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CHARACTERS OF ALGEBRAIC GROUPS OVER
NUMBER FIELDS

BACHIR BEKKA AND CAMILLE FRANCINI

ABSTRACT. Let k be a number field, G an algebraic group defined
over k, and G(k) the group of k-rational points in G. We deter-
mine the set of functions on G(k) which are of positive type and
conjugation invariant, under the assumption that G(k) is gener-
ated by its unipotent elements. An essential step in the proof is the
classification of the G(k)-invariant ergodic probability measures on
an adelic solenoid naturally associated to G(k); this last result is
deduced from Ratner’s measure rigidity theorem for homogeneous
spaces of S-adic Lie groups.

1. INTRODUCTION

Let k£ be a field and G an algebraic group defined over k. When
k is a local field (that is, a non discrete locally compact field), the
group G = G(k) of k-rational points in G is a locally compact group
for the topology induced by k. In this case (and when moreover k
is of characteristic zero), much is known ([HC84|, [Duf82]) about the
unitary dual GofG , the set of equivalence classes of irreducible unitary
representations of G in Hilbert spaces. By way of contrast, if k is a
global field (that is, either a number field or a function field in one
variable over a finite field), then G is a countable infinite group and,

unless G is abelian, the classification of Gisa hopeless task, as follows
from work of Glimm and Thoma ([Gli61],[Tho64a]). In this case, a

sensible substitute for GG is the set of characters of G we are going to
define.

Let G be a group. Recall that a function ¢ : G — C is of positive
type if the complex-valued matrix (p(g; '9i))1<i j<n is positive semi-
definite for any ¢1,...,¢9, in G.

A function of positive type ¢ on G which is central (that is, constant
on conjugacy classes) and normalized (that is, p(e) = 1) will be called
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2 BACHIR BEKKA AND CAMILLE FRANCINI

a trace on G. The set Tr(G) of traces on G is a convex subset of
the unit ball of ¢*°(G) which is compact in the topology of pointwise
convergence. The extreme points Tr(G) are called the characters of
G and the set they constitute will be denoted by Char(G).

Besides providing an alternative dual space of a group G, charac-
ters and traces appear in various situations. Traces of G are tightly
connected to representations of GG in the unitary group of tracial von
Neumann algebras (see below and Subsection 2.2). The space Tr(G)
of traces on GG encompasses the lattice of all normal subgroups of G,
since the characteristic function of every normal subgroup is a trace on
G. More generally, every measure preserving action of GG on a probabil-
ity space gives rise to an invariant random subgroup (IRS) on G and
therefore to a trace on G (see [Gell8, §9]).

The study of characters on infinite discrete groups was initiated by
Thoma ([Tho64a],[Tho64b]) and the space Char(G) was determined
for various groups G (see [Tho64c|, [Kir65], [Ove71], [Sku76], [CM84],
[Bek07], [DM14], [Pet14], [PT16], [BH19]).

Observe that our traces are often called characters in the literature
(see for instance [DM14], [PT16]).

Let k be a number field (that is, a finite extension of Q) and G
a connected linear algebraic group defined over k. In this paper, we
will give a complete description of Char(G) for G = G(k), under the
assumption that G is generated by its unipotent one-parameter sub-
groups. A unipotent one-parameter subgroup of G is a subgroup
of the form {u(t) | t € k}, where u : G, — G is a nontrivial k-rational
homomorphism from the additive group G, of dimension 1 to G.

The case where G is quasi-simple over k was treated in [Bek19] and
the result is that

Char(G) = {X| x € Z} U {l¢}

where Z is the (finite) center of G and Y : G — C is defined by x¥ = x
on Z and Y = 0 on G\ Z. When G is semi-simple, the computation
Char(G) can easily be reduced to the quasi-simple case (see [Bek19,
Proposition 5.1]; see also Corollary 2.13 below).

We now turn to a general connected linear algebraic group G over
k. The unipotent radical U of G is defined over k£ and there exists a
connected reductive k-subgroup L, called a Levi subgroup, such that
G = LU (see [Mosb6]). Set U := UNG and L := LN G. Then, we
have a corresponding semi-direct decomposition G = LU, called the
Levi decomposition of G (see [Lip75, Lemma 2.2]).
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Recall that L = TL is an almost direct product (see Subsection 6.3
for this notion) of a central k-torus T and the derived subgroup L/,
which is a semi-simple k-group Assume that G is generated by its
unipotent one-parameter subgroups. Then the same holds for L. Since
every unipotent one-parameter subgroup of L is contained in L/, it
follows that G = L/(k)U, that is, the Levi subgroup L is semi-simple.

We will describe Char(G) in terms of data attached to L and the
action of L on the Lie algebra Lie(U) of U.

The set u of k-points of Lie(U) is a Lie algebra over k and the
exponential map exp : u — U is a bijective map. For every ¢ in
G, the automorphism of U given by conjugation with g induces an
automorphism Ad(g) of the Lie algebra u (see Subsection 3.2).

Let u be the Pontrjagin dual of u, that is, the group of unitary
character of the additive group of u. We associate to every A\ € u the
following subsets £, p, of u and L) of L:

e £, is the set of elements X € u such that
AMAd(g)(tX)) =1 forall geG,tek;
e 1, is the set of elements X € u such that
AMAd(g)(tX)) = A(tX) forall geG,tek;

e [, is the set of g € L such that Ad(g)(X) € X + &, for every
Xeu

Then &, and p, are L-invariant ideals of u and L, is the kernel of the
quotient representation of L on u/g,.

The sets K := exp(t)) and Py := exp(p,) are L-invariant normal
subgroups of U. Moreover (see Proposition 3.5), P, is the inverse image
under the canonical projection U — U/K) of the elements in U/K)
contained in the center of G/K) and

a1 Py — S, exp(X) = MX)

is a G-invariant unitary character of Py, which is trivial on K.

Let Ad" denote the coadjoint action (that is, the dual action) of G
on u. We say that A;, \; € u have the same quasi-orbit under G if the
closures of Ad*(G)A\; and Ad*(G)\; in the compact group u coincide.

We can now state our main result.

Theorem 1.1. Let G = G(k) be the group of k-rational points of a
connected linear algebraic group G over a number field k. Assume

that G 1s generated by its unipotent one-parameter subgroups and let
G = LU be a Levi decomposition of G. For A € u and ¢ € Char(L,),
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define @) : G — C by

P (g) — (,0(91>X)\(U) ng = q1u fO?” g1 € L/\,'Ll, € P)\
) 0 otherwise.

(i) We have
Char(G) = {®uy) | A €4, ¢ € Char(Ly)} .

(i) Let A\, Ao € u and @1 € Char(Ly,),pa € Char(Ly,). Then
D(r1 o) = Porgspe) if and only if Ay and Ay have the same quasi-
orbit under the coadjoint action Ad* and @1 = ps.

A few words about the proof of Theorem 1.1 are in order. The essen-
tial step consists in the analysis of the restriction ¢|y to U of a given
character ¢ € Char(G). A first crucial fact is that ¥ = ¢|y o exp
is a G-invariant function of positive type on u (for the underlying
abelian group structure) and is extremal under such functions (see
Proposition 3.2 and Theorem 2.11); the Fourier transform of 4 is a G-
invariant ergodic probability measure on u, which is an adelic solenoid.
We classify all such measures (Theorem 5.8); for this, we use Ratner’s
measure rigidity results for homogeneous spaces of S-adic Lie groups
(see [Rat95], [MT94]). A corresponding description, based on Ratner’s
topological rigidity results, is given for the G-orbit closures in u (The-
orem 5.9).

Remark 1.2. (i) For every A € u, the group L, as defined above is the
set of k-points of a normal subgroup L) of L defined over k; indeed,
L, is the the kernel of the k-rational representation of L on the k-
vector space u/y. (Observe that Ly may be non connected.) The set
Char(Ly) can easily be described by the results in [Bek19] mentioned
above (see Proposition 6.3 below).

(ii) Theorem 1.1 allows a full classification of Char(G) for any group
G as above, through the following procedure:

e determine the L-invariant ideals of u;

e fix an L-invariant ideal £ of u; determine the space p of L-fixed
elements in the center of u/¢ and let p be its the inverse image
in u;

e determine the subgroup L(¢,p) of L of all elements which act
trivially on p/€; determine Char(L(&,p));

e let A\ € u with €, = ¢ then p) = p and for ¢ € Char(L(%,p)),
write @y o) € Char(G).

See Section 7 for some examples.
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(iii) The assumption that G is generated by its unipotent one-parameter
subgroups is equivalent to the assumption that the Levi component L
of G is semi-simple and that L™ = L, where LT is the subgroup of L
defined as in [BT73, §6]. A necessary condition for the equality L* = L
to hold is that every non-trivial simple algebraic normal subgroup of L
is k-isotropic (that is, k —rank(L) > 1). It is known that LT = L when
L is simply-connected and split or quasi-split over k (see [Stel6, Lemma
64]).

(iv) A general result about Char(G) cannot be expected when the
condition L = L% is dropped; indeed, not even the normal subgroup
structure of Char(L) is known is general when L is k-anisotopic (see
[PR94, Chap. 9])

We do not know whether an appropriate version of Theorem 1.1 is

valid when k is of positive characteristic (say, when k& = F(X) for a
finite field F'). A first obstacle to overcome is that a Levi subgroup of
G does not necessarily exist; a second one is the less tight relationship
between unipotent groups and their Lie algebras; finally, Ratner’s mea-
sure rigidity theorem is not known in full generality (see [EG10] for a
partial result).
(v) In the case where G is unipotent, that is, G = U, we obtain a
“Kirillov type” description of Char(U): the map ® : u — Char(U),
defined by ®(\)(u) = xa(u) for u € Py and ®(A\)(u) = 0 otherwise,
factorizes to a bijection between the space of quasi-orbits in & under Ad*
and Char(U). The description of Char(U) appears in [CM84, Theorem
4.2] and is also implicit in [PJ95, Proposition 2.7].

We now rephrase Theorem 1.1 in terms of factor representations of
G. Recall that a factor representation of a group G is a unitary
representation 7 of G on a Hilbert space H such the von Neumann
subalgebra m(G)" of L(H) is a factor (see also Subsection 2.2). Two
such representations m; and my are said to be quasi-equivalent if their
exists an isomorphism ® : 7 (G)” — 7 (G)” such that ®(m1(g)) = m2(g)
for every g € G. A factor representation 7 of GG is said to be of finite
type if 7(G)" is a finite factor, that is, if 7(G)"” admits a trace 7; in this
case, T o w belongs to Char(G) and the map 7 +— 7 o 7w factorizes to a
bijection between the quasi-equivalence classes of factor representations
of finite type of G and Char(G); for all this, see [Dix77, Chap.6, Chap.
17).

The following result follows immediately from Theorem 1.1, in com-
bination with Proposition 2.4 and [Dix77, Corollary 6.8.10].

Let I' = L x N be a semi-direct product of a subgroup L and an
abelian normal subgroup N. Let ¢ be a unitary representation of L on
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a Hilbert space ‘H and let x € N be such that x? = x for every g € L.
It is straightforward to check that yo defined by xo(g,n) = x(n)o(g)
for (g,n) € T" is a unitary representation of I' on H

Theorem 1.3. Let G = LU be as in Theorem 1.1.

(i) For every A € u and every factor representation o of finite type
of Ly, the representation m ) = Indgpkx,\a mduced by x o
1s a factor representation of finite type of G; moreover, every
factor representation of finite type of G is quasi-equivalent to a
representation of the form m ) as above.

(i) Let A\, A2 € U and 01,09 factor representations of finite type
of Ly,, Ly,, respectively. Then m(x, ) and T(r,q,) are quasi-
equivalent if and only if A1 and Ay have the same quasi-orbit un-
der the coadjoint action Ad" and o1 and oy are quasi-equivalent.

This paper is organized as follows. In Section 2, we establish with
some detail general facts about functions of positive type on a group
[ which are invariant under a group of automorphisms of I'. Section 3
deals with the crucial relationship (Proposition 3.2) between traces on
an unipotent algebraic groups and invariant traces on the associated
Lie algebra. In Section 4, we show how the study of characters on
an algebraic group over Q leads to the study of invariant probability
measures on adelic solenoids. Such measures as well as orbits closures
are classified in Section 5. The proof of Theorem 1.1 is completed
in Section 6. In Section 7, we compute Char(G) for a few specific
examples of algebraic groups G.

