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ABSTRACT

Timing of the Crab and Vela pulsars has recently revealed very peculiar evolutions of their spin
frequency during the early stage of a glitch. We show that these differences can be interpreted
from the interactions between neutron superfluid vortices and proton fluxoids in the core of
these neutron stars. In particular, pinning of individual vortices to fluxoids is found to have
a dramatic impact on the mutual friction between the neutron superfluid and the rest of the
star. The number of fluxoids attached to vortices turns out to be a key parameter governing
the global dynamics of the star. These results may have implications for the interpretation of
other astrophysical phenomena such as pulsar-free precession or the r-mode instability.

Key words: stars: neutron —pulsars: individual: (PSR B0833—45, PSR B0531+21).

1 INTRODUCTION

Pulsars are neutron stars (NSs) spinning very rapidly with
extremely stable periods. With relative delays as small as
1072!, some pulsars outperform the most accurate terrestrial
clocks (Milner et al. 2019). Nevertheless, irregularities have
been detected in long-term pulsar-timing observations. In par-
ticular, some pulsars have been found to suddenly spin up.
Such ‘glitches’ in their rotational frequency €2, ranging from
AQ/Q~107° to ~107>, are sometimes accompanied by an
abrupt change of the spin-down rate from |A2/Q| ~ 107 up
to ~1072 (Manchester 2017). At the time of this writing, 554
glitches have been detected in 190 pulsars' (Espinoza et al. 2011).
The very long post-glitch relaxation, lasting from days to years,
reveals the presence of superfluid components in NSs (Chamel
2017). Glitches themselves are thought to be the manifestations of
superfluidity (Haskell & Melatos 2015). These events are commonly
interpreted as sudden transfers of angular momentum from a
more rapidly rotating neutron superfluid to the rest of star due
to the catastrophic unpinning of quantized vortices. However, large
uncertainties remain concerning the dynamics of these vortices.
In particular, protons in the outer core of an NS are generally
thought to form a type-II superconductor such that the magnetic flux
penetrates through fluxoids, each carrying a magnetic flux quantum
¢o = hel(2e) ~ 2 x 1077 Gcem?, where & is Planck’s constant,
¢ the speed of light, and e the proton electric charge. The mean
surface density of fluxoids, A, > 5 x 10'® B, cm™* where By, =

* E-mail: aurelien.sourie @obspm.fr, asourie@ulb.ac.be (AS),
nchamel @ulb.ac.be (NC)

Thttp://www.jb.man.ac.uk/pulsar/glitches/g Table.html

B/10"% G is the stellar internal magnetic field, is huge compared to
that of vortices, N, ~ 6 x 10°/ Py cm™2 where Py = P/10 ms is
the observed rotation period. Vortices may pin to fluxoids, and this
may affect significantly the dynamical evolution of the star (Alpar
2017). Nevertheless, the role of the core superfluid on the glitch rise
remains to be investigated.

So far, the most detailed information comes from the large
glitches recently detected in the Vela (Palfreyman et al. 2018;
Ashton et al. 2019) and Crab pulsars (Shaw et al. 2018), revealing
very different behaviours. The analysis of the Vela glitch observed in
2016 December suggests the presence of an overshoot of amplitude®
Afover ~ 19-38 pHz, significantly larger than the amplitude of the
pulsar frequency jump at the end of the rise stage, Af >~ 16 uHz.
While the time-scale 7, associated with the glitch rise is found to
be shorter than ~12 s, a longer time-scale has been deduced for
the subsequent decrease, 74 ~ 41-125 s. These two time-scales are
compatible with observations of previous Vela glitches (Dodson,
McCulloch & Lewis 2002; Dodson, Lewis & McCulloch 2007).
Furthermore, some evidence for the existence of a precursor (in the
form of a rapid slow-down preceding the glitch) may have been
found in the 2016 Vela glitch. On the other hand, a delayed spin-up,
consisting of a first unresolved frequency jump Afior OVer a short
time-scale T followed by a resolved spin-up with an amplitude
Afiong Over a longer time-scale 7oy, has been detected in the 1989,
1996, and 2017 Crab glitches (Lyne, Smith & Pritchard 1992; Wong,
Backer & Lyne 2001; Shaw et al. 2018). The analysis of the 2017
Crab glitch has led to Afior > 14 uHz, Afiong > 1.1 pHz, Tghon <

