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Abstract

The reliability of mathematical models for heat and mass transfer in building porous material is of
capital importance. A reliable model permits to carry predictions of the physical phenomenon with
sufficient confidence in the results. Among the physical phenomena, the hysteresis effects on moisture
sorption and moisture capacity need to be integrated in the mathematical model of transfer. This article
proposes to explore the use of an smooth Bang–Bang model to simulate the hysteresis effects coupled with
heat and mass transfer in porous material. This model adds two supplementary differential equations
to the two classical ones for heat and mass transfer. The solution of these equations ensures smooth
transitions between the main sorption and desorption curves. Two parameters are required to control the
speed of transition through the intermediary curves. After the mathematical description of the model,
an efficient numerical model is proposed to compute the fields with accuracy and reduced computational
efforts. It is based on the Du Fort–Frankel scheme for the heat and mass balance equations. For the
hysteresis numerical model, an innovative implicit–explicit approach is proposed. Then, the predictions
of the numerical model are compared with experimental observations from literature for two case studies.
The first one corresponds to a slow cycle of adsorption and desorption while the second is based on a
fast cycling case with alternative increase and decrease of moisture content. The comparisons highlight a
very satisfactory agreement between the numerical predictions and the observations. In the last Section,
the reliability and efficiency of the proposed model is investigated for long term simulation cases. The
importance of considering hysteresis effects in the reliability of the predictions are enhanced by comparison
with classical approaches from literature.

Key words: hysteresis; moisture sorption; porous material; heat and mass transfer; Bang–Bang model;
Du Fort–Frankel scheme

1 Introduction
Within the environmental context, requirements on building energy efficiency become more and more

important. Since the latent heat transfer impact strongly the heat losses, several numerical models have
been proposed in the literature to predict the physical phenomena occurring through the porous walls. A
first overview of these models may be consulted in [1].

It is crucial to have reliable models to predict the physical phenomena with fidelity. Among all the
physical phenomena involved in the heat and mass transfer processes through building porous material, the
mathematical model to describe the amount of moisture stored in the material is a capital issue. Generally,
the moisture content in the material is related to another potential such as relative humidity of capillary
pressure. This model is the so-called sorption curve or water retention curve, considered as a material
property. Some hysteresis effects occurs on the moisture content in the material and commented in early
works of Richards [2, Section Relation between Capillary Potential and Moisture Content]. In other
words, the latter strongly depends on the evolution history of the material. The hysteresis processes have
significant influence on the precision of the numerical predictions. Coarse modeling of the moisture content
in the material lead to inaccurate predictions of heat and mass transfer and their associated consequences.

Various works in the literature highlight these results. In [3–5], it was demonstrated that the simulation of
material moisture buffering capacity is inaccurate without hysteresis effects. In [6], the absence of hysteresis
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in the model yield in the prediction of erroneous indoor air comfort. In [7], the prediction of the durability
risks of material are more accurate with hysteresis effects. In [8, 9], the importance of hysteresis effects on
mold growth on wood material is enhanced. Thus, the issue stems from including the hysteresis effects in
the mathematical model describing the moisture content in the material.

Several models for hysteresis effects on moisture content have been proposed in the literature. An
extended literature review may be consulted in [10]. Among them, one can mention Mualem’s model
which is widely used in building physics in [11–13]. The model developed by Pedersen [14, 15] is empirical
and also widely used thanks to its simplicity. Recently, the so-called gripped box model has been proposed
in [16] to improve the accuracy of the predictions of the hysteresis effects and to avoid the so-called pumping
numerical errors observed in several models from the literature. If several models have been explored in the
literature, it is still an open challenge to propose truly efficient numerical models for hysteresis that can
be coupled with simultaneous heat and moisture transfer. The main issue is to reduce the computational
efforts without loosing substantially the accuracy while predicting the physical phenomena.

Recently, the so-called Bang–Bang model, inspired by the control literature [17–19], has been introduced
to take into account the hysteresis effects on moisture sorption capacity in a model of heat and mass transfer
[5]. In [20], the model is coupled with a moisture transport equation to determine the optimal experiment
design to estimate the coefficients of the moisture sorption curves. This hysteresis model is based on an
additional differential equation enabling smooth transitions between the main adsorption and desorption
curves. Results from these works highlight successful use of the Bang–Bang model to take into account
the hysteresis effects. To go further, this article intends to explore deeper the fidelity of this approach
to represent the hysteresis effects on both moisture content and moisture sorption capacity. It is coupled
with a model of heat and mass transfer in porous material. The reliability of the model is investigated
by comparing the numerical predictions against experimental observations from the literature. Finally, the
efficiency of the numerical model enables to perform simulations over one physical year to investigate the
long–term importance of including hysteresis effects to evaluate the thermal loads of a hemp concrete wall
submitted to real climate data conditions.

The article is organized as follows. Section 2 presents the mathematical model to represent the physical
phenomena of heat and moisture transfer in porous media with hysteresis effects. Then, in Section 3, an
efficient numerical model is proposed to save computational efforts without reducing the accuracy of the
solutions. The one-dimensional heat and mass balance equation are solved using the Du Fort–Frankel ap-
proach while the Bang–Bang model uses an implicit-explicit numerical schemes. The reliability of the model
is evaluated in Section 4. Finally, the influence of hysteresis on the prediction of the thermal loads is
investigated in Section 5.

2 Formulation of the mathematical model

2.1 Porous material

The physical phenomena of transfer occurs through the material considered as a porous media [21, 22].
A schematic illustration is given in Figure 1. The media is composed of a solid matrix. The term moisture
designates the water vapor and liquid water, both present in the porous. Since the transfer are assumed as
one-dimensional, the spatial domain is defined as x ∈

[
0 , L

]
, L

[
m
]
being the thickness of the material.

The physical phenomena are observed for the time interval t ∈
[

0 , τ
]
, where τ is the final time also called

horizon of the simulation. The temperature T
[
K
]
and relative humidity φ

[
ø
]
in the material are defined

as follows:

T :
[

0 , L
]
×
[

0 , τ
]
−→

[
273.15 , 313.15

]
,(

x , t
)
7−→ T

(
x , t

)
,

φ :
[

0 , L
]
×
[

0 , τ
]
−→

[
0 , 1

]
,(

x , t
)
7−→ φ

(
x , t

)
.
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Figure 1. Illustration of a porous material.

The moisture content ω
[
ø
]
corresponds to the amount of water vapor and liquid water in the material. It

is defined as:

ω :
[

0 , L
]
×
[

0 , τ
]
−→

[
0 , ω s

]
,(

x , t
)
7−→ ω

(
x , t

)
,

where ω s is the maximal moisture content achievable in the material. It is reached at saturated stated, i.e.
when the porous of the material are full of water. The constitutive relation between φ and ω is provided by
the so-called sorption curve which is illustrated in Figure 2. The total moisture in a material is determined
by the integral:

ω tot :
[

0 , τ
]
−→ R> 0 ,

t 7−→
∫ L

0
ω (x , t ) dx .

Last, the sorption capacity ξ
[
ø
]
is characterized by the derivative of the moisture content to the relative

humidity:

ξ :
[

0 , L
]
×
[

0 , τ
]
−→ R> 0 .

(
x , t

)
7−→ ∂ω

∂φ
.

The moisture content ω and the sorption capacity ξ are both subjected to hysteresis effects and will be
further described in the following Section 2.3.

2.2 Heat and moisture balance

The physical phenomena involve one-dimensional heat and moisture transfer through a porous material.
The heat transfer is based on the balance energy and occurs by diffusion and latent mechanisms. The
moisture transfer is driven by vapor and liquid diffusions. According to [12, 23], the mathematical model to
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represent the energy and mass conservation in a building porous material can be formulated as follows:

cM ·
∂φ

∂t
= ∂

∂x

(
kM ·

∂φ

∂x
+ kVT ·

∂T

∂x

)
, (1a)

cQ ·
∂T

∂t
= ∂

∂x

(
kQ ·

∂T

∂x

)
+ L v ·

∂

∂x

(
kV ·

∂φ

∂x
+ kVT ·

∂T

∂x

)
, (1b)

The storage coefficients cM
[
kg/m 3 ] and cQ

[
J/(m 3 · K)

]
are given by:

cM : ξ 7−→ ρ 0 · ξ , cQ : ω 7−→ ρ 0 ·
(
c 0 + ω · c `

)
,

where ρ 0
[
kg/m 3 ] is the dry specific mass of the material and c 0

[
J/(kg · K)

]
is the dry specific heat.

