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Let (X;, Fi)i>1 be a sequence of martingale differences. Set S, = 2721 X; and [S], = Z?:l X2

We prove a Cramér type moderate deviation expansion for P(S,/+/[S]n» > x) as n — 4o00. Our
results partly extend the earlier work of [Jing, Shao and Wang, 2003] for independent random
variables.

Keywords: Martingales, self-normalized sequences, Cramér’s moderate deviations.

1. Introduction

Let (X;);>1 be a sequence of independent random variables with zero means and finite
variances: EX; = 0 and 0 < EX? < oo for all i > 1. Set

So=)Y_ Xi; Bl= iEXf, V2= ixf.
] =1 =1

It is well-known that under the Lindeberg condition the central limit theorem (CLT)
holds

sup |P(S,/B, < z) — @(x)‘ —0 asn— oo,

z€R
where ®(z) denotes the standard normal distribution function. Cramér’s moderate devi-
ation expansion stated below gives an estimation of the relative error of P(S, /B, > )
to 1 — ®(x). If (X;)i>1 are identically distributed with Ee®V X1l < oo for some tg > 0
(cf. [Linnik, 1961]), then for 0 < = o(n'/%) as n — oo,

P(S,/B, > z) P(S,/B, < —x)
1—-®(x) ®(—x)

=1+o0(1) and =1+o0(1). (1.1)

Expansion is available for 0 < z = o(nl/ 2) if the moment generating function exists. We
refer to Chapter VIII of [Petrov, 1975] for further details on the subject.
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2 X. Fan et al.

However, the limit theorems for self-normalized partial sums of independent random
variables have put a new countenance on the classical limit theorems. The study of self-
normalized partial sums S,,/V,, originates from Student’s ¢-statistic. Student’s ¢-statistic
T, is defined by

Ty ::Vﬁgjfn/aa
where n _
< Sn ~2 (Xz - Xn)2
Xn = ? and g = lz:; ﬁ

It is known that for all x > 0,

P(T.>) = P(Sn/Vn > x<n+;2_1>1/2)’

see [Chung, 1946]. So, if we get an asymptotic bound on the tail probabilities for self-
normalized partial sums, then we have an asymptotic bound on the tail probabilities
for T,,. [Giné, Gotze and Mason, 1997] gave a necessary and sufficient condition for
the asymptotic normality. [Slavova, 1985] and [Bentkus, Bloznelis and Gotze, 1996] (see
also [Bentkus and Gotze, 1996]) obtained the Berry-Esseen bounds for self-normalized
partial sums. See also [Novak, 2011] and [Shao and Wang, 2013] for Berry-Esseen type
inequalities with explicit constants. [Shao, 1997] established a self-normalized Cramér-
Chernoff large deviation without any moment assumptions and [Shao, 1999] proved a
self-normalized Cramér moderate deviation theorem under (2+ p)th moments: if (X;);>1
are independent and identically distributed with E|X;|>*? < oo,p € (0,1], then for
0 <2 = o(n/*+20)) as n — oo,

P(S,/Vy, > x)

e Y 1+ o0(1). (1.2)

The expansion (1.2) was further extended to independent but not necessarily identically
distributed random variables by [Jing, Shao and Wang, 2003] under finite (2 + p)th
moments, p € (0, 1], showing that

P(S,/Vy, > x)

-3 () = exp {O(l)(l + x)2+pL§’l} (1.3)

uniformly for 0 < z = o(min{¢,,; !, ¢, '}), where O(1) is bounded by an absolute constant
and

p= Z;E|Xi\2+”/B,2L+p and 2 = jmax EX?/B2. (1.4)
For further self-normalized Cramér type moderate deviation results for independent ran-
dom variables we refer, for example, to [Hu, Shao and Wang, 2009], [Liu, Shao and Wang,
2013], and [Shao and Zhou, 2016]. We also refer to [de la Pena, Lai and Shao, 2009] and
[Shao and Wang, 2013] for recent developments in this area.
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Self-normalized Cramér type moderate deviations 3

The theory for self-normalized sums of independent random variables has been studied
in depth. However, we are not aware of any such results for martingales. For some closely
related topic, that is, exponential inequalities for self-normalized martingales, we refer
to [de la Pena, 1999], [Bercu and Touati, 2008], [Chen, Wang, Xu and Miao, 2014] and
[Bercu, Delyon and Rio, 2015]. The main purpose of this paper is to establish self-
normalized Cramér type moderate deviation results for martingales. Let (6,)n>1, (€n)n>1
and (kp)n>1 be three sequences of nonnegative numbers, such that 4,, — 0, £, — 0 and
kn — 0 as n — 00. Let (X;, F;)i>1 be a sequence of martingale differences satisfying

n?

’ ZE[Xf\fi—l] —B;| <6.B;
i=1

S E[IXPH\F) < e B2,

i=1
and

max B[X?|Fi_1] < k2B2,

1<i<n
where p € (0,3]. Here and hereafter, the inequalities between random variables are
understood in the P-almost sure sense. From Corollary 2.1 we have

P(Sn/Vy 2 ) = (1 = ®(2))(1 + o(1)) (1.5)

uniformly for 0 < 2 = o( min{e, /™, 51, k-1}) as n — co. A more general Cramér

type expansion is obtained in a larger range in our Theorem 2.1, from which we de-
rive a moderate deviation principle for self-normalized martingales. Moreover, when the
condition Y"1 | E[|X;|*TP|F,_1] < e/ B2T7 is replaced by a slightly stronger condition

E[|X;[**7|Fi—1] < (enBn) BIX? | Fizi),

equality (1.5) holds for a larger range of 0 < z = of min{aﬁp/mﬂp), 5,1}) for p € (0,1],

see Corollary 2.4. Clearly, our results recover (1.2) for i.i.d. random variables.

The rest of the paper is organized as follows. Our main results are stated and discussed
in Section 2. Section 3 provides the preliminary lemmas that are used in the proofs of
the main results. In Section 4, we prove the main results.

Throughout the paper the symbols ¢ and ¢,, probably supplied with some indices,
denote respectively a generic positive absolute constant and a generic positive constant
depending only on «. Moreover, 6 stands for values satisfying |6] < 1.

2. Main results

Let (X;, Fi)i=o,...n be a sequence of martingale differences defined on a probability space
(Q,F,P), where Xo =0 and {0,Q} = Fy C ... C F,, C F are increasing o-fields. Set

k
So=0, Sk=> Xi k=1..n (2.1)
=1
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4 X. Fan et al.

