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Asymptotic properties of a branching random
walk with a random environment in time

Yuejiao Wang T Zaiming Liu T Quansheng Liu ¥ Yingqiu Li?

Abstract We consider a branching random walk in an independent and identically dis-
tributed random environment £ = (,) indexed by the time. Let W be the limit of the
martingale W,, = [ e Z, (dx)/E¢ [ e *Z,(dx), with Z, denoting the counting measure of
particles of generation n, and E, the conditional expectation given the environment . We
find necessary and sufficient conditions for the existence of quenched moments and weighted
moments of W, when W is non-degenerate.

Key words Branching random walk, random environment, quenched moments, weighted
moments

1 Introduction and main results

The model of branching random walk has been studied by many authors, see e.g. [7, 8, 19, 31,
28, 13] and the references therein. A branching random walk with a random environment in
time is an important extension in which the offspring distribution of a particle of generation
n, and the distribution of the displacements of their children, depend on the environment
¢ = (§), indexed by the time n, cf. e.g. [9, 27, 28, 29].

The model of branching random walk with a random environment in time can be described
as follows. As usual, let N={0,1,2,---}, Nt ={1,2,---}, R = {—00, 00} and

v={Jaye

be the set of all finite sequences, where (N)™ = {0} contains the null sequence ). Let

€ = (&)n>0 be a sequence of independent and identically distribution random variables
taking values in some space ©; each realization of &, corresponds probability distribution
M = n(&) on N xR x R x ---. Here £, represents the random environment at time n.

When the environment sequence £ is given, the branching random walk starts from an initial
particle () of generation 0 located at the origin Sy = 0 € R. It gives birth to Ny = N children
of the first generation whose number and displacements (relative to their parent () Lg; = L;
constitute a point process (N; Ly, Lo, - - - ) with distribution g = n(§) on NXx R x R x - --.
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In general, when the environment £ is given, each particle v = wuy - - - u,, of n-th generation
with position S, gives birth to NN, children with displacements L, ;, so that the position of
the i-th child is

where (Ny; Ly1, Lyg, - - - ) has distribution 1, = n(&,) on NXxR xR x ---. Conditioned on the
environment &, all particles behave independently, which means that the family of the random
vectors (Ny; Lyi, Lyz, - - - ), indexed by all finite sequences u, are conditionally independent.
Let T be the Galton-Watson tree with defining elements {N, : v € U}: (i) 0 € T; (ii) if
uw € T, then wi € T if only if 1 <i < N,; (iii) if ué € T, then u € T.
The family {S,,u € T} is called a branching random walk with a random environment
in time. In the following it will be termed simply as a branching random walk in a random

environment.
Let

Zn = Z 5511,

[ul=n

be the counting measure of particles of generation n, so that for a subset A of R, Z,(A) is
the number of particles of generation n located in A :

Zn(A) =Y s, (A) = > 1a(Su),

|u|=n |u|=n

where dg, denotes the Dirac measure at S, and I4 the indicator function of A; by convention
the summation is over all particles u of generation n.

The total probability space on which all the random variables &, and L;, |[u| =n > 0 are
defined will be denoted by (2, F,P); the conditional probability given the environment £ will
be denoted by Pg. Therefore, by definition, for each realization of the environment sequence
¢, the random variables L,; (|u| =n > 0,7 > 1) are independent of each other under P¢. The
probability IP is usually called annealed law, while PP is called quenched law. The expectation
with respect to P and IP; will be denoted respectively by E and E,.

Fix t € R. Write

Ny
my,(t) = E¢ Zeiﬂm for |u] =n,

i=1

and assume that m,(t) < co. We are interested in the Laplace transform of the counting
measure Z, and the associated martingale:

Zn(t) = /e_mZn(d$) = Z e S, n >0,

ul=n

Z,(t 1
Wo(t) =1, W,(t) = 7< ) _ — Z e for n > 1.
Eizn(t) Hi:l ml<t) lu|l=n

It is well known that (W,,(t)),>0 is a nonnegative martingale under P, with respect to the
filtration

‘7:0 = U(§)7~Fn == U(gaNuvLu17Lu27"' 5 |U| < n) for n Z 1,
2



so that the limit W(t) = lim, o W, (t) exists almost surely (a.s.) with E;W(¢) < 1 by
Fatou’s Lemma. For simplicity, write

W, = W, (t) for n>0and W = W(t).

The necessary and sufficient conditions for the non-degeneration of W have been known:
see Proposition 2.1 below applied to A,; = e =i, The existence of annealed moments and
weighted moments of Y have been studied in [22], see Theorems 2.1 and 2.2 cited below.
Here we are interested in the quenched moments and weighted moments of W, when W is
non-degenerate.

We first consider the existence of the quenched moments of W.

Theorem 1.1 Let a > 1, and assume that P(W = 0) < 1.
(i) If Elog" EcW{ < oo and Elog 7::?8‘(3? € (—00,0), then EFW® < 00 a.s..
(ii) If Elog ™Y ¢ (—00,0) and E¢W® < 0o a.s., then Elog™ EWe < oo.

mg (t)

2
(iii) If E(log™ EcW1)?te < oo for some ¢ > 0, Elog" EcW{ < oo, E(log 2?;?;;) < o0 and
EW® < o0 a.s., then Elog o

mo(at)
EONN

Part (i) gives sufficient conditions for the existence of quenched moments E.V®, while
parts (ii) and (iii) show that these conditions are also necessary under some additional as-
sumptions.

