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ON THE CUSA-HUYGENS INEQUALITY

YOGESH J. BAGUL, CHRISTOPHE CHESNEAU, AND MARKO KOSTIC

ABSTRACT. Sharp bounds of various kinds for the famous unnormalized
sinc function sinx/x are useful in mathematics, physics and engineering.
In this paper, we reconsider the Cusa-Huygens inequality by solving the
following problem: given real numbers a, b, ¢ € R and T € (0,7/2], we
find the necessary and sufficient conditions such that the inequalities

sinx

>a+bcos‘z, z€(0,T)

and
sin x

<a+bcos’z, z€(0,T)

hold true. We use the elementary methods, only, improving several known
results in the existing literature.

1. INTRODUCTION
The following inequality is the main inspiration of this paper:
sinx 2+4cosz
< )
x 3
In the existing literature, it is known as the Cusa-Huygens inequality [13]; for
more details, we refer the reader to [6,8,9,11,13,14]. This inequality has been

extended and sharpened in many different ways [3,10,12,15-19]. For example,
in [9,16], it is obtained that

51 coss\® s 2 ¢
< +§05x> <smx<( +§osx> , x€(0,7/2), (1.2)

where a = In(7/2)/In(3/2) ~ 1.11374 and ¢ = 1 are the best possible con-
stants. A very simple proof of (1.2) is offered in [2]. In [6], it is proved that,

z € (0,7/2). (1.1)

T
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for every = € (0,7/2), we have

a—1+cosx sinx [—1+coszx
< <

1.3
X i o (1.3)
2+ cosx sinx 24+ coszx
3ol <— < TR (1.4)
29?2 + cosx sinz 252 4 cosx
< < , 1.5
3 T 3 (1.5)

with the best positive constants a ~ 2.75194, 8 = 3; a1 ~ 1.04198, g1 =1
and ag =~ 0.93345, By = 1.

The main aim of this paper is to consider the following problem. Let
a, b, c € R and T € (0,7/2] be given real numbers; find the necessary and
sufficient conditions such that the inequalities

sin x

>a+bcosz, xze€(0,T) (1.6)
x
and
S beos“z, x€(0,T) (1.7)
x

hold true. We completely solve this problem and thus provide generalizations
to numerous known special results in the existing literature. We also consider
the inequality

24 cos®x sinz  2+costx
< < ,
3 z 3
and propose several auxiliary results of independent interest. For the sake of
brevity and better exposition, we will not analyze the hyperbolic analogues of
obtained results here.

x € (0,T)

2. PRELIMINARIES AND LEMMAS

We need to remind ourselves of the statement which is known in the existing
literature as I’'Hospital’s rule of monotonicity; see, e.g., [1]:

Lemma 1. Let f(z) and g(x) be two real valued functions which are con-
tinuous on [a,b] and differentiable on (a,b), where —o0 < a < b < oo and
g'(x) #0, for all x € (a,b). Let,

-l e
and
B(z) = ﬁg;:ﬁz) z € (a,b)

Then, we have:
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(i) A(:) and B(-) are increasing on (a,b) if f'(-)/g'(:) is increasing on
(a,b).
(ii) A(:) and B(-) are decreasing on (a,b) if f'(-)/4' () is decreasing on

(a,b).
The strictness of the monotonicity of A(-) and B(-) depends on the strictness
of monotonicity of f'(-)/q'(+).

We proceed with some original lemmas and observations we will use later
on.

Lemma 2. ( [4]) The function

sinx — xcosx

F(z) = oz e(0,7/2

(z) ana z € (0,7/2)

is positive and strictly increasing on (0,7/2).

Remark 1. (i) The proof of [4, Lemma 2.2] contains a small mistake since

the function x — —xztanz + 3, z € (0,7/2) has a unique zero ¢ €
(0,7/2) so that an application of I’'Hospital’s rule of monotonicity
shows that the function F(-) is strictly increasing on (0, ), only. But,
the result is actually true because in the former step of proof we have
H{(z)/H)(x) =sinz/(2sinz +zcosz) = 1/(2+ zcotz), x € (0,7/2),
which is strictly increasing on (0, 7/2).