2The amplitude Afyyer given here corresponds to the magnitude of the
exponentially decaying term plus that of the final frequency jump, denoted
by Afy and Af, respectively, in Ashton et al. (2019).
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0.45 d, and Ty0ny 2 1.7 d, corresponding to a total amplitude Af =
Afshort + Afiong = 15 pHz, and a total rise time T, ~ Tghor + Tiong
~ 2 d. Similar time-scales have been deduced from the analyses of
the 1989 and 1996 glitches, but amplitudes ~10 times smaller were
observed. Finally, let us stress that the spin-up stage has not been
resolved for smaller Crab glitches.

The glitch rise is thought to be governed by mutual-friction forces
between the superfluid and the rest of the star, arising from the
dissipative forces acting on individual vortices (Haskell & Melatos
2015; Sourie et al. 2017; Graber, Cumming & Andersson 2018;
Haskell et al. 2018). Recently, Haskell et al. (2018) have suggested
that the different spin-up evolutions observed in the Vela and Crab
pulsars could be explained by the different stellar regions (core
versus crust) where the glitch is driven. In this letter, we explore the
impact of vortex pinning only in the outer core of NSs on the glitch
rise.

2 SMOOTH-AVERAGED HYDRODYNAMIC
DESCRIPTION

2.1 Forces on a single vortex

Let us consider a single neutron vortex pinned to N, proton fluxoids
and moving with velocity v{ (i = 1, 2, 3 denoting spatial indices).
The vortex is assumed to be evolving in a mixture of supercon-
ducting protons, (degenerate) electrons, and superfluid neutrons
at zero temperature. Although the arrangement of fluxoids in the
core of an NS may be quite complicated, depending not only on
the cooling and magnetorotational evolution of the star (Srinivasan
etal. 1990; Ruderman, Zhu & Chen 1998; Jahan-Miri 2000) but also
on the nature of the phase transition (Haber & Schmitt 2017), we
suppose for simplicity that the N, pinned fluxoids are aligned with
the vortex (Ding, Cheng & Chau 1993; Ruderman et al. 1998). This
assumption is actually not completely unrealistic, at least at small
enough scales (Drummond & Melatos 2017). Note that the pinned
fluxoids are not necessarily superimposed on the vortex. Vortex-
fluxoid clusters may actually form naturally (Sedrakian & Sedrakian
1995). Here, N, is an unknown parameter that could potentially be
as large as NJ™ ~ N, /N, = 103 By, Py. We further assume that
the vortex is straight, infinitely rigid and we ignore the effects of
gravity giving rise to a buoyancy force (see Dommes & Gusakov
2017 for a recent discussion).

We determine the force felt by a single vortex moving in an
asymptotically uniform superfluid mixture following an approach
originally developed by Carter, Langlois & Prix (2002) in the
relativistic framework, and later adapted to the Newtonian context
by Carter & Chamel (2005). Making use of the results obtained by
Gusakov (2019) for electrons, the force acting on the vortex can be
decomposed into three parts: F' = Fi; + ]:Ii/lp + Fi, as shown
in an accompanying paper (Sourie & Chamel 2020). The neutron
Magnus force arising from the relative flow of superfluid neutrons
with velocity v — vl is given by

Fian = —Po €78 kR (nr — vLp) )

where p, is the neutron mass density, k = h/(2m) is the quantum
of circulation (m denoting the neutron rest mass, taken to be equal
to that of protons), and £/ is a unit vector oriented along the vortex.
Likewise, the flow of protons with velocity vl’; — vl relative to
pinned fluxoids leads to a Magnus type force

Ii/lp =—p0p Np gk KRj (Upk - ULk) ’ 2

Vortex pinning and glitch rises  1.99

where p, is the proton mass density. The scattering of electrons off
the magnetic field carried by fluxoids, and to a lesser extent that
induced by entrained protons around the vortex (Alpar, Langer &
Sauls 1984), leads to the drag force

Fo=—paxt (v =v}). 3)

where £ > 0 is the so-called drag-to-lift ratio.