2. INVARIANT TRACES AND VON NEUMANN ALGEBRAS

We consider functions of positive type on a group I' which are in-
variant under a group G of automorphisms of I', which may be larger
than the group of inner automorphisms of I'. A systematic treatment of
such functions is missing in the literature, although they have already
been considered in [Tho64a] and [Tho64b]. As they play an important
role throughout this article, we establish with some detail some general
facts about them; in particular, we give new (and, as we hope, more
transparent) proofs for two crucial and non obvious properties of these
functions (Theorems 2.11 and 2.12), based on the consideration of the
associated von Neumann algebras.

2.1. Some general facts on invariant traces. Let I', G be discrete
groups and assume that GG acts by automorphisms on I'.
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Definition 2.1. (i) A function ¢: I' — C is called a G-invariant
trace on I if

e ¢ is of positive type, that is, for all A\y,..., A\, € C and all
Y1y---5Yn € ', we have

> Aidjely ) =0,
ij=1
e o(g(y)) =p(y) forall y € I" and g € G, and
e ¢ is normalized, that is, ¢(e) = 1.
We denote by Tr(I', G) the set of G-invariant traces on I'. In the case
where G = T" and T" acts on itself by conjugation, we write Tr(I)
instead of Tr(T',T).
(i) The set Tr(I", G) is a compact convex set in the unit ball of ¢>°(I")
endowed with the weak* topology. Let Char(I',G) be the set of ex-
tremal points in Tr(I', G).

In case G =T, we write as above, Char(I") instead of Char(I',T").
(iii) Functions ¢ € Char(I', G) will be called G-invariant characters
on I' and are characterized by the following property: if ¢ is a G-
invariant function of positive type on I' which is dominated by ¢ (that
is, ¢ — 1 is a function of positive type), then ¢» = A\p for some A > 0.

Remark 2.2. Assume that I' is countable. Then Tr(I', G) is metriza-
ble and Char(I', G) is a Borel subset of Tr(I", G). By Choquet’s theory,
every ¢ € Tr(T',G) can be written as integral

= d
© /T r(no)d} fo (1)

for a probability measure p, on Tr(I',G) with p,(Char(I',G)) = 1.
When G contains the group of inner automorphisms of I', the measure
L, is unique, as Tr(I', G) is a Choquet simplex in this case ([Tho64al).

The proof of the following proposition is straightforward. Observe
that, if N is a G-invariant normal subgroup of I', then GG acts by auto-
morphisms on the quotient group I'/N.

Proposition 2.3. Let N be a G-invariant normal subgroup of I' and
let p:T"— T'/N be the canonical projection.
(i) For every ¢ € Tr(I'/N,G), we have p op € Tr(I',G).
(ii) The image of the map
Tr(I'/N,T) — Tr(T,G), Y pop

18 {770 c TT(P, G) | 77Z)|N = 1N}
(iv) We have ¢ € Char(I'/N,G) if and only ¢ o p € Char(I', G).
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Let ¢ be a normalized function of positive type on I'. Recall (see
[BHV0S8, Theorem C.4.10]) that there is a so-called GINS-triple (7, H, &)
associated to ¢, consisting of a cyclic unitary representation of I on a
Hilbert space H with cyclic unit vector £ such that

p(y) = (m(7)¢, &) forall yel.

The triple (7, H,&) is unique in the following sense: if (7', H',¢’) is
another GNS triple associated to ¢, then there is a unique isomorphism
U :H — H' of Hilbert spaces such that

Ur(y)U ' =7'(y) forall ye€I' and U&=¢.

As the next proposition shows, invariant traces on a subgroup of I'
can be induced to invariant traces on I'.

For a function ¢ : Y — C defined on a subset Y of a set X, we
denote by @Z the trivial extension of ¢ to X, that is, the function
@Z:X—)Cgivenby

~ Y(x) ifzeY
0 ifz gy’

Proposition 2.4. Let H be a G-invariant subgroup of I' and ¢ €
Tr(H,G). Then ¢ € Tr(T',G). Moreover, if o is a GNS representation
of H associated to 1, then the GNS representation of I' associated to
7:& is equivalent to the induced representation Indyo.

Proof. Set ¢ := 1. It is obvious that ¢ is G-invariant. The fact that ¢
is a function of positive type can be checked directly from the definition
of such a function (see [HR70, 32.43]). As we need to identify the GNS
representation associated to ¢, we sketch another well-known proof for
this fact.

Let (0,/C,n) be a GNS triple associated to ¢. Let 7 = Indjo be
realized on H = (*(T'/H, K), as in [Fol95, Remark 2, §6.1]. Let £ € H be
defined by {(H) =n and {(yH) = 0if v ¢ H. Then p(y) = (7(7), )
for every v € ' and £ is a cylic vector for 7. So, (mw,H,§) is a GNS
triple for ¢. O

Attached to a given invariant trace on I', there are two invariant
subgroups of I' which will play an important role in the sequel.

Proposition 2.5. Let ¢ € Tr(I',G). Define

Ko={vellp() =1t and  P,={yel[lp(y)]=1}
(i) K, and P, are G-invariant closed subgroups of I' with K, C P,.
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(ii) For x € P, and v € I', we have ¢(z7v) = p(x)¢(y); in particu-
lar, the restriction of ¢ to P, is a G-invariant unitary character
of P,.

(iil) For x € P, and g € G, we have g(z)x™' € K.

Proof. Let (m,H, &) be GNS-triple associated to ¢. Using the equality
case of Cauchy-Schwarz inequality, it is clear that

K,={xel'|nm(x){ =¢&} and P,={x el |n(z) = p(x)}.
Claims (i), (ii) and (iii) follow from this.
Ul

We will later need the following elementary lemma.

Lemma 2.6. Let ¢ € Tr(I',G) and v € I'. Assume that there exists a
sequence (gn)n>1 1 G such that

A9V gn(1) ) =0 forall n£m.
Then () = 0.

Proof. Let (m,H,£) be a GNS triple for ¢. We have

(1(gm(7)")E (9 (7)7)E) = (T(ga(Ngm (1) 7HEE)

= @(gn(V)gm(1)7H) = 0.

for all m,n with m # n. Therefore, (7(gn(7)™')€)n>1 is an orthonormal
sequence in H and so converges weakly to 0. The claim follows, since
©(7) = ¢(7") and, for all n,

(v = 0lgn(1) ™) = (m(gn(7)7HE,€).
0

2.2. Invariant traces and von Neumann algebras. We relate traces
on groups to traces on appropriate von Neumann algebras.

Let I', G be discrete groups and assume that G acts by automor-
phisms on I'. This uniqueness property in the GNS construction for
functions of positive type has the following consequence for G-invariant
traces on GG

Proposition 2.7. Let ¢ € Tr(I',G) and let (m,H,&) be a GNS-triple
associated to ¢. There exists a unique unitary representation g — U,

of G on H such that
Um(U, " =7(9(n)) forall geG yel and U =¢.
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Proof. Let g € G. Consider the unitary representation 79 of I' on H
given by m9(y) = m(g(vy)) for v € I". Since ¢ is invariant under g, the
triple (79, H,€) is another GNS-triple associated to ¢. Hence, there
exists a unique unitary operator U, : H — H such that

Ugﬁ(v)Ug_l =m9(y) forall veT and Uy =¢.

Using the uniqueness of Uy, one checks that g — U, is a representation
of G. ]

We now give a necessary and sufficient condition for a G-invariant
trace on I' to be a character.

Let (m,H,&) be GNS-triple associated to ¢ and g — U, the unitary
representation of G on ‘H as in 2.7. Let M, the von Neumann subal-
gebra of £(H) generated by the set of operators n(I') U {U, | g € G},
that is,

M, = {n(7), U, |veT, g€ G}

Proposition 2.8. Let p € Tr(I', G) with associated GNS-triple (7, H, &)
and M, the von Neumann subalgebra of L(H) as above. For every
T e L(H) with0 <T <1, let pr be defined by pr(y) = (w(7)TE, TE)
fory €T. Then T — @r is a bijection between {T € M, |0 <T < I}
and the set of G-invariant functions of positive type on I' which are
dominated by ¢. In particular, we have ¢ € Char(I',G) if and only if
M, =CI.

Proof. The map T + r is known to be a bijection between the set
{T € n(I') | 0 < T < I} and the set of functions of positive type on
[' which are dominated by ¢ (apply [Dix77, Proposition 2.5.1] to the
x-algebra C[I'], with the convolution product and the involution given
by f*(v) = f(y71) for f € C[L).

Therefore, it suffices to check that, for 7' € 7(I")’ with 0 < T < I,
the function ¢r is G-invariant if and only if 7' € {U, | g € G}'.

Let '€ M{, with 0 <T < [I. For every g € GG, we have

or(9(7)) = (7(g(7)TE, TE) = (Uyn (1)U TE, TE)
T(V)TUg1§, TUy-1&) = (m(7)T€, TE)

(
(
or(7),

for all v € T'; so, o is G-invariant.
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Conversely, let T € «(I") with 0 < T < I be such that ¢ is G-
invariant. Let g € G. For every v € I', we have

YU, 1 TU, (v) =( (V)Ug*TUg& UgflTUg@

(m(V)Ug1T€, Uy TE)

= <U97T(’V)Ug_lT€7 T£>
= (m(g(7))T¢E, TE)
= or(9(7)) = pr(7)-

Hence, U;-1TU, is a scalar multiple of T', by uniqueness of 7" Since U,
is unitary and 7" > 0, it follows that U,-1TU, = T for all g € G and so
T e M. O

Let Z(I') be the center of I'. We call the subgroup
Z(M)Y% :={z€ Z() | g(z) = z for all g € G}

the G-center of I'. We draw a first consequence on the values taken by
a G-invariant character on Z(I")¢.

Corollary 2.9. Let ¢ € Char(I',G). The G-center Z(I')¢ of T is
contained in P,.

Proof. Let (m,H,£) be GNS-triple associated to ¢. For every z €
Z(I'), the operator m(z) commutes with 7(7y) and U, for every v € T
and every g € G. It follows from Proposition 2.8 that m(z) is a scalar
multiple of I3 and hence that z € P,. O

We will be mostly interested in the case where G contains the group
of all inner automorphisms of I'. Upon replacing G by the semi-direct
group G X I', we may assume without loss of generality that I' is a
normal subgroup of G.

Let G be a discrete group and N a normal subgroup of G. Then
Tr(N,G) C Tr(N) denotes the convex set of G-invariant traces on N
and Char(N,G) the set of extreme points in Tr (N, G). We first draw
a consequence of Propositions 2.7 and 2.8 in the case N = G.

Recall that a (finite) trace on a von Neumann algebra M C L(H) is
a positive linear functional 7 on M such that

7(TS)=7(ST) forall ST e M.

Such a trace 7 is faithful if 7(7*T") > 0 for every T' # 0 and normal if
T is continuous on the unit ball of M for the weak operator topology.
A von Neumann algebra M which has a normal faithful trace is said
to be a finite von Neumann algebra.



12 BACHIR BEKKA AND CAMILLE FRANCINI

Let 7 be a normal faithful trace on M and let T" be in the center
MNM of M with 0 <T < I. Then 7 : M — C, defined by

r(S) =7(ST) forall Se M,

is a normal trace on M which is dominated by 7 (that is, 70(S) < 7(5)
for every S € M with S > 0). The map T +— 7r is a bijection between
{TeMnM' |0<T < I} and the set of normal traces on M which
are dominated by 7 (see Theorem 3 in Chap. I, §6 of [Dix81]).

Recall that a von Neumann subalgebra M of L(H) is a factor if its
center M N M’ consists only of multiples of the identity operator I.

Corollary 2.10. Let ¢ € Tr(G) and let (7, H,§) be GNS-triple asso-
ciated to .

(i) The linear functional 7 : T +— (T&, &) is a normal faithful trace
on m(G)".
(ii) The commutant M., of M, coincides with the center of the

von Neumann algebra w(G)" generated by w(G). In particular,
¢ € Char(Q) if and only if 7(G)" is a factor.

Proof. (i) One checks immediately that 7, as defined above, is a trace
on w(G)". It is clear that 7 is normal. Let T" € n(G)” be such that
7(T*T) = 0. Then

IT7(9)E|]* = 7 (x(g~)T*T'w(g)) = 7(T*T) = 0,

that is, Tm(g)¢ = 0 for all g € G; hence, T' = 0 since £ is a cyclic vector
for 7. So, 7 is faithful.
(ii) Observe first that, for every g € G, we have

Ugn(2)Uy1 = w(gzg™") = w(g)m(x)m(g7") forall z €,

where g — U, is the representation of G' as in Proposition 2.7. It
follows that U,7U,~+ = 7(g)Tn(g~") for every T € =n(G)". Hence,
m(G)" Nw(G)" is contained in M.

