S(thl’el’e?’) | Pil61.05,65). (63H<thl,93> )
i L 1
ol - -1 ol ol pl 0
\113,2(01792703701792793) - jzls(ztj—welae?)) |:Dj(91702703)7 < 2_1h63LH<th71,91,92,93) ):|
ey IS (o - ,
Ws3(01, 05,01, 05,05) = 52(5 1(038)S7)(Zt,1, 01, 05) [D; (01, 05, 03)%% — S(Zy; ., 61, 65)]
j=1
n 0 ®2
v = — Zy. -1
3371(91792,93) ;S< t]71’91’93> [( 83H(th—1793) +271h63LH(th—1791702703) ) ]
W33.9(01, 02, 05,07, 05,05) = ZS(th_l,el,es)_l[Dj(eia%,eé)
j=1
o 0
8§H(th_l, 03) + 271h8§LH(th_1,91, 02, 93)
1 n
Ws33(01,05) = —52{(571(335)571)(%71791793) [055(Zs, .01, 65)] }
j=1
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\1[33,4<9179279379/179;79/ = _QZS a3 Zt 179 ) [,D](9/179579§5>
® 0
O3H(Zy,_,,05) + 27 hOs Ly (Zy,_,, 01,065, 05)

1 n
W3 5(01,03,0),05,605) = 5 > 05{(S7H059)S ) (Zy,_,. 01, 05) } [D; (60}, 05, 04)%% — S(Z,,_,,01,05)].
j=1

9.5 Section 5

n

[H(l 0,) =

N)IP—‘

{ (Zy, 1, 01,05) 7 [D; (61,69, 09)%2] + log det S(th_l,el,ég)}.

J=1

[]‘|§73)(927‘93 = 1 ] 17 (91792793)®2]'
2 oy
Recall S(z,05) = S(z,0°,05).
n BA(Zs, . 0) o
, , , o j—1772
q)22,1<91793791792793) - ]le< ti— 1’91’93) ( 182LH<ZtJ 179/179§79§> )

q)22,2<917 937 9/17 eéa 9;/7)7 957 eg)

- - : BRA(Z, 0!
= ZS<th—17917‘93) ' |:Dj(917‘9£7‘9§)7 (2 1H (Zt (9”;[8214()215 9//)] ):|

j=1 a

622,2(917 937 0/17 6);7 9;)7 857 eg)

- L [= BA(Zy,_,, 0
_ 1 ‘p' o o tj—1>
— ZS(th_l,Ql,Qg) |:Dj(01792793)7 ( 271Hx(ZtJ_170//) [82A(th_l,9§/)] )]

Jj=1

(I)23,1<917 937 9/17 eéa 9;)7 957 eg)

= ZS<th717917‘93) {( 27195 Ly (Zy,_,, 01,65, 65) )

‘ (om0 )
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(I)23,2(017 037 937 8;7 eéa egv eg)

= — / / / O
= ZS(th_Uel)e?)) 1 |:Dj(01782793)7 <2_163Hx(Zt- ,eg)[agA(Zt ’eg)] ):|

j=1
n 0 ®2
'l ol _ -1
®3371(01793791702793) - ;S(th—l’el’eg) [( 83H(th17‘9é)+2_1h83LH<th179/17‘957‘%,)) ]
Oy32(01, 03,604,605, 65, 07,07,07) = ZS(th_l,el,egrl[Djw;,e;,eg)
j=1

0
® ( ORH(Z,, ,,00) + 27 hd2 Ly (Z,, .00, 04, 01) ) ]

\Ijl,l(ela 927 037 0/17 eéa 9{,5) = \111(917 eZa 937 9&7 057 eg)

o . -1 (o pn o 0
= ZS(th—welae?)) |:D](91702793)7 < 27181LH(th_1,91,02,03) ):|

j=1

C I o _ , ,
Wy (01,03, 0,,05,05) = 52(5 H19))S 1)<Zt1717917‘93)[91(91’95793)(82_S<Zti*1’91’93)]
j=1

n 2
I 0l ol - -1 0 ’
Wi1,1(61, 05,01, 05, 05) = E S(Z4;_,,01,05) [( 2710, Ly (Z, .0}, 0, 04) )

j=1

\1[11,2<917937937‘9;7957‘93,7egaeg) = ZS<th1791793)1|:Dj<9/17eé’9§)>’

j=1
. 0
2_1a%LH<th71 ) 93/7 egv 9g>

\P11,3<917 937 937 9;7 9;5) = Z 61{571(8151)571(215];17 917 93)} [,D]<9/17 9é7 9;>®2 - S<th717 937 9;5)]
7=1

\Illl,4<91793> = 2(5*1(815)571>(th71’91’93) [8IS<th71791793)j|
j=1
Uy s5(01, 03,01, 04, 05,07, 05, 05) = Z(S*(alS)S—l)(th_l,91,03>{Djw;,eé,eg),
=1

0
® ( 27181LH(th—17 0/1/7 857 Qg) ) :| .
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9.6 Section 6

n

1
Ho(0) = _EZ{S(ztjl,el,eg)l[pj(el,@,eg)@q + log det S(thl,el,eg)}
j=1

for 0 = (01,92,03).

Dn(91,92,93793795,9§) = [Hn(01702703)_[Hn(eiaeéaeg)

[D[nl}(el, 027 037 8/17 0;> eg)
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