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10Institut für Theoretische Physik, Lehrstuhl IV: Weltraum und Astrophysik, Ruhr-Universität Bochum, D 44780 Bochum, Germany

11DESY, D-15738 Zeuthen, Germany

12School of Physical Sciences, University of Adelaide, Adelaide 5005, Australia

13LUTH, Observatoire de Paris, PSL Research University, CNRS, Université Paris Diderot, 5 Place Jules Janssen, 92190 Meudon, France
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16IRFU, CEA, Université Paris-Saclay, F-91191 Gif-sur-Yvette, France

17GRAPPA, Anton Pannekoek Institute for Astronomy, University of Amsterdam, Science Park 904, 1098 XH Amsterdam, The Netherlands

18Friedrich-Alexander-Universität Erlangen-Nürnberg, Erlangen Centre for Astroparticle Physics, Erwin-Rommel-Str. 1, D 91058 Erlangen, Germany

19Astronomical Observatory, The University of Warsaw, Al. Ujazdowskie 4, 00-478 Warsaw, Poland

20Institut für Astronomie und Astrophysik, Universität Tübingen, Sand 1, D 72076 Tübingen, Germany
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The Crab nebula is one of the most studied cosmic particle accelerators, shining brightly
across the entire electromagnetic spectrum up to very high-energy gamma rays1,2. It is known
from radio to gamma-ray observations that the nebula is powered by a pulsar, which converts
most of its rotational energy losses into a highly relativistic outflow. This outflow powers
a pulsar wind nebula (PWN), a region of up to 10 light-years across, filled with relativistic
electrons and positrons. These particles emit synchrotron photons in the ambient magnetic
field and produce very high-energy gamma rays by Compton up-scattering of ambient low-
energy photons. While the synchrotron morphology of the nebula is well established, it was up
to now not known in which region the very high-energy gamma rays are emitted3–8. Here we
report that the Crab nebula has an angular extension at gamma-ray energies of 52 arcseconds
(assuming a Gaussian source width), significantly larger than at X-ray energies. This result
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closes a gap in the multi-wavelength coverage of the nebula, revealing the emission region of
the highest energy gamma rays. These gamma rays are a new probe of a previously inaccessible
electron and positron energy range. We find that simulations of the electromagnetic emission
reproduce our new measurement, providing a non-trivial test of our understanding of particle
acceleration in the Crab nebula.

The Crab pulsar’s relativistic outflow is a cold, non-turbulent wind of charged particle pairs, electrons
and positrons (commonly called electrons in the following). At a distance of 0.5 light-years from the pulsar,
the wind is heated up by passing through a termination shock. Beyond this point, most of the electrons in
the shocked wind have energies of 100–300 GeV (gigaelectronvolts, 109 eV), with maximum energies reaching
up to PeV (petaelectronvolts, 1015 eV) energies. For a black body, such average thermal particle energies
would be reached at extreme temperatures of 1015 K, clearly demonstrating that this system is a non-thermal
particle accelerator. The shocked wind continues propagating away from the pulsar, reaching at the present
epoch out to distances of several light-years.

This part of the wind behind the termination shock is a region filled with radiating electrons producing
radio to gamma-ray emission and is known as the Crab pulsar wind nebula (PWN, shown in Fig. 1). While
the radio synchrotron emission of the Crab PWN was discovered in the 1960’s (see e.g. ref.2 for a recent
review), the Inverse Compton (IC) component of the PWN at GeV to TeV (teraelectronvolts, 1012 eV) photon
energies was only discovered in 1989 with the Whipple telescope3. Today, the Crab nebula is the brightest
steady source of TeV gamma rays in the sky and is the standard candle of gamma-ray astronomy; it is
regularly observed by all gamma-ray telescopes8–12.

The spectrum and morphology of the PWN depend on the structure of the post-shock magnetohydro-
dynamic (MHD) flow. Observations in the X-ray energy band with the Chandra X-ray Observatory (Chan-
dra)13 revealed a complex structure consisting of a bright torus and a narrow jet emerging in the direction
perpendicular to the torus plane (see Fig. 1, right). The X-ray structure suggests that the underlying MHD
flow is nearly axisymmetric. The apparent deviation from this symmetry in the X-ray image is mostly due to
Doppler boosting, which enhances the X-ray emission of fluid elements moving towards us. MHD instabilities
developing in the post-shock region also alter the symmetry, but at a less important level.