Conversely, let T' € M{, with 0 < T < I. By Proposition 2.8, ¢g1/2 is
a G-invariant function of positive type dominated by ¢. The canonical
extension of ¢p1/2 to m(G)” is a normal trace 7" on m(G)”. Hence, by
the result recalled above, 7/ = 75 for a unique S € 7(G) N7 (G)” with
0 < S < I. This shows that @12 = pgi/2. Since T' and S belong both
to m(G)', it follows that T'= S. So, T' € 7(G)' N7 (G)". Therefore, M,
is contained in 7(G) N7 (G)". O

The following result, which will be crucial in the sequel, appears in
[Tho64a, Lemma 14]; the proof we give here for it is shorter and more
transparent than the original one.
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Theorem 2.11. Let G be a discrete group, N a normal subgroup of G
and ¢ € Char(G). Then ¢|y € Char(N,G).

Proof. Let (7, H,£) be GNS-triple associated to 1. Set ¢ := |y and
let K be the closed linear span of {m(x){ | € N}. Then (7|n, K, &) is
a GNS-triple associated to ¢.

Let g — U, be the representation of G on H associated to 1 as in
Proposition 2.7. The subspace K is invariant under U, for g € G, since
Ugn(z)U; ' = m(grg™") and Uyé = €. So, the representation of G' on K
associated to ¢ is g — Uy|k. Let M{, be the von Neumann subalgebra
of L(K) generated by

{r(@)lc | v € N}U{U|x | g € G}

In view of Proposition 2.8, it suffices to show that pr = CI. Let
T € M, with 0 <T < I. Consider the linear functional 7’ on 7(G)"
given by

7'(S) = (STE, TE) forall Sen(G)'.
We claim that 7" is a normal trace on 7(G)”. Indeed, it is clear that 7
is normal; moreover, for g, h € G, we have

Let 7" := 7+ 7', where 7 is the faithful trace on 7(G)” defined by ¢, as

in Corollary 2.10. Then 7" is a normal faithful trace on 7(G)” and 7"

dominates 7 and 7. Since 7(G)" is a factor, it follows that 7 and 7’ are

both proportional to 7”. Hence, there exists A > 0 such that 7/ = At.

So,

(n(2)TE, TE) = (m(x)VAE,VAE) forall = e N.

Since T € {7 (z)|x | * € N} and 0 < T < I, it follows that T = v/Alx.

O

As we now show, the set of characters of a product group admits a
simple description; again, this is a result due to Thoma ([Tho64b, Satz
4]) for which we provide a short proof.

For sets Xi,..., X, and functions ¢; : X; — C,i € {1,...,r}, we
denote by ¢1 ® - - - ® ¢, the function on X; x --- x X, given by

Q01®"'®g07‘(1'1,...7$7») = spl(xl)"'gpr(xr)a
for all (z1,...,2,) € X1 x--- x X,.
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Theorem 2.12. Let Gy, Gy be discrete groups. Then
Char(Gy x Ga) = {¢1 ® g2 | p1 € Char(Gy), ps € Char(Gs)}.

Proof. Set G := G| x Gs.
For i = 1,2, let ¢; € Char(G;). We claim that

=1 ® g € Char(G).

Indeed, let (m;, H;,&;) be a GNS triple associated to ¢;. Then (7, H, &)
is a GNS triple associated to ¢, where 7 is the tensor product rep-
resentation m ® m on H = Hy ® Ho and € = & ® &. In view of
Proposition 2.10, we have to show that m(G)” is a factor. For this,
it suffices to show that the von Neumann algebra M generated by
m(G)" Un(G) coincides with L(H).

On the one hand, 7(G)"” contains m1(G1)"” ® I and I ® m5(G5)”, and
7m(G) contains m1(G1)'®1 and I@7(G2)'; hence, M contains M; @M,
where M, is the von Neumann algebra generated by m;(G;)" U m;(G;)'.
On the other hand, since ¢; € Char(G;), we have M; = L(H;). So,
M contains the von Neumann algebra generated by {71 ® Ty | T} €
£<H1>,T2 € £(H2)}, which is E(H)

Conversely, let ¢ € Char(G). Let (7, H, ) be a GNS triple associated
to ¢. By Proposition 2.10, M := 7(G)" is a factor.

For i = 1,2, set M; := 7(G;)”, where we identify G; with the sub-
group G; x {e} of G. We claim that M; and M, are factors. Indeed,
since M; C M, the center M; N M/ of M, is contained in M5N M.
As M; UM, generate M, it follows that My N M is contained in M’
and so in M N M. Hence, M; N M/ = CI, since M is a factor. So,
M and, similarly, My are factors.

Next, recall (Corollary 2.10) that M has a normal faithful trace 7
given by 7(T) = (T¢,€) for T € M. The restriction 7Y of 7 to M, is
a normal faithful trace on M;.

Let T, € My with 0 < Ty < I and T3 # 0. Define a positive and

normal linear functional 7'%) on M by
T:(pl)(S) =7(ST,) forall Se& M.
For S, T € M, we have
W (ST) = 7(STTy) = 7(STyT) = 7((STe)T) = 7(T(ST)) = 74, (T'S).
S0, 7'%) is a normal trace on M. Clearly, 7‘%) is dominated by (1. Since

My is a factor, it follows from the result quoted before Corollary 2.10
that there exists a scalar A(73) > 0 such that 7'7%) = \(Ty)7W, that is,

T(ThTy) = N(Te)7(Ty) for all T) € M.
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Taking T} = I, we see that \(T3) = 7(T3). It follows that
T(TlTQ) = T(Tl)T(TQ) for all T, € Ml,TQ < M2
and in particular ¢ = p; ® o, for v; = ¢|a

it

D

The following result is an immediate consequence of Proposition 2.12.

Recall (see Proposition 2.3) that, when N is a normal subgroup of a
group G, we can identify Char(G/N) with the subset {¢ € Char(G) |
|y = 1} of Char(G).

Corollary 2.13. For discrete groups G,G1,...,G,, let
p:Gy x---xG, =G
be a surjective homomorphism. Then
Char(G) ={¢=p1®@ - @ ¢, | ¢|y = 1landyp; € Char(G;),i=1,...,1},
where N is the kernel of p. In particular, for ¢ € Char(G), we have

P91 gn) = #(g1) - £(gn)
for all g; € p({e} x -+ x Gy x -+, x{e}).

3. TRACES ON UNIPOTENT GROUPS

In this section, we will show that traces on a unipotent algebraic
group U are in a one-to-one correspondence with Ad(U)-invariant pos-
itive definite functions on the Lie algebra of U.

3.1. Invariant traces on abelian groups. Let A be a discrete abelian
group and A the Pontrjagin dual of A, which is a compact abelian
group. Then Tr(A) is the set of normalized functions of positive type
on A and Char(A) = A

Let Prob(A) denote the set of regular probability measures on the

Borel subsets of A. For y € PT’Ob(A\), the Fourier—Stieltjes transform
F(u): A— C of pis given by

Fu)(a) = / x(@)du(x) forall x €A

By Bochner’s theorem (see e.g. [HR70, §33]), the map F : u — F(u)
is a bijection between Prob(A) and Tr(A).

Let G be a group acting by automorphisms on A. Then G acts by
continuous automorphisms on Tr(A) and on A = Char(A), via the
dual action given by

©I(a) = (g "(a)) forall x € Tr(Ad),ged, acA.
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Let (g, 1) — g.(p) be the induced action of G on Prob(A); so, g, () is
the image of u € Prob(A) under the map x +— x9.
Let Prob(A)“ be the subset of Prob(A) consisting of G-invariant

probability measures and denote by Prob(A)S, the measures in Prob(A)“
which are ergodic.

Proposition 3.1. Let A be a discrete abelian group and G a group
acting by automorphisms on A. The Fourier-Stieltjes transform F re-
stricts to bijections F : Prob(A)¢ — Tr(A,G) and F Prob(zzl\)gg —
Char(A, G).

-~

Proof. The claims follow from the fact that F : Prob(A) — Tr(A) is

an affine G-equivariant map and that Prob(zzl\)gg is the set of extreme

points in the convex compact set Prob(//l\)G. O

3.2. Invariant traces on unipotent groups. Let k be a field of
characteristic 0. Let U, be the group of upper triangular unipotent
n x n matrices over k, for n > 1. Then U, is the group of k-points
of an algebraic group over k and its Lie algebra is the Lie algebra
u,, of the strictly upper triangular matrices. The exponential map
exp : u, — U, is a bijection and, by the Campbell-Hausdorff formula,
there exists a polynomial map P : u, x u, — u, with coefficients in &
such that exp(X)exp(Y) = exp(P(X,Y)) for all X,Y € u,. Denote
by log : U, — u,, the inverse map of exp.

Let u be a nilpotent Lie algebra over k. Then, by the theorems of
Ado and Engel, u can be viewed as Lie subalgebra of u,, for some n > 1
and exp(u) is an algebraic subgroup of U,,.

Let U be the group of k-points of a unipotent algebraic group over k,
that is, an algebraic subgroup of U, for some n > 1. Then u = log(U)
is a Lie subalgebra of u, and exp : u — U is a bijection (for all this,
see [Mill7, Chap.14)).

For every u € U, the automorphism of U given by conjugation with
u induces an automorphism Ad(u) of the Lie algebra u determined by
the property

exp(Ad(u)(X)) =uexp(X)u™t forall X €u.

Observe that a function ¢ on U is central (that is, constant on the U
conjugacy classes) if and only if the corresponding function ¢ o exp on
u is Ad(U)-invariant.

The following proposition will be a crucial tool in our proof of The-
orem 1.1
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Proposition 3.2. Let U be the group of k-points of a unipotent al-
gebraic group over a field k of characteristic zero. Let ¢ : U — C.
Then ¢ € Tr(U) if and only if ¢ o exp € Tr(u, Ad(U)). So, the map
© = @oexp is a bijection between Tr(U) and Tr(u, Ad(U)).

Proof. Set ¢’ := poexp. Since ¢ and ¢’ are invariant, we have to show
that ¢ is of positive type on U if and only ¢’ is of positive type on u.

Let Z(U) be the center of U and 3 the center of u. Set x := ¢|zw)
and x' = ¢';.

e First step. Assume that ¢ is of positive type on U or that ¢’ is
of positive type on u. Then y is of positive type on Z(U) and x’ is of
positive type on 3.

Indeed, this follows from the fact that exp : 3 — Z is a group
isomorphism.

We will reduce the proof of Proposition 3.2 to the case where ¢ has
the following multiplicativity property

() @lgz) = »(g)x(z) forall geU,zeZ(U).
Observe that property (x) is equivalent to
(%) (X +2)=¢ (X)X (Z) forall X eu Zej,

since exp(X + Z) = exp(X) exp(Z) for X e uand 7 € 3.

e Second step. To prove Proposition 3.2, we may assume that ¢ has
property (x).

Indeed, since Tr(U) is the closed convex hull of Char(U) and Tr(u, U)
is the closed convex hull of Char(u,U), it suffices to prove that if
¢ € Char(U) then ¢’ is of positive type on u and that if ¢' € Char(u, U)
then ¢ is of positive type on U. Moreover, by Corollary 2.9 and Propo-
sition 2.5, ¢ has property () if ¢ € Char(U) and if ¢ has property
(x)"if ¢' € Char(u,U). This proves the claim.

In view of the second step, we may and will assume in the sequel that
¢ : U — C is a central function, normalized by ¢(e) = 1, with property
(x). If, moreover, either ¢ is of positive type or ¢ is of positive type,
then x € Z(U) and ' € u, by the first step.

e Third step. Assume that either ¢ is of positive type or that ¢’ is
of positive type. If ker x’ contains no non-zero linear subspace, then
both ¢ and " are of positive type.

We claim that ¢’ = x’ (that is, ¢ = 0 on u \ 3). Since this is

equivalent to ¢ = X and since y € Z(U) and X’ € 3, once proved, this
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claim combined with Proposition 2.4 will imply that ¢ and ¢’ are of
positive type.

Let (3')1<i<r be the ascending central series of u; so, 3! = 3, 37! is
the inverse image in u of the center of u/3" under the canonical map
u — u/z for every i, and 3" = u.

