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Abstract

We study the convergence rate of the optimal quantization for a probability measure se-
quence (i, )nen+ on R converging in the Wasserstein distance in two aspects: the first one is
the convergence rate of optimal quantizer 2™ ¢ (Rd)K of uy, at level K; the other one is the
convergence rate of the distortion function valued at z(™, called the “performance” of z(™
Moreover, we also study the mean performance of the optimal quantization for the empirical
measure of a distribution p with finite second moment but possibly unbounded support. As
an application, we show that the mean performance for the empirical measure of the mul-
tidimensional normal distribution N'(m, %) and of distributions with hyper-exponential tails
behave like (’)(1"%). This extends the results from [BDLO8] obtained for compactly supported
distribution. We also derive an upper bound which is sharper in the quantization level K but
suboptimal in n by applying results in [FG15].

keywords: Clustering performance, Convergence rate of optimal quantization , Distortion func-
tion, Empirical measure, Optimal quantization.

1 Introduction

The K-means clustering procedure in the unsupervised learning area was first introduced by
[Mac67], which consists in partitioning a data set of observations {7y, ...,nxy} C R% into K classes
Gk, 1 < k < K with respect to a cluster center x = (x1,...,xx) in order to minimize the quadratic
distortion function Dk, defined by

N
= (z1,....25) € (RN s Dp (2 Z 7m1n d(nn, 1), (1.1)

where d denotes a distance on R%. The classification of the observations {ni,..,nxy} C R? in
[Mac67] can be described as follows

= : < i ;
Gi={nmne{m,...nn} : dnn, 1) < Qggle(nme) }



= : < i :
Go = {1 € {m, ...~} d(nn,xz)_1Sjglllg}#2d(nm%)}\Ql

G ={ e {m,...nn} : dijn,zk) < 1<jrréi2_ld(nn,xj) P\ (Gx-1U---UG1). (1.2)
If a cluster center z* = (z7, ..., ) ) satisfies Dx (") = inf ¢ (gayx Dk (y), we call z* an optimal
cluster center (or K-means) for the observation n = (11, ...,nn). Such an optimal cluster center
always exists but is generally not unique.

K-means clustering has a close connection with quadratic optimal quantization, originally de-
veloped as a discretization method for the signal transmission and compression by the Bell labo-
ratories in the 1950s (see [IEE82] and [GG12]). Nowadays, optimal quantization has also become
an efficient tool in numerical probability, used to provide a discrete representation of a probability
distribution. To be more precise, let |-| denote the Euclidean norm on R¢ induced by the canonical
inner product (-|-) and let X be an R%valued random variable defined on (£, F,P) with probabil-
ity distribution p having a finite second moment. The quantization method consists in discretely
approximating p by using a K-tuple z = (z1,...,7x) € (R*)X and its weight w = (wy, ..., wx) as
follows,

K
wopt o= Zwkdmk,
k=1

where §, denotes the Dirac mass at a, the weights wy, are computed by wy, = u(Cr(2)),k=1,..., K,

and (C’k(x)) is a Voronoi partition induced by x, that is, a Borel partition on R? satisfying

1<k<K

Cr(z) C Vi(z) = {¢ € R? | 1€ —ax| = lg}iSnKK -z}, k=1, K. (1.3)

The value K in the above description is called the quantization level and the K-tuple above
x = (x1,...,xx) is called a quantizer (or quantization grid, codebook in the literature). Moreover,
we define the (quadratic) quantization error function eg,, of 1 (or of X) at level K by

1/2
v = (21, 7x) € RYE — ex (x) = [ [ min, le z|? u(df)] . (1.4)

The set argmineg,, is not empty (see e.g. [GLOO][see Theorem 4.12]) and any element z* =
(x7,...,x%) in argmin ek ,, is called a (quadratic) optimal quantizer for the probability distribution
w at level K. Moreover, we call

er = inf e 1.5
Kon = g 0 e 1) (15)

the optimal (quadratic) quantization error (optimal error for short) at level K.

The connection between K-means clustering and quadratic optimal quantization is the follow-
ing: if the distance d in (1.1]) and (1.2]) is the Euclidean distance and if we consider the empirical
measure iy of the dataset {n,...,nny} defined by

1 N
AN = N;&M’ (1.6)

then the distortion function Dy ,, defined in (1.1)) is in fact €%, , ~and argmin Dy, = argmin ex g -
That is, an optimal quantizer of fiy is in fact an optimal cluster center for the dataset {n1,...,nx}.

In Figure[l] we show an optimal quantizer and its weights for the standard normal distribution
N (O, 12) in R? at level 60, where I; denotes the identity matrix of size d x d. The color of the cells



in the figure represents the weight of each point zj in the quantizer = (z1,...,2x). In Figure
we show an optimal cluster center at level K = 20 for an i.i.d simulated sample {n, ..., 7500} of
the N (0,1I2) distribution.
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Figure 1: An optimal quantizer for A'(0,I,) Figure 2: An optimal cluster center (blue points)

at level 60. for an observation {mi, ..., 500} i N(0,15)

(grey points).

For p € [1,+00), let P,(RY) denote the set of all probability measures on R¢ with a finite
p'"-moment. Let p,v € P,(R?) and let II(y,v) denote the set of all probability measures on
(R? x RY, Bor(R%)®?) with marginals p and v, where Bor(R%) denotes the Borel o-algebra on R<.
For p > 1, the LP-Wasserstein distance W, on P,(R?) is defined by

1

Woy(p,v) = ( inf /R . | —y|p7r(dm,dy)>p
dX d

m€l(p,v)

- inf{[]E X — Y|”] "UX,Y 1 (Q,AP) — (RY, Bor(RY) with Py = p1, Py = v }
(1.7)

The space P,(R?) equipped with the Wasserstein distance W, is a Polish space, i.e. is separable
and complete (see [Bol08]). If u, v € P,(RY), then for any ¢ < p, Wy (1, ) < Wy (i, v).

With a slight abuse of notation, we define the distortion function for the optimal quantization
as follows.

Definition 1.1 (Distortion function). Let K € N* be the quantization level. Let ji € Po(R?). The
(quadratic) distortion function Dy, of u at level K is defined by

v = (@ k) € (BYS D ule) = [ min je = o ulde) = (o). (18)

For a fixed (known) probability distribution p, its optimal quantizers can be computed by
several algorithms such as the CLVQ algorithm (see e.g. [Pagl5|[Section 3.2]) or the Lloyd I
algorithm (see e.g. [L1o82], [Kie82] and [PY16]). However, another situation exists: the probability
distribution y is unknown but there exists a known sequence (15, )n>1 converging in the Wasserstein
distance to pu. A typical example is the empirical measure of an i.i.d. p-distributed sequence



random vectors (see below). The empirical measure of non i.i.d. random vectors appears
for example when dealing with the particle method associated to the McKean-Vlasov equations
(see |[Liul9][Section 7.1 and Section 7.5]) or the simulation of the invariant measure of the diffusion
process (see [LP02] and [LemO05][Chapter 4]). This leads us to study the consistency and the
convergence rate of the optimal quantization for a YW,-converging probability distribution sequence

(ﬂn)nzl'

There exist several studies in the literature. The consistency of the optimal quantizers was first
proved in [Pol82h].

Theorem (Pollard’s Theorem). Let p, € P2(R%),n € N* U {oo} with Wa(pin, pios) — 0 as n —
+00. Assume card(supp(un)) > K, forn € N*U {+o0}. Forn > 1, let (") = (x§”>,...,x§?))
be a K-optimal quantizer for u,, then the quantizer sequence (x("))nzl is bounded in R? and any

limiting point of (x("))nzl, denoted by (>, is an optimal quantizer of ioo.

Let fi, € P2(R%), n € NU {oo} with Wh(jin, fies) — 0 as n — +oc. Let (™ denote an optimal
quantiser of u,. There are two ways to study the convergence rate of the optimal quantizers. The
first way is to directly evaluate the distance between (™) and argmin Di p..- The second way is
called the quantization performance, defined by

D ™)y~ inf D x). 1.9
s 0) = inf Dy (2) (19)
This quantity describes the distance between the optimal error of p, and the quantization error of
2" considered as a quantizer of [ (even (") is obviously not “optimal” for loo). Several results
of convergence rate exist in the framework of the empirical measure. Let X;(w),..., Xp(w),... be
i.i.d random vectors with probability distribution p € P2(RY) and let

1 n
W= o Ox. 1.10
o, n ; X;i(w) ( )

be the empirical measure of p. The almost sure convergence of W (1%, i) has been proved in
[Pol82b] [Theorem 7). Let (™ denotes an optimal quantizer of u& at level K. In [Pol82al, the
author has proved that if u has a unique optimal quantizer x at level K, then the convergence rate
(convergence in distribution) of |x(”)7“’ — x| is O(n~1/?) under appropriate conditions. Moreover,
if 1 has a support contained in B(0, R), where B(0, R) denotes the ball in R? centered at 0 with
radius R, an upper bound of the mean performance has been proved in [BDL0S], shown as follows,

) _ 12K - R?
E D, («™*) - xe%ﬁg)x Dr, p(z) < .

In this paper, we extend the convergence results in [Pol82a] and in [BDLOS] in two perspectives:
first, we give an upper bound of the quantization performance

DK jioe (x(n)) - ZGEES)KDK,MOO(%)- (1.11)

and that of related optimal quantizers for any probability distribution sequence (g, )n>1 converging

(W 1n [Pol82D][see Theorem 9], the author used
pr € P(K) = {u € P2(R?) such that card (supp(v)) < K}

to represent a “quantizer” at level K. Such a quantizer px is called “quadratic optimal” for a probability measure
wif Wa(pge, p) = e w We propose an alternative proof in Appendix A by using the usual representation of the

quantizer z € (R*)K but still call this theorem “Pollard’s Theorem”.



in the Wasserstein distance. Then, we generalize the clustering performance results in [BDLOS] to
empirical measures in Py(R%) possibly having an unbounded support.