The moisture transport is driven by vapor and liquid transfer under relative humidity gradient. The total
moisture diffusion coefficient kM

[
kg/(m · s)

]
incorporates liquid kL and vapor kV ones:

kM :
(
T , ω , ξ

)
7−→ kL

(
ω , ξ

)
+ kV

(
T
)
, (2a)

kL :
(
ω , ξ

)
7−→ ξ · exp

(
p 1 + ω 2

ω

)
, (2b)

kV : T 7−→ κ a
µ
· P sat

(
T
)
, (2c)

where κ a and µ are the air and material vapor permeabilities, respectively. Constants p 1 and ω 2 are empirical
parameters depending on the material. The saturation pressure P sat

[
Pa
]
depends on the temperature

according to:

P sat : T 7−→ P ◦sat ·
(
T − TA
TB

)α

, T > TA ,

with P ◦sat = 997.3 Pa , TA = 159.5 K , TB = 120.6 K and α = 8.275 . The diffusion coefficient
kVT

[
kg/(m · s · K)

]
corresponds to the vapor transport under temperature gradient. It is defined by:

kVT :
(
φ , T

)
7−→ κ a

µ
· φ · dP sat

dT .

The heat transfer coefficient kQ
[
W/(m · K)

]
under temperature gradient varies with temperature T and

moisture content ω according to:

kQ :
(
T , ω

)
7−→ kQ 0 + a 1 · T + b 1 · ω . (3)

The latent heat of vaporization L v
[
J/kg

]
depends on temperature according to:

L v : T 7−→ L ◦v +
(
c v − c `

)
·
(
T − T ref

)
,

where c v
[
J/(kg · K)

]
and c `

[
J/(kg · K)

]
are the specific heat of vapor and liquid water, respectively.

The numerical values for the physical constants are L ◦v = 2.5 · 10 6 J/kg , c v = 1870 J/(kg · K) and
c ` = 4180 J/(kg · K) . The total heat and moisture fluxes are computed using the following definition:

j q :
(
φ , T , ω

)
7−→ kQ

(
T , ω

)
· ∂T
∂x

+ L v
(
T
)
·
(
kV

(
T
)
· ∂φ
∂x

+ kVT
(
φ , T

)
· ∂T
∂x

)
,

jm :
(
φ , T , ω , ξ

)
7−→ kM

(
T , ω , ξ

)
· ∂φ
∂x

+ kVT
(
φ , T

)
· ∂T
∂x

.

They both depend on the space and time coordinates.
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A

B
C

Figure 2. Material moisture content as a function of the relative humidity. The main adsorption ω a and
desorption ωd curves are represented in red (dashed) and blue (dot–dashed) lines, respectively. The black
curves illustrate the so-called scanning hysteresis curves in the configuration space

(
ω , φ

)
.

2.3 Hysteresis effects on water content and sorption capacity: the Bang–Bang Model

Hysteresis effects are routinely observed on the material moisture content. One may see Figure 2 for
an illustration of its concept. In other words, the moisture content depends on the time evolution of the
relative humidity. If a completely dry material ω = 0 is submitted to an increase of relative humidity, i.e.
∂φ

∂t
> 0, the evolution of the moisture content will follow the main adsorption function ω a . Reciprocally,

if a saturated material ω = ω s is dried, i.e.
∂φ

∂t
< 0, then the moisture content in the material is given by

the main desorption function ωd , which is different from the main adsorption function. Last, if a material,
at the moisture content ω = ωA , is first wet until a relative humidity φ = φB and then it is dried
until φ = φC < φB , the moisture content evolution will be given by so-called scanning curves between
the main adsorption and desorption limits. Since the moisture capacity is defined as the derivative of the
moisture content with respect to the relative humidity, it is also subject to hysteresis effects.

To build a model for the prediction of hysteresis effects on the moisture content, we define the main
adsorption ω a and desorption ωd functions:

ω a : φ 7−→ ω a (φ ) , ∂φ

∂t
> 0 ,

ωd : φ 7−→ ωd (φ ) , ∂φ

∂t
< 0 .

Both functions ω a and ωd depend on the relative humidity φ variable. The former provides the amount of
water content when the relative humidity is increasing ∂φ

∂t
> 0 and the latter when the relative humidity

is decreasing ∂φ

∂t
< 0. The adsorption Ω a and desorption Ω d curves are defined by:

Ω a =
{
φ ∈

[
0 , 1

] ∣∣∣ (φ , ω a
(
φ
) )}

⊆
[
0 , 1

]
×
[

0 , ω s
]
,

Ω d =
{
φ ∈

[
0 , 1

] ∣∣∣ (φ , ωd
(
φ
) )}

⊆
[
0 , 1

]
×
[

0 , ω s
]
.

The so-called Bang–Bang model originates from control literature theory with an introduction of its
basics concepts in [19, Chapter 11]. The original version of the model enables to switch between two states
and as far as we are concerned between the main adsorption Ω a and desorption Ω d curves. The switch is
discontinuous between the two curves. In other words, with the original model the moisture capacity only
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takes values of the main sorption or desorption curves ω ∈ Ω a ∪ Ω d . This approach is not convenient
to model the hysteresis in porous material since the moisture sorption values may take intermediary values
between the two main sorption Ω a and desorption curves Ω d . Therefore, a smooth version of the Bang–
Bang model is introduced to compute the intermediate scanning curves using the main adsorption ω a and
desorption ωd functions:

∂ω

∂t
= − s · β

(
s
)
·
(
ω − ωd

)
·
(
ω − ω a

)
, (4)

where the function s is defined as:

s : φ 7−→ sign
(
∂φ

∂t

)
,

and the function sign is traditionally given by:

sign
(
x
)

=


1 , x > 0 ,

0 , x = 0 ,

−1 , x < 0 .

The function β
[
s−1 ] is specific to the material and depending on the adsorption and desorption processes:

β :
{
−1 , 0 , 1

}
−→

{
β a , β d

}
,

s 7−→

 β a , s > 0 ,

β d , s < 0 ,

knowing that
{
β a , β d

}
∈ R> 0 .

To explain roughly the philosophy of the model, we assume fixed values of ω a and ωd , such as ω a < ω d .
The initial value of moisture content at t = 0 is denoted by ω 0 . With these assumptions, an analytical
solution of Eq. (4) can be computed:

ω : t 7−→
ω a · exp

((
ωd − ω a

)
· s · β

(
s
)
· t
)
·
(
ω 0 − ωd

)
+ ωd ·

(
ω a − ω 0

)
exp

((
ωd − ω a

)
· s · β

(
s
)
· t
)
·
(
ω 0 − ωd

)
+ ω a − ω 0

and we have the following asymptotic behavior:

lim
t→∞

w( t ) =



ω a , s = 1 , sign
(
∂φ

∂t

)
> 0 ,

ω 0 s = 0 , sign
(
∂φ

∂t

)
= 0 ,

ωd , s = −1 , sign
(
∂φ

∂t

)
< 0 .

Thus, when the relative humidity is increasing or decreasing in the material, the solution of Eq. (4) tends
to the moisture content value from the main adsorption Ω a or desorption Ω d curves, respectively. The
speed of convergence depends on the parameter β . In the limits β → ∞ we recover formally the pure
Bang–Bang model. For finite values of β , the transition is smooth.

To obtain the sorption capacity ξ , Eq. (4) is differentiated with respect to φ to obtain the following
differential equation:

∂ξ

∂t
= − s · β

(
s
)
·
(
ξ − ξd

)
·
(
ω − ω a

)
− s · β

(
s
)
·
(
ω − ωd

)
·
(
ξ − ξ a

)
, (5)
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where ξd
(
−
)
and ξ a

(
−
)
are functions of φ obtained by differentiating the functions ωd and ω a relatively

to φ . To obtain Eq. (5), it can be remarked that:

∂s

∂φ
= ∂

∂φ

(
sign

(
∂φ

∂t

))
= δ

(
∂φ

∂t

)
· ∂
∂φ

(
∂φ

∂t

)
= 0 ,

where δ is the Dirac function, derivative of the function sign . It explains why the right-hand side of Eq. (5)
only has two terms.