Recall that a positive and measurable function [ is defined on [0,00) is called slowly
varying at oo if lim, % =1 for all A > 0. (Throughout this paper, the term ”positive” is

used in the wide sense.) By the representation theorem (see [12], Theorem 1.3.1), any function
[ slowly varying at oo is of the form

() = e(z) exp (/ @dt), > a, (1.1)

t

where ag > 0, ¢(+) and €(+) are measurable with ¢(z) — ¢ for some constant ¢ € (0, 00) and
g(x) — 0 as © — oo. Moreover, it is known that any slowly varying function [ posses a
smoothed version /; in the sense that [(z) ~ [;(z) as * — oo, with /3 of the form

L(z) = ¢ exp </ El(t)dt>, > a, (1.2)

t

with ¢; infinitely differentiable on (ag,00) and lim, , €1(z) = 0 (see [12], Theorem 1.3.3).
The value of ag and those of [(x) on [0, ap] will not be important. For convenience, we often
take ag = 1. Notice also that the function ¢(-) in the representation of I(-) has no influence
on the finiteness of moments of W of the form EW*I(IV), so that we can suppose without
loss of generality that ¢(x) = 1. Moreover, by choosing a smoothed version if necessary, we
can suppose that the function ¢ in the representation form (1.1) is infinitely differentiable.

We next give a description of the quenched weighted moments of W. Write W* =
sup,,>1 Wh.



Theorem 1.2 Assume that P(W =0) < 1 andElog%ﬁ? € (—00,0). Letl(x) be a function

mg (t)
slowly varying at oo and ¢(x) = x*l(z) with « > 1. Then the following assertions are
equivalent:

(i) Elog* Ecp(W1) < o003 (ii) Ecp(W) < 0o a.s.; (iii) Eep(W*) < oo a.s..

The rest of the paper is organized as follows. In Section 2 we describe the model of
Mandelbrot’s martingale in a random environment, and state for this martingale a variante
of Theorems 1.1 and 1.2: see Theorems 2.3 and 2.4, which imply Theorems 1.1 and 1.2. In
Section 3, we introduce some lemmas in order to prove our main results. In Sections 4 and
5, we give respectively the proof of Theorems 2.3 and 2.4.

2 Mandelbrot’s martingale in a random environment

The theorems stated in Section 1 will be proved for a slightly different but essentially e-
quivalent model, i.e., for Mandelbrot’s martingale in a random environment. This model is
described as follows. Let & = (&,)n>0 be a sequence of independent and identically distribu-
tion random variables taking values in some space ©. Suppose that when the environment
¢ is given, {(Ny, Au1, Ay, --+) : uw € U} is a sequence of independent random variables with
values in N x RT, where Ry = [0,00), defined on some probability space (I',P¢); each
(Nu, Aur, Aya, - -+ ) has distribution 7(&,) for |u| = n. For simplicity, we write (IV, A1, Ay, -+ +)
for (Ng), A@l, A@Q, cee )
Set

Ny,
my, = EgZAm’, where |u| =n, n > 0.

i=1

Xy 1, X, — AnAue o Ay

— o if u=wuy---u, €U, forn > 1.
Hi:()mi

YozlandYn:ZXu, for n > 1.

lul=n

Then, under P, the sequence (Y,,),>o forms a nonnegative martingale with respect to the
filtration

Go=0(§) and G, = (&, Ny, Au1, Aua, -+, |u| <n) forn > 1.

It follows that (Y,,,G,) is also a martingale under P. The martingale (Y,,) is called Man-
delbrot’s martingale in a random environment. Notice that the martingale (W),,) for the
branching random walk (S,,u € T) introduced in Section 1 is just Mandelbrot’s martingale
(Y,) with A,; = e"*Lwi for ju| =n > 0.

Let

Y=1mY, and Y*" =supV,,
n—o0 n>0

where the limit exists a.s. by the martingale convergence theorem, and E;Y <1 by Fatou’s
lemma.

We can image that each node of the tree T is marked with the vector (N, Au1, Au2, -+ ),
Ay being associated with the edge (u,wi) linking w and ui for v € T and 1 < i < Ny;

4



the values of A,; for i > N, are of no influence for our results and will be taken as 0 for
convenience. So the model is also called weighted branching process in a random environment.
See for example [20].

Remark 2.1 If A, =1 for all u, then (Y,) becomes the natural martingale of the branching
process in a random environment, studied by many authors: see for example [1, 2, 3].

We are interested in the asymptotic properties of Mandelbrot’s martingale in a random
environment. For the existence of moments of Y in the Mandelbrot’s martingale, Liu [26]
proved that EY* < oo if and only if EY)* < co and E Zf\;l A < 1. In this paper, we extend
this result to the Mandelbrot’s martingale in a random environment for the quenched law,
for which we will show that the existence condition is quite different to the annealed case.

Another interest is the existence of the weighted moments of Y of the form E.Y*{(Y),
where o > 1 and [ is a positive function slowly varying at co. For a Galton-Watson process,
Bingham and Doney [10] showed that when o > 1 is not an integer, EY*[(Y) < oo if and
only if EY,*I(Y1) < co. Alsmeyer and Rosler [4] proved that the same result remains true
for all non-dyadic integer o > 1 (not of the form 2* for some integer k¥ > 0). Liang and
Liu [23] proved that the result holds true for all « > 1. For the Mandelbrot’s martingale,
Alsmeyer and Kuhlbusch [5] showed that when a € {2" : n > 1}, EY*(Y') < oo if and only
if EY,*l(Y1) < oo. Liang and Liu [25] proved that the same result remains true for all a > 1
and [ is a positive function slowly varying at co. In [22], this result was further extended to
the Mandelbrot’s martingale in a random environment for the annealed weighted moments
of Y of the form EY“[(Y"). In this paper, we consider the quenched weighted moments of ¥’
for the Mandelbrot’s martingale with a random environment; we will see that the existence
condition is quite different to the annealed case.

For any =z > 0, write

Nu g
pe, () = Efz L for |ul =n, n>0.
i=1

my,
N Az
pr) = Epg(e)=EY 2L and
0

i=1

N

A A;
'(z) = E ' Jog —-
P (@) Z;% -

if the expression is well defined (with value in [—o00, 00]). We mention that here p'(x) is a
notation, which coincides with the derivative of p(-) at  under natural regularity conditions.