Then S = (Sk, Fi)k—o,....n is a martingale. Denote B2 = >""" | EX?. Let [S] and (S) be,
respectively, the square bracket and the conditional variance of the martingale .S, that is

k
Slo=0,  [Sh=YX% k=1..n,
i=1

and
k

()o=0, ()= EX|Fi], k=1,...n (2.2)
i=1
In the sequel, we use the following conditions:

(A1) There exists 4, € [0, ;] such that
S EXF) - B2 < a2
i=1

(A2) There exist p > 0 and e, € (0, 1] such that

> E[IXi TP Fis] < efBEP
i=1
(A3) There exists r, € (0, 1] such that

E[X?|Fi1) <K2B2, 1<i<n;

n n?

(A4) There exist p € (0,1] and 7, € (0, 1] such that
E[|Xi*"?|Fi-1] < (aB,)P EIX?|Fia], 1<i<n.

When p € (0,1] and v, < (16/17)}/#/4, conditions (A1) and (A4) imply condition
(A2) with e, = (17/16)/7~,. Thus, we may assume that £, = O(y,) as n — oo. It is
also easy to see that condition (A4) implies condition (A3) with k, = 7,, see Lemma
3.5.

In practice, we usually have max{d,,&n, Yn, kn} — 0 as n — co. In the case of sums of
i.i.d. random variables, conditions (A1), (A2), (A3), and (A4) are satisfied with §,, = 0,
Ens Vs i = O(ﬁ)

Our first main result is the following Cramér type moderate deviation for the self-

normalized martingale
Wn - Sn/ V [S]n7
under conditions (A1), (A2), and (A3).

Theorem 2.1. Assume that conditions (A1), (A2), and (A3) are satisfied. Set
p1 = min{p, 1}.
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Self-normalized Cramér type moderate deviations 5
Then for 0 < x = o(min{e,; *, k,1}),

P(W, > ,
PWn 2 z) =exp 4 Oc, (szrpl{-:le + 2202 + (1 + ) (sf/(HP) + 5n)) . (2.3)
1—®(x)
Under condition (A2) the best Berry-Esseen bound for standardized martingales is
provided by [Haeusler, 1988]: assuming (S),, = B2 a.s., Haeusler proved that

n 1/(3+p)
sup [P(S,/B, <z)—® ()| <c E|X,/B, > 7
p P
x i=1

Moreover, it was showed that this bound cannot be improved for martingales with finite
(2 4 p)th moments. In fact, there exist a positive constant ¢y, and a sequence of mar-
tingale differences satisfying P(S,, < 0) — ®(0) > co, (>, E|Xi/Bn\2+f’)1/(3+p) for
all large enough n. In particular, under conditions (A2) and (S), = B2 a.s., Haeusler’s
result implies that

sup ‘P(Sn/Bn <z)—P(x) ‘ < ¢, el B+, (2.4)
T

Notice that Theorem 2.1 implies that, for each absolute constant ¢ > 0 there is a positive
constant ¢, depending on p such that for n large enough,

sup |P(W, <) — @ (z) | <c, (e2/CF) +6,). (2.5)
o] <e

Under conditions (A2) and (S),, = B2 a.s., the bound in (2.5) for self-normalized mar-
tingales is of the same order as the bound in (2.4) for standardized martingales.

From Theorem 2.1, we obtain the following result about the equivalence to the normal
tail.

Corollary 2.1. Assume that conditions (A1), (A2), and (A3) are satisfied with p €
(0,2]. Then

P(W, > zx)
-— = =1 1
—ap) —LteW
uniformly for 0 < x = o min{&t;p/(gﬂ’), k't 6, 1)) asn— oo

Theorem 2.1 also implies the following moderate deviation principles (MDP) for self-
normalized martingales.

Corollary 2.2. Assume conditions (A1), (A2), and (A3) with max{d,,en, kn} — 0 as
n — oo. Let a, be any sequence of real numbers satisfying a, — oo and apne, — 0 as
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6 X. Fan et al.

n — oo. Then for each Borel set B,

2 1 W
— inf r < liminf —InP|— € B
w€Be 2 n—oo a2 Qn
1 W, 2
< 1imsup21nP( € B) < — inf x—, (2.6)
n—oo Qap anp z€B 2

where B° and B denote the interior and the closure of B, respectively.

The last corollary shows that the convergence speed of MDP depends only on &, and
it has nothing to do with the convergence speeds of k,, and J,,.

For i.i.d. random variables, the self-normalized MDP was established by [Shao, 1997].
See also [Jing, Liang and Zhou, 2012] for non-identically distributed random variables.

The other main results concern some improvements of Theorem 2.1 when condition
(A3) is replaced by the stronger condition (A4). Theorems 2.2 and 2.3 below give re-
spectively lower and upper bounds, while Theorem 2.4 gives a Cramér type moderate
deviation expansion sharper than that in Theorem 2.1.

Theorem 2.2. Assume that conditions (A1), (A2), and (A4) are satisfied.
[i] If p € (0,1), then for 0 <z = o(y,"),

P(W, >
m > exp { —cp (x”f’aﬁ +a%0, + (L4 2) (279 + 9% + 65) ) } (2.7)

[ii] If p=1, then for 0 <z = o(v; '),

>
W > exp{ - c(:c%n + 220, + (1+2) (@7 + Y| In 70 +5n>>}- (2.8)

The term ~,|In~y,| in (2.8) cannot be replaced by 7, under the stated conditions.
Indeed, [Bolthausen, 1982] (see Example 2 therein) showed that there exists a sequence
of martingale differences satisfying |X;| < 2 and (S),, = n a.s., such that for all n large
enough,
clogn

>
- ﬁ )
where ¢ does not depend on n. Inequality (2.9) shows that the term ~,|ln~y,| in (2.8)

cannot be replaced by +,, even for bounded martingale differences.
For any sequence of positive numbers (o, ),>1 denote

P(S, > 0) — & (0) (2.9)

aﬁ(%p)/‘l

TG (2.10)

an(z,p) =

Accordingly, we shall use below the notations &, (x, p) and 7, (z, p), which mean sequences
defined by (2.10) with «,, replaced by &,, and -,

imsart-bj ver. 2014/10/16 file: Cramer_type_large_deviations_for_martingales-180621.tex date: July 26, 2019



Self-normalized Cramér type moderate deviations 7

Theorem 2.3. Assume that conditions (A1), (A2), and (A4) are satisfied.
[i] If p € (0,1), then for 0 <z = o(v, "),

P(W, > x)

m < exp {Cp <x2+p€ﬁ + m2572L + (1 +x) (xp'yrpl + 5+ 00 + gn(x7p))) }
— X

[ii] If p=1, then for 0 <z = o(v; '),

P(W, > z)

m < exp {c <x3an +x25721 +(1+z) (:mn + Yl Iny,| 4+ 65 + En(z, 1))> }

Combining Theorems 2.2 and 2.3, we obtain the following Cramér type moderate

deviation expansion for self-normalized martingales under conditions (A1), (A2), and

(A4), which is stronger than the expansion in Theorem 2.1 since the term 55’/ (3+0) therein

is improved to a smaller one.

