
HAL Id: hal-02482332
https://hal.science/hal-02482332

Submitted on 18 Feb 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Segmented Composite Optical Parametric Amplification
Mouhamad Al-Mahmoud, Andon A Rangelov, Virginie Coda, Germano

Montemezzani

To cite this version:
Mouhamad Al-Mahmoud, Andon A Rangelov, Virginie Coda, Germano Montemezzani. Seg-
mented Composite Optical Parametric Amplification. Applied Sciences, 2020, 10 (4), pp.1220.
�10.3390/app10041220�. �hal-02482332�

https://hal.science/hal-02482332
https://hal.archives-ouvertes.fr


applied  
sciences

Article

Segmented Composite Optical
Parametric Amplification

Mouhamad Al-Mahmoud 1 , Andon A. Rangelov 1 , Virginie Coda 2 and
Germano Montemezzani 2*

1 Department of Physics, Sofia University, James Bourchier 5 blvd., 1164 Sofia, Bulgaria;
mouhamadmahmoud1@gmail.com (M.A.-M.); rangelov@phys.uni-sofia.bg (A.A.R.)

2 CentraleSupélec, Université de Lorraine, LMOPS, F-57000 Metz, France; coda5@univ-lorraine.fr
* Correspondence: germano.montemezzani@univ-lorraine.fr

Received: 7 January 2020; Accepted: 6 February 2020; Published: 11 February 2020
����������
�������

Abstract: We propose a novel optical parametric amplification scheme that combines
quasi-phase-matching with a composite pulse approach that involves crystal segments of specific
lengths. The presented scheme highly increases the robustness of the frequency conversion against
variations of the nonlinear coupling and of the pump, idler, or signal wavelengths, and has therefore
the potential to enhance high amplification and broadband operation. Simulation examples applied
to LiNbO3 are given.

Keywords: nonlinear optics; optical parametric amplification (OPA); composite pulses; broadband
conversion

1. Introduction

Some optical applications require short optical pulses with large peak power, which may be
obtained with the help of optical parametric amplifiers (OPAs) [1–4] that are among the most useful
nonlinear optical devices. Optical parametric amplification consists of the nonlinear interaction of
three waves. In this process, the two waves at the longer wavelengths—the input signal wave
as well as the idler wave—gain power at the expense of the pump wave being at the shortest
wavelength. In OPA, the main obstacle encountered when short pulses are used is to combine a high
signal amplification and a sufficiently broad amplification bandwidth. The latter is limited because
material dispersion imposes that, for a given wave interaction configuration, the exact phase-matching
condition can be strictly satisfied only for a single set of wavelengths of the three waves. Presently,
the most common way to achieve the combination of broadband and high amplification is to use
chirped quasi-phase-matching [5–10]. Even though chirped quasi-phase-matching approaches have
the advantage of being broadband, they require high pump input intensity and/or very long nonlinear
crystals. Very high pump intensities have the drawback of a possible damage of the nonlinear crystal
when they approach its damage threshold.

In this paper, we explore an alternative method to achieve broadband amplification bandwidth
together with high amplification. The technique involves a combination of quasi-phase-matching
(QPM) gratings together with a segmentation of the crystal that implements the equivalent to the
composite pulses approach used in Nuclear Magnetic Resonance (NMR) to prepare given quantum
states in a robust way [11–13] (see Appendix A). The present approach leads to a highly increased
robustness of the nonlinear amplification process with respect to both the phase mismatch (associated
to a change of wavelength or of temperature) and the coupling strength. Note that the approach
presented here does not involve the stretching and chirping of the pulses before the parametric
amplification and a final recompression, as used in Optical Parametric Chirped Pulse Amplification
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(OPCPA) [14–17]. Such steps are generally necessary for the shortest (few cycles) pulses and the highest
pulse energies to avoid excessive third order nonlinear effects and/or a damage of the samples.

The paper is organized as following. Section 2 gives the general theory, and Section 3 describes
the numerical approach and the simulation results obtained with the best crystal segmentation. Some
practical examples are given for the important case of MgO-doped quasi phase-matched LiNbO3.
Finally, Section 4 summarizes.

