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ON THE EFFECT OF POLYDISPERSITY AND ROTATION ON THE
BRINKMAN FORCE INDUCED BY A CLOUD OF PARTICLES ON A
VISCOUS INCOMPRESSIBLE FLOW

M. HILLAIRET, A. MOUSSA AND F. SUEUR

ABSTRACT. In this paper, we are interested in the collective friction of a cloud of
particles on the viscous incompressible fluid in which they are moving. The parti-
cles velocities are assumed to be given and the fluid is assumed to be driven by the
stationary Stokes equations. We consider the limit where the number N of particles
goes to infinity with their diameters of order 1/N and their mutual distances of order

l/N%. The rigorous convergence of the fluid velocity to a limit which is solution to
a stationary Stokes equation set in the full space but with an extra term, referred to
as the Brinkman force, was proven in [4] when the particles are identical spheres in
prescribed translations. Our result here is an extension to particles of arbitrary shapes
in prescribed translations and rotations. The limit Stokes-Brinkman system involves
the particle distribution in position, velocity and shape, through the so-called Stokes’
resistance matrices.

1. INTRODUCTION

In this paper, we consider a cloud of rigid particles moving in a viscous steady incom-
pressible fluid with no-slip boundary conditions at the interface. We are interested in the
collective friction of the particles on the surrounding fluid. Namely, we aim to justify in
the limit of an infinite number of particles the appearance of a force in the fluid equation
resulting from the collective reaction of particles to the drag forces exerted by the viscous
fluid on them. This force is identified at first by H.C. BRINKMAN in [2]. It is then re-
covered analytically in different frameworks (static/quasi-static, deterministic/random)
[1L 16 [4]. We refer the reader to [4] for a more comprehensive review of known results on
that topic. In the deterministic and quasistatic framework of [4], [I0], we extend herein
the computation of the Brinkman force to a more general setting where the particles
do not have necessarily the same shape, including for instance the polydisperse clouds
where the particles are spheres with varying radii, and where the particles rotations are
taken into account. Our method is directly inspired from the one introduced in [I0], the
main difference being the appearance of the so-called Stokes’ resistance matriz that we
introduce below. These matrices are related to the ‘Stokes’ capacity” used in [7] where
the case of fixed particles is considered. Finally let us also mention the recent paper [9]
which relies on the method of reflections, the proceeding paper [15] in which the case of
different shapes is explored but only for scalar equations with constant boundary con-
ditions and a rather formal presentation, the paper [I1] for the identification of a dilute
regime of sedimentation and the recent papers [5] [0 [I3] dealing with the case of a dilute
cloud of fixed particles for which the limit system is the Stokes equations in the full space
without any Brinkman force.
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1.1. Notations. In all this article, given an open set F C R?, we introduce the following
space of vector fields

V(F)={ve L} (F): Vve L*(F)and divv = 0} .

Since V(F) C HL (F), if F is sufficiently smooth (which will always be the case) and
u € V(F), the value of u on OF is understood through a well-defined trace operator ~.
The kernel of 7 is denoted Vo (F).

Note that, when F is bounded, V(F) (resp. Vo(F)) is simply the subspace of H!(F)
(resp. Hg(F)) containing vector fields having a vanishing divergence.

We introduce also the following notations:

e for any measurable set O of positive measure (that we denote |O|) and any inte-
grable function f on O :

(1) ][szﬁfof.

e for any x € R?, and 0 < 7 < Tept, we denote A(z, 7int, rept) the annulus having
center x, interior radius r;,; and exterior radius rqz;.

1.2. The system. Let N € N, 2 a smooth open bounded cavity of R3 and (BY¥)Y | a set
of N smooth (disjoints) simply connected domains such that BZ-N €Qforie{l,...,N}.
This collection of domains represents the cloud of rigid particles. We assume the existence
of a constant Ry (independent of N, i) and matrices QY € SO3(R) such that

1
(2) BN =hd + NQ?[B?’N, where B?’N is a domain of R? such that B?’N C B(0,Ryp) .

The domains (B? M) | represent the shapes of the particles while the matrices (QN)N,

describe the rotations of the particles w.r.t. these reference configurations. Below, we
denote BN = QN B? N for simplicity. Denoting

N
F¥ =\ JBY,
i=1

we are interested in the following system:

3) { —Aul +VpN =

@)

) N
. on F
divuy = ’

[an}

completed with the (rigid) boundary conditions

() uN(z) = N +w) x(@—hY), onoBN,
uN(z) = 0, on 0L,

for some given N-uplet (¢)Y, in (R*)Y and (W)Y, in (R3)V.