Our main results are as follows. We obtain in Section [2] a non-asymptotic upper bound for the
quantization performance: for every n € N*,

Do (200) = inf | Dy (2) < ey, Waltins poc) + OV (iopi). (112)

Moreover, if Dk, is twice differentiable at
Fr = {z=(21,...,ax) € RYS | 2; £ a;, if i # j} (1.13)

and if the Hessian matrix Hp, , —of Dk, is positive definite in the neighboorhood of every
optimal quantizer 2(>) € G Kk (ftoo) having the eigenvalues lower bounded by a A* > 0, then, for n
large enough,

n 2 8 . 8
d<l'( ),GK(#oo)) < FQK,MOO “Wa(pin, poo) + ItH Wg(ﬂmﬂcc)v

where d(&, A) == minge 4 |€ — a| denotes the distance between a point ¢ € R? and a set A C R9.

Several criterions for the positive definiteness of the Hessian matrix Hp, , of the distortion
function Dk, are established in Section[3] We show in Section [3.1] the conditions under which the
distortion function Dk, is twice differentiable in every x € F and give the exact formula of the
Hessian matrix Hp, ,. Moreover, we also discuss several sufficient and necessary conditions for
the positive definiteness of the Hessian matrix in dimension d > 2 and in dimension 1.

In Section we give two upper bounds for the clustering performance ]E'DK,H(I(H)’W) -
inf ¢ rayx Dr, u(), where ("% is an optimal quantizer of u¢ defined in lb If 4 € Py(RY)
for some g > 2, a first upper bound is established in Proposition

EDk, (™) — inf Dg .(z)

)

z€(R4)K
n~1/4 1+ p—(a=-2)/2q ifd<4andg#4
< Caqic % 4 n= /4 (log(1+m)) " +n=(=2/20 if d = 4amd g # 4 »
n—1d 4 p—(a-2)/2q if d>4andq #d/(d—2)

where Cg 4.,k is a constant depending on d, ¢, and the quantization level K. This result is
a direct application of the non-asymptotic upper bound combined with results in [FGI5]
about the mean convergence rate of the empirical measure for the Wasserstein distance. If d > 4
and q > %, this constant Cgq 4, .,k is roughly decreasing as K —1/d (see Remark . This upper
bound is sharper in K compared with the upper bound below, although it suffers from the
curse of dimensionality.

Meanwhile, we establish another upper bound for the clustering performance in Theorem
which is sharper in n but increasing faster than linearly in K. This upper bound is

n),w : 2K 2 2
E D (™) — zetﬁgw Di, u(w) < 7n [Tzn +prc (1) + 2r1 (ran + PK(M))}: (1.14)
where 1, = H maxi<i<p | X H2 and pg(p) is the maximum radius of optimal quantizers for u,
defined by
o () = max{ max |z%|, (27,...,2%) is an optimal quantizer of p at level K}. (1.15)



In particular, we give a precise upper bound for p = N(m,X), the multidimensionnal normal
distribution

EDg, (™) — inf Dk ,(z) <C,-

2
Lot f[1+logn+w< log K (1 + d)] (1.16)

where limsupg vx = 1 and C, = 12 - [1 Vlog (2 [paexp(3 |§|4)M(d§))]. If p =N(0,1), C, =
12(1+ %) - log 2.

We start our discussion with a brief review on the properties of optimal quantization.

1.1 Properties of the Optimal Quantization

Let Gk (1) = argmin D, denote the set of all optimal quantizers at level K of p and let e u
denote the optimal quantization error of p defined in (|L.5]).

Proposition 1.1. Let K € N*. Let yu € P2(R?) and card(supp(p)) > K.

(i) If K > 2, then e}, <€y -

(ii) (Existence and boundedness of optimal quantizers) The set G () is nonempty and compact

so that px (n) defined in is finite for any fivzed K. Moreover, if x = (x1,...,xk) 1S an
optimal quantizer of p, then x € Fi, where Fx is defined in .

(iii) If the support of u, denoted by supp(u), is a compact, then for every optimal quantizer
x = (x1,....,2x) € Gg(p), its elements xp,1 < k < K are contained in the closure of convex
hull of supp(u), denoted by H,, = conv(supp(,u)).

For the proof of Proposition [I.1}(i) and (ii), we refer to [GL00][see Theorem 4.12] and for the
proof of (iii) to Appendix B.

Theorem. (Non-asymptotic Zador’s Theorem, see [LP08] and [Pag18][Theorem 5.2]) Let n > 0.
If 1 € Payy(RY), then for every quantization level K, there exists a constant Cq,, € (0,+00) which
depends only on d and n such that

e;(,u S Cdﬂ? ’ 0-2+77(/-£)K71/d7 (117)

where for v € (0,+00), 0,(11) = Mingega [ fya [€ — al p(d)] "

When £ has an unbounded support, we know from [PS12] that limg px (p) = +00. The same
paper also gives an asymptotic upper bound of px when p has a polynomial tail or a hyper-
exponential tail.

Theorem. ([PS12[see Theorem 1.2]) Let u € Py(R?) be absolutely continuous with respect to the
Lebesque measure A\q on R% and let f denote its density function.

(i) Polynomial tail. For p > 2, if u has a c-th polynomial tail with ¢ > d + p in the sense that
there exists T > 0,3 € R and A > 0 such that V€ € R?, €] > A = f(£) = |g|c (log [£])?, then

i 08Pk __ p+d
K logK d(c—p—d)’

(1.18)



(i) Hyper-exponential tail. If u has a (9, k)-hyper-exponential tail in the sense that there exists
7>0,6,9 >0,¢>—d and A > 0 such that V€ € R €| > A = f(&) = 7|¢| e YIE", then
1/k

. PK —l/n( 2)
1 — <2 14+ - . 1.19
i sup Tog K)1/7 = +3 (1.19)

Furthermore, if d = 1, limg (log’)% = (%)I/H.

We give now the definition of the radially controlled distribution, which will be useful to control
the convergence rate of the density function f(z) to 0 when x converges in every direction to infinity.

Definition 1.2. Let u € P2(R?) be absolutely continuous with respect to the Lebesgue measure \g
on R? having a continuous density function f. We call p is k-radially controlled on R if there
exrists A > 0 and a continuous non-increasing function g : Ry — Ry such that

VEeRL (e > A, £(€) < g(l€]) and / 241 g () di < +oo.
+

Note that the c-th polynomial tail with ¢ > k + d and the hyper-exponential tail are sufficient
conditions to satisfy the k-radially controlled assumption. A typical example of hyper-exponential
tail is the multidimensional normal distribution N (m, X).

For i, v € P2(R?) and for every K € N*, we have

lexn = expllay = sup lex u(z) — ex,v(@)] < Walp,v), (1.20)
ze(R4)K
by a simple application of the triangle inequality for the L2—norm (see e.g. [GL0O0] Formula (4.4)
and Lemma 3.4). Hence, if (u,)n>1 is a sequence in P2(R?) converging for the Ws-distance to
oo € P2(RY), then for every K € N*,

lex, i, — €k peollyup < Wallin, o) == 0. (1.21)

2 General Case

In this section, we first establish in Theorem 2.1] a non-asymptotic upper bound of the quantization
performance D, (z(™) — inf, ¢ gayx Dr po, (¥). Then we discuss the convergence rate of the
optimal quantizer sequence in Theorem [2:2}

Theorem 2.1 (Non-asymptotic upper bound for the quantization performance). Let K € N* be
the quantization level. For every n € N* U {oo}, let pun, € P2(R?) with card(supp(un)) > K.
Assume that Wa(pin, fheo) — 0 as n — +00. For every n € N*, let (™) be an optimal quantizer of
tn- Then

Di ., (#™) = inf  Dr () < def,, Wallin, fise) + AW3 (i, i),

ze(R4)K

where ey, is the optimal error of oo at level K defined in .

Proof of Theorem[2.1} Let #(>) be an optimal quantizer of fio,. Remark that here we do not need
that 2(°) is the limit of (™). First, we have (see e.g. Corollary 4.1 in [Gy502])

€K, pioo (x(n)) - e;{,lloo = €K, pioo (x(n)) — €K, pn (x(n)) + €K un, (m(n)) €K poo (33(00))



< 2W2(,un7,uoc)a (21)

< 2|lex o — eK,uanup =

where the first inequality is due to the fact that for any u,v € Py(R?) with respective K-level
optimal quantizers z# and z”, if ex ,(z") > ek, (z"), we have

|€K,M(]"#) - 6K7V(]"D)| = eK;N(xﬂ) - eKﬂ/(xD) S eK7M(xV) - eKﬂ/(xy) S ||6K7Hoc - eK;Uansup .
If ex u(2#) < ek, (2¥), we have the same inequality by the same reasoning.

Moreover,
Dicpe (@) = inf | Dicyuc (@) = Dicyue (@) = Drtpuc (@)
< fercue (8) + ex s (2] (ex0 e (2) = ex e (215))
< 2fen o (20) = excpune (20°)) + 2ex 4 (2] - Wa(pin, o) (by 2:1))
< 4[W2(le1400) + 6}(#00] “Wa(pins foo) (by )
< 46},wa2(Um.UOO)+4W22(.Um.“oo)- O

Let B(z,r) denote the ball centered at  with radius r. Recall that F = {z = (z1,...,2x) €
(RYE | @; # xj, if i # j}. Remark that if 2 € Fi, then every y € B(w, § mini<; j<six; [vi — ;] )
still lies in Fx. In the following theorem, we give an estimate of the convergence rate of the optimal
quantizer sequence (™, n € N*.