(ii) It is clear that, due to Lemma 2, we have that for each number o €
(—00, 2] the function

sinx — x cosx
FU('x) - 29 sin o ) (S (077‘—/2)

is positive and strictly increasing on (0,7/2). Consider now the case
that o > 2. Then, for each x € (0,7/2), we have

C o N=2 o . : .
F/(z) = (27 sinz) “a° ! [wz — zsinz cosx — o(sin? x —  sin z cos :1:)]
So, if
2 o 2
x® —rsinxcosx ™
o>00:= sup —— : = sup Qz)=—,
z€(0,7/2) SIN° T — T SIN T COS T 2€(0,1/2) 4

then the function F,(-) is strictly decreasing on (0,7/2). In order to
prove that g = 72 /4, we can use the facts that lim, 0 Q(z) = 2, estab-
lished with the help of I'Hospital’s rule, and Q(-) is strictly increasing
on (0,7/2), which follows by applying 1’'Hospital’s rule of monotonicity
twice. Strictly speaking, by applying the usual 'Hospital’s rule twice,
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we get
. . 2x —sinxcosx — x cos22x . 1—cos2x + xsin2x
lim Q(x) = lim . = lim -
z—0 z—0 sinxcosx — x cos22x z—0 T sin 2x
1 — cos2x tanx
znmlH,]:hmH ]
z—0 xsin 2z z—0 T

For the applications of I’Hospital’s rule of monotonicity, we only need
to observe yet that

sin x cos ¢ — x cos 2x = cos 2z|[(tan(2x)/2) — x]
= cos2z[tanz(1 — tan®2) ! — 2] > cos2z[tanz — 2] > 0, z € (0,7/2)

and the function tan(-)/- is strictly increasing on (0, 7/2). Finally, the
above also implies that for each number o € (2,00) there exists a
unique number z, € (0,7/2) such that the function Fy(-) is strictly
decreasing on (0, z,) and Fy(-) is strictly increasing on (z,,7/2).

Lemma 3. For xz € (0,7/2), it is true that

22 x 22
— < = —cost < —,
T sinx 3
which is equivalent to
3 sinx T
222 + 3cosz x 222 + mcosz

Proof. Let us consider the function

x2sinz

f(x) = —————, 2€(0,7/2).

x —sinxzcosz’

‘We have

(z — sinz cos )% f'(x)

2 2

cosx + 2xsinx) — 2sin? z(x
2 2 2

= (z —sinzcosz)(z

=23 cosx + 222 sinz — x

=23 cosx + 22 sinx cosz — 2xsin® z cos

sin z)

3

sinz cos® z — 2z sin® z cos & — 222 sin®

= zA(x) cosz,
where A(z) = 22 + xsinzcosz — 2sin?z (z € (0,7/2)). Now, let us notice
that

2

/ . . .
A'(z) =2z + xcos’x — xsin® z +sinz cosz — 4sinx cos x

=z +2zcos’z — 3sinzcosz, € (0,7/2)
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and

A"(z) =1+ 2cos® x — dxsinz cosz — 3cos® x + 3sin’ z

2

=4sin“z — 4rsinxcosx = 4sinz(sinz —xcosz), € (0,7/2).

Since sinz—z cosz > 0 for z € (0,7/2), we get A”(x) > 0, implying that A’(+)
is strictly increasing on (0,7/2) and, a fortiori, A(z) > A(0+) = 0, implying
that f’(z) > 0. Hence, f(-) is strictly increasing on (0,7/2) and f(0+4) <
f(z) < f(n/2), with f(0+) = 3/2 by 'Hospital’s rule and f(7/2) = w/2. This
ends the proof of Lemma 3. U

In the remainder of paper, it will be always assumed that T € (0,7/2].
Observe also that the equation sinx/x = 2/3 has a unique zero v belonging to
the interval (0,7/2); furthermore, we have v ~ 1.49578, as well as sinz/x >
2/3 and x € (0,7/2) iff x € (0,v).