The well-posedness of this system in V(F") is standard (for more details, see Section
). We are here interested in the asymptotic of such system when N — +oo for which
a relevant notion is the (individual) Stokes’ resistance matriz that we introduce in next
paragraph.
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1.3. Stokes’ resistance matrix. Fix B a simply connected domain centered at 0 (typ-
ically one of the previous BJ¥). For ¢ and w in R?, consider the resolution of the Stokes
problem in the exterior of B, completed with the boundary condition u = £ + w X x on
OB (see also Section [ for more details). The solid exerts some force F(¢,w) in R and
torque T(4,w) in R? onto the fluid at the boundary 013

F(f,w):/ Y(u,p)ndoc  and T(¢,w) :/ x x X(u,p)ndo,
oB oB

where n is the normal to 9B (oriented to the interior of B) and
(5) %(u,p) = 2D(u) —pls,

where 2D (u) := Vu + (Vu)?. Because of the linearity of the Stokes problem and of the
stress tensor, the mapping

RS — RS

() ()

is linear. In order to give a more explicit formulation let us introduce the vector fields:

‘ ] e if1=1,2,3,
(7) Ki(X) = { less x X]i_g if i = 4,5,6,
where e; denotes the ith unit vector of the canonical basis of R?. Let be, fori =1,...,6,

(V;, P;) : R — R3? x R the "unique” solution to the Stokes system in R®\ B (we recall
that the pressure is determined up to an additive constant) with

(8) V; = K;, for x on 0B,
(9) lim [Vi(z)[ = 0.
|z|—o0

The linear map (@) is represented by a matrix M :

M = (/EjBE(Vj,Pj)n-Kido)l y

<1,j<6

by integration by parts we get to see that

(10) M := 2( D(V;) : D(Vj)dx)

R3\B 1<i,j<6’

where D(V') stands for the symmetric part of the jacobian matrix of V. This last ex-
pression allows to see that M is symmetric positive definite, as a consequence of energy
and uniqueness properties of the exterior Stokes system. This matrix is usually called
the “Stokes’ resistance” matrix in the literature. For later purposes, we decompose the
9 x 9 matrix M into four 3 x 3 parts:

M; Mj
11 M := i)
(11) <MH MIH)

We note that M; and MI, (resp. M and M) represent the respective contributions
of the translations and rotations to the forces (resp. torque) applied by 5 on the fluid.

It will appear from the analysis below that some part of the constraints exerted by
the fluid on the solid do have a counterpart on the opposite sense, and some not. As a
matter of fact, the influence of the family of solids on the fluid will be described through
the following list :

e the position of the centers of mass (b)Y,
e the translation velocity of the particles (¢V)N,,
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e the rotation velocity of the particles (wi¥)N,,

e the blocks (MV); and (M) of the Stokes resistance matrix associated with the
solid BY.

All these informations are stored in the empirical measure

N
1
(12) SN = 5 2 0n o 0y ea s € B X B,
=1
where

E:=R3 x R3 x R? x M3(R) x M3(R),

and we encode the asymptotic behavior of the data by prescribing some convergence
properties on the sequence (SV)y.

1.4. Assumptions. We consider the following set of assumptions

Assumption 1. Dilution: there exists a positive constant Cy independent of N,i,j such
that

C C
(13) Vizj, [ —hY|>—%, Vi dist(h),09) > —F.
3 N3
In the sequel we will systematically use this notation
C
~N __ Co
(14) N =5

Assumption 2. Uniform bound:
N
(I

1
(15) Sl]ifp [N Z

1
0P+ 1wl )] < oo,
i=1

Because we assume the shape of the solids are uniformly bounded (namely included
in B(0,Ry)) we prove below (see Corollary [M]) that we have also the following uniform
bound:

(16) supmi (|| + (M) 1) < oo

Combining assumption ([I5) with (I0), one checks easily the existence of a subsequence
(Sn, )k such that:

1 _
(17) /(M1€ + FMITI w)SNE( Al dw d My dMyg) ?F as (vectorial-)measures on 2.
E k

(18) / M;SNe(dldw d My dMy) ?MI as (matrix-)measures on €.
E

1.5. Statement. We also introduce the following extension operator for any v € V (FV)
satisfying rigid boundary conditions (4)

v in FN,
(19) EQ[U]_{EZN+(3:—hZN)><wZN in BN fori=1,...,N.

Due to the boundary conditions (@), one checks easily that Eq[v] € V5(€2). We are now
in position to state our main result.
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Theorem 1. Assume () and Assumptions [, [A. Assume furthermore that in ([IT) -

([I8) we have
FeHYQ), M;eL®;Ms3R)).

Then, the subsequence of extensions (Eq(un,))r converges weakly in Vo(Q2) to u satisfy-
ing, for all w in Vy:
(20) 2/ D(u) : D(w) = (F — My @, w).

Q
Remark 1. A standard computations shows that the Lh.s. of 20) equals the usual
bilinear form on Vo that is (Vu, Vw)2(q)-

It is classical that if @ in V((Q2) satisfies ([20) then one may reconstruct a pressure
p € H~1(Q) so that the following equalities holds at least in the sense of distributions on
Q

=S

(21) - MI u,

(e

diva =

{ —-Au+Vp =

completed with the boundary conditions (to be understood in H'/2(9Q))
(22) =0 on Q.

Remark 2. In the particular case when (ZS’ZN)Z]\L1 are spheres of the same radius r, then
there holds (M), = 67rNT and (M) = 0 (see for instance [12], Section 20). This
case is in fact the one studied in [10]. The main difference with our analysis is that we
have to take into account the rotation of the particles, leading to an extra contribution
in the source term F and a non-diagonal matriz. As a by-product, we also recover the
polydispersed case in which all the particles are spherical, but need not share the same
radius (in this case the matriz is diagonal, see [14]).

