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Theoretical framework for the structural stability of P2-layered Na-based electrodes during anionic redox

The need to store an ever increasing amount of renewable energy in a sustainable way has rekindled interest for Na-ion batteries owing to the abundance of Na. Their energy density, lower than Li-Ion, can be enhanced by unlocking anionic redox, as recently reported in Nadeficient P2-phases. In contrast to their Li-rich counterparts with O3 stacking, these Nadeficient P2-phases show surprisingly good structural stability during anionic redox. Understanding the fundamental science at work in the relation between O/P stacking and anionic redox reversibility is critical to design stable anionic redox cathodes. Herein, through DFT-based analysis of the model compounds O2and P2-Na2∕ 3Mg1∕3Mn2∕3O2, we show that the anionic redox process corresponds to a highly reversible collective distortion of the oxygen network in P stacking, or to a disproportionation of the oxygen pairs associated with significant voltage hysteresis in O stacking. Based on these findings, we used a magnetic-constrained DFT methodology to quantitatively predict the composition range of the reversible cycling that we successfully extend to other Mn-based cathodes (Na2∕ 3Zn1∕3Mn2∕3O2, Na 2 Mn 3 O 7 ). This article thus provides fundamental understanding, powerful computational methods and practical guidelines to design more stable anionic redox compounds.

* INTRODUCTION

The development of electric vehicles calls for energy storage with an ever increasing energy density [START_REF] Larcher | Towards greener and more sustainable batteries for electrical energy storage[END_REF] . Today, the most performing Na and Li batteries reach redox potentials that exceed the stability limits of common electrolytes. Therefore, research efforts to reach higher energy density have been oriented towards enhancing capacity rather than potential. Along this line, anionic redox has been the subject of sustained interest since it allows delivering extra capacity. However, voltage decay, sluggish kinetics together with partial irreversibility of oxygen oxidation are major drawbacks that prevent the integration of anionic redox into commercial materials [START_REF] Assat | Fundamental understanding and practical challenges of anionic redox activity in Li-ion batteries[END_REF] . In order to mitigate these limitations, it is critical to understand the link between structure stability and anionic redox activities in these newly reported Na layered oxides.

Figure 1: Oxygen oxidation creates a hole in the |O 2p band (top). The Fermi level degeneracy in this localized band is unstable (purple line). Oxygen pairing (distortion) splits the |O 2p band thus lifting the degeneracy and stabilizing the structure (bottom).

As of today, there is already a vast amount of theoretical and computational works that describe the mechanism of anionic redox [START_REF] Seo | The structural and chemical origin of the oxygen redox activity in layered and cation-disordered Li-excess cathode materials[END_REF][START_REF] Okubo | Molecular Orbital Principles of Oxygen-Redox Battery Electrodes[END_REF][START_REF] Xie | Requirements for reversible extracapacity in Li-rich layered oxides for Li-ion batteries[END_REF] . Even though some diverging interpretations and wordings persist, there seems to be an emerging consensus on the electronic description of the core mechanism. Anionic redox in transition metal oxides is now well admitted as arising from the participation of oxygen lone-pair states in the electrochemical activity of the material. Under such conditions, electron removal creates holes in the very narrow |O 2p band (highly localized states) rather than in the MO anti-bonding states as in LiCoO 2 . These holes might get stabilized through the formation of oxygen pairs (distortion) leading to uneven O-O distances in the structure, as observed experimentally [START_REF] Pearce | Evidence for anionic redox activity in a tridimensional-ordered Li-rich positive electrode -Li2IrO3[END_REF] and illustrated in fig. 1. The formation of short O-O bonds splits the |O2p band into bonding and anti-bonding levels of σ∕σ * and π∕π * character.

