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Abstract
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The purpose of this note is twofold. First, we correct a mistake in the expression of
the limiting variance ¥ that appears in [1, Lemma B.2]. Secondly, we provide simpler
expressions for ¥ g in [1, Lemma B.1] and ¥¢. In particular, the expression of ¥ does no
longer depend on the first derivative of the model f. Furthermore, the updated formula
of the limiting variance is now consistent with the limiting variance o2, , obtained in [2]
by other means.

1 Computation of the asymptotic covariance matrix
2B

In [1, Section B.2], we obtained:
Y5' = E[Var (YY'|X)] + 2E [Cov (YY", YY"| X)],



where we remind that Y = f(X, W), Y/ = f(X,W'), and Y" = f(X,W") with W’ and
W independent copies of W. Let us introduce the notation

¢(z) =E[Y|X =2] and o*(z) = Var(Y|X = ).
Then, by conditional independence, we get
Var(YY'|X) = E[(YY)}X] - E[YY'|X]? = E[Y?X]? - E[Y|X]* = 0*(X) 4 20%(X)$*(X)
so that
E[Var(YY'|X)] = E[o*(X)] + 2E[0*(X)¢*(X)].
Analogously,
E[Cov(YY', YY”|X)] = E[E[Y?Y'Y"|X]] - E[E[YY'|X|E[YY"|X]] = E[¢*(X)¢*(X)].
Finally,
S5 = E[0!(X)] +4E[0*(X)¢*(X)).
Similarly, the other terms are

$%? = E [Var(Y|X)] = E[0*(X)],

2% = E [Var (Y2|X)] = E[pu(X)] — E[¢2(X)?),

DL2 = 94! = 2E [Cov (YY”, Y| X)] = 2E[02(X)6(X)],

25’ = 55 = 2E [Cov (YY", Y?|X)] = 2E[$5(X)$(X)] — 2E[ds(X)¢* (X)),
¥3 = 0§ = E [Cov(Y, Y?|X)] = E[gs(X)] - E[¢(X)e2(X)],

where ¢;(z) = E[Y'|X = z| for i = 2,3,4.
2 Computation of the asymptotic covariance matrix
e
In [1, Section B.3], we obtained
! Z/@/Jloo(xh zh, 2 x1) V100 (w2, 29, 25, x2)T1 A xg ATy AN xh A A ay
x dQ(xq, 2, 2], x1)dQ(wa, h, 25, x2) — </ Uoo(z, 2, 2", x)x A’ N 2"dQ(x, 2 2", X)>2

leading to the corrected expression of L5

S6 =E[(Y1 + V) (Ve + Y)') fo (X0, WY) fu(Xo, Wo) (X0 A Xa)] = E[(Y +Y") fo(X, W) X]?
=AE[Y1Ya fo (X1, W) fo(Xa, W3) (X1 A X)) — 4E[Y fo(X, W) XT?,



where we remind that Y = f(X, W), Y/ = f(X,W'), and Y = f(X,W") with W’ and

W" independent copies of W (and analogously for Y} and Y3). Hence, we remark that

Eél = Ezlg. Considering the second term in Eéll, we get

E[Y fo(X, W) X] = E[f (X, W) fo(X, W) X] =
= E[XE[f (X, W)[X]E|

E[X¢(X)¢'(X)] =

E[E[f(X, W) f.(X, W) X|X]|
(X, W"|X]] Dby conditional independence
) =

(¢*(1

M\»—kh

E[¢?(X)]) by integration by parts.

l\DM—

Similarly,
AE[Y) fo (X0, W)Ya fo(Xa, W3) (X0 A Xo)] = ¢%(1) — 26°(DE[¢*(X)] + E[¢* (X))

that yields

Sg' = ¢'(1) - 20°(DE[¢*(X)] + E[¢" (X)] — (¢°(1) — E[¢*(X)])? = Var(¢*(X)).
Finally, the remaining terms of ¥ (after correction) are:

S22 = B[f, (X0, Wh) fa(Xa, Wa) (X3 A X3)] — E[£o(X, W) X]? = Var(¢(X))

S8 = E[(Yi + Y fo (X1, W) fo( Xa, Wa) (X0 A Xa)] — E[(Y +Y") fo(X, W) X]E[f (X, W) X]
= 2E[Y fo (X1, WY) fu(Xa, Wo) (X1 A Xo)] = 2E[Y fo(X, W) XE[f. (X, W) X]
= Cov(¢(X), 9*(X))

St = 2B[(Yy + Y{') fo (X0, W1)Ya fu(Xa, Wa)(Xy A Xo)] = 2B[(Y + V") f.(X, W) X]E[Y f.(X, W)X
= 4E[Y: £, (X1, W))Ya fo (Xo, W3)(X1 A Xp)] — AE[Y £,(X, W) X]? = 5!

Se = 2B (X1, Wh)Yafu(Xa, Wi (X1 A X2)] — 2E[f,(X, W) X|E[Y f,(X, W) X] = £¢.

Evidently, X5' = 3%, %' = 25°, and %° = £3°.
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