1.6. Comments and organization of the paper. Our proof of Theorem [ is quite
similar in the structure to the proof of [4]. First, we obtain that, under assumption (2J)-
(@8], the solutions to the Stokes problem (B])- (@) define a bounded sequence in H}(€2). We
may then extract a weak cluster point « in this very space. To prove that the weak-limit
is a solution to the Stokes-Brinkman system, we apply the weak formulation of the Stokes
problem so that our aim is to pass to the limit in quantities of the form:

/ Du™) : D(y), for arbitrary divergence-free ¢ € C°(Q).
Q

To this end, we want to apply that u! is a solution to the Stokes problem in F~ so that
we need to modify a bit the test-function to make it admissible for the Stokes problem
B)-E). This is done by introducing suitable correctors solution to Stokes problem. New
terms appear that will converge to the extra terms involved in the Stokes Brinkman
problem. This is where our proof differs of [4]. In this previous reference, the authors
apply explicit formulas for correctors which help to compute the extra terms in the Stokes-
Brinkman problem. We apply herein variational properties of the solutions to the Stokes
problem to estimate these new terms. This makes possible to give a relevant mechanical
interpretations of the new terms involved by correctors and to adapt the method to
arbitary shapes of the particles. We do not directly invoke in our approach the abstract
results of D. Cioranescu and F. Murat (related to the appearance of a “terme étrange”
[3]) because we reproduce locally the ideas of the proof in this reference to obtain explicit
remainder terms.
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The outline of the paper is as follows. As our proof is based on fine properties of the
Stokes problem, we recall in next section basic and advanced material on the resolution
of this problem in bounded and in exterior domains. The heart of the paper is Section [3]
where a more rigorous statement of our main result is given and the proof is developed.
In an appendix, we collect technical useful properties related to the Bogovskii operators
and Poincaré-Wirtinger type inequalities.

2. REMINDERS ON THE STOKES PROBLEM

In this section we recall basic facts on the Stokes problem in compact and exterior
domains (see [8] for more details). Let N € N, and By, ..., By a family of N bounded
smooth (disjoint) closed simply connected domains of boundaries I'1, ..., 'y and denote
I = Ui]\ilfi. We consider an open set {2 containing all the sets B; and define F =
0\ Ufil B;. In what follows € is either R? or bounded.

2.1. Standard statements. Let u, € H'/?(I'). We recall that the Stokes problem:

—Au+Vp = 0
(23) { dive = 0. on S
completed with:
(24) u=u, onl, andu=0 on 09,

is associated with the generalized formulation:

Find w € V(F) such that
e for arbitrary ¢ € Vo(F), there holds:

(25) / D(u = 0;

e the boundary conditions [24) are satisfied in the sense of the trace operator -y
introduced in paragrah L.

Remark 3. Notice that ([23)) is here completely equivalent to

/Vu:V@zO,
F

because divu = 0 and ¢ € Vo(F). However, when dealing with rigid boundary conditions,
it will be clear from the forthcoming computations (see Proposition [3) that the previous
formulation is more convenient.

Standard arguments yield the following result.

Theorem 2. Given u, € H%(I‘) satisfying

(26) /u*-ndazo, Vie{l,...,N},
I

we have:

e there exists a unique generalized solution u to 23) — @4I);
e this generalized solution is characterized by the equality

/ |Vul? :min{/ Vo2 1 v € V(F) s.t. yv :u*lr} .
F F
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e this generalized solution is also characterized by the equality
/ |D(u)* = min{/ |ID()|? : v € V(F) s.t. yv= u*lr}.
F F

Let us mention that the last variational characterization is based on the remark that,
the divergence operator for matrices operating on lines, we have Au — Vp = div[Vu —
pls] = div[2D(u) — pl3] when u is divergence free.

Since we assume that the (B;)}Y; have C1! disjoint boundaries, the fluid boundary
OF is itself at least C'1'1. Standard elliptic estimates for the Stokes operator imply then
that the previous unique solution satisfies v € H?(F) and p € H'(F), so that the trace
of the stress tensor ¥(u, p) on the boundary is well-defined. For arbitrary ¢ € {1,..., N},
this allows to define the force and torque (with respect to any center h; € R?) exerted
on the fluid by the ¢ — th solid:

(27) Fii= [ S(wpndo
ar;

(28) T; = /{)F(:E — h;) x X(u,p)ndo.

2.2. Remarks on the exterior problem, with different shapes. In this second
part, we assume N = 1, that is we have one fixed simply connected shape B C B(0, Ry).
We consider two cases Q = R? and Q = B(0, R) (with R > 2Rp). Our aim is to prove
that the Stokes’ solutions (with appropriate boundary conditions) on Fo, := R?\ B and
Fr = B(0,R) \ B are somehow close, as R increases, and that this merger does not
depend on the shape B that we have fixed.

From the previous standard statements (with N = 1 and Q = R? or Q = B(0, R)),
for any fixed values (¢,w) in R? x R3, we have existence and uniqueness of [/, w] and
ur[¢,w] generalized solutions of the Stokes problem respectively on Fo, and Fr completed
with the boundary conditions:

Uso(z) = L+wxz on IB,
(29) up(x) = f+wxz ondB,
up(zx) = 0 on 0B(0,R) .

We denote by Y[¢,w]| and X g[¢,w] the corresponding stress tensors and introduce also
the force and torque Foo[l,w], Too[¢,w]| and Fr[¢,w], Tr[¢,w] (the torques are computed
with respect to the center h; = 0, see ([27]) — (28] for definitions).

Finally, we extend any v € V(Fg) vanishing on dB(0, R), by 0 outside B(0, R) and
still denote by Eg[v] the corresponding element of V' (Fy) that this extension defines.