2.4 Boundary and initial conditions

At the interface between material and air, the moisture flow depends on the surface and ambient fields:

kM ·
∂φ

∂n
+ kVT ·

∂T

∂n
= hV ·

(
φ∞ · P sat ,∞

T∞
− φ · P sat

T

)
, x ∈

{
0 , L

}
, (6)

where T∞ , φ∞ and P sat ,∞ are the ambient air temperature, relative humidity and saturation pressure,

respectively, hV
[
K · s/m

]
is the surface vapor transfer coefficient. The derivative is defined as ∂y

∂n

def:= ∂y

∂x
·n

with n = ± 1 , depending on the considered boundary. For impermeable boundary condition, the flux is
forced to vanish:

kM ·
∂φ

∂n
+ kVT ·

∂T

∂n
= 0 , x ∈

{
0 , L

}
. (7)

The heat flow also depends on the surface and ambient conditions:

kQ ·
∂T

∂n
+ L v ·

(
kV ·

∂φ

∂n
+ kVT ·

∂T

∂n

)
= (8)

hQ ·
(
T∞ − T

)
+ L v · hV ·

(
φ∞ · P sat ,∞

T∞
− φ · P sat

T

)
, x ∈

{
0 , L

}
,

where hQ
[
W/(m 2 · K)

]
is the surface heat transfer coefficient varying with temperature according to:

hQ = h 0 + 1
2 · ε · σ ·

(
T∞ + T

) 3
,

with ε
[
ø
]
is the emissivity of the material and σ = 5.6 ·10−8 [W/(m 2 · K 4)

]
is the Stefan–Boltzmann

constant. The relation between the surface heat and vapor transfer coefficients is:

hV = ν 0 · h 0 ,

where ν 0 ' 1.66·10−6 is a coefficient related to the ratio between the air thermal diffusivity and conductivity.
If the temperature is prescribed, then a Dirichlet type boundary conditions is written:

T = T∞
(
t
)
, x ∈

{
0 , L

}
. (9)

To obtain a well-posed problem, initial conditions have to be prescribed. At the initial state, the fields
may depend on space:

T = T 0
(
x
)
, φ = φ 0

(
x
)
, ω = ω 0

(
x
)
, ξ = ξ 0

(
x
)
.

with T 0 , φ 0 , ω 0 and ξ 0 given functions of x . To have a well-posed problem, initial and boundary conditions
must be compatible.
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2.5 Dimensionless problem

As discussed and thoroughly motivated in [24–26], it is of capital importance to obtain a dimensionless
problem before elaborating a numerical model. For this, dimensionless fields are defined:

u = φ

φ ◦
, v = T

T ◦
, w = ω

ω ◦
, y = ξ

ξ ◦
,

where the reference parameters, denoted by superscript (−) ◦, are chosen according to the magnitude of
variations of the fields. The space and time variables are also transformed in dimensionless ones:

t ? = t

t ◦
, x ? = x

L
,

with L being the length of the material and t ◦ a reference time chosen in accordance with the time scale of
the physical phenomena. The latent heat of vaporization, diffusion and storage coefficients are also scaled
considering their respective reference values:

c ?M = cM
c ◦M

, c ?Q = cQ
c ◦Q

, k ?M = kM
k ◦M

, k ?Q = kQ
k ◦Q

,

k ?V = kV
k ◦V

, k ?VT = kVT
k ◦VT

, r ? = L v
L ◦v

.

In this way, dimensionless numbers are enhanced enabling to compare the importance of the physical phe-
nomena at the reference state. Two Fourier numbers are defined to describe the importance of the total
heat and moisture transport relative to the diffusion:

Fo M = k ◦M · t ◦

c ◦M · L
, Fo Q =

k ◦Q · t ◦

c ◦Q · L
.

The coefficients β , γ and δ measure the importance of coupling effects between heat and moisture transport
processes:

β = k ◦VT · T ◦

k ◦M · φ ◦
, γ = L ◦v ·

k ◦V · φ ◦

k ◦Q · T ◦
, δ = L ◦v ·

k ◦VT
k ◦Q

.

For the boundary conditions, the Biot numbers are defined to quantify the transfer by diffusion (of moisture
or heat) relative to the transfer between the material and the ambient air:

Bi V = hV · L
k ◦M

· P
◦
sat
T ◦
·
(
T ◦

TB

)α
, Bi Q = hQ · L

k ◦Q
, Bi QV = L ◦v ·

hV · L
k ◦Q

· φ
◦ · P ◦sat(
T ◦

) 2 ·
(
T ◦

TB

)α
.

The dimensionless function θ is also defined as:

θ : v 7−→ 1
v
·
(
v − vA

)α
, vA = T

TA
.

For the two differential equations (4) and (5) accounting for hysteresis effects, a scaled function is set as:

β ?
(
s ?
)

= β
(
s ?
)
· ω ◦ · t ◦ , s ? = sign

(
∂u

∂t

)
.

Finally, the dimensionless governing equations to simulate the physical phenomena of heat and moisture
transport with hysteresis effects on water sorption can be formulated as a system of four coupled partial
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differential equations:

c ?M ·
∂u

∂t ?
= Fo M ·

(
∂

∂x ?

(
k ?M ·

∂u

∂x ?

)
+ β · ∂

∂x ?

(
k ?VT ·

∂v

∂x ?

))
, (10a)

c ?Q ·
∂v

∂t ?
= Fo Q ·

(
∂

∂x ?

(
k ?Q ·

∂v

∂x ?

)
+ γ · r ? · ∂

∂x ?

(
k ?V ·

∂u

∂x ?

)
+ δ · r ? · ∂

∂x ?

(
k ?VT ·

∂v

∂x ?

))
,

(10b)

∂w
∂t ?

= − s ? · β ?
(
s ?
)
·
(

w − w d
)
·
(

w − w a
)
, (10c)

∂y

∂t ?
= − s ? · β ?

(
s ?
)
·
(
y − yd

)
·
(

w − w a
)
− s ? · β ?

(
s ?
)
·
(

w − w d
)
·
(
y − y a

)
, (10d)

The couplings between Eqs. (10c) and (10d) with Eqs. (10a) and (10b) occur through the coefficients c ?M ,
c ?Q , k ?Q and k ?M which depend on functions w and y . Furthermore, the field u impacts Eqs. (10c) and (10d)
since functions ω a , ωd , y a and yd depend on u . The dimensionless boundary conditions are expressed as:

k ?M ·
∂u

∂n ?
+ β · k ?VT ·

∂v

∂n ?
= Bi M ·

(
θ∞ · u∞ − θ · u

)
,

k ?Q ·
∂v

∂n ?
+ γ · r ? · k ?V ·

∂u

∂n ?
+ δ · r ? · k ?VT ·

∂v

∂n ?
= Bi Q ·

(
v∞ − v

)
+ Bi QV ·

(
θ∞ · u∞ − θ · u

)
.

Important non-linearities are introduced in the boundary conditions through the function θ which depends
on the field v .

3 Numerical model
After defining the mathematical model to represent the physical phenomena, the next step is now to

define the numerical model used to perform simulations. The numerical model requires to be efficient by
saving computational efforts and providing accurate solutions of the mathematical model.

A uniform discretisation is considered for space and time intervals. The discretisation parameters are
denoted using ∆t for the time and ∆x for the space. The discrete values of function u (x , t ) are denoted
by unj

def:= u (x j , tn ) with j = 1 , . . . , Nx and n = 1 , . . . , N t . Similarly, we have v (x j , tn ) ≡ v nj ,
w (x j , tn ) ≡ w n

j and y (x j , tn ) ≡ y nj . For the sake of clarity, the numerical method is described using
a simpler notation by removing the subscript ? .

3.1 Heat and mass balance equations

To build an efficient numerical model for the heat and mass balance equations (10a) and (10b), the
Du Fort–Frankel scheme is used. It provides an explicit numerical scheme with an increased stability
domain. Interested readers may consult [27] for the original work, [28, 29] for the results on the stability
analysis and [29, 30] for further details and its applications for heat and moisture transfer in building porous
materials. Since a complete description is provided in [30] for an analogous system of coupled diffusion
equations, the whole demonstration of the scheme is not detailed here. At the time step tn , from Eq. (10a)
the computation of the dimensionless relative humidity un+1

j is obtained by the following fully discrete
dynamical system:

un+1
j = 1

1 + λ 3
·
(
λ 1 · unj+1 + λ 2 · unj−1 +

(
1 − λ 3

)
· un−1

j

+ ν 1 · v nj+1 + ν 2 · v nj−1 − ν 3 · v nj

)
,
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with the coefficients
{
λ i
} 3
i = 1 and

{
ν i
} 3
i = 1 defined as:

λ 1
def:= 2 · Fo M · ∆t

∆x 2 ·
k nM , j + 1

2

y n
, λ 2

def:= 2 · Fo M · ∆t
∆x 2 ·

k nM , j − 1
2

y n
, λ 3

def:= 1
2 ·
(
λ 1 + λ 2

)
,

ν 1
def:= 2 · β · Fo M · ∆t

∆x 2 ·
k nVT , j + 1

2

y n
, ν 2

def:= 2 · β · Fo M · ∆t
∆x 2 ·

k nVT , j − 1
2

y n
, ν 3

def:= ν 1 + ν 2 .