Up to now, O2 release due to anionic redox in Li(Na)-rich layered oxides, showing O3-stacking (fig. S1), is always associated to transition metals migration [START_REF] Pearce | Evidence for anionic redox activity in a tridimensional-ordered Li-rich positive electrode -Li2IrO3[END_REF][START_REF] Gent | Coupling between oxygen redox and cation migration explains unusual electrochemistry in lithium-rich layered oxides[END_REF][START_REF] Mccalla | Visualization of O-O peroxo-like dimers in high-capacity layered oxides for Li-ion batteries[END_REF][START_REF] Sathiya | Reversible anionic redox chemistry in high-capacity layered-oxide electrodes[END_REF] . Indeed, in some Li-rich compound (Li2RuO3 [START_REF] Saubanère | The intriguing question of anionic redox in high-energy density cathodes for Li-ion batteries[END_REF][START_REF] Assat | Editors' Choice-Practical Assessment of Anionic Redox in Li-Rich Layered Oxide Cathodes: A Mixed Blessing for High Energy Li-Ion Batteries[END_REF] ,Li-rich NMC [START_REF] Assat | Direct Quantification of Anionic Redox over Long Cycling of Li-Rich NMC via Hard X-ray Photoemission Spectroscopy[END_REF] ) and some Na-rich electrodes (Na2RuO3 8 ), cation migration and O 2 release happen concomitantly while other compounds such as Li2IrO3 [START_REF] Sathiya | Reversible anionic redox chemistry in high-capacity layered-oxide electrodes[END_REF] or Na2IrO3 [START_REF] Pearce | Evidence for anionic redox activity in a tridimensional-ordered Li-rich positive electrode -Li2IrO3[END_REF] do not show any of the two. This correlation does not hold for Na-deficient layered oxides, of formula Na2∕ 3M′xMn1-xO2 (M' = Mg, Zn, Ni, Li, Fe... x>0.2) which crystallize in P2 stacking (see Fig. S1 in Supplementary Information). Indeed, these compounds show various structural responses to anionic redox such as cation migration and stacking phase transition to O/P hybrid stacking without any O2 release nor voltage hysteresis [START_REF] Ma | Exploring Oxygen Activity in the High Energy P2-Type Na 0[END_REF][START_REF] Clément | Review-Manganese-Based P2-Type Transition Metal Oxides as Sodium-Ion Battery Cathode Materials[END_REF][START_REF] Gonzalo | Synthesis and characterization of pure P2-and O3-Na2/3Fe2/3Mn1/3O2 as cathode materials for Na ion batteries[END_REF][START_REF] Lee | An advanced cathode for Na-ion batteries with high rate and excellent structural stability[END_REF][START_REF] Yabuuchi | P2-type Nax [Fe1/2Mn1/2] O2 made from earthabundant elements for rechargeable Na batteries[END_REF][START_REF] Du | Exploring reversible oxidation of oxygen in a manganese oxide[END_REF][START_REF] Billaud | Na 0.67 Mn 1-x Mg x O 2 (0 ≤ x ≤ 0.2): a high capacity cathode for sodium-ion batteries[END_REF] . Among them, Na2∕ 3Mg0.28Mn0.72O2 was largely reported to show pure anionic redox in charge while maintaining good structural integrity [START_REF] Billaud | Na 0.67 Mn 1-x Mg x O 2 (0 ≤ x ≤ 0.2): a high capacity cathode for sodium-ion batteries[END_REF][START_REF] Maitra | Oxygen redox chemistry without excess alkali-metal ions in Na2/3[Mg0.28Mn0.72]O2[END_REF][START_REF] Yabuuchi | A new electrode material for rechargeable sodium batteries: P2-type Na 2/3[END_REF][START_REF] Dai | High Reversibility of Lattice Oxygen Redox Quantified by Direct Bulk Probes of Both Anionic and Cationic Redox Reactions[END_REF][START_REF] Song | A novel P3-type Na 2/3 Mg 1/3 Mn 2/3 O 2 as high capacity sodium-ion cathode using reversible oxygen redox[END_REF] . Thus P stacking seems to enhance the reversibility of anionic activity. The P → O phase transition has already been widely studied because it is a source of structural instability in electrodes showing pure cationic redox [START_REF] Radin | Role of Crystal Symmetry in the Reversibility of Stacking-Sequence Changes in Layered Intercalation Electrodes[END_REF] . The relative stability of P & O phases is mainly governed by electrostatic effects across the Na interlayer [START_REF] Vinckeviči Tė | Stacking-Sequence Changes u̅ and Na Ordering in Layered Intercalation Materials[END_REF][START_REF] Radin | Stability of Prismatic and Octahedral Coordination in Layered Oxides and Sulfides Intercalated with Alkali and Alkaline-Earth Metals[END_REF][START_REF] Sandré | Phase transitions induced in layered host structures during alkali metal intercalation processes[END_REF] which is consistent with the similarity of the TM layer in both structures. Interestingly, for compounds showing anionic redox, the P→O phase transition is postponed to lower Na content than for compounds showing exclusively cationic redox. It occurs respectively at x Na = 0.5 in Na 2/3 MnO 2 (cationic) [START_REF] Clément | Review-Manganese-Based P2-Type Transition Metal Oxides as Sodium-Ion Battery Cathode Materials[END_REF] and x Na = 0.3 in Na 2/3 Mg 1/3 Mn 2/3 O 2 (anionic) [START_REF] Maitra | Oxygen redox chemistry without excess alkali-metal ions in Na2/3[Mg0.28Mn0.72]O2[END_REF] . Moreover, the fully charged structure of the latter exhibits an unconventional OP4 structure consisting in alternating O-P stacking sequence [START_REF] Dai | High Reversibility of Lattice Oxygen Redox Quantified by Direct Bulk Probes of Both Anionic and Cationic Redox Reactions[END_REF] (see Fig. S1 in Supplementary Information).

Thus, the questions of how stable is the material structure upon anionic oxidation and how reversible is the process upon reduction depend critically on the stacking type (O or P). The relationship between structure stability and anionic redox calls for a better rationalization of the underlying mechanism in these Na-deficient layered phases. First-principles DFT calculations were carried out to provide a thorough analysis of the anionic electrochemical activity in the NaxMg1∕ 3Mn2∕3O2 O2 and P2 polymorphs. Results show that anionic activity can be stabilized either by a collective distortion, in P stacking, which is quite reversible or by a disproportionation of the oxygen network, in O stacking, which entails structural instability. Those mechanisms are then rationalized in terms of band structure stabilization involving different magnetic centers. Based on these findings, we propose a magnetization-constrained DFT (MC-DFT) methodology to determine the critical composition beyond which capacity fading and migration take place and we confront our results with experimental evidences on NaxMg0.28Mn0.72O2.. To assess the transferability and the robustness of the present method, we extend our study to other Mn-based cathode materials, namely Na2∕ 3Zn0.22Mn0.78O2 and Na 2 Mn 3 O 7 . 