2.2 Global averaging over many vortices

On length-scales much larger than the intervortex separation,
the electrically charged particles inside NSs are strongly cou-
pled and essentially corotate with the crust and the magneto-
sphere (Glampedakis, Andersson & Samuelsson 2011). The outer
core of an NS can therefore be reasonably well described by means
of a two-fluid model, involving (i) a neutron superfluid moving with
velocity vf1 and (ii) a (viscous) charge-neutral fluid made of protons
and electrons (simply labelled by ‘p’ in the following), moving
with velocity vli. The two fluids are mutually coupled by friction
forces induced by the drag force (3). The smooth-averaged force
per unit volume exerted by the vortices on the superfluid (ignoring
interactions between vortices) is given by

.ri‘lf:_'/\/ﬂ]:li/ln' “

Solving the force balance equation of a single vortex (neglecting
its mass) Fy + Fy;, + Fur, = O for the vortex velocity vf, following
standard procedure (Hall & Vinen 1956) and substituting into (4)
yields

fio= =N, pok (B’ 8ijk/2jwll:n + Bgijk’%_jgklmlelwg;,) ) (5)
where wi | = v —vj,
3 ' 1+ X Y
= Toxiae Pl g X N.
I+X)"+¢ I+X)"+¢ I =xp
(6)

Xp = pp/(Pp + pn) denoting the proton fraction. While expres-
sion (5) is formally similar to that obtained in the absence of
pinning (Mendell 1991), pinning is found to affect the actual
values of the mutual-friction coefficients (6) by (i) modifying
the drag-to-lift ratio &, and (ii) inducing an extra dependence on
X due to the proton Magnus force (2). The drag force remains
poorly known. If the N, fluxoids and the vortex are superimposed,
& Ng (Ding et al. 1993), while & o N, according to the vortex-
cluster model of Sedrakian & Sedrakian (1995). Given the current
lack of knowledge, we adopt the following parametrization:*

§ =28 x (SP)_Z x (Np)a

where & is the drag-to-lift ratio in the absence of pinning (Alpar
et al. 1984; Mendell 1991; Andersson, Sidery & Comer 2006)

8p ﬁ 7/6 1 1/6
o (o) e

if N, >0, N

& =4x10"*

gp denoting the proton entrainment parameter, and p14 =
p/(10' g cm™3) the mass density.

The mutual-friction coefficients are plotted in Fig. 1. The fol-
lowing typical values for the other parameters were adopted: &, =

3The factor of l/sg is needed so as to recover known results for a single

fluxoid (Gusakov 2019).
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Figure 1. Mutual-friction coefficients 3 and 1 — B’ in the outer core of
NSs as functions of the number N, of pinned fluxoids for o = 1 (solid lines)
and o = 2 (dashed lines). Corresponding values for N, = 0 are indicated as
horizontal lines.

0.05, x, = 0.07, and py4 = 2.7. The mutual-friction coefficients
By = B (N, =0) and B) = B’ (N, = 0) in the absence of pinning
are displayed by horizontal lines in Fig. 1. For both values of «,
B > B, for small enough values of N, while the opposite behaviour
is observed at higher N,. Moreover, B’ ~ BB, >~ 0 for N, 2 0, while
B’ ~ 1 at higher N,. Pinning may thus have a dramatic impact on
the mutual-friction force and on the superfluid dynamics of NSs
depending on N,. Similar conclusions can be drawn for any real
value of «.