In the model we use here (see ref.14 and the Supplementary Information), which is based on the seminal
work of Kennel and Coroniti15,16, the key observational features are reproduced by approximating the pulsar
wind by a two-dimensional axisymmetric MHD flow propagating into a limited solid angle close to the torus
plane. We combine this with a three-dimensional treatment of the radiation throughout the nebula to account
for the Doppler boosting and orientation of the magnetic field. To this end, a high-energy particle distribution
following a power law in energy forms at the termination shock. These particles, confined in fluid elements,
are advected through the nebula by the MHD flow. Accounting for the evolution of the magnetic field,
various target photon fields, and the changing rate of adiabatic cooling, the energy distribution of high-
energy particles in each point of the nebula is computed. Taking into account local magnetic and photon
fields as well as the Doppler boosting, this allows us to derive the surface brightness, which can then be
directly compared with observations in different energy bands. We note that in the model the IC emission
is dominated by upscattering of photons of the cosmic microwave background and the entire spectrum of
synchrotron photons emitted by the same population of high-energy electrons (with two electron populations,
the wind and the relic radio electrons, as detailled in ref.17).

In our model, the structure of the nebula depends on three parameters: the radius of the termination
shock, the magnetisation (defined as the ratio of electromagnetic to particle energy flux) of the wind at the
termination shock, and the wind opening angle defined as the solid angle into which the bulk of the energy
is ejected close to the torus plane. We note that there are other physical parameters of the system, like
the spin-down luminosity of the pulsar, whose measured values are used as input to our model. With a
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suitable choice of parameters, the model reproduces the broadband spectral energy distribution (SED) well,
as shown in Fig. 2. The model also predicts that the size of the nebula varies strongly with the energy of the
emitting electrons. Since higher energy electrons suffer more severe radiation losses from both synchrotron
radiation and IC scattering processes, they propagate shorter distances before they lose energy via radiation.
This energy dependence is seen by current X-ray telescopes in the synchrotron radiation of the PWN up to
40 keV18, and is also clearly seen in the data shown in Fig. 2, bottom. In the gamma-ray IC radiation domain,
the PWN emission up to now appeared point-like and only upper limits on the size could be derived4–6 or
evidence be claimed at GeV energies19.

With the new High Energy Stereoscopic System (H.E.S.S.) measurement shown in Fig. 1, we establish
the IC PWN extension, at photon energies eight orders of magnitude above the previously highest energy
morphology measurement of the Crab PWN in X-rays. This measurement of the IC extension of the Crab
PWN provides a stringent test of our understanding of high-energy particle propagation and radiation models.
Using 22 hours of observations collected over 6 years, we employ advanced analysis techniques to reconstruct
the gamma-ray image of the Crab PWN. We compare this image to that of a simulated gamma-ray source,
taking for each observation the exact hardware status of the H.E.S.S. telescopes and all observation conditions
into account in the simulations. Simulating the exact state of the telescope system at any given time was not
previously done, but allowed us here to increase the precision to the level needed to discover the extension
of the Crab PWN at TeV gamma-ray energies (further details are given in Methods).

The comparison of data to simulations reveals that the nebula is extended (see Fig. 3). We can reproduce
the data only by simulating an extended source. We do this by convolving the angular resolution function
with a two-dimensional Gaussian with a best-fit value of σ2D,G = 52.2′′ ± 2.9′′stat ± 6.6′′sys. The systematic
uncertainty is related to the calibration and analysis method, to the spectral shape used to simulate the
angular resolution, and to the fit method. The resulting radial distribution of gamma rays compared to the
simulated angular resolution function, as well as the resolution function convolved with a Gaussian, is shown
in Fig. 3. The event distribution is clearly incompatible with a point-like source, while a convolution of the
resolution function with a Gaussian drastically improves the fit to the data by 9 standard deviations. We
therefore conclude that we measure the Crab nebula as a substantially extended gamma-ray source at photon
energies above 700 GeV.

The extension we measure is smaller than that seen in ultraviolet (UV) light and significantly larger than
that seen in hard X-rays (see Fig. 1). This can be understood by considering the energies of the electrons
producing the synchrotron and IC emission, respectively. As shown in Fig. 2, lower energy electrons are
emitting the UV synchrotron photons, medium energy electrons are emitting the IC gamma rays, and higher
energy electrons are responsible for the synchrotron X-ray emission measured in the Chandra image. Thus,
the difference in size in the different wavebands is compatible with the energy dependent radiation losses of
the parent electrons discussed above: higher energy electrons propagate shorter distances than lower energy
ones (see Fig. 2, bottom).