For the non-degeneration of Y, a necessary and sufficient condition was shown by Biggins
and Kyprianou(2004,Theorem 7.1) and Kuhlbusch (2004, Theorem 2.5).

Proposition 2.1 (Non-degeneration [9],[20]) Assume that p'(1) is well-defined with value in
[—00,00). Then the following assertions are equivalent:

(i) p'(1) <0 and EY;log"Y; < oco.
(ii) EY = 1.



(iii) P(Y = 0) < 1.

Necessary and sufficient conditions for the existence of annealed moments and weighted
moments of Y have been known. Let us recall them in the following two theorems.

Theorem 2.1 (/22]) Assume P(Y =0) < 1. For a > 1, the following assertion are equiva-
lent:

(1) EY* < o0 and p(a) < 1;

(ii) EY™ < oo;

(iii) 0 < EY™ < 0o,

Theorem 2.2 ([22]) Assume that P(Y =0) <1 and p(a) < 1 for o > 1. Let 1 :[0,00) —
[0,00) be a function slowly varying at co. Then the following assertions are equivalent:

(i) EYU(Y:) < 0o,

(11) EY*(Y™) < 00;

(111) 0 < EY*(Y) < o0,

Here we are interested in the quenched moments and weighted moments of Y, when Y is
non-degenerate. We first consider the quenched moments.

Theorem 2.3 Let o > 1, and assume that P(Y =0) < 1.

(i) If Elog™ E¢ Y < oo and Elog pe, (o) € (—o0,0), then EY* < oo a.s..

(ii) If Elog pe, () € (—00,0) and EgY® < 0o a.s., then Elog™ E Y < cc.

(ii) If E(log™ EcY1)?*e < oo for some ¢ > 0, Elog" EY® < oo, Elog? pe,(a) < oo and
EY® < 00 a.s., then Elog pg, (o) < 0.

Part (i) gives sufficient conditions for the existence of quenched moments E.Y“, while
parts (ii) and (iii) show that these conditions are also necessary under some additional as-
sumptions.

Notice that since (Y},) is a nonnegative martingale under P, the existence of quenched
moments EY“ is equivalent to the convergence in L* under Pe.

We next consider the existence of the quenched weighted moments of Y.

Theorem 2.4 Assume that P(Y = 0) < 1 and Elog pe,(a) € (—00,0). Let I(-) be a function
slowly varying at oo and ¢(z) = z*l(x) with o > 1. Then the following assertions are
equivalent:

(i) Elogt Eep(Vy) < 00; (i) Eep(Y) < 00 a.s.; (i) Eep(Y*) < 00 a.s..

Clearly, Theorems 1.1 and 1.2 come from Theorems 2.3 and 2.4 with A,; = e~*Fui,

3 Preliminary lemmas

For the proof of our main results Theorems 1.1 and 1.2, we will use the following Lemmas.

Lemma 3.1 Let (o, Bn)n>0 be a stationary and ergodic sequence of non-negative random
variables.



(1) If Elog oy < 0 and Elog™* By < oo, then

Zao cee Q1 < 00 a.s.. (3.1)
n=0

(2) Conversely, we have:
(a) if Elog aig € (—00,0) and (au,, By)n>o 8 i.i.d., then (3.1) implies that Elog™ By < oo;
(b) if E|log Boy| < oo, then (3.1) implies that Elog oy < 0;
(c) if E|log Bo| < oo and E(log™ By)*™® < oo for some e > 0, then (3.1) implies that
Elog ag < 0, provided that E(log ap)? < oo and that (o), 18 i.4.d.

For Part (1) and the first two conclusions of Part (2), see ([18], Lemma 3.1). See also [15]
and [21] for a discussion about the convergence of the series (3.1). Below we give a proof of
the last conclusion of Part (2).

Proof of Lemma 3.1. As mentioned above, we only need to prove (c) of Part (2). By (b)
of Part (2), we know that Elog g < 0. Assume that Elogag = 0. Since E(log™ 55)?*¢ < oo,
we have for any constant ¢ > 0,

Z]P’(ﬁn < exp (—cy/nloglogn))
n=3

e}

= Z]P’(log* Bn > cy/nloglogn)

n=3
E(log™ f8o)***
< <
- Z(c\/nloglogn)ﬂﬁ >

n=3

(3.2)

So by Borel-Cantelli’s lemma, we have a.s.

Bn > exp (—cy/nloglogn) for all n large enough. (3.3)

On the other hand, since 0% := E(log ap)? < 0o, by the law of iterated logarithm, we have

n—1
hm sup Zz:O Og «
n—oo  y/0?nloglogn

Therefore, choosing 0 < ¢ < Z, we see that a.s., for infinitely many n,

=1 a.s.. (3.4)

Qv+ Q1 > exp((% — ¢)y/nloglogn) — oo, (3.5)
which is a contradiction with (3.1). This shows that Elog g < 0.

For the proof of our main results, we will use the Burkholder-Davis-Gundy(BDG) in-
equalities that we are going to state in the following lemma. For a martingale sequence
{(fn,Gn) : n > 1} defined on some probability space (Q2,G,P), set fo = 0, Gy = {0,Q},
dy = fn— fno1 forn >1,

fr=sup|f,| and d" =supld,|.

n>1 n>1



Lemma 3.2 ([14/,Theorem 2) Let ® : [0,00) — [0,00) be an increasing and continuous
function with ®(0) = 0 and ®(2)\) < c®(N) for some ¢ € (0,00) and all A > 0.