2. Theory

We start with the simmetrized coupled wave equations for collinear three-wave mixing in the
slowly varying envelope approximation [18,19],

i∂z A1 = Ω̃A∗2 A3 exp [−i∆kz] , (1a)

i∂z A2 = Ω̃A∗1 A3 exp [−i∆kz] , (1b)

i∂z A3 = Ω̃A1 A2 exp [i∆kz] , (1c)

where Ω̃ = −(2χ(2)/πc)
√

ω1ω2ω3/n1n2n3 is the effective nonlinear coupling coefficient for first-order
QPM, z is the position along the propagation axis, ωj are the frequencies of the three involved waves,
and nj are their refractive indices. Here j = 1, 2, 3 refer to the signal, idler and pump waves, respectively.
The quantity χ(2) in Ω̃ is the effective second-order susceptibility and c is the speed of light in vacuum.
The amplitudes Aj ≡

√
nj/ωj Ej in (1) are proportional to the amplitudes Ej of the wave electric fields;

|Aj|2 is proportional to the number of photons associated to the jth wave. Note that Equation (1) is
written in a form that assumes that quasi-phase-matching is implemented and that the quasi-phase
matching period is sufficiently short as compared to the interaction length. Therefore, the phase
mismatch parameter ∆k already contains the mismatch compensation term associated to the periodic
grating, that is,

∆k = k1 + k2 − k3 + 2π/Λ ≡ ∆̃k + 2π/Λ. (2)

where Λ is the quasi-phase-matching period, that is, the first-order local poling period in the case of
periodically poled crystals. Obviously, for the central operation wavelengths at which the device is
designed, one has ∆k = 0. Concurrently, the true phase mismatch ∆̃k = k1 + k2 − k3, which depends
only on the wave-vectors k j of the three interacting waves, is generally quite far from vanishing. The
set of Equation (1) could have been written also by using the quantities ∆̃k instead of ∆k, however in
this case Ω̃ would need to switch its sign after each distance Λ/2 and the term 2/π would need to be
dropped in the nonlinear coupling coefficient.

Depending upon the initial conditions Aj (z = 0), different processes can arise: sum frequency
generation (SFG), difference frequency generation (DFG) or OPA. Here, we consider the OPA case,
we assume that ω3 = ω1 + ω2 and we treat first Equation (1) in the limit of validity of the undepleted
pump approximation (A3 = const). In this limit the set of Equation (1) turns into

i∂z A1 = ΩA∗2 exp [−i∆kz] , (3a)

i∂z A2 = ΩA∗1 exp [−i∆kz] , (3b)

with Ω = Ω̃A3 being a modified coupling coefficient. When the wave vector mismatch ∆k and the
coupling coefficient Ω are constant, then Equation (3) possess exact analytic solutions [20],

A1 (z) = ei∆kz/2
[

A1 (0)
(

cosh (gz)− i∆k
2g

sinh (gz)
)
+

iΩ
g

A∗2 (0) sinh (gz)
]

, (4a)

A2 (z) = ei∆kz/2
[

A2 (0)
(

cosh (gz)− i∆k
2g

sinh (gz)
)
+

iΩ
g

A∗1 (0) sinh (gz)
]

, (4b)
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where g =

√
Ω2 −

(
∆k
2

)2
is a gain coefficient. In the case ∆k = 0, and for a vanishing idler wave at

the input (A2(0) = 0), from the last equations one can easily see that both signal and idler increase
initially exponentially in a parallel way as

|A1 (z)| ≈ |A2 (z)| ≈
|A1 (0)|

2
exp [Ωz] (5)

In this work, we are interested in an optimization of the signal intensity amplification factor a,
defined as the ratio of the intensity of the signal wave (A1) taken at distance z to its intensity at the
entrance of the crystal

a =
|A1 (z)|2

|A1 (0)|2
=

I1 (z)
I1 (0)

. (6)

The above argumentation, in connection with Equation (5), indicates that, when the
phase-matching condition is satisfied (∆k = 0), the OPA process is the most efficient. However,
this is not entirely true, because the solutions (5) are derived only in the limit of the undepleted pump
approximation. If one considers the depleted pump regime, the nonlinear Equation (1) has solutions in
terms of Jacobi elliptic functions [21,22]. These, like trigonometric functions, are periodic functions,
and thus the energy transfer oscillates back and forth between pump field and signal field. The chirped
quasi-phase-matching techniques [5–9], in addition to the improvement of the bandwidth, eliminate
the problem of back conversion and can be used even in the case of the depleted pump regime.

