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Abstract

In this paper, we prove Lipschitz stable determination of the complex-valued electric potential
and the direction of the magnetic field appearing in the dynamic Schrédinger equation with static
coefficients, by finitely many partial boundary measurements of the solution. This is by means of
the Bukhgeim-Klibanov method, based on an appropriate Carleman estimate. Since the time sym-
metrization of the static magnetic Schrédinger equation around ¢ = 0 is not possible, we preliminarily
establish a Carleman inequality specifically designed for this problem.

Keywords: Multidimensional inverse coefficient problem, magnetic Schrédinger equation, Carleman
estimate.

Mathematics subject classification 2010 : 35R30

1 Introduction

Let T € (0,400) and let Q be a bounded domain in R?, n € N := {1,2,...}, with sufficiently s-
mooth boundary 992. We consider the following initial-boundary value problem (IBVP) for the magnetic
Schrodinger equation

—i0u — Ay u+ pou =0 inQ:=Qx(0,7T)
u=yg on ¥ :=00x (0,T) (1)
u(+,0) = ug in Q,

with initial state up and non-homogeneous Dirichlet boundary condition g. Here, pg : 2 — C is a
complex-valued electric potential and

Ay, = (V+idg)-(V+ido) = A +2iAg-V +i(V-Ag) — | Ao (2)

denotes the magnetic Laplace operator associated with the magnetic vector potential 4p : Q@ — R™. In
the particular case where n = 3, the magnetic field induced by the magnetic potential vector Ay reads
curl AO =V X Ao.

1.1 What we are aiming for

In the present paper we examine the stability issue in the inverse problem of determining the electro-
magnetic potential (Ag, pg) from finitely many partial Neumann boundary measurements over the entire
time-span of the solution to (1), obtained by n + 1 times suitably changing the initial state ug. More
precisely, we shall actually establish the following three stability results:
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i) Case 1: Assuming that Ag is known, we stably determine the complex-valued electric potential pg
from a single partial boundary measurement over the entire time-span of the normal derivative of the
solution u to (1), measured on a sub-boundary T'y C 9. The result is valid for any two electrostatic
potentials with difference p, whose imaginary part of the logarithmic gradient V In(p~'p) is uniformly
bounded in {2, see condition (14) below;

ii) Case 2: We prove simultaneous stable reconstruction of the magnetic vector potential Ay (together
with its divergence V - Ag) and the complex-valued electric potential pg, through n + 1 partial
Neumann observations of the solution, obtained by changing n + 1 times the initial condition ug
suitably. This is proved provided that the logarithmic gradient of the difference of the electromagnetic
potentials is uniformly bounded in €2, see assumptions (15), (16) and (17);

iii) Case 3: Assuming that py and the strength | Ag| of the magnetic potential vector are known, we stably
retrieve the direction of Ag (together with the divergence), from n + 1 partial Neumann data. In
contrast with the two above results, there is no additional condition of the type of (14) or (15)-(17),
imposed on the magnetic vector potential for this result to hold.

Our first claim (see Theorem 1.2 below) extends the stability results of [2] to the case of complex-valued
electrostatic potentials. We refer to [25, Part 2, Section 14, Appendix B] for the physical relevance of
complex-valued electric potentials appearing in the Schrédinger equation. Moreover, we point out that
the second and third claims (see Theorems 1.3 and 1.4) are, to the best of our knowledge, the only
stability results available in the mathematical literature for stationary magnetic potential vectors of the
Schrodinger equation by finitely many local Neumann data.

1.2 Carleman estimate and time-symmetrization of the Schrodinger equation

In this article we aim for stable determination of the electromagnetic potential (Ag, po) in (1) through
finitely many partial Neumann observations, by means of a Carleman estimate. We refer to [1, 2, 33, 37]
for actual examples of Carleman inequalities for the Schrédinger equation. The idea of using Carleman
estimates for solving inverse coeflicient problems was first introduced by Bukhgeim and Klibanov in
[9]. Since then, this technique has then been successfully applied by numerous authors to various types
(parabolic, hyperbolic, elasticity, Maxwell, etc.) of inverse coeflicient problems in bounded domains, see
e.g. [4,19, 22, 23, 36] and the references therein (recently, this method was adapted to the reconstruction
of non compactly supported unknown coefficients in [5, 7, 20, 21]).

More specifically, in the framework of the Schrédinger equation, the authors of [2, 11, 37] use a
Carleman inequality on the extended domain Q x (=T, T) in order to avoid observation data at ¢t = 0 over
(2, appearing in Carleman estimates on (). This imposes that the solution u to (1), extended to Qx (=T, T
by setting either u(z,t) = u(z, —t) or u(z,t) = —u(x,—t) for a.e. (z,t) € Q x (=T,0), depending on
whether the initial state ug is taken real-valued or purely imaginary, be a solution to the Schrodinger
equation in Q x (=T, T). It follows readily from the above time-symmetrization u(-,t) = +u(-, —t) that

(—i0s — A_ 4, + Po)ul(-,t) = £((—i0; — Aa, + po)u)(-,—t), t € (=T,0), (3)

and hence that u is a solution to the Schrodinger equation in Q x (=7, T) if and only if (—Ag, po) =
(Ao, po), i.e. Ao =0 and py € R (this is precisely the situation examined in [2], where Lipschitz stable
reconstruction of the real-valued electrostatic potential pg is derived in absence of a magnetic potential),
in which case the right hand side of (3) is zero.

As a conclusion, the time-symmetrization method implemented in [2] does not work in presence of a
non-zero time-independent magnetic potential vector Ag (notice that this is no longer true for odd time-
dependent magnetic potentials: Indeed, when py and Ao depend on (z,t) then (3) reads (—i0;—A_ 4,(..) +

po(t)u(-,t) = £((=i0 — Aay(,—t) + po(-, —t))u)(-, —t) for a.e. t € (=T,0), so the extended solution

u fulfills the magnetic Schrédinger equation in Q x (=T, T) if and only if we have (—Ag(-,t), po(:, 1)) =



(Ao(-, —t), po(-, —t)), which corresponds to the framework of [11, 37]). Therefore, in contrast with [2, 11,
37], we cannot symmetrize the solution to (1) with respect to ¢ in the framework of this paper. As a
consequence we need a modified global Carleman estimate for the Schrodinger operator in @), as compared
to the ones of [2, 37] that are established in 2 x (=T, T), in order to adapt the Bukhgeim-Klibanov (BK)
method to the “stationary magnetic” Schrodinger equation investigated here.

1.3 State of the art: a short bibliography

There are numerous papers available in the mathematical literature, dealing with inverse coefficient
problems from knowledge of the Dirichlet-to-Neumann (DN) map. However in the particular case of the
stationary magnetic Schrodinger equation, the DN map A 4, is invariant under gauge transformation of Ay,
Le. Agyrvy = Ay, for all ¥ € C'(Q) such that 9o = 0, see e.g. [14]. Therefore the magnetic potential
vector cannot be uniquely determined by the DN map and the best we can expect from knowledge of
A 4, is uniqueness modulo gauge transform of Ay. However it is well known that the magnetic field d A4,
i.e. the exterior derivative of A, defined as the 1-form Z?Zl(Ao)jdmj (if n = 3 then dAp is generated
by the curl of Ag) is invariant under gauge transformation of Ag. As a matter of fact it was proved in
[32] that the DN map uniquely determines the magnetic field provided the underlying magnetic vector
potential is sufficiently small in a suitable class. The smallness assumption was removed in [29] for C'*°
magnetic vector potentials. Later on, this smoothness assumption was weakened to C! in [34] and to
Dini continuous in [30]. In [15], the author proved that the electromagnetic potential of the Schrodinger
equation in domains with several obstacles, is uniquely defined by the DN map. In [3] the magnetic field
is stably retrieved by the dynamical DN map. The uniqueness and stability issues for time-dependent
electromagnetic potentials of the Schrédinger equation are addressed in [16] and [18], respectively. All the
above cited results were obtained with the full DN map, which is made of measurements of the solution
taken on the whole boundary. The uniqueness problem by a local DN map was solved in [17] and it was
shown in [35] that the magnetic field depends stably on the DN map measured on any sub-boundary that
is slightly larger than half the boundary. This result was extended in [8] to arbitrary small sub-boundaries
provided the magnetic potential is known in the vicinity of the boundary.