These coefficients depend also on j and n . Then, from Eq. (10b), the dimensionless temperature v n+1
j is

computed with:

v n+1
j = 1

1 + µ 3
·
(
µ 1 · v nj+1 + µ 2 · v nj−1 +

(
1 − µ 3

)
· v n−1

j

+ ρ 1 · unj+1 + ρ 2 · unj−1 −
1
2 ρ 3 ·

(
unj + un+1

j

))
,

and the following coefficients µ and ρ :

µ 1
def:= 2 · Fo Q · ∆t

∆x 2 ·
1
cnQ
·
(
k nQ , j + 1

2
+ δ · r n · k nVT , j + 1

2

)
, µ 3

def:= 1
2 ·
(
µ 1 + µ 2

)
,

µ 2
def:= 2 · Fo Q · ∆t

∆x 2 ·
1
cnQ
·
(
k nQ , j − 1

2
+ δ · r n · k nVT , j − 1

2

)
, ρ 3

def:= ρ 1 + ρ 2 ,

ρ 1
def:= 2 · γ · r n · Fo Q · ∆t

∆x 2 ·
k nV , j + 1

2

cnQ
, ρ 2

def:= 2 · γ · r n · Fo Q · ∆t
∆x 2 ·

k nV , j − 1
2

cnQ
.

The coefficients kM , kVT , kQ and kV , which depend on the fields u , v , w and/or y , are evaluated using
the following interpolation:

k j + 1
2

(
u j , v j , w j , y j

) def:=

k

(
1
2 ·
(
u j + u j+1

)
,

1
2 ·
(
v j + v j+1

)
,

1
2 ·
(

w j + w j+1
)
,

1
2 ·
(
y j + y j+1

))
.

It is also recalled that the boundary conditions must be discretised using second order accurate in space to
maintain the accuracy uniformly in space properties of the Du Fort–Frankel scheme.

3.2 Hysteresis equations

An IMplicit-EXplicit (IMEX) method is used to approach the solutions of Eqs. (10c) and (10d). The
functions w and y depend on t and u . Thus, the numerical scheme is applied uniformly for all x j , j ∈{

1 , . . . , Nx
}
. However, Eqs. (10c) and (10d) do not involve any spatial derivatives. So, for the seek of

clarity and without loss of generality, the subscript (−) j is omitted in the description of the numerical

scheme. It is first outlined for Eq. (10c). When the material undergoes an adsorption process ∂u
∂t

> 0 (or
s = 1), the numerical scheme is written as:

1
∆t ·

(
w n+1 − w n

)
= − s · β

(
s
)
·
(

w n+1 − w a

)
·
(

w n − w d

)
,

which gives the following expression for the computation of w n+1 :

w n+1 =

(
w n + ∆t · s · β

(
s
)
·
(

w n − w d

)
· w a

)
(

1 + ∆t · s · β
(
s
)
·
(

w n − w d

)) . (11)

10



Similarly, when the material undergoes a desorption process ∂u
∂t

< 0 (or s = −1), the IMEX scheme
yields:

1
∆t ·

(
w n+1 − w n

)
= − s · β

(
s
)
·
(

w n − w a

)
·
(

w n+1 − w d

)
,

which leads to:

w n+1 =

(
w n + ∆t · s · β

(
s
)
·
(

w n − w a

)
· w d

)
(

1 + ∆t · s · β
(
s
)
·
(

w n − w a

)) . (12)

Finally, the computation of w n+1 can be expressed by combining the two equations (11) and (12):

w n+1 = 1
2 ·
(

1 + s

)
·

(
w n + ∆t · s · β

(
s
)
·
(

w n − w d

)
· w a

)
(

1 + ∆t · s · β
(
s
)
·
(

w n − w d

))

+ 1
2 ·
(

1 − s

)
·

(
w n + ∆t · s · β

(
s
)
·
(

w n − w a

)
· w d

)
(

1 + ∆t · s · β
(
s
)
·
(

w n − w a

)) .

The extension of the IMEX approach to Eq. (10d) is analogous. Under adsorption process ∂u
∂t

> 0 (or
s = 1), we have:

1
∆t ·

(
y n+1 − y n

)
= − s · β

(
s
)
·
(
y n+1 − y a

)
·
(

w n+1 − w d

)

− s · β
(
s
)
·
(

w n+1 − w a

)
·
(
y n − yd

)
,

Similarly, under a desorption process ∂u
∂t

< 0 (or s = −1), we obtain:

1
∆t ·

(
y n+1 − y n

)
= − s · β

(
s
)
·
(
y n − y a

)
·
(

w n+1 − w d

)

− s · β
(
s
)
·
(

w n+1 − w a

)
·
(
y n+1 − yd

)
,

11



which yields the following expression for y n+1 :

y n+1 = 1
2

(
1 + s

)
×

y n + ∆t · s · β
(
s
)
·
(

w n+1 − w d

)
· y a − s · β

(
s
)
·
(
y n − yd

)
·
(

w n+1 − w a

)
1 + ∆t · s · β

(
s
)
·
(

w n+1 − w d

)

+ 1
2

(
1 − s

)
×

y n + ∆t · s · β
(
s
)
·
(

w n+1 − w a

)
· yd − s · β

(
s
)
·
(
y n − y a

)
·
(

w n+1 − w d

)
1 + ∆t · s · β

(
s
)
·
(

w n+1 − w a

) .

This IMEX approach enables to use the advantages of an fully implicit approach in terms of stability and
consistency, but to avoid in the same time the sub-iterations at each time iteration due to the non-linearities.
It saves important computational efforts.

3.3 Efficiency of the numerical model

The efficiency of a numerical model can be evaluated according to several criteria. First, using a reference
solution u ref (x , t ) obtained by measurements, the error of the computed solution u (x , t ) can be evaluated:

ε 2
(
x
) def:=

√√√√ 1
N t
·
N t∑
n= 1

(
u (x , tn ) − u ref (x , tn )

) 2
,

where N t is the number of temporal steps where the discrete solution is computed. Similarly, the error can
be computed according to time t :

ε 2 ( t ) def:=

√√√√√ 1
Nx
·
N x∑
j= 1

(
u (x j , t ) − u ref (x j , t )

) 2
,

where Nx is the number of spacial nodes where the discrete solution is computed. The simple error between
the experimental observations and the numerical predictions ∆u is defined by:

∆u (x , t ) def:= u (x , t ) − u ref (x , t ) .

The second criterion is the computational (CPU) time required by the numerical model to compute the
physical solution. Particularly, the ratio RCPU

[
min/day

]
between the computational time (measured in

minutes) and the time horizon of the simulation (defined in days) is investigated. It is measured using
MatlabTM environment on a computer using Intel i7 CPU and 32GB of RAM.

4 Comparison of numerical predictions with experimental observations

4.1 Description of the case

To evaluate the reliability of the numerical prediction with the proposed mathematical model, exper-
imental results from [12] are used. Samples of sprayed hemp concrete are submitted to steps of relative
humidity as illustrated in Figure 3(a). The length of a sample is L = 10 cm . The transfer is assumed
to be one-dimensional along axis x . Two experimental set-ups are carried out. First, the slow cycling test
submit the material to an increase and then a decrease of ambient relative humidity φ∞

(
t
)
. The second

case considers fast cycles of increase and decrease of relative humidity. In both cases, the samples weight
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Figure 3. Illustration of the case study (a) and detail on the insertion of temperature and relative humidity
sensors inside the material (b).

is measured with a time interval of 5 min . Additional sensors are set inside the material to monitor the
temperature and relative humidity. At the top of the sample x = 0 , Robin type boundary conditions are
assumed for heat and vapor flows according to Eqs. (6) and (8). At the bottom of the sample x = L ,
the temperature is prescribed using measurements. Thus, a Dirichlet boundary condition is applied using
Eq. (9). This boundary is supposed to be impermeable to water vapor and Eq. (7) is used. Interested
readers are invited to consult [12] for further details on the experimental facility and its design.

From the experimental design, two types of experimental observations are obtained. On one hand, there
are global measurements of samples weight with respect to time. The uncertainty measurement of the
weighing scale is σmeas

ω = 0.01 g . To our best knowledge, we believe that no additional uncertainties may
influence the weight of the sample. On the other hand, local sensors provide measurements of temperature
and relative humidity in one location x = x 0 in the material. The total uncertainty of these local
measurements depends on the sensor accuracy as well as its location uncertainty in the material. Thus, the
spread of uncertainties requires to be evaluated using the following formula [31]:

σ 2
T =

(
σmeas
T

) 2
+
(
σ pos
T

) 2
, σ 2

φ =
(
σmeas
φ

) 2
+
(
σ pos
φ

) 2
,

where σT and σφ are the total uncertainties on the measurement of temperature and relative humidity,
respectively. The quantities σmeas

T and σmeas
φ are the sensor measurement uncertainties, provided directly

by the supplier. For these SensirionTM SHT 75 and K thermocouples sensors, these quantities are equal
to σmeas

T = 0.5 ◦C and σmeas
φ = 0.02 for temperature and relative humidity, respectively. The quantities

σ pos
T and σ pos

φ are the sensor location uncertainties for the temperature and relative humidity sensors. They
are computed by:

σ pos
T = ∂T

∂x

∣∣∣∣
x = x 0

σ pos , σ pos
φ = ∂φ

∂x

∣∣∣∣
x = x 0

σ pos ,

where σ pos is the uncertainty on the position of the sensor. According to the experimental design, illustrated
in Figure 3(b), the sensor is introduced inside the material by realizing a hole of 8 mm . Thus, with the
uncertainty of the drilling, the uncertainty on the position is evaluated to σ pos = 1 cm . The quantities
∂T

∂x

∣∣∣∣
x = x 0

and ∂φ

∂x

∣∣∣∣
x = x 0

are computed using the solution of the numerical model.

