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ABSTRACT:

The multi-disciplinary project SIMBA (acronym for Ballistic Missile Signature in French) was conducted by ONERA from 2014 to 2018 to study and develop an infrared signature (IRS) model. A detailed experimental study was performed at the exhaust of the MASCOTTE test facility to validate our simulation tools, which include LES (Large Eddy Simulation) and RANS (Reynolds-Averaged Navier-Stokes) fluid dynamic solvers, and a radiative transfer code. Then a Proper Orthogonal Decomposition (POD) model was derived from the LES results: the objective was to develop a preliminary Reduced Order Model (ROM). Finally, a sensitivity study on the in-flight test-case of the sounding rocket Black Brant was performed, as a first step towards a simplified multifidelity infrared signature metamodel.

INTRODUCTION

The infrared signature (IRS) modelling of rocket plumes is a challenging problem involving rocket geometry, propellant composition, combustion modelling, trajectory calculations, fluid mechanics, atmosphere modelling, gas and particles radiative properties, and radiative transfer through the atmosphere. ONERA decided to tackle this complex problem through a common project involving several research teams: SIMBA (French acronym for Ballistic Missile Signature). We developed a chain of simulation tools in order to achieve the infrared signature prediction of rocket plumes. This chain, named PRECISE (Plateforme de Recherche pour l'Evaluation de la CInématique et des Signatures d'Engins), encompasses several in-house codes: first, COPPELIA is a thermodynamic equilibrium code that computes the motor specific impulse, the temperature and the gaseous species composition in the combustion chamber as a function of the propellant composition and the nozzle expansion ratio. The chamber temperature, pressure and gaseous composition, the rocket speed, altitude and geometry are used to initialize ONERA Computational Fluid Dynamics (CFD) code CEDRE for the plume flow field computation. CEDRE [START_REF] Chevalier | CEDRE:development and validation of a multiphysic computational software[END_REF] is a multiphysics computational tool for numerical simulation in the field of energetics, with particular emphasis on propulsion applications. The aerothermochemical cartography of the plume computed by CEDRE is transposed on a structured mesh for the last step of the modelling chain: the radiative transfer computation. Our infrared signature computation tool, named SIR, takes as input the pressure, temperature, mass fraction of H 2 O, CO 2 , CO, HCl, alumina particle density and temperature. It can perform radiative transfer computation in a hot non-scattering medium with either a line-by-line model or a statistical narrow band model called RGM3000 [START_REF] Rialland | Infrared signature modelling of a rocket jet plumecomparison with flight measurements[END_REF]. The scattering media are dealt with using the SHDOM solver [START_REF] Evans | The Spherical Harmonics Discrete Ordinate Method for Three-Dimensional Atmospheric Radiative Transfer[END_REF]. The PRECISE chain was used to predict the infrared signature of a solid rocket motor with aluminized propellant, the Black Brant sounding rocket (maximum thrust 77 kN). The calculation case reproduces the conditions of an experimental rocket launch, performed at White Sands in 1997, during which DRDC Valcartier recorded high quality infrared spectral imagery data [START_REF] Moyers R L | Ground-Based Signature Measurements of a Black Brant Sounding Rocket[END_REF] [START_REF] Schwartz | The SERTS-97 Rocket Experiment to Study Activity on the Sun : Flight 36.167-GS on[END_REF]. The simulated results were compared to the measured signatures of an in-flight rocket plume and achieved quite a good agreement [START_REF] Rialland | Infrared signature modelling of a rocket jet plumecomparison with flight measurements[END_REF]. However, other plume IRS predictions evidenced some discrepancies with measurements, especially for front views, where the plume is partially obscured by the missile body. Detailed analyses pointed out that the estimated plume aperture was not large enough. That is the reason why we decided to put some emphasis on the modelling of the mixing between exhaust gases and the outer atmospheric flow field, which is driven by turbulence. In order to improve the knowledge of the reactive flow field which expands into the air environment downstream of the nozzle exit, a detailed experimental and numerical study was performed at the exhaust of the MASCOTTE test facility developed by ONERA [START_REF] Vingert | MASCOTTE, a test facility for cryogenic combustion research at high pressure[END_REF]. The results of this experiment and the corresponding LES simulation will be presented in section 2. The CFD simulations require computer-intensive calculations in order to model the complex physical phenomena involved in the rocket plume infrared signature. This is why we decided to apply a Proper Ortogonal Decomposition (POD) on the LES simulation results in order to develop a Reduced Order Model (ROM), detailed in section 3. We also performed a sensitivity analysis presented in section 4 on several key input parameters in order to identify the most influent variables. Then a simplified model will be derived which describes the infrared signature evolution along the missile trajectory in propulsion phase.