Here, in analogy with the technique of composite pulses from quantum physics [11–13,23–28],
we propose to use segmented composite crystals for OPA. We note that the composite pulse analogy
was already used in nonlinear optics, but for the sum frequency generation or second harmonic
generation (SHG) [29–31]. In these cases, in the undepleted pump approximation the differential
equations governing the spatial dynamics have a SU(2) symmetry [32,33], which is exactly the same
symmetry possessed by quantum systems with two states [27,28]. Therefore, the mapping between
two-state quantum systems and SFG in the undepleted pump regime is complete and one can use the
known analytic solutions from quantum physics to find robust solutions in nonlinear optics [29–31].
In the case of OPA, there is no SU(2) symmetry and it is thus not possible to exploit known composite
pulses analytic solutions. Instead, we are going to derive numerically solutions that achieve broadband
amplification bandwidth together with high amplification in the depleted pump regime.

3. General Numerical Approach and LiNbO3 Crystal Simulations

The procedure that we track is the following. The period of the flip sign of the nonlinear
susceptibility χ(2) is such that the phase mismatch for the OPA process will be zero in Equation (2) due
to QPM, resulting in a local modulation period Λ (Figure 1a). However, in contrast to the periodic
design, we induce additional sign flips of the coupling coefficient at specific boundaries. In practice,
at each segment boundary, there are two domains with the same orientation that merge in a single
double-as-long domain, as shown in Figure 1b. The periodic sign switch of χ(2) ensures the phase
matching for OPA (∆k = 0) and the additional sign switches of χ(2) at the segment boundaries will
change the sign of Ω̃ in the whole crystal segment in a similar fashion as in Shaka–Pines pulses
from NMR [12,13] discussed in the Appendix A. We denote the intervals between two double length
domains as l1, l2, l3...lN , as shown in Figure 1b. The determination of the optimum segment lengths
lk is done using Monte Carlo simulations in the depleted pump regime. In practice, it consists in a
maximization of the integral Q of the (normalized) amplification a over a surface of interest in the
(∆k, Ω̃)-space, where the values of ∆k and Ω̃ are in units of the reciprocal crystal length 1/L. The
Figure-of-Merit integral Q is bounded by 1 and is given as

Q ≡ 1
r

1
2Ω̃max∆kmax

∫ ∆kmax

−∆kmax

∫ Ω̃max

0
a
(

Ω̃, ∆k
)

d(∆k) dΩ̃ , (7)
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where r is the initial pump-to-signal photon-intensity ratio, r ≡ I3(0)/I1(0). In our case, we have
chosen ∆kmax = 15/L and Ω̃max = 30/L, the optimization of the integral Q is done over 105 random
sets of the segment lengths l1, l2, l3...lN . Those corresponding to the best solutions are listed in Table
1. We have found that the use of a small number of composite segments (two, three, and partly four)
do not lead to any strong improvement with respect to the standard QPM case. In contrast, already,
for a moderate number of segments between six and eight, we find a significant improvement of
the robustness of the amplification process. In this case, our analysis shows that there are different
solutions for the optimum segment configurations (given in Table 1), which works better depending
on the initial amplitude of the signal wave A1(0) (as compared to the pump wave amplitude taken as
A3(0) = 1).

Figure 1. Sign reversal of χ(2) nonlinear coefficient for (a) standard quasi-phase matching (QPM)
technique with local modulation period Λ. (b) Composite segmented periodically poled design, with
example of 3 segments. All segments are periodically poled with the same period Λ, however once a
new segment begins, the sign reversal order of χ(2) is changed.