Notice that an infinite number of boundary observations of the solution to the magnetic Schrodinger
equation were needed in all the above mentioned articles, in order to define the DN map. By contrast, the
time independent and real-valued electric potential in a Schrédinger equation was stably retrieved from
a single boundary measurement in [2, 27]. In these two papers, the observation zone fulfills a geometric
condition related to geometric optics condition insuring observability. This geometric condition was
relaxed in [28] upon assuming that the electrostatic potential is known near the boundary. In [11], the
space varying part of the divergence free n dimensional magnetic potential was reconstructed by n partial
Neumann data, by changing the initial state of the Schriodinger equation n times suitably. This result
was extended in [6] to simultaneous recovery of the space varying part of the divergence free magnetic
potential and the time-independent electric potential, by n+ 1 partial lateral observations of the solution.
Recently, the BK method was adapted to a system of coupled Schrédinger equations in [13, 24].

1.4 Notations

Throughout this text = := (xy,...,2,) denotes a generic point of & C R™ and we write 9; := 8% for
i =1,...,n. Next we set 8;; := 9;0; for i,j = 1,...,n, and as usual we use the notation 9; instead of
d%. For any multi-index k = (ki,ky, ..., k,) € NI, where Ny := {0} UN, we write 8% := 9% 9k gkn
and |k| := >°7_, k;. Similarly, we put 0, := £ and O,u = §% := Vu - v, where v is the outward normal
vector to the boundary 92 and V is the gradient operator with respect to the space variable x. The
symbol - denotes the Euclidian scalar product in R” and V- stands for the divergence operator.

Let us now introduce the following functional spaces. For X, a manifold, we set

H™ (X x (0,T)) := L*(0,T; H" (X)) N H*(0,T; L*(X)), r,s € (0,400),



where H"(X) stands for the usual Sobolev space of order r. For convenience, we sometimes use the
notation H°(X) := L?(X). When X = Q, we write H"*(Q) = L*(0,T; H"(Q)) N H*(0, T; L*(Q)) instead
of H™*(Q x (0,T)) and for X = 99, we write H™*(X) = L*(0,T; H"(0Q)) N H*(0,T; L*(0€)) instead of
H™(002 x (0,T)).

1.5 Existence and uniqueness results

Our first statement is a global existence and uniqueness result for the IBVP (1).

Proposition 1.1. Assume that 9Q is C?. For M € (0,+o0), let Ay € W2>°(Q,R") and py € WH>*(Q,C)
satisfy

||A0||W2,oo(9) + ||P0||W1,oo(9) <M. (4)
Then, for all g € H%&(E) and all ug € H3(Q) obeying
9(,0) = uo on 09, (5)

there exists a unique solution u € H*1(Q) to the IBVP (1). Moreover we have the estimate

el 2.1y < € (Iluollprscay + llgll 5.5 ) (6)
where C is a positive constant depending only on T, Q0 and M.

Under stronger regularity assumptions on €, Ag, pg, ug and g than in Proposition 1.1, we have the
following improved regularity result.

Theorem 1.1. Fizm € N and assume that 9 is C*™ 1) For M € (0, +0), let Ay € W2(m+1).00(Q R?)
and py € W2mtLoo(Q C) fulfill

I|A0||W2(m+1),oo(9) + ||PO||W2m+1,oo(Q) < M, (7)
and pick g € H2(m+%)’m+g(§]) and ug € H*™3(Q) such that
A g(-,0) = (—i(=Au, + po)) uo on 0Q for k=0,1,...,m. (8)

Then there exists a unique solution u € (= H™T1=%(0,T; H2*(Q)) to (1), satisfying

m—+1
Z ||U||Hm+1—k(07T;H2k(Q)) <C <||U0||H2m+3(9) + ||g||H2(m+Z),m+Z(E)> ) (9)
k=0

for some positive constant C depending only on T, Q0 and M.

Remark 1.1. Theorem 1.1 is quite similar to [26, Chapter 5, Theorem 12.1] but cannot be deduced from
it (since O is assumed to be smooth and, more importantly, g is identically zero in [26, Chapter 5,
Theorem 12.1]). Moreover, as it will appear below, the regularity and the fized boundary values imposed
on the admissible unknown coefficients by the analysis of the inverse problem under consideration in
this paper, are directly requested by the application of Theorem 1.1 and by the compatibility conditions
(8). Furthermore, we stress that the energy estimate (9) is the main tool for establishing Corollary 1.1
below asserting that the solution to (1) lies in W>°(0,T; L>=(Q)), which is essential for applying the BK
method in Section 4. For all the above reasons and for convenience of the readers, we give a detailed
proof of Theorem 1.1 in Section 2.



Let N be the (unique) natural number fulfilling % +1 < N < § +2, i.e.

NENH(%+1,%+2. (10)

Since the IBVP (1) admits a unique solution v € H2(0,T; H*™N-1(Q)), in virtue of Theorem 1.1 with
m = N, and since 2(N — 1) > 2 by (10), then the Sobolev imbedding theorem entails the following:

Corollary 1.1. Under the conditions of Theorem 1.1 with m = N, the solution u to the IBVP (1) lies
in WH°(0,T; L>(Q)) and there exists a positive constant C, depending only on T, Q and M, such that

o=y < € (olnsacay + ol sty vt g, ) (1)

1.6 Inverse problem: main results

Let Ay € W2N+1:0(Q R™) and p, € W2N+1.20(Q, C) be fixed, where N is given by (10). For M €
(0, +00) we define the set of admissible unknown magnetic vector potentials as

An(Ag) = {A € WNTD2(Q R™) || Allypacv 11,00 () < M and 95 A = 9% Ag on 09, k| < 2N — 1},
and the set of admissible unknown electric potentials as

Qur(po) = {p € WM H(Q,C) : Ipllyyansice () < M and 95p = J5po on 0Q, [k| < 2(N — 1)}

Remark 1.2. The regularity and the fized boundary values imposed by Anr(Ao) on the unknown magnetic
potential vectors, and by Qui(po) on the unknown electric potentials, are requested by the application of
Theorem 1.1 in the mathematical analysis of the inverse problem under study in this article. This arises
from the stability inequalities presented in Theorems 1.2, 1.3 and 1.4 below, where the size of the difference
of two admissible unknown electromagnetic potentials (A1, p1) and (As, p2), is estimated in terms of the
boundary measurement of uy —us. Here uj, for j = 1,2, is the W (0,T'; L>(2))-solution to the system
(1) where (Ao, po) is replaced by (A;,p;). In view of Theorem 1.1, each uj, j = 1,2, is well-defined by

Corollary 1.1, provided the Dirichlet data g € H2(N+%)’N+%(E), the initial state ug € H*N13(Q) and
the electromagnetic coefficients (A;, p;) € W2N+.00(Q R?) x W2NHLeo(Q, C) fulfill the compatibility
condition (8):

afg(,O) = (_i(_AAl + pl))k Uo = (_i(_AAz + p2))k Ug oM OQ, k= Oa 17 .- -7N' (12)

One way to comply with the second equality of (12) is to impose fized boundary values on (Aj,p;), j = 1,2,
as specified in Ay (Ao) X Qar(po). However, since (12) should be satisfied for any initial state ug, we see
that the aforementioned boundary conditions are necessary.