MASCOTTE EXPERIMENTATION AND SIMULATIONS

Experimentation

A detailed experimental study was performed at the exhaust of the MASCOTTE test facility developed by ONERA. Several time-resolved in situ optical diagnostics obtained at high repetition rates were used to characterize the afterburning plume zone: stereoscopic particle image velocimetry (2D-3C PIV), laser induced fluorescence images of OH radical (OH-PLIF) and spontaneous emission images of excited OH*. The aerodynamics of the supersonic plume is visualized using the PIV measurements, and the afterburning zone is characterized through the OH-PLIF technique as well as the excited OH* emission measurements. A prototype fast Fouriertransform spectroradiometer was used for recording infrared emission spectra at several locations in the plume. A medium-wave (3-5 µm) infrared camera and a short-wave (0.7-1.6 µm) infrared camera were set to get full images of the plume. More details about the experimental setup can be found in [START_REF] Ristori | Caractérisation expérimentale de la couche de mélange dans un jet de post-combustion et comparaison aux simulations LES[END_REF][8] [START_REF] Rialland | Ballistic Missile Infrared Signature: Numerical and Experimental Study[END_REF]. 

Computer Fluid Dynamic Simulations

All the measurements were used to assess the numerical models of our code CEDRE [START_REF] Chevalier | CEDRE:development and validation of a multiphysic computational software[END_REF], and our radiative transfer code (called SIR). In order to investigate the reactive plume structure and dynamics, a reactive Large Eddy Simulation (LES) was performed. Indeed, this simulation approach enables the description of the turbulent structures and their development in the exhaust plume. The final LES mesh contains 34 million of tetrahedral elements, and is only 1 m long and 0.1 m wide. The nozzle exit and the mixing layer are carefully meshed: the mesh size at the nozzle lip is 0.01D, corresponding to 630 cells in the azimuthal direction. The large eddy simulation was performed over 7 ms, which corresponds to around 1000 D⁄U where U is the velocity at the nozzle exit (U=2700 m/s). The simulation was performed thanks to a GENCI (Grand Équipement National de Calcul Intensif www.genci.fr) allocation of 1 million CPU hours, on CEA's Curie supercomputer. For more details about the MASCOTTE LES computation, please refer to [START_REF] Rialland | Experimental and numerical study of a supersonic plumes with afterburning for plume infrared signature prediction[END_REF][9] [START_REF] Nicole | Experimental and numerical investigation of a reactive plume for a rocket-engine exhaust[END_REF].

Figure 2: OH mass fraction LES snapshot

A RANS (Reynolds-Averaged Navier-Stokes) simulation was also performed with CEDRE and compared to the LES calculations in order to quantify the error induced by the average turbulence model. The same chemical kinetic scheme was used for both LES and RANS computations. The RANS turbulence model used was k-epsilon modified for axisymmetry.

Infrared measurements and simulations

Infrared instruments include one infrared camera (MWIR 3-5 µm) with a 60-cm diameter field of view, and a high frequency spectrometer developed by ONERA Microspoc (2.5-5.2 µm) with a 2-cm diameter field of view. The MWIR camera was operated at 100Hz with an integration time of 200µs. Microspoc was operated at 245 Hz for 8 s with an integration time between 0.75 and 3 ms according to the firing conditions, and it aimed at two different locations during the trials: 23cm and 75cm from the nozzle exit plane. All three instruments were looking at the plume with an aspect angle of 90°. A subset of 32 snapshots was extracted from the LES simulation. These snapshots, sampled with a time interval of 6.5 µs, cover a duration of 208µs, which corresponds to the MWIR camera integration time. The IR radiance cartography and the spectral intensity were computed for each snapshot and for the time-averaged flowfield, over the spectral band 2000-4000 cm-1 (2.5 -5 µm). The radiative species considered are H2O, CO2 and CO. The radiative transfer code used is a Narrow Band Statistical Model based on Curtis-Godson approximation [START_REF] Godson | The evaluation of infrared radiative fluxes due to atmospheric water vapour[END_REF], which takes into account the spectral correlations in case of multiple layers of gas with different physical conditions. Figure 3 shows the spectrally-integrated radiance cartography for one snapshot (left), for the average of the 32 flow fields (centre) and for the RANS simulation (right). Because of the structure movements, the average cartography presents lower radiance maxima than the snapshot cartographies. Figure 4 presents the comparison between the apparent spectral intensity measured by Microspoc spectrometer, aiming at a point on the plume axis located at 23 cm from the nozzle exit plane, with a 2-cm diameter field of view and with a targetsensor distance of 2m (purple line) and the predictions in the same geometrical configuration: averaged apparent spectral intensities over the 32 snapshots (blue line), apparent spectral intensities computed over the averaged flow field (red line) and the RANS simulation (green line). On this reduced field of view, the intensity computed on the averaged flow field is higher than the averaged intensities. Predictions seem to underestimate the measured radiation: a possible explanation is that the predicted temperature field is also underestimated. Please refer to [START_REF] Rialland | Experimental and numerical study of a supersonic plumes with afterburning for plume infrared signature prediction[END_REF][9] for more detailed results. 