Let (Z'(U))1<i<r be the corresponding ascending central series of U
given by Z4(U) = exp3'.

We show by induction on i that ¢’ = 0 on 3°\3 for everyi € {2,...,r}.

Indeed, let X € 3%\ 3. There exists Y € u with [V, X] # 0. Since
1Y, X] € 3 and since ker x’ contains no non-zero linear subspace, there
exists ¢ € k such that x/'(t[Y, X]) = xX/'([tY, X]) # 1. Upon replacing Y’
by tY, we can assume that x/([Y, X]) # 1. Since ¢’ is Ad(U)-invariant,
it follows from property (*) that

' (X) = ¢'(Ad(expY) (X)) = ¢'(X + [Y, X]) = " (X)X'([Y, X]).

As X([Y, X)] # 1, we have ¢/(X) = 0; so, the case i = 2 is settled.
Assume now ¢’ = 0 on 3*\ 3 for some i € {2,...,r}. Let X € 3771\ 3"
Then there exists Y € u such that [V, X] ¢ 37! Let (t,),>1 be a
sequence of pairwise distinct elements in k. Set vy, = exp(t,Y) € U.
Denoting by p;_1 : u — u/3""! the canonical projection, we have

pi-1(Ad(yn) X — X) = pi1(—[t.Y, X)),
since [u, [u, X]] C 3*~!. In particular, we have
(Ad(yn) X — X) — (Ad(ym)X — X) ¢ 3 forall n#m.

Since Ad(y,) X —X € 3" and ¢’ = 0 on 3°\3 by the induction hypothesis,
we have therefore

(+%) @' (Ad(yn)X — Ad(y,)X) =0 for all n # m.
We also have, by the Campbell-Hausdorff formula,

pi—1(10g([yn, exp(X)])) = pi—1 (log(exp(—t,Y') exp(X) exp(t,Y) exp(—X)))
= pifl(_[tnya X])?

where [u,v] = wvu~'v™! is the commutator of u,v € U. As [t,Y, X]
commutes with [¢,,Y] X], it follows that

[, X (X)][ym, exp(X)] L ¢ Z(U) for all n # m.

Since [y,, exp(X)] € Z{(U) and ¢ = 0 on Z/(U)\ Z(U) by the induction
hypothesis, we have therefore

(%) @([Yn, exp(X)][ym, exp(X)]7") =0 for all n # m.
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If ¢ is of positive type, it follows from Lemma 2.6 and from (xx)’ that
¢'(X) = 0. If ¢ is of positive type, then Lemma 2.6 and (x*) imply
that p(exp X) = 0, that is, ¢/'(X) = 0.

As aresult, ¢’ = 0 on 3\ 3 for every i € {2,...,7}. Since 3" = u, the
claim is proved.

e Fourth step. Assume that either ¢ is of positive type or that ¢ is
of positive type. Then both ¢ and ¢’ are of positive type.

We proceed by induction on dimju. The case dimiyu = 0 being
obvious, assume that the claim is true for every unipotent algebraic
group with a Lie algebra of dimension strictly smaller than dimy u.

In view of the third step, we may assume that there exists a subspace
t of 3 with dimy € > 0 contained in ker x’. Then ¢’ can be viewed as a
function on the nilpotent Lie algebra u/€ and ¢ as a function of positive
type on the corresponding unipotent algebraic group U/ exp(#). Since
dimy u/¢ is strictly smaller than dimgu, the claim follows from the
induction hypothesis.

O

Remark 3.3. Using induction on dimy, u as well as the fact established
in the third step of the proof of Proposition 3.2, one can easily obtain
the description of Char(U) given in Theorem 1.1 for the special case
G = U; in fact, Char(U) (respectively, the primitive ideal space of U)
is determined in [CM84] (respectively, in [PJ95]) using such arguments.

Let G be a group acting by automorphisms on U. Every g € G
induces an automorphism X +— ¢(X) of u determined by the property

exp(g(X)) = glexp(X)) forall X €u.

Let u be the Pontrjagin dual of the additive group u. Then G acts
by automorphisms i, induced by the dual action.

Since the map ¥ + 1) o log from the space of functions on u to the
space of functions on U is tautologically G-equivariant, the following
result is an immediate consequence of Propositions 3.2 and 3.1.

Corollary 3.4. Let U be as in Proposition 3.2 and let G be a group
acting as automorphisms of U. Assume that the image of G in Aut(u)
contains Ad(U).

(i) The map
Char(u,G) — Char(U,G) — ¥+ 1 olog

15 a bijection.
(ii) The map

Prob()S, — Char(U,G), p— F(u) olog

erg
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s a bijection.

Let G be a group of automorphisms of U containing Ad(U). Let
A € u. Recall (see Section 1) that we associated to A the following two
G-invariant ideals of u

b={Xeu|AAd(g)(tX))=1 forall geG,teck}
and
pr={X eu| MAd(g)(tX)) = Ad(g)(tX) forall geG,tek}.
Proposition 3.5. Let A € U, p:u — u/€y, and Py = expp,.
(i) We have
pr=p"" (Z(u/60)),

where Z(u/€\)€ is the central ideal of G-fired elements in u/Ey.
(ii) The map

Py — S, exp(X) = MX)
18 a G-invariant unitary character of Py.
Proof. (i) Let X € u. We have
p(X) € Z(u/t))® <= Ad(¢9)X — X €&, forall g€G
<= Ad(g)(tX)—tX e€t, forall geG,tek

< MAd(g)(tX)) = A\(tX) forall geG,tck
— X € p,.

(ii) is a special case of Proposition 3.2. O
We will later need the following elementary lemma.

Lemma 3.6. Let U be as in Proposition 3.2 and g € Aut(U). Let N
be a normal subgroup of U. For X € u, the set

A:={tek|exp(—tX)exp(g(tX)) € N}
1s a subgroup of the additive group of the field k.
Proof. Observe first that 0 € A. Let t,s € A. Then
exp(—(t — 5)X) exp(g((t — 5)X))
= exp(sX) exp(—tX) exp(g(tX)) exp(g(—sX)
= exp(sX)(exp(—tX) exp(g(tX)) exp(g(—sX) exp(s X)) exp(—sX)
= exp(sX) (exp(—tX) exp(g(tX))(exp(—sX) exp(g(sX))) ") exp(—sX).
Since N is a normal subgroup of U, it follows that t — s € A. O



CHARACTERS OF ALGEBRAIC GROUPS 21

4. CHARACTERS AND INVARIANT PROBABILITY MEASURES

In this section, we show how a character on an algebraic group over Q
gives rise to an invariant ergodic probability measure on an appropriate
adelic solenoid.

4.1. Reduction to the case £k = Q. Let k£ be a number field and
G = G(k) be the group of k-rational points of a connected linear
algebraic group G over k. By Weil’s restriction of scalars (see [Zim84,
Proposition 6.1.3], [BT65, 6.17-6.21]), there is an algebraic group G’
over Q such that G is naturally isomorphic to the group G’ = G/'(Q) of
Q-points of G'. If G = LU is a Levi decomposition of G over k, then
G' = L'U’ is a Levi decomposition of G’ over Q, where L’ and U’ are
the images of L and U under the isomorphism G — G’. Moreover, G’ is
generated by its unipotent one-parameter subgroups, if GG is generated
by unipotent one-parameter subgroups. These remarks show that it
suffices to prove Theorem 1.1 in the case k = Q.

4.2. Restriction to the unipotent radical. Let G be the group of
Q-rational points of a connected linear algebraic group over Q and let
G = LU be a Levi decomposition of G.

Let ¢ € Char(G). Set ¢ := 9|y. By Theorem 2.11, we have ¢ €
Char(U,G). So, by Corollary 3.4, ¢ = F(u) o log for a unique p €
Prob(u)%,_, where u is the Lie algebra of U.

erg’

We want to determine the set Prob(ﬁ)gg. In the following discussion,
the Lie algebra structure of u will play no role, only its linear structure
being relevant. So, we let E be a ﬁnite/\dimensional vector space over
Q and recall how the Pontrjagin dual £ can be described in terms of
adeles.

Let P be the set of primes of N. Recall that, for every p € P, the
additive group of the field Q, of p-adic numbers is a locally compact
group containing the subring Z, of p-adic integers as compact open
subgroup. The ring A of adeles of Q is the restricted product A =

R x [],cp(Qp, Zy) relative to the subgroups Z,; thus,

A = {(aoo,ag,ag,~--) € R x HQp]apezp for almost everypep}.

peEP
The field Q can be viewed as discrete and cocompact subring of the
locally compact ring A via the diagonal embedding
Q—A, qg=(qq9. ..)
Let by, ... by be a basis of E over Q. Fix a nontrivial unitary character
e of A which is trivial on Q. For every a = (ay,...,aq) € A% let \, € E



22 BACHIR BEKKA AND CAMILLE FRANCINI

be defined by

d d
Ao() = e(z a;q;) forall z = Z%bi ckb.
i=1

i=1

The map a — A, factorizes to an isomorphism of topological groups
AYQY S B, a+ Q' A,

(see Theorem 3 in Chap.IV, §3 of [Wei74]). So, E can be identified with
the adelic solenoid A?/Q¢. We examine now how this identification
behaves under the action of GL(E) on E.

Set Qe = R. Then GL4(Q) C GL4(Q,) acts on Qg for every p €
P U {oo} in the usual way; the induced diagonal action of GL4(Q) on
A preserves the lattice Q¢, giving rise to a (left) action of GL4(Q) on
AY/Q

Let 0 € GL(E) and let A € GL,(Q) its matrix with respect to the
basis by, ..., bg. One checks that

M08 =Aat, forall ae A%
We summarize the previous discussion as follows.

Proposition 4.1. Let E be a finite dimensional vector space over Q
of dimension d. The choice of a basis of E defines an isomorphism
of topological groups A¢/Q4 — E, which is equivariant for the action
of GL4(Q) given by inverse matriz transpose on A?/Q® and the dual
action of GL(E) on E. This isomorphism induces a bijection

~

Prob(A?/QNE. — Prob(E)S

erg erg’

for every subgroup G of GL(E) = GL4(Q).

5. INVARIANT PROBABILITY MEASURES AND ORBIT CLOSURES ON
SOLENOIDS

For an algebraic Q-subgroup of G L; which is generated by unipotent
subgroups, we will determine in this section the invariant probability
measures as well as the orbits closures on the adelic solenoid A?/Q¢.
We have first to treat the case of S-adic solenoids.

5.1. Invariant probability measures and orbit closures on S-
adic solenoids. Let G be an algebraic subgroup of G L4 defined over
Q. For every subring R of an overfield of Q, we denote by G(R) the
group of elements of G with coefficients in R and determinant invertible
in R. In particular, G(Q) = G N GL4(Q).
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Fix an integer d > 1 and let S be a finite subset of P U {oo} with

oo € 5. Set
Qs =]

peES

and let Z[1/5] denote the subring of Q generated by 1 and (1/p),ecsnp-
Then Z[1/5]? embeds diagonally as a cocompact discrete subring of
QS

The product group

G(Qs) =[] G(Q)

peS

is a locally compact group and acts on Q% in the obvious way. The
group G(Z[1/S]) embeds diagonally as discrete subgroup of G(Qg). As
G(Z[1/S]) preserves Z[1/5]%, this gives rise to an action of G(Z[1/5])
on the S-adic solenoid

Xs:=Q%/Z[1/S)",

which is a compact connected abelian group.

A unipotent one-parameter subgroup of G(Qg) is a subgroup
of G(Qg) of the form {(u,(ty))pes | tp € Qp,p € S} for Q-rational
homomorphisms u, : G, — G from the additive group G, of dimension
1 to G.

We aim to describe the G(Z[1/S])-invariant probability measures on
X as well as orbit closures of points in Xg. Our results will be deduced
from Ratner’s measure rigidity and topological rigidity theorems in the
S-adic setting (see [Rat95] and [MT94]); actually, we will need the
more precise version of Ratner’s results in the S-arithmetic case from
[Tom00].

5.1.1. Invariant probability measures. For a closed subgroup Y of Xg
and for x € X, we denote by p,iy € Prob(Xg) the image of the
normalized Haar py under the map Xg — Xg given by translation by
x.

Let V be a linear subspace of Q. Denote by V(Q,) the linear span
of Vin Q¢ for p € S. Then V(Qs) := [[,esV(Q,) is a subring of

4 and V(Z[1/S]) := VN Z[1/S]¢ is a cocompact lattice in V(Qg).
So, V(Qs)/V(Z[1/S]) is a subsolenoid of Xg, that is, a closed and
connected subgroup of Xg.