We first address the inverse problem of recovering the complex-valued electrostatic potential when
the magnetic vector potential is known.

Theorem 1.2. Assume that 8Q is C*N+Y) and let ug € H*N13(Q) and g € HQ(N+%)’N+%(E) fulfill the
compatibility condition (8) with m = N. Suppose moreover that

Jrg € (0,+00), |ug(z)| > ro, z € 0. (13)

Fiz M € (0,+00) and let p; € Qar(po), j = 1,2, satisfy

‘Im (WV(pl - p2))‘ < M|py — pa|” ae. in Q. (14)



Then there exist a nonempty sub-boundary T'g C 02 and a positive constant C that depends only on €2,
T, M and (Ao, po), such that

llpr — p2||L2(Q) < C0,0,(uy — u2)||L2(F0><(0,T))'

Here, u; for j = 1,2, is the solution to the IBVP (1) associated with the electromagnetic potential (Aqg, p;),
which is given by Theorem 1.1.

Let us now briefly comment on Theorem 1.2:

a) The assumption (13) allows for a far more flexible choice of initial input ug than in [2, 11], where it
is required to be either real-valued or purely imaginary.

b) The condition (14) holds true provided either of the real or imaginary parts of the electrostatic
potential, is known. Therefore Theorem 1.2 with Ay = 0 extends the stability result of [2].

c) Arguing as in [2], we can prove at the expense of higher regularity on the coefficients and data of the
magnetic Schrodinger equation that the following double-sided stability inequality
llpr — /’2||H5(Q) < C1[0, 0k (uy — U2)||L2(FOX(O,T)) < Collpr — P2||H3(Q)a
holds for two positive constants C; and Cs.

d) There are actual classes of complex-valued electrostatic potentials fulfilling condition (14). For in-
stance, this is the case of &, := {p(z) = a+8(z), § € C}, where a € Cis arbitrary and (z) := (1+]z|*)2
for all € R™. Indeed, for any p;(z) = a+ 0;{x) € &, j = 1,2, it holds true that

-1
x .
V(1 = po) (o) =161 = 6ol {25 < 1 =6l < (min @) [ = p)), @ € 2
<x> z€Q

e) The sub-boundary [y fulfills a specific geometrical condition expressed by (38). The same remark

holds for the sub-boundary 'y appearing in Theorems 1.3 and 1.4 below.

We next consider the inverse problem of determining the electromagnetic potential (Ag, po)-

Theorem 1.3. Assume that 09 is C*NTY . For M € (0,+00), let p; € Qar(po) and A; € Anr(Ay),
7 =1,2, fulfill the three following conditions a.e. in §2:

IV(p1 = p2)| < Mlp1 — p2l, (15)

Z:Hfaxnzl |0: (A1 — Az);| < M|A; — A, (16)
p

IV(V - (A1 — A2))| < M|V - (A1 — A3)|, (17)

where (A1 — Ay);, for j =1,...,n, denotes the j-th component of Ay — As. Then, there exist a nonempty
sub-boundary Ty C 02 and a set

n+1
(b, g"), k=0,1,....n} € ((H2N+3(Q,<C) x HQ(NJF%)W*%(E)) :

where each pair (uf, g*) obeys the compatibility condition (8) with m = N, such that the stability inequality

n
o1 = poll gy + 141 = Aol oy +IV-A1 = V-Asll 20y < C D [[000:(ut = )| o ry 0.1y
k=0

holds for some positive constant C, depending only on T, Q, M and (Ag, po). Here, we denote by uf, for

j=1,2andk=0,...,n, the solution to (1) associated with the initial state uf, the boundary condition
g* and the electromagnetic potential (A, p;).



We stress out that actual examples of classes of electromagnetic potentials fulfilling conditions (15)-
(17) can be built in the same fashion as in Point d) of the remark following Theorem 1.2.

Remark 1.3. In view of the third line of (44) and the estimates (54)-(55) and (59)-(60) established in
the derivation of Theorem 1.3, presented in Section 4.3, the statement of the above result remains valid
upon replacing the three conditions (15), (16) and (17) by the 2(n + 1) following ones:

of| <C (||P||iz(n) + 1| Al72(0) + IV - A||iz(9)) ; 1=1,2, k=0,...,n, (18)
with

ob := Im ((2A.w’g +ulv - A) (2JAV%+%V(V-A)) + (p+S-A)(Vﬁ+JAS)|u§|2),

ok == Re ((p + 8 Ak (2TAVUE + uEV(V - A)) — (24 - Vb + bV - A)uf (V5 + JAS)) .

Here we used the notations A := Ay — As, S := Ay + As, p := p1 — p2 and J4 stands for the Jacobian
matriz of A. It is apparent that (18) is fulfilled by any two electromagnetic potentials (A1, p1) and (As, p2)
obeying(15), (16) and (17).

Finally, we consider the inverse problem of determining the direction of the magnetic vector potential
when its strength, together with the electric potential, is known.

Theorem 1.4. Assume that 09 is C*(N+V) . For M € (0,+00), let A; € Ay(Ao), j = 1,2, be such that
|A1(z)| = [A2(2)], = € Q. (19)

Then there exist a nonempty sub-boundary 'y C 0X), and a set
. ; n+1
{(u, g"), | =0,1,...,n} € (HN(Q,0) x HX VTN (x))

of initial states uf and boundary conditions g*, fulfilling (8) with m = N for each k = 0,1,...,n, such
that we have

||A1 - A2||L2(Q) + ||v A4 =V A2||L2(Q) < OZ ||6Vat(ulf - u§)||L2(F0><(O,T))
k=0

some positive constant C, depending only on T, Q, M and (Ag,po). Here, ug?, for j = 1,2 and k =
0,...,n, is the solution to (1) with initial state uf, boundary condition g*, magnetic potential vector
Ao = A; and electric potential po.

We point out that if the divergence of the magnetic vector potentials is known, in which case we have
V(A1 — A3) = 0 everywhere in 2, then it is easy to see from the derivation of Theorem 1.4 (given in Sub-
section 4.4) that the above stability inequality remains valid with only n local boundary measurements.
Such a result is optimal in the sense that the n components of the vector-valued function representing
the unknown magnetic vector potential are recovered with exactly n local boundary measurements of the
solution.

1.7 Overview

The paper is organized as follows. In Section 2 we study the forward problem associated with (1) by
proving Proposition 1.1 and Theorem 1.1. Section 3 is devoted to the derivation of a Carleman estimate
for the Schrodinger equation in @, needed by the analysis of the inverse problem under examination.
Finally, Section 4 contains the proof of Theorems 1.2, 1.3 and 1.4.



2 Analysis of the direct problem

Let us first introduce the magnetic Dirichlet Laplacian in Q. For Ag € W2 (Q, R™) we denote by —Ago
the self-adjoint operator generated in L2(2) by the closed symmetric form

a(u,v) := /Q(V +idg)u(z) - (V +ido)v(z)dr, u,v € Hy(Q).

It is well known that the Dirichlet Laplacian A% ~acts on his domain Hg(€) N H?(2) as the operator
A 4, defined in (2).