Table 1. Numerically found segment lengths li (in units of total crystal length L) for composite
segmented periodically poled design with N segments. The given values for li are such as to optimize
the robustness of the OPA process against variations of the nonlinear coupling coefficient and of the
phase mismatch ∆k.

N Name Segment Lengths l1; l2; . . . ; lN in Units of L

3 3 0.373; 0.594; 0.033
4 4 0.303; 0.522; 0.124; 0.051
6 6a 0.293; 0.258; 0.003; 0.255; 0.124; 0.067
6 6b 0.168; 0.035; 0.345; 0.023; 0.222; 0.207
6 6c 0.223; 0.005; 0.404; 0.175; 0.113; 0.080
8 8 0.022; 0.064; 0.046; 0.205; 0.270; 0.096; 0.222; 0.075

Figure 2 illustrates the performance of the composite crystals with six segments (6a from Table 1)
compared to standard periodic design. The amplification values are calculated numerically from
Equation (1) in the cases when A1 (0) = 0.1, A2 (0) = 0, and A3 (0) = 1, and thus a pump-to-signal
photon-intensity ratio r = 100. Figure 2 shows clearly that the region of high signal intensity
amplification expands strongly for the segmented composite crystal compared to standard periodic
design. In other words, the composite crystals exhibit much broader acceptance bandwidths compared
to a standard quasi-phase-matching. The working principle of the composite concept can be recognized
directly with the help of Figure 3, which depicts the evolutions of the signal wave intensity for the
conditions associated to the three positions P1, P2, and P3 given in Figure 2. Clearly, each segment
boundary gives rise to a “kick” for such evolutions. By choosing the z-positions of the frontiers
appropriately, one can achieve that the spatial evolutions corresponding to points in the big red area in
Figure 2a get very close (nearly “in phase”) near the end of the device at distance L with a high final
signal wave amplification, as seen in Figure 3a. In contrast, for pure QPM without composite segments
such a “re-phasing” cannot occur, as can be recognized in Figure 3b.
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Figure 2. (Color online) Signal intensity amplification a vs. the phase mismatch ∆k and the coupling Ω̃.
(a) Standard periodic quasi-phase matching (QPM) design. (b) Composite crystal with six segments
(6a from Table 1). The color bar on the right-hand side gives the values of a for the different colors. The
points P1, P2, and P3 are selected positions used to illustrate the behavior in Figure 3. The three isolines
mark intensity amplification levels of 30, 60, and 90. The input wave amplitudes are A1 (0) = 0.1,
A2 (0) = 0 and A3 (0) = 1. An amplification a = 90 means that 90 (out of 100) pump photons are
transformed into 90 signal photons, as well as 90 idler photons.
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Figure 3. (Color online) Spatial evolution of the signal wave intensity for the three points indicated
as P1, P2 and P3 in Figure 2 for the cases of a segmented composite crystal (a) and of QPM only (b).
The input wave amplitudes are as in Figure 2. In panel (a) the segment boundaries are indicated by
vertical lines. The zoom in panel (a) shows the oscillations in the intensity due to each individual QPM
periodic domain. Towards the end of the crystal, by the effect of the discontinuities the evolutions get
essentially in phase for the three positions in the case of panel (a), but not in the case of panel (b). The
parameters are position P1: Ω̃ = 24/L, ∆k = 0; position P2: Ω̃ = 24/L, ∆k = 10/L; and position P3:
Ω̃ = 20/L, ∆k = 3/L. For both graphs, the quasi-phase matching period was chosen to be Λ = L/250.
The three-wave mixing equations were integrated using the full version of Equation (1) that takes into
account the effect of each periodic domain (see text).