Proposition 5.1. Assume that G(Qg) is generated by unipotent one-
parameter unipotent subgroups. Let p be an ergodic G(Z[1/S])-invariant
probability measure on the Borel subsets of Xg. There exists a pair
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(a, V) consisting of a point a € Q% and a G(Q)-invariant linear sub-
space V' of Q with the following properties:

(i) g(a) € a+V(Qs) for every g € G(Qs);
(il) 4 = pery, where x and Y are the images of a and V(Qg) in

Xs.
Proof. We consider the semi-direct product
G = G(Qs) x Q,

given by the natural action of G(Qg) on Q%. Then G is a locally
compact group containing

= G(Z[1/9)) x Z[1/5]?

as discrete subgroup. Since G(Qg) is generated by unipotent one-
parameter subgroups, there is no non-trivial morphism G — GL; de-
fined over Q. It follows (see [Bor63, Theorem 5.6]) that I' := G(Z[1/S5])
has finite covolume in G(Qg) and so I is an S-arithmetic lattice in G.

We now use the “suspension technique” from [Wit94] to obtain an
ergodic G(Qg)-invariant probability measure g on G /f Specifically,
we embed Xg as subset of G / I in the obvious way. Observe that the
action of G(Z[1/S]) by automorphisms on Xg becomes the action of
G(Z[1/S]) by translations on G/T under this embedding.

View 11 as a G(Z[1/S]))-invariant probability measure on G/T" which
is supported on the image of Xg. Let i be the probability measure on

G/T defined by
i [ vt
G(Qs)/T

where v be the unique G(Qg)-invariant probability measure on G(Qg)/T
and t,(p) denotes the image of p under the translation by g. Then i is
G(Qg)-invariant and is ergodic under this action.

By the refinement [Tom00, Theorem 2] of Ratner’s theorem, there
exists a Q-algebraic subgroup L of G, an L(Q)-invariant vector sub-
space V of Q4, a finite index subgroup H of L(Qgs) x V(Qg), and an

element g € G with the following properties:
e G(Qs) C HY := gHg™;
e HNT is a lattice in H;
e /i is the unique HY%-invariant probability measure on G / r sup-
ported on gHT /T = H9gT'/T.

Since G = G(Qs) x Q, there exists ¢ € G(Qg) such that a = ¢'g
belongs to Q4. Then G(Qg) C H® and, since i is G(Qg)-invariant,
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fv coincides with the Hinvariant probability measure supported on
H%l/T. As a result, we may assume above that g = a € QY.
The image t,-1(jz) of /1 under the translation by a™! coincides with

the unique H-invariant probability measure on G / r supported on H r / I.
Observe that G(Qg) C H® implies that

g(a) —a € V(Qg) forevery ge G(Qs),

where we write g(a) for gag™?.
Let

p:G/T = G(Qs)/T
be the natural G(Qg)-equivariant map. We have

(x) s = [ oo ) AT

and t,-1(ty(1)) (p~'(gT'/T)) = 1 for every g € G(Qgs). So, the formula
(%) provides a decomposition of ¢,-1(j1) as integral over G(Qg)/G(Z[1/S5])
of probability measures supported on the fibers of p.

Now, knowing that ¢,-1(p) is the H-invariant probability measure
supported on H f/ f, we can perform a second such decomposition of
to-1(p) over G(Qg)/I'. The measures supported on the fibers of p in
this last decomposition are translates of the normalized Haar measure
py of the image Y of HNQYZ in X5 = Q4T'/T'. By uniqueness, it follows
that t,-1(p) = py, that is, u = p,ry, where a is the image of z in Xg
(for more details, see the proof of Corollary 5.8 in [Wit94]).

To finish the proof, observe that, since V(Qg) is divisible, it has
no proper subgroup of finite index and so H N Q%4 = HNV(Qg) =

V(Qs). O

The pairs (z,Y) as in Proposition 5.1 for which p,y is ergodic are
characterized by the following general result.

For a compact group X, we denote by Aut(X) the group of contin-
uous automorphisms of X and by Aff(X) = Aut(X) x X the group of
affine transformations of X.

Proposition 5.2. Let G be a countable group, X be a compact abelian
group and o : G — Aut(X) an action of G by automorphisms of X.
Let xo € X and let Y be a connected closed subgroup of X such xo+Y
is G-invariant. Then'Y is G-invariant and oy(zo) —xo € Y for every
g € G. Moreover, the following properties are equivalent:

(1) paot+y 1S mot ergodic under the restriction of the G-action to
o+ Y,
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(ii) there exists a proper closed connected subgroup Z of Y and a
finite index subgroup H of G such that ay(z) —x € Z for every
rexg+Y and h € H;

(ili) for every x € xo+Y, the set {ay(x) —x | g € G} is not dense
mY;

(iv) there exists a subset A of xo +Y with pizy+y(A) > 0 such that
{ay(x) —x | g € G} is not dense in'Y for every x € A.

Proof. The fact that Y is G-invariant and that oy(x) —x € Y for every
g € G is obvious.

The homeomorphism ¢ : zo+Y — Y given by the translation by —z
intertwines the action o of G on 2y +Y with the action § : G — Aff(Y)
by affine transformations of Y, given by

By(y) = ay(y) + ay(zg) — o forall ge G,yeY.

Moreover, the image of pi,,1y under ¢ is the Haar measure py on Y.

Assume that the action [ is not ergodic. Then there exists a proper
closed connected subgroup Z of Y which invariant under the action «
of G and a finite index subgroup H of GG such that the image of H in
Aft(Y/Z), for the action induced by g, is trivial (see [BF18, Proposition
1]). This means that ap(z) — 2z € Z for every z € 2o+ Y and h € H.
So, (i) implies (ii).

Assume that (ii) holds and let « € zo+ Y. Then the image of the set
{ay(z) —x | g € G} in Y/Z is finite. However, since Y is connected,
Y/Z is infinite and so {o,(z) —x | g € G} is not dense in Y. So, (ii)
implies (iii).

The fact that (iii) implies (iv) is obvious. Assume that [ is ergodic.
Since the support of uy is Y, for puy-almost every y € Y, the 5(G)-
orbit of y is dense in Y, that is, {a,(z) — 2 | g € G} is dense in X for
Uazo+y-almost every x € xo + Y. So, (iv) implies (i). O

We will need a description of the G(Z[1/S])-invariant (not neces-
sarily ergodic) probability measures on Xg. For this, we adapt for our
situation some ideas from [MS95, §2], where such description was given
in the context of real Lie groups.

Let ¢ : Q% — Xg = Q%/Z[1/S]* denote the canonical projection.
Observe that, if V is a G(Q)-invariant linear subspace of Q% and if
a € Q¢ is such that g(a) € a + V(Qg) for all g € G(Z[1/S]), then
pla+V(Qs)) is a closed and G(Z[1/S])-invariant subset of Xg

Denote by H the set of G(Q)-invariant linear subspaces of Q¢. For
V € H, define N(V, S) C Q% to be the set of a € Q% with the following
properties:

e g(a) € a+V(Qg) for every g € G(Z[1/S5]) and
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e p({g(a) —a|ge G(Z[1/S])}) is dense in p(V(Qs)).

Lemma 5.3. For V.W € H, we have o(N(V,S)) N (N (W, S)) #
if and only of V =W.

Proof. Assume that (N (V,S)) NN (W,S)) # 0. So, there exist
a € N(V,S) and b € Z[1/5]? such that a + b € N(W,S). It follows
that o({g(a) —a | g € G(Z[1/S])}) is a dense subset of p(V(Qg)) and
of o(W(Qs)). Hence, ¢(V(Qs)) = ¢(W(Qgs)). This implies that the
R-vector space V(R) is contained in W(R) + Z[1/5]¢ and so in W (R),
by connectedness. Hence, V' C W. Similarly, we have W C V. O

We can now give a description of the finite G(Z[1/5])-invariant mea-
sures on Xg.

Proposition 5.4. Assume that G(Qg) is generated by unipotent one-
parameter subgroups and let u € Prob(Xg) be a G(Z[1/S])-invariant
probability measure on Xg. For V € H, denote by uy the restriction of
p to oN(V,5)).

(i) We have

" ( J eV(v. s>>) — 1

VeH
moreover, py (N (V',8)) =0 for all V.V’ € H with V # V',

so, we have a decomposition

M:®NV~

VeH

(ii) Let V' € H be such that uy # 0. Then py is G(Z[1/S])-
wmvariant. Moreover, if

MV:/VV,wdw
Q

is a decomposition of py into ergodic G(Z[1/S])-invariant com-
ponents vy,,, then, for every w € ), we have vy, = [z +y,

where Y = o(V(Qg)) and x, = ¢(a,) for some a, € N(V,S).

Proof. Let
= / V,dw
Q

be a decomposition of p into G(Z[1/S])-invariant ergodic probability
measures v, on Xg.

Fix w € Q. By Proposition 5.1, there exists a, € Q% and V,, €
H such that g(ay) € aw + V,(Qg) for every g € G(Qg) and v, =
Uaotv,,, Where Y, = ¢(V,(Qs)) and z, = ¢(ay). Since pg, iy, is
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ergodic, there exists a subset A, of x, + Y, with p,_ .y, (A4,) = 1 such
that the G(Z[1/S])-orbit of x is dense in x, + Y, for every z € A,
(see Proposition 5.2). It is clear that x € (N (V,,,S)) for every x €
A,. Tt follows that v, (p(N(V,,S)) = 1 for every w € Q and hence
(Uyey ¢WN(V,S)) = 1. Since the measurable subsets (N (V,S)) of
Xs are mutually disjoint (Lemma 5.3) and since H is countable, we
have a direct sum decomposition

b= ED/ Vydw
ven JwiVe=V

and py = fw:Vw:V Vodw with v, = pgz 1y, where Y = V(Qg) and
z, = ¢(a,) for some a, € N(V,S).
L]

We will later need the following lemma.

Lemma 5.5. Let V be a G(Q)-invariant linear subspace of Q* and S
a finite subset of PU{oo}. There exists exists a linear subspace W* of
Q? containing V such that

{aeQd]g(a)€a~|—V(Qs) for all g€ G(Z[1/S])} = W3(Qs).

Proof. Choose a complement V; of V in Q% and let 7, : Q¢ — V{ be
the corresponding projection. Let p € P U {oo}. Then

Q;‘f = V(Qp) D VO(QZJ)
and the linear extension of 7y, again denoted by m, is the corresponding
projection QZ — Vu(Q,).
Let g € GL4(Q). Denote by W, C Q? the kernel of m o (g — Iqa).
For a € Qg, we have

g(a) € a+V(Q,) < a € ker (71'0 o(g— IQg)) .
So, ker(m o (g — Iqe)) = Wy(Qy). The linear subspace
W= W,
geG(Z[1/5])
of Q? has the required property. O

5.1.2. Orbit closures. We now turn to the description of orbit closures
of points in Xg. Recall that ¢ : Q4 — Xg denotes the canonical
projection.

Proposition 5.6. Assume that G(Qg) is generated by unipotent one-
parameter subgroups. Let a € Q% and x = ¢(a) € Xg. There exists a
G(Q)-invariant linear subspace V of Q* with the following properties:
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(i) g(a) € a+V(Qg) for every g € G(Qs);
(i) the closure of the G(Z[1/S])-orbit of x in Xg coincides with

z+9o(V(Qs)).

Proof. As in the proof of Proposition 5.1, we consider the semi-direct
product G = G(Qs) x Q% and embed Xg as closed subset of é/f,
where T' = G(Z[1/5]) x Z[1/5]".

By the refinement [Tom00, Theorem 1] of Ratner’s theorem about
orbit closures, there exists a Q-algebraic subgroup L of G, an L(Q)-
invariant vector subspace V of Q¢ and a finite index subgroup H of
L(Qs) x V(Qg) with the following properties:

e G(Qg) C H*:=aHa™';
e HNT is a lattice in H;

e the closure G(Qg)z of the G(Qg)-orbit of x is Hz, that is,
aHT/T.

We claim that

G(Z[1/5])x = G(Qs)r N Xs.

We only have to show that G(Qg)z N X is contained in G(Z[1/95])z,
the reverse inclusion being obvious.