Assume that py € W°°(Q,C). Then, upon applying [10, Lemma 2.1] (with X = L*(Q), U = iA%
and B(t) = —ipg for all t € [0,T]), we obtain:

Lemma 2.1. For all f € H%Y(Q) there erxists a unique solution v € C([0,T], H}(Q) N H2()) N
C1([0,T],L*(Q)) to the Cauchy problem

(e

Moreover v satisfies the following energy estimate

lollcoo,r1,m2 () + 1Vl go,17,22(0)) < CllF o) (21)
Here and in the remaining part of this section, C denotes a positive constant depending only on Q, T and
M.
2.1 Proof of Proposition 1.1
Since g € H2'3(Z) and up € H3(Q) fulfill (5) then [26, Section 4, Theorem 2.3] yields existence of
G € H*?(Q) such that we have simultaneously G(-,0) = up in © and G = g on X, with the estimate

1G22y < € (luollsagey + Nl 7.5s,) (22)

Here and henceforth, C' denotes a positive constant depending only on 7', 2 and M. It is clear that u
solves (1) if and only if the function @ := u — G is solution to the IBVP

(—iat — AAO + po)ﬂ =fe¢ inQ
=0 on ¥ (23)
a(-,0) =0 in Q,

with fg := —(—i0y — Aa, + po)G. Next, as G € H*?(Q) yields ;G € H**(Q) with 10:Gl| o1 () <
C||Gl gra.2(q) in virtue of [26][Section 4, Proposition 2.3], then we have fo € H*'(Q) and

Ife

@) < C (IG ey + 106G g2 ) < CUIGH ey, (24)

Therefore, applying Lemma 2.1 to (23), we get that there is a unique solution @ € H*'(Q) to (23), such
that

lill 210y < Cllfallzon oy,

according to (21). Finally, putting this together with the estimates [[ul| 2.1 (g) < (||11||H2,1(Q) + ||G||H2,1(Q)),
(22) and (24), we obtain (6).



2.2 Proof of Theorem 1.1

We prove the statement of Theorem 1.1 for m = 1 only, as the rest of the proof is obtained in a similar
fashion by induction on m.

Set m = 1 and put z := J;u, where u is the H**(Q)-solution to (1), given by Proposition 1.1. Then
we have

(=i0; —Aay +po)z=0 in@

z = 0g on X (25)
Z(,O) =29 in Q,
where zo 1= —i(—A4, + po)uo € H?(Q). Moreover, as g € H'z 4 (%), we have 8,9 € H2'i(X) by

[26][Section 4, Proposition 2.3] and ||6tg||H§ dm S C||g|| g% % ) Therefore, in light of (25) and the

compatibility condition (8) with k = 1, we infer from Proposition 1.1 that z € H?!(Q) satisfies
lelgesgy < € (leollaaga + 122l ,3.5,))
C (Itoll oy + 9l 031 ) - (26)

This entails that u € (;_, H2*(0,T; H?*(Q)) fulfills

IN

2
k; el 2o 7,750 sy < € (Heollrsgay + 9l .3 ) - (27)

Next, with reference to (2), we infer for a.e. ¢ € (0,T) from the first line of (1) that u(-,#) is solution
to the following elliptic problem
{ Au(-,#) = h(-

u(-t) = g(-1),
where h(-,t) := —iz(-,t) —2i4o-Vu(-, t)+ (|A0| —iV - Ag + po) u(-,t) € H'(Q) and g(-,t) € H= (8Q) C
H'3(5(). Thus we have u(-,t) € H3(Q) by elliptic regularity, with

t) inQ (28)

IN

G Ollgeiy < € (IACOlzr i) +19C, Ol o)
< C (IOl + s Ol zzqay + 19C Dl 0 ) - (29)
As a consequence we have h(-,t) € H2(Q) for a.e. t € (0,T), and since 89 is C* and g(-,t) € H= (8Q) C
H'*2(0%), we deduce from (28) and the elliptic regularity theorem that u(-,¢) € H*(Q) fulfills
- Dllgrsgy < C (1RGO lz(oy + NG Dl 5 o)
(i

2 Dllagey + I, Dll sy + 1931 ) -
Putting this with (29) we get
oy < € (U0 sy + G Dl oy + 90 3 ) - £ € (0.7

Now, bearing in mind that u and z are both in L2(0,T; H2(f2)), and that g € L2(0,T; H = (91)), we infer
from the above estimate that w € L*(0,T; H*(Q2)) and that

||u||L2(O,T;H4(Q)) <C (”ZHHZJ(Q) + ||u||H2,1(Q) + ||g||H12—1,%(E)) ‘
This, (6) and (26) lead to

el 2 0,7,1130y < € (ol s ey + gl g )
which, combined with (27), entails (9) with m = 1.



3 Global Carleman estimate

In this section, we establish a global Carleman estimate for the main part of the Schrodinger operator
L:=—i0; — A (30)

acting in @ = Q x (0,T). Carleman estimates for the Schrédinger operator in domains centered around
t = 0 such as  x (=T,T) were derived in [37] with a regular weight function and in [2] with a sym-
metric singular weight function. However, since the solution u to (1) cannot be time-symmetrized in the
framework of this paper, we need to establish a Carleman estimate for the operator L in Q).

3.1 Settings and start of the calculation

To this end, we assume in the entire section that u € L*(0,T; H} () and Lu € L?(Q). Notice we further
use that 9,u € L*(X). Next we put w := e**u, where s € (0,+00) and « is a real-valued smooth function
we shall make precise in the next subsection, and set

Rw := e*“Lu = **L(e™**w) = is(0ra)w + Riw + Row = is(0ra)w + Rzw,
with
Riw = —idyw — Aw — s*|Val*w
Ryw :=2sVa-Vw + s(Aa)w, (31)
Rsw := Rw — is(Oya)w = Ryw + Raw.

Since the function w is complex-valued, we denote by wy, its real part and by wiy, its imaginary part, in
such a way that w = wye + iwin,. Similarly we decompose each R;w, for j = 1,2, 3, into the sum

ij = ij + ZQJU)
where
Piw = Oswim — Awre — 52| Va|*wre, Q1w := —Opwre — Awim — 52|V a*wim,
Pow :=2sVa-Vuwe + s(Aa)wre, Q2w := 2sVa-Vwiy, + s(Aa) Wiy,
Psw := Re(Rw) + s(0:)Wipm, Q3w = Im(Rw) — s(0p ) Wre.
As we are aiming for computing |Rsw|” and since

2
|Rsw|” = |Rjw|* + 2Re ((Ryw)Ryw) Z |Rjw|* + 2(Pyw) Pyw + 2(Q1w)Qaw, (32)

j=1 j=1

[

we start by expanding the two last terms in the right hand side of (32). We get that

2(P11U,P2U})L2(Q) = /

4s(Va-Vwye ) Opwimdxdt + /
Q

ZS(Aa)wreatwimdmdt—/ 4s(Va-Vwye) Awyedxdt
Q Q

—/ 2S(Aa)wreAwredmdt—/ 483|Va|2(Va-Vwre)wredmdt—/ 25 |Va|*(Aa) |wye|*dzdt
Q Q Q

I
-
I

=

and

2s(Aa)wim8twredardt—/ 4s(Va-Vwiy, ) Awiy,dzdt

2(Q1w, Qaw) 12(g) = —/6248(Va-Vwim)6twreda:dt—/ o

Q

10



—/ 23(Aa)wimAwimdazdt—/ 483|Va|2(Va-Vwim)wimda:dt—/ 25 |Va|*(Aa) |wi|* dzdt,
Q Q Q

6
=: ZJk,

k=1

hence are left with the task of computing I, and Ji for j = 1,...,6. We proceed by integration by parts.
Bearing in mind that ws, = 0, we find through direct calculations that