3 ASTROPHYSICAL IMPLICATIONS FOR
PULSAR GLITCHES

3.1 Minimal model

To investigate the impact of core vortex pinning on the glitch
dynamics, we consider a ‘minimal’ model in which the NS is simply
described in terms of three dynamically distinct components: (i) a
‘pinned’ neutron superfluid in the outer core where the magnetic
field is predominantly toroidal and pinning to fluxoids is expected
to be the most effective (Haskell, Pizzochero & Seveso 2013;
Giigercinoglu & Alpar 2014), (ii) a ‘non-pinned’ neutron superfluid
in the inner core, and (iii) the rest of the star. In view of the strong
entrainment in the crust (Chamel 2012), we assume for simplicity
that only the core neutron superfluid participates to the glitch. The
third component, simply referred to as ‘proton’ in the following, thus
consists of all charged particles (protons, leptons, nuclei in the crust)
and the crustal neutron superfluid. All three components are rigidly
rotating around a common axis, z say, at the angular velocity QPI",
Qf, and Q,, respectively. The corresponding moments of inertia are
denoted by IP™", If, and I, and satisfy IP™ + If + I, = I, where Iis
the total moment of inertia of the star. Due to magnetic couplings,
the proton component essentially rotates at the observed pulsar
angular velocity .

We further assume that the pinned and non-pinned core super-
fluids are dynamically coupled to the proton fluid through mutual
friction only. Although such a simple picture is a priori inadequate to
describe the long-term post-glitch relaxation (for which additional
processes such as vortex creep occur), our model can nevertheless
be safely applied to the short spin-up stage. For simplicity, the

MNRASL 493, 1.98-1.102 (2020)

mutual-friction coefficients associated with the pinned and non-
pinned core superfluids, respectively, denoted by By, and By, are
supposed to be uniform and time independent. In other words,
each vortex in the pinned region remains anchored to the same
number N, of fluxoids during the glitch rise. Mutual friction
between the proton fluid and the core superfluid X is accounted
for through the torque I', = [ ek x; f 1 d*V, where x' = r 8! in
spherical coordinates, f )ﬁ is the relevant mutual-friction force (5)
and the integral is taken over the region X under consideration.
Neglecting entrainment effects between the fluids, and assuming
circular motion, the z-component of the torque simply reads
I =28, 1¥ Q) (2, — Q). The dynamics of the glitch rise is
thus governed by the following equations:

Q _ Irf Qf Il?in Qpin + Pext (9)
P Ip n 1p n Ip ’

Qf=28BQf (,—-9). (10

QP = 2 By, QU (Q, — QP | (11

where Te = 12, stands for the external torque responsible for
the slow braking of the pulsar on long time-scales with spin-down
rate Qa.