I. RESULTS

The pristine Na 2/3 Mg 1∕3 Mn 2∕3 O 2 is a P2 layered compound, meaning that Na + ions lie in prismatic sites with a 2 layer periodicity along the c axis. Within the metal layer, Mg and Mn are assumed to be ordered in a honeycomb type arrangement, as shown in Fig. 2a. In this compound, Mn has a +IV oxidation state, in line with the quasi homogeneous Mn-O distances observed in the fully relaxed structure (in contrast to Mn +3 which generally displays a strong Jahn-Teller distortion, see Figs. S3 and S4 in Supplementary Information). Its d 3 electronic configuration (t 2g 3 e g 0) is confirmed by the projected density of states (pDOS) of Fig. 2b, showing that the low-energy t 2g *-band is half-filled with unpaired (spin-up) electrons, leading to a local magnetic moment on Mn around 3 B . The large splitting between the occupied and vacant t2g*-band is known as the Mott gap and arises from the strong electron-electron Coulomb repulsion in the Mn 3d-shell. It leads to an electronic structure in which the occupied t2g*-band lies below the anionic band (see Supplementary Information S3) showing that Na 2/3 Mg 1∕3 Mn 2∕3 O 2 is a charge transfer insulator with a relatively large band gap of about ~1.6 eV. Interestingly, a Crystal Orbital Overlap Population (COOP) analysis [START_REF] Maintz | LOBSTER: A tool to extract chemical bonding from plane-wave based DFT: Tool to Extract Chemical Bonding[END_REF][START_REF] Dronskowski | Crystal orbital Hamilton populations (COHP): energy-resolved visualization of chemical bonding in solids based on density-functional calculations[END_REF] performed on the pristine material reveals that the electronic states below the Fermi level are pure oxygen states with no orbital mixing with the metal d-orbitals (see Supplementary Information S3). Such non-bonding states are known as oxygen lone-pair states and their occurrence in transition metal oxides have been extensively discussed in previous works [START_REF] Assat | Fundamental understanding and practical challenges of anionic redox activity in Li-ion batteries[END_REF][START_REF] Seo | The structural and chemical origin of the oxygen redox activity in layered and cation-disordered Li-excess cathode materials[END_REF][START_REF] Xie | Requirements for reversible extracapacity in Li-rich layered oxides for Li-ion batteries[END_REF] as arising from M(d)-deficient oxygen environments induced by Li-or Na-excess. Since Na 2/3 Mg 1∕3 Mn 2∕3 O 2 has no Na-excess, the occurrence of oxygen lone-pair states in its electronic structure can be surprising, at first sight. As we recently showed, [START_REF] Ben Yahia | Unified picture of anionic redox in Li/Na-ion batteries[END_REF] this apparent ambiguity can be lifted through the computation of the Electron Localization Function (ELF) which is the most standard tool to check to presence of localized lone-pairs in a structure. As shown in Fig. 2c, the ELF isosurface computed for the Na 2/3 Mg 1∕3 Mn 2∕3 O 2 structure evidences two distinct lobes on the oxygen pointing towards the Mg 2+ and Na+ cations. This reveals no significant Mg(s,p)/O(s,p) nor Na(s,p)/O(s,p) orbital mixing indicating that Mg-O and Na-O interactions in this material are purely ionic, whereas Mn/O bond shows some covalency (see fig S4 in supplementary information). It also confirms that anionic redox can occur in conventional transition metal oxides with no alkali-excess, as first reported by P.G. Bruce group [START_REF] Maitra | Oxygen redox chemistry without excess alkali-metal ions in Na2/3[Mg0.28Mn0.72]O2[END_REF] . Remarkably, the ELF plot computed for the fully oxidized Mg 1∕3 Mn 2∕3 O 2 material shows only one lobe on oxygens, further demonstrating that one of the oxygen lone-pair is involved in the oxidation process (see Fig. S5 in Supplementary Information). The missing oxygen lonepair is most likely the |O 2p since |O 2s electrons are much deeper in energy. Formation energy of phases obtained from desodiation of the P2 (O2) are shown in green (red), respectively. At low Na content, the O2 structures converting to O/P hybrid stacking or P2 are shown in blue (see computational method). Phases having a formation energy lying on or being near the convex hull are highlighted by filled symbols. It shows a solid solution transition from P2 to O/P stacking hybrid for x Na <0,6. Whatever the starting structure, at x=0, the absence of Na screening leads to P2 stacking with interlayer peroxides.

The phase stability diagram of the P2and O2-Na x Mg 1∕3 Mn 2∕3 O 2 phases with respect to the biphasic Na x Mg 1∕3 Mn 2∕3 O 2 → x Na 1 Mg 1∕3 Mn 2∕3 O 2 + (1-x) Mg 1∕3 Mn 2∕3 O 2 reaction experimentally observed was computed as a function of the sodium composition. It is given in Fig. 3. In perfect agreement with experiments, the P2 form is thermodynamically favored over the O2 form for x>2/3 while both polymorphs have equivalent stabilities in the 1/6 < x < 2/3 composition range with relative energies within the room temperature activation energy (~25meV). For x<1/6, the O2 structure is expected to undergo a partial (x=1/6) or complete (x=0) phase transition to a prismatic stacking, suggesting a P/O intergrowth at low Na content. This result is fully consistent with experimental observations of O/P hybrid stacking upon deintercalation [START_REF] Maitra | Oxygen redox chemistry without excess alkali-metal ions in Na2/3[Mg0.28Mn0.72]O2[END_REF] . This O/P coexistence needs to be further understood by comparing O and P structures. Within the whole 0 < x < 2/3 composition range, our structural relaxations show that both polymorphs conserve their stacking type (P2 or O2) upon desodiation. This means that they correspond to two distinct minima in the potential energy surface of the material that are either far away from each other or separated by large kinetic barriers, thus avoiding a spontaneous transformation from one polymorph to another during the relaxation procedure. This remarkable stability is extremely convenient to investigate the response of each polymorph to desodiation. In both structures, all oxygens form O-O pairs with one next-nearest neighbor while Mn-O bond lengths remain almost constant (see the Mn-O and O-O histograms of Fig. S2 in Supplementary Information). This causes a characteristic trigonal-prismatic distortion of the MnO6 octahedra which has been used as an experimental signature of oxygen oxidation [START_REF] Mccalla | Visualization of O-O peroxo-like dimers in high-capacity layered oxides for Li-ion batteries[END_REF] . At x=1/6, the formation of O-O dimers across the Na layer is observed in the P2 structure, with O-O distance of 2.5 Å (blue lines in Fig. 4). These short O-O interlayer pairs order with Na ions thus inducing a periodic warping of the MO 2 layers. Note that such a layer corrugation was imaged via high resolution microscopy in the fully charged Na 2/3-x Zn 1/3 Mn 2/3 O 2 electrode [START_REF] Bai | Anionic Redox Activity in a Newly Zn-Doped Sodium Layered Oxide P2-Na 2/3 Mn 1y Zn y O 2[END_REF] . This periodic distortion preserves the homogeneity of the oxygen network i.e. each oxygen pair has an equivalent environment and an equivalent oxidation state (O-O) n-in the P2 structure.

Interestingly, the O2 stacking prevents such interlayer O-O pairing at low Na-content, as oxygens no longer face one-another across the Na layer [START_REF] Radin | Stability of Prismatic and Octahedral Coordination in Layered Oxides and Sulfides Intercalated with Alkali and Alkaline-Earth Metals[END_REF] . This is confirmed by our calculations (see Fig. 4 left) and by experiments which both show Mg migration in the Na-layer upon charging the Na 2/3 Mg 1/3 Mn 2/ 3O 2 [START_REF] Dai | High Reversibility of Lattice Oxygen Redox Quantified by Direct Bulk Probes of Both Anionic and Cationic Redox Reactions[END_REF][START_REF] Song | A novel P3-type Na 2/3 Mg 1/3 Mn 2/3 O 2 as high capacity sodium-ion cathode using reversible oxygen redox[END_REF] and the formation of short O-O distances. As a result of migrations, two oxygen sub-lattices with different environments (and consequently different oxidation states) are created in the O2 structure. Oxygens close to a Mg vacancy (O A ) have a lack of cationic charges in their first neighboring shell so that their electronic states are raised up in energy and primarily oxidized upon further charge. By analogy, oxygens close to a newly migrated Mg (O B ) have a cationic charge excess in their first neighbor shell so that their electronic states are stabilized in energy and less accessible to oxidation. This is confirmed by our calculations showing a disproportionation of the oxygen network into O A and O B at low Na content. The highly oxidized O A form O A -O A dimers within the MX 2 layer (see Fig. 4) with an average oxidation state close to (O 2 ) 2-while the weakly oxidized O B remains close to O 2-. The presence of strongly oxidized species in O2 type structure obviously questions its stability versus O 2 gas release. By comparing the enthalpy of the O2 release reaction ΔHO2 for both O2 and P2 Na x Mg 1/3 Mn 2/3 O 2 polymorphs (see section Methods and Fig. S7 in Supplementary Information) we confirm that O structures are more prone to oxygen release than P at low Na content which is again in agreement with the general trends observed experimentally.