I :/ 4s(Va-Vuwye ) Opwimdzdt
Q

—/ 4S(Aa)wreatwimdmdt—/ 4swie(Va - 8;Vwyy, )dzdt
Q Q

t=T

— / 48(V0¢-Vwim)wreda:‘
Q

+/ 43(6tVa-Vwim)wred:rdt+/ 4s(Va-Vwiy, ) Opwyedzdt
Q Q
—/ 45(AQ)Wye Oy i, ddt
Q
t=T

t=T t=T

= t=0 t=0

:—/ QS(Va-Vwim)wreda:‘ +/ 25(Va-Vwre)wimdar‘ +/ 25(Aa) Wi wredx
Q Q Q

—+—/ 43(8tVa-Vwim)wred:rdt+/ 43(V04-Vwim)8twredmdt—/ 4s(Aa)wreOywimdrdt,
Q Q Q

I :/ 25(Aa)wre (Oywim )dxdt,
Q

I; = —/ 4s(Va-Vwe) Awpedzdt
Q

/ —4s(Va-Vwge) 0y wredX +/ 4s Z
>

1,j=1

)(0; wre)(ajwre)dxdt—i—/ 2sVa-V|Vwye|?drdt
Q

/ ( 4sVa- Vw0 wre + 25(0, a)|Vwre| dE +/ 4s Z
>

3,j=1

@) (Owre) (0 wre ) dxdt —/ 23Aa|Vwre|2dmdt
Q

25(0,a) |0, wre| dx +/ 4s Z ) (0;wre) (O wre)daxdt —/ 23Aa|Vwre|2dmdt,
= Q

i,j=1

I, = —/ 2s(Aa)wre Awpedzdt
Q
2s

/ (Aa)|Vwre|2dxdt+/ 25(V(Aa) - Vwye )wyedxdt
Q

:/ 25(Aa)|Vwre|2dwdt—/ s(A%a) |wye|*drdt,

Q Q

I = —/ 453 |\Va|*(Va-Vwye)wredzdt
Q

11



:/ 25*(V - ([Val]*Va)) |wye |*dzdt,
Q
.[6 = —/ 233|Va|2(Aa)|wre|2dmdt,
Q
J = —/ 4s(Va-Vwiy, )Oywedzdt,
Q

Jo = —/ 25(Aq) Wi Oywyedzdt
Q

t=T

= _/ QS(Aa)wimwreda:‘
Q

t=0

+/ 2S(Aa)(6twim)wreda:dt+/ 25(0; A) Wi wyedxdt,
Q Q

Js = —/ 4s(Va:Vwim ) Awim dzdt
Q

:/ —4sVa-Vwim8,,wide+/ 4s Z(8i2ja)(8iwim)(8jwim)da?dt—+—/ 2sVa-V|Vwiy|*dzdt
by Q=1 Q

= —/ 25(0, ) |0y wim|* dE +/ 4s Z (afja)(aiwim)(ajwim)da:dt —/ 2sAa|Vwiy | dzdt,
) Q Q

ij=1

Jy = —/ 2s(Aq)wim Awim dxdt
Q
:/ 25(Aa)|Vwim|2dmdt+/ 2sV(Aa) - Vwipwimdzdt
Q Q

:/ 25(Aa)|Vwim|2da:dt—/ S(A2Q)|wim|2d$dt,
Q Q

Js = —/ 45%|Va|*(Va- Vwim ) wimdzdt
Q

:/ 25*(V - (IVal]*Va)) |wim|*dzdt,
Q

Js = —/ 25°|Va|? (Aa) [ wi |2 dzdt.
Q

Therefore we have
2(Pyw, Pow)r2(g) + 2(Q1w, Qaw) 12y = 26:(1’“ + Ji) =: Main; + Mains + Lower + Bndry,
k=1
with
Main; := /Q4s i (82»2]»04) [(@-wre)ajwre + (6iwim)8jwim] dzdt,

i,j=1

12



Main, :—/ 25°(V|Va|*Va)|w*dzdt
Q

4s® Z )(9;)(9;0) |w|?dadt,

Q i,j=1
Lower ::/ 45(0Va - Vwim ) wredzdt —/ S(A2a)|w|2d:vdt+/ 25(0s A) Wi wredxdt,
Q Q Q

=T
t=0

Bndry := —/ 2s5(0, ) (|5,,wre|2 + |<9,,wim|2) dx —l—/ 25 [(Va-Vwye)wim — (Va- Vwiy, )wye| dz
N Q

3.2 Weight functions
We introduce the weight functions
oAB(z) _ MK oM(2)
—en and p(z,t) = EOR A€ (0,+00), (33)

where 3 € C*(Q) is nonnegative and has no critical point, i.e.

a(z,t) =

plx) 20, |VB(x)| > co >0, Vo€, (34)

where K := 2sup, .q () and £ € C'[0,T] is nonnegative, attains its maximum at the origin and vanishes
at T, i.e.,

UT)=0,  £0)>L(t) >0, Vte (0,T] (35)

We assume in addition that g is pseudo-convex condition with respect to the Laplace operator, in the
sense that there exist two constants Ay € (0,+00) and € € (0, +00) such that we have

AVB-€° + D?B(E,€) > €€, € € R, X € [Ao, +00), (36)

with D?B(&,€) == Z? jzl(afj B)&:&;. For the sake of convenience we assume without loss of generality in
the sequel that
Ao > max(1,2(In2) K1), (37)

Next we define the observation zone where the Neumann data used by the analysis of the inverse problems
examined in this text, are measured, as the sub-boundary

Fp:={z€0Q:Vp(x)- v(z) >0} (38)

Remark 3.1. 1) It is worth mentioning that there exist functions B8 and £ fulfilling the conditions (34),
(35) and (36). As a matter of fact, for any fized xo ¢ Q, we may choose 3(x) = |v — 9170|2 for all z € Q
and ((t) := (T +t)(T —t) for all t € [0,T], as in [2]. In this case, (36) holds with e = 2 whenever Ay is
nonnegative, and the observation zone 'y coincides with the xg-shadowed face of the boundary 01, i.e.
To={z€d: (z—uxp) v(z) >0}

2) In a similar way to [2, Proposition 1] and [37, Proposition 2.1], for the purpose of centering the
information around the initial state of (1), the function o defined by (33), (34) and (35), is mazimal at
t = 0. Actually, « is inspired by the weight function introduced in [2]. However in contrast to this one,
which blows up at both ends £T of the time interval, the weight a that we use in this paper, is bounded
at the left endpoint of (0,T). This will translate into the presence of the trace term sZy(u(-,0)) on the
right hand side of the Carleman estimate (42), see Theorem 3.1 below, while the weighted energy traces
at t = £T wvanish in [2, Proposition 1]. The same is true for [37, Proposition 2.1], but this is due to the
vanishing of u(-,£T). As a matter of fact, the weight function of [37, Proposition 2.1] is quadratic in
time, hence it is bounded everywhere in (=1,T).
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From the very definition of «, we see that lim; ,r(pw)(-,t) =0, and for all 4,j = 1,...,n, that

Va =Vp = pVj, i = 0;p = A0y, 07500 = 8750 = XNp(0:8)0; B + A0 3 (39)
20! A8 _ JAK
el = |22 <ot 10Vl = NOIVBI < Capt, [ddal < Crph. (40

Here and henceforth, C' (resp., Cy) denotes a generic constant that depends only on €, ¢g and £(0) (resp.,
€, co, ||BllL>=(q), [ and X). In any case, C' and C are independent of s.