Proposition 3. Let (¢,w) € R? x R3. For any (L,W) € R?® x R? and any v € V(Fg)
such that v(z) = L+ W x x on 0B and vanishing on 0B(0, R), the following identity
holds

(30) 2 D(ug[t,w]): D(v) = L- Frll,w]+ W - Tg[¢,w].

Fr
Proof. A standard density argument allows us to assume that both v and v are smooth.
In that case, the identity —Au+ Vp = div X(u, p) = 0 is satisfied pointwisely, and we get
using successively the symmetry of D(u), the vanishing divergence of v and an integration
by parts

2 D(u) : D(v) = /F 2D(u) : Vv :/

Z(U,p) Vo = / E(u,p)n ",
Fr Fr

oB
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and the conclusion follows by definition of Fr[/,w] and Tr[{,w]. O

Corollary 4. Let U, V,¢,w € R3 and assume that u is the solution of the Stokes problem

on Fr with rigid boundary condition on OB (defined by ¢,w) and constant boundary
condition (equal to U) on 0B(0, R). Then, for v € V(F) such that v(x) =V on OB and
vanishing on 0S), the following identity holds

(31) 2 D(u) : D(v) = Frll,w] -V — Fgr[U,0] -V
Fr
Proof. This follows directly from Proposition [3] once noticed by linearity that we have
u="U +ug[l —U,wl. O
We have then the following sequence of lemmas:

Lemma 5. There exists a constant K(Ry), depending only on Ry, for which we have,
independently of B C B(0, Ro) and ({,w) € R3 x R3:
e the estimates:

(32) [Vuosoll, w]llr2(7.) < K(Ro);
e the following decay estimates for |z| > Ry
K(Ry)|(¢,
(33) st ] (o)] < L)
K(Ry)|(¢,
(34) V[t ()] < SN

Lemma 6. There exists a constant K(Ry), depending only on Ry, for which we have,
independently of B C B(0, Ry), (¢,w) € R® x R3 and R > 2Ry, the following (uniform)
estimates

(35) IVurll, W]l 27,y < K(Ro)l(4,w)l,
(36) Vo[t ] = Vur[t,w]l| 27y < K (Ro)|(6,w)|/ RV,
(37) |(Fooy Too) [, 0] = (Fr, Tr) [ w]| < K (Ro)|(4,w)|/RY?.

Proof. We give a joint proof of both lemmas. In this proof, we denote with the symbol
< an inequality where we possibly dropped for legibility a multiplicative constant in the
right-hand side that may depend on R only.

Proof of [B2)) and (B5)). Since ¢,w are fixed throughout this proof we drop for the sake
of clarity the notation [¢,w] and simply write ug, us, and (Fr,TR), (Fs,Tso). We start
by noticing that

1

§V>< (6 xz—wz]?)=0+wx z.
Thus, if 20(x) := £ x x — w|z|? and Y is a cut-off equal to 1 on B(0, Ry) and vanishing
outside B(0,2Ry), we have
(38) w:=Vx (x0) e V(Fr) NV (Fx),

and w(z) = ¢+ w x x on B(0, Ry). Thus, w matches the boundary condition on 9B and
0B(0, R) (since R > 2Ry). Standard arguments relying on the variational characteriza-
tion of ug and us, as stated in Theorem [2, imply directly that

/ ywooy?g/ yvuRPg/ IVl
]:oo ]:R ]:R
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from which we infer (by definition of Er(ug))

/ Vuool? < / VEr(ur)]® < / Vol
Foo Foo Fr

This proves the first part of (32) and ([35]), because w has its support included in B(0, 2R)
and satisfies |Vw| < |¢] + |w].

Proof of B3) and ([B4). Estimate ([B2) implies via standard Sobolev embeddings that
Egs[us] € LS(R?) with
| Ers o]l Lora) S [V] + |w|
Applying then [8, Theorem IV.4.1] with sufficienly large m and ¢ = 2, we obtain that
Uoo € 02(A(07 R07 3R0/2)) )
Po € Cl(A(07 R07 3R0/2))7

Huooch(m) + ||poo||cl(m) SV wl

Consequently, we may introduce a radial truncation function yo € C°°(R3?) satisfying
xo = 1 outside B(0,3/2Ry) and xo = 0 in B(0, Ry). The truncated fields ud, = Youso
and pY. = x%ps satisfy a non-homogeneous Stokes equation on R3 with regular source

terms (f,g) (in the momentum and divergence equations respectively) supported in
A(0, Ry, 3Rp/2) and such that:

I lcaprsrrm v T 19loammsrrm v S VI @l

By uniqueness (of the generalized solution on R? see [8, Theorem IV.2.2]), this solution
can be computed by convolution with the fundamental solution of the Stokes problem
(see [8, Equation (IV.2.1)]). Reproducing the arguments of [8, p. 240] we obtain then
the decay [B3)-(B4) for v’ . This ends up the proof of (B3] and [B34]) because u’, = uso
outside B(0,2Ry).

Proof of B6) and B7). Replacing (¢,w) by arbitrary (L, W) € R? in the definition (B8]
of w and using Proposition [3] we can write for R > 2R

2 D(UR):D(U)):L-FR—I-W-TR,
FR
that we rewrite
2 D(E(UR)) ZD(U)) :L'FR-l-W'TR.
Foo
The same identity holds replacing R by oo, thus we have

(Fao = Fr, Toe = Tr) - (L, W)| < 2|V Er(ur) — Vteoll 2| Vel g2 5

As before we have |Vw|l2 < |L| + [W] so that ([B7) is in fact a consequence of the last
estimate estimate (BGl), that we yet have to prove.