Altogether, these results show that O2 and P2 Na x Mg 1/3 Mn 2/3 O 2 polymorphs undergo different anionic redox mechanisms at low Na content: a collective distortion in P-structures and an oxygen disproportionation in O-structures. As we will see now, these two mechanisms involve completely different reorganizations of the electronic band structure of the material that could easily be predicted by simple magnetic measurements. From a fundamental point of view, a significant reorganization of the crystal structure is (most often) the signature of an electronic instability. In the present case, the electronic instability is due to the creation of O-holes in the strongly localized |O 2p band of the Na 2/3 Mg 1/3 Mn 2/3 O 2 material when Na is removed. This is confirmed by the Fukui -function computed for the pristine material (see Fig. 5a) showing that the highest occupied electronic levels of the sodiated structure are pure oxygen orbitals pointing in the Mg-O-Na direction. Given that the pristine structure is built on one single oxygen network (all oxygen are crystallographically equivalent) the removal of 2/3 Na from the structure corresponds to an average number of hole per oxygen h O = 1/3. This electron count does not correspond to any stable electronic configuration known for oxygen, i.e. oxo O 2- 2). This leads to an unstable electronic structure with either a partially filled |O 2p narrow band when no O-O bonds are formed. (see Fig. 6 left and Fig. S8). The easiest route for stabilizing such unfavorable localized O-holes is to form O-O bonds to split the partially-filled band into fully occupied and fully empty novel bands. This is precisely the effect of the collective distortion in P-structure and the oxygen disproportionation in O-structure. As illustrated in Fig. 6 (center panel), the collective distortion involves the metallic Mn(d) orbitals in the process while the oxygen disproportionation does not. The collective distortion (Fig. 6 In the rest of the article, this electronic rearrangement, responsible for the collective distortion, will therefore be referred as the reductive coupling mechanism (RCM), as previously coined [START_REF] Mccalla | Visualization of O-O peroxo-like dimers in high-capacity layered oxides for Li-ion batteries[END_REF] . As extensively discussed in previous papers [START_REF] Saubanère | The intriguing question of anionic redox in high-energy density cathodes for Li-ion batteries[END_REF][START_REF] Ben Yahia | Unified picture of anionic redox in Li/Na-ion batteries[END_REF] By analyzing the origin of the structural instability upon anionic redox, we were able to qualitatively rationalize the contrasting behaviors of O and P structure and to correlate the structural changes induced by Na removal to the modification observed in the electronic structure of the O and P polymorphs. This allowed us to understand the importance of O2 vs. P2 stacking type on the anionic redox distortion mechanism : P2 stacking favors a RCM linked to a reversible collective distortion whereas in O2 stacking the disproportionation induces migrations which facilitate oxygen release.

(h O = 0), peroxo (O 2 ) 2-(h O = 1), superoxo (O 2 ) -(h O = 3/2) or O 2 gas (h O =
Thanks to this analysis, we are now able to identify a quantitative descriptor, namely the total magnetization of the cell, to predict which mechanism is expected to take place as a function of the Na content. In the case of the reductive coupling mechanism (RCM), the unpaired electrons of oxidized oxygens get partially paired with unpaired electrons of the Mn magnetic center (high-spin state) through the covalent Mn-(O-O) interaction and the creation of d-σ* states (see Fig. 7.a). Compared to the pristine material, the total magnetization of the unit cell S ⟨ z should thus ⟩ decrease linearly with the concentration of oxygen hole or equivalently with the amount of removed sodium. In that case, oxygens bearing unpaired electrons are magnetic centers as demonstrated by the magnetization density displayed in Fig. 7.c and already evidenced through EPR measurements in other cathode materials displaying anionic redox such as Li 2 Ru 0.75 Sn 0.25 O 3 [START_REF] Sathiya | Electron paramagnetic resonance imaging for real-time monitoring of Li-ion batteries[END_REF] .

In the case of disproportionation (Fig. 7.b), since both oxo-O 2-and peroxo-(O 2 ) 2-are closedshell and non-magnetic species, the total cell magnetization S ⟨ z ⟩ corresponds to that of the Mn 4+ magnetic center and should remain equal to that of the pristine material. Note that an increase of the total magnetization is only expected when, for charge balance, the formation of O 2 2-and/or O 2 release enlists a reduction of neighboring Mn 4+ (3μ B ) into Mn +3 (4μ B ) (Fig. S10).