PROPER ORTHOGONAL DECOMPOSITION APPLIED TO MASCOTTE LES SIMULATION

Introduction

Reduced order models (ROMs) are models that mimic the behaviour of the original flow field, but using less information. The two general defining properties of a ROM are 1) that it reduces the size (in terms of amount of information), and 2) that it provides accurate approximations of the original system. A spatio-temporal ROM has been tested upon the MASCOTTE LES simulation. The spatial reduction side of the ROM has been achieved by proper orthogonal decomposition (POD). POD is a statistical tool based on an eigenvalue decomposition of the flow field autocorrelation function. A fundamental property of POD is that, when the POD modes are ordered in terms of decreasing energy, the n th rank reconstruction is the best linear approximation of rank n of the original flow field. This makes POD an efficient tool to develop ROMs, by simply taking a reduced number of the leading POD modes. The frequencydomain version of POD, usually called spectral POD, is especially useful when the flow field has temporal and/or spatial symmetries. In such cases, the initial POD can be decoupled into lower dimensional POD problems through a Fouriertransform along the symmetric directions [START_REF] Nobach | Handbook of experimental fluid mechanics. Chapter 22: Review of Some Fundamentals of Data Processing[END_REF] and leads to an even more efficient reduction [START_REF] Gudmundsson | Instability wave models for the near-field fluctuations of turbulent jets[END_REF][14].

Methodology

In the present test case, where the goal is to compute the infrared radiation emitted by the jet, it is necessary to capture the high temperature and mass fraction fields of the chemical species, which extend well downstream of the potential core. The domain considered is located between 4D and 30D along the jet axis and up to 6D in radius. It covers 234000 cells and 2078 snapshots. In order to focus into the frequency range of interest for the ROM, a low-pass frequency filter has been applied prior to performing the spatial and temporal reductions. A cut-off frequency St filt = 0.4St Nyq = 0.2 St samp has been used. This frequency is too low to resolve a significant portion of the energy spectrum in the potential core region, but it is high enough to resolve the entire spectrum downstream of the potential core. Prior to performing POD, the temporal means of each individual row are subtracted from the data matrix, leaving a purely stationary flow field. In order to include variables in the POD analysis with different physical units, each In this spectral POD, the Fourier transform along the azimuthal symmetric direction is taken prior to applying the POD algorithm:

𝑓 𝑖𝑚 (𝑥, 𝑟, 𝑡) = ∑ 𝑓 𝑖 (𝑥, 𝑟, 𝜃 𝑘 , 𝑡)𝑒 𝑗𝑚𝜃 𝑘 𝑁𝜃 𝑘=1 , 𝑚 = - 𝑁 𝜃 2 , ⋯ , 𝑁 𝜃 2 ,
The transformed flow field can be encapsulated in the following data matrices, for every azimuthal mode m: . The Fourier transform can also be applied to the time variable, assuming a homogeneous time behavior of the plume during the 2078 snapshots. Then a temporal reduction can be achieved.