Lemma 4. For each number b € (1/3, F(T)), there exists a unique number
o1 € (0,T) such that

:ccos;: —sinz g
x?sinx

holds with x = oy 7.

Proof. Follows immediately from Lemma 2 as well as the limit equalities

. Trcosx — sinx 1 . rcosx —sinx
lim —— =3 and lim — = —F(T),
z—0+ Tr“sinx 3 z—T— T°sinx
which can be easily verified. [l

The function

2 : 2
x® + xsinxcosx — 2sin“x
s, =€ (0,m/2)

W(z) := cos z— :
(sinz — z cosx)x sin” x

has an important role in our study, as well. This function is positive (see the
proof of Lemma 3, showing that 2% 4+ xsinz cos x — 2sin?x > 0, 2 € (0,7/2)).
Moreover, we have lim,_,, /o W(x) = 0 and lim, oy W(z) = 2/15 because
(sinz — zcosz)rsin?x ~ 2%/3, r — 0+ and 22 + rsinzcosz — 2sinx ~
220 /45, x — 0+.

Lemma 5. The function W(-) is strictly decreasing on (0,7/2).
Proof. Set

22+ rsinxcosz — 2sin? x

. b
23 sin®

Wo(z) := cosx z € (0,7/2).
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Then, we have Wy(x) > 0 for all € (0,7/2). Therefore, due to Lemma 2 and
the decomposition
r?sinz
W(:E) - Sin.%'—aj‘COSQZ‘WO(x)’ T e (0,71'/2),
it suffices to show that the function Wy(-) is strictly decreasing on (0,7/2).
Towards this end, we note that the calculus established with the use of sym-
bolab.com package shows that, for every x € (0,7/2), we have:

222 4+ rsin 2z — 4sinx

W'(x) =
(z) 243 sin? x
cotxr X [—6$3 sin 2z — 422 sin? x + 422 sin? cos 22 + 24 sin* z — 322 sin? :v]

4ot sint

After multiplying the first addend with 2zsin? z and grouping the terms, we
need to show that, for every z € (0,7/2), we have

4 2

4722 cos x sin x cos 22 + 24 cos x sin® x + 8z sin? z — 1223 cos® x

3

< 422 cosxsinz + 1222 cos® x sin x + 42° sin? z + 222 sin 2z sin? z.

Since 1—cos 2z = 2sin? z and sin® z +cos® x = 1, after collecting similar terms
and dividing with 4, the above is equivalent with

223 cos? x + 2 + 3 sinx cosz > 6coswsin® x + 2xsintz, 2 € (0,7/2).
(2.1)

Suppose first that = € (0,v). Then, (1.1) implies cosxz > 3(sinz/x) —2 > 0 so
that

213 cos® + z° + 322 sinz cosz

sin x

, .
> 248 (3 2) 423 4 342 sm:c<3w _ 2)

T T

= 27zsin® z + 92° — 18z sin .
Therefore, it suffices to show that

27z sin® x + 92° > 6 cos zsin® x + 2z sin® 2 + 1822 sin z.

This follows from the inequalities 9z sin® z + 923 > 2v/9224 sin? x = 1822 sin z,
18z sin®x < 1823 and 6cosxsin®x + 2xsintx < 623 + 22° < 83, If ¢ €
[v,7/2), then the proof is much simpler and follows from the fact that, for
such values of variable x, we have 23 > 2x > 2zsin*x and 22 > 2 > 2sin? x,
implying that 322 sinx cos z > 6 cos zsin® = (see (2.1)). O

Hence, inf{W(z) : € (0,7/2)} = 0 and min{W(x) : € (0,7/2)} does
not exist as well as sup{W(z) : z € (0,7/2)} = 2/15 and max{W(z) : = €
(0,7/2)} does not exist.
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3. MAIN RESULTS

Now we are in a position to prove the main results of the paper. We start
by stating the following

Theorem 1. Let a, b € R. Then, the inequality

sin x

>a+bcosx, xz€(0,T) (3.1)

holds iff
1. b<1/3 and a < (sinT/T) —bcosT, or
22.b>F(T) anda<1-b, or
3. b€ (1/3,F(T)) and a <min(l — b, (sinT/T) —bcosT).