By splitting our data into two parts, below and above 5 TeV, we have also searched for energy dependent
changes of the TeV gamma-ray extension. Such changes are ultimately also expected to show up in TeV
gamma-ray data. While the Crab PWN is significantly extended in both energy bins, our data are currently
not precise enough to establish this energy dependence of the PWN extension.

As Fig. 2 (top) shows, the PWN morphology reflecting an electron energy range of 1–10 TeV is now
probed for the first time with the new H.E.S.S. image. The majority of the photons measured (dark purple
vertical band) probes this electron energy range, which is inaccessible via 100 eV synchrotron emission due
to absorption by interstellar matter. The measurement of the TeV gamma-ray morphology of the Crab PWN
is therefore the only way to trace such 1–10 TeV electrons.

While the simplest one-dimensional MHD simulations14–17 are known to reproduce the basic characteris-
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tics of the Crab PWN, we have now verified that with the model we use14 we can consistently reproduce the
measured synchrotron and IC morphology of the PWN including our new measurement (see Fig. 2, bottom).
We find a best-fit model for the wind solid angle of ∼ 6.5 steradians and a termination shock radius of
∼ 0.13 parsec, both in good agreement with the Chandra X-ray data13,20. The magnetisation of the wind is
found to be ∼ 0.5%, and is thus at the same level as previously found to reproduce the SED and synchrotron
morphology17,21. We note that the magnetisation value is affected by the assumed radial flow velocity and a
lack of turbulence in our approach and can therefore not be directly compared to higher dimensional MHD
simulations22–27 (see also the Supplementary Information).

With this measurement we establish the extension of the Crab nebula at TeV gamma-ray energies and
provide a new probe of the distribution of 1–10 TeV electrons. This closes a gap in the multi-wavelength
coverage of this icon of high-energy astrophysics and provides a non-trivial test of our understanding of
particle propagation and photon emission at very high energies.
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a
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Figure 1: Images of the Crab nebula. a: UV (λ = 291 nm) image recorded with the Optical-UV
Monitor onboard XMM-Newton28. The MAGIC and HEGRA extension upper limits of 2.2′6 and 1.5′4 are
drawn as dash-dotted and dashed lines, respectively. The extent of the sky region shown in b is indicated
as dotted square, and the H.E.S.S. extension (two-dimensional Gaussian σ corresponding to 39% of the
measured events) is drawn as a solid circle. All circles are centred on the Crab pulsar position for illustration
purposes, in the fit procedure determining the H.E.S.S. extension described in the main text the centroid
position is left free. b: Chandra X-ray image13 (courtesy of M. C. Weisskopf and J. J. Kolodziejczak). The
H.E.S.S. extension is shown as solid white circle overlaid on top of shaded annuli indicating the statistical and
systematic uncertainties of our measurement. The Chandra extension, corresponding to 39% of the X-ray
photons, is given as dashed white circle.
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Figure 2: Spectral energy distribution (SED) along with the measured and predicted extensions
of the Crab pulsar wind nebula. a: The SED is shown as dashed line. To illustrate the contribution
of electrons of different energies to the radiation, the coloured lines show the synchrotron and IC radiation
for electrons in the energy bands 1–3 TeV (black), 3–10 TeV (red), and 10–30 TeV (yellow). The vertical
bands indicate the measurement ranges of instruments in the UV (green), X-ray (blue), and TeV gamma-ray
regime (purple). The dark purple part of the H.E.S.S. band indicates the energy range covered by 90% of
the measured gamma-ray photons. The range of the remaining 10% of the highest energy photons is given
as the light purple band. The data points from low to high energies are taken from refs.5–7,29–38. Note
that in the optical domain, the data points are above the SED indicative of a substantial contribution from
thermal emission. b: The predicted (dashed line and grey shaded area, corresponding to the uncertainty)
and measured (markers) extensions are plotted for various photon energies. The predicted extensions are
the best-fit values of our model to the Chandra and H.E.S.S. data; the grey shaded uncertainty band results
from up and down variations of 1 standard deviation of the fit parameters. The measured UV and X-ray
extensions are determined by convolving the respective PWN images with the H.E.S.S. PSF and applying
the same likelihood fit procedure described in the main text. The purple boxes indicate the H.E.S.S. energy
range, their vertical size corresponds to the systematic uncertainty. All error bars are 1 standard deviation.
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Figure 3: a: Histogram of reconstructed directions of gamma rays from the Crab nebula (Data ON, blue).
The estimated background determined in empty regions of the sky is also shown (Data OFF, red). For
comparison, the simulated angular resolution function (point spread function, PSF, black) for this dataset as
well as the function convolved with the best-fit Gaussian (yellow) are shown. The error bars are 1 standard
deviation.b: Significance of the bin-wise deviation (Data - MC ) of the data when compared to the PSF
(black) and the convolved one (orange).
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Methods