4.2 Material properties

The material properties of hemp concrete were evaluated previously the experimental measurements.
The specific dry mass has been evaluated in [32–35] and equals ρ 0 = 454 kg/m 3 . Using calorimetric
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measurement [12], the dry specific heat is c 0 = 1000 J/(kg · K) . According to [36], the thermal conduc-
tivity depends on temperature and moisture content as stated in Eq. (3) with the numerical values of the
parameters kQ 0 = 8.18 · 10−2 W/(m · K) , a 1 = 2.76 · 10−4 W/(m · K 2) and b 1 = 2.4 · 10−3 W/(m · K) .
The liquid and vapor diffusion coefficient are defined according to Eq. (2) with the following parameters
[12, 37] p 1 = −13.5 , ω 2 = −0.12 , κ a = 2 · 10−10 kg/(m · s · Pa) and µ = 5 . The main sorption ω a (φ )
and desorption ωd (φ ) equations are defined using Guggenheim–Anderson–De Boer (GAB) model:

ω { d , a } (φ ) =
ωm, {d , a } ·K { d , a } · C { d , a }(

1 − K {d , a } · φ
)
·
(

1 + K {d , a } ·
(
C { d , a } − 1

)
· φ
) φ , (13)

with the parameters determined in [12] and set to ωm, a = 0.02 , K a = 0.86 and C a = 7 for the main
adsorption equation and ωm, d = 0.06 , K d = 0.68 and C d = 60 for the main desorption equation.
From the GAB model (13), the main sorption ξ a and desorption ξd capacity equations can be obtained by
differentiating Eq. (13) relatively to φ :

ξ { d , a } (φ ) ≡ ∂ω

∂φ
=

ωm, {d , a } ·K { d , a } · C { d , a } ·
(

1 + K 2
{ d , a } ·

(
C { d , a } − 1

)
· φ 2

)
(

1 − K {d , a } · φ
) 2
·
(

1 + K { d , a } ·
(
C {d , a } − 1

)
· φ
) 2 ,

An important remark can be done on the GABmodel to define the main adsorption and desorption equations.
If one invert Eq. (13) to express φ as a function of ω , two solutions can be obtained:

φ {d , a } (ω ) =

{ C {d , a } ·
(
ω − ωm, { d , a }

)
− 2ω +

√
C 2
{d , a } ·

(
ω − ωm, {d , a }

) 2
+ 4 · C { d , a } · ω · ωm, { d , a }

2 · ω ·
(
C { d , a } − 1

)
·K { d , a }

,

C { d , a } ·
(
ω − ωm, { d , a }

)
− 2ω −

√
C 2
{ d , a } ·

(
ω − ωm, { d , a }

) 2
+ 4 · C {d , a } · ω · ωm, {d , a }

2 · ω ·
(
C { d , a } − 1

)
·K { d , a }

}
.

From a physical point of view, the correct solution is the one ensuring φ > 0 , if it exists. Finally, the
surface coefficient are set to h 0 = 5 W/(m 2 · K) and the emissivity to ε = 0.8 .

4.3 Results for the slow cycling test

The material is initially set to a relative humidity φ = 0.49 and temperature T = 23 ◦C , after being
dried. The slow cycling test consists in submitting the sample to a step of relative humidity at φ = 0.75
and then at φ = 0.33 . The measured ambient relative humidity is shown in Figure 4(a). At the bottom,
the vapor flux is assumed to vanish and a Neumann boundary condition (7) is defined in the mathematical
model. The measured temperature varies around 23 ◦C in the ambient air and at the bottom surface, as
illustrated in Figures 4(b) and 4(c).

The numerical model described in Section 3 is used to compute the numerical solutions of temperature,
relative humidity, moisture content and sorption capacity in the material. The discretisation parameters
are set to ∆t = 3.6 s and ∆x = 1 mm . This choice ensures to compute a sufficiently accurate
solution of the mathematical problem. Since the time step is lower than the time interval of measurement,
a linear interpolation is performed between two measured data of the boundary conditions. The numerical
parameters of the hysteresis model equals to β a = 0.36 h−1 and β d = 1.79 h−1 .

The results obtained with the numerical models are compared to the experimental data. Figure 5 gives
the time variation of the total moisture content in the material. A good agreement can be noticed among
the experimental observations and numerical results. The results are compared to the one obtained with a
simulation without hysteresis, considering only the main adsorption equation ω = ω a(φ ) and ξ = ξ a(φ )
in the mathematical model. As expected, the solutions of the numerical models with and without hysteresis
are identical during the adsorption phase. Then, during the desorption phase, some discrepancies appear.
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The model without hysteresis underestimate the desorption process. According to Table 1, the relative
error is around 2% and 3% for the case with and without hysteresis, respectively. The probability density
functions of the error between the experimental observations and the numerical predictions is computed
using the kernel smoothing function for the extrapolation [38]. It is shown in Figure 6. The mean error is
E
(
ω tot

)
= 4 · 10−3 . In addition, the predictions of the model underestimates slightly the experimental

measurements.
During the time interval t ∈

[
0 , 216

]
h , the material is submitted to an adsorption phase. The

moisture content computed by the Bang–Bang model follows the main adsorption curve Ω a , as illustrated
in Figure 7(a). It is consistent since the initial state of the material corresponds to a moisture content given
by the main adsorption curve Ω a . At t = 216 h, the material is submitted to a desorption phase. The
hysteresis effects can be noted in Figure 7(a) where the variation of the moisture content follows a scanning
desorption curve. These effects appear at t = 260 h , or 44 h after the change in the boundary condition.
It corresponds to the time needed for the decrease of relative humidity to reach the point x = 5 cm in
the material. Similar observations can be made for the moisture capacity in Figure 7(b). The numerical
predictions at x = 5 cm are compared to local measurements of relative humidity and temperature in
Figures 8(a) and 8(b), respectively. There is a satisfactory agreement for the temperature, modulo the total
measurement uncertainty. As reported in Table 1, the relative error is less than 1% . However, important
discrepancies are observed for relative humidity among the predictions and the experimental observations.
The relative error is of the order of 13% . Several reasons are mentioned in works from the literature to
explain these discrepancies. Interested readers are invited to consult a complete review on the topic in
[39]. Among the possible reasons, these discrepancies can be a lack in the mathematical model described
in Section 2.2 to represent the physical phenomena of heat and moisture transfer. It may also arise from
uncertainties in the material properties defined in Section 4.2 or by the intrusion of sensors inside the
material which measures relative humidity in a small air gap as illustrated in Figure 3(b).

The evolution of the computed fields with x is shown in Figure 9 for four instants during the adsorption
phase t ∈

{
30 , 40

}
h and during the desorption phase t ∈

{
250 , 260

}
h . During the adsorption phase,

the relative humidity, and, as a result, the moisture content and the sorption capacity increase according
to the rise of ambient air relative humidity imposed at the boundary x = 0 . Due to coupling effects,
the temperature increases slightly during this phase. Then, during the desorption phase, the fields decrease
following the diminution of the ambient air relative humidity. It can be remarked that the mathematical
model for the hysteresis provides smooth solutions for the moisture content and sorption capacity.

The influence of the parameter β of the hysteresis model is investigated. Since the reliability of the model
is most important during the desorption phase t ∈

[
216 , 360

]
h , three simulations are carried for different

values of the parameter β d . The first one considers the adjusted parameter β d = 1.79 h−1 , the second
one a lower value β −d = 0.1 ·β d = 0.179 h−1 and the last a higher value β +

d = 10 ·βd = 17.9 h−1 . The
results are shown in Figure 10(a). It enhances the local sensitivity of the total moisture content relatively
to the parameter β . The hysteresis effects on the total moisture content increase with the diminution of
the parameter β d . It can be observed in Figure 10(b), where the computed moisture content ω is farther
from the main adsorption curve Ω a with a lower value of parameter β d . Indeed, the computed moisture
content is stronger “attracted” by the main desorption curve Ω d for this parameter (which is not plotted in
the Figure due to the axes scale). As noted in Table 1, the value of the parameter β d has a main influence
on the absolute error of the predicted moisture content and, as a consequence, of the relative humidity.
However, for the latter, the relative error with the experimental results remains important, reinforcing the
hypothesis of a lack in the mathematical model of heat and moisture transfer and not in the hysteresis one.
The parameter βd has a slight impact on the prediction of the temperature as well.