Taking advantage on these observations, we can evaluate which mechanism takes place in a material by simply following the lowest energy pathway on the spin-dependent energy landscape of the material. The total energy of the Na x Mg 1/3 Mn 2/3 O 2 material was thus computed as a function of x and total magnetization of the cell (see section Methods). Note, that such analysis provides experimentalists with new means to distinguish which mechanism is involved in the oxygen activity by looking at the magnetic properties of the discharged phase. Results are presented in fig. 8.a. Starting from x = 2/3 in which the manganese is the only magnetic center, the total magnetization of the cell is maximum ( S ⟨ z⟩ = 3, all Mn 4+ in high spin configuration). When removing Na, a linear decrease of S ⟨ z (solid black line) is observed, ⟩ indicative of a RCM. The decrease in S ⟨ z is pursued down to a critical Na composition of ⟩ ca. 0.3 where the total magnetization is S ⟨ z⟩ = 2.5. Below this critical Na content, the total magnetization along the lowest-energy path starts to increase (solid pink line), indicating the onset of oxygen disproportionation. In this low Na content region, the RCM (dashed black line) no longer corresponds to the electronic ground state of the material. To characterize the reversibility of the disproportionation, we monitor the appearance of peroxides and Mn 3+ via atomic charge analysis (Bader net population, see section Methods). For each structure, the charge of the most oxidized oxygen and the most reduced Mn are compared to those of O 2-/O 2 2- in Fig. 8b and Mn 3+ / Mn 4+ in Fig. 8c. The central region corresponding to the reductive coupling mechanism (RCM) is characterized by a smooth oxidation of the oxygen and a constant charge on Mn. Conversely, the upper left corner corresponding to the oxygen disproportionation (Dp) highlights a strong oxidation of oxygen. Below a composition threshold of x=0.15, the oxygen charge becomes lower than that of peroxides in Li 2 O 2 (white zone in Fig. 8b) and Mn get reduced to Mn 3+ . This corresponds to a limit of Na composition below which O 2 release is expected to occur, therefore making the anionic process in charge irreversible in discharge. This limit is indicated on Fig. 8b by the dashed pink line while the solid pink line corresponds to the crossover from the RCM to a weak, yet reversible disproportionation, accompanied with migration and O→P phase transition (0.15<x<0.3). To confirm the occurrence of this crossover regime at x Na =1/6, featuring both the RCM and some disproportionation, and to visualize the shape of the orbitals involved we plotted the partial electronic charge obtained by integrating the square of the Kohn-Sham wave function at different energy range for the pristine and the desodiated phase (see Fig. S13 & S14 in SI respectively). We thereby confirmed that the P2-Na 1/6 Mg 1∕3 Mn 2∕3 O 2 displays the electronic signature of both mechanisms, thus validating the occurrence of a crossover region. This landscape sheds light on experimental data indicating the formation of O/P-hybrid stacking phase for Na x Mg 1/3 Mn 2/3 O 2 at low Na content [START_REF] Maitra | Oxygen redox chemistry without excess alkali-metal ions in Na2/3[Mg0.28Mn0.72]O2[END_REF] . Indeed, real compounds tend to display a mixed stacking (OP4 phase, see fig. S1 & S11 in supplementary information) over a pure P2 or O2 as a compromise between electrostatic stabilization, which favors O stacking, and interlayer hole delocalization, which occurs in P stacking. Relaxation of an OP4 cell at x Na =1/6 (fig. S11) confirms that the small amount of electrons removed from the oxygen is localized around the prismatic inter-layers O-O pairs and that oxygens in the remaining octahedral stacking are not sufficiently oxidized to trigger Mg migration. It means that the two types of distortions coexist below x c .

At this stage, a remaining question regards the origin of the hysteresis and how the quantification of the competition between collective distortion and oxygen disproportionation can shed more light on this issue. To clarify this point, we plotted the pDOS of the two structures presented in Fig. 7 (and Fig. S12). In case of a disproportionation, the formation of peroxo species leads to a band inversion in the electronic structure of the material (O-O σ * raise above MO* states). As a consequence, from a static point of view, the discharge process differs from the charge process since MO* should be reduced prior to oxygen. This is at the origin of the hysteresis, as previously evidenced by Gent et al. in Li-rich NMC materials [START_REF] Gent | Coupling between oxygen redox and cation migration explains unusual electrochemistry in lithium-rich layered oxides[END_REF] .

Interestingly, the RCM regime does not show band inversion (O-O σ * stays below MO* states). Controlling x c to keep anionic redox materials in the RCM regime should therefore be a good strategy to avoid voltage hysteresis. This can be achieved by limiting the number of holes per oxygen (h°<1/3 30 ) or by designing materials that can reversibly accommodate the strain induced by the collective distortion without collapsing, such as the beta phase of Li 2 IrO 3 [START_REF] Pearce | Evidence for anionic redox activity in a tridimensional-ordered Li-rich positive electrode -Li2IrO3[END_REF] . It is noteworthy that for a biphasic electrochemical process, if the alkali content of the alkali-poor phase is below x c , the band inversion and thus the hysteresis occurs as soon as the alkali-poor phase is formed, disregarding the state of charge.

Confronting experiment and generalizing to other compounds

To assess the robustness of our approach, we extend our protocol to the recently proposed Mnbased Na electrodes, NaxZn1∕ 3Mn2∕3O2 [START_REF] Bai | Anionic Redox Activity in a Newly Zn-Doped Sodium Layered Oxide P2-Na 2/3 Mn 1y Zn y O 2[END_REF] and Na 4/7 Mn 6/7 O 2 [START_REF] Mortemard De Boisse | Highly Reversible Oxygen-Redox Chemistry at 4.1 V in Na 4/7x [ □ 1/7 Mn 6/7 O 2 ( : Mn □ Vacancy)[END_REF] and confront our results to the experimental data. Our result shows that Na x Mg 1/3 Mn 2/3 O 2 and Na x Zn 1/3 Mn 2/3 O2 display very similar energy landscape with disproportionation taking place at low sodium contents. Thus their electrochemical behavior should also be very similar with a large hysteresis and Mg/Zn migration at the end of charge. This indicates that the nature of the ionic metal, either Mg or Zn does not impact the competition between disproportionation and RCM, in full consistency with recent reports on P2-Na 0.72 Li 0.24 Mn 0.76 O 2 [START_REF] Rong | Anionic Redox Reaction-Induced High-Capacity and Low-Strain Cathode with Suppressed Phase Transition[END_REF] , P2-Na 0.6 Li 0.2 Mn 0.8 O 2 [START_REF] De La Llave | Improving Energy Density and Structural Stability of Manganese Oxide Cathodes for Na-Ion Batteries by Structural Lithium Substitution[END_REF] and P3-Na 0.6 Li 0.2 Mn 0.8 O 2 [START_REF] Rong | Structure-Induced Reversible Anionic Redox Activity in Na Layered Oxide Cathode[END_REF] which all display a voltage hysteresis when anionic redox occurs. On the contrary, the collective distortion is shown to be favored all along the Na removal in Na 4/7 Mn 6/7 O 2 so that the charge should be perfectly reversible without hysteretic behavior neither capacity fading. These results are in well agreement with experimental data for both the Zn based compound and Na x Mn 6/7 O 2 since for the former a large hysteresis behavior is observed in galvanostatic plot, and accompanied with Zn migrations at the end of charge [START_REF] Bai | Anionic Redox Activity in a Newly Zn-Doped Sodium Layered Oxide P2-Na 2/3 Mn 1y Zn y O 2[END_REF] . In contrast, no hysteresis is observed in galvanostatic plot for Na x Mn 6/7 O 2 [START_REF] Mortemard De Boisse | Highly Reversible Oxygen-Redox Chemistry at 4.1 V in Na 4/7x [ □ 1/7 Mn 6/7 O 2 ( : Mn □ Vacancy)[END_REF] .