Proof. 1t is clear that (3.1) holds iff @ < inf{(sinz/z) —bcosz : = € (0,T)}
or a < inf{(sinxz/x) —bcosz : x € (0,T)} if there is no = € (0,T) such that
(sinz/x) — bcosz = a. Consider the function

M(z) = 51230 —beosz, x€(0,7T).

Then, a simple computation shows that

rcosx — sinx

M'(x) =sinz +0b|, ze(0,T).

z?sinx
Note that {(zcosz —sinz)/(z?sinz) : = € (0,T)} = (—F(T),—1/3) (see
Lemma 2 and Lemma 4) and F(0+) = 1—b. Hence, if b < 1/3, then M'(z) <0
for all z € (0,7) and the zeroes of function M’(-) do not form an interval in
(0,T) so that the function M(-) is strictly decreasing on (0,7") and therefore
(3.1) holds iff a < (sinT'/T') —bcos T. Similarly, if b > F(T'), then the function
M () is strictly increasing on (0,7") and (3.1) holds iff a < 1 — b. Finally, if
be (1/3,F(T)), then the function M(-) strictly increases on (0, 03 7) and the
function M (-) strictly decreases on (op1,T") (see Lemma 4) which implies that
inf{(sinz/x) —bcosz : xz € (0,7)} = min(l — b, (sinT/T) —bcosT) and (3.1)
holds iff a < min(1 — b, (sinT/T") — bcosT). O

Remark 2. Theorem 1 improves the well-known Baricz’s inequality

1+ cosx sinx
+ < 7
2 T

z € (0,7/2);
see [5, p. 111].

It is clear that Theorem 1 substantially improves the left hand sides of
equations (1.3)-(1.5) with 7" = 7 /2. Strictly speaking, Theorem 1 implies that
B = /7 — 2 is the smallest positive constant strictly greater than 1 such that
the left hand side of (1.3) holds, which can be simply inspected.
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We can similarly prove the following extension of the Cusa-Huygens inequal-
ity, which taken together with Theorem 1 provides a proper generalization
of [6, Theorem 1.6, Theorem 3.9]:

Theorem 2. Let a, b € R. Then, the inequality

sin x

<a+bcosz, z€(0,T)
x

holds iff
1.b<1/3 anda>1—-b, or
2.0>F(T) and a > (sinT/T) —bcosT, or
3. be (1/3,F(T)) and a > (sinoy /oy 1) — beos oy .

Remark 3. Taken together, Theorem 1 and Theorem 2 improve the well-known
results of J. Sdndor and R. Olah-Gal [18, Theorem 1, Theorem 2] and the well-
known Oppenheim’s double inequality

24 (m—2)cosz - sin x - 24 (4/m)cosx
T x T
(see, e.g., [7]).
Suppose now that a, b, ¢ € R and ¢ > 1. Consider the function
sinz

M (z) = —bcos“z, z€(0,7),

x

whose first derivative is given by

Trcosx — sinx

M (x) = cos® L xsinz + bc}, x € (0,7).

x?sinx cost— 1z
Using Lemma 2 and the assumption ¢ > 1, it follows that the function
x> (rcosw —sinz)/(z?sinx cos ), z € (0,T) is strictly decreasing; more-
over, the range of this function is equal to (—oo,—1/3), if T' = 7/2, resp.
(—=F(T)cos'=¢T,—1/3), if T < m/2. Therefore, arguing as above, we may
conclude that the following holds:

Theorem 3. Suppose that a, b, ¢ € R and ¢ > 1. Then, we have the following:

(i) The inequality (1.6) holds iff:

1. bc < 1/3 and a < 2/7, or bc > 1/3 and a < min(1 — b,2/7),
provided that T = /2.

2. bc<1/3 and a < (sinT/T) — beos¢ T, or be > F(T) cos'=¢T and
a<1-=b,orbce (1/3,F(T)) and a < min(l — b, (sinT/T) —
bcos®T), provided that T < /2.