3.3 Completion of the proof
In light of (36) and (39)-(40) we have

Main; = / 4s Z (a,?ja) [(@wre)ajwre + (8iwilll)6jwim] dxdt
Q

ij=1

= / 4sAp [AVB-Vwye? + A|VB-Vwim|* + D?B(Vwye, Vire) + D* B(Vthimm, Vwin, )| dwdt
Q

> 46/ sAp|Vw|*dzdt,
Q

Mainy = /23 Z )(0iax) (0j0) |w|*ddt

5,j=1

:/6225%3@3 [NVBI* + D?B(VE,VB)] [wldzdt
> Qecg/ 3 X3 % |w|?dxdt,
Q

|Lower| = ‘/ 45(0:Va) - VWi )wredzdt —/ s(A%a)|w|*dzdt +/ QS(BtAa)wimwredmdt‘
Q Q Q

1

< Chs™2 / (s¢|Vw|* + s*¢? |w|?)dzxdt,
Q

. =T
Bndry = —/ 2s5(0, ) (|aywre|2 + |8,,wim|2) dx +/ 25 [(Va-Vwye)wim — (Va- Vwiy, ) wre) dm‘
b Q

t=0

—/ 2sAp(0, ) |<9,,w|2 d¥ — / 252 [(VB-Vure)tim — (V8- Vtim ) tre] ero‘dm‘
n Q

t=0

v

t=0

- / 23/\<p(aV,B) |8Vw|2 d¥ — / 25X [(Vﬁ'vure)uim - (vﬂ'vuim)ure] 628adw‘ ,
%o Q
where ¥y := (0,7) x I'g. This and (32) imply

. 1 1 3 3 p
IRswllf gy + 1Rzwle o) + lish 03 Vulli g, + st bulli o) < CllRswlzq) + Cas |

t=0

+ 0% (st ot Vulliag) + st ptulliag) ) +C \ /Q 250 (V- Vitse)tin — (V- Vtton Jtze] €***

for all A > Ao > 1 and all s € (0,+00). Further, bearing in mind that Rsw = Rw — is(d;a)w and
Rw = e**Lu, we infer from the above inequality that

IRswlf ) + 1Bowlaq) + lst 03 Vullf gy + IsBeRulag) < ClIRWIE2(q) + Cas |20,

2(Xo)
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+Ors 2 (llsf 0t Vullfag) +listotullig) +C / 2500 |(V3-Veure )i — (V- Vit Jure| > da
Q

t=0
Thus, going back to u = e **w and taking A > Ay and s > so(\) := 4C’§ > 0 in such a way that the low
order term Cys 2 (||s%<p%Vw||%2(Q) + ||s%<p%w||%2(Q)) in the right-hand side of the above inequality is
absorbed by ||s%<p%Vw||%2(Q) + ||s%<p%w||%2(Q) in the left-hand side, we get for all s € [sg, +00) that

1 3 ‘
1R (e*u)l[Z2(q) + 1R2(e™u)|[12(q) + slle™ 02 VullL ) + 5°llo e ullf2(q)

2
sa 2 s % 2sa
< Clle**Lullzz(gy + Cas He Y20,u ‘L2(EO) + 250, /Q 0e“** (VB -Vye)tim — (V- Vim)Ure| dz .

Finally, taking into account that £~2(0) < o(z,t) < €2 £72(0) for all (z,t) € Q x [0,T], we obtain that

b

1Ry (e )72 (q) + 1R2(e*u)l[ 72 (g + slle®*Vulltz(q) + 5°[le*ullfz (g

< Olle* Lulljaq) + Cas |[¢* 02 dyu

2
c Zs '70 ) ) )
1o+ CAST(u(,0), 5 € s, +00)

where

Z,(u(-,0)) := / 20|V (z) - (WVu — uVT) (x, 0)|da. (41)
Q
3.4 Statement of the Carleman estimate and brief comments

Summerizing, we have proved the following:
Theorem 3.1. Let a and ¢ be defined by (33) where 3 € C*(Q) and £ € C*[0,T] fulfill (34)-(36) for
some fized N\ € [Ng, +00), N\g obeying the condition (37). Then there exist two positive constants so and
C, both of them depending only on €, co, A, £(0), ||Bllr=(q)y and ||€'||p~(q), such that the estimate

1Ry (€0) 2y + [Ro (%) 2o + slle TullZag + 5%l ullacc
+ ST (u(- o>>) (42)

holds for all s € [sg,+o0) and any function uw € L*(0,T; H}(Q)) satisfying Lu € L*(Q x (0,T)) and
d,u € L*(0,T; L*(00N)). Here the operators Ry, Ry and L are defined in (30)-(31) and Zs(u(-,0)) is given
by (41).

The specific novelty of the Carleman estimate of Theorem 3.1 as opposed to those in [2, Proposition
1] or [37, Proposition 2.1], is the term sZ,(u(+,0)), where Zs(u(-,0)) is defined by (41), that cancels if
u(-,0) € R or in iR. The presence of the integral sZ,(u(-,0)) in the Carleman estimate (42) boils down
to (35), and more specifically to the assumption £(0) > 0, which guarantees that the weight function
t = a(-,t) remains bounded at t = 0 (i.e. a(z,0) € (—£~2(0)e~ ¥, 0) for all z € Q). As a matter of fact
the corresponding term vanishes at final time since « blows up at the endpoint of the time interval (0,7")
(i.e. limyyr_ a(z,t) = —oo for all x € Q) as we have £(T') = 0. This situation is quite reminiscent of the
one in [2], where £(t) = (T — ¢)(T + t) vanishes at both ends of the time interval (—=7',T") on which the
Carleman inequality is established. Similarly there is no such thing as Zs in the Carleman estimate of
[37, Proposition 2.1], which is designed for functions with identically zero initial and final states.

Remark 3.2. We notice from (33), (34), (35) and (37) that the estimate

_ 2
< C (||emLu||iz(Q) +5 Hgoéema,,u ‘

L2(Xo)

so(x, t)e?s @ < sf_z(t)ekTKcs_zs‘ﬂ("‘)“zT < sup re 2" €(0,1), X € [\, +0),
re(0,4+00)

holds uniformly in s € [sg,+00) and (x,t) € Q x [0,T]. As a consequence the second term in the right
hand side of (42) is bounded as

2

1
s ||p2e®*0 u)
Htp "oz

o) < ||8I/u||i2(20)7 s € [807+OO)' (43)
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4 Proof of Theorems 1.2, 1.3 and 1.4

In the entire section, we shall denote by C' a generic constant that may change from line to line, but is
independent of the parameter s introduced in the Carleman estimate stated in Theorem 3.1. As a matter
of fact it can be checked that the various constants C' that will appear in the remaining part of this text
depend only on 2, 7', M and g.

4.1 Preliminary estimate

Let us recall from Theorem 1.1 that u;, j = 1,2, is the H*(0,T; L*(Q)) N H*(0,T; H*(Q))-solution to
the IBVP (1) where (A4, p) is replaced by (A, p;). Thus, taking the difference of the two systems, we get
that w := u; — us solves

(—i0 — A, + p1)u=2iA-Vus — (p+S-A—iV-A)us in Q

u=20 on %

u(-,0)=0 on ),
with A:= A; — Ay, S:= A; + A5 and p := p; — po. Further, differentiating the above system w.r.t. the
time variable ¢, yields

(—i0; — Aa, + p1)v =2iA-VOus — (p+ S - A—iV-A) Osus in Q
v=20 on ¥ (44)
v(+,0) = =2A-Vug —i(p+ S-A—iV-A)ug in 0,

with v := Qyu. Notice that all the above computations make sense as we have u € H2(0,T; L*(Q)) N
HY(0,T; H*(Q) N H (), and hence

v e HY0,T; L*(Q) N L2(0,T; H*(Q) N Hy (Q)). (45)

Moreover, it holds true for all s € (0,400) that

2
e (O (.,0)|

_3 p
ey =7 (IRse o320y + 57lle™*vliza(qy) - (46)

where R; is defined by (31). This can be seen through direct calculations. Indeed, in light of (33)-(35) we
see that lim < a(z,t) = —oo for all € 2, whence lim <. es*ty(- 1) = 0 in L*(Q). As a consequence

we have
2 T q
2@ _/0 dt

where w := e*®v. Further, as Qyw =i (le + Aw + 52|Va|2w) from the very definition of R;, we have

2

e 00y (., O)‘

e Oy, t)‘

12

dt = —/ (wOw + (Qyw)w) du dt,
(@) Q

ey (.,0)|

- z/ (w(RTer AT + 8*|Va|*w) — (Riw + Aw + 32|Va|2w)ﬁ) dx dt
L2(9) Q

= Z/ (wRiw — (Riw)w + wAW — WAw) dz dt.
Q
Finally, since [, (wAW — wAw)dz dt = 0, we end up getting

sa(-,0) 0 2
¢ ol )) L2(Q)

= 2Re/ stiw(z,t)s™ 3 Ryw(z, t)de dt < 57%||R1w||ig(Q) + s%||w||iz(Q),
Q
with the help of the Cauchy-Schwarz and Holder inequalities. This immediately leads to (46).
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4.2 Proof of Theorem 1.2
Let us rewrite (44) in the context of Theorem 1.2, where A; = A; = Ay (and hence A = 0); We obtain:

(—i0 — Ay, + p1)v = —pOyus in Q
v=0 on ¥ (47)
v(-,0) = —ipug in Q.