Theorem 2.2 (Convergence rate of optimal quantizers). Let K € N* be the quantization level. For
every n € N* U {oo}, let pi, € P2(RY) with card(supp(pn)) = K. Assume that Wa(jin, plos) — 0
asn — +oo. For everyn € N*, let (™) be an optimal quantizer of ju, and let G (ji0) denote the
set of all optimal quantizers of po. If the following assumptions hold

(a) the distortion function Dk, is twice differentiable at every x € F;
(b) card(G (pos)) < +00;

(c) for every () € Gk (i), the Hessian matriz of Dk o, denoted by Hp, , , is positive
definite in the neighbourhood of (> having eigenvalues lower bounded by some \* > 0,

then, for n large enough,

n 2 8 . 8
d(x( )aGK(ﬂOO)) < FeK,um Wa(pin, poo) + Ith WQQ(NMMOO)~
Remark 2.1. Section 3 provides a detailed discussion of the conditions in Theorem [2.2] and their
relation between each other.

(1) First, in Section [3] we establish that if po, is 1-radially controlled, then its distortion function
Dg .. is twice continuously differentiable at every x € Fix and give an exact formula of the Hessian
matrix Hp, , (x) in Proposition Thus, one may obtain Condition (¢) either by an explicit
computation or by numerical methods. Moreover, if Hp, , is positive definite at z € Fl, it is also
positive definite in its neighbourhood. In Section we establish several sufficient conditions for
the positive definiteness of the Hessian matrix Hp, , in the neighbourhood of () € G (o)
in one dimension.

(2) If the distribution p is 1-radially controlled, a necessary condition for Condition (¢) is Con-
dition (b) (see Lemma . Thus, if card(Gx (ptoc)) = 400, it is more reasonable to consider the
non-asymtotic upper bound of the performance (Theorem to study the convergence rate of



the optimal quantization. A typical example is the standard multidimensional normal distribution
too = N(0,I4): it is 1-radially controlled and any rotation of an optimal quantizer z is still optimal
so that card (G g (o)) = +00.

Proof of Theorem[2.4 Since the quantization level K is fixed throughout the proof, we will drop
the subscripts K and p of the distortion function Dk, and we will denote by D,, (respectively,
Do) the distortion function of w, (resp. piso)-

After Pollard’s theorem, (2(™),en- is bounded and any limiting point of 2(™) lies in G'g (fioo)-
We may assume that, up to the extraction of a subsequence of (™, still denoted by (™, we have
(™ — () € Gk (j1oo). Hence d(x(”),GK(uoo)) < |a:(”) - 9:(°°)|.

Proposition implies that #(®) € F. As D is twice differentiable at z(°), the second
order Taylor expansion of Do at (> reads:

Doo(x(”)) - Doo(x(oo)) + <VDOO(Z(°°)) ‘ 2™ _ x(OO)> + %HDOQ (C(”))(x(”) _ x(OO))®2,

where Hp__ denotes the Hessian matrix of Dy, ¢ (") lies in the geometric segment (x(”), x(oo)) and
for a matrix A and a vector u, Au®? stands for T Au.

As (™) € Gk (jios) = argmin Do, and card (supp(poc)) = K, one has VD4 (2(>)) = 0. Hence
1
Do (@) = Do () = G Hp., () () =), (2:2)
It follows from Theorem 2.1] that

5, (¢)(a®) — 2()%2 = 3(Dug (a) — Doc(al))
< 8ek o Wakin, poo) + 8W3 (fns foo)- (2.3)

By Condition (c), Hp__ is assumed to be positive definite in the neighbourhood of all z(°*) €
Gk (1100) having eigenvalues lower bounded by some A* > 0. As ¢ () lies in the geometric segment
(™, 2()) and (" — 2(>) there exists an ng(x(>)) such that for all n > ng, Hp_(¢™) is a
positive definite matrix. It follows that, for n > ny,

2
A [ (™ _x<oo>’ < Hp_ (C™)(z™ — g())®2

< 86;(,;%0 Wa(fin, poo) + 8W22 (Hns Proo)-

Thus, one can directly conclude by multiplying at each side of the above inequality by )\i O

Based on conditions in Theorem [2.2] if we know the exact limit of the optimal quantizer sequence
(") we have the following result whose proof is similar to that of Theorem [2.2

Corollary 2.1. Let K € N* be the quantization level. For every n € N* U {oo}, let pu, € Pa2(R%)
with card(supp(pn)) > K. Assume that Wa(fin, poc) — 0 as n — +00. Let (™ € argmin Dk,
such that lim, (™ — (). If the Hessian matriz of Dk, u.. 18 positive definite in the neighbour-
hood of (>, then, for n large enough,

2

where C,Sg and C,Sil are real constants only depending on fioo.



3 Hessian matrix Hp, , of the distortion function Dy ,

Let pu € P2(R?) with card(supp(p)) > K and let 2* be an optimal quantizer of 4 at level K. In
Section we show conditions under which the distortion function D, is twice differentiable
and give the exact formula of its Hessian matrix Hp, ,. In Section we give several criterions
for the positive definiteness of the Hessian matrix Hp, , in the neighbourhood of an optimal
quantizer z* in dimension 1.

3.1 Hessian matrix Hp, , on R

If 1 is absolutely continuous with respect to the Lebesgue measure Ay on R? with the density
function f, then the distortion function D, is differentiable (see [Pag98]) at all point z =
(z1,...,xK) € Fx with

ODx.

o (x)2/w(m)(xi§)f(§)/\d(d§), fori=1,..., K. (3.1)

In the following Proposition, we give a criterion for the twice differentiability of the distortion
function D ;.

Proposition 3.1. Let p € Po(R?) be absolutely continuous with respect to the Lebesgue measure
Ag on R® with a continuous density function f. If i is 1-radially controlled, then

(2) the distortion function Dy, is twice differentiable at every x € Fix and the Hessian matric

Hp,,(z) = {%253(93: (x)]gigng is defined by
0°Dk. _ , , 1 Y -
dx;0z; (@) = 2/\/,-(x)mvj(x)(xl -z —¢)- mf(@/\z (d§), ifj#1, (3.2)
aQ'DK, m —9 \7A I ] ) 1 )\ij d 3.3
da2 (z) = {M( i())1a — ; vi(x)mvj(x)(ml —)®(xi—¢§)- = —$i|f(£) H( g)]7 (3.3)
1<GEK

where in and , u®v = [uvl)i<ij<a for any two vectors u = (u',...,u?) and
v= (vl .., v?) in RY;

.. 8°Dg. . . . .
(ii) every element 8%3:&5 of the Hessian matriz Hp, , is continuous at every x € Fi.

The proof of Proposition [3.1] is postponed to Appendix C. The following lemma shows that
under the condition of Proposition Condition (c) in Theorem [2.2] implies Condition (b).

Lemma 3.1. Let i € Po(R?) be absolutely continuous with the respect to the Lebesque measure \g
on R® with a continuous density function f. If s is 1-radially controlled and card(GK (uoo)) =
+00, then there exists a point x € G (jioo) such that the Hessian matriz Hp, , = of Dk ., at
has an eigenvalue 0.

Proof of Lemma[3.1. We denote by Hp_ instead of Hp, . to simplify the notation. Proposi-
tion implies that Gk (ko) is a compact set. If card(Gk (ko)) = 400, there exists z, %) €
Gk (ltoo), k € N* such that x®) — 2z when k — 4o00. Set up = o)z , k > 1, then we have

o]

ug| = 1 for all £ € N*. Hence, there exists a subsequence (k) of k such that u,) converges to
w(k)

some u with |u| = 1.
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The Taylor expansion of Dk ,,_ at x reads:
1
Dt (078) = Dig o () 4 (VDst s (2) | 290 = 2) + S Hip_ (0 (o) — ),
where ¢#(F) lies in the geometric segment (z¥*) z). Since z,2%) k € N* € Gg (o), then

VDk . (r) = 0 and for any k € N*, Dk, (2¥%) = Dy, (x). Hence, for any k € N*,
Hp_ (¢#R)(x#®*) — 2)®2 = 0. Consequently, for any k € N*,

(k) _ ®2
plyy (BT NS
HDOO(C )(|x%0(k) —1‘}) 0
Thus we have Hp__ (z)u®? = 0 by letting k — +o0, so that Hp__ (z) has an eigenvalue 0. O

3.2 A criterion for positive definiteness of Hp_(2*) in 1-dimension

Let 1 € P2(R) with card(supp(u)) > K. Assume that p is absolutely continuous with respect
to the Lebesgue measure having a density function f. In the one-dimensional case, it is useful to
point out a sufficient condition for the uniqueness of optimal quantizer. A probability distribution
w is called strongly unimodal if its density function f satisfies that I = {f > 0} is an open (possibly
unbounded) interval and log f is concave on I. Let Fj: = {x = (z1,...,2x) ERE | —c0 < 21 <
To < ..<zxrg < +oo}.

Lemma 3.2. For K € N*, if u is strongly unimodal with Card(supp(,u)) > K, then there is only
one stationary (then optimal) quantizer of level K in F;,

We refer to [Kie83], [Tru82], [BP93] and [GLO0][see Theorem 5.1] for the proof of Lemma
and for more details.

Given a K-tuple x = (z1,...,2x) € F;, the Voronoi region Vj(z) can be explicitly written:

Vi(z) = (—o00, 422, Vi (v) = [ZE=L12E 4oo) and Vi(x) = [Z=3t2e, Z2e] for j = 2, ., K — 1.