Set I' = G(Z[1/S5]) and A = Z[1/5]%. Choose a fundamental domain
2 C G(Qg) for G(Qg)/I" which is a neighbouhood of e and a compact
fundamental domain K C Q% for QZ/A

Let y € G(Qg)z N Xs. Then there exists a sequence g, € G(Qs)
such that lim,(g,,e)r = y. Write g, = w,y, for w, € Q and v, € T

and v,(a) = k, + \, for k, € K and A\, € A. Then

y = lim(g,, e)z = lim(wy, €) (7, €)(e, a)I" = lim(wy,, €)(Yn, Yn(a))T
= lim(wy, €)(e, k)T = lim(wy, wy (k)T

On the one hand, it follows that lim,, w,d,, = e for some 9,, € I'. So, for
large n, we have w,d, € ) and, since w, € €2, we have ¢§,, = e, that is,
lim,, w, = e. On the other hand, as K is compact, we can assume that
lim, k, = k € K exists. Therefore, we have lim, (wy,, w,(k,)) = (e, k)
and so y = k + A and

y = lim(k, + A) = lim(y,(a) + A),

that is, y € G(Z[1/S])x. So, the claim is proved.
We have

(aHf/f) NXs=pla+HNV(Qg))
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and, since (as in the proof of Proposition 5.1) H NV (Qg) = V(Qgs),
this finishes the proof.
0

5.2. Invariant probability measures and orbit closures on adelic
solenoids. Let G be an algebraic subgroup of GL,; defined over Q. We
are now ready to deal with the description of the G(Q)-invariant prob-
ability measures and the orbit closures for the adelic solenoid

X = A%/Q"

Denote by S the set of finite subsets S of P U {oo} with co € S.
Let S € S. It is well-known (see [Wei74]) that

Al=Qix]]z ] +Q
pEP

and that

Qé x [[2¢) nQ*=2z[1/5]"
p¢P
This gives rise to a well defined projection
ms: X = Xg = QL/Z[1/9]
given by
75 ((as, (a)pes) + Q) = as+Z[1/S) for all ag € QF, (ap)pes € [ [ Z0.
pEP

So, the fiber of g over a point ag + Z[1/5]¢ € X5 is
75 (as + Z[1/5]%) = {(as, (ap)pgs) + Q" | a, € ZL for all p ¢ S}

Observe that mg is GL4(Z[1/S])-equivariant.
Let S € § with § C §'. Then

AL = Qi x T z¢| +zn/s,
peS\S

Qi x [ zi|nzi/s=z/s),

peS\S

and we have a similarly defined GL4(Z[1/S])-equivariant projection
s g+ Xgr — Xg. Observe that g = g/ g 0 7.
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Let V be a linear subspace of Q?. For p € P, we write V(Z,) for the
Z,-span of V(Z) in V(Q,); the adele space corresponding to V' is

VA =J | vQs) x [[V(2,)

Ses pgES

We denote by ¢ the canonical projection A? — X. The image of
©(V(A)) in X can be written as

p(V(A) = ¢ <V<R> <11 V(Zp>>
peEP
and is a closed and connected subgroup of X. Conversely, every closed
and connected subgroup of X is of the form ¢(V(A)) for a unique
linear subspace V of Q¢ (see Lemma 6.1 below).
The following simple fact will be useful.

Lemma 5.7. Let V be a linear subspace of Q. Set

Q=e|VR)x[[V(Z,) x[[2¢] c x.
S

peS pg¢S
where S runs over the finite subsets of P. Then
Q=p(V(A)).

Proof. 1t is clear that (V' (A)) is contained in 2. Conversely, let x € 2.
Then there exists a = (ap)pepuioc; € A? with p(a) = x such that
s € V(R) and a, € Z¢ for all p € P. We claim that a, € V(Z,) for
all p e P.

Indeed, let py € P. There exists ¢ € Q¢ such that (a, + q)pePuico} €
R X [[,ep Z3 with as+q € V(R) and ap, +q € V(Zy,). For every p €
P, we have ¢ = (a,+¢) —a, € Z% and hence q € Z*. Since a, € V(R),
we also have ¢ = (aoo + ¢) — ao € V(R). Hence, ¢ € V(Z) C V(Z,,)
and therefore a,, = (a,, +¢) —q € V(Z,,).

U

5.2.1. Invariant probability measures. We will denote by ¢ the canon-
ical projection A% — X and by ¢g the projection Q% — Xg for a set
Ses.

Theorem 5.8. Let G be a connected algebraic subgroup of G Ly defined
over Q. Assume that G(Q) is generated by unipotent one-parameter
subgroups. Let p be an ergodic G(Q)-invariant probability measure on
the Borel subsets of X = A?/Q®. There exists a pair (a,Vy) consisting
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of a point a € A? and a G(Q)-invariant linear subspace Vo of Q¢ such
that

H = faty,
for xz = p(a) and Y = p(Vo(Q)). Moreover, a can be chosen so that
the set {g(a) —a| g € G(Q)} is dense in Vo(A).

Proof. For S € S, let ug be the image of u under the projection
TS © X — XS.

Then ug is a G(Z[1/S]-invariant probability measure on Xg and, by
Proposition 5.4, we have a decomposition

Hs = @ Hsv

VEH
with mutually singular measures pgy on Xg such that

psy(Xs \ sV (V,5)) = 0.
Fix Sy € S and Vj € ‘H with pug,1, 7 0 and such that
dim Vy = max {dim V' | ugy # 0 for some S € S}.

Write
P U {OO} = Unzosn
for an increasing sequence of subsets S,, € §. Denote by u, instead of
is, the image of p under the projection mg, : X — Xg . Set

C = MO(SDSO (N(Vba SO)) > 0.

e First step. We claim that
pn(ps, (N (Vo, Sp)) > ¢ forall n>1.
Indeed, let V' € H be such that pg, v # 0. Recall that
TS,.50 XS, — X,
is the natural G(Z[1/Sp])-equivariant projection. Let
v € 1515 (P50 N (Vo 50))) 1 5, NV, 5,).

Then, on the one hand, zy := 7, 5,(x) € @s,(N(Vo, So)) and hence
the set {g(zo) —x0 | g € G(Z[1/Ss])} is dense in ¢g,(Vo(Qs,))- On the
other hand, since x € ¢g, (N (V, S,)) and since G(Z[1/Sy]) is contained
in G(Z[1/S,]), the set {g(x) —z | g € G(Z[1/Sy])} is contained in
©s,(V(Qs,))- As

5,50 (05, (V(Qs,)) = ¢5,(V(Qsy))
and as 7g, g, is G(Z[1/Sy])-equivariant and continuous, it follows that

¥So (‘/O(QSO)) C ¥s, (V(QSO>>
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This implies that V5 C V' (see the proof of Lemma 5.3). It follows that
V =V}, by maximality of the dimension of Vj. This shows that

pn (5,50 (950N (Vo, 50))) N ps, (N(V, S))) =0 for every  V # Vg
and hence that

pin (75, 50 (50 N (Vo, 50)))) < pin (05, (N (Vo, Sn)))-

Since py = ps, is the image of p,, under wg, g,, we have

tin (75" 5, (050 (N (Vo, S0)))) = o056 (N (Vo, o)),

and the claim is proved.

For every n > 0, let W™ = W?°» be the linear subspace of Q¢ defined
by Vp as in Lemma 5.5. It is clear that the family (WW™),>o of finite
dimensional linear subspaces is decreasing. So, there exists N > 0 such
that W™ = W for all n > N. Set W := W¥. Recall that V;, ¢ W"
for every n > 0 and hence Vy, C W.

o Second step. We claim that p(p(W(A)) > c.
Indeed, since N(V, S,) € W"™(Qg,), it follows from the first step
that

tin (s, W (Qs,))) = tn(ps, (W™(Qs,))) > ¢
for every n > N. Setting

Q= | W(Qu) X H W(Z,) x H Zg )

PESn ,pF00 p¢5n

this means that
w(2,) >c¢ forall n> N,

since p,, is the image of p under 7g, .
As (Q,)n>n s a decreasing sequence, it follows that

(0

On the other hand, we have (see Lemma 5.7)
() @ = p(W(A))
n>N
and the claim is proved.
Set Y 1= ¢(Vh(A)).
o Third step. We claim that there exists x € (W (A)) such that
plp(e+Y)) = 1.
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Indeed, p(W(A)) is G(Q)-invariant, since W is G(Q)-invariant. By
the ergodicity of pu, it follows that pu(o(W(A)) = 1; so, we may view
as probability measure on (W (A)).

Let Z C ¢(W(A)) be the support of u. Again by ergodicity of u,
there exists a point a € W(A) such that x = ¢(a) € Z and such
that the G(Q)-orbit of x is dense in Z. Since g(a) € a + V,(A) for all
g € G(Q), this means that x +Y = Z and so pu(z +Y) = 1.

e Fourth step. We claim that p is invariant under translations by
elements from Y. Once proved, it will follow that u = p,.y, by the
uniqueness of the Haar measure on the closed subgroup Y of X.

Indeed, the topological space (W (A)) C X is the projective limit of
the sequence (p(W(Qs,)))n>0 of the topological spaces p(W(Qg,)) C
Xg,, with respect to the canonical maps ¢(W(Qs,)) = ¢(W(Qs,,))
for n > m. So, the sets of the form (B x [] 45 W(Z,)), where B
runs over the Borel subsets of W(Qg, ), generate the Borel structure of
AW (A)).

For every n > 0, the image p,, of i in Xg, is the Haar measure on
the coset mg, (x +Y) of the subgroup ¢g, (V(Qs,)). So, i, is invariant
under translations by elements from g (V(Qsg,)). This means that,
for every Borel subset B of W(Qg, ), we have

plzto | Bx[[WEZ) | |=nle|Bx[[WZ) ]|,
pESn p¢Sn
for every z € Y. This proves the claim. O

5.2.2. Orbit closures. We now deduce the description of orbit closures

of points in X from the corresponding description in the S-adic case.
Recall that Xg = Q%/Z[1/S]¢ for S € S and that ¢ : A? — X

Vs : st — Xg , and 7g : X — Xg denote the canonical projections.

Theorem 5.9. Let G be a connected algebraic subgroup of G Ly defined
over Q. Assume that G(Q) is generated by unipotent one-parameter
subgroups. Let a € A? and x = p(a) € X. There exists a G(Q)-
invariant linear subspace Vo of Q¢ such that the closure of the G(Q)-
orbit of z in X coincides with x4+ p(Vo(A)).

Proof. For S € S, let zg = mg(x) € Xg. By Proposition 5.6, there
exists a unique G(Q)-invariant linear subspace Vg of Q% such that
G(Z[l/S])l’S =g+ QDS(Vs(Qs)).

Fix Sy € S such that Vj := Vg, has maximal dimension among all
the subspaces Vg for S € S.
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Let PU{o0} = U,>0S, for an increasing sequence of subsets S, € S.
Let n > 1 and write V,, for Vg, .
Since {g(zs,) — xs, | g € G(Z[1/Sy])} is dense in pg(VH(Qs,)) and

since

g(xs,) — s, € ps, (Va(Qg,)) forall ge G(Z[1/S]),

it follows that Vo C V}, (see the first step in the proof of Theorem 5.8)
and hence V,, = V4, by maximality of the dimension of V. Therefore,
we have

G(Z[1/S,])xs, = s, + ¢s,(Vo(Qs,)) foral n>0.

We claim that the closure of the G(Q)-orbit of x in X coincides with
z + ¢(Vo(A)).

Indeed, let n > 0 and g € G(Z[1/S,]). For every m > n, we have
9(zs,,) — s, € s, (Vo(Qs,,)) and hence

glr)—zeo | ViR) x [ W(Z)x |] Z

PESm ,pFoo PESm

It follows (see Lemma 5.7) that g(z) — xz € @(Vo(A)) for every g €
G(Z[1/S,]). Therefore, = + ¢(Vo(A)) is G(Q)-invariant. Since x +
©(Vo(A)) is closed in X, this implies that

G(Q)z C z+ ¢(Vo(A)).

Conversely, let y € p(Vo(A)). Then y = ¢(v) for v = (vp)pepuioo} i
Vo(A) with v, € Vy(Z,) for all p € P. Let U be a neighbourhood of y
in X. Then U contains a set of the form ¢ <On X [1p¢s, Zg) for some
n > 0, where O, is a neighbourhood of (v,),cs, in R? x [pes oo} VAL

Since G(Z[1/S,])xs, — xs, is dense in pg, (Vo(Qs,)), there exists
g € G(Z[1/S,]) such that g(zg,) — s, € ¢s,(0n). As g(Z2) C Z¢ for
every p ¢ S, it follows that

glx)—zep |0, x [[2¢] cU
pESn

This shows that z +y € G(Q)x.