Next, with reference to (30), the first line of (47) reads Lv = —pdyus + 2iAg- Vv + (iV - Ag — | Ao|” — p1)v,
so we have Lv € L?(0,T; L*(Q)), with v € L*(0,T; H} () and 8,v € L?(0,T; L*(01)), in virtue of (45).
Therefore, (42)-(43) yield

| Ry (esav)Hiﬂ(Q) + ||R2(esav)||i2(Q) + 5||€SQVU||§,2(Q) + 53”@8&””%2(@)

<c (nayvniz@o) "

. 2
eso‘(patuz — 2ZAO -Vo — (ZV . AO — |A0|2 — pl)v)HLZ(Q) + SZS(—ipU0)>
< C (10,012 sy + €012y + 1™ pllZ2q) + 1€ T0l2a gy + Ta(—ipuo)) . 3 € (50, +00),

where Z, is defined in (41). In the last line we used the energy estimate (11) where us is substituted for w.
Further, upon taking s; € [max(sg, 1), +00) so large that s; > 2C (in such a way that C(||esaVv||i2(Q) +

||emv||iZ(Q)) is absorbed by s||eSO‘VU||iz(Q) + s3||emv||iz(Q) for all s € (s1,+00)), we get that
IR1 (032 0 + [IRa(e™0)I2x gy + se™Voll2a0) + 5%lle™ vl g
< C (11001725, + e pll32q) + 5To(=iptio) ) » s € (51, +00),

From this and (46), it then follows that

Moreover, we have ||esa("0)v(-,0)“i2(9) = ||ew("0)pu0||i2m) > T%Heso‘("o)p”iz(ﬂ) for all s € (0,+00),
from (13) and the third line of (47), hence

(,0) ?
ol
e v(-,0) .

< C (11001725 + 5 Hle*pll3a(0) + 5 To(=ipuo)) , 5 € (31, +00).

2 . -
O] o SO (I100liasy) +57HIe bl 3oy + 57 Tul—ipua)) , 5 € (31, +00). (48)

We are left with the task of estimating the two last terms appearing in the right-hand side of (48). For
the first one, we take advantage of the fact, arising from (33) and (35), that

al@,t) < a(z,0), (2,1) € Q. (49)

This yields
2

e pll72() < s € (0,400). (50)

esa(~70)p‘

:T‘

esa(~70)p‘

2
L2(Q) 2@’

For the second term, we infer from (41) and the last line of (47) that

Is(—ipug) = / e2se(2,0) ‘Vﬁ . (|u0|2(ﬁVp — pVD) + |p| (@ Vue — UOVUT))) (m)‘dm
o

esa(~,0

IN

o ([ e eolpvs— pvaliads +
Q

2
)
p‘ L2(9)> , s €(0,400).
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Thus, with reference to (14), entailing [pVp — pVp| < C|p|* a.e. in Q, we get that

T, (—ipug) < 0‘ s € (0, +00).

esa(~70)p‘

2
2@y’

Now, putting this together with (48)-(50), we obtain

1 3
Thus, taking s» € (s1,+00) so large that s, > + s, ? is not greater than, say, %, then the above estimate
immediately yields

2
esa(',O)

esa(~,0)p‘

2 2 _1 ., _3
@) <C <||8,,v||L2(EO) +(s724+s572) ) ;8 € (s1,+00).

L2(Q)

o50(+,0) p‘

2
2
oy S O, 5 € (s2400). (51)

Finally, the desired result follows readily from this and the coming estimate, which follows from (33)-(35):

£5a(2.0) g3t O =) S st 2O00-05) ¢ (0 4oy zeQ, s € (0, +00). (52)

4.3 Proof of Theorem 1.3
In light of (2), (30) and the first line of (44), we see that

Lv = 2iA-Vuy — (p+ S-A —iV-A) Bug + 2iA;-Vo — (p1 + |A1|” —iV-Ap)w.
Therefore we have Lv € L2(0,T; L?(2)), by (45), with
e Lol gy < € (I ll2s gy + 116 Al gy + 1V - Al gy + €0l + T2 qy) - 5 € (0. +00).

Here we used (11) where u is replaced by uy. Next, since v € L?(0,T; H (2)) and 8,v € L*(0,T; L*(91)),
we may apply the Carleman estimate of Theorem 3.1 and (43), getting

1R (°0) 220y + I R2(€20) s ) + slle*Voll2a o) + ¥l 0] 22 gy
< C (11001 2y + 1™ oIy + 1™ AlPa g + 1€V - AllZagy + e vll2aiqy + € Voll2aq) + $Tu(0(0)))

for all s € (sg,+00), where Z;(v(+,0)) is defined by (41) with v(-,0) = —24-Vug—i(p+S- A —iV-A)ug,
in virtue of the third line of (44). Taking s; € (so,+00) so large that min(sy,s?) > 2C then yields

||R1(€sav)||i2(¢g) + ||R2(esav)||i2(¢g) + 5||€savv||i2(Q) + 53”@8&””%2(@)
< C (10u01325,) + e pll7aiq) + e Allt gy + e V- All}2q) + sTu(0(:0))) , s € (s1,+00).

This and (46) imply

O 0)|[ L <O ([0,0la0s + e pla() + e Allag) + eV -Allia(q) + sTu(v(,0)))
< O3 (110,0ll3(s,) + Map(s) + 5To(0(0) ), (s1,+00), (53)

with ) ) )
Map(s) := esa('70)p‘L2(Q)+ eSO[(HO)AhZ‘(nfr esa(.’O)v'A)mm)' 54

Here we applied the estimate [|e**Y[[ 2 ) < T%HeSO‘(VO)YHLZ(Q), which follows from (49), to Y = p, A
and V - A, successively.
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The next step of the proof is to show that
Zs(v(-,0)) < CM4,(s), s € (0,+00). (55)

To this end we start by noticing from the third line of (44) that

2
esa«,o)v(.,o)HLQ(Q) < CMa,(s), 5 € (0, +00), (56)

and that
Vo(-,0) = —(wp + 20), (57)

with

wy = 2D A+ (V-A)Vuo+i(p+S-A) Vug + iuglsA, (58)
zo = 2JaVug+uoV(V - A)+iug (Vp+I4S), (59)
where we set D2 := (0 u0)1<”<n and Jy := (0395)1<; j<, for all Y = (y;)1<j<n € H' (2, R"). There-

fore we have v(-,0)Vu(-,0) — v(-,0)Vu(-,0) = 2i (Im (v(-,0)Wp) + Im (v(-,0)Zp)) and consequently

2
+/€25az0‘1m (v(z,0)20(z) ‘dm),
L2Q)  Ja

for all s € (0,400), by (41). Putting this together with (56) and the estimate

2 + 650(270)
L2 (Q)