The simulations of Figures 2 and 3 illustrate the general approach for finding the best composite
sequence as compared to standard QPM. Next, we will prove the concept further by applying
these results to specific practical examples and we make the numerics for a real crystal: 5 mol.
% Magnesium Oxide doped Lithium Niobate (MgO:LiNbO3). This ferroelectric nonlinear crystal
possesses higher damage threshold compared to undoped LiNbO3, high nonlinear optical coefficient,
broad transparency range, and is suitable for domain poling [34]. We compare the standard quasi
phase matching with the composite approach for OPA when the three interacting beams share the
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same extraordinary polarisation (Type 0 configuration, all beams polarized parallel to crystal c-axis)
associated to the largest element of the nonlinear tensor d333 = χ(2) = 27 pm/V.

The color plots in Figures 4 and 5 compare the signal intensity amplification a for MgO:LiNbO3

for standard QPM (Λ = 29.71 µm) and for a composite crystal made of six segments. Figure 4 is for
intermediate pump-to-signal intensity ratio r while Figure 5 is for large r. Figure 4 also shows the less
optimum case where there are only three composite segments. The nonlinear susceptibility is fixed and
the plots are represented for varying input pump intensity (at the fixed wavelength of 1064 nm) and for
varying signal wavelength (with center at λ1 = 1550 nm). Note that here, to keep the ratio r constant
for each plot, the input signal intensity changes in the same way as the input pump intensity. Note
also that the pump intensity (y-axis) takes the role of the coupling in Figure 2. Similarly, as a variation
of the signal wavelength with respect to the central one gives rise to a phase mismatch ∆k; here, the
signal wavelength (x-axis) takes the role of ∆k in Figure 2. The total crystal length is L = 5 mm. The
amplification values are calculated numerically from Equation (1) in the cases when A1(0) = 0.1,
A2(0) = 0, and A3(0) = 1 for Figure 4 and A1(0) = 0.01, A2(0) = 0, and A3(0) = 1 for Figure 5.
Clearly, a greatly enhanced robustness and frequency bandwidth of the six-segment composite OPA
compared to the standard QPM OPA can be recognized. The plots in Figure 5c compare directly the
signal intensity amplification spectrum for the optimal range for composite crystal (red line) and
optimal range for standard periodic design (blue dash line). These are slices at the pump intensity
values of 3.75 GW/cm2 and 0.8 GW/cm2 in Figure 5a,b, respectively.
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Figure 4. (Color online) Color plots of the signal intensity amplification a as a function of the input
pump intensity I3 and the signal wavelength λ1 for the case of MgO:LiNbO3 and with initial conditions
A1(0) = 0.1, A2(0) = 0, and A3(0) = 1 so that r = 100. The total crystal length is L = 5 mm. A pump
intensity of 1 GW/cm2 corresponds to a modified coupling coefficient Ω = 1.32 1/mm at the central
wavelength of 1.55 µm. (a) QPM periodic design only. (b) Composite crystal with three segments (3
from Table 1). (c) Composite crystal with six segments (6b from Table 1). In all cases, the poling period
is Λ =29.71 µm. The color code for the amplification a is given in the color bar on the right-hand side.
The three isolines mark intensity amplification levels of 30, 60, and 90.

Finally, Figure 6 gives the color plots for the signal intensity amplification a as in Figures 4 and
5, but for the case where the initial signal intensity is as strong as the pump (r = 1, A1(0) = 1,
A2(0) = 0 and A3(0) = 1). This is a highly depleted regime, and the real advantages of the segmented
composite approach over the standard QPM in the depleted pump regime can be recognized by the
very large red area in the two right panels. In general, a laser beam spot has an intensity distribution
with strong intensity in the center of the spot and smaller intensity at the wings (Gaussian beam for
example). Therefore, averaging the amplification value for the big red island of the central panel (b)
in Figure 6 will lead to a significantly higher average amplification than averaging the amplification
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values for the oscillation islands seen for standard QPM in Figure 6a. In Figure 6, we also show that
the composite approach is very tolerant with respect to errors in the segment lengths, which is typical
also of composite pulse techniques in quantum physics. The color plot in Figure 6c is obtained with
the sequence 8 of Table 1) like Figure 6b after adding a large random error on each segment length
within ±5% of the segment length itself. After this procedure each segment length was renormalized
by a common factor in order to maintain the same total length of 5 mm like for Figure 6b. It can be
seen that the large robust red area is maintained nearly unchanged despite for the rather large allowed
errors. More realistic random errors of the order of 1–2% give landscapes almost indistinguishable
from the one in Figure 6b.
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Figure 5. (Color online) (a,b) Color plots of the signal intensity amplification a vs. the input pump
intensity I3 and the signal wavelength λ1 for the case of MgO:LiNbO3. The initial conditions are
A1(0) = 0.01, A2(0) = 0, and A3(0) = 1 so that r = 10,000 and the remaining parameters are as in
Figure 4. (a) QPM periodic design only. (b) Composite crystal with six segments (6c from Table 1). The
color bar is given on the top. The three isolines mark intensity amplification levels of 3000, 6000, and
9000. The right-hand panel (c) show the signal amplification spectrum for the two cases at the optimum
level of pump intensity I3 corresponding to the two horizontal lines in panels (a,b), I3 = 0.8 GW/cm2