Theorem 2.4. Assume that conditions (A1), (A2), and (A4) are satisfied.
[i] If p € (0,1), then for 0 <z = o(y, "),

P(H/n > x) 24p_p 2 ¢2 +z

N =) _ + —+ 1 —+ PP + p n n\4, .
1-0 (l‘) exp {ecp (Jj en + a0, ( z) (.73 Yot 0 en(@ p))

[ii] If p=1, then for0 <z = 0(%71),

P(W, > )

= 3 2¢2 =N
—o@ ~ P {00(3; en + 2262 + (1+x)(az’yn+%|ln%| +5n+5n(x,l))>}.

Notice that condition (A4) implies condition (A2) with €,, = ;. Therefore, it follows
from Theorem 2.4 that:

Corollary 2.3. Assume that conditions (A1) and (A4) are satisfied.
[i] If p € (0,1), then for 0 <z = o(, "),

P(Wn > $) _ 24p.pP 252 7,
1 _q)(x) = exp {96p<$ ’Yn‘i'x 5n+(1+$)(5n+’}%($7p)) .
[ii] If p=1, then for 0 <z = o(y; "),

P(W, >x)

T\ =) 3 252 ~
1= (2) exp{@c(x Yo + 2705 + (1 —i—x)(én + Yol In vy | + Y (2, 1)))}

From Theorem 2.4, we also obtain the following result about the equivalence to the
normal tail.
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8 X. Fan et al.

Corollary 2.4. Assume conditions (A1), (A2), and (A4) with p € (0,1]. Then

Pl(‘i";f;) — 1+ 0(1) (211)

p/(2+p), ,y;p/(lﬂ))’ 551}) as 1 — 0Oo.

uniformly for 0 < x = o( min{e,

In the case of i.i.d. random variables, conditions (A1), (A2), and (A4) are satisfied with
€nyYn = O(1/A/n) and d,, = 0. Thus, the range 0 < = = of min{sﬁp/(up), 5t ’yﬁp/(Hp)})
reduces to 0 < z = o(n~*/(*t2°)) i — oo, which is the best possible result such that
(2.11) holds (see [Shao, 1999]). Moreover, from Theorem 2.4, we can get the estimation
of the rate of convergence in (2.11); for example, when p = 1 we have:

Corollary 2.5. Assume conditions (A1), (A2), and (A4) with p = 1, €n,Vn,On
O(1/\/n). Then with co > 0 for con®?* < x = o(n*/?) as n — oo,

3

m :exp{@c%}. (2.12)

In particular, with co,c1 > 0 for con’/?2 < g < clnl/ﬁ,

3

- 1' <l (2.13)

P(W, > x) .
=Coie

1—®(x)

Notice that the rate of convergence in (2.12) coincides with that in (1.3) for i.i.d.
random variables.

Remark 2.1. Notice that if (S, Fi)k=o,... n satisfies conditions (A1), (A2), (A3), and

(A4), then (—Sk, Fr)k=o,....n also satisfies the same conditions. Thus the assertions in
Theorems 2.1-2.4 and Corollaries 2.1-2.5 remain valid when Pl(EVT’j(ZJ) is replaced by
P(an_x)

@(—x)

.....

3. Preliminary lemmas

The proofs of Theorems 2.1-2.4 are based on a conjugate multiplicative martingale tech-
nique for changing the probability measure which is similar to that of the transformation
of [Esscher, 1924]. Our approach is inspired by the earlier work of [Grama and Haeusler,
2000] on Cramér moderate deviations for standardized martingales, and by that of [Shao,
1999], [Jing, Shao and Wang, 2003], who developed techniques for moderate deviations of
self-normalized sums of independent random variables. We extend these work by intro-
ducing a new choice of the density for the change of measure and refining the approaches
in [Shao, 1999] and [Jing, Shao and Wang, 2003] to handle self-normalized martingales.
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Self-normalized Cramér type moderate deviations 9

A key point of the proof is a new Berry-Esseen bound for martingales under the changed
measure, see Proposition 3.1 below.
Let

Then (&;, F;)i=o,....n is also a sequence of martingale differences. Moreover, for simplicity

of notations, set
k
M =>"¢&,
i=1

k k
M=) & and (M)y=)» E[EZ|Fia], k=1,..,n
1=1 1=1
Thus g M
W, = ——== =, (3.1)
[S]n [M]n

For any real number A, consider the exponential multiplicative martingale Z(\) =
(Z1(N), Fr)k=o,...,n, where

k ¢
ZoN) =1, ZN) =[] wemig—: k=1lon
e Wiy #=t
with
G(A) = A& — A7 /2.

Thus, for each real number )\ and each k = 1,...,n, the random variable Zj()\) is non-
negative and EZ(A) = 1. The last observation allows us to introduce the conjugate
probability measure Py := Py , on (£, F) defined by

APy = Z,(\)dP. (3.2)

Although (M, Fk)k=o0,...n is a martingale under the measure P, it is no longer a martin-
gale under the conjugate probability measure P ). To obtain a martingale under Py we
have to center the random variables (;(\). Denote by E, the expectation with respect
to P). Because Z(\) is a uniformly integrable martingale under P, we have

E\[¢] = E[(Z, (V)] (3:3)
and

E[Qe@(/\) | Fi_1]

EA[C|]:7;71] = E[ec‘(/\)|.E,1]

(3.4)

for any F;-measurable random variable { that is integrable with respect to F;. Set

bi(A) = EA[G(V)|Fica], i=1,...,n,
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10 X. Fan et al.

and

k
i) =3 m(\), k=1,..,n. (3.5)
i=1

Then Y (A) = (Yi(A), Fr)k=0,....n is the conjugate martingale. The following semimartin-
gale decomposition is well-known:

k
> G =BV +Yi(A), k=1,..n, (3.6)

=1

where B(A) = (Bk(N), Fr)k=o....n is the drift process defined as

.....