(1) For every 8 € (1,2], there exists a constant B = B,z € (0,00) depending only on ¢ and
B such that for any martingale {(f,,G,) : n > 1}, we have

oo 1/8
Ed®(f*) < BE®(s(f)) + BE®(d*) with s(f) = (ZE(unmgn_l)) (3.6)
and

E®(f*) < BE®(s(6)) + B Y E®(|d,]). (3.7)

n=1

(i1) If ® is convex on [0,00), then there exist constants A = A. € (0,00) and B = B, €
(0,00), depending only on ¢, such that for any martingale {(f,,G,) : n > 1}, we have

0o 1/2
AE®D(S) < E®(f*) < BE®(S), where S = (Z dji) ;
n=1

moreover, for any 5 € (0,2],

oe] 1/5
E®(f*) < BE®(S(3)), where S(B)z(Z\dn|5> :

If, additionally, for some B € (0,2] the function ®q/(x) = (2P is subadditive on
[0,00), then

E®(f*) < BY E®(|d,)).

n=1

4 Proof of Theorem 2.3

Without loss of generality, we assume that m,, = 1 a.s.. Otherwise we can consider flm- =
Ayi/my, instead of A,; , for |u| =n, n > 0.
For x > 0 and n > 0, write

Ya(e):= Y X7 and Py(z) :=E¢ Y X7 = pe,(2)- -+ pe, , (@).

|ul=n |u|=n
Obviously, Y;, = Y, (1) and E¢Y;(z) = B¢ SON | A = pg, (z). Let

Yii1i =Y, = Z Xou(Yi(u) — 1),

|u|=n
where Yi(u) = 37,21 Auw, Pe(Yi(u) € 1) = Prag(Y1 € +) for |u| = n. Let

D,, = sup Ay, |u| =n and D} = sup X, < Dy--- D, ;.
k>1 |u|=n

8



Proof of Theorem 2.3 Notice that since (Y},) is a martingale under P¢, E;Y* < oo
a.s. is equivalent to sup, E¢Y," < oo a.s.. Obviously, the condition sup, E;Y,¥ < oo a.s. is
equivalent to sup,, E¢|Y,, — 1|* < oo a.s..

We first prove part (i). Suppose that Elog" E;Y;* < co. For a € (1,2], the result has
been proved by [17]. So we assume « > 2. Using BDG-inequality, we have

00 a

g n+l

sup E¢|Y,, — 1|* < C E¢
" =0

(4.1)

Qv

Since (Eg’ S (Ygs — Yn)2|5> < S (EelYoiy — Yo|?)%, we have Ee| 322 (Yopr —

Yn)Q‘% < (ZZO:()(EdYnH - Yn\“)%>5. Therefore, together with (4.1), we have

o) N %
supBelY, — 117 < (S (Eel¥is ~ 7). (12)

n=0
So in order to prove sup, E¢|Y,, — 1| < oo a.s., we only need to prove that Y > | (E¢|Y, 41 —
Y, |*)?/* < 0o a.s.. By BDG-inequality and the convexity of z2, we get

2 3

BelYier = Yol < CEg( Z X2 (i) - 1>2)2 0B Y { AN @M - 17)

[ul=n |u|=n

2)(Yi(u) — 1)%)

o3
2

< = C RV, (2)Epne|Vs — 1], (4.3)

lul=n

Since Y,,(2) = >2,,-, X < D;Y,(1), we have

N

EY (2) < BeDU* Y < (EY)H(EeDY)? < (B (EeDf - EeDy )% (44)
By (4.2), (4.3) and (4.4), we have
supEY," < supEg(|Y, — 1| +1)* < sup2¥(E¢|Y, — 1|* + 1)

o0

< 2“(2 (EeYod (2)EqnelY: — 1|a)%> Py
0

< 20 sup(BY)E[ Y (BeDg -+ BeDi)” (BawlYs — 17)7] * 2%
" n=0
Therefore,
sup(EeY;)} <23 (BeDf -+ BeD7 1) (ErmelVi — 1) " +2°/inf(Bey)h. (45)
n=0

Since Elog E¢ D < LElog pe, () < 0 and 2Elog E. Y™ < oo, by Lemma 3.1, we see that

[e.e]

[>° (BeDp---EcD:)

n=0

Q=
w|R

(ErmelYi = 17)7]* < 00 as. (4.6)

9



Notice that when Y > 0, then Y,, > 0 for all n > ng = ng(w) large enough. Since Zx(R) =0
implies Z,(R) = 0 for all n > k, it follows that inf,Y, > 0 a.s. on {Y > 0}, so that
inf,~oY,* > 0 a.s. on {Y > 0}. Since P(Y > 0) > 0 implies that P¢(}Y > 0) > 0 as.
(P¢(Y > 0) satisfies the 0-1 law), it follows that

inf £ Y, > 0, (4.7)
so that
20é
— <X a.s.. (4.8)
infn(EgYno‘)E

From (4.5), (4.6) and (4.8), we obtain
supE.Y) < oo a.s.,
so that E;Y* < 00 a.s..
We next prove part (ii). Assume that E¢Y* < co. We only need to prove that Elog™ E¢|Y;—
1|* < oco. We divide the proof into two cases, according to a > 2 and 1 < a < 2.

We first consider the case where a > 2. By BDG-inequality and the convexity of 22, we
obtain

[e'e) % [e'e)
supEe|Y, —1|* > C Eg(z (Y1 — Yn)2) >C Y Eel Vo — Yal
" n=0 n=0
Z X2(v3(u) — 1)

> CZEg 2>CZE52X°‘|Y1 ) —1J°

Jul=n
= C ZP YEpne|Vs —1]°.

Therefore, since sup,, Eg]Yn —1|* < 00 a.s. and Elogpg, () < 0, by Lemma 3.1, we have
Elog" E¢|Y; — 1|* < oo, which implies Elog"™ E¢Y® < oo.