We notice that us, — ug solves the Stokes system in Fpr, with homogeneous boundary
conditions on OB and equals us on 9B(0,R). We have thus from the variationnal
characterization

(39) IV (oo = ur)|| 275y < VOllL2(F)s

for any element v € V(Fg) such that v = us on 9B(0,R) and v = 0 on 0B. Since
the extension Egs[us] belongs to V(R?), we have in particular that u., has zero flux
over 0B(0,R/2). We thus infer from Corollary [[4] of the Appendix on the annulus
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Agr := A(0, R/2, R) the existence of u € V(Ag) such that tis = us on 0B(0, R) and
Uso = 0 on OB(0, R/2), satisfying furthermore (independently of R)

- 1
Vo |lz2(a,) S EHUOOHLQ(AR) + Vol 22(aR)-

If we extend uo, by zero on B(0, R/2) \ B, it defines an element of V(Fr) admissible for
the above estimate ([B9) and thus

~ ~ 1
[V (too = ur)|22(7p) < VioollL2(7p) = Vol 2045 S EHUOOHLZ(AR) + [Vucollz2(a )
Since Ag C {|x| > R/2} and satisfies |Ag| < R?, estimate (B6) follows using Lemma [
g

Let apply (I0) to define the Stokes resistance matrix M in the case of our obstacle B.
We note that we may apply the previous lemma to V; and Vj for arbitrary j € {1,...,6}.
With a straightforward Cauchy-Schwarz inequality, we obtain then that the coefficients
of M inherits the bounds on Vus, computed in ([82). This yields:

Corollary 7. There exists a constant K(Ryp), depending only on Ry, for which, inde-
pendently of B C B(0, Ry), the Stokes resistance matriz M associated with B satisfies
M| < K(Ro).

Using Lemma [6] and Corollary @ we get also the following useful corollary

Corollary 8. There exists a constant K(Ry), depending only on Rg, such that, indepen-
dently of B C B(0, Ry) and under the assumptions of Corollary[4), the following holds:

oy ) - () ()] < S+ el + 10DV

(40) ‘2
Fr

3. PROOF OF THEOREM [I]
We recall that hY, QN, (N, wN (MY); and (MY);; fori =1,..., N satisfy (@) together

R A iad !
with Assumptions I and 2 The vector field u” is then the unique solution of (@) — (@) in
FN = Q\UY,BY in the following variationnal sense: for arbitrary ¢ € Vo(FN), there

holds:

(41) D(u™): D(p) =0,
FN

together with the following boundary conditions, for i = 1,..., N:

N _ YN N _ N N
(42) {u () = 04w x(x—h;'), ondB;",

uN(z) = 0, on 0f).

For the sake of clarity we omit in the proof below the extraction Nj used in the statement
of Theorem [Il In the whole proof, we use the notation < to denote that we have an
inequality up to a non-significant multiplicative constant. Non-significant means that
the constant is independent of N but may depend on other geometric parameters (such
as Ry as introduced in (2)).



BRINKMAN FORCE FOR A POLYDISPERSE CLOUD 11

3.1. Uniform bound for (Eq(u®))y. First we are going to prove the following result.
Lemma 9. The sequence (Eq(u))y is bounded in Vo(12).

Proof. We prove this result by applying the variational characterization of the u” given
by Theorem 2l We construct a sequence v’V € V(FV) that satisfies:

oV (z) = + wl x (z - ) on OBY
oN(z) =0 on 0f2.

for which || D(v™)| 2 (F~y is bounded independently of N. Then by Theorem 2l we will
get

1D 2y < D@ 2o,
Since
1D (™)l 2zvy = 1D (Ba(w™))ll2 (@)
the Korn inequality in V(Q) will yield the uniform bound for Eq(u”) in this space.

Recall the constant Ry introduced in (). Fix a truncation function x € C*°(R)
satisfying x(t) = 1 for t < 3Ry/2 and x(t) = 0 for t > 2R and define for z in R3,
XN (x) := x(N|z|). Consider then

N
v (y) =V x <X 2(y) (e xy+ Iyl2sz)>,

N
oV (z) = ZUZN(:E — .
i=1

It is important to notice that (for N large enough) the (compact) supports of the v (x —
th ) are disjoint, so that the previous equality allows to recover the expected boundary
conditions. Indeed, v (x — hY) vanishes outside B(h)¥,Cy) where Cy = O(1/N) is
negligible w.r.t. the distance between h) and h;-v and to the distance of hl¥ to the
boundary (thanks to Assumption [Il). For arbitrary i € {1,..., N}, there holds :

DENI S (19 @)+ V5 W)yl 16
+ (I @)+ 19X W)y + V5N ) gl ) o

Using VXV (2) = NVx(Nz) and the corresponding change of variable we get

1
L IDe0E s 5 (10 + 15l'P).

As noticed before, the UZN have disjoint supports so that we infer

N

”D(UN)|’2L2(fN) = Z |D(w]¥)[?

i—1 /R

N
1 N |2 1 N2
w2 (107 '),

Using AssumptionBlwe obtain the expected boundedness of || D(v™V)]| £2(FNy, which allows
to conclude the proof of Lemma [0 O

N
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As a consequence the sequence (Eq(u’"))y admits a weak cluster-point in Vp(€2), that
we denote u. Moreover, for w € V5(2), up to a subsequence,

(43) /QD(EQ(UN)):D(ZU) — | D(a): D(w).