By the relation between E and Ej on F;, we have

E[Gi(A)eS ™| F;_y]

bi()) = ,
W= TR wE

i=1,..,n. (3.7

It is easy to compute the conditional variance of the conjugate martingale Y (\) under
the measure Py, for k =0, ..., n,

k
Y(N), = Z Ex[1:(A)?|Fi1]

k
= Y EGO) ~ bi(2)*|Fica]

L (BICEOIF ] BIGNEOIF 2
= Z( E[e¢ V| Fi_4] ! E[eCi(A)|fi_1]2l > (3.8)

i=1

In the sequel, we give the upper and lower bounds for B, (\). To this end, we need
the following three useful lemmas. Their proofs are not given here but they are similar
to those of the corresponding assertions in [Shao, 1999] and [Jing, Shao and Wang, 2003]
established for independent random variables. Set

Ein = NE[E e, 5131 Fimt] + NE[EP e, <y [Fima], X220,
If E[|&]?1?] < oo for p € [0,1], then it is obvious that

Eixn < NPE[|E)PTP|FZ], A>0.
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Self-normalized Cramér type moderate deviations 11

Lemma 3.1. For all A >0 and 7 € [§,2], we have

‘E[e’\fi_T/\QE? Fiial —1— (% — DNE[E|Fi]| < cEin.
Lemma 3.2. For all A > 0, we have
E[“OIF ] -1 < e,
Bl OIF) - SREEIF] < cBin,
(Bl DIF ] = NEF ]| < e,
ElGN eV F] < edin,
(E[Cz‘(A)egi(A)Vi—ﬂ)Q < e

Lemma 3.3. Let H; = £ — E[¢2|Fi_1]. Then for all A > 0,
, 1.
‘E[Hieq’(k)|fi_1]‘ < c F&,)\.
Using Lemma 3.2, we obtain the following upper and lower bounds for B, ()).

Lemma 3.4. Assume conditions (A2) and (A3) with p € (0,1]. Then for 0 < X\ =

o(max{e, !, k;'}),

1
B,(\) — §A2<M>n < eNFreer, (3.9)

Proof. According to the definition of b;(\), we have

E[Gi(A\)eS ™| Fi_y]

bi(\) =
W= B E

By Lemma 3.2, it follows that
’E[Ci(/\)eg()\”fi—l} - %/\QE[fﬂfi—ﬂ‘ <cEin
and
‘E[eC"(’\)|fi_1] - 1‘ < cEia (3.10)
Therefore, conditions (A2) and (A3) imply that for 0 < X\ = o(max{e; !, s, 1}),

n n

1 ~
bi(N) = ZAEIEHIFical| < i

and 1
[Ba(d) = 522(M)| < ex?tees

as desired. O
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12 X. Fan et al.

The following lemma shows that condition (A4) implies condition (A3) with &, = .
Lemma 3.5. Assume condition (A4). Then E[€2|F;_1] < ~2.
Proof. By Jensen’s inequality and condition (A4), it holds that

E[¢]|F |02 < EB&G1|Fio] < EE |1 Fizal,
from which we get E[¢2|F;i_1] < ~2. O
Lemma 3.6. Assume condition (A4). Then for any t € [0, p),
E[|&1*T Fizi] < 7% BIE | Fiza). (3.11)
Proof. Let [, p,q be defined by the following equations
Ip=2, (2+t-U0g=2+p, p'+qgt=1 1>0, and p,q> 1.

Solving the last equations, we get

20p—1
j22e=t) e P
p p—t t

By Holder’s inequality and condition (A4), it is easy to see that

B[P Fia] = El&l |6l Fi]
< (B[&]PIF]D P B]E D)
< (EEIFia)) P (E[I&T 1 Fia]) M
< (BEIFia) P LEEIFia]) e
< YUE[E|FiA]
= ’Yfz E[€i2|]:i71}'
This completes the proof of the lemma. O

Lemma 3.7. Assume conditions (A1) and (A2). Then for any t € [0, p),
D E[GIPTFia] < 26 (3.12)
i=1

Proof. Recall the notations in the proof of Lemma 3.6. It is easy to see that

n

S E[&[TFio] < Z (€21 Fi )P (BI& 1P Fica]) e
=1
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Self-normalized Cramér type moderate deviations 13

Using Holder’s inequality and conditions (A1) and (A2), we have

n

SBlE] < (SEeFa) (S EeEo)

i=1
< 2 Ez,
which gives the desired inequality. O

We will also need the following two lemmas.

Lemma 3.8. Assume condition (A1). Then for all z > 0,
2 o 3 5
P (M, > oy/[M],, [M], >16) < ~a exp { - a%}.

Proof. By inequality (11) of [Delyon, 2009], we have for all A € R,

A2l 2

Eexp{/\Mn - ?(g[M]n + 7<M>n)} <1.

Applying the last inequality to the exponential inequality of [de la Penia and Pang, 2009]
with p = ¢ = 2, we deduce that for all z > 0,

| M| 2\2/3 . 1
P<¢§<é[M1n+z<M>n+EMs> ) <(3) «ew{-g) 61

By condition (A1) and the fact that E(M),, = EM? = 1, it is easy to see that

3 9
(M), + “EM?
5 (M), + JEM;

Therefore, for all > 0,

9 3 1 9
< (1+6§)+Z§—(1+—>+7<4.

4

I
o
/N
=
\Y
8
ﬁiLfﬁ
=

3
_|_
N
=
3
\Y
2N
——

P(Mn > ov/[M], [M]n > 16)

3 3 9
< > x4/ 2 ZEM?2 >
< P(Mn = x\/4[M]n + 2<M>n + 4EMn7 [M], 16)
3 3 9
< > /2 2 “EM2
< P(M, 2 x\/4[M]n + (M), + TEMZ)
3 1 3
= P(M,>\/22/Z[M], + (M), + SEM2
2 2 2
< xR eXp{ — §x2}
4
as desired. O
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14 X. Fan et al.
Lemma 3.9. Assume conditions (A1) and (A2). Then for all p > 0,

P(|[M], — (M)n| > 1) <c, (2772 +¢1).
Proof. Notice that [M], — (M), = Y1 (&2 — E[¢2|Fi_1]) is a martingale. For p, we

distinguish two cases as follows.
When p € (0, 2], by the inequality of [von Bahr and Esseen, 1965], it follows that

BI(M), — (M0 < Y BlE IR

=1
n
< oy E[G))
=1
< coel,

where the last line follows by conditions (A1) and (A2). Hence, by Markov’s inequality,

P(|[[M]n — (M)n| 2 1) E[[[M], — (M)n|**7)7?]

<
S C2 Efm

When p > 2, by Rosenthal’s inequality (cf., Theorem 2.12 of [Hall and Heyde, 1980]),
Lemma 3.7, and condition (A2), it follows that

E[|[M],, — (M),|®77?]

<Cp1< (ZE f2 §‘]:z 1]) ‘]:z 1) ZE|§ _ 5 |]: H(2+p)/2)
o lEmn ) o)
=1

<3 (5(2+p)/2 +eh). (3.14)

This completes the proof of the lemma. O

Consider the predictable process U(A) = (Vg (A), Fi)k=0,....n, Which is related to the
martingale M as follows:

k
Up(A\) = IE[“N|F 4], (3.15)

=1

By equality (3.10), we easily obtain the following elementary bound for the process ¥U(\).