3.2 Initial conditions and physical ingredients

In view of the lack of knowledge on the pre-glitch evolution, we
simply assume that the proton component and the non-pinned core
neutron superfluid at the beginning of the glitch (r = 0) are rotating
with a lag corresponding to the asymptotic post-glitch steady-state
lag:* QF(0) = Qo + [Qol/ (2 Br Qp) where Qo = 2,(0) (see e.g.
Pizzochero, Montoli & Antonelli 2019). On the other hand, the
initial rotation rate of the pinned core neutron superfluid is supposed
to be given by QP"(0) = Q0 + |Q20l/ (2 Byin ) + R0, where
820 denotes a small deviation to the post-glitch steady-state lag.
To solve equations (9)—(11), the pulsar rotation rate €2y, the long-
term spin-down rate Q.o, the initial lag §€2¢, the mutual-friction
coefficients By and Bj,, and the ratios Ilf/ I and Ir{7in /I need to
be specified. In what follows, 2y and Qo are directly taken from
pulsar timing. The coefficient B¢ in the non-pinned region is given
by By, and the corresponding drag-to-lift ratio by equation (8). In
the pinned region, the coefficient By, is given by equation (6),
with the prescription (7) and suitable parameters. Typical values for
the underlying parameters are: sgi" ~0.05-0.2, alg ~0.1-0.5
(see e.g. Chamel & Haensel 2006; Sourie, Oertel & Novak 2016),
xgi“ ~ 0.05 - 0.1, x; ~0.05 - 0.4, ppin = (0.5 — 2)pp, and p; >~
(2 —6)po, po == 2.7 x 10'* g cm™ being the nuclear saturation
density (see e.g. Pearson et al. 2018). The ratios 7P /1 and I!/1 are
computed using the relations 7Y //¥ =1 — x (assuming uniform
densities in each region), where /¥ is the total moment of inertia of
region X, and /T = I — I — P ] denoting the crustal moment
of inertia of the star. Typical values are: /" /1 >~ 0.01 — 0.05 (Del-
sate et al. 2016) and IP"/] ~ 0.05 (Giigercinoglu & Alpar 2014).
Unlike the previous quantities, both the initial lag 6€2¢p and number
N, of pinned fluxoids are essentially unknown. As shown in the next
section, the large range of possible values for N, could account for
the very different spin-up behaviours in the Crab and Vela pulsars.

4These post-glitch steady-state lags are obtained by imposing Q‘f] = Qﬁin =

Qoo in equations (10) and (11).
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Figure 2. Left-hand panel: Evolution of the pulsar rotation frequency for parameters corresponding to the 2016 Vela glitch, plotted with respect to the rotation
rate Qpre extrapolated from the pre-glitch evolution (i.e. in the absence of a glitch). Only the rise stage is considered. Solid (resp. dashed) lines correspond to
results obtained for e = 1 (resp. & = 2). The evolution for N, = 1 is independent of «, see equation (7). Right-hand panel: Similar to left-hand panel, but for
input parameters corresponding to the 2017 Crab glitch. The smooth spin-up and the absence of overshoot can be explained by much larger values of Np. See

text for details.

3.3 Applications to the Crab and Vela pulsars

As discussed in the supplementary material (SM), the set of equa-
tions (9)—(11) can be solved analytically provided that the variations
of the separate angular velocities are neglected with respect to those
of the lags between the fluids appearing in the right-hand side of the
equations’ (see also Pizzochero et al. 2019). This analytical solution
also allows for an unambiguous definition of the relevant time-scales
governing the dynamics of the glitch rise. The adopted values for
the different parameters are: £gi" =0.05, xgi" = 0.07, ppin = po,
eg =0.1, x; =0.2, pr=3pp, 1°/1 =0.03, and IP"/I = 0.08.
This choice leads to 1,/1 ~ 0.21, If/I ~0.71, and IP™/I >~ 0.08.
The initial pulsar frequency Q0/27 is fixed to 11.19 Hz (resp.
29.64 Hz) for the Vela (resp. Crab) pulsar (Dodson et al. 2007; Shaw
et al. 2018). Focusing on the deviation AQp (1) = Q,(1) — QLpre(?)
induced by the glitch event in the evolution of the pulsar rotation
rate, where Qp.(t) = Qo + Q. t is the rotation rate extrapolated
from the pre-glitch evolution, the actual value of 2, is unimportant.

Considering first the 2016 Vela glitch, the initial lag is fixed
to §Qp ~ 1.351 x 1073 rads~! so that the final glitch amplitude
is Af = 16 uHz (see equation A.16 of the SM). The evolution
of the pulsar rotation frequency AS,/(2m) is plotted in the left-
hand panel of Fig. 2 for « = 1, with N, =1 and 200, and o =
2, with N, =1 and 1500. These values lead to an overshoot of
magnitude Afover =41 pHz, arise time-scale 7, >~ 8 s and a decrease
time-scale tq >~ 57 s, in close agreement with observations® (see
Section 1). The reason for which different values of N, (for a fixed
«) lead to a similar spin-up evolution is discussed in sec. A2 of
the SM. For intermediate values of N,, the magnitude Afye, of
the overshoot would be larger and the rise time-scale 7, would be
shorter, 74 remaining almost constant (see figs A2 and A3 of the
SM). Conversely, for larger N,, the rise time would increase and
the magnitude of the overshoot would decrease until it disappears.