For all z € F ;, Dk, is differentiable at x and by || and
VD, u(x) = V 2(x; — &) f(€)d€ : (3.4)
Vi(z) i=1,...,.K
Therefore, as VDg, ,(x*) = 0, one can solve the optimal quantizer z* € F ;g as follows,

v Er(©

: IR fori=1,.. K. (3.5)

For any x € F' ;, the Hessian matrix Hp, , of Dk , at x is a tridiagonal symmetry matrix and
can be calculated as follows,

A1 —Bi12 —Bip
Hpy , (z) = —Bi—1,i Ai—Bi—1,i— Bijiy1 —Biit1 ,

—Brk-1,x Ax —Brk-1,K
(3.6)

where A; = 2(Cy(z)) for 1 <i < K and B; j = 3(z; — 2;) f(®“3™) for 1 <i<j < K. Let F,

11



be the cumulative distribution function of u, then

F

Ay = 2u(Cy (2)) = 2F#(x1 ;m)
Tit1 +xi) _F,

Ac = 2(Cu(w)) = 2[ B (P

Ag = 2u(C (x)) = 2[1 ~F, (W)]

(%‘—1 + x;

5 )} for i =2,.., K —1,

Then the continuity of each term in the matrix Hp, , (z) can be directly derived from the continuity
of F,.

0’Dk, P Drp
3%(%]

conditions to obtain the positive deﬁmteness of Hp,  (z*).

For 1 <i < K, we define L;( Z . The following proposition gives sufficient

Proposition 3.2. Let u € Pa(R) with card(supp(u)) > K. Assume that p is absolutely contin-
uwous with respect to the Lebesgue measure having a density function f. Any of the following two
conditions implies the positive definiteness of Hp, ,(x*),

(i) w is the uniform distribution,

(ii) f is differentiable and log f is strictly concave.
In particular, (i) also implies that L;(z*) >0, i=1,..., K.

Proposition is proved in Appendix D. Remark that, under the conditions of Proposition
p is strongly unimodal so that there is exactly one optimal quantizer in Fy for u at level K.
The conditions in Proposition directly imply the following convergence rate results.

Theorem 3.1. Let K € N* be the quantization level. For everyn € N*U{oo}, let p,, € P2(R) with
card(supp(un)) > K be such that Wa(in, leo) — 0 as n — 4o00. Assume that pe is absolutely
continuous with respect to the Lebesque measure, written poo(d€) = f(€)d€. Let ™ be an optimal
quantizer of p, converging to (). Then any one of the following two conditions

(1) poo is the uniform distribution

(ii) f is differentiable and log f is strictly concave

implies the existence of constants C,(il and C,(il only depending on i~ such that for n large enough,

2
‘x(”) - x(m)’ <O Wa(ptn, roo) + C2 - W3 (i, o)

Proof. Let Dk, .. denote the distortion function of p, and let Hp_ denote the Hessian matrix
of DK7 oo *

(i) Let gi,(x) be the k-th leading principal minor of Hp__ () defined in (3.6)), then gx(z),k = 1, ..., K,
are continuous functions in z since every element in this matrix is continuous. Proposition [3.2]
implies gy, (x(°)) > 0, thus there exists 7 > 0 such that for every = € B(z(*),r), gp(z(>)) > 0 so
that Hp__ (x) is positive definite. What remains can be directly proved by Corollary

D

(i) The function L;( E 0"Dre. — = (7) is continuous on z and Proposition [3.2] implies that
0x;0x;

Li(z(*)) > 0. Hence, there ex1sts r > 0 such that Vo € B(2(>),r), Ly(z) > 0. From (3.6),
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one can remark that the i-th diagonal elements in Hp_ () is always larger than L;(z) for any
x € RE then after Gershgorin Circle theorem, we derive that Hp__ (2) is positive definite for every
T € B(:I:(Oo)7 r). What remains can be directly proved by Corollary O

4 Empirical measure case

Let K € N* be the quantization level. Let y € Py (R?) for some € > 0 and card (supp(p)) > K.
Let X be a random variable with distribution p and let (X,,),>1 be a sequence of independent
identically distributed R%valued random variables with probability distribution x. The empirical
measure is defined for every n € N* by

1 n
= -~ Z;(Sxi(w), w e Q, (4.1)
1=

where 8, is the Dirac mass at a. For n > 1, let (") be an optimal quantizer of we. The
superscript w is to emphasize that both u and ("¢ are random and we will drop w when there
is no ambiguity. We cite two results of the convergence of Wh(u, 1) among so many researches
in this topic: the a.s. convergence in [Pol82b][see Theorem 7] and the LP-convergence rate of
W (s, i) in [FGI5].

Theorem. ([FG15][seec Theorem 1]) Let p > 0 and let u € Py(R?) for some ¢ > p. Let u¥ denote
the empirical measure of p defined in . There exists a constant C' only depending on p,d, q
such that, for allm > 1,

n~V2 4 p—(a=p)/a if p>d/2andq#2p
E(Wj (i, m)) < OMZ/ () x { 0=/ log(1 4 n) +n==7/7 ifp = d/2and q # 2p (42
nP/d 4 p—(a=p)/a if p € (0,d/2) and q # d/(d — p)

where My (1) = [ga 6|7 p(dS).

Let Dk, ,, denote the distortion function of ;1 and let Dy ,,, denote the distortion fuction of us
for any n € N*. Recall by Deﬁnition that for ¢ = (cy,...,cx) € (RHE,

Dic.u(e) =B min X — e =E[[XP + min (= 2(X|ex) + el )],

1<k<K
1 & 1 & 2
_ 1 . o 2 _ 2 2 . @ ) 2
and Dk ,,(c) = - Z;lér]lglK | X; — ekl - z:l | X" + 1gllclgnK ( - 2(X1|ck> + |exl > )
1= 1= =

The a.s. convergence of optimal quantizers for the empirical measure has been proved in [Pol81].
We give a first upper bound of the clustering performance by applying directly Theorem and

E2).

Proposition 4.1. Let K € N* be the quantization level. Let p € Py(R?) for some q¢ > 2 with
card(supp(p)) > K and let u¥ be the empirical measure of u defined in , Let (™ be an
optimal quantizer at level K of p. Then for any n > K,

EDg, (™) — inf Dk ,(z)

ve(RI)K
n~ Y4 L n=(a=2)/2q ifd<4andq#4

< Cagpur X § n~ Y4 (log(1 + n))l/2 +n-@=2/20 if d=4andq#4 . (4.3)
n=1/d 4 p=(a=2)/2q ifd>4andq#d/(d—2)
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where Cyq 4.,k 15 a constant depending on d,q, u and the quantization level K.

The reason why we only consider n > K is that for a fixed n € N*, the empirical measure p,,
defined in is supported by n points, which implies that, if n < K, the optimal quantizer of
tn at level K, viewed as a set, is in fact supp(u,). This makes the above bound of no interest.
Following the remark after Theorem 1 in [FGI15], one can remark that if the probability distribution
w has sufficiently large moments (namely if ¢ > 4 when d < 4 and ¢ > 2d/(d — 2) when d > 4),
then the term n—(972)/24 is negligible and can be removed.

Proof of Proposition[{.1 For every w € Q and for every n > K, Theorem implies that

Dreu(@ ™) = dnf | Dicu(@) < defe ,Walpiis ) + 43 (3, 0)-

Thus,

EDicu(e™) = inf Die(x) < deic EWa(s5 1) +AEW3 s, ).

It follows from (4.2)) applied with p = 2 that

n—1/2 4 p—a-2/q if d <4andq#4
EW3 (5, 1) < Cage % { n="/2log(1+n) +n=0=2/1 ifd =4 andg # 4 (49
n-2/d 4 p—(a-2)/a if d>4and g # d/(d - 2)

where Cq g, = C-Mg/q(u) and C'is the constant in 1) Moreover, as EWs (s, ) < (EW3 (s, ,u))l/2
and va + b < \/a + /b for any a,b € R, Inequality || also implies

n~l/4 4 p—(a=2)/2 ifd<4andq#4
EWa (g5, 1) < C;,/j“ x ¢ n~ 4 (log(1 + n))l/2 +n=(@=2/2¢ ifd=4andq#4
n~td 4 pn-(a=2)/2 ifd>4andq #d/(d—2)

Consequently,

E Dy (™) — peinf Drc(w) < deje EWa (i, 1) + AEWS (s, p)-

1/2
< 8(Cd,/q,ue;(,y V Ca,g,u) %

n—1/4 4 n—(a-2)/2q ifd<4andq#4
n=4 (log(1+n)) Y +n=(=2/20 it d = 4and g # 4 - (45)
n=1/d 4 p—(a-2)/2 ifd>dandq#d/(d—2)

One can conclude by setting Cg g,k = 8(03,/(127#6},“ V Caqu)- O

Remark 4.1. When d > 4, if % > % ie. q> dz—jg, Inequality 1' can be upper bounded as

follows,

log(1+n) ifd=4andq#4
ifd>4andq#d/(d—2)

Al e

-
EWQQ(U‘:;?M) < 20d7q,un_1/d x { _
n

log(1+n) ifd=4andq#4
ifd>4andq#d/(d—2)’

Q= R

n-
< QCd,qV#Kil/d X
-
since we consider only n > K and if ¢ > dz—_dQ, the term n~(4=2)/2¢ becomes negligible as n grows.

14



Consequently, (4.5) can be bounded by

E D (%) = inf | Dicu(@) < deic EWa(oi ) + AEWS (1 ).

gs«gﬁfﬂwv2amMK>U%x

n*i[(log(1+n))% +1og(1+n)} ifd=4andq#4 (4.6)
-4 ifd>dandq#d/(d—2) '
By the non-asymptotic Zador theorem (1.17]), one has
e}},p. < Cd,q(ﬂ)aq(N)Kil/d

with oy(1) = min,ega URd |€ — al p(df)]l/q. Thus, Inequality 1] can be upper-bounded as
follows,

EDg,(e™¥) = inf Diu(e) < deje JEWh (s, ) +4EW3 (17, o).

ze(R)K
< 8K(Cy/ i, Caa(W)oq(1) V 2Ciq,1) %
{n—i [(log(l + n))% + log(1 + n)} ifd=4andq #4
207 ifd>4andq#d/(d—2)’

from which one can remark that the constant Cg 4, x in Proposition @ is roughly decreasing as
K-,

A second upper bound of the clustering performance is provided in the following theorem.