Lemma 3.10. Assume conditions (A2) and (A3) with p € (0,1]. Then for 0 < A\ =
o(min{e; ! k,1}),

‘\I/n()\)‘ < eNFHPeh
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Self-normalized Cramér type moderate deviations 15

In the proofs of Theorems 2.2 and 2.3, we make use of the following assertion, which
gives us a rate of convergence in the CLT for the conjugate martingale Y (\) under the
probability measure P .

Proposition 3.1.  Assume conditions (A1) and (A4). With the convention that Y, (0)/0 =
M, we have:

[i] If p € (0,1), then for 0 < X = o(vy; 1Y),

n

sup [P (Y (N)/A < 2) - ‘Il(x)‘ <ec, (m,f; N 5n).
[ii] If p =1, then for 0 < X\ = o(y,; ),
st;p ‘P,\(Yn()\)/)\ <z)-— <I>(x)‘ <c ()\%L + Yo In v, | + 5n).
Similarly, we have the following Berry-Esseen bound.
Proposition 3.2.  Assume conditions (A1), (A2) and (A3). Then for0 < X\ = o(max{e;*, r,1}),
sup [PA(Yu (/A < @) - ()| < ¢ (W22 + et/ OH) 4 5,),
with the convention that Y;,(0)/0 = M,

The proofs of Propositions 3.1 and 3.2 are much more complicated and we give details
in the supplemental article [Fan, Grama, Liu and Shao, 2017].

4. Proof of the main results

We start with the proofs of Theorems 2.2 and 2.3, and conclude with the proof of Theorem
2.1. Theorem 2.4 is an easy consequence of Theorems 2.2 and 2.3

4.1. Proof of Theorem 2.2

Recall that

{5, 2 oVBL} = {(Mu2 ovBIL} 2 {01, > ”Q@;[M}} . {icim > x?}
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16 X. Fan et al.

For 0 < A = o(v,, 1), according to (3.2), (3.6) and (3.15), we have the following represen-
tation:

P(Wn > :v) = E, :Zn(A)fll{snz:rsx/@}]
= EA:exp{ —ZCi(A)"“I’n()‘)}l{Mﬂ,zzm}]
> Ek:exp{—yn(/\)—Bn(/\)""_\p (A >} ODINEIeY! z%}]

= E, {exp{ =Y, (A) = Ba(N) + \PH(A)}l{Yn(/\)Zﬁ*Bn()\)}}

Using Lemmas 3.5, 3.4 and 3.10, we get

P(Wn > x) > E, [exp{ —Y,(\) — (%)\2<M>n + cl)\2+psfl)}

{YTL(A) ( /\2< >rL_01A2+p€51)}:|.

Condition (A1) implies that

and thus

P(Wn > a:) > E, {exp{ -Y.(\) - (%)\2 + cl)\2+p€ﬁ)(1 + 52)}

XLy, 093 - (gre0-87)-cramoet) ) (4.1)
Let A = () be the largest solution of the following equation
1 x?
§>‘2(1 —0n) — Xl = 2
The definition of A implies that for 0 < x = o(v;, 1),
T <A< e (4.2)
V1-462
and B
X =z + c30p(x' TPl + 262), (4.3)

where 0 < 0y < 1. From (4.1), we obtain

1 2+ —Y,(x
P(Wn > x) > exp{ (5 + A psfl) (1+ (52)}%[6 Yn(/\)l{Yn(X)zo} . (44)
<

Setting F,(y) = P5x(Y,(A) < y), we get

<2

P(Wn > :U) > exp{ —cy4 (/\ 62 + e Py — )\2} /000 e YdF,(y). (4.5)
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Self-normalized Cramér type moderate deviations 17

By integration by parts, we have the following bound:

/ T e vap,(y) > / " e vad(y/R) - 25up| Fuly) — 9(y/). (4.6)
0 0 Y

We distinguish two cases according to the values of p.
Case 1: p € (0,1). Combining (4.5) and (4.6), by Proposition 3.1, we have for 0 < z =
o7 1):
-2

P(WnZI) > exp{—04()\ 52+)\2+p ”) )\2}

X < / e NAD(y) — ¢y, (X"yg AP+ 5n)> . (4.7)
0
Because -
e N2 / e MAD(y) =1 — & (N) (4.8)
0

and

1“ *A2/2<F(1— ()) A>0, (4.9)

we obtain the following lower bound

P<Wn ZI) 202 | v2te_, (PP o
m 2 exp{—C4()\ (5n+>\ gn)} (1_027P (1+>\)()\ ’yn—’_,\/n—’_dﬂ ))
> exp { s, (R824 X+ (14 DV 498 +6,)) ), (@410)
for 0 <X < - mln{’y /(+e) 71}

[0F0) 5713 < X = o(y;1). Let K > 1 be
an absolute constant, whose exact Value is chosen later It is easy to see that

[efy" &y 1

E

Y]

~Yu(X
X 0] Bxe ™ VL 0cy, x|

> e_XKTPX(O <Y, < XKT), (4.11)

where 7 = X"%@ + d,,. By Proposition 3.1, we have

PX(O <Y,(\) < XKT) > P(o <N(0,1) < KT) — it
1
> —TWKTe_KQTz/2 — CapT
1
2 (gK — C4’p)7—.
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18 X. Fan et al.

Letting K > 12¢4,,, it follows that

o 1 1 X0 %6,
Py(0<Ya() S XKT) = (K7 = ZK%.
Choosing

K = max {1204},,, (202,p)1+’)}

4
N3
and taking into account that ﬁ min{fy;p/(Hp), 571} < X =o(y;1), we conclude that

P
- = 1
P5(0 < Ya(N) <AKT) = ——.
LRy =
Because the inequality ﬁe"\zp >1—®()\) is valid for all A > 1, it follows that for
1 min{%fp/(lﬂ)),&_l} <X =o(y1),

2c2,p

Pr(0<Y,(N) < K7) > (1-0 (X) )X /2 (4.12)
Combining (4.4), (4.11), and (4.12), we obtain
P(Wn > w) 2.9 | 2+p <\ P
—~r=J> - 4 P4 AP _
1—o (V) _exp{ Cs.p ()\ s+ A el + (1 4+ M)A 'yn+’yn+6n)) }, (4.13)
which is valid for ﬁ min{’y;p/(prp), s < A= o(yh).
From (4.10) and (4.13), we get for 0 < X = o(v;, 1),

P(W, > z) 200 N2He TP
m > exp{ — Ce,p (>‘ o+ A e+ (X H XN L+ n + 0 )) } (4.14)