(i1) The inequality (1.7) holds iff:
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1.bc < 1/3 anda > 1—10b, or bc > 1/3 and a > (sinoyc/op.) —
bcos® oy ., where oy, . denotes the unique solution of equation

Trcosx — sinx

+bc=0

x2sinx cost~lx
on (0,7/2), provided that T' = 7/2.
2. bc < 1/3 anda > 1-b, orbc > F(T)cos' T anda > (sinT/T)—
beos®T, orbc € (1/3,F(T)) and a > (sin Gy e 7/Ch.e,7) —b cos® Cp e, 1,
where (p 7 denotes the unique solution of equation

rcosx — sinx

+bc=0, z€(0,7),

z2sinz cosclx
provided that T < 7/2.

Therefore, it remains to consider the case in which a, b, ¢ € R and ¢ < 1.
In this case, we have

!/
rcosT —sin _. Tcosz —sinx
=cos ‘T—p——

22 sin x cosc~1 x 22

2O sin®z — 2%(sinx — z cosz)(2z sinz + x2 cos )

X |cosx - PRy +c—1
(sinx — z cosx)xt sin” x
_. TcosT —sinz 2% + xsinzcosx — 2sin’ x
=cos Ty - —— +c—1
x (sinz — x cos z)x sin® x

rcosx —sinw
_ —C
= cos xT[W($)+c—1], z € (0,7).

Based on this computation, Lemma 5 and the analysis preceding it, we can
clarify the following extension of Lemma 2:

Proposition 1. Let d € R. Then, the function
rcosx —sinx

Qa(x) == x € (0,T)

x2sinx cos?—1 g’

has the following properties:
(i) Qq(-) is strictly increasing on (0,T) iff d > 1 —W(T).
(ii) Qq(-) is strictly decreasing on (0,T) iff d < 13/15.
(ili) If d € (13/15,1 — W(T)), then there exists a unique number 041 €
(0,T) such that the function Qq(-) is strictly increasing on (0,60q7)
and Qq(-) is strictly decreasing on (0q1,T).

We continue with the analysis of case a, b, ¢ € R and ¢ < 1. In actual fact,
the following theorem holds true:

Theorem 4. (i) Let ¢ < 13/15. Then, (1.6), resp. (1.7), holds iff:
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1. be > 1/3 anda < 1—10, resp. bc > 1/3 and a > 2/7 if ¢ > 0 and
T=mn/2 [bc>1/3 and a > M(T) if T < /2], or

2. be < F(T)cos' T and a < (sinT/T) — bcos®T if T < w/2 or
T=n/2andc>0,0orae€R, b<0,c<0, T=m/2o0rbc<0,
a<2/m,b=0,c<0, T=m/2 resp. bc < F(T)cos'=¢T and
a>1-0b, or

3. bc € (F(T)cos'=¢T,1/3). Then, there erists a unique number
oper € (0,T) such that the equation

sinx —xrcosTr  _,
r?sinx
holds with © = op.cr; in this case, (1.6), resp. (1.7), holds iff
a < (sinop,e.r/0be;r) — beos® oper, resp. ¢ >0 and a > max(1 —
b, My (T—)).
(ii)) Let ¢ > 1—=W(T) and T < w/2. Then, (1.6), resp. (1.7), holds iff:

1. be < F(T)cos'¢T and a < sinT/T, resp. a >1—b, or

2. bc>1/3 and a <1 —0b, resp. bc > 1/3 and a > M(T), or

3. be € (F(T)cost=¢T,1/3) and a < My(np.c.1), where my,.7 denotes
the unique solution of equation Q.(z) + bc = 0 on (0,7, resp.
be € (F(T)cost=¢T,1/3) and a > max(1 — b, M1(T)).

(i) Let c € (13/15,1 — W(T)). Then, (1.6), resp. (1.7), holds iff:

1. be < —Qc(0cr) and a < Mi(T—), resp. bc < —Qc(0.1) and
a>1-0b, or

2. be > —min(—1/3,Q.(T)) and a <1 —b, resp.
bc > —min(—1/3,Q.(T)) and a > M;(T—), or

3. —=bc € (min(—1/3,Q.(T)), Qc(be1)) and the equation Q.(z)+bc =
0 has exactly one zero G e in (0,T). Then, (1.6), resp. (1.7),
holds iff a < Mi(Cper), resp. a > max(1l — b, M1 (T—)).