and I3 = 3.75 GW/cm2, respectively. The red solid line is for the segmented composite crystal while
the blue dashed line for standard QPM only.
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Figure 6. (Color online) Color plots of the signal intensity amplification a vs. the input pump intensity
I3 and the signal wavelength λ1 for the case of MgO:LiNbO3. The initial conditions are A1(0) = 1,
A2(0) = 0, and A3(0) = 1 so that r = 1 and the remaining parameters are as in Figure 4. (a) QPM
periodic design only. (b) Composite crystal with eight segments (8 from Table 1). (c) Same as panel
(b) but with a random error within ±5% of the segment lengths. The two isolines mark intensity
amplification levels of 1.5 and 1.9, respectively.
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We can conclude from Figures 4–6 that the present composite OPA approach works very well in
the depleted pump case, because, in all these cases, one has a significant pump depletion, and thus a
signal amplification approaching the maximum theoretically possible.

4. Summary and Conclusions

In summary, we used the similarity between the three wave mixing equations and the
time-dependent Schrödinger equation to transfer concepts from quantum physics to nonlinear
optics. Specifically, we have suggested to use segmented composite crystals for optical parametric
amplification in analogy with the composite pulses in NMR and quantum optics. The approach
used here is based on sign-alternating dual-compensating composite pulse sequences similar to
those of Shaka and Pines [12,13]. These are particularly suited for optical parametric amplification
because besides the standard quasi-phase-matching they require only additional sign flips of the
nonlinear optical susceptibility at specific locations corresponding to the segment frontiers. We have
demonstrated numerically that this technique is especially powerful for broadband OPA. The present
approach does not require very long crystals and, for the given example of MgO:LiNbO3, is compatible
with pump intensities significantly below the damage threshold for ps or sub-ps illumination [35,36].
Note that the derivation of the optimum segment lengths was done in the general dimensionless
case and is therefore independent of the material being selected for the implementation. Therefore,
the technique presented here can be applied in principle to any nonlinear material permitting phase
matching at the central wavelengths of the envisaged frequency conversion process. In combination
with QPM, the technique can thus be applied to any material that can be structured by periodic poling
(such as LiNbO3, LiTaO3, or KTiOPO4) or by orientation patterning during the growth process such
as GaAs. However, QPM is not always necessary and the phase matching at the central wavelengths
may be realized also by birefringence phase matching in the cases where this is possible. In such
cases, it is sufficient to stack a small number of nonlinear crystals of the appropriate thicknesses with
mutually reversed axes orientations, as discussed earlier in connection to SFG [30]. In contrast to
periodically poling or orientation patterning that generally lead to a limited input aperture, the crystal
stacking approach may therefore permit also to realize devices being addressable by very large area
pump beams.
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Abbreviations

The following abbreviations are used in this manuscript:
OPA Optical Parametric Amplifier
QPM Quasi-phase-matching
NMR Nuclear Magnetic Resonance
SFG Sum Frequency Generation
DFG Difference Frequency Generation
SHG Second Harmonic Generation

Appendix A. Mapping between Two State Quantum System and SFG in Case of Undepleted
Pump Approximation

In this appendix, we show the relationship between three-wave mixing frequency conversion
process and the quantum dynamics of a driven two-state quantum system. As mentioned above, the
analogy is exact only for the case of SFG and in the undepleted pump approximation, where the three
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wave interaction can be reduced to an effective interaction of only two waves, which is the reason for
illustrating this case here. Nevertheless, the related quantum-inspired approaches can be extended to
the depleted regime and to other nonlinear interactions, as shown in the main text.