We also have by standard compactness argument that (up to the extraction of a subse-
quence) (Eq(u®™))y converges strongly in L?(Q) to .

3.2. Road map of the rest of the proof of Theorem [I. Before exploring the rest
of the proof in detail let us expose a bit our strategy. We start by naive reduction steps
and optimize somehow our approach. Of course, one cannot take w as a test-function
in (@) because the restriction of w to FV is in general not an admissible test-function
because it may take nonzero values on the B}¥. The first reduction is hence to notice
that since (@II) holds for any ¢ € Vo(F), we have obviously for any w € C°(Q) N V()

/ D(Eq(u)) : D(w) = / D(Ba(u™)) : D(w),

for any w" € V(FN) such that w — w™ € Vo(FYN), that is for any V(FV) lift of the
values of w on OFYN. There is of course plenty of natural ways to produce such a lift, but
our goal is to rely on the Stokes’ problem for only one solid with 0 boundary condition
away from it (see Subsection [2.2)). Thanks to Assumption (Il) we know that with respect
to their size (~ 1/N), the solids move away to infinity from one another. This suggests
to introduce for each solid 7 the (disjoints) open set

QY = B(h',6"/2) \ BY.

Thanks to Assumption [ for any N, the sets (V)Y are disjoint and included in F.
Without going deeper in details, we will consider a lift w” which focuses on these sets,
that is: w" = w on BN for all i and also w”™ = 0 on F\ U;QY. In particular we are
now looking at the following quantity

N
/ D(Eg(u™)): D(w) = N D@™) : D(w™).
& =17

After an appropriate change of variable, the integrals that appear in the r.h.s. can be
replaced by integrals over a set of the form B(0, Ry) \ BY with Ry — +oo (because
N > 1/N). Since u" solves the Stokes’ system (in particular) on va , we thus could
use the formula given in Corollary B to compute these integrals if w! is constant on
OBYN and u" is constant on dB(hYY, 6" /2). This would lead to an explicit formula for
the r.h.s. involving the Stokes’ resistance matrix.

This suggests to replace both w” and u" by appropriate approximations (in a sense
that we yet have to define) @ and @ which are respectively constant on E?B;-N and
OB(RYN 6N /2) (with @V solving the Stokes system in Q). Taking for granted the exis-
tence of such approximations, this would led us to

N
(44) /QD(EQ(uN)) : D(w) = Z - D@ : D(w™)
N - Z N
+Y [ DN —a"):D@V)+> [ D):Dw" - o).
i—1 /Y =1/

The first term in the r.h.s. is the leading term of our expansion, it is now tailored to be
computed with the help of Corollary 8 and will call into existence the empirical measure.
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What we meant above by “approximation” is precisely that the sum of the two last terms
(denoted by RY) go to 0 with N. At this stage, if we have fixed the expected constant
values on the boundary for @” and @”, we still have a lot of possible choices for w” and
w™. Since the sets QY are disjoints, after using the Cauchy-Schwarz inequality for each
of the integrals, minimizing RV amounts to minimize

ID(@")l|2(5) and [V (w™ — @)l 2z,

under the corresponding boundary constraints on 0F. Recalling Theorem [2], this moti-
vates to search w’ and @w" as solution of the corresponding Stokes problem with the
desired boundary conditions.

We end this road map of our proof by precising a little bit the choice of constant values
that we will fix for the approximations @w”" and @". For the former, since w is smooth it
is reasonnable to expect that its value on 9B} is almost constant, equal to w(h) (the
size of all the solids is going to 0) : this is the constant value that we consider for w" on
OBN. As for uV replacing its values on the boundary dB(h;, 6" /2) by a ponctual one
seems a bit clumsy since the H'(Q2) weak cluster point of (Eq(u'V)) is only defined up
to a negligible set a priori. A more tractable option is to approach ¥ on OB (hZN 0N /2)
by its mean value on Q¥ because the latter defines a continuous linear form on H*(FY)

(on the contrary to the evaluation at one point).

3.3. The (local) Stokes’ systems. Following the previous discussion we first define
for each i € {1,..., N}, wY and w} the solutions of the Stokes system in QY with the
boundary conditions

(45) (w)¥, @) = (0,0) on dB(h}, 6" /2),
(46) (w]¥, @) = (w, w(hi)) on OB,
and define
N N
wN::ZwZN, wN::meV.
i=1 i=1

In the same way, we choose ﬂZN to be the solution of the Stokes system in QZN with the
following boundary conditions

ay :][ u™ on dB(hY, 6N /2),
o

N =N +wl x (x —hN) on OBV,

and define

Let us recall here that the notation f is defined in ().
Since w (extended by 0 on FN \ UX,QN) is a lift of the values of w, we have the
decomposition ([#4]) that we rewrite as

N
(47) /QD(EQ(UN)) D) =3 [ D): D@Y)+ RY + R
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where
N

(48) RY:=>" [ D" -a"): D@"),
— JoN
N

(49) RY = Z D™ : D(w™ — o)
=1/

and the rest of the proof is twofold: identify the limit of the leading term, prove that
RN, RY — 0.