𝑋 𝑚 = ( 𝑓 1𝑚 (𝑥 1 , 𝑟 1 , 𝑡 1 ) ⋮ 𝑓 1𝑚 (𝑥 𝑁𝑥 , 𝑟 𝑁𝑟 , 𝑡 1 ) ⋯ ⋯ ⋯ 𝑓 1𝑚 (𝑥 1 , 𝑟 1 , 𝑡 𝑆 ) ⋮ 𝑓 1𝑚 (𝑥 𝑁𝑥 , 𝑟 𝑁𝑟 , 𝑡 𝑆 ) ⋮ ⋮ ⋯ ⋯ ⋮ ⋮ 𝑓 𝑅𝑚 (𝑥 1 ,

Results

The POD was applied to the variables required for infrared signature computation: the static pressure and temperature, and the mass fraction of CO 2 , H 2 O and CO. For completeness, the three components of the velocity (u, v, w) and the mass fraction of OH have also been included. Examples of a reconstructed temperature snapshot from the complete spatio-temporal ROM using 80 POD modes are shown in Figure 7. More details about this work can be found in [START_REF] Alomar | Reduced order model of a reacting, turbulent supersonic jet based on proper orthogonal decomposition[END_REF]. The next step consists in calculating the infrared signature (IRS) on reconstructed snapshots and comparing it to the IRS of the LES snapshots.

BLACK BRANT SIMULATIONS: ALTITUDE AND SPEED SENSITIVITY STUDY

The final goal of our study is to produce realistic infrared signatures of ballistic missiles in order to design surveillance sensors. Therefore we need to estimate not only a realistic value at a given altitude and speed, but also evaluate the evolution of the signature along the missile trajectory.

Because LES or even RANS simulations cannot be run at every kilometer, we need to develop a simplified model that characterizes the major trends in the signature evolution. This model must rely upon high fidelity calculations, performed with RANS simulations. We decided to take as a reference the Black Brant test case mentioned in the introduction and described in [START_REF] Rialland | Infrared signature modelling of a rocket jet plumecomparison with flight measurements[END_REF], which was validated against DRDC in-flight measurements at 7.9km altitude. Then we modified the altitude and speed according to the cases detailed in table Figure 8 displays the temperature cartography for the three speed values: we note that the plume seems to be shorter and wider for the slowest case. On the contrary, the plume appears longer and narrower for the fastest case. The evolutions look monotonous around the reference case. The rocket speed plays an important role in the mixing of the exhaust gases with the external flow field. Figure 9 displays the temperature cartography for the three altitude values. The variation with altitude is less dramatic than with speed, however we notice that the higher the plume the colder. Also, the plume tends to be a little longer and wider with altitude: the lower pressure of high altitude enables a better expansion of the exhaust gases.

The infrared signature was calculated with our code SIR for every sensitivity case. Since the Black Brant used an aluminized propergol, the plume simulation comprises alumina particles. Therefore, we used the SHDOM solver [START_REF] Evans | The Spherical Harmonics Discrete Ordinate Method for Three-Dimensional Atmospheric Radiative Transfer[END_REF] to take into account the scattering on alumina particles. The spectral intensity was computed in the same geometrical configuration and on the same spectral band as in the reference test case [START_REF] Rialland | Infrared signature modelling of a rocket jet plumecomparison with flight measurements[END_REF], but without atmospheric attenuation (because no comparison is done to the measurements). Figure 10 displays the spectral intensity over the whole spectral band [1900-5000 cm-1] for every case. We focused our analysis on three spectral bands: 2000-2500 cm-1: spectral band with the peak emission of CO 2 and H 2 O at 4.3 µm 3100-3800 cm-1: spectral band with the emission of H 2 O at 2.7 µm 4400-4600 cm-1: spectral band with no gas emission, where only the "grey body" particle continuum can be observed. The analysis of the spectra shows that the order of the calculations in magnitude is different in each spectral band. To better quantify the evolution, Figure 11 represents the intensity integrated in each spectral band. ) with no atmospheric propagation for every sensitivity case. The analysis of Figure 11 shows that intensity increases with altitude for gas emission spectral bands. This can be explained by the longer and wider plume due to the lower pressure of high altitude: the growth of the emitting surface contributes to the rise of intensity. Conversely, intensity decreases with altitude for the particle spectral band. This may be explained by the decrease of the atmospheric temperature, which cools the particles faster. Intensity increases with speed for gas emission bands: this may come from the longer afterburning zone that can be observed on Figure 8. It is more difficult to conclude for the particle spectral band, because both the faster and slower cases produce a higher intensity than the reference case. At lower speed, the particle temperature and axial velocity remains close to the gas, whereas thermal and mechanical disequilibrium is observed at higher temperature. This effect may be the cause for this non monotonous behavior.