The dataset used here was recorded with the High Energy Stereoscopic System (H.E.S.S.) array of telescopes.
H.E.S.S. is an array of five imaging atmospheric Cherenkov telescopes. Such telescopes reconstruct cosmic
gamma rays by recording images of Cherenkov light of the air showers that develop when a cosmic gamma ray
smashes into the atmosphere. Such air showers are cascades of secondary charged particles, mostly electrons
and positrons, which are created when gamma rays penetrate the atmosphere. The charged particles emit
Cherenkov light, which in turn can be used to reconstruct the direction and energy of the primary gamma
ray with telescopes like the H.E.S.S. array. The system consists of four telescopes with 108 m2 mirror area
and 15 m focal length and a single 614 m2 telescope of 36 m focal length. H.E.S.S. is situated in the Khomas
highlands of Namibia and is in the five-telescope configuration for observations near zenith sensitive to
gamma-ray photons in the energy range from around 50 GeV to around 50 TeV. The analysis presented here
uses only data from the four small telescopes (which have a larger energy threshold of 100 GeV near zenith).
As the Crab nebula is such an important gamma-ray source it is regularly monitored by H.E.S.S. From this
large monitoring dataset recorded over the course of 10 years, 22 hours of observations fulfil tight quality
selection criteria aimed at optimising the angular resolution of the system and are used in this study (see
Supplementary Table 1).

The data were analysed with the analysis technique introduced in ref.1. This method is based on a semi-
analytical air-shower model, which is fit to the recorded air-shower images to yield the primary gamma-ray
direction and energy. To improve the angular resolution of the standard analysis configuration, only well
reconstructed gamma-ray candidates are considered further.

The analysis was conducted in three ranges in reconstructed energy, once using all events reconstructed
between 0.7 and 30 TeV, and once in two separate energy bins from 0.7 to 5 TeV and from 5 to 30 TeV. These
three ranges are listed together with their respective detection significances of the Crab nebula as calculated
with Eq. 17 of ref.2 and the respective angular resolutions in Supplementary Table 2.

For the subsequent morphology fit, two maps are produced: One containing all gamma-ray candidates
(ON map), and one with the gamma-ray-like background, estimated with an improved version of the ring
background technique3, which automatically adapts the ring size. The bin size of the maps is 0.01◦ × 0.01◦,
well below the width of the point spread function (PSF). We have verified that smaller bin sizes have no
influence on the subsequent results. For visualisation purposes, the projected distribution of resulting events
as a function of squared angular distance (ϑ2) to the centroid of the measured gamma-ray excess is also
calculated. This distribution for the 0.7 < E < 30 TeV energy range is shown in Fig. 3. The best-fit position
in J2000 coordinates is α = 5h34m30.9s± (0.1s)stat± (1.3s)sys, δ = +22◦00′44.5′′± 1.1′′stat± 20′′sys (systematic

error from ref.4), which is within uncertainties compatible with the Crab pulsar location.
With dedicated Monte-Carlo (MC) simulations of the data-set, including the actual instrument and

observation conditions at the time of the observations and using a power-law energy distribution5, we re-
weight the simulated events to mimic the shape of the Crab nebula’s energy spectrum and analyse them with
the same algorithms and analysis configurations as the actual data. The resulting ϑ2 histogram of this MC
analysis serves as the PSF for this source and data-set and is also shown in the upper panel of Fig. 3. The
68% and 90% containment radii of our PSF are given in Supplementary Table 2.