6. PROOF OF THEOREM 1.1

In this section, we will give the proof of Theorem 1.1.
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6.1. Invariant characters on Q? Let G be a connected algebraic
subgroup of GGL, defined over Q. Using Fourier transform, we establish
the dual versions of Theorems 5.8 and 5.9 in terms of G(Q)-invariant
characters on Q€.

Recall (see Subsection 4.2) that, after the choice of nontrivial unitary

character e of A which is trivial on Q, we can identify @ with X =
A?/Q¢ by means of the G'Ly(Q)-equivariant map

X%é\d, a+ Q% A\,

where

Aa(q) =e((a,q))  forall ¢=(q,...,qa) € QY

and (a,q) = Zgzl a;q; for a = (ai, ..., aq) € A4
By Pontrjagin duality, the map

qr (a+ Qd = Aa(q))

is a G Lq(Q)-equivariant isomorphism between Q¢ and the dual group
X of X. The annihilator of a subset Y of X in Q7 ~ X is

={qe Q| N(g)=1 forall a+Q’eV}.
If Y is a closed subgroup of X, the map
Q+YL = (a+ Qd = Aal(q))

is an isomorphism between Q?/Y* and Y.
We will need the following characterization of subsolenoids of X.
Recall that ¢ is the projection A? — X.

Lemma 6.1. Let Y(X) be the set of connected and closed subgroups of
X and Gr(Q%) the set of linear subspaces of Q.

(i) The map Y — Y+ is a GL4(Q)-equivariant bijection between
V(X) and Gr(Q?).

(ii) For V € Gr(Q?), we have p(V(A)) € Y(X); moreover, we
have

p(V(A) Ne(W(A)) = (VN W)(A))

for every V,W € Gr(Q9).
(iii) The map V — @(V(A)) is a GLy(Q)-equivariant bijection be-
tween Gr(Q?) and Y(X).
In particular, for every P € Gr(Q?), there exists a unique V € Gr(Q?)
such that P = @(V(A))*.
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Proof. (i) Let Y be a closed subgroup of X. Then Y is connected if
and only Y is torsion-free (see Corollary (24.19) in[HR79]), that is, if
and only if Q4/Y* is torsion-free. It follows that Y is connected if and
only if Y+ is a linear subspace of Q¢.

(ii) Let V € Gr(Q%). Since the canonical embedding of R is dense
in A/Q, the subgroup ¢(V(R)) is dense in ¢(V(A)) and therefore
©(V(A)) is connected. Moreover, p(V(A)) is closed as it is the con-
tinuous image of the compact solenoid V(A)/V(Q).

Let V, W € Gr(Q%). It is clear that ¢((V N W)(A)) is contained in
e(V(A)) Np(W(A)). Let a € V(A) be such that p(a) € p(W(A)).
Writing a = (ap)pepufec}, We may assume that a, € V(Z,) for every
p € P. So, there exists ¢ € Q? such that a,, + ¢ € W(R) and a, +
q € W(Z,) for every p € P. It follows that ¢ € Z%. Hence, we have
oo € W(R) + Z4. Observe that ta € W(A) for every t € Q; it follows
that ta,, € W(R) + Z? for every t € Q and hence for every t €
R, since W(R) + Z% is closed in R By connectedness, this implies
that as, € W(R). Since ax + g € W(R), we have ¢ € W(Z) and so
a, € W(Z,) for every p € P. This shows that a € (VN W)(A). So,
p(V(A)) Np(W(A)) = o((V N IW)(A)).

(iii) As already mentioned (see the proof of Lemma 5.3), we have
o(V(A)) # p(W(A)) for every V,W € Gr(Q?) with V # W.

Let Y € Y(X). Then Y+ € Gr(Q%), by (i). Consider the linear

subspace

Vi={ac Q| {a,q) =0 forall geY~ }

of Q4. We claim that Y = ¢(V(A)).

Indeed, let qi, ..., qs be a basis of Y. For every i € {1,...,s} and
teQ,letV; ={ae Q| (aq) =0} and choose a;; € Q? such that
(a;t,q;) =t. Then

{a€ AY| {a,q) =t} = Vi(A) + a;y.
We have

Y=Y ={a+Q"c X | Mlq)=1 forall geY™*}
={a+Q"c X | \(tq) =1 forall geY™* tcQ}
={a+Q%€c X |e(t{a,q)) =1 forall ¢geY™* tecQ}
={a+Qc X |{a,¢) €Q forevery i=1,---,5}
= (U eVi(A) + aix) = (" (Vi(A))

i=1t€Q i=1

Using (ii), it follows that Y = ¢ ((N_, Vi)(A)) = o(V(A)).
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O

Let G be a connected algebraic subgroup of GL4 defined over Q. For
a € A4, let P, be the Q-linear span of {\jmA_s | g € G(Q)}* in Q%

SO,

P, = ﬂ {q € Qd | Ag(a)(tQ) = )‘a(tQ>}

9€G(Q),teQ
= () {4€Q’|(9(a) —a.q) € Q}
9€G(Q)
and P, is a G(Q)-invariant linear subspace of Q%. Define y, : Q¢ — C

by
_JAalg) ifge P,
Xala) = {0 otherwise.

Observe that y, is G(Q)-invariant and is of positive type (see Propo-
sition 2.4), that is, x, € Tr(Q%, G(Q)).

Recall that two points z,y € X belongs to the same G(Q)-quasi-
orbit if their G(Q)-orbits have the same closure in X.

Theorem 6.2. Let G be a connected algebraic subgroup of G Ly defined
over Q. Assume that G(Q) is generated by unipotent one-parameter
subgroups. The map

A5 Tr(Q,G(Q), a X,
has Char(Q¢, G(Q)) as image and factorizes to a bijection
X/~ — Char(Q*,G(Q)),
where X/~ is the space of G(Q)-quasi-orbits in X = A?/Q?.

Proof. Identifying Q¢ with X , the Fourier transform on X is the map
F : Prob(X) — Tr(Q%)
given by

F(u)(q) = /X No(@)d(a+ Q") forall 1€ Prob(X),q € QY.

Recall (see Proposition 3.1) that F restricts to a bijection
F : Prob(X)SQ — Char(Q?, G(Q)).

erg

Let a € A% By Lemma 6.1, there exists a G(Q)-invariant linear
subspace V of Q? such that P, = Y=+ for Y = ¢o(V(A)).

Let = pgyy for x = @(a).
e First step. We claim that F(fiz1y) = Xa-
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Indeed, for every ¢ € Q?, we have

Flinay)(g) = / Naso(@)dpy (b + Q)

Y

= Aa(q)/ Ao(q)dpy (b + Q).

Now, [, Ao(q)dpy (b+Q?) = 0, whenever b+Q? — Xy(g) is a non-trivial
character of Y, by the orthogonality relations. This proves the claim.

e Second step. We claim that y, € Char(Q? G(Q)). In view of step
one, it suffices to show that p,,y is ergodic

Assume, by contradiction, that p,,y is not ergodic. Observe that
G(Q) is connected (in the Zariski topology of GL4(Q)) and has there-
fore no proper finite index subgroup. Therefore, by Proposition 5.2,
there exists a proper closed connected subgroup Z of Y such that
gx+y) €x+y+ Z for every g € G(Q) and y € Y. By Lemma 6.1,
we can write Z = (W (A)) for a G(Q)-invariant proper Q-linear sub-
space of V. So, we have g(x) —x € p(W(A)) for every g € G(Q). This
implies that

p(W(A)" =P, =Y" =p(V(A)",
which is a contradiction, since W # V.

o Third step. We claim that the closure of the G(Q)-orbit of x
coincides with = + Y.

Indeed, by Theorem 5.9, there exists a G(Q)-invariant linear sub-
space W of Q¢ such that the closure of the G(Q)-orbit of z in X
coincides with = + (W (A)), that is, g(xz) — 2 € (W (A)) for every
g € G(Q). As in the second step, this implies that W = V.

o Fourth step. We claim that Char(Q¢, G(Q)) = {x. | a € A4}
Indeed, this follows from Theorem 5.8 and the first two steps.

o Fifth step. Let ay,a; € A% We claim that ., = X4, if and only if
1 = p(ay) and o = @(ay) belong to the same G(Q)-quasi-orbit.

Indeed, observe that Py = P, and Xy) = Xa for every a € A% and
g € G(Q) It follows that x,, = Xa, if 1 and x9 belong to the same
quasi-orbit.

Conversely, assume that x,, = Xa,- Then P,, = F,, and A\,, = A,
on P,,. So, Y1 = Y5, where Y; = PL for i = 1,2, and 1 — 25 € Y].
Hence, 1 +Y; = 29 + Y5 and so, by the third step, x; and x5 belong
to the same quasi-orbit.

O
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6.2. Conclusion of the proof of Theorem 1.1. Let G = G(Q) be
as in the statement of Theorem 1.1, G = LU a Levi decomposition of
G, and u the Lie algebra of U.

Let ¢ € Char(G).

o [lirst step. Set ¢ = 1|y o exp. There exists A € u such that ¢
coincides with the trivial extension to u of the restriction of A to pj,
where p, is the G-invariant linear subspace of u given by

pr={X eu| MAd(g)(tX)) = A\(tX) forall geG,teQ}.

Indeed, as discussed in Subsection 4.2, ¢ € Char(u,G). The claim
follows therefore from Theorem 6.2.

e Second step. We claim that
P(exp(X)g) = P(exp(X))Y(g) forall ge G, X €p,.
Indeed, since
[ (exp(X))] = le(X)] = [MX)[ =1
for every X € p,, the claim follows from Proposition 2.5.ii.
e Third step. For every g € G and X € u, we have
¥(g) = ¥ (exp(—=X) exp(Ad(g)(X))g) -
This is indeed the case, since
U(g) = ¥(exp(—X)gexp(X))
= P(exp(—X) exp(Ad(g)(X))g).
Recall that
b={Xcu|ANAd(g)(tX)) =1 forall geG,teQ};

observe that K, := exp(£,) is in general strictly contained in K, N U,
where

Ky = {g G| vlg) = 1.
Let

Grh={9€G|Ad(g)(X)e X +¢, forall X cu}.
Assume that G # G. Observe that this implies that A # 1,. Let
g € G\ G, and fix X € usuch that Ad(g)(X) — X ¢ €,. Let
Agx = {t € Q| exp(—tX) exp(Ad(g) (1X) € K}

By Lemma 3.6, A, x is a subgroup of Q.
e Fourth step. We claim that A, x # Q.
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Indeed, assume, by contradiction, that A, x = Q, that is,
exp(—tX)exp(Ad(g)(tX) € K, forall te Q.

By the Campbell-Hausdorff formula, there exists Y7, Y5, ..., Y, € usuch
that

k=1
where Y7 = Ad(g)(X) — X. We have then

exp(—tX)exp(Ad(g)(tX)) = exp (ZT: thk> for all ¢ € Q,

AD 'Y =1 forall teQ.

k=1

Identifying u with Q¢ via a basis {X1,... X4}, the character \ of u
is given by some a = (ay,...,aq) € A? via the formula

d d
)\(Z X;) = €<Z a;q;) forall (qi,...,qq) € Q°
i=1 i=1

for a nontrivial unitary character e of A which is trivial on Q (see
Subsection 4.2). It follows that

d

e (Z tk(z aiqkﬂ-)> =1 forall teQ,
k=1

i=1
where (q;)%, are the coordinates of Y} in {X,... X, }. This implies
that Zle a;qr; € Q forevery k =1,..., 7. Indeed, otherwise the image

of the set
r d
D *O aia) [t Q)
k=1 i=1

would be dense in A/Q (see [CP95, Theorem 2] or [BM16, Theorem
5.2]) and this would contradicts the non-triviality of e.