We next consider the case where 1 < aw < 2. Let n =) P,(a). By BDG-inequality and
the concavity of z2, we obtain

= 2 = Po(«
pBelY, — 1 > OB S —10?) =B X v

(=1
2

n=0 n=0 n
> CE; Z @) Z Y1 — Yol
n=0 Pn2 (Oé)
= Cpe! Zp,i 2 () Ee|Yop1 — Yo (4.9)
n=0
For the same reason, we have
Bt~ 2 CE( 3 X2 - 112) e Eg( Z 2)i) - 17
lul=n |=n
X2 a a
CBe Y 3o (a@INi() = 1P)F = C BVl BV — 11°
lul=n
Z C iIlfIEngnE (Q)ETnin — 1|a. (410)

10



By (4.9) and (4.10), we have

fe3
2

sup B[V, — 11 > C 3~ inf Yy ( ZP V% () Egag|Yy — 1]° (4.11)

By (4.7), we have inf, EgYaﬂ(Q) > 0 a.s.. Since sup, E¢|Y;, — 1]* < oo and Elog pg, () < 0,
by Lemma 3.1, we obtain Elog* E¢|Y; — 1|* < oo, which implies Elog™ EY* < oo.
Finally, part (iii) follows directly from Lemma 3.1, part (2)(c).

5 Proof of Theorem 2.4
For n > 0, write M, = supj,_, X071 M =357 M,.

Lemma 5.1 Let ¢ : [0,00) — [0,00) be a convex and increasing function with ¢(0) =0 and
#(2x) < chp(x) for some constant ¢ € (0,00) and all x > 0. Let 5 € (1,2]. If the function
x> ¢(z'/P) is convex, then

E£¢(|Y*_l| i ( <M1/5Y1/5 (ET 1£|}/1’B)1/5>>
B
+E; |Z ynf‘(mqb( G AT >—1|>], (5.1)

where C' > 0 is a constant depending only on ¢ and (.

Proof By (3.6), we have

E§¢<Y* - 1) S C<Ef¢<(ZE§<|Yn - Yn—1|ﬁ|fn—1>) B) + ZEfgb(lYn - Yn—1|>>7 (52)

where C' > 0 is a constant only depending on ¢ and 8. By BDG-inequality, the concavity of
2% and the definition of M,,, we obtain

B

«Fn—l)

CEg( > XPYi(u) - 1|5‘]-'n_1) =C > XPEpglyi -1/

|ul=n—1

(Yo~ Yo V) < O (3 X2l -17)

|u|=n—1

IN

lul=n—1

< O My 1Yy EpnielYy — 117 (5.3)

11



where Yi(u) = 37,1y Auw, Pe(Yi(u) € ) = Pra-1g(Ys € ) for |u| = n—1. By (5.3), using the
fact that >~ M, M~! =1 and the convexity of gzﬁ(x%), we have

E@((ZEs(IYn = Ynl\ﬁyfnl)) B)
n=1
< E§¢((20Mn_1yn_1ETn1g|}/1 _ 1|5> B)

n=1
1
o) Mn_ 5
= E@((ZC MIMYHIETn_lg\Y}—HB) )
n=1
> M,,_ 1 L 1
< CEY. Mlgb(MEYnﬁ_l(ETn,lgm—1|/3)B>. (5.4)
n=1

By BDG-inequality and the convexity of ¢(:1:%), we obtain

BeollY, - Yioi) < OB (3 X5m<u>—1w>‘l“')

Ju|=n—1
8 5
(P %Yn_l<ﬁ>|n<u>—1|ﬂ) )
ful=n—1 " """
< OE Y Y (Y, 1 (B)Y: (u) — 1), (5.5)

ul=n
By (5.2), (5.4) and (5.5), we obtain (5.1).

For the proof of Theorem 1.2, we will use the following lemma.

Lemma 5.2 Let X be a non negative random variable, | be a function slowly varying at co
and ¢(x) = x*l(z) with o > 1. The following assertions are equivalent:

(i) Blog* Beg(X) < oo ;
(i1) Elog* Eep(|X — ¢|) < oo, where ¢ > 0 is a constant.

Proof of Theorem 2.4 Let § € (1,2] and f < a. Write ¢(z) = 2*l(z), we can assume
that the functions ¢ and = — ¢(z!'/?) are convex on [0,00), and I(z) > 0 for all z > 0
(see [24]). Moreover, by choosing a smoothed version if necessary, we can suppose that [ is
differentiable.

The equivalence between (ii) and (iii) is obvious following Theorem 2.1 in [32]. The rest
of the proof is composed of the following two steps.

Step 1: prove that (i) implies (iii). Suppose that Elog™ E¢¢(Y;) < co. By Lemma 5.1,
we have

Eep(Y —1<CZI1 ) + Ly(n)), (5.6)

12



where
M,

]1(71) = Eg Vi

n

1 1
qs(M%Yfil(ETnflgm - 1|/3)B),

(YL (B)Ya(w) - 11).
79 )

lul=n

Hence, in order to prove E¢¢(|Y* —1|) < oo a.s., we only need to prove that ), I;(n) < oo
a.s. and > 7 Ir(n) < oo as..

We first prove that Y2, I;(n) < co a.s.. Since [ is bounded away from 0 and oo on any
compact subset of [0, 00), by Potter’s theorem (see [12]), for ¢ > 0, there exists C' = C(l,¢) >
1 such that {(z) < C'max (z°,z7%) for all z > 0. Therefore

- - a_q % 3 PR 1
Y Ln) = Y EM, M7 IYn€1<ETn_1§|1q—1|ﬂ)51<MﬂYn€1(]ETn_1£|YI—1113)5)
= n=1

VAN

CY (I (n) + I} (n)), (5.7)

where

I (n) = BeM, . M5 1Y, 5 (B 15|Y1—1|ﬂ>

x—€E

B

I7(n) = EcM,_ M5 'Y, 7, (ETHgm . 1|5)