As apparent in Fig. 3, the PSF is highly inconsistent with the distribution of the gamma-ray excess
counts. The residuals in the lower panel indicate clearly that the data are shallower than the PSF. To study
this further, we perform a two-dimensional morphology fit with Sherpa6, using the ON map, the background
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map, and the simulated PSF. The PSF is convolved with a two-dimensional radially symmetric Gaussian:

dP

dϑ2
=

1

2σ2
2D,G

· exp

(
− ϑ2

2σ2
2D,G

)
. (1)

To quantify the compatibility of the data and the convolved PSF, a likelihood value is calculated and
minimised. The best-fit extension is found to be σ2D,G = 52.2′′ ± 2.9′′stat ± 6.6′′sys, with a preference of an
extension of the Crab nebula over a point-source assumption of TS ≈ 83. As systematic uncertainty of the
extension we quote the quadratic sum of uncertainties related to the calibration and analysis method, to the
spectral shape used to re-weight the MC PSF, and to the fit method.

The resulting best-fit convolution is also plotted in Fig. 3. It clearly provides a good description of the
data both in the upper panel and the residuals in the lower panel.

To verify the robustness of our result, we applied the analysis using time-dependent simulations to two
other bright and highly significant extragalactic point-like gamma-ray sources, the active galactic nuclei PKS
2155-304 and Markarian 421. As illustrated in Supplementary Figure 1, both sources appear to be point-like,
while the Crab PWN data is very clearly extended. Upper limits on the extension of PKS 2155-304 and
Markarian 421 are shown in Supplementary Figure 2. These are well below the measured extension of the
Crab nebula. We emphasise that Markarian 421 culminates at large zenith angles of φ > 60◦ at the H.E.S.S.
site (as opposed to φ ≈ 47◦ for the Crab nebula culmination), making this source a particularly convincing test
of our PSF understanding, since larger zenith angle observations have larger systematic PSF uncertainties.
As we also show in Supplementary Figure 2, we tested the Crab nebula data-set for a zenith-angle dependence
by splitting the observations in two data-sets above and below 46◦. The measured extensions are compatible
with each other.

The results have also been cross-checked with an independent calibration, reconstruction, and analysis
method7. We find this second extension measurement slightly larger than our nominal value (see Supplemen-
tary Figure 2), and use this difference as an estimate of the systematic uncertainty related to the analysis
method.

Data and Code Availability Statement: The raw data and the code used in this study are not public
but belong to the H.E.S.S. collaboration. All derived higher level data that are shown in plots will be made
available on the H.E.S.S. collaboration’s web site upon publication of this study.
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Supplementary Information

Analysis and Results

Figures 4 and 5 demonstrate the robustness of our Crab nebula extension measurement. In Fig. 4 we show
that we can clearly separate extragalactic point-like gamma-ray sources like the active galactic nuclei PKS
2155-304 and Markarian 421 from the extended Crab pulsar wind nebula. In Fig. 5 we show in addition that
the measured extension is robust under variations of observation conditions and analysis chains.
Tables 1 and 2 detail the dataset and gamma-ray energy regimes investigated in this study.
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(∆TS = −2× ln(L/L0)) for the three sources evaluated here. The likelihood L0 corresponds to the value at
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year mean offset mean zenith angle livetime
(degrees) (degrees) (hours)

2004 0.5 47 11.3
2007 0.5 46 3.6
2008 0.5 48 1.3
2009 0.5 46 7.1
all 0.5 47 22.3

Table 1: Overview of the H.E.S.S. observation campaigns used in this study. The livetime given
in hours corresponds to the data fulfilling data quality requirements.

Energy Range Detection Significance R68 (◦) R90 (◦)

0.7 TeV < E < 30 TeV 136.8σ 0.052 0.088
0.7 TeV < E < 5 TeV 131.4σ 0.053 0.088
5 TeV < E < 30 TeV 39.2σ 0.043 0.081

Table 2: Definition of the energy bands used for the analysis. The detection significances of the
Crab nebula and the angular resolutions expressed by the 68% and 90% containment radii (R68 and R90) of
the simulated PSF are also given.
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On the PWN Radiation Modelling