4.4 Results for the fast cycling test

The second case designed to evaluate the reliability of the numerical predictions considers fast cycling
experiments. The sample is submitted to alternating adsorption at φ = 0.75 and desorption phases at
φ = 0.33 . As a Moisture Buffer Value (MBV) test, the adsorption and desorption phases last 8 h and
16 h , respectively. The measured boundary conditions are shown in Figures 11(a), 11(b) and 11(c). It is
recalled that the surface at x = 10 cm is impermeable to moisture flows. The experiment is carried out
for 10 d . At the initial state, the relative humidity is uniform in the material at φ 0 = 0.508 . According
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(a)

(b) (c)

Figure 4. Measured boundary conditions for the slow cycling test of the ambient air relative humidity (a)
and ambient air temperature (b) at the surface x = 0 . Measured boundary conditions of the surface
temperature at x = 10 cm (c).

Figure 5. Comparison of the numerical predictions and experimental observations for the total moisture
content ω tot.
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Figure 6. Probability density function of the difference between the experimental observations and the
numerical predictions using the Bang–Bang model for the total moisture content ω tot.
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Figure 7. Evolution of the predicted local moisture content ω (a) and moisture capacity ξ (b) at x = 5 cm
as a function of the relative humidity φ .

Table 1. Absolute error ε 2 and relative error ε 2 , r between the experimental observations and the numerical
predictions for the slow cycling test.

Water content Relative humidity Temperature

Model ε 2
[

ø
]

ε 2 , r

[
ø
]

ε 2
[

Pa
]

ε 2 , r

[
ø
]

ε 2
[ ◦C

]
ε 2 , r

[
ø
]

Bang–Bang β d = 1.79 h −1 6.1 · 10 −3 2.3 · 10 −2 7.7 · 10 −2 1.3 · 10 −1 1.9 · 10 −1 8.6 · 10 −3

Bang–Bang β̃ d = 0.1 · β d 1.7 · 10 −2 6.6 · 10 −2 7.9 · 10 −2 1.3 · 10 −1 1.9 · 10 −1 8.7 · 10 −3

Bang–Bang ˜̃β d = 10 · β d 7.7 · 10 −3 2.9 · 10 −2 7.5 · 10 −2 1.3 · 10 −1 1.9 · 10 −1 8.4 · 10 −3

No hysteresis 7.9 · 10 −3 3.1 · 10 −2 7.6 · 10 −2 1.4 · 10 −1 1.9 · 10 −1 8.7 · 10 −3

ω = ω a(φ ) and ξ = ξ a(φ )
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(a) (b)

Figure 8. Evolution of the relative humidity φ (a) and the temperature T (b) at x = 5 cm as function of
time. The total uncertainties of the experimental measurements are represented with a grey shadow.

to the temperature measurements shown in Figure 11(d), the field is not uniform in the material at t = 0 .
Thus, the following function has been fitted to approximate the measurement:

T 0 : x 7−→ T̃ 0 ·
(

1 + υ 1 · exp
(
υ 2 · x

))
,

with T̃ 0 = 296.25 K , υ 1 = −6.21 · 10−5 K and υ 2 = 32.33 m−1 . The accuracy of the fitting can
be seen in Figure 11(d). The fields are computed using the proposed numerical model with the following
disrcretisation parameters ∆t = 3.6 s and ∆x = 1 mm . The parameters in the hysteresis model are set
to β a = 0.36 h−1 and βd = 8.9 h−1 .

Figure 12 shows a comparison between the computed total moisture content in the material and the mea-
sured one. A very satisfactory agreement is noted, highlighting the good reliability of the Bang–Bang model
to take into account the hysteresis phenomena. As reported in Table 2, the relative error is less than 9% . The
hysteresis effect on the moisture content and moisture sorption capacity can be remarked in Figures 13(a)
and 13(b). During the first adsorption phase t ∈

[
0 , 8

]
h , the moisture content follows the main adsorp-

tion curve Ω a . Then for t > 8 h , the variations of the moisture content with the relative humidity follow
scanning curves between the main adsorption Ω a and desorption Ω d curves. The latter cannot be seen in
Figures 13(a) and 13(b) due to the axis scales. As mentioned for the previous case, the good reliability of the
model depends on the value of the parameter β in the Eqs. (4) and (5). Here, the value for the desorption
phase is higher than for the previous case β d = 8.9 6 1.79 h−1 . The numerical value depends certainly
on the characteristic time of the physical phenomena of heat and mass transfer occurring in the material.
This case deal with faster cycling test and thus with higher frequency for the variations of moisture content
in the material.

The computed temperature and relative humidity at x = 1.5 cm are compared to experimental mea-
surements in Figures 14(a) and 14(b). As for the previous case, important discrepancies are noted for the
relative humidity. The relative error scales with 17% . For temperature, there is a better agreement between
the numerical predictions and the experimental observations. The computed temperature remains inside
the measurement uncertainty.

Last, the profiles for the fields at different time instant are shown in Figure 15. The relative humidity
increases and decreases according to the adsorption and desorption phases. Consequently, the moisture
content and sorption capacity varies according to the variations of the relative humidity. It can be noted
that the computed fields are smooth. The moisture penetration depth in the material can be evaluated
around 3 cm . The temperature profiles are illustrated in Figure 15(b) at the beginning of the simulation.
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Figure 9. Variation of the relative humidity φ (a), of the temperature T (b), of the moisture content ω (c)
and of the moisture sorption capacity ξ (d) as a function of the spatial coordinate x .
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Figure 10. Influence of the parameter β d on the numerical predictions of the total (a) and local (b)
moisture content at x = 5 cm .

Table 2. Absolute error ε 2 and relative error error ε 2 , r between the experimental observations and the
numerical predictions for the slow cycling test.

Model Water content Relative humidity Temperature

ε 2
[

ø
]

ε 2 , r

[
ø
]

ε 2
[

Pa
]

ε 2 , r

[
ø
]

ε 2
[ ◦C

]
ε 2 , r

[
ø
]

Bang–Bang β d = 8.9 h −1 1.9 · 10 −3 8.7 · 10 −2 8.6 · 10 −2 1.7 · 10 −1 4.9 · 10 −1 2.1 · 10 −2

The increase of temperature in the material follows the ones of the boundary condition shown in Figure 11(b).
Comparing to moisture content, the heat penetrates deeper in the material.

4.5 Complementary remarks

The reliability of the model of heat and mass transfer including hysteresis effects is demonstrated by
comparing the numerical predictions to experimental observations from the literature. A very satisfactory
agreement is observed for the total moisture content. It highlights that the model can be used for the
prediction of the physical phenomena.

The hysteresis model contains two parameters β a and β d involved in the function β (φ ) . These pa-
rameters require to be adjusted depending on the frequency of variation of the heat and mass transfer
phenomena. Moreover, the hysteresis model requires to know the main adsorption Ω a and desorption Ω d
curves to determine the intermediary scanning curves. These curves may be defined using any model from
literature such as for instance the Van Genuchten [40], the GAB (as in this work) or the Brunauer,
Emmett and Teller [41] ones among others.

In terms of numerical complexity, the hysteresis model needs to solve two additional ordinary differential
equations to two partial differential equations for the heat and mass transfer. For the previous case study,
the ratio computational time / time horizon of simulation is RCPU = 23.1 min/day for the numerical
model with hysteresis. This ratio is only reduced to RCPU = 19 min/day for a computation with only the
heat and mass transfer numerical model (the Bang–Bang model is not included). It should be remarked
that these CPU time measurement have been done in the MatlabTM environement, without any particular
optimization of the algorithm. Even with adding two additional equations to solve, the computational cost
is moderated with the use of an ad–hoc and innovative IMEX approach. Furthermore, as highlighted in the
previous case studies, for instance in Figures 5 or 9(c), the use of differential equations enables to compute
smooth solutions of moisture content ω and sorption capacity ξ .

20



(a) (b)

(c)

0 2 4 6 8 10

cm

22.5

22.6

22.7

22.8

22.9

23

23.1

23.2

23.3

C

(d)

Figure 11. Measured boundary conditions for the fast cycling test of the ambient air relative humidity φ (a)
and ambient air temperature T (b) at the surface x = 0 . Measured boundary conditions of the surface
temperature at x = 10 cm . Interpolation of the temperature initial condition (d) in the material

Figure 12. Comparison of the numerical predictions and experimental observations for the total moisture
content ω tot .
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(a) (b)

Figure 13. Evolution of the predicted local moisture content ω (a) and moisture capacity ξ (b) at
x = 1.5 cm in function of the relative humidity.