CONCLUSION

ONERA developed a chain of simulation tools in order to achieve the infrared signature prediction of rocket plumes. The CFD code CEDRE can perform RANS or LES simulations. Both models are computer-intensive, especially LES, which is the reason why we studied several reduced models in order to define a simplified plume IRS model along the missile trajectory. Our approach consisted in 1) validating our accurate models on in-flight (Black Brant) or test bench (MASCOTTE) measurements, in order to ensure the realism of our simulations, 2) developing a reduced order model so as to identify correlations between infrared signature input variables, and 3) building a simplified model of the plume infrared signature evolution, starting with an altitude and speed sensitivity study. For the first time at ONERA, a LES simulation of a supersonic reactive plume was computed on a mesh, rather large in view of the number of transported species. This computation comprises several challenges because it should describe correctly the dynamics of a supersonic jet but also the afterburning of a specific flame. The computation was performed on a tetrahedral mesh with 34 million elements thanks to an allocation of CPU time by GENCI. The experimental campaign on the MASCOTTE test bench was performed successfully during the summer of 2015, and resulted in a large experimental database for the validation of numerical simulations, for the aerodynamics but also the combustion. A spatio-temporal Reduced Order Model of a turbulent, reacting, over-expanded supersonic jet obtained from LES simulation based on POD (spatial reduction) and Fourier (temporal reduction) has been presented and assessed. The two fundamental properties of POD have been used: the optimal low-rank reconstruction, which leads to efficient spatial reductions, and the interpretation of the leading POD modes as the energetically dominant coherent structures. The next step consists in calculating the infrared signature (IRS) on reconstructed snapshots and comparing it to the IRS of the LES snapshots.

The altitude and speed sensitivity study is just the beginning of the simplified model for the plume IRS evolution. A multifidelity metamodel will be developed based on high fidelity points (such as the sensitivity study simulations) and low fidelity points. The low fidelity points may be nonconverged or less refined mesh for CEDRE computations, or a more simple CFD code adapted to jet plume such as REP [START_REF] Cousins | Calculation of conditions in an axisymmetric rocket exhaust plume: the REP3 computer program[END_REF].

Figure 1 :

 1 Figure 1: Experimental setup for PIV

Figure 3 :

 3 Figure 3: Infrared radiance cartography for snapshot 1 (left)), radiance cartography for the time-average of all 32 flow fields (centre), and for the RANS simulation (right). Same colour scale and field of view for all graphs.

Figure 4 :

 4 Figure 4: Averaged apparent spectral intensity for every snapshot (blue), for the averaged flow field (red) and for RANS simulation (green) calculated on the spectrometer field of view, Microspoc measured apparent spectral intensity (purple)
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 21 𝑟 1 , 𝑡 1 ) ⋮ 𝑓 𝑅𝑚 (𝑥 𝑁𝑥 , 𝑟 𝑁𝑟 , 𝑡 1 ) ⋯ ⋯ ⋯ 𝑓 𝑅𝑚 (𝑥 1 , 𝑟 1 , 𝑡 𝑆 ) ⋮ 𝑓 𝑅𝑚 (𝑥 𝑁𝑥 , 𝑟 𝑁𝑟 , 𝑡 𝑆 )) The size of this matrix is N x x N r x S. The eigenvalue decomposition of the auto-correlation matrix 𝑋 𝑚 * 𝑋 𝑚 is equivalent to a singular value decomposition of X m : 𝑋 𝑚 = 𝑈 𝑚 Σ 𝑚 𝑉 𝑚 * . The left singular vectors forming U m are the spatial modes (topos), while the right singular vectors forming V m are the temporal modes (chronos). The diagonal matrix  m is equal to the square root of the matrix  m ( mi = ² mi , for i = 1,…, S), where  mi corresponds to the energy of each mode (intensity of the mode fluctuations). The eigenvalues and corresponding POD modes are usually ordered in decreasing order  m1 >  m2 > … >  mS > 0, which is equivalent to ordering the POD modes by their intensity of fluctuations. An optimum approximation of the data matrix X m is directly obtained using n POD modes: 𝑋 𝑚 ≈ 𝑋 𝑚𝑛 = 𝑈 𝑚𝑛 Σ 𝑚𝑛 𝑉 𝑚𝑛 *where U mn , V mn and  mn are obtained by retaining only the n leading columns. Then an optimum approximation of the data matrix X can be obtained with a reduced number of azimuthal modes: 𝑓 𝑖 (𝑥, 𝑟, 𝜃, 𝑡) ≈ 𝑓 𝑖𝑚 (𝑥, 𝑟, 𝑡)𝑒 -𝑗𝑚𝜃 𝑀 𝑚

Figure 5 (

 5 left) displays the energy fraction of the POD and azimuthal modes. Due to the large set of variables included in the decomposition and the large region considered, containing both the potential core and the downstream self-similar region, the total fluctuating energy of the jet is largely distributed among the POD modes. This leads to a relatively large POD basis required for an accurate reconstruction. The analysis of the frequency spectra of the leading chronos corresponding to the three most energetic azimuthal modes evidenced dominant frequencies of 70 Hz for m=0, 690 Hz for m=1 and 410 Hz for m=2.