Choose €; > 0 and g5 > 0 small enough such that a« —e; > ( and % € (1 o+ 7),
B—1

where 7 is defined below (see (5.9)). Let ¢ = min(ey,&5). Then a —e > 3 and X

(1, + 7). Using Hélder’s inequality twice and Jensen’s inequality, we obtain

a+te ate

If (n) < (Eg(M E ) (e, ) (Ew (i =11 7
1 ate a+te
< (E Mpuh)mtn (EgM(aJrE 1)p1QQ) p1a2 (EﬁY o= p2>p2 <ETn 1§|Y1 o 1|B) B

ate
< (Egynfl P2> p2 (E Mplql) p1t11 (EgM(

a+te

_1
a+€—1)171q2> P1a2 <ET7L71§|Y1 . 1|a—6> 0‘*57 (5.8)

where py = mao:f),ql = 3% and pil + piQ = q% + q% = 1. As Elogpg, () is convex for
Elog pe, (1) = 0 and Elog pg, (o) < 0, there exists some v € (0, 1) such that
Elog pe,(x) <0 for = € (1,a+7]; (5.9)
in particular,
Elog pe, (v —¢) <0 for 0 <e<a—1 (5.10)

By Potter’s theorem, for ¢ > 0, there exists C' = C(l,e) > 0 such that {(x) > Cz~¢ for all
x> 1. Therefore E¢|Y; — 1|1*7° < 1+ ZE¢p(|Yy — 1) implies that

1
Elog® E|Y; — 1|7 <Elog” E§<1 + mBeo(Y1 — 1|)>

1
< 1+10g+6+Elog+E€|Y1—1]al(Y1—1) < 00. (5.11)
13



By Theorem 2.3 together with (5.10) and (5.11), we know that

supE Y 7 < oo a.s.. (5.12)
n>1
Since p1q1 (B — 1) = % (1, a+ 7). we have Elog pg,(prq1(8 — 1)) < 0. So by the
5=
triangular inequality for the norm ||||,,4, in LP*?, we have

1

) < (B 30 )™ )™ < (5 30 e

ul=n |ul=
1

_ (pn_l((g _ 1)p1q1)) (5.13)

and
L 1 s 1 QT-H:_I
<E£M(age_1)p1q2> P1a2 (EéMplql)@ < (Z(Engqum)
n=1
e ) 1 C“T"'E—l
< (Z (P,H((ﬂ — 1)p1q1))”1‘“> <00 as. (5.14)
n=1
By (5.8) and (5.13), we have
1 o0 _1 a+te
Z ]+ < Slilzl) ESY (EgM( 1)p1qz> P192 Z <E§M£1_q11> P141 (ETn71£|}/1 o 1|a—s> a—¢
n n=1
1 o 1 ate
< supBey (BeMCF0m) 12 3™ (P (8= Dpran)) ™™ (Bpwosg Vi = 1779) "
n>1

Therefore, since Elog pg, (p1q1(8 — 1)) < 0 and Elog™ E;Y*° < 0o, by Lemmas 3.1 and 5.2,
together with (5.12) and (5.14), we have

ZI* < 00 a.s.. (5.15)

By an argument similar to that used above for the case of I (n), choosing £ > 0 small
enough such that o — e > 3, we have

afs

I (n) < (B2 M7 0)5 (B, T )5 (Bl — 117) 7

S (E Mp3q3> P3q3 (EgM( )pslM) P3‘14 (E Ya a) P4 ETn 1§|Y1 . 1|a 5

1

_ (E Mp3Q3>P3113 (E Mp3q3>P3q3( B

< C(Pa((B - 1)]03613))”3‘73 (Egy )“ Epn-1e]Yy — 1]*7°
= C(Pur(a — &) mm (BeYy) Byl Vy — 17,

(Egya_—a) Epnre|Y; — 1072
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whereq;z,:(a—s)/6>1,p3:%>1, + :qi3+i—1 Therefore

T
p3 P4

> > _1 1
Y Ir(n) < CZ(Pn_l(a — &) (B Y0 ) P Bpno1e|Vy — 1[07°

oo
1

< Csup (EcY, )P P, q(a—e¢) PsquTn 1Yy — 1]%7%. (5.16)

n=1

Hence, since Elog pg, (v — €) < 0 and Elog™ E¢Y{*° < 0o, by Lemmas 3.1 and 5.2 together
with (5.12), we have

ZI ) <00 a.s.. (5.17)

By (5.7), (5.15) and (5.17), we obtain

i[l(n) < 00 @.S.. (5.18)

We next prove Y > Ir(n) < oo as.. By Potter’s theorem, for ¢ > 0, there exists
C = C(l,e) > 0 such that [(xy) < Cl(x) max{y®,y °}. Hence, we obtain

o

B a 1
In) = CE¢ Y. YX“(ﬁ)Yn’il(ﬁ)liﬁ(U)—1|°‘l<YnB_1(5)IY1(U)—1I>
|u|=n—1 n-l

< C(If (n) + I; (). (5.19)

where

a+te

I (n) = E¢Y, ) (B)Ern1¢d(]Y1 — 1),
I

a—¢E

5 (n) =EeY, ” (B)Ern—1¢0(]Y1 — 1]).

In order to prove > >7 | Ir(n) < oo a.s., we only need to prove that > >~ I.F (n) < oo a.s. and
>ooei 1y (n) < 0o as.. We now consider Y ° | I (n). By M, = sup,_, X' and Holer’s

n=1
inequality, we have

ate ate % ate L*
I3 (1) < Be (Mo 1Yor) 7 BV — 1) < (BeM, 2" )7 (BeY, 57 ) Erco(¥i - 1),

where p* = 5(5‘—;‘3) > 1, 113 + # = 1. Therefore, we have
> 0t+5 % 1
Zﬁ ) < CZ(EgMn ) (BeY, ") # Epn etV — 1))
n=1
a+sp 1 a+6p* i*
< OZ (Eg S oxS T ) (Egyn_ﬂl ) Ern1e6(|Y; — 1))
|u|=n—1
N oo
< ngp B, ) > (P IETn 1ep(|Yy — 1]).
n>1 n—1
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where £ > 0 is small enough such that p := (8 — 1)p € (1, + ), then Elogmg(p) < 0.