3.4. The leading term. We have that
(50) @} (x) = W (N (@ = b)),
(51) ;' (x) = U (N(z =),

where W; and U; are solutions of the stokes system on B(0, N6%/2) \ B with the
boundary conditions

W2 =0on dB(0, NV /2),
W = w(h) on 0BY,

(2

and

UN =m® on dB(0, N6 /2),

N whN N

U =4+ ]<7 x x on 0B;",
where
(52) mi¥ ::][ ul.

oy
By a change of variable, we have that
1 _ _
D@@"): D(w") = — DUY) : DW{).
QN N Jp(o,nsN j2)\BN

Since N6V — +o0, we directly infer from Corollary @

(53) N | D@ De") =t @ ;ﬁ) - (”Z%) +TV,

where (the symbol < is independent of N,i, it depends actually on Ry) the remainder

TZ-N satisfies
1
+][ !W\) lw(h;")].
QN

Nyo< - N

Recalling the definition of 6" in ([4), we have || > 1/N and

+/ \uN\) .
Y

N
w;

N

7

y
N | N

1
TN S N2 jwlloo (N\@N\ +
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We thus have, using the Cauchy-Schwarz inequality and the fact that the sets va are

disjoints,
N LN 1/2 . o\ 1/2
N 2/3 = N2 A+ N
AT (N;\m) +< ) A
Using Assumption (I5) and the boundedness of (Eq(u™))y in Vo(F) < L'(9), we have
N
N Z |T |N—>+oo

Going back to (53]) and summing over ¢ we thus have

(54)
Jm [ Dy pe) ZNEH&OO%EVI[MN( ) ("G o () (7
Since

N N
1 ¢ w(h )> < 1
AN < Z /(Mf“ M w)dSY (6w, My, M), w ’
N & <—;V ) 0 E M(©),C0@)

using Assumption (I7), this term converges to

/F-w.
Q

For the remaining terms of (54]), we use the following Lemma.

Lemma 10. There holds

1 N
(59) - [(MZN) w(i)
v [Pt

N — w - My ade.
oy

N—+o00 Jo
Proof. We introduce the following operator
™ 1?(Q)? —R
e by [(M%w(h”) o w] .
N Z Z oy

For each N it is a well-defined continuous linear form. As we noticed before we have
|QN| > 1/N so that, using (I6) (as a consequence to Corollary [7):

N
N <
T wu;/gﬁvrw/ﬂwr,

where we used also that the QY are disjoint. In particular, thanks to the Cauchy-Schwarz
inequality, the sequence (T"V)y is bounded. Since the diameter of va is 6N, if ¢ € D(Q),
one has

v~ £ o] <8196l

Using estimate (I6]) we are led to

Ty = — Z (M) rw(h) - (hiY)] + onssoo([wllss, [Vl oo)-
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In particular, applying (I8) we get since w ® 1 € C(2; M3(R)):
1 1 &
m — N Ny, = 1 — N
im N; [(Mz Jrw(h') f ¢] ngnoo< N;MZ >16hgv,w®w>
- - xr

= lim </ MISN(deddeIdMH),w®w>
E

N—oo

- / N ()4 () - w(a)da
Q

using the symmetry of the matrices M;(z). At the end of the day the sequence of linear
forms (T™V)y is bounded in L?(Q2)" and converge in D’'(Q2) to

T = /QMI(:L«)@D(:L«) cw(z)de,

xT

which is another element of L?(2)’. The whole sequence converges thus weakly in L?(£2)’
to T and since (Eq(u))x converges strongly to @ in L?(f2), the conclusion follows. [

We have thus obtained the following convergence for the leading term

/QD(aN) : D(wN)N_)—J:C>O Q[F—M;ﬂ] Cw

3.5. The first remainder. For the sake of clarity, we recall the definition [{@8) of R} :
N
=> | D@ -a"):D@v).
=

For all i € {1,--- , N}, all three vector fields uV, " and @V solve the Stokes system in
va . In particular, due to the weak formulation, in the integral over va above, one can
replace z¥ := u" — @) by any other element of V() which has the same boundary

values on 9QY. The latter are given by u" — f,v u" on dB(h;, 6" /2), and 0 on OB} .

In particular, z" has zero flux on dB(hY¥, 6" /2) and we thus infer from Corollary [I4]
applied on the annulus AN = A(h s, 6N /4, 6" /2) the existence of Z¥ € V(AN) such that
ZN =2V on OB(AYN,6V /2) and 2V = 0 on OB(hY, 6V /4), sat1sfy1ng furthermore

2

(56) IV gz S e = o]

= Sl £

The extens10n by 0 of 2V to QN \ AN defines an element of V(Q2)Y) which takes the same
values as 2z on 9Q¥, so that owing to our previous remark

N
£2(AM) + Vel 2am)

VU™ p2gm)-

12(N)

N
RV =3[ DEY):D@")
i=1 7%

7

N
=3[ DEY: DY)

because z" is supported on AN . But going back to (B8] and using the (rescaled) Poincaré-

Wirtinger inequality stated in Lemma [I1] we infer

(58) ”V%VZNHLZ(A?’) S ”VUN”LQ(QZN)a
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so that using the (discrete and continuous) Cauchy-Scharz inequality and the fact that
the QZN are disjoints we infer