The three nonlinear coupled Equations (1) can be simplified in the case of sum-frequency
generation (ω1 + ω2 = ω3) if the incoming pump wave at frequency ω1 is much stronger than
the signal wave at frequency ω2 so that its amplitude remains constant during evolution (A1 = const).
This leads to the simplified equations system,

i∂zC(z) = HC(z), (A1)

where C(z) = [C2(z), C3(z)]
T , C2(z) = A2(z)ei∆kz/2, C3(z) = A3(z)e−i∆kz/2e−iφ, and φ is the complex

phase of the pump wave amplitude, i.e., A1 = |A1|eiφ. The above space-dependent matrix H(z) is
given by

H(z) =
1
2

[
−∆k Ω

Ω ∆k

]
, (A2)

where here Ω = 2Ω̃|A1|.
As a further step, one can map the the z-dependence onto a time dependence, z = ct. By doing so,

Equation (A1) becomes the conventional time-dependent Schrödinger equation for a two-state atom
driven by an oscillatory field in the rotating-wave approximation [37–40]. The two amplitudes C2 and
C3 correspond to the probability amplitudes of the ground state and the excited state. The off-diagonal
element Ω in Equation (A2) is well known as the Rabi frequency, whereas the component ∆k correlates
with the detuning [37,38].

The solution of Equation (A1) is particularly straightforward when ∆k = 0, i.e., when exact phase
matching occurs, which corresponds to the resonance case for a two-state atom. With the following
initial conditions (at z = zi)

C2 (zi) = 1, C3 (zi) = 0, (A3)

which mean that the field at the sum frequency ω3 is not present at the input, the solution is

C2 (z) = cos
(

1
2 S
)

, (A4a)

C3 (z) = −i sin
(

1
2 S
)

, (A4b)

where S =
∫ z

zi
Ω(z′) dz′. Therefore, if S = 0 or an even-integer multiple of 2π, no energy transfer

from the signal to the wave at the sum frequency ω3 (called idler here) occurs. In contrast, full energy
transfer signal → idler takes place when S = π or an odd-integer multiple of π. As a result, the
conversion efficiency in the case of exact phase matching is easily affected by variations in the crystal
length, temperature, wavelength, and pump intensity.

Two robust alternatives to the phase-matched case may be given if one use the techniques
of adiabatic evolution or composite pulses from nuclear magnetic resonance. Adiabatic evolution
in a dynamical system occurs when an external perturbation of the system varies very slowly
compared to its internal dynamics, allowing the system the time to adapt to the external changes.
Mathematically, it means that for the entire dynamical evolution, the system remains at one of the
system’s eigenmodes. This analogy was developed by Suchowski et al. [32,33,41,42], who, in a set of
experiments, demonstrate a robust broad bandwidth conversion with high efficiency for sum frequency
generation from the near-IR into the visible spectrum.

Composite pulses are solutions to arbitrary optimization problems in a quantum system, driven
by an external radiation field. The basic idea is to improve the performance of single-pulse excitation
processes by applying multi-pulse (i.e., “composite pulse”) processes. In quantum physics, nearly all
composite pulses use the relative phases between the constituent pulses to yield a better performance
of the composite excitation process compared to the single-pulse excitation [43,44]. In nonlinear optics,
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the only possibility is to flip the sign of the coupling Ω, which is done by changing the sign of χ(2),
this limitation gives advantage only to the composite pulses of Shaka and Pines [12,13], which use
exclusively sign flips from pulse to pulse (i.e., phases 0 and π) and the control parameters are the pulse
durations. These composite sequences, was adapted to composite nonlinear crystals recently [30,31].
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