B
Since Elog pg, (p) < 0 and Elog* E¢é(|Y; — 1]) < oo, by Lemma 3.1 and the above display,
we have

Z[+ <00 a.s.. (5.20)

We now consider Y >° | I, (n). Similar to the case of I (n), we have

I5(n) = Ee(Yn1(8) 7 Eprgo(|Vi = 1)) < Be(My1Yn 1) Braoago(|Vi — 1))

ae oy 1 £
< (Eg]\/[ L) (B, B ) Erecseg (s — 1),

n—

where ¢* = 3, ¢ = 575 and € € (0,a — 1). Therefore, we have

Yo I(n) < > (BeM, > (EgY *H> Ern-1eo(|Y1 = 1|)
n=1

(
< sup (Esynaf) " i (EgM ) Ern-1e0(|Y1 — 1)
(

n=1
1 00

< sup (BV) ™ S (Paale — ) "Bpeosgd (Vi — 1),

n=1

Therefore, since Elog pg, (o — ) < 0 and Elog™ E¢¢(|Y: — 1|) < 0o, by Lemma 3.1, we have

Z Iy (n) < oo a.s.. (5.21)

By (5.19), (5.20) and (5.21), we get
i[z(n) < 00 a.S.. (5.22)

Combining (5.6), (5.18) and (5.22), we obtain E;¢(|Y* — 1|) < 0o a.s. which is equivalent to
Eep(Y™*) < 00 ass..

Step 2: prove that (iii) implies (i). Assume that E:¢(Y™*) < oo a.s.. We only need to
prove that Elog™ E¢¢(|Y; — 1]) < oo by Lemma 5.2. We divide the proof into two cases,
according to a > 2 and 1 < a < 2.

(a) We first consider the case o > 2. By Lemma 3.2(ii) and the convexity of ¢;/2(z) =
o(x'/?), we obtain

1

>AZE§¢<Y Y, 1)? ) AZE@W Yo ).

n=1

=

Eeo(v* 1) 2 ABeo (3% - vonry?)

n=1

l\’J
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For the same reason, we have

S X2(Viu) 17

|lu|=n—1

)%) ZA]E5< ) ¢<Xum<u>—1|)).

|u|=n—1

Eeo(|Y,, — Yooa]) > AE5¢((

Choose € > 0 small enough such that «—e > 1. By Potter’s theorem, there exists C' = C(l,¢)
such that I(zy) > C l(z) min{y®,y ¢}, for all z > 0 and y > 0. Hence, we have

Ecp(|Y"—1)) 2 AY Ee( Y ¢(Xul¥i(u) —1]))

n=1 |u|l=n—1

> ACY Ee( S XOIYi(u) — 1 min(Xg, X, )Y (0) - 1))

|lu|l=n—1

= ACY Ee Y Xomin(X;, X0)Epc([Vi — 1)
n=1

|u|=n—1

= AC) min (Po_i(a —€), Paci(o + €)) Epumre (Y — 1)).
n=1

Since —oo < Elog pg, () < 0 for o > 1, by the law of large numbers, we have for § > 0 and
n > n(§) large enough,

Pn—l(a . 6) > e(Elogpgo(a—s)—é)(n—1)7 Pn—l(a + 8) > e(]Elogpgo(a—i-s)—é)(n—l)’

then there is a(a,e) € (—00,0) such that a.s. P, i(a —¢) > €)=Y and B, ;(a +¢) >
e@)n=1) for n > n(&) large enough. Therefore the preceding lower bound of E¢(Y* — 1)
implies that

Z ea(a,a)(nfl)ETn_1€¢(‘Y'l — 1‘) < 00 a.s..
n=1

Hence, by Lemma 3.1 we obtain Elog"™ E¢¢(]Y; — 1]) < oo which, by Lemma 5.2, implies
Elog* Eep(Y)) < 0o .

(b) We next consider the case where 1 < o < 2. Let F = > P, 4(a). By BDG-
inequality and the concavity of ¢y () = ¢(z'/?), we have

Beolv —1) > CEeo( (L0 - vy é) = cBeoy (S0 - Vi)

— CEeo, ((i Pn_}(a) 2} ]j(a) (¥ = Y”‘1>2>)

vV

Q

&
()¢
”
2

e
A~
|

<

i
—




By BDG-inequality and the concavity of ¢q/2(x), we get

Eg¢<FiP;%<2>|Yn—Yn_I|>zmw(( > ot X3m<u>—1|2)2)

|u|l=n—1

X2 o
- By Y Py @ 1|)

|u|=n—1 1

> o Y (L vbeomm )

ful=n-1"" L)

By Potter’s theorem, for € > 0, there exists A = A(l,e) > 0 such that [(xy) > Al(y) min{z®, x~¢}.
Therefore

Eco(Y" — 1))
AC > 2 ate ote ate a—e_ Q=€ a—e
> 72Pn—1(a>Eg > gy (P2 P2 (@), F5 Y, ()P, (@) )o(IYi(w) - 1])
n=1 lul=n—1 """

ate

€ ote a—¢ a—e a—e
= ZPM ymin (FFEY, % (2), FFEY, % (2)) min (P,7 (a), B, (0) ) Epaaco(1Yi — 1))

a+5 a—¢e
> g me( P57 (@), BT (@) BV — 1),

where U = min (F*5* inf, Y. (2), F°3° inf, V.2 (2)). By (49), we have infg Y, (2) > 0
a.s.. Hence U > 0 as. on {Y > 0}. Since P¢(Y > 0) > 0, this implies that E.U > 0.
Since oo < Elog pg, () < 0, by the law of large numbers, there is a € (00,0) such that

a.s. Po_i(a) > e for n > n(€) large enough. Therefore the preceding lower bound of
Ee¢p(Y* — 1) implies that
Ze("’l)“(Ha;E)ETn_lg(bﬂYl —1|) <00 a.s..

n=1

Hence, by Lemma 3.1, we get Elog® E¢¢p(|Y; — 1]) < oo which, by Lemma 5.2, implies that
Elog™ E¢¢(Y1) < 0o . Thus we have proved that (iii) implies (i).