(a) (b)

Figure 14. Evolution of the relative humidity φ (a) and the temperature (b) at x = 1.5 cm for the first
5 days . The total uncertainties of the experimental measurements are represented by a grey shadow.
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Figure 15. Variation relative humidity φ (a), of the temperature T (b), of the moisture content ω (c) and
of the moisture sorption capacity ξ (d) as a function of the spatial coordinate x .
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These results for the Bang–Bang hysteresis model can be compared to ones from the literature. For
instance, Pedersen ’s model [14, 15], Mualem’s one [42] and the gripped-box one [16] do not require
any solution of additional partial differential equations. However, the Pedersen model involves three
parameters to be determined depending on the material, against two for the Bang–Bang model. Moreover,
its accuracy to represent the physical phenomena is questioned in [12]. One difficulty in Mualem model
is the requirement of the saturated moisture content ω s to compute the intermediary scanning curves [42,
Eq. (11)]. Two experimental design can be defined to obtain this value. First, it corresponds to the moisture
content for the relative humidity equal to unity during the main adsorption phase ω s

def:= ω a
(
φ = 1

)
.

From a practical point of view, it is a difficult task to settle an ambient conditions to φ = 1 with accuracy.
The second design characterizes ω s as the maximal possible water content in the porous. In other words,
it is equal to the porosity of the material ω s

def:= Π . Both experimental designs do not ensure a consistent
numerical value of ω s . This parameter is not required either in the Bang–Bang model.

In terms of numerical complexity, at each time iteration, the gripped-box approach requires to determine
the intersection between the main adsorption Ω a and desorption Ω d curves with a straight line (to compute
the so-called target point [16, Section 2.1.2 and Appendix 1]). Depending on the model for the main
adsorption and desorption curves, this resolution may require important computational effort. For the
present case study, with the GAB model (13) for the main curves, the computation of the target points
requires to solve two polynomial equations of the third degree and one of the fifth degree in φ . If no exact
solution can be obtained, this computation requires the use of fixed-point or Newton–Raphson algorithms
for instance, which may improve significantly the computational cost of the numerical model.

5 Influence of hysteresis on the prediction of the wall thermal loads
The reliability of the Bang–Bang model to predict the hysteresis effects on moisture sorption has been

validated in previous section by comparison with experimental data at the material scale. Now, the purpose
is to perform long term simulation to investigate the influence of hysteresis effects on the wall thermal
performance. Since the outside boundary conditions change rapidly, the wall is submitted to a succession
of adsorption and desorption cycles. The hysteresis phenomenon may impact the heat and mass transfer
process in the porous material of the wall. As a consequence, it may impact the predictions of the thermal
performance and the durability of the wall.

5.1 Case of study

The influence of hysteresis modeling on the prediction of the hygrothermal behavior at the wall scale is
studied in the case of a long-term simulation over the whole year. We consider a hemp concrete wall with a
thickness L = 40 cm illustrated in Figure 16. The wall is submitted to climate boundary conditions on one
side and to indoor boundary conditions on the other side. Figures 17(a), 17(b) and 17(c) show the boundary
conditions at the two sides of the wall. The outside conditions of temperature and relative humidity, T L

∞
and φL∞ correspond to the climate data used in the French thermal regulation in the Northeast region
where hemp concrete is commonly used [43, 44]. For the indoor conditions, the relative humidity has daily
variations including moisture loads as illustrated in Figure 17(b). The temperature varies between 18 ◦C
and 23 ◦C during the year with a sinusoidal evolution. At the initial state, we assumed that the steady
state is achieved in the wall. Thus, the initial temperature and relative humidity are given by a first order
polynomial between the outside and inside conditions:

T (x , 0 ) =
(
T R
∞ ( 0) − T L

∞ ( 0)
)
· x
L

+ T L
∞ ( 0) ,

φ (x , 0 ) =
(
φR∞ ( 0) − φL∞ ( 0)

)
· x
L

+ φL∞ ( 0) .

The initial conditions for the moisture content ω and sorption capacity ξ are defined using a mean value
between the main adsorption and desorption equations:

ω 0 = 1
2
(
ω a(φ 0 ) + ωd(φ 0 )

)
, ξ 0 = 1

2
(
ξ a(φ 0 ) + ξd(φ 0 )

)
.
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Figure 16. A schematic illustration of the case study described in Section 5.

The problem is solved using the numerical model presented in Section 3. The parameters in the hysteresis
model are set to β a = 0.36 h−1 and β d = 0.54 h−1 . The latter is slightly decreased compared to previous
case study since the frequency of the boundary condition is higher. The discretisation parameter are set to
∆t = 3.6 s and ∆x = 1 mm .

5.2 Results on hysteretic behavior

First, we focus on the evolution of the local moisture content and sorption capacity according to relative
humidity at two different locations within the wall, at x = 0 and x = L . The hysteresis effects can be
remarked in Figures 18(a) and 18(b) for the moisture content and in Figures 18(c) and 18(d) for the sorption
capacity. The computed moisture content and sorption capacity varies between the main adsorption and
desorption curves. More important variations are noticed at the boundary x = 0 . Indeed, the left side of
the wall is submitted to time variant moisture loads from the outside conditions. At x = 0 , the moisture
content ω and sorption capacity ξ oscillate between the main adsoprtion and desorption curves. Both are
intermittently attracted by the main adsorption and desorption curves, depending on increase or decrease
of the outside relative humidity. At the right side of the wall, x = L , the magnitudes of variation are
lower as noted in Figure 17(b). It shows that the fields fluctuate significantly at x = 0. On the other side,
the fields remains almost constant since there the moisture loads are lower on the inside part of the wall.
Similar results can be observed when analyzing the time evolution of moisture content in Figure 19(a). On
the right side of the wall, the moisture content decreases fast to a value of ω = 0.04 . It is related to
the slow magnitudes of variations of relative humidity on the inside part. Indeed, Figure 22(a) gives the
probability of the relative humidity φ at x = 0 and x = L . The magnitudes of variation are lower at
x = L than x = 0 .

This computation is done for the parameter β d = β ◦d = 0.54 h−1 . To study the influence of this
parameter on the predictions, two additional simulations are carried. The first and second computations
use the parameter β −d = 2

3 β ◦d = 0.36 h−1 and β +
d = 4

3 β ◦d = 0.72 h−1 , respectively. The
value of parameter β a is not modified during these computations β a = 0.36 h−1 . Figure 20(a) shows
the variation of the total moisture content ω tot for the three computations according to the total moisture
content computed for βd = β ◦d . The prediction of the total moisture content raises with the decreases of
the parameter β d . A similar investigation is realized for the parameter β a . Three computations are carried,
parameter β d being fixed β d = 0.54 h−1 . The first computation uses β a = β ◦a = 0.36 h−1 while the
two other consider higher and lower values, β −a = 2

3 β ◦a = 0.24 h−1 and β +
a = 4

3 β ◦a = 0.12 h−1 ,
respectively. Figure 20(b) gives the results for the three computations. As expected, the parameter β a has
the opposite influence than β d . The prediction of the total moisture content raises with the increases of the
parameter β a . The choice of this parameter is related to the frequency of variations of the moisture content
in the material. These results confirm the possibility of using the proposed mathematical model associated
with its numerical solution to predict phenomena of heat and mass transfer in building porous material
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Figure 17. Evolution of the boundary conditions for outside relative humidity φL∞ (a), inside relative
humidity φR∞ (b) and temperature (c) in long-term simulation.
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Figure 18. Evolution of the predicted local moisture content ω (a,b) and sorption capacity (c,d) at x = 0
(a,c) and at x = L (b,d) according to the relative humidity φ .

with hysteresis effects on moisture content. For this, it is important to adjust the two parameters βd and
β a according to the frequency of variation of heat and moisture inside the material. For the moment, no
equation has been obtained to define the value of the parameters according to the frequency of variation.

5.3 Complementary analysis

To evaluate the importance of including hysteresis effects in the mathematical model to obtain reliable
predictions, four different cases are simulated. (i) The first one does not include the hysteresis model. Thus
Eqations (4) and (5) are omitted in the mathematical model. The moisture content and sorption capacity
are directly computed using the main adsorption curve:

ω :φ 7−→ ω a(φ ) , ξ : φ 7−→ ξ a(φ ) .

This approach is the one used in most models from literature [1]. By comparison with other approaches,
it enables to quantify the error done by omitting hysteresis effects in the model. For the sake of clarity, in
next sections this approach is nominated as Model 1. (ii) The second approach, identified as Model 2, takes
into account the main desorption curve:

ω :φ 7−→ ωd(φ ) , ξ : φ 7−→ ξd(φ ) .
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Figure 19. Time evolution of the local moisture content ω (a) and probability of the local relative humidity
φ (b) at x = 0 and at x = L .
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Figure 20. Evolution of the total moisture content ω tot according to the parameters β d (a) and β a (b).
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Table 3. Synthesis of the four approaches investigated in Section 5.3

Model Hysteresis effects?