Next, we substitute = for A in the tail of the normal law 1 — ®()). By (4.2), (4.3), and
(4.9), we get

o0 _¢2 -z _$2
<fA exp{—t?/2}dt P J5 exp{—t?/2}dt

= [T exp{—t?/2}dt [ exp{—t2/2}dt
< 1+ ciz(z — N)exp {(:ﬁ - XQ)/g}
< exp {CQ (2262 + x2+peﬁ)} (4.15)
and hence
1—® () = (1 — ®(x))exp {fic(a*treh +2°67) } . (4.16)

Implementing (4.16) in (4.14) and using (4.2), we obtain for 0 < z = o(v,, 1),

P(Wn > x)

s > op{ —ny (a00en 4 220+ (L)@ 422 +0,) |,
— €T
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Self-normalized Cramér type moderate deviations 19

which gives the desired lower bound (2.7).
Case 2: p = 1. Using Proposition 3.1 with p = 1, we have for 0 < x = o(y;; 1),

<2

P(Wn > ac) > exp{ — cl(x2(5,21 —&-Xsen) - /\2}

X (/ e MdD(y) — ¢ (X% + Y| In vy | + 671)) ,
0

that is, the term % in inequality (4.7) has been replaced by 7,|ln~,|. By an argument
similar to that of Case 1, we obtain the desired lower bound (2.8). O

4.2. Proof of Theorem 2.3
We first prove Theorem 2.3 for 1 < z = o(7,;!). Observe that
P(Wazz) = P(Wazua, |[Mly— (M| <5, +1/(20))
+ P(W = o, My = (M)a] > 60+ 1/(20)). (417)

For the the first term on the right hand side of (4.17), by (3.2) and (3.5) with A = z, we
have the following representation:

P(Wn >, [M]n — (M)n| < 6, + 1/(21‘))

_ —1
o Ez |:Zn(x) 1{M"2I\/ [M]n, |[M]7L7<M>7L|S§n+1/(2{1,‘)}:|

= EI |: sz(;ﬂ) B"(I) \I,"( ) — - = :| '
- | {a:M”Z 2 1 [M]" 1, H]\/{]" <M>,,L‘<(5n+1/(2$)}
By the inequalil y

Vity>1+y/2—y°/2,  y>-1,

condition (A1) and Lemma 3.4, we have for 1 <z = o(v,, 1),
P(Wo >, M) — (M)a| <6, +1/(22))
<, [exp{ = Ya(@) = Bulw) + ¥a(a) |

X1{an—%w?[M]n+%w2<[M1n—1>2z%w% \[M]n—<M>n|§6n+1/(2w)ﬂ

<E, [exp{ — Y, (z) — Bu(z) + \I/n(x)}

< E.|exp{ = Ya(@) = Bu(@) + ¥u(x)}
X1{Yn<z>zfz2([Mlnf<M>n>2fz26;%,+%rLBn<z>, |[M]nf<M>n|san+1/<2z>}]
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20 X. Fan et al.
Thus, for 1 <z = o(y;, 1),

P(Wo =2, |[M], — (M)a] <8, +1/(20))

<E, [exp{ — Yu(z) — Bu(z) + \Iln(x)}

X1{Yn($)2_$2+P5ﬁ_3726%+%x2_3n(33)7 HM]n_(M)n‘S(iEEn)p/Z}]

+E, [exp{ —Y,(z) — Bu(z) + \I/n(a:)}

X1{0>Yn<z)z—w2<[mn—<M>n>2—w25ﬁ+éw2—8n<z), <wen>p/2<|[MJn—<M>n\56n+1/<2w>}}'
< Ii(z) + L(2), (4.18)

where

h (CL’) =E. {exp{ B Yn(x) B Bn(x) + \Ijn(x)}l{yn(w)z—m(a;2+05ﬁ+a:26,%)}:|

and
I(w) = B [exp { = Ya(2) = Ba(o) + W ()}
X1{0>Yn(ac)2—1—C2(7;2+Paﬁ+1‘25ﬁ), (zsn>p/2<\[M]n—<M>n\§6n+1/<2w>}]'

For I; (), by an argument similar to the proof of Theorem 2.2, we get for 1 < x = o(y;, 1),

exp {cp (x”"ez + 2?00 + (1 +2) (a9 + 98 + dn) )} if p € (0,1),
(4.19)
exp {c(m35n + 2262 + (1 + ) (290 + Yol Inyn| + 5) )} if p=1.

Next, consider the item Iy(z). By condition (A1), Lemmas 3.4 and 3.10, it is obvious
that for 1 < = o(q;, 1),

IQ(IC)

IA

1
exp { — ixz +c (mzﬂ’sﬁ + xzéi)}

_Yn(lv)
xEq {e Hosva@-1-ca@rtrenraza2), (wan>ﬂ/2<|[M]n—<M>n\}}

IN

1
exp { — 59:2 +c (a?2+psfl + xzéi)}

Ez{ 1+02(12+p5ﬁ+x26i)1 ]
*He e {(@enye/2 <], — (M)}

IN

4.20)

1 2 2+p_p 2¢2
exp{l 5% +03(1: eh +x 5n) E, [1{(zsn)ﬁ/2<|[M}n7<M>n\}]' (
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Self-normalized Cramér type moderate deviations 21

Denote by (M(z)), = > i E4[¢?|Fi—1]. Notice that e, = O(v,). From (3.4), using
(3.10), Lemmas 3.3, 3.5 and condition (A2), we obtain for 1 <z = o(y,; }),

(M (@)} = (M),
i 52 z€—x § /2|J'_'2 ]

x‘gﬁx?gl /2|E71]
< o3 (Bl 1T + (Bl Fioi)?)
=1

— E[¢}|Fi—1]

IN

+ Zn: E[gems 82| Fy )2
E[ent 2| Fy )2

i=1

<y (Bla[&H71Fi 1] + 2 E[&(47| F 1| (BIE2IF; 1)) 20)2)
< csalel. (4.21)

Thus, for 1 <z = o(y;, 1),

1 2 2+p_p 262
IQ(LI?) < exp{l — 558 +CS(I €n+l’ 5n) Em {1{%(zen)p/2<‘[M]n*<M(1)>n|}}
4e 1 2 24p_p 252 (2+p)/2

It is obvious that
(M1, = (M (2))n = Z(&? — B, [6}|Fi1]).

Thus, ([M]; — (M (x))i, Fi)i=o0,... n is a martingale with respect to the probability measure
P,. By the inequality of [von Bahr and Esseen, 1965], it follows that for 1 < x = o(y,, 1),

E,[|[M], — (M(x))n|®t97?] < CGZE (162 — B [€2]Fy)| 20/

< wZEx[I&IQ*’J]
24peCile)

_ 072 E[|&[* et ™| Fi 4]
BT,

< cseﬁ. (4.22)

Hence, for 1 < o = o(y;, 1),
6571(2—/))/4 1
IL(z) < cxp@_wlexp{ - 51’2 + c3(z*TPel +x2§i)}. (4.23)
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22 X. Fan et al.