Theorem 4.1. Let K € N* be the quantization level. Let pi € Po(R?) with card (supp(p)) > K and
let & be the empirical measures of p defined in , generated by i.i.d observations X1, ..., X, ....
We denote by x(™¥ ¢ (RHE an optimal quantizer of % at level K. Then,

(a) General upper bound of the performance.

n),w : 2K
E D, (") — et Preule) < 5 [rin + pr(1)? + 21 (r2n + pK(u))} (4.7)
where T, = || maxj<;<n | X ||2 and pr (1) is the mazimum radius of optimal quantizers of y,

defined in .

(b) Asymptotic upper bound for distribution with polynomial tail. For p > 2, if p has a c-th
polynomial tail with ¢ > d + p, then

EDK’“(.Z‘(”)’W)— inf Dk .(x)

K 2/p Setd)
it D) < [ Cup 7 O

where C,, , is a constant depending 1, p and limg v = 1.

(¢) Asymptotic upper bound for distribution with hyper-exponential tail. Recall that p has a
hyper-exponential tail if p = f - A\g and there exists T > 0,k,9 > 0,¢ > —d and A > 0 such
that V&€ € RL €| > A = f(€) = 71€]e K", If k > 2, we can obtain a more precise upper
bound of the performance

K

. 2 2/kK
,w 2/k 2/k
E[Dg, (™) — xegég)f( D, u(@)] < Coeu- 7n [1 + (log n)*" + vk (log K )" (1 + E) ]7
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where Cy .., 15 a constant depending U, k, ;. and limsupg vx = 1.
In particular, if p = N(m,X), the multidimensional normal distribution, we have

n),w : K 2
]E[DK,M(JJ( )@y IG}EE)KDK’“(@] <C,- NG [1 +logn + vk - (log K) (1 + g)},
where limsupg yx = 1 and C, = 24 - (1 V log 2Ee‘x|2/4) where X is a random variable with
distribution p. Moreover, when p = N(0,15), C, = 24(1 + ) - log 2.

The proof of Theorem relies on the Rademacher process theory. A Rademacher sequence
(0i)ieq1,...n}y is a sequence of i.i.d random variables with a symmetric {£1}-valued Bernoulli dis-
tribution, independent of (X7, ..., X,,) and we define the Rademacher process R,(f),f € F by
Ru(f) == 23" 0;f(X;). Remark that the Rademacher process R,(f) depends on the sample

{X1,..., X} of the probability measure p.

Theorem (Symmetrization inequalites). For any class F of u-integrable functions, we have
Ellpn = pllz < 2E[Raull £,

where for a probability distribution v, ||v||z = supsez [V(f)| = supjer | [pa fdv| and |Ry| 7 =
Sup e r IRn(f)I-

For the proof of the above theorem, we refer to [Kol11][see Theorem 2.1]. Another more detailed
reference is [VDVWO96] [see Lemma 2.3.1]. We will also introduce the Contraction principle in the
following theorem and we refer to [BLM13][see Theorem 11.6] for the proof.

Theorem (Contraction principle). Let x1, ..., x, be vectors whose real-valued components are in-
dexed by T, that is, x; = (zis)seT. For each i = 1,...n, let ¢; : R — R be a Lipschitz func-
tion such that ¢;(0) = 0. Let o1,...,0, be independent Rademacher random variables and let

€L = MaXj<i<p SUPg,ycR ’%ﬁ(”)‘ be the uniform Lipschitz constant of the function p;. Then
T#Y

E{supiai@i(@,s)] <ep -E[supiaixi,s}. (4.8)

seT ;4 seT 4

Remark that, if we consider random variables (Y7 g, ..., Y}, s)se7 independent of (o1, ...,0,) and
forall s € T and ¢ € {1,...,n}, Y ; is valued in R, then (4.8)) implies that

E[sup iai%(}@’s)} = E{E[Sup i 0:0i(Yis) | (Yis,..., Yn,s)sET:| }

seT ;1 seT ;4

n n
<cr, -E{E[SUPZUM,S | (Y15, ---,Yn,s)seTH <ecp ~E[supZUiY¢,s]- (4.9)
s€T 3 s€T i1

The proof of Theorem is inspired by that of Theorem 2.1 in [BDLOS].

Proof of Theorem[4.1 (a) In order to simplify the notation, we will denote by D (respectively D,,)
instead of Dg ,, (resp. Dk, p, ) the distortion function of p (resp. py). For any ¢ = (c1,...,ck) €
(R note that the distortion function D(c) of u can be written as

D(c) =E[ min |X —al?] =E[IX] + \min (=2(Xleg) + ek |*)].

We define D(c) = minj<p<x (— 2(X|ck) + ek ). Similarly, for the distortion function D;, of the

16



empirical measure i,

n n n
1

2 2
- X; — X2 i _z X,
PIN.N cl* = ;\ iF 4 min ( n§< iler) +lexl”),
we define D, (c) = miny<p<x (— 2 D0 (Xilew) + EE ). We will drop w in 2(™ to alleviate the
notation throughout the proof. Let x € argmin D ;. It follows that

E[D(z™) - D(z)] = E[D(2™) — D(z)] = E[D(«™) - D, ( <“>)]+1E[5n(x<n>)—6(g;)]
< E[D( x(" — Dn(2™)] + E[Dn(z) — D()]. (4.10)

Define for n,z € R?, f,(z) = —2(n|x) + |77|2~

Part (i): Upper bound of E[D(z™) — D, (z™)]. Let R,(w) = max;<;<n |Xi(w)|. Remark that
for every w € Q, R,(w) is invariant with the respect to all permutations of the components of
X1,...,X,). Let Br denote the ball centred at 0 with radius R. Then, owing to Proposition
(iii), (™ = (m&n),. (n)) € Bf; . Hence,

E [D(z™)-D, (™) <E sup (D(c) — Dnlc))

ceBgn
1 n
=B s (B i S0 -0 3 s S (X0)]

n

1 1 —
:E[ E (X)) — = (X, X,...,Xn}, 411
c:g% [nz_zllg}cgll(fk( i) nz_zllgllclgl(fk )} ! ] ( )

where X7,..., X are ii.d random variable with the distribution p, independent of (Xi,..., Xp).
Let Roy, == maxi<i<p |X;| V| X]|, then (4.11)) becomes

E [D(z")~D, (x (n))]<IE[ sup E[lz min_ f,, (X /)_lzl<k<Kfck i)|X1,~-~7XnH

ceBX n S 1<k<K n
'2n, = 1=
1 < J i
SE[EL s (32, i (D~ 532 i S (D)X, X
2n ? 1=
1 n l
:E[ngg g;(lggli{fck( )—lg}Cgleck( )] (4.12)

The distribution of (X7, ..., X, X7, ..., X)) and that of Ry, are invariant with the respect to all
permutation of the components in (X, ..., Xp, X1, ..., X},). Hence,

n

]E[D(xm))_ﬁn(x(n))]:]E[Cesgg i;"’(lg}cglz{f%( ) =, min fo,(X0)]

i=

sup Zal min_ fe, ( ’)] sup ZOZ min_ fe, (X )]

CEB 1<k<K peBRK 4 1<k<K
:QIE . 4.13
S g0 19

In the second line of (4.13)), we can change the sign before the second term since —o; has the
same distribution of ¢;, and we will continue to use this property throughout the proof. Let

17



Sk = E[ sup Z o; min_ fe, (X )] and we provide an upper bound for Sk by induction on
ceBE 1<k<K

K in what follows.

» For K =1,

n

= _ 1 e _ 2
S=E s o ga%ﬂ z)]—E[c:g};nn;m( 2elX,) + [ef )]

<2E[ sup ZU’ ol Xs)] +E[ sup ZUZ |c|

CEBRQn i=1 R2n
2
< —E[ sup c|z:o'Z i ] + E{ Zdz | Ron| }
n CEBRQW i=1
2
< fE[ sup Zaz c|} + ]E Zaz E|R2n|
n CGBRZ” i=1

(by Cauchy-Schwarz inequality and mdependence of o; and X;)

n 2
2 2
<= Xil| A Ranlly + =~ 1Dl I Renlly
9 i=1
2 1 2 _ |[Ranl|
< VnllXally - (1 Ranll, + ﬁIIRmHzS ﬁQ(QIIXl\\2+\IRQ7LII2)- (4.14)

The first inequality of the last line of follows from E|>!_ O'iXi|2 =EY " | 0?X? = nEX?
since the (oy,...,0,) is independent of (Xi,...,X,) and Eo; = 0. For n € N*  define r, =
[maxi<i<n |Yilll5, where Y1, ..., Y;, are i.i.d random variables with probability distribution . Hence,
T2n = ||Ran|ly, since (Y1, ..., Y2,) has the same distribution as (X1, ..., Xy, X1, ..., X},). Therefore,

S < ’jﬁ@nxlng + 7o)

» For K = 2,

n

1
Sy =E[ sup - Zai (fer (Xi) A fer (X2))]
c:((:l,cz)EBlz:‘,/2 n i1

n

1 1 a+b Ja—0>
—2E[C:g£’ n;Ui(fcl(Xi)+ch(Xi)—fcl(Xi)—fCQ(Xi)I)}(asa/\b_ ;L _ 5 |)
< f{IEJ Cesgg% - ;Uz‘(fq(Xi) + fer (X3)) ] +E[Cs;£2n 5;@ | fe, (X5) — ch(XZ-)”}
<30SR s S a0 - (X))} (b (@9))

¢€Bhy, =1
S%{Q& —|—E 61;1];2% Zazfcl Qéggzn z:mfc2 }gQSl, (4.15)

» Next, we will show by induction that Sx < K.S; for every K € N*. Assume that S < K57,
for K 4+ 1,

Sk+1 = E[ sup ZJ%l<k<K+1fCL( X))