Model 1 no model, given by main adsorption curve Ω a

Model 2 no model, given by main desorption curve Ω d

Model 3 no model, given by mean curve between main adsorption and desorption curves

Bang–Bang yes, provided by Eqs. (4) and (5)

(iii) The third approach still not include hysteresis effects and uses a mean curve between main sorption
and desorption ones:

ω :φ 7−→ 1
2
(
ω a(φ ) + ωd(φ )

)
, ξ : φ 7−→ 1

2
(
ξ a(φ ) + ξd(φ )

)
.

This approach explore if the predictions of the model are sufficiently precise to avoid any extra-computational
costs by including the hysteresis model. It is designated as Model 3. (iv) For the last approach, the hysteresis
effects are included in the model of heat and mass transfer using the Bang–Bang model. The parameters
in the hysteresis model are set to β a = 0.36 h−1 and β d = 0.54 h−1 . This approach is nominated by
Bang–Bang. The analysis of the results focus at x = L since this boundary is in contact with the inside
part of the building. A synthesis of the four approaches is given in Table 3.

Figure 21 compares the prediction of the total moisture content ω tot for the four simulation cases.
Important differences are noted between the three cases without hysteresis model (Model 1, Model 2 and
Model 3). As expected, the predictions for the case Model 3 are between the predictions for the ones Model
1and Model 2. Important differences in the prediction are noted when using the Bang–Bang hysteresis
model, particularly for the first 100 days . Around t = 200 days , the total moisture content corresponds
to the one predicted by the approach without hysteresis using only main sorption curve Ω a (case Model 1).
This behavior is also due to the parameter β a which quantifies the attraction of the moisture content to the
main sorption curve.

In Figure 22(a), the probability density function of the predicted relative humidity at x = L is shown.
If the mean of the prediction is rather similar, some local discrepancies are noted in the predictions of
the four cases. The probability of the temperature is given in Figure 22(b) for the four different cases.
The discrepancies are lower and the four cases provided similar predictions. These results are consistent.
The moisture content and sorption capacity impacts directly the computation of the relative humidity φ
in Eq. (1b) through coefficients cM and kM . For the heat transfer equation (1a), the impact of moisture
content and sorption capacity is lower. Indeed, the coupling parameter γ , which translates the impact of the
mass transfer on the heat equation, scales with γ = 2.2 · 10−3 . At the reference condition (T ◦ = 280 K
and φ ◦ = 1), the latent heat flux is 3 order lower than the sensible one. The impact of mass transfer on
heat one is rather low.

The time variation of the fluxes are shown in Figures 23(a) and 23(b) for the 48 th day. In addition, the
probability density function of the heat and mass fluxes computed over the whole time interval are given in
Figures 23(c) and 23(d). Important discrepancies are revealed for both predictions. The cases Model 1 and
Model 2 overestimates and underestimates the heat and mass fluxes, respectively. The approach Model 3,
which uses the mean between the main adsorption and desorption curves, has closer predictions of the heat
fluxj q with the model including the hysteresis effects. Nevertheless, if one requires a reliable model for the
prediction of mass flux, it is of capital importance to include the hysteresis effects.

In terms of computational cost of the four different cases. For the approaches Model 1, Model 2 and
Model 3, the computational ratio scales with RCPU = 11.2 min/day . For the Bang–Bang model, which
includes hysteresis effects, the ratio increases slightly to RCPU = 12.8 min/day . Thanks to an efficient
numerical model the computational efforts are saved. A more reliable model for the predictions of the heat
and mass transfer in building porous materials is obtained at the price of small increase of the computation
time.
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Figure 22. Probability density function of the relative humidity φ (a) and of the temperature T (b) at
x = L for the four different simulation cases.
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6 Conclusion
It is important to build reliable and efficient numerical models to represent the physical model of heat

and mass transfer in porous building material. The reliability of a model relies in its ability to represent
experimental observations. In addition, the model needs to be efficient by reducing the computational efforts
and providing accurate solutions. With such models, simulations can be performed to predict the physical
phenomena and for instance evaluate the heat losses of a wall submitted to retrofitting.

Among the physical phenomena, the hysteresis effects on moisture sorption and moisture capacity require
to be integrated in the mathematical model to ensure the reliability of the predictions [4, 7]. Several models
have been proposed in the literature, but it is still an open challenge to propose efficient numerical models
for hysteresis that can be coupled with heat and moisture transport ones [10]. Thus, the objective of this
paper is to explore the use of the Bang–Bang model to simulate hysteresis effects coupled with heat and
mass transfer in porous materials.

Section 2 presented the mathematical model for heat and mass transfer with hysteresis effects on water
content and sorption capacity. The Bang–Bang model is described. It is based on the solution of a differential
equation enabling smooth transitions between the main adsorption and desorption curves. To compute the
so-called intermediary scanning curves, two parameters β a and β d are involved in the definition of the model.
These parameters control the speed of transition between one main curve to the other. In the end, the model
was composed of a system of four coupled partial differential equations: two for the heat and mass balance
and two for the hysteresis on the water content and sorption capacity. In Section 3, a numerical model is
proposed to compute the solution with satisfactory accuracy and reduced computational cost. The heat and
mass balance equations are solved using the Du Fort–Frankel numerical scheme. It has a strongly relaxed
stability condition and an explicit definition, avoiding costly sub-iterations to treat the non-linearities. The
hysteresis numerical model is based on an implicit-explicit approach. It uses the advantages of a fully
implicit approach in terms of stability and consistency, but also avoids the sub-iterations at each time step
due to the non-linearities. It saves important computational efforts.

The reliability of the model is investigated in Section 4 by comparing the numerical predictions with
experimental data from literature [12]. Samples of hemp concrete are submitted to cycles of adsorption and
desorption by increasing or decreasing the ambient relative humidity. Two cases are investigated: (i) a slow
cycle of adsorption and desorption and (ii) a fast cycling case with alternating phases of adsorption and
desorption. The comparison shows a very satisfactory agreement between the numerical predictions with the
Bang–Bang model and the observations. The parameters β a and β d depend on the frequency of variation
of the heat and mass transfer processes. A small increase of computational cost is gained by coupling the
hysteresis model within the one of heat and mass transfer. Some investigations are required to derive an
equation between the frequency of variation of the relative humidity in the material and the value of the
parameters β a and β d .

Given the reliability and efficiency of the proposed model verified, Section 5 investigated the importance
of hysteresis effects on the simulation of the heat and mass transfer in a hemp concrete wall over one year.
The wall is submitted to variable climate conditions at one side and daily loads of relative humidity on the
inside part. An accurate prediction of the fields in the wall is obtained with the proposed mathematical
model. The two parameters β a and β d requires to be chosen according to the frequency of variation of
the fields. The importance of considering hysteresis effects in the model was highlighted by comparing
the predictions obtained using either the primary adsorption, either the desorption curve, either the mean
sorption curve. The predictions are more accurate when modeling hysteresis. Hysteresis effects are greater
when boundary conditions are time varying and change fast. Consequently, the prediction of the heat and
moisture fluxes at the indoor side is also influenced by the hysteresis phenomenon. In the end, a more
reliable model is obtained for the predictions of the heat and mass transfer in building porous materials,
allowing a slight increase of the computation time.

Further investigations are needed to confirm the importance of the hysteresis phenomena by comparing
predictions and in-situ experimental data at the wall or building scales.
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Nomenclature

Latin letters

cQ heat storage coefficient [J/(m 3 · K)]

cM moisture storage coefficient [kg/m 3]

c 0 , c ` , c v specific heat [J/(kg · K)]

h rV surface vapour transfer coefficient [(K · s)/m]

h rQ surface heat transfer coefficient [W/(m 2 · K)]

jm moisture flux [kg/(m 2 · s)]

j q heat flux [W/m 2]

kM , kV , kL moisture, vapor and liquid transfer coefficient [kg/(m · s)]

kQ , kQ 0 heat transfer coefficient [W/(m · K)]

kVT vapor transfer coefficient under temperature gradient [kg/(m · s · K)]

L length [m]

L v latent heat of evaporation [J/kg]

P , P sat pressure [Pa]

T temperature [K]

t time coordinate [s]

x space coordinate [m]

Greek letters

β hysteresis coefficient [s −1]

ε emissivity [ø]

κ a air permeability [kg/(m · s · Pa)]

µ vapor permeability [ø]

Π porosity [ø]

φ relative humidity [ø]

ρ specific mass [kg/m 3]

ω mass content [ø]

σ Stefan–Boltzmann [W/(m 2 · K 4)]

ξ sorption capacity [ø]
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