N 1/2
(59) |RY| S IV | g2z <Z ||VwN||i2(A£V)> :
i=1

At this point, we recall the scaling WZN that we used in the previous step, defined in
B0). A straightforward change of variables leads to

_ 1 =
(60) ”VQUZNHQH(AZN) = NHVWiN”2L2(AN)=

where A" is the annulus AV := A(0, LT, NTJN) But, WZN is the solution of the Stokes
system in B(0, N6V /2) \ BY, with w(h¥) as boundary condition on dBY, that is W =
UNGSN /2 [w(h),0] with the notations of Subsection We thus infer from Lemma

TN _ N w(hY)] [0l
va’i _VWi,ooHL2(AN) 5 (NaN)l/z S (N(;N)l/2’

where Wi{voo is the solution of the Stokes system in the exterior domain R? \ B, with

w(h) as Dirichlet boundary condition on dBY. In turn, thanks to Lemma [f] we have,
since AN C {|z| > N&V /4}

wh)] __llwll
(N5N)2 = (N5N)1/2’

N N
VW L2 any S [AN]H?
so that all in all using the triangular inequality
N [0l
VWil L2any S W
Using the previous estimate together with (60) and (B9) we are led to

1
N N
B[S [V HL2(]-'N)||w||OO(N5N)1/27

which indeed converges to 0 because N6 — +oo and we already know that (Fq(u™))y
is bounded in H'(£2)

3.6. The second remainder. We recall the definition ({@J) of R)':
N
N _ E Ny . N _ N
Ry = > o D(u™): D(w; —w;").

As we did for RY we notice that u” is a solution of the Stokes system in Q¥ and we
can thus replace wZN — E)lN above by any other element of V(va ) which have the same
boundary values on QY. Going back to the boundary conditions for w)¥ and @}, we
see that w)¥ — w) vanishes on dB(hY,6" /2) and equals w — w(h;) on IBN. Since
ON = w — w(hl¥) € V(Q), it has zero flux on dB(h)¥,2Ry/N): as before we infer from
Corollary [ on the annulus AN := A(hY, Ry/N,2Ry/N) the existence of §ZN € V(AN),
equalling w — w(h;) on dB(hY,2Ry/N) and vanishing on B(hY¥, Rg/N) and satisfying
the estimate

(61) ”V@N”L%AZN) S Nllw = w(hi)l[2av) + Vw2 any.-
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Since (after extension by its boundary values) 6V — @N € V(QY) and have the same
boundary values on E?Qﬁv as wl¥ N we thus have

i T W

N
RY =% - D™): DO - 6)Y).

But since the diameter of AN is 2Ry/N and its measure is bounded by 3R3 /N3, we infer
using (61]) the following estimate

5 V||
from which, we eventually get
[Vl

IBY| < 90N 2y

\/N )

which indeed goes to 0 because, again, the sequence Fg(u") is bounded in H'(Q).

4. APPENDIX
We recall here several standard lemmas.

First, we recall that by the Poincaré-Wirtinger inequality for arbitrary connected do-
main O, there holds for any test function u € H'(O):

u-fu

By a standard homogeneity argument, we have the following behavior of the Poincaré-
Wirtinger constant under translation/homothety

< CollVull 20y -
L2(0)

Lemma 11. Given (z9,)\) € R? x (0,00) there holds for any test function u
< AColVull 20, )

u — ][’LL
LQ(OA,I())

where Oy 4, == {\x — z9); x € O}.

Second, we focus on solving the divergence problem:
(62) divv=f onF.

whose data is f and unknown is v. We recall that, using the Bogovoskii operator (see
[8]), we have the following result

Lemma 12. Let F be a smooth bounded domain of R3. Given f € L*(F) such that

-

there exists a solution v € HE(F) to (62) such that
IVvl[z2ry < Cllfllz2(r)
with a constant C' depending only on F.

In the case of annuli, the above result yields by a homogeneity argument that
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Lemma 13. Consider an annulus A := A(z,r,2r) and f € L*(A) such that

IRE

There exists v € H}(A) such that dive = f. Furtermore there exists a constant C
independent of f, x ,r such that

IVollpzay < Cllfllz2a)-

Corollary 14. Consider an annulus A := A(xz,r,2r). For any divergence-free vector
field uw € V(A) having zero flux on 0B(x,2r), there exists u € V(A) such that w = u on
0B(z,2r) and w =0 on 0B(x,r). Furthermore we have the following estimate

~ 1
IVallza) S IVallz2ca) + llull 2 a),
where the symbol < is independent of u, x, r.

Proof. Consider a smooth truncation function 0 < x < 1 vanishing on B(0,1) and
equalling 1 in a neighboorhood of 0B(0,2) and define x,(-) := x((- — z)/r). The vector
field x,u has the expected boundary conditions but is not divergence free. However the
integral of A of div(x,u) equals zero because, after integration by parts

/ div(x,u) = / u-n=0,
A OB(x,2r)

where we use the zero flux assumption for u. We thus infer from Lemma [I3] for f =
div(x,u) the existence of v € H{(A) such that

divo = div(x,u),
(63) Vol 2y < Cll divxru)ll 24y,

where the constant C' is independent of f, x and r. In particular u := y,u —v € V(A),
and we still have @ = w on dB(z,2r) and uw = 0 on dB(x,r). Lastly

~ 1
IVall 24y < IVullzecay + —IIVxlloollullzzca) + 1Voll2(a),

from which the conclusion follows easily using (63]). O
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