Figure 5 :

 5 Figure 5: (Left) Energy fractions of the POD modes for a given azimuthal mode (Right) Global cross-products of all variable pairs (red = strongly correlated, green= partially correlated).

Figure 6 :

 6 Figure 6: Color maps of the real part of the 3 leading topos corresponding to the m = 0 (up) and m=1 (down) components of the axial velocity, temperature, Y OH , Y CO2 and Y H2O . The topos for m=0 and m=1 are represented on Figure 6. One can notice that the turbulent structures look very similar for temperature, Y OH , Y CO2 and Y H2O . The global cross-products between all variable pairs (Figure 5 right) show that 1) T is strongly correlated to Y OH , Y H2O , Y CO , Y CO2 , v and quite correlated with u, 2) u and v are correlated with every variable except P and w, 3) w is not correlated with any variable. Since strongly correlated variables have similar POD decompositions, this reduces even more the amount of needed information for the ROM.

Figure 7 :

 7 Figure 7: Unsteady temperature snapshot (a), sample after the low-pass filter (b), reconstruction with 80 POD modes (c), and reconstruction using

Figure 8 :

 8 Figure 8: Temperature for case v/2 (left), reference (center), 2v (right). Nozzle is at the top of the graph.

Figure 9 :

 9 Figure 9: Temperature for case 5 km (left), reference (center), 10km (right). Nozzle is at the top of the graph.

Figure 10 :

 10 Figure 10: Spectral intensity (W/sr/cm -1

Figure 11 :

 11 Figure 11: Integrated intensity (W/sr) with no atmospheric propagation for every sensitivity case.

  variable is normalized by the square root of the average global energy of the variable. The resulting value of the flow variable i at the spatial location (x, r, ) and time instant t is f i (x, r, , t). The flow field includes R variables, the cylindrical grid is formed of N x x N r x N  cells and the flow field is sampled at S time instants. The flow field can be encapsulated in the data matrix:

		𝑓 1 (𝑥 1 , 𝑟 1 , 𝜃 1 , 𝑡 1 ) ⋮	⋯ ⋯	𝑓 1 (𝑥 1 , 𝑟 1 , 𝜃 1 , 𝑡 𝑆 ) ⋮
	𝑋 =	𝑓 1 (𝑥 𝑁𝑥 , 𝑟 𝑁𝑟 , 𝜃 𝑁𝜃 , 𝑡 1 ) ⋮ ⋮ 𝑓 𝑅 (𝑥 1 , 𝑟 1 , 𝜃 1 , 𝑡 1 ) ⋮	⋯ ⋯ ⋯ ⋯ ⋯	𝑓 1 (𝑥 𝑁𝑥 , 𝑟 𝑁𝑟 , 𝜃 𝑁𝜃 , 𝑡 𝑆 ) ⋮ ⋮ 𝑓 𝑅 (𝑥 1 , 𝑟 1 , 𝜃 1 , 𝑡 𝑆 ) ⋮
	(	𝑓 𝑅 (𝑥 𝑁𝑥 , 𝑟 𝑁𝑟 , 𝜃 𝑁𝜃 , 𝑡 1 )	⋯	𝑓 𝑅 (𝑥 𝑁𝑥 , 𝑟 𝑁𝑟 , 𝜃 𝑁𝜃 , 𝑡 𝑆 ))

Table 1 :

 1 1. Simulated conditions for Black Brant sensitivity study.

		Reference	V/2	2V	5 km	10 km
	Speed	646.79 m/s	323.39 m/s	1293.58 m/s	646.79 m/s	646.79 m/s
	Altitude	7.9 km	7.9 km	7.9 km	5 km	10 km
	Atmospheric	36117 Pa	36117 Pa	36117 Pa	54019 Pa	26436 Pa
	pressure					
	Atmospheric	237 K	237 K	237 K	256 K	223 K
	temperature					
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