4. —bc € (min(—1/3,Qc(T)), Qc(0e1)) and the equation Q.(x)+bc =
0 has exactly two zeroes Cl},c,T and Cl?,c,T in (0,T) such that, say,
Q}’C’T < Cic’T. Then, (1.6), resp. (1.7), holds iff a < M1(T—) <
Ml(Cbl,c,T) or a < Ml(Cbl,c,T) < My(T-), resp. a > 1—0b >
Ml(cl?,c,T) or a > Ml(CI?,c,T) >1-0b.

Proof. The proof of theorem is very similar to those of Theorem 1 and Theorem
2, and we will only outline the main details for the statement (iii). If ¢ €
(13/15,1 — W (t)) and bc < —Q.(0. 1), we have that the function M;(-) is
strictly decreasing on (0,7) since its first derivative is non-negative, which
simply implies that the statement 1. holds true. Similarly, if we have bc >
—min(—1/3,Q.(T)), then the function M;(-) is strictly increasing on (0,7)
and the statement 2. follows as above. If —bc € (min(—1/3,Qc(T")), Qc(bc,1)),
the equation can have exactly one or exactly two zeroes belonging to the
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interval (0,7). In the first case, the function M;(-) is strictly decreasing on
(0, Cp,c,r) and the function M (-) is strictly decreasing on ((p ¢, 7, T'), while in the
second case, the function M, (-) is strictly decreasing on the intervals (0, Cb{ 1)
and (Cic’T, T') and the function Mj(-) is strictly increasing on (C§7C’T, Cg,C,T)' O

Remark 4. Theorem 4 improves the well-known inequality

sin x

Veosz < , z€(0,7/2)
x

due to by D. D. Adamovi¢ and D. S. Mitrinovié¢ (see, e.g., [13, p. 238]).

Theorem 4 is an abstract result and the direct use of I’'Hospital’s rule of
monotonicity is sometimes a much better choice for examing the best possible
constants for which certain concrete inequalities hold true. The theorem below
presents the sharp bounds of the form (2 + cos" z)/3 for sinz/x. In order to
formulate this theorem, let us recall that v ~ 1.49578 denotes the unique
solution of equation sinx/z = 2/3 on (0,7/2).

Theorem 5. Let A € (0, ) with o =~ 1.49578. Then, the best possible constants
a and b such that
2+4cos®x sinz  2+costz
< < s
3 x 3
are log(3sin A\/\ — 2)/log(cos \) and 1, respectively.

z € (0,))

Proof. Let us consider the function

_ log(3sinz/xz —2)  fi(z)

M= gy~ p@y OV
For such values of z, we have
fi(zx) _ 3(sinx —xcosz) xcosw  fo(@) fa(o),

f5(x) r2sinzx 3sinz — 2z

where f3(z) = 3(sinz—x cosx)/(z?sinz) and fy(x) = v cosx/(3sinx—2x). Tt

follows by Lemma 2 that f3(-) is positive and strictly increasing. Now, remark
that

(3sinz — 2z)2f}(x) = —3z + 3sinz cos = + 222 sin z,

which is positive by Lemma 3. Hence, f4(-) is also positive and strictly
increasing. Therefore, fi(-)/f5(:) is strictly increasing and, by 1’'Hospital’s
rule of monotonicity (see Lemma 1), f(-) is strictly increasing on (0, A) with
f(O+) < f(z) < f(A). We end the proof of Theorem 5 by noticing that
f(0+) =1 by 'Hospital’s rule and f(A) = log(3sin A/A — 2)/log(cosA). O
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Figure 1 displays the functions involved in the inequalities of Theorem 5.
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(7]
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(9]

[10]

1.00
I

R sin(X)/X
~ - = (2+(cos(x))¥/3
~ <o (2+(cos(x))P)/3

0.0 0.5 1.0 1.5

FiGure 1. Illustration of the inequalities in Theorem 5.
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