Introduction

Modern models for PWN have been developed over the last forty years. They are based on the concept
of a pulsar wind, an ultrarelativistic outflow that connects the pulsar magnetosphere to an outer nebula,
which can be up to a few parsec in size1, and on an MHD treatment of the PWN (described in ref.2,
called KC2 in the following). In this model, the transport and radiative cooling of high-energy particles is
consistently described with the analytical solution for the underlying MHD flow. The KC2 model for the
non-thermal particles in the nebula allowed computing the volume emissivity of synchrotron radiation. The
emissivity appeared to be quite sensitive to the properties of the MHD flow, in particular to its magnetisation.
The spectra predicted by the model agreed well with observations provided that the pulsar wind is weakly
magnetised and ultra-relativistic. Later, ref.3 extended the approach of KC2 and computed self-consistently
the IC emission of the high-energy particles. The spectra obtained agreed with observations in a vast range,
from optical wavelengths to the very high energy gamma-ray band. This success gave strong support to
MHD models and made a strong case for efficient acceleration of charged particles to very high energies by
relativistic shock in PWNe.

The model of KC2 contains, however, an obvious shortcoming. It utilizes an internally inconsistent model
since one-dimensional MHD models cannot include a toroidal magnetic field. This contradiction can be
resolved with two- or three-dimensional MHD models. Moreover, there is another argument for a multi-
dimensional MHD description. The energy flux in the pulsar wind should be highly anisotropic with the
most significant fraction of energy released into a relatively small range of solid angles close to the equatorial
plane4,5. Ref.4 suggested that a simple MHD model that utilizes the analytical solution of KC2, limited to
a region close to the equatorial plane, can qualitatively reproduce the bright torus seen in the X-ray energy
band with Chandra6. The formation of the jet-like plumes seen in these Chandra data of the Crab PWN is
then likely caused by magnetic collimation5,7.

Further on, the model of KC2 was extended by numerical MHD calculations in two8–10 and three11 dimen-
sions. Although the quantitative comparison of the three-dimensional numerical model with observational
data has not yet been performed, many features of the numerical solution seem to have a clear associa-
tion with some observed phenomena. In particular, X-ray wisps are robustly associated with MHD waves
propagating in the nebula.

To verify the potential of the TeV gamma-ray data, which reveal the extension of the nebula, to constrain
the allowed model parameter space, we performed numerical simulations of energy spectra and the morphology
of the non-thermal electromagnetic emission. Such a study of a multi-dimensional parameter space demands
a computationally efficient model. We have therefore adopted a one-dimensional MHD model as developed
in KC2. Since it is well known from the Chandra X-ray data of the central part of the Crab nebula that the
anisotropy of the pulsar wind strongly influences the distribution of high-energy particles, we introduced an
additional parameter, ∆Ω, the solid angle into which the wind outflow propagates. Thus the wind propagation
region occupies a disk-like volume around the equatorial plane. The region outside the disk is occupied by
plasma that does not yield any vital contribution to the X-ray emission and therefore we ignore it.

We note that the one-dimensional numerical approach we take should be considered as a phenomenological
model in contrast to actual hypotheses represented by more realistic three-dimensional MHD simulations12.
Consequently, parameters like the flow magnetisation parameter should be treated as internal parameters of
the phenomenological model that cannot be directly compared to their values in two- or three-dimensional
models. The flow magnetisation for example, due to the rigid flow geometry, tends to have smaller values
in one-dimensional models, which are formally inconsistent with the values revealed with more detailed
three-dimensional simulations. Applying a one-dimensional model is then still worthwhile as it demonstrates
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the potential of the TeV gamma-ray morphology data to constrain the model parameter and thus verify
the consistency of the tested model. The phenomenological model used accurately accounts for processes
governing the particle emission. It allows us to link different radiation domains (synchrotron, IC emission) and
the energy-dependence of the emission volumes visible in these domains. Thus, a hypothetical inconsistency
of the used phenomenological model with the X- and gamma-ray data should be considered as a serious
challenge for all MHD models for the Crab Nebula. Finally, we note that when detailed three-dimensional
simulations of the synthetic emissivity in the nebula will be available, an almost identical approach will help
us to constrain the allowed parameter space for these models.