BK+1 n
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n

SB[ swp Yo min o, (X)) A fer s (X))

n 1<k<K
cer;;j i=1 - =

n

%E{ sup 1201{( min fck(Xi)JrfCKH(Xi))*

n 1<k<K
cer;;: i=1 - =

IN

ka (XZ) - fCK+1 (XZ)

I}

min
1<k<K
n

%E{ sup 120—1( min fck(Xi)+fCK+1(Xi))

n 1<k<K
cer;;Ll i=1 - =

1
5 (Sk + 51+ Sic + 51) < S + 81 < (K +1)S. (4.16)

IN

n

+ sup lZm

K+1 T
ceBR;:1 i=1

1£}ch fck (Xl) - ch+1 (XZ)

IN

Hence,

E[D(z™) — D, (2")] < 25k < 2K S, <

2K - rop
2 (2 X1 | + an). (4.17)

Part (ii): Upper bound of E[D,(z) — D(z)]. As & = (x1,...,xx) is an optimal quantizer of u, we
have maxi<p<k |zk| < px (1) owing to the definition of px (1) in (1.15)). Consequently,

E[Dn(z) —D(x)] <E sup [Dn(c) —D(c)]

K
¢ EBPK(#)

By the same reasoning of Part (I), we have E[D,,(z) —D(z)] < %p;{(p) (2[| X1, +px (1)). Hence

E[D(™) - D(2)] < 2rs (2]|Xully + r2n) + %W(m (21X2 ], + pxc (1))

Vvn
2K 4 9
< (130 + PR () + 201 (ran + prc (). (4.18)
The proof of (b) and (c) is postponed in Appendix E. O

5 Appendix

5.1 Appendix A: Proof of Pollard’s Theorem

Proof of Pollard’s Theorem. Since the quantization level K is fixed, in this proof, we drop the
subscript K of the distortion function and denote by D,, (respectively, Do) the distortion function
of pin, (Tesp. pioo)-

We know z(™ € argmin D,, owing to Proposition that is, for all y € (y1,...,yx) € (RHE,
we have D, (z(™) < D, (y). For every fixed y = (y1,..., yx), we have D,,(y) — Duo(y) after (1.21)
so that

li D,(z™) < inf D(y). 5.1
im sup (z )—yeﬁ%dw (y) (5.1)

Assume that there exists an index set Z C {1,..., K} and Z¢ # & such that (gcgn))iez,nzl is
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bounded and (wgn))iezc,nzl is not bounded. Then there exists a subsequence 1 (n) of n such that

2/ S E™ ier,

i€ 1°.

After (1.21)), we have Dy, (z¥ (M) /2 > D (N2 — W) (11 (), 1100 ). Hence,
lim inf Dw(n)(x(w(”)))lﬂ > liminf Dy, (l‘(w(n)))1/2
n n
so that

lim inf Dy, (2P N)/2 > Jim inf Do (¥ ())1/2

:[limninf ie{rlr},i.I_TK} x§¢(n>) B 5‘2/%0(&)]1/2
> [ / limninfie{rlninK} N _ 5‘2 1 12
=[ [ min]e> — €] oty (52
where we used Fatou’s Lemma in the third line. Thus, and imply that
mm‘ {‘ )< inf Do (y). (5.3)

1€L ye(RI)E

This implies that Z = {1, ..., K'} after Proposition (otherwise 3) implies that elZl* (o) <
ef* (1) With |Z| < K, Wthh is contradictory to PI‘OpOblthD ( )) Therefore ((™) is bounded
and any limiting point z(>) € argming ¢ gayx Doo (T). O

5.2 Appendix B: Proof of Proposition - (iii)

We define the open Voronoi cell generated by z; with respect to the Euclidean norm |- | b
Vo (x RY | € — = i -z }. 5.4
={€eR?||¢—u| < [ in 1€} (5.4)

It follows from [GLOO][see Proposition 1.3] that intV, (x) = V,? (z), where int A denotes the interior
of a set A. Moreover, if we denote by A4 the Lebesgue measure on R, we have Ag(9V;, (z)) = 0,
where 0A denotes the boundary of A (see [GLO0][Theorem 1.5]). If pu € P2(RY) and x* is an
optimal quantizer of p, even if p is not absolutely continuous with the respect of Ay, we have
p(0Vy, (2*)) =0 for all i € {1,..., K} (see [GLO0][Theorem 4.2]).

Proof. Assume that there exists an z* = (7, ..., %) € Gk (1) in which there exists k € {1,..., K}
such that x}, ¢ H,,.

Case (I): u(VT"; (I'*) Nsupp(p)) = 0. The distortion function can be written as

2 K 2
D, ula Z/ € — x| u(de—;/ww) & — 27 ]? p(de)

(since z* is optimal and |-| is Euclidean, ;(0V,,(I'*)) = 0 and intV,, (T') = V2 (T"))

Zq
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Z/ € — a2[? u(de) = Dic (7). (5.5)

i=1,i#k

where T = (7, ...,x,’;fl,x,’;HL...,x*K). Therefore, I' = {o}, 2y, 2, T} is also a K-level
optimal quantizer with card(T") < K, contradictory to Proposition - ().

Case (II): ,u(VO (T'*) N supp(u)) > 0. Since x} # H,, there exists a hyperplane H strictly
separating z} and H,. Let &} be the orthogonal projection of xj, on H. For any z € H,, let b
denote the point in the segment joining z and xj which lies on H, then (b — &} |z} — &}) = 0.
Hence,

jwh = ° = |2} — b + |of — &5 > |25 — b
Therefore, |z — &}| < |z = b+ |b—&}| < |z —b| + |a}, — b] = |z — x}|.

Let B(x,r) denote the ball on R centered at = with radius 7. Since ,u(Vw"z (T*) Nsupp(p)) > 0,
there exists v € V% (I'*) Nsupp(p) such that Ir >0, p(B(a, 7)) >0 (when r = 0, B(a,7) = {r}).
Moreover,

V5 € Blayr), |8~ il < |8 - il < min|d - 37| (5.6)

Let & = (27, ..., 2} _1, %, Ty 1, - Tk ), (5-6) implies D (%) < D, u(x*). This is contradictory

with the fact that z* is an optimal quantizer. Hence, z* € H,,. O

5.3 Appendix C: Proof of Proposition

We use Lemma 11 in [FP93] to compute the Hessian matrix Hp,. , of Dk, .

Lemma 5.1 (Lemma 11 in [FP95}) Let ¢ be a countinous R- valued function defined on [0,1]%.
For every x € Di = {y € ([0, 1]¢ ) |y £yj ifi # 4}, let @ fv (x)go w)dw. Then ®; is
continuously differentiable on Dy and

Vit 3‘1’%)*/ PO+ ——— x (BT _oh\ide)  (57)
(z)NVj(x)

&nj 2 |.’1?j — .’lﬁl| 2
0P, 0%
and oz, () =— Z s (2), (5.8)
1<j<K,j#i
where T = ‘Ifzf ,
xTj—;
. T; + Xy
M = {ueRd|<u—Tj|xi—xj>=O} (5.9)

and N (d€) denotes the Lebesgue measure on the affine hyperplane M.

Note that one can simplify the result of Lemma [5.1]| as follows,

Vi %<m>:/()mv( )go@{l Bk R S S ST

8xj 2‘.%]'—.’1,'7;‘ |!EJ—IEZ| 2

=/ P P . ek N B RS TO TS
i ()NV;(

- / D) ——(a; — E)NI (de). (5.10)
(z)NV;j(x)

|75 — x4
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Proof of Proposition[3.1. (i) Set "M (&) = (z; — &) f(&)xm(£) with

1 €l <M
xmE) =S M+1—-¢] M<|({<M+1.
0 €] > M +1
Set @M =/, @) @M (€)d¢ and @, ( =/, () (@i =) f(§)dE for i =1,..., K. Then implies

that f”gg“ =20, i=1,.. K.
For j =1,..., K and j # i, it follows from (/5.10) that

ooM 1 y
i) L R S S id (de), 5.11
e @=[ @90 - I fOwENE), G
and fori=1,..., K,
oM B gy, i
pe @ =[( [ e, Z@: Lo = 98 = @O @),

(5.12)
where in and -7 u®v = [uv']1<; j<q for any two vectors u = (u!,...,u?) and v =
(v', ..., v%) in Rd

s

We prove now the differentiability of ®; in three steps.
» Step 1: We prove in this part that for every = € Fi,

his() = / (21— €)@ (2, — £) - —— F(ONI (dE) < +oo.
i (z)NV; () |

Ty — ZL’Z|
If Vi(z) NV;(z) = @, it is obvious that h;;(x) = 0 < +00. Now we assume that V;(z) NV;(z) # @.
Without loss of generality, we assume that Vi (x) N Va(z) = @ and we prove in the following hqs is
well defined i.e. (hi2(z) € R.

Let
¢ 1

|zo — 21

a(z,§) = (21— §) @ (v2 = &) - f&). (5.13)

Then
has(a) = / oz, N2(de).
Vi (QL‘)OVQ ( )

Let (ey,...,eq) denote the canonical basis of R, Set u® = |§1:§§|‘ As x1 # x4, there exists

at least one ig € {1,...,d} s.t. (u® | e;,) # 0. Then (u®,e;,1 < i < d,i # ip) forms a new
basis of RY. Applying the Gram-Schmidt orthonormalization procedure, we derive the existence
of a new orthonormal basis (u?,...,u%) of R? such that u§ = u®. Moreover, the Gram-Schmidt

orthonormalization procedure also implies that u7,1 < ¢ < d is continuous in x. With respect to
this new basis (uf, ..., u%), the hyperplane MY, defined in (5.9) can be written by

1+ o

M, =
12 2

+span(uf, i = 2,...,d),
where span(S) denotes the vector subspace of R? spanned by S. Moreover, note that

Vi(z) N Va(w) = {€€ My | minfog — €| > [y =& = e = ¢ -

.....