SThis assumption is well justified given the very small observed glitch
amplitudes.
5The time-scales 7, and T4 given for Vela correspond respectively to the
quantities 7_ and 74 introduced in the SM. For the Crab (see below), 7,
stands for 7, the lower time-scale 7_ >~ 16.5 s being completely negligible
in this case.

Regarding the 2017 Crab glitch, we set §y = 1.267 x 103 rad s,
so that Af = 15 pHz. The corresponding evolution of the pulsar
frequency A, /(2m) is plotted in the right-hand panel of Fig. 2 for
a=1withN, =1 x 10", and @ =2 with N, = 3 x 10°. Such large
values of N, lead to a much smoother increase in the pulsar rotation
rate during the glitch rise (i.e. no overshoot), with a characteristic
time-scale 7, >~ 2 d, as observed (see Section 1).

As shown in the SM, observations of glitch overshoots set a lower
bound on the moment of inertia of the non-pinned superfluid

by A
1 - A fover
The most stringent constraint so far comes from the 2004 Vela
glitch (Dodson et al. 2007), from which we deduce’ Af~ 23 uHz
and Afover =~ 77 pHz, leading to Irf /I Z 0.70. Moreover, there
exists a critical value le‘“*"‘ of N, above which no overshoot can
ever occur. The presence (absence) of an overshoot in Vela (Crab)
glitches thus puts constraints on the maximum (minimum) number
of pinned fluxoids.

12

4 DISCUSSIONS AND CONCLUSIONS

The standard scenario according to which the neutron superfluid
in the core of an NS is strongly coupled to the crust on short
time-scales and thus cannot take part to glitch events (Alpar et al.
1984) must be revised if vortices are pinned to N,, (potentially up to
~ 10" By, Pyp) proton fluxoids. Using a three-component model, in
which a pinned and a non-pinned core superfluids are dynamically
coupled to the rest of the star through mutual friction, we have
shown that the evolution of the pulsar rotation rate during the rise of
a glitch can be very different depending on N,,. While a fast spin-up
with an overshoot is expected for 1 < N, < Ng“"“, higher Valqes
lead to a smooth rise (on a longer time-scale). The value of N[f“"“
is determined by the mutual-friction coefficients. Vortex pinning
can therefore account for the very different glitching behaviours
observed in the Vela and Crab pulsars although the physical reason

7We interpret the shortest time-scale reported by Dodson et al. (2007) as 4.
In their notations, we thus have A f = AF, and A fover = AF, + AFY.
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for different N, remains to be investigated. The difference may
lie in the spatial arrangements of fluxoids, which in turn reflect
different evolutions of the internal magnetic field in these stars.
More information on the internal physics of NSs can be inferred
from the details of the glitch rise. In particular, observations of an
overshoot set a lower bound (12) on the moment of inertia of the
non-pinned superfluid. Allowing N, to evolve may explain other
observed features such as a spin-down precursor or a delayed spin-
up. Vortex pinning in the outer core of NSs may thus play a crucial
role, not only for the post-glitch relaxation (Giigercinoglu & Alpar
2014) but for all stages of the glitch dynamics.

As most previous studies, our analysis was carried out in the
Newtonian framework. Although general relativistic effects may
play a non-negligible role on the glitch rise (Sourie et al. 2017),
their impact remains much smaller than that of vortex pinning.
Still, our treatment remains very simplified. More realistic models
require a better understanding of the local dynamics of individual
vortices and fluxoids, as studied, e.g. by Drummond & Melatos
(2018).
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