Next, we give an estimation for P(Wn >z, [[M]y, — (M)n| > 6n + 1/(293)) Since
1 — (M),| <62 <6,/2, it is obvious that
P(Wa =, |[M]y — (M)l > 8, +1/(22))
< P(Wn >, |[M]n — 1]+ |1 = (M)y| > 6, + 1/(2;0))

<P(Wo>a, My~ 1] > 6,/2 + 1/(20) ).

To estimate the tail probability in the last line, we follow the argument of [Shao and
Zhou, 2016]. We have the following decomposition:

P(Wn > 2, |[Mn — 1] > 6,/2 + 1/(2@)

< P(MH/MZ z, 146,/2+1/(2z) < [M], < 16)
+P<Mn/\/m >, My <1—6,/2— 1/(233))
+P(Mn/\/m >z, [M], > 16)

= iP((Mn, VML) € £,), (4.24)

v=1

where £, C R x RT,1 < v < 3, are given by

& = {(u,v) ERXR' :ufv>a, /1 +0,/2+1/(22) <v < 4},

& = {(u,v) ERXRT1u/v>az,v<\/1-5,/2—1/(2x) },

53:{(u,v)€R><R+:u/v2$7v>4}.

To estimate the probability P((M,,/[M],) € &), we introduce the following new con-
jugate probability measure P, defined by

where
k
e<7(f) ~
=[[=—=—— and G(2)=2a&—22¢/8.
z=1 EQ z)|‘7:l 1]

Denote by E, the expectation with respect to P, and (N( ))n =>" Em [€2|F;_1]. By
an argument similar to (4.21), it follows that for 1 < z = o(y,; 1),

(M(2))n — (M)n| < ca’er.
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Self-normalized Cramér type moderate deviations 23

By Markov’s inequality, we deduce that

P((Mn, VM) e 51)

< (80/2+1/(2)) 26 Wimee (o B[], — 12~ (M1a/5)

< 16226~ nfeuvmee, (zuf('uz)Q/S)E[([M] <M(x)>n)26:zMn M,z /8]
+16‘%267inf(um)egl(a:uf(va:)2/8)E[(<M(x)>n (M), )2 x M, —[M], x> /8]
+165;2(3’ inf(y,v)ce, (zuf('u:c)z/8)E[(<M>n 1)2 xM,, —[M]nz? /8]

< 16226~ nfeuvmee, (:ruf('uz)Q/S)E[([M]n . <M(x)>n)26an7[M]nx /8]
+CI2+2p€ELpefinf(“,U)egl (:L’uf(vx)Q/S)E[em]\/lnf[]V[]an/B]

+ 165%67 inf(u,)v)egl (muf(vx)Q/S)E[ean7[M]nz2/8]7 (425)
where it is easy to verify that

1 1
(u}vr)lggl (mu - g(vx)2> > gxz + % cx?s?. (4.26)

By Lemma 3.1, conditions (Al) and (A2), it follows that

n

n ~ 3
il;[lE[eCl(:E”fi—l] < I (1 + §$2E[§i2|]:i—1] + C$2+pE[|§i|2+p\fi—1])

i=1

IN

Hexp{ B[ Fima] + ca® PBlJ& | Fimi] )

- eXP{ZI2<M>n+cw2“§n;E[|&|2+ﬂ|fi_1]}
< exp {2932 +e(a?treh +2%2)}.
Therefore, for 1 < z = o(v; 1),
E[([M}n ~ <z\7(x)>n)2ean—[M1nm2/s}
= B (1Bl “”’If 1) (1] - <M<x>>n)2zn(z)}
< E[( W(2))) Zo()] exp Bt b eroreg +262)
B (111

)>")2} exp {gxz + c(z*TPel + x25z)}

I
=
8

B, {(g% ~BEIF? e {207 + e et +22) ),

|

s
Il
_
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24 X. Fan et al.

where the last line follows because ([M]; — (M(w))i,.}’:i)izo_,

respect to the probability measure P,. Therefore, by Lemma 3.1, conditions (A1) and
(AQ) again7 we have for 1 <z= O(f}/;l)’

n 18 a martingale with

ceey

E[([M]y — (M(2))) 26w~ M1 5]

= z": E, [E[ﬁ?ea(x)|]:¢_1]/E[62i(z)|fi_1]} exp {ng +c(z¥trel + x26i)}
i=1

n

no_ 1 3
S Co Z E:E I:% Z E[|€1|2+p|]:l7]_]i| exp {g.’l}Q +c (.’172+p57pl + ZL'Z(S?L)}
i=1 i=1
3
< cief exp {§x2 + ¢ (x?TPel + :17252)}.

Lemma 3.1 implies that for 1 < 2 = o(y,; }),

1 3 ~
E|exp aM, — —2*[M], — —2*(M), — ca®*? Y E[|&*?|Fi_1]
oot~ Lo, SR
n—1
< E[exp {an_l — %xQ[M]n_l — %a:Q(M)n_l —cx?tr Z E[|§i|2+p\fi_1]H

i=1

By conditions (A1), (A2) and the last inequality, we obtain for 1 < x = o(y;; 1),
E[e”:M"—[M]”m?/g] < exp {sz +c(z¥TPel + 30252)}.
Thus, from (4.25), we deduce that for 1 <z = o(y,;}),
P((Mm VIM],) € 51)
< ca(el 4+ 22122 4 52) exp { — %xz — ix + c(z¥Trel + xzdi)}
< cs(ef +62) exp{ - %x2 Fe(ateer o x%g)}. (4.27)
Similarly, we have
P((Mm VM) € 52)
< (6/2 + 1/(2x))7267inf(u.v)e£2 (Iu72(vz)2)E[([M]n _ 1)261Mn72[M]na:2]

1
< cy(ef + 62) exp{ — 5a% +c(@*rel + x%i)}. (4.28)
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For the last term P((M,, v/[M],) € &), we obtain the following estimation
P((My, M) €85) = P(M,>ay/[M],, (M), > 16)

2 3
ga:_Q/g exp { — 1302}, (4.29)

IA

where the last line follows by Lemma 3.8. Moreover, by Lemma 3.9, it holds that for
p € (0,1],

P((My, VIMI,) € &) < P(|[M]n— (M)a| > 1)
< ceb.
By the last inequality and (4.29), we get for 1 < z = o(y; 1),
2
P((Mna \/m) € gg) S min {ng’ gm*2/3673w2/4}
52(270)/4 1,
¢ w57} (4.30)