CONCLUSION

In this paper we have studied the anionic redox activity in P2-Na x Mg 1/3 Mn 2/3 O 2 and we have shown that there is a competition between a collective distortion of the lattice and a disproportionation of the oxygen pairs that we characterized by a threshold Na content x c = 0.25. Moreover, we demonstrated that this competition can account for the hysteresis observed in this compound which stems from a stabilization of disproportionation over collective distortion at the end of charge. Taking Na x Mg 1/3 Mn 2/3 O 2 as an example, we further showed the importance of O2 vs. P2 stacking type on the aforementioned competition, with P2 favoring collective distortion as opposed to O2. Lastly, we provided a novel method relying on the link between the stabilization mechanism and the magnetization to determine the range in which the cooperative distortion is favored. Altogether, these findings offer new means to tune hysteresis in materials relying on anionic redox processes by manipulating x c , hence providing new directions for designing better Na (Li) electrode materials.

METHODS

Structure generation

Starting from experimental P2 structure obtained by XRD refinement where partial occupancies have been rounded up, O2 and OP4 structures were derived by layer gliding using the Python Material Genome library [START_REF] Ong | Python Materials Genomics (pymatgen): A robust, open-source python library for materials analysis[END_REF] . To obtain the desodiated structures, we iteratively removed the Na nuclei according to their Madelung energy (assuming integer oxidation state for every ion). This technique is less accurate but much faster than the enumeration of all permutations for each composition. Removing two distinct Na site at each iteration (either highest or second highest Madelung energy) allowed to create distinct Na-orders for each Na content. From there we used the structures on (or near) the convex hull to perform further analysis.

DFT

For each Na content, the 5 Na order of lowest electrostatic energy were then relaxed using the Vienna Ab-Initio Simulation Package using ultra-soft PAW pseudo-potentials and the Perdew-Burke-Ernzerhof functional with a generalized gradient approximation [START_REF] Kresse | Efficient iterative schemes for ab initio totalenergy calculations using a plane-wave basis set[END_REF][START_REF] Kresse | From ultrasoft pseudopotentials to the projector augmented-wave method[END_REF][START_REF] Perdew | Generalized Gradient Approximation Made Simple[END_REF] . We added D3 correction to account for the Van Der Waals interaction [START_REF] Grimme | A consistent and accurate ab initio parametrization of density functional dispersion correction (DFT-D) for the 94 elements H-Pu[END_REF][START_REF] Grimme | Effect of the damping function in dispersion corrected density functional theory[END_REF] as well as a U eff = 4 eV to account for electron-electron interactions on Mn [START_REF] Dudarev | Electron-energy-loss spectra and the structural stability of nickel oxide: An LSDA+U study[END_REF] . The forces on the atoms were converged to 10 -3 eVÅ -1 with a plane-wave energy cut-off of 600 eV and a well converged set of Kpoints.

Analysis

Third party tools Bader analysis was performed using the code from Henkelman's group [START_REF] Henkelman | A fast and robust algorithm for Bader decomposition of charge density[END_REF] . The COOP was computed using LOBSTER code [START_REF] Maintz | LOBSTER: A tool to extract chemical bonding from plane-wave based DFT: Tool to Extract Chemical Bonding[END_REF] . ELF and PARCHARG files were generated using VASP built-in methods and visualized using VESTA [START_REF] Momma | VESTA : a three-dimensional visualization system for electronic and structural analysis[END_REF] .

O 2 release enthalpy ΔGO2 was obtained following ref [START_REF] Xie | Requirements for reversible extracapacity in Li-rich layered oxides for Li-ion batteries[END_REF] : we first computed the energy of the O 2 molecule E(O 2 ) corrected with the empirical parameter given by Ceder's group [START_REF] Wang | Oxidation energies of transition metal oxides within the GGA + U framework[END_REF] ; then for a given relaxed structure of energy E(initial structure), we removed the most oxidized oxygen (lowest Bader population) and computed the energy of the fully relaxed oxygen deficient structure E(O deficient structure). When neglecting the influence of entropy, the O 2 release enthalpy is then given by:

ΔE = [ E(O deficient structure) + ½ E(O 2 ) ] -E(initial structure)

Electronic response analysis

Starting from a fully relaxed initial structure, we removed (or added) 1 electron per supercell (containing 24 formula units), performed an electronic relaxation with fixed structure. By subtracting the corresponding charge density to that of the pristine, we obtained the charge density variation upon oxidation at constant structure. Δϱ = ϱ (frozen structure +/-1e -) -ϱ(relaxed structure)

Sampling magnetic energy Landscape

When neglecting the weak spin-orbit interaction, Sz becomes a good quantum number. Thus energy minimization yields the ground state of each Sz subspace, thus allowing an efficient sampling of the magnetic energy landscape. Since the Coulomb repulsion in 3d TM leads to high-spin configuration, Sz directly correlates with the number of unpaired electrons when ferromagnetic order is considered. We verified that, energetically speaking, the magnitude of the magnetic exchange coupling J is far lower than the "Hubbard" electron pairing energy U : E FM -EA FM = 10 meV << E FM -E NM = 2 eV (see Fig. S15 in SI) where E AFM (E FM ) refers to the energy of anti-ferro magnetic order (ferromagnetic order), respectively, and E NM is the energy of the non-magnetic electronic ground-state obtained by spin non-polarized calculations. Consequently sampling the energy landscape by constraining Sz around the ferromagnetic solution of the pristine (3µ B /Mn) allows to study the pairing of holes created when removing Na from the pristine and distinguishing between a localized hole pairing on oxygen (formation of peroxo which does not change the total Sz) and a delocalization of unpaired holes over the M-O bonds which decrease the total Sz (See Fig. 7).