Acknowledgements

The work has benefited from the support of the French government Investissements dAvenir
program ANR-11-LABX-0020-01. It has been partially supported by the National Natural
Science Foundation of China (Grants no. 11571052, no. 11401590, no. 11731012 and no.
11671404 ), and by Hunan Natural Science Foundation (China, grant no. 2017JJ2271).

References

[1] K. B. Athreya and S. Karlin. On branching processes in random environments. I: Ex-
tinction probabilities. Ann. Math. Statist. 42 (1971a) 1499-1520.

18



2]

[10]

[11]

[12]

[13]

[17]

[18]

K. B. Athreya and S. Karlin. On branching processes in random environments. II: Limit
theorems. Ann. Math. Statist. 42 (1971b) 1843-1858.

K. B. Athreya and P. E. Ney. Branching processes (Berlin: Springer, 1972).

G. Alsmeyer and U. Raosler. On the existence of ¢p-moments of the limit of a normalized
supercritical Galton-Watson process. J. Theor. Probab. 17 (2004) 905-928.

G. Alsmeyer and D. Kuhlbusch. Double martingale structure and existence of ¢p-moments
for weighted branching processes. Miinster J. Math. 3 (2010) 163-212.

J. Barral. Generalized vector multiplicative cascades. Adv. Appl. Prob. 33 (2001) 874-
895.

J. D. Biggins. Martingale convergence in the branching random walk. J. Appl. Prob. 14
(1977), no.1, 25-37.

J. D. Biggins. Uniform convergence of martingale in the branching random walk. Ann.
Prob. 20(1) (1992), 137-151.

J. D. Biggins. A. E. Kyprianou. Measure change in multitype branching. Adv. in Appl.
Probab. 36 (2) (2004) 544-581.

N. H. Bingham and R. A. Doney. Asymptotic properties of supercritical branching pro-
cesses. I: The Galton- Watson process. Adv. Appl. Prob. 6 (1974) 711-731.

N. H. Bingham and R. A. Doney. Asymptotic properties of supercritical branching pro-
cesses. II: Crump-Mode and Jirina process. Adv. Appl. Prob. 7 (1975) 66-82.

K. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular Variation. Cambridge Univ:
Press, Cambridge, 1987.

X. Chen, H. He. On large deviation probabilities for empirical distribution of branching
random walks: Schroder case and Bottcher case.

Y. S. Chow and H. Teicher. Probability Theory: Independence, Interchangeability, Mar-
tingales. New York, Springer, 1995.

A. K. Grintsevichyus. On the continuity of the distribution of a sum of dependent
variables connected with independent walks on lines. Theory Prob. Appl. 19 (1974)
163-168.

Y. Guivarc’h and Q. Liu. Proprietes asympotiques des processus de branchement en
environnement aleatoire. C. R. Acad. Sci. Paris, Ser I. 332 (2001) 339-344.

C. Huang. Limit theorems and the convergence rate of some branching processes and
branching random walk. Ph.D. Thesis, Universit de Bretagne-Sud (France) 2010.

C. Huang and Q. Liu. Convergence in L” and its exponential rate for a branching process
in a random environment. Electron. J. Prob. 104(19) (2014) 1-22.

19



[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

Y. Hu and Z. Shi. Minimal position and critical martingale convergence in branching
random walks, and directed polymers on disordered trees. Ann. Probab., 37 (2009) 742-
789.

D. Kuhlbusch. On weighted branching process in random environment. Stoch. Prob.
Appl. 109 (2004) no.1, 113-144.

Y. Li and Q. Liu. Age-dependent Branching processes in random environments. Sci
China Ser A. 51(10) (2008) 1807-1830.

X. Liang. Asymptotic properties of the Mandelbrot’s Martingale and the branching
random walks. Ph.D. Thesis, Universit de Bretagne-Sud (France) 2010.

X. Liang and Q. Liu. Weighted moments for the limit of a normalized supercritical
Galton-Watson process. C. R. Acad. Sci. Paris, Ser. I. 351 (2013a) 769-773.

X. Liang and Q. Liu. Weighted moments of the limit of a branching process in a random
environment. Proc. Steklov Inst. Math. 282 (2013b) 127-145.

X. Liang and Q. Liu. Weighted moments for Mandelbrot’s martingales. Electron. Com-
mun. Probab. 20 (85) (2015) 1-12.

Q. Liu. On generalized multiplicascades. Stoc. Proc. Appl. 86 (2000) 263-286.

Q. Liu. Branching random walks in random environment. Proceedings of the 4th Inter-
national Congress of Chinese Mathematicians (ICCM 2007), Vol. 11, 702-219. Eds:L.Ji,
K.Liu, L.Yang, S.-T. Yau. 2007.

7. Gao, Q. Liu. Exact convergence rates in central limit theorems for a branching random
walk with a random environment in time. Stoch. Proc. Appl. 126 (2016) 2634-2664.

7. Gao, Q. Liu, H. Wang. Central limit theorems for a branching random walk with a
random environment in time. Acta Mathematica Scientia 34(2)(2014) 501-512.

B. Mandelbrot. Multiplications aléatoires et distributions invaricantes par moyenne
pondérée aléatoire. C. R. Acad. Sci. Pairs 287 (1974) 289-292,355-358.

Z. Shi. Branching random walks, in Ecole d’Eté de Probabilités de Saint-Flour XLII C
2012. Lecture Notes in Mathematics, vol. 2151, Springer, Berlin, 2015.

Y. Wang, Z. Liu, Q. Liu, Y. Li. Quenched weighted moments of a supercritical branching
process in a random environment. Preprint.

20