Then, for every fixed £ ¢ 9(Vi(x) N Va(x)), the function 2 — Ly, (2)Av,(x)(€) is continuous in
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r € Fi and
AL2 (B(Vl(x) N Vz(x))) ~0 (5.14)

since V4 (z) N Va(x) is a polyhedral convex set in M%,.
Now by a change of variable £ = I1+w2 + Zl o TiUY,

d
T+ =
h12(z) = Ad,1 ]]-Vlz(w)((TQa"'ard))a<I, 1 5 2 +Zmui)d7"2...d7’d, (515)

1=

where

d
Via(z) = {(7‘2, oy Tq) € RETE ’ min |z, — Tt Zrluf

2 } (5.16)

Tl — T d
1— T2
> ’ —Zriu
2 ‘
1=2

3<k<K 2 ;
=2
Let 0Vi2(z) be the boundary of Via(z) given by
. d—1 . _T1it Ty T _‘.%'1—56‘2_ }
OWVia(z) = {(rg, vy Tq) ER ’ 351:%1}{ Th 5 2 roul | = Zn (5.17)

Then 1) implies that Aga—1 (8V12 (x)) = 0 where Age-1 denotes the Lebesgue measure of the
subspace span(uf,i=2,...,d).

It is obvious that for any a = (ai, ..., aq), b = (b1, ..., ba) € R?, we have |a;b;| < |a||b|,1 <i,j <
d. Thus the absolute value of every term in the matrix

T+ T2 d T
(2, =+ ) rauf)
=2
(m,m _ Zd muq”) ® (M — Zd riuq") T+ T2 d
_ 2 =2 7 2 =2 7 f( + Z frﬂ//f) (518)

‘.1:2 —331| 2

can be upper-bounded by

|zige — S0 riug||2gEs Z?_gnuﬂf(xl tr

=8
~—

w2 — 21 ? = -
(2l + ISt ra)” ey &
< |zo — 21| f( +;mu )
1+Z (z1+z2+imuf) (5.19)
=2

where C, > 0 is a constant depending only on .

The distribution p is assumed to be 1-radially controlled i.e. there exist a constant A > 0 and
a continuous and decreasing function g : Ry — Ry such that

VEeRL |2 A (€ < g(lé) and / 2ig(z)dz < +oo. (5.20)

Now let K = 1 |z + 22| V A and let r := Zj o Tiuf. As g is a non-increasing function, it follows
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=2 =2
) ) ( ) 4
Coll+ ") sup  f(©)Lgricany + Coll + g (|22 o } et )L riz2ny-
§€B(0,3K)
Co(1+ |7'|2) sup  f(§)1ygr<2ky + Ca(1+ |7’|2)9< 7| — )]1{\r|22K}- (5.21)
£€B(0,3K)

Switching to polar coordinates, one obtains by letting s = |r|
/ C, |r|2g(|r| —K)]l{|r|22K}dr2...drd
<CId/]R (s— K ]1{5>2K}8 ds<de/ 3+K) g(s)ds
+
<2%C,.q /K (K + 5% g(s)ds < +oo,
where the last inequality follows from . Thus one obtains

/ [Cm(l +r?)  sup JELr<ory + Ca(1 4+ ‘T|2)9( 7| — K)]l{mzzK}}deud?‘d < 400.
RA—1 £€B(0,3K)

Hence hqo is well-defined since

/ (2, €)| M2(dg) < +o0. (5.22)
Vi (x)ﬂVQ(ZJ)

» Step 2: Now we prove that for any = € F,

oM
(%cj

sup
yEB(z,e4)

(y) — hij (y)‘ Mztee, (5.23)

where ¢, = %minngng |z; — ;| and 1D means every term in the matrix converges to 0.

First, for every fixed y € B(x,¢,), the absolute value of every term in the following matrix

W - hotw = [ ( W =9 8 5 =9 ) (1~ yur ()N ()

dz; V)NV (y) lv; — vl

can be upper bounded by

lyi — Elly; =€l

T (y) 32/
Vi(y)nV; ()N (RI\B(0,M+1)) lyj — vl

FION (de). (5.24)

Moreover, the inequality (5.22]) implies that fys(y) converges to 0 for every y € B(z,e,) as M —
+00. As (far)m is a monotonically decreasing sequence, one can obtain

sup |fM(y)| -0
yEB(z,e)

owing to Dini’s theorem, which in turn implies the convergence in (|5.23).

» Step 3: It is obvious that ®M(z) converges to ®;(z) for every z € R% as M — +oo since
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1 € Po(RY). Hence 221 () = hip(x). Then one can directly obtain 1) since 22Kn — 20%: — 2h;

Oxo oxjx; ox;

by applying (3.1]). The proof for (3.3) is similar.

(#1) We will only prove the continuity of ODicn ang 2P
y p y Ox10x2 81%

%1%;’5 for others i,7 € {1,..., K} is similar. We take the same definition of a(x, &) in (5.13), then

at a point ¢ € Fx. The proof for

Sy =2 [ el
0x10x2 Vi(z)NVa(z)

and by the same change of variable (5.15)) as in (¢), we have

0’Dyk T + X2 d -
Wax’;(x) =9 /Rdi1 ]lvlz(x)((rg, ...,rd))a(:c, 5 + ;riui )d’l"g...d’/‘d
with the same definition of Vi5(z) as in (5.16).
Let us now consider a sequence z(") = (acgn), ...,x%)) € (RY)X converging to a point z =
(21, ...,xx) € Fg satisfying that for every n € N*,
’x(") — x| <6y = 1 min |z; — z] (5.25)
- 3 1<i,j <K it 7

so that (") € Fy for every n € N*. For a fixed (r3,...,r4) € R4"!, the continuity of z
oz, Bft2 4 Z?:z riu?) in Fi can be obtained by the continuity of (z,£) — a(z,£) and the
continuity of Gram-Schmidt orthonormalization procedure.

By the same reasoning as in (5.19)), the absolute value of every term in the matrix

(n) (n)

d
N (I<n>, % +y T,l(n)ufw))
=2

can be upper bounded by

) d S\ 2 J
(| 7| | i i |) 2" 4 2 (n) 2™
™) _ ( g 2Tt )
ETEED)

where there exists a constant C, depending only on z such that

(125520 | oy o™

]

) d
scz(1+Zr?>

since by (5.25)), one can get
Vn € N* Vi, j € {l,... K} with i # j, 0, < ‘xgn) - xgn) < max |x; — x| + 20,.

T 1<ig<K

Moreover, if we take K := 3 sup,, ‘xﬁ”) + :ng")) V A and take 7, = Zf:2 riuf(n), then

$§n) + xgn) d
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(m) | o)

T 2
Coll+1r)  sup  f(E) g <ary + Coll+ |7“|2)9<‘% +) rud )11{\ I>2K}-
£€B(0,3K) =2
Col+rf)  sup  f()Lgr<ory + Co(l+ [r[)g(|r] = K) L >0k} (5.26)

£€B(0,3K)

By the same reasoning as in (i)-Step 1, we have

/ [Cx(l ) sup F(E)Lgr<ary + Co(l+ r[)g(Ir] — K)]l{\uzzz(}}drz---d?“d < +00,
Rd—1 €€B(0,3K)

2
which implies gfé;g (™) — gfé;” (x) as n — 400 by applying Lebesgue’s dominated conver-

2°D
gence theorem. Thus Té{; is continuous at = € F.

It remains to prove the contlnulty of z = pu(Vi(x)) = [oa Lvy(2)(€)F(§)Aa(dE) to obtain the
continuity of i DK £ defined in . Remark that

_ d _ i .
Vl(:v)—{é‘eR [ 1§ =@l < min [¢ xg|}7
and by [GLO0][Proposition 1.3],

oVi(z) = {feRd||§—x1|— min \g—xJ|}

1<j<K

Then for any § ¢ 0Vi(x), the function  +— Ly, (;)(§) is continuous. As the norm |-| is the
Euclidean norm, then A\;(0V;(z)) = 0 (see [GLO0][Proposition 1.3 and Theorem 1.5]). For any
z € Fg and a sequence z(™) converging to x, we have Ty, (0 (€)f(€) < f(&) € L*(Aa). Thus
the continuity of x — ,u(Vl ) fRd Ly, () (&) f(§)Aa(dE) is a direct application of Lebesgue’s
dominated convergence theorem.

O

5.4 Appendix D: Proof of Proposition

Proof. (i) We will only deal with the uniform distribution U([0,1]). The proof is similar for other
uniform distributions.

In [GLO00][see Example 4.17 and 5.5] and [BEP98], the authors show that I'* = {Z=

1,..., K} is the unique optimal quantizers of U([0,1]). Let z* = (5%, ..., =L, ..., 2521 then one
can compute explicitly Hp(z*):
R 0 ]
Hp(z") = . —% % —3% ) (5.27)
o ok &

The matrix Hp(z*) is tridiagonal. If we denote by fi(x*) its k-th leading principal minor and
we define fo(z*) =1, then

fk(x*) = %fk,1($ ) fk 2( *) for k = 27...7K - ].7 (528)

4K2
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and fi(z*) = % and fx(x*) = |Hp(z*)| = %fK_l(:c*) - ﬁf;(_g(x*) (see [EMO3]). One can
solve from the three-term recurrence relation that

L2kl
fk(x ):W, fork=1,...,K—1 (529)
L 2K+1 1
And fx(2%) = Sprg + o fr-1 (5.30)

In fact, (5.29) is true for £ = 1. Suppose (5.29) holds for k¥ < K — 2, then owing to (5.28])

. 1 2k+1 I 2k—-1)+1 2k+1)+1
fra (@ ):E' ok [k 4K2  ok-Lljk—1  oktljktl -

Then it is obvious that fi(z*) > 0 for k =1, ..., K. Thus, Hp(z*) is positive definite.