Energy and Bader net populations were computed on relaxed 2*2*1 super-cells of P2-Na x Mg 1/3 Mn 2/3 O 2 at various compositions under constrained magnetization. Composition (x Na ) ranged from 0 to 2/3, by intervals of 1/6. Magnetization (NUPDOWN) ranged from 2 to 3.75 µ B /Mn by intervals of 0.25. For each composition, we checked that the initial ferromagnetic order on the Mn-sub-lattice was conserved during the relaxation. Landscape was obtained by cubic spline interpolation of these data-points.

Figure S3: Resolution of electronic structures of Na x Mg 1∕3 Mn 2∕3 O 2 using COOP for x=1, 2/3, 1/6 and 0 (from top to bottom). For each composition, the graph is composed of the Projected density of state (pDOS, above), the COOP of Mn-O bonds (middle) and the COOP of O-O pairs (bottom). Coulomb repulsion between d-electrons splits the MO * band into Lower and Upper Hubbard Bands (noted LHB & UHB). Interestingly the empty e g * lies below the t 2g * UHB , which is coherent with the high spin state generally observed for Mn 3+ (+4µ B local Mn magnetic moment). For x=1, Partially filled e g * LHB get split by the Jahn-Teller distortion of the MnO 6 octahedron. For x=2/3, non-bonding oxygen levels are visible just below the Fermi level. For x=1/6 and x=0, we observe a remixing of the metallic states with those of the formerly non-bonding oxygen, leading to a large dispersion at the Fermi level and at the bottom of the eg*.

We remind that the analysis of crystal electronic levels (described by space groups) with molecular orbital levels (described by point groups) although very useful, is subject to caution and remains qualitative (especially when considering solid state effects such as the Hubbard splitting).

Electron Localization Function (ELF)

Non-bonding pairs ELF is used to identify the regions of space where electron pairs are localized (i.e. not delocalized over M-O covalent bonds). Here, ELF isosurface forms two lobes around each oxygen, corresponding to non-bonding electron pairs, which point towards the Na layer and the Mg nuclei, respectively. Hence as for Na, the Mg reducing power preserve the non-bonding character of the oxygen electrons which form |O2p and |O2s lone pairs, hence clearly explaining the occurrence of anionic redox in alkali deficient compounds. Since no structural relaxation is performed, the Fermi level degeneracy is not lifted and the bandgap stays constant. This indicates that the lattice distortion is necessary to lift the degeneracy. During the Collective distortion (CD) due to RCM, Mn stays in +4 while oxygen are homogeneouly oxidized and magnetic (the two values -0.1 and -0.3 are due to spin contamination, cf. Methods). On the contrary, during disproportionation (DP), Oxygen is splitted between oxo and peroxo species which are both non-magnetic. The electron lying in high-energy peroxo orbitals pour down into the metallic ones, leading to a reduction of the neighbor Mn into +3 state. In the case of true peroxo formation, the uppermost empty oxygen states are raised above the Mn-O* states, thus leading to the reduction of metal upon discharge, which is the cause of hysteresis.

CHARGE AND SPIN DISTRIBUTION LINKED TO DISTORTION TYPES

HYBRID STACKING AT THE END OF CHARGE

Figure 2 :

 2 Figure 2: Characterization of pristine P2-Na 2/3 Mg 1∕3 Mn 2∕3 O 2 . a) Atomic structure showing P2 stacking and honeycomb ordering of the metal layer. b) Atomic projection of the density of states showing a dominant contribution of oxygen states at the Fermi level and a charge-transfer electronic regime. c) Electron Localization Function (ELF) of valence electrons: the high value (0.7) isosurface locates the O lone-pairs (|O 2p and | O 2s ) between Na-O and Mg-O atoms.

Figure 3 :

 3 Figure 3: Computed phase stability diagram of P2-and O2-Na x Mg 1∕3 Mn 2∕3 O 2 .Formation energy of phases obtained from desodiation of the P2 (O2) are shown in green (red), respectively. At low Na content, the O2 structures converting to O/P hybrid stacking or P2 are shown in blue (see computational method). Phases having a formation energy lying on or being near the convex hull are highlighted by filled symbols. It shows a solid solution transition from P2 to O/P stacking hybrid for x Na <0,6. Whatever the starting structure, at x=0, the absence of Na screening leads to P2 stacking with interlayer peroxides.

Figure 4 :

 4 Figure 4: DFT-relaxed structures of partially desodiated Na 1/6 Mg 1/3 Mn 2/3 O 2 (top) for P2 (a) and O2 (b) stacking types and the corresponding DOS projected on non-equivalent sites. P2 stacking shows homogeneous oxygen oxidation and layer corrugation stabilized by interlayer O-O bonding. In O2 stacking, Mg migration creates oxygens with excess or default of negative charge in their first neighbor shell (A and B). Electron holes concentrate on A oxygens which form pairs (~ (O 2 ) 2-) while B oxygens have a "full shell" and cannot create O-O pairs (~ O 2-).

Figure 5 :

 5 Figure 5: Fukui functions of pristine and charged Na x Mg 1/3 Mn 2/3 O 2 . The electronic reorganization upon addition or removal of 1 electron at constant structure causes an increase (blue) or a decrease (yellow) in the electronic density. a) Fukui -of the pristine compound (1 electron removed). b) Fukui + of the fully charged compound (1 electron added). Both isosurfaces have values of 2.10 -3 . Insets : close-up on oxygen pairs. See Methods section for further details.

  right) arises from a lowering of symmetry due to the formation of short O-O bonds which enables an efficient coupling between the empty (M-O)* states and the partially filled (O-O) σ* states. This orbital mixing splits the partially-occupied σ* band of the O-O pairs into one occupied and one empty d-σ* bands. The mixing between occupied σ* states and empty (M-O)* states, with a dominant Mn(d) character, increases the formal electron count on the metal.