In particular, we have Zle a;q1; € Q and, since Y7 = Ad(g)X — X,
we obtain A(Ad(g)(tX) —tX) =1 for all ¢ € Q. Therefore, Ad(g)X —
X € ¢, and this is a contradiction.

o Fifth step. Let g € G\ Gy. We claim that ¥ (g) = 0.
Indeed, let X € u with Ad(g)(X) — X ¢ £, and let A, x C Q be as
in the fourth step. Set

Byx = {t € Q| exp(—tX) exp(Ad(g) (LX) € P,}

Then A, x C B, x and, by Lemma 3.6 again, B, x is a subgroup of Q.
Two cases may occur.
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~First case: A, x # B, x. So, there exists ¢ € Q such that
exp(—tX) exp(Ad(g)(tX) € Py \ Ky.
Then, using the third and second steps, we have

U(g) = ¢(exp(—=X) exp(Ad(g)(X))¥(9g)

and hence 1(g) = 0, since ¥((exp(—X) exp(Ad(g)(X)) # 1.

—Second case: A, x = By x. Then B, x is a proper subgroup of Q,
by the the fourth step. So, B, x has infinite index in Q an we can
find an infinite sequence (¢,),>; in Q such that ¢, —t,, ¢ B, x for all
n # m.

Set

Uy = exp(—t, X) exp(Ad(g)(t,X)) forall n>1.
For n # m, we have
upu,t = exp(—t, X) exp(g(t, — tm)X)) exp(t,, X)
= exp(—t X) (exp(—(tn — tm)X) exp(Ad(g)(tn — tm) X)) exp(t;n X);

since exp(—(t, — tm)X) exp(Ad(g)(t, — t,n)X ¢ Py and since Py is a
normal subgroup of U, we have therefore u,u,! ¢ P, and hence

Y(upu, ) =0 forall n#m,

by the first step.
As w,, coincides with the commutator [exp(t,X),g] in G, it follows
from Lemma 2.6 that ¢(g) = 0.

It remains to determine the restriction of ¥ to G,.

Since ¢|k, = lk,, we may view ¢ as character of G /K, which is the
group of Q-points of an algebraic group, and we can therefore assume
that K, = {e}. Then G, is the centralizer of U in G and is the group
of Q-points of an algebraic normal subgroup of G. Let G, = LU,
be a Levi decomposition of . Since U; is a unipotent characteristic
subgroup of G, we have Uy C U. Moreover, L, is the group of Q-
points of an algebraic subgroup L; of G and so L is contained in a
Levi subgroup of G. As two Levi subgroups of G are conjugate by
an element of U (see [Mos56]), we can assume that L; C L, that is,
Ly =Ly and so, G\ = L\Z(U).

e Sizth step. We claim that there exists ¢ € Char(Ly) such that
¥(gu) = p1(g)(u) forall ge Lyuel.

Indeed, we can find a normal subgroup H of L which centralizes L)
such that Ly N H is finite and such that L = LyH (see Proposition 6.3
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below). Then G = LyHU and HU centralizes L. So, the claim follows
from Proposition 2.12 (see also Corollary 2.13).

o Seventh step. Let A € U, ¢ € Char(Ly), and let ®(, ) : G — C be
defined as in Theorem 1.1. We claim that ) := ®(, ) € Char(G).
Indeed, it is clear (see Proposition 2.4) that ¢» € Tr(G). Write

¢)=LA;¢wdu@»

as an integral over a probability space (Q2,v) with v, € Char(G) for
every w (see Remark 2.2).

Then ¢ := 1|y o exp coincides with the trivial extension to u of the
restriction of A to p,, where p, is defined as above. It follows from
Theorem 6.2 that ¢ € Char(u, G). This implies that the restriction of
1, to U coincides with 9|y for (v-almost) every w.

Let w € €. The fifth step, applied to ¢, € Char(G), shows that
1, = 0 on G\ Gy, where G, is defined as above. By the sixth step,
also applied to 1), there exists ¢y € Char(L,) such that

Y(gu) = ¢ (g)p(u) forall ge Ly,uel.

As a result, we have

w:/www.
Q

Since ¢; € Char(L,), it follows that ¢4 = ¢; and hence that ¢ = ¢,
for (v-almost) every w. This shows that ¢ € Char(G).

e Eighth step. Let A1, Ay € u and @1 € Char(Ly,), pa € Char(Ly,).
We claim that @y, ,,) = P(x,,p,) if and only if A; and A, have the same
G-orbit closure and ¢; = ¢s.

Indeed, set ¥; = ®(\;, ;) for i = 1,2. It follows from Theorem 6.2
that 11|y = 1|y if and only if the closures of the G-orbits of A\; and
A2 coincide. If this is the case, then €, = &), and hence G, = G,.
The claim follows from this facts.

6.3. Characters of semi-simple algebraic groups. The following
proposition, in combination with [Bek19] and Corollary 2.13, shows
how the characters of the groups L, appearing in Theorem 1.1 can be
described.

A group L is the almost direct product of subgroups Hy, ..., H, of
L if the product map Hy X - - - x H,, — L is a surjective homomorphism
with finite kernel.
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Proposition 6.3. Let G be a connected semi-simple algebraic group
defined over a field k. Assume that G(k) is generated by its unipo-
tent one-parameter subgroups. Let L be a (non necessarily connected)
algebraic normal k-subgroup of G. Then there exist connected almost k-
simple normal k-subgroups G, ..., G, of G, a subgroup F of L(k) con-
tained in the (finite) center of G, and a connected normal k-subgroup
H of G with the following properties:

(i) G(k) is the almost direct product of L(k) and H(k);

(ii) L(k) is the almost direct product of F,Gy(k),...,G.(k);

(iii) every Gy(k) is generated by its unipotent one parameter sub-

groups.

Proof. Let Ly be the connected component of L. Let Gq,..., G, be
the connected almost k-simple normal k-subgroups of G contained in
Ly. Then Lg is the almost direct product of the ;’s and there exists a
connected normal k-subgroup H of G such that G is the almost direct
product of Ly and H (see [BT65, 2.15]). It follows that L is the almost
direct product of Ly and L N H and hence that L N H is finite, since
Ly has finite index in L. This implies that L. N H is contained in the
center of G, as L N H is a normal subgroup of G.

Since G(k) is generated by its unipotent one parameter subgroups,
the same is true for G;(k) for every i, for Ly(k), and for H(k). Hence,
Lo(k) is the almost direct product of Gi(k),...,G,(k), and G(k) is
the almost direct product of Lo(k) and H(k) (see [BT73, Proposition
6.2]). It follows that L(k) is the almost direct product of Ly(k) and
F := L(k) "N H(k). From what we have seen above, ' C LN H is a
subgroup of the center of G. O

7. A FEW EXAMPLES

7.1. Abelian unipotent radical. Let L be a quasi-simple algebraic
group defined over Q. Assume that L = L(Q) is generated by its
unipotent one-parameter subgroups. Let L — GL(V) be a finite di-
mensional representation defined over Q of dimension at least 2; assume
that L — GL(V(Q)) is irreducible. Set G = L x V(Q). Then G is the
group of Q-rational points of the algebraic group L x V. Denote by F
the kernel of L — GL(V(Q)) and observe that F' is a subgroup of the
finite center of L. We claim that

Char(G) = Char(L)U{X | x € Char(L)}.

—

Indeed, let A € V(Q). The sets K and Py as in Theorem 1.1 are L-
invariant linear subspaces of V(Q) and so are equal either to V' (Q) or
to {0}, by irreducibility of the representation of L on V(Q).
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e Assume that Ky = V(Q); then A = 1y(q) and Ly = L. So, the
characters of G associated to A are the characters of L lifted to

G.

e Assume that K, = {0}. Then P, = {0} (see Proposition 3.5).
So, Ly = F and every element of Char(G) associated to A is of
the form Y for some x € Char(F).

For instance, for every faithful Q-irreducible rational representation
SLy — GL(V), we have

Char(SL2(Q) x V(Q)) = {1g,¢, 0.},
where ¢ is defined by e(/,v) = 1, e(—1,v) = —1, and &(g,v) = 0

otherwise.

7.2. The Heisenberg group as unipotent radical. For an integer
n > 1, consider the symplectic form 3 on C** given by

B((z,y), (') = (z,9)" I (@,y) forall (z,y),(2,y) € C™,

where J is the (2n x 2n)-matrix

J= ( S ) |
The symplectic group
Spon = {9 € GL,(C) | 'gJg = J}
is an algebraic which is a quasi-simple and defined over Q.
The (2n + 1)-dimensional Heisenberg groups is the unipotent alge-

braic group Hs,,; defined over Q, with underlying set C** x C and
product

(0 )0 = (G 'y o) 04 360000 @)

for (z,y), (2',y) € C*, s,t € C.

The group Sps, acts by rational automorphisms of Hs, .1, given by
9((z,9),t) = (g(x,y),t) forall g€ Spu(Q), (x,y) € Q™, t€Q.
Let

G = Span(Q) X Hony1(Q)

be the group of Q-points of the algebraic group Sps, X Hs,,1 defined
over Q. Since Spg, is Q-split, G is generated by its unipotent one-
parameter subgroups. We claim that

Char(G) = {16, 1a,,., @)} U{X | x € Z}
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where Z = {((0,0),s) : s € Q} is the center of Hy,1(Q) and ¢ is the
character of GG defined by

e(I,h)=1,e(—=I,h) =—1, and €(g,h) =0

for g € Sp2,(Q) \ {1} and h € Hy,11(Q).
Indeed, the Lie algebra of Hy,,1(Q) is the 2n + 1-dimensional nilpo-
tent Lie algebra b over Q with underlying set Q?* x Q and Lie bracket

[(z,y), ), (=", ¢), 1] = (0, B((2,), (2, 9))) ,

for (z,y), (2',y") € Q*, s,t € Q. The action of Sp,,(Q) on b is given
by the same formula as for the action on Hs,.1(Q).

The Spa,(Q)-invariant ideals € of b are {0}, h, and the center 3 of
h. The corresponding ideals p, which are inverse images in h of the
G-fixed elements in b/, are respectively 3,h and 3.

Let )\ € H

e Assume that €, = {0}. Then p, = 3. Since no element in
Spen(Q) \ {e} acts trivially on /3 = Q**, we have Ly = {e}.
So, the only character of G associated to A is . (Observe that
X # 1z, since €, = {0}.)

e Assume that €, = bh; then A = 1 and Ly = Sp2,(Q). So, the
characters of G associated to A are the characters of Spy,(Q)
lifted to G, that is, 1¢, 1g,,,,(q), and €.

e Assume that €, = 3. Then p, = 3 and L) = {e}. So, 1 is the
only character of G associated to .

7.3. Free nilpotent groups as unipotent radical. Let u = u, 5 be
the free 2-step nilpotent Lie algebra on n > 2 generators over Q; as
is well-known (see [Gau73]), u can be realized as follows. Let V' be an
n-dimensional vector space over Q and set u := V ® A%V, where A2V
is the second exterior power of V. The Lie bracket on u =V ® A%V is
defined by

[(v1,w1), (ve,wq)] = (0,v1 A vg) for all vy, v9 € V,wy, wy € A?V.

The center of uis A?V and the associated unipotent group U is V@ A2V
with the product

1
(Ul,wl)<1)2, w2> = (U1 -+ Vg, W1 —+ wy + 51)1 A UQ)

so that the exponential mapping exp : u — U is the identity. The
group GL, acts naturally on V as well as on A2V and these actions
induce an action of GL,, by automorphisms on U given by

g(v,w) = (gv,gw) forall ge& GL,(Q),v € V,w e A*V.
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Since U coincides with the Heisenberg group H3(Q) when n = 2, we
may assume that n > 3. Let L be the group of Q-points of an algebraic
subgroup of GL,, defined and quasi-simple over Q. Assume that the
representations of L on V and on A%V are faithful and irreducible over
Q and that, moreover, L is generated by its unipotent one-parameter
subgroups (an example of such a group is L = SL,(Q)). The group
G = L x U is the group of Q-points of an algebraic group defined over
Q and G is generated by its unipotent one-parameter subgroups.

We claim that

—

Char(G) ={1g} U{Xop|x € Z(L)} U {6} U{L 2y},

where p : G — L is the canonical epimorphism and Z(L) the center of
L.

Indeed, the L-invariant ideals € of u are {0}, u, and the center 3 =
A2V. By irreducibility of the L-action on L on V and A?V, the corre-
sponding ideals p, which are inverse images in u of the G-fixed elements
in u/¢, are respectively o,u and 3.

Let A e u.

e Assume that €, = {0}. Then p) = {0} and L, = {e}. So, the
only character of G associated to A is d..

e Assume that €, = u. Then the characters of GG associated to A
are the characters of L lifted to G, that is, {1¢} and X o p for

x € Z(L).
e Assume that ¢, = 3. Then p) = 3 and L) = {e}. So, 1.2y is
the only character of G associated to A.
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