MHD treatment

In the framework of our model, the MHD flow in the disk depends on three parameters. The first important
parameter is the wind magnetisation. This parameter determines the fraction of the pulsar spin-down losses
carried away in the form of a Poynting flux

Lsd = ∆Ωn1γ1u1r
2
tsmc

3 (1 + σ) . (2)

Here Lsd is the pulsar spin-down (SD) losses, m is the electron rest mass, and c is the velocity of light.
The parameters with subscript 1 describe the flow upstream of the termination shock (TS): n1, γ1, and u1
are the plasma density, the bulk Lorentz factor, and the four-velocity, respectively. The wind magnetisation
parameter is then:

σ =
B2

1

4πn1γ1u1r2tsmc
2
. (3)

The TS radius, rts, the wind opening angle, ∆Ω, and the wind magnetisation are the three parameters
that determine the model MHD solution. Chandra X-ray observations constrain the rts ' 0.1 – 0.15 pc at
the pulsar wind equatorial plane. Depending on the flow zenith angle, θ, the distance between the pulsar and
the TS can change considerably. However, since the bulk of the emission is produced close to the equatorial
plane, we assume that the Chandra measurements define the physical range for the model parameter rts.

The wind opening angle is related to an anisotropy of the energy flux in the pulsar wind, but other
factors may also have a considerable impact on it. For example, in the framework of more realistic two- or
three-dimensional MHD models, the shocked pulsar wind can be significantly deflected towards the equatorial
plane. This effect cannot be consistently accounted for by the one-dimensional model used here. Instead, we
allow the model parameter ∆Ω to also take smaller values than anticipated by the expected energy anisotropy,
which is expected to be proportional to sin2 θ.

Downstream of the TS, approximating the magnetic field as toroidal, the flow dynamics is described by
the following system of equations2, which describes conservation of particle flux, magnetic flux, adiabatic
assumption, and total energy, respectively:

d

dt

(
cnur2

)
= 0, (4)

d

dr

(
ruB

γ

)
= 0, (5)

d

dr

(
nur2e

)
+ P

d

dr

(
r2u
)

= 0, (6)

u
d

dr
(γε) =

d

dr

[
nur2

(
γµ+

B2

4πnγ

)]
= 0. (7)
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Here e is the specific internal energy per particle, µ is the specific enthalpy (µ = ε+ p), and ε is the sum of
the specific electromagnetic and internal energy in the proper frame. P is then the gas pressure and p the
specific pressure.

KC2 have shown that the combination of the four equations given above (4) – (7) leads to the following
expression: (

1 + u22v
2
)1/2 [

δ + ∆
(
vz2
)−1/3

+
1

v

]
= γ2 (1 + δ + ∆) , (8)

which determines the downstream flow velocity u(z) = u2v as a function of the dimensionless distance:
z = r/rts. The subscript 2 marks again the flow parameters downstream of the TS. The up- and downstream
parameters are related through the Rankine-Hugoniot conditions. The dimensionless parameters δ and ∆
are defined as

δ =
4πn2γ

2
2mc

2

B2
2

≈ u2
u1σ

≈ 0, (9)

∆ ≡ 16πP2γ
2
2

B2
2

=

(
1 + σ

σ

)
u2
γ2
− 1. (10)

Since the pulsar wind is expected to be ultra-relativistic, γ1 > u1 � 1, and since the downstream velocity is
determined by the Rankine-Hugoniot conditions, the equation (8) depends effectively only on the magnetisa-
tion σ. The two other parameters that determine the normalisation factors are rts and ∆Ω, the characteristic
length scale and the geometric extension of the emitting volume (that is, the flow).

Non-thermal particles

We assume that particles up to and beyond TeV energies in the Crab Nebula are accelerated at the pulsar
wind TS. The acceleration process results in a fixed distribution of particles in the immediate vicinity of the
TS. According to ref.3, the spectral energy distribution of the Crab Nebula is well reproduced by a parent
electron distribution following a broken power-law with exponential cutoff:

n0 =
dN

dε

∣∣∣∣
r=rts

=

Aε
−pinj exp

(
− ε
εcut

)
, ε > εb

A(ε/εb)−3/2ε−pinjb , ε < εb
, (11)

where ε is the electron energy, A is a normalisation constant, and εcut is the cutoff energy. Following ref.3,
we adopted εcut = 2.5 × 1015 eV and pinj = 2.4. At the TS, the distribution normalisation, A, and the
break energy, εb, are adjusted so that the total number of particles and internal energy of the non-thermal
distribution equal the values dictated by the Rankine-Hugoniot conditions.