(ii) We define for ¢ = 2,.., K, zF = wi”;zi, then the Voronoi region V;(z*) = [Z],

i=2,..,K—1, Vi(z*) = (—o0,75] and Vg (z*) = [T}, +00).
For2<i< K — 1,

z; ] for

Li(z*)=A; —2B;_1,; — 2B; ;11

= 20(Vi(a")) — (& — i )F(EELEE) — (atyy -2
= 20(Vi(a")) - 200 — FE) - 2n — 2D EE)

2 N2 _ 1 (Vo (2
= 2wy ) ~ ()

~Fp(Vi@ )@ = Fap(Vie) - aip(Vi@))f @) }

2 *\\2 e -
‘W{M(W ) [/V_w)ﬁf(&)d& ; /v CESHC

i

l':( + 113:_‘_1 )
2

B [, S©- [ er@ads@n) (oving o §3)
{nvie) - r@n [

Vi(z*)

(€~ F)F(E)dE + [(Fa) /

Vi(z*)

(6~ T f()de .
(5.31)

2
pu(Vi(z*))

In order to study the positivity of L;(z*), we define a function ¢;(u) for any i € {1, ..., K} and
for any u = (uy,...,ux4+1) € F;QH by

Ui+1 Uit1

(€ — ) F(E)E + Fluian) / (€ — i) (O, (5.32)

Uq

o= [ [ rierae]’ - st |

Lemma 5.2. If f is positive and differentiable and if log f is strictly concave, then for all u =
(uy, .y ugy1) € F;gﬂ, we have the following results for p;(u) defined in ,

(a) for everyi=1,..,K, p;(u) > 0;
(b) 22 (u) < 0;

(¢) 225 (u) > 0.

Ouk 41

Proof of lemma[5.3 For a fixed i € {1,..., K}, the partial derivatives of ¢; are

Uj41

St =2 [ 1€ )~ 1w [ (€ w) (€ + ) i — )
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Ui41

Sew) =2 [ A fn) + ) [ (€= (€
— flui) f(ui1) (uier — i)

(u) =0, forallliandl#i+ 1. (5.33)

i

9¢i
aul

The second derivatives of ¢; are

0%p; 8%p; y ,
Wf@ui = Wil“ w) = —f(uipr) f(i) + (wipr —wi) (f (i) £ (wisr) — f(ui) f(uig1))
P Py

duoe, ) = duou (u)=0 foralll#idandl#i+ 1. (5.34)

!
If log f is strictly concave, then (log f)" = 7 is strictly decreasing. For u € FIJQH, we have

Ujr1 > Uy, then
Fluivs) _ frQu) _ f(uin) f() = fluiv) f(ws)

fluivr)  f(wi) Jui) f(uig)

2.
Thus f'(wit1) f(wi) — f(uit1)f (u;) < 0 and from which one can get &(u) < 0.
8ui+18ui

Dy 8%p; : . .
In fact, @, 3u s Buiiy and eI only depend on the variables u; and w;4.

(a) For 1 <i < K, v;i(uit1,uir1) = 0. After the Mean value theorem, there exists v € (u;, w;41)
such that
(i i) — il i) = S (3 045) (5.35)
Ui — Uit i\ Wiy Ui4-1 i\ Wi41, Wit1 auz s Uit1)- .

Moreover, there exists ¢ € (v, u;41) such that

1 opi, dp; %
Uity — Y ( 6ui (’7, U1+1) 8’1,61' (,yv P)/)) - 6Ui+16ui (’Y, C)
62901' 0p; ) dp;
Asy <, W(W ,¢) < 0. Thus =+ 0, (7, uig1) <0, Pu, (7,7) = 0. Then ;(ui, uis1) >

i
0 by applying Bu, (%ulﬂ) < 0 in ([5.35)).

(b) After the Mean value theorem, there exists 7/ € (ug, uz) such that

82901 / 1 6801 8@1
Ou10uy (u1,7') = Uy — Uy (Tm(ulauz) - Tm(ul,m)).

2
As 82121112 (u1,7") < 0 and g—:ji(ul,ul) = 0, one can get g—ii(uhuz) < 0.

(¢) In the same way, there exists ¢’ € (ug,uxy1) such that

82i(c’u}(%—l) _ 1 aCPK (UK,UK+1) - 890[( (uK+17uK+1)).
OugOug 11 U — U 41 OUr41 M1
Pox ok K
A - 4 < 0 d s = 07 t , > 0. D
¥ urOur iy (¢ urci) M i (K41, uK+1) one Bt e (ure, uK+1)

Proof of Proposition continuation. We set 5% = (—M, T ac2, ey They M) with M large enough
such that 7™ € Ff_ |, then for 2 <i < K -1, L ( *) = #(V €x )%(f*’M). Thus L;(z*) >0, i =
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2,..., K — 1 owing to Lemma (a).
For:=1,

Lyi(z*) = A1 (z*) — 2By 2(2%)
- u(vfu*)){MVl@*))z - (@) / (75 — )f(©)de |-

V1 (a:*)

If we denote Dy(x*) :== u(Vl(x*))2 — f(z%) fVl(z*)(%S — &) f(&)dE, then

Di(z*) = Ml_igrloo o1 (M) + f(—M) B (&= (—M)) f(&)d¢,
where VM (z*) = [-M, 73]
For all M such that —M < z35, f(—M) (&= (—M)) f(£)dE > 0, then
Vll\/l(x*)
Jm e [ e G zo

It follows from Lemma (b) that %(u) < 0 for u € Fjf 4, so that for a fixed M; such that
[
M oe Ft |, we have o1 (TM) < Mlirg 1(TM). We also have ¢ (71) > 0 by applying
—+o00
Lemma [5.2}(a). It follows that

*\ . ~x,M : _ — (—
D)= lim i@ i SN [ (6 (M) €
> ou(@ M)+ lim f(-M) (6 — (=) f(€)de
— 400 VIM(:E*)
> 0.
Then L;(x*) 2z Dy(z*)>0
1 = 1 .
#(Vi(z*))
The proof of Ly (x*) is similar by applying Lemma (c) Thus Hp(z*) is positive definite
owing to Gershgorin circle theorem. O

5.5 Appendix E: Proof of Theorem - (b) and (c)

Proof of Theorem [{} (b) If 1 has a c-th polynomial tail with ¢ > d + p, then u € P,(R?). Let
X, X4,..., X, beiid random variable with probability distribution u. Then,

Ty = ||Rn\|; =E[max (|X1],...,|X,])*] = E[max(|X1[", ..., |Xn|p)2/p]

n 2/ " 2/p 2/p
<E([S1GP)177) < [B( 1xP)| = [nEIxXP | = w27 )X, (5.36)
i=1 i=1
where the last line is due to the fact that X1, ..., X,, have the same distribution as X. Moreover,
we have »
pr(p) = KT 5-07% with lim vk =1 (5.37)
K—+oo

29



owing to (1.18)). It follows from (4.18]) that
. 2K
E[D(") - Dla)] < - (313, + ((2ma) V pic(w) - pic ()]

since rq, > mo after the definitions of r9, and ma. In addition, (5.37)) implies that px () — +oo
as K — +oo and, for large enough K, px (i) > 2ms. Therefore,

2K

< /n
K p+d

= (C n2/P+6Km7K>
\/ﬁ( H,p ?

where C,, , = 6 - 22/P ||XH; and limg v = 1.

]E[D(g;(n)) —D(x)] (3. (2n)/? HX”Z?) L 3K D 'n()

(¢) The distribution p is assumed to have a hyper-exponential tail, that is, p = f - Ag with
f(&) = 7)€ e ?IEl" for |¢| large enough with ¢ > —d. The real constant & is assumed to be greater
than or equal to 2. Let X be a random variable with probability distribution p. Therefore, for
every \ € (0,9), EeMNXI" < 400 and

P =Ry = E[max(|X1], ... | Xa])?] = E[max(|X1]", .., |X,|")?/"]
i " 2/k 2/k " w 12/K
:IE([%log(max(e’\lxllh,...,e’\lxﬂ ))} ! ) < (%) [logEmax(e’\lxl‘ oy Xl !
1 2/kK n . 2/k 1 2/kK . .
<(2)"" {mesl oY - (2)" emtmeny
2/k
:G) (log E X1 4 logn) ™", (5.38)

where the last line of (5.38]) is due to the fact that X7, ..., X,, have the same distribution than X.
Under the same assumption as before, it follows from (|1.19) that

Y5 ith limsupyg < 1. (5.39)

pic () < i (log K= - 2071/%(1 4 2)
d K—+o00

Moreover, it follows from (4.18) that

E[D(z™) — D(x)] < % [Brén + ((2ma) V prc(p)) - pﬂu)}

since rg, > mg after the definitions of g, and msy. In addition, (5.39)) implies that pg () — +oo
as K — +oo and, for large enough K, pg (1) > 2ms. Therefore,

E[D(z™) — D(x)] g%

22 {3 (1viog (zm ) )" (1) [ogmy 1]}

2//-@

+ 497 "y (log K)?/™ (1 + d) (5.40)
Inequality 1D is true for all A € (0,9). We may take A = g. It follows that
E[D(z™) — D(x)] < Cipp- - [1 + (log n)2/* + ~x (log K)2/" (1 + d)”"], (5.41)

where Cy ., = [6(%)2/#c - (1Vlog2E eﬁ‘X|H/2)} V 8972/% and limsupg yix = 1.
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Multi-dimensional normal distribution is a special case of hyper-exponential tail distribution,
ie. if u=N(m,%), we have kK = 2,9 = % and ¢ = 0. By the same reasoning as before,

K 2
E[D(x(”)) —D(z)] <C,- 7 [1 +logn + vk log K (1 + E)},
where C), = 24-(1Vlog 2E ! XI*/4). When p = N(0, 1), C,, = 24(1+%)-log 2, since E elXI*/4 = 24/2
by the moment-generating function of a y? distribution. O
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