  , this mechanism is expected to be reversible as long as the d-σ* empty band remains lower in energy than the first empty (M-O)* band, i.e. as long as they remain the first empty states to be reduced in discharge. With the onset of Mg migration, the disproportionation redistributes the O-holes into the newly formed (O 2 ) 2-peroxides of the O A -sublattice, leaving the O B -sublattice almost intact as O 2-. This leads to a stable electronic band structure in which the fully filled |O 2p band and fully empty σ* band correspond to the weakly oxidized O 2-B species and highly oxidized peroxo (O A ) 2 2-species, respectively (Fig. 4 left). The formation of the (O A ) 2- species is confirmed by the Fukui function computed for the fully charged material and showing that the lowest unoccupied electronic levels involved in the reduction process correspond to the sigma-type orbitals localized on the shortest O-O bonds (see Fig.5b). According to the COOP analysis of fig. S3, these states correspond to antibonding O-O electronic levels, hence confirming oxygen disproportionation in the fully desodiated phase.

Figure 6 :

 6 Figure 6: Possible anionic redox distortion mechanisms. If the number of holes per oxygen h°<1, the simple O-O pairing (a) is not sufficient to lift the Fermi level degeneracy thus calling for either of the two other distortions. The reductive coupling mechanism (b) opens a gap at the Fermi level through a σ*-t 2g * interaction. Without σ*-t 2g * interaction, oxygen pairs disproportionate (c) into peroxo-like pairs (O A ) and oxo-like atoms (O B ) so that the Fermi level lies below the empty σ*.

Figure 7 :

 7 Figure 7: Top : Schematic orbital interaction in the reductive coupling (a) and disproportionation (b) mechanisms leading to distinct average magnetizations. Bottom : Structure and magnetization densities of fully charged P2-Na 0 Mg 1∕3 Mn 2∕3 O 2 relaxed under constrained S ⟨ z showing distinct anionic redox mechanisms. ⟩ (c): S ⟨ z ⟩ = 2 µ B /Mn : the very symmetric structure undergoes RCM. (d): S ⟨ z ⟩ = 3 µ B /Mn : this magnetization enlists oxygen disproportionation into (~O 2 2-) and (~O 2-) along with Mg migration in tetrahedral sites (T), thus leading to mixed O/P stacking. Some Mn are reduced to +3 (see figs. S9 and S10).

Figure 8 :

 8 Figure 8: a) Energy landscape computed for Na x Mg 1/3 Mn 2/3 O 2 as a function of x and for various cell magnetizations. The energy scale is given on the right part of the figure with the lowest energy in blue and highest energy in red. b) et c) Atomic net population evolution as a function of x for the most oxidized oxygen and the most reduced manganese computed from a Bader analysis. The Bader populations of oxidized and reduced species are indicated on the right part of the picture and scaled with respect to those of reference species with known formal oxidation states.

Figure 9 :

 9 Figure 9: Energy landscapes, Bader populations of most oxidized oxygen and most reduced Mn of NaxZn1∕ 3Mn2∕3O2 (resp. a, b & c) and Na 4/7 Mn 6/7 O 2 (resp. d, e & f) (see fig.8 for details).

Figure S4 :

 S4 Figure S4: Molecular orbital description of oxygen geometry in Na x Mg 1∕3 Mn 2∕3 O 2 Crystal structure with zoom on oxygen, with E.L.F. isosurface locating non bonding doublets and insight from Lewis structure. Left : for x Na =2/3 Right : x Na =0. :

Figure S6 :

 S6 Figure S6: ELF value in a plane passing by the O-O pairs for Na 1/6 Mg 1/3 Mn 2/3 O 2 (cooperative distortion). Interval : 0.4 % (blue) -0.7% (red) of maximum value. Grey lines in the structures indicate short O-O distances (<2.5A)

Figure S8 :

 S8 Figure S8: Single point calculation of Density of states (DOS) for Na x Mg 1/3 Mn 2/3 O 2 at various x, where the sodium content is given at the right of each DOS. Red curves curve stands for O while pink curves stands for Mn. The Fermi level is highlighted by a blue line.

Figure S9 :

 S9 Figure S9: Effect of Oxygen spin state on the reductive coupling mechanism (RCM). Parallel Mn and O spin configuration (left) is not stabilized by Mn-O 2 interaction. Antiparallel configuration (right) allows efficient coupling and stabilization. Thus RCM leads to spin decrease, as confirmed by bader charges, see below, fig. 10.

Figure S10 :

 S10 Figure S10: Comparison of Mn and O Bader population and magnetization at X Na =0.17

Figure

  Figure S11: OP4 Structure Corrugation along b* direction is stabilized by interlayer bonding in the prismatic inter-layers, thus providing a driving force for the ordering of Na in the layer.

Figure S12 :

 S12 Figure S12: projected density of states for the two types of distortion corresponding to the structure of fig 6 in the main text. .
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Theoretical framework for the structural stability of P2-layered Na-based electrodes during anionic redox Jean Vergnet, [START_REF] Larcher | Towards greener and more sustainable batteries for electrical energy storage[END_REF][START_REF] Seo | The structural and chemical origin of the oxygen redox activity in layered and cation-disordered Li-excess cathode materials[END_REF] Matthieu Saubanère, 2,3* Marie-Liesse Doublet, [START_REF] Assat | Fundamental understanding and practical challenges of anionic redox activity in Li-ion batteries[END_REF][START_REF] Seo | The structural and chemical origin of the oxygen redox activity in layered and cation-disordered Li-excess cathode materials[END_REF] and Jean-Marie Tarascon 1,3 The pristine material synthesized in P2, undergoes phase transition to O2 by a gliding of every other layer which preserves the covalent structure of the MnO 2 layers and induces a low activation barrier. The accumulation of stacking faults can be approximated by a regular hybrid stacking such as OP4. A transition from O2 to O3 requires a rotation of the O lattice which breaks the covalent Mn-O bonds, thus requiring a high activation energy. Energies of Na 2/3 Mg 1/3 Mn 2/3 O 2 considering various magnetic orders as a function of the spin order parameter. The difference between antiferromagnetic and ferromagnetic order is around 10meV.

ANIONIC REDOX IN MODEL COMPOUND

The spin order parameter is taken as the difference between the number of parallel and anti-parallel interaction between next neighbor Mn4+. Ferromagnetic order only has parallel interaction, so it spin order is the maximum (24). Anti-ferromagnetic orders have variable number of parallel and anti parallel. The linear dependence in the order parameter indicates that the spin interaction in this compound can be fitted within a 2D next neighbor Ising model.

As a comparison, the same structure after a Non-magnetic relaxation has an energy of -20.71 eV/F.U. which is 2eV per formula unit above the spin polarized structure, disregarding their spin order.