The electron energy distribution in the flow changes with distance from the termination shock due to
particle energy losses. We consider a differential volume element dV at distance r from the TS:

n(r, ε) = n(r = rts, ε0)
dε0
dε

dV0
dV

= n0ϕ
dε0
dε

, (12)

where n0 = n(r = rts, ε0) is the initial electron energy distribution, and ϕ = ρ/ρ0 is the plasma compression
(that is, a parameter determined with MHD simulations). The subscript 0 indicates the particles at TS
r = rts, which corresponds to the moment when the fluid element passes the TS and non-thermal particles
are accelerated.
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The time evolution of particle energy ε is described by the cooling equation:

dε

dr
=

1

v
ε̇(r, ε), (13)

where ε̇ is the energy loss rate. In PWNe, synchrotron (SYN), inverse Compton (IC), and adiabatic (AD)
energy losses represent the most important cooling channels:

ε̇(r, ε) = ε̇syn(r, ε) + ε̇ic(r, ε) + ε̇ad(r, ε). (14)

Further computational simplification can be achieved if one adopts the Thompson approximation for IC
cooling. In this case, one obtains

ε̇syn + ε̇ic = −aε2, (15)

a =
4

3

σtc

(mc2)2
(wph + wB) , (16)

where σt is the Thomson cross section, and wph and wB are the energy densities of the target photons and
the magnetic field, respectively. The adiabatic loss rate is given by

ε̇ad =
v

3

d ln ρ

dr
ε, (17)

where ρ is the plasma density in the fluid element. Equation (14) can now be rewritten by using equations (16)
and (17) as

v
d

dr

(
ρ1/3

ε

)
= ρ1/3(r)a(r). (18)

Solving this equation, one obtains

n(r, ε) = ϕ4/3
(ε0
ε

)2
n0 , (19)

where ε0 is the initial electron energy:

ε0 = ε
ϕ1/3

1− ελρ−1/3 . (20)

The parameter λ accounts for radiative and adiabatic cooling and is defined as

λ =

r∫
rts

ρ1/3(r′)a(r′)
dr′

v(r′)
. (21)

Non-thermal radiation

We aim to compute the spatial extension of the non-thermal emission in the nebula. Since the plasma
emissivity varies considerably through the outflow, the emission specific intensity and the total specific
emission should be computed by integrating over the line-of-sight (LoS) or the volume occupied by the
outflow:

Iν =
dE

dtdΩ dν dS
=

∫
LoS

jνd` =

∫
LoS

( ν
ν′

)2
j′ν′d` , (22)
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where the primed variables correspond to the co-moving frame of the plasma. In this case, the photon
emission frequencies are affected by a Doppler boosting factor:

ν = Dν′ , (23)

where D = 1/ [γ(1− βr̂obs)], β is the flow bulk velocity, and r̂obs is a unit vector pointing towards the
observer. The dependence of the Lorentz factor on the flow direction implies that the computation of the
emission should be performed in 3D geometry accounting for plasma bulk velocity in each point of the nebula.

In the case of synchrotron radiation it is more convenient to consider the emissivity in the fluid co-moving
frame. In this frame one can use the energy distribution to compute the radiation:

j′ν′ =

∫
dN ′sp

dt′ dν′
n′(t′, r′, ε′)

4π
dε′ . (24)

Here,
dN ′

sp

dt′ dν′ represents the standard single-particle spectrum of synchrotron radiation.
In the case of IC radiation, it is more convenient to define the photon target in the laboratory frame, and

consequently to compute the emission directly in this frame. One obtains the emission as

jν =

∫
dNsp

dtdν
f(r, pr̂obs)p

2dp , (25)

where p =
√
ε2 −m2 is the particle momentum and f is the Lorentz-invariant distribution function:

dN = f(r,p)d3r d3p . (26)

This function can be expressed through the energy distribution in the plasma co-moving frame as

f(r, pr̂obs) '
c3D2

4πε2
n′
(
r, ε/D

)
. (27)

The single-particle spectrum of IC emission can be obtained through the angle averaged differential cross-
section13 as

dNsp:ic

dtdν
= c

∫
nph

〈
dσic
dν

(
ε, ν, εph

)〉
dεph , (28)

where the target photon density accounts for all important contributions like the cosmic microwave back-
ground, the far- and near-infrared, and a synchrotron-self-Compton contribution:

nph = nph,cmbr + nph,fir + nph,nir + nph,ssc . (29)
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