Thus, combining the inequalities (4.24), (4.27), (4.28) and (4.30) together, we deduce
that for 1 < = o(y,, 1),
P (W, >, |[M]y — (M| > 8, +1/(22))
EZ(Q—p)/4
A

Combining (4.18), (4.19), (4.23), and (4.31), we obtain for 1 <z = o(y,;}),

P(Wn Z m) Eﬁ@*ﬁ)/‘l )
=) (1 e (4 2) (S +07)

exp {cl,p(w%”eﬁ +a?0n + (L+a) (@ + 9 + 5n>) } if p € (0,1)

1
+ 62) exp { - 53:2 +c(z?tPel 4 J:253L)}. (4.31)

exp {02<x36n + 2282 + (1 +2) (27n + Yol Inyn| + 5n))} ifp=1

eP(2=p)/4

exp {cp (zzﬂ’{—:ﬁ + 2202 + (1 + z) (aPv0 + 0 + 6, + W))} if pe(0,1)
<

p(2—p)/4
exp {c(gg35n + 2262 + (14 &) (xYn + Vol In Y| + 65 + W))} if p=1,

which gives the desired inequalities.
For the case 0 < z < 1, the assertion of Theorem 2.3 follows by a similar argument,

but with 1/(2x) replaced by 1/2 in (4.17) and (ze,)?/? replaced by e/ in (4.18), and
accordingly in the subsequent statements. This completes the proof of Theorem 2.3. [
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4.3. Proof of Theorem 2.1
Using Proposition 3.2, by an argument similar to the proofs of Theorems 2.2 and 2.3, we
obtain the following result. If p € (0, 1), then for 0 < 2 = o(min{e,; !, s, 1}),
P(W, >x)
1—®(x)

p(2—p)/4
- 24pp | 252 p/2.p/2 | -p/(3+p) n )
exp{96p<x el + 5n+(1+x)(x el + b +6n+1+$p(2+p)/4 )}

Notice that the following three inequalities hold:

x1+P/25fL/2 < $2+p€fm x> 6;p/(2+p)7
xp/25£/2 < E791/(3+p)7 0<x< 5;/}/(2+p)7
Eﬁ@—ﬂ)/‘i < gz/(3+P)’ p e (0,1].

Therefore, for p € (0,1) and 0 < z = o(min{e; !, k,,1}),

P(W, > x)

m = exp {GCP (I’2+p€z + 1253 -+ (1 -+ x) (52/(3+p) + 5n)) }a

which gives the desired equality for p € (0,1).
Assume that condition (A2) holds for p > 1. When p € [1,2], by Markov’s inequality
and (4.22), we have for > 1,

1
. _ (2+0)/2
Ez[1{(mn)m<”M]n_<Mm}] < Geyman Bl - (1@l ]
LI TV
£(2Fp)/acn
< B/ (4.32)

When p > 2, Lemma 3.7 implies that condition (A2) also holds for p = 2, with the term
€n in condition (A2) replaced by 2e,. Then (4.32) with p = 2 shows that

E, [1{ } < %,

(w20 /2<|[M]n—(M)n] }
Thus, for p > 1, it holds that

Ez[ } < max {5513'072)/47 25n} < 255/(?””’).

L ey <iinetn— )

Notice that Lemma 3.7 also implies that condition (A2) holds for p = 1. Therefore, by
(4.20), (4.23) can be improved to

1 2 2+4p_p 252
L) =< eXp{l_Q” s (aren +a70) E“"[1{<zan>1/2<uM]f<M>n\}}

. 1
< csﬁ/(dﬂ’) exp { — 5:1:2 +c3 (:cgen + x25,2L) }
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Notice also that for p > 1,

P((Vo VT €8) < min{encf, Zam200-55%4)

¢y 0/ 3+0) exp{ _ %x2}

IA

By an argument similar to the proof for case p € (0,1) but with the term (z¢,)?/? in
(4.18) replaced by (ze,)/?, we have for 0 < 2 = o(min{e; ', s, '}),

P(W, > x)

@ () = exp {003 (xgsn + 2252 + (1 +2) (:cp/zaﬁﬂ + /) 4 5n)> }

= exp {904 (xgsn + 2252 + (1 +2) (55’/(3“’) + (5n)) },

which gives the desired equality for p > 1.

4.4. Proof of Corollary 2.2

To prove Corollary 2.2, we need the following two sides bound on the tail probabilities
of the standard normal random variable:

1 1
e B(r) < ——e "2 >0, (4.1)

V2r(1+x) — Vr(l+ 1) ’
See p. 17 in [It6 and MacKean, 1996] or [Talagrand, 1995]. First, we prove that
1 W, 2
limsup21nP< € B) < - inix—. (4.2)
n—oo Oy (2% r€B

For any given Borel set B C R, let g = inf,cp|z|. Then, it is obvious that zy >
inf_ 7 |x|. Therefore, by Theorem 2.1 and Remark 2.1,

P<W" e B>
an

IN

P( |Wn| > anxo)

IN

2(1 - (an{E(])>
X exp {cp ( (anz0)* ™ €l + (anz0)? 02 + (anzo) (e2/GHP) + (5n)) }
Using (4.1), we deduce that

1 n 2
limsupzlnP(WGB) < % < —in
a

n—oo Ay n

which gives (4.2).
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Next, we prove that

1 W 2
liminf — InP €B)>— inf = (4.3)
n—oo a2 an x€B° 2
We may assume that B° # (). For any ¢; > 0, there exists an xy € B?, such that
x2 x?
0<-2< inf = : 4.4
<o S g e (44)

For xy € B°, there exists small 5 € (0, z9), such that (zg — 2,29 + £2] C B. Then it is
obvious that zo > inf _zx. Without loss of generality, we may assume that zo > 0. By
Theorem 2.1, we deduce that

P(Wn e B) > P(W, € (an(ao — ). an(ag +22)])

an
> P(Wn > an(xo — 52)) — P(Wn > an(xo + 52)).

Using Theorem 2.1 and (4.1), it follows that

nminflmP(W” € B) > f%(xo —&5)2

n—00 a% Qn,

Letting €2 — 0, we get

1 W 2 2
liminflnP< EB) > 20 s g xi_gl'

n—00 a% (7% - 2 = z€B° 2

Because £; can be arbitrarily small, we obtain (4.3). This completes the proof of Corollary
2.2. O
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Supplementary Material

Supplement to “Self-normalized Cramér type moderate deviations for mar-
tingales”

(doi: COMPLETED BY THE TYPESETTER; .pdf). The supplement gives the detailed
proofs of Propositions 3.1 and 3.2.
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