Aw@msc(

esa(z70)v(_, 0)‘

U}0|

2
sa(-,0) <
e w0| e S CMy,,(s), s € (0,+00),

arising from (58), we find that
L(00) < € (May)+ [ 09 |1 (oo, 0D |dz ), 5 € (0,+00) (60)
Q

Further, since Hesa("o)onLz(Q) < C(Heso‘("O)VPHLz(Q) + ||6sa("O)JA||Lz + [|eCOV(V - A) ||L2(Q))’
by (59), then we have

2
esa(wO)ZOHLQ(Q) < CMy,,(s), s €(0,+00),

in virtue of the assumptions (15), (16) and (17). This and (56) yield
/62““(””0 ‘Im v(z,0)z0(x) ‘dm<CMAp( ), s € (0,+00),
Q

through the Cauchy-Schwarz inequality. In light of (60), we have obtained (55).
Let us now combine (53) with (55). We get that

. 2 _1
g ,o>v(.,0)HL2(Q) < C (100017 5y + 57 Ma(5)) » 5 € (51, +00). (61)
The last part of the proof is to lower estimate Hesa("o)v ||L2 by Ma ,(s), up to some multi-

plicative constant which is independent of s. This can be done by referrmg once more to the third line
of (44), giving

e? G0y 0) = =00 (24.Vug +i(p+ S+ A—iV-A)ug), s € (0,400 62)
(-,0) ( o+i(p )uo), s € (0, +00), (
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and choosing n + 1 times the initial state ug suitably, as described below.
First choice. We set ug = u, where uJ is a non-zero constant of the complex plane, and we pick
g% € H*(N+3):N+5() such that the pair (u9, ¢°) fulfills (8) with m = M. The estimates (61)-(62) then

yield

320 (p 4 §-A — N-A)H j<c (||ayv0||i2(20) + s*%MA,p(s)) , 5 € (s1,+00), (63)

2
L2(Q

with v0 1= 9, (uf — ul).
Second choice. We are aiming for the same type of estimates as (63), where ||em("0) (p+S-A- iV~A)|

L2(9)
is replaced by ||esa'("0)A L2 It is clear from (62)-(63) that this can be achieved upon building a suf-
ficiently rich set of m € N initial states uf, k = 1,...,m, such that ||em("0)‘4||iz(m is upper bounded

, 2 e .
by Yo, ||esa("O)A . Vu’é”Lz(Q), up to some multiplicative constant. Namely, we choose n functions

uf : Q — R, for k = 1,...,n, such that the matrix U Uy, where Uy := (6lu§) and Uj denotes the
Hermitian conjugate matrix to Uy, is strictly positive definite, i.e. such that

1<k,I<n

dry € (0,+OO), |U0€| > 7“0|€|, fE (O (64)

The strict positive definitness imposed by (64) on Uy is rather standard in the context of multidimensional
inverse coefficient problems, see e.g. [6, 11]. Here, bearing in mind that e**C:9 Uy A = Uy(e**(~?) A) and
applying (64) with £ = A, we obtain

k=1
from the definition of Uy.

For each k = 1,...,n, we pick g¢ € H*V+D-N+3(%) in such a way that (uf,g*) fulfills (8) with
m = N, and we combine the well-known estimate

2

2
2

esa(50) 4. Vul H 52017 A > 2
L2(Q)

L2(9)

esa(~,0)A‘

2
65
o (65)

€+ PP > S 1 = ¢, ¢ ¢cecn, (66)

N =

where & = 2e5*0:0) A.Vuk and ¢ = e’ (p+ S-A —iV-A) uf, with (62). We find that

2 2 2
sa(-,0),,k (. sa-,0) 4. k _ k|2 sa(-,0) Y v
e v ( ,0)‘ ) >2|le A Vuo‘ o) HUOHLOO(Q) € (p+S-A—iV A)HL2(Q)’ s € (0,400),
with v* := §;(u¥ — u%). Summing up the above estimate over k = 1,...,n then yields
n 2 2 2
Z esa("o)vk(-,O)‘ >2 em("o)UoAH —COl[er*t0(p+5-A— ZV4)H . s €(0,+00),
k=1 L2(@) L2(Q) L2(Q)
by definition of Uy, and consequently
) 2 2 2
esa("o)vk(-,O)‘ > 2rd esa("O)A) — Ot (p+5.A— iV-A)‘ , 8 €(0,400),
L2() L2(Q) L2 ()

by (65). This and (61) entail

2
@) )’

et (p 4§ A—iV- A)‘

2 n ) N
L2(Q) <C (; Ha”vk”m(zo) +872Ma,(s) +

esa(-,O)A‘
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for all s € (s1,+00), and hence

‘ )L2(Q) <Z ”8 Uk”L? +S 2MA (s )) ) (67)

by (63). Further, in light of (66) with ¢ = e5*(:0)(p —iV-A) and ¢ = e**-0)S . A we have for all
€ (0,400),

]_ 2

e

sa(-,O)A‘

sa(-,0) ; ? i
esot (p—zV~A)‘ _(||A1||L°°(Q)+||A2||L°°(Q))

L2(9)

s0(-0)(p 4 G- A4 — iV A)|

2(9) L2(Q)

Putting this together with (63) and (67), we get that

e? 00 (p — V. A) H c) <C (Z |8, v’””L2 S_éMAm(S)) , § € (s1,400). (68)

Having established (68), we turn now to estimating ||em( -0) and ||em("0)V-A||L2(Q) in terms of

p||L2(Q)

the boundary measurements ||8,,vk||iz(20), k=0,...,n, and Ma ,(s). Let us first notice that we have
) 2 . 2 sal- 2 . .

||em("0) (p—iV-A) ||L2(Q) = ||em( ’O)p”]ﬁ(g) + ||e ( ’O)V-A||L2(Q) whenever the function p is real-valued,

in which case (68) yields

0 2 0 2 k
S R L L o A M ) IRTICIE )

In the general case where p : Q@ — C, we combine the inequality |V - A| < nM|A| in §, arising from (16),
with (67). We obtain that

2 n 1
0l 20 (S0 iy #5200, o o0
k=0

This, (68) and the estimate ||e““("0)p||L2(Q) < ||e““("0)(p—iV-A)||L2(Q) + ||esa("O)V-A||L2(Q) for all
€ (0,+0oc), yield (69).
Now, putting (67) and (69) together, and recalling (54), we find that

My,(s) <C (Z ||ayvk||iz(20) + séMAp(s)) , 8 € (81,+00).
k=0

Therefore there exists sy € (s1,+00) so large that M4 ,(s) < C > 7_g ||0v
so the stability estimate of Theorem 1.3 follows from this and (52).

2
k||L2(20) for all s € (sa, +00),

4.4 Proof of Theorem 1.4

We stick with the notations of Subsection 4.3 and we follow the same path as in the proof of Theorem
1.3, establishing (53). This shows existence of s; € (0, +00) such that the estimate

(-0) ?
saf-, _’0 ‘
e v(-,0) L2

< C5E (10,0l 2 + Mals) + 5Z(0(,0) ), (70)

holds for all s € (s1,+0c), where

2 2

Ma(s) :=Mao(s) = |le +

L2()

sa(~,0)A‘

o0y |

L2(Q)
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is obtained by taking p = 0 in (54). However, in the framework of Theorem 1.4 where none of the three
assumptions (15), (16) and (17) required by Theorem 1.3 is fulfilled, a more careful analysis is needed for
majorizing (up to some s-independent multiplicative constant) Zs(v(-,0)) by M4(s).

To this end we recall from (60) that

T, ((v(-,0)) < C (MA(S) +/§2623a(w’0)‘lm (v(z,0)z0(x)) dw) , s € (0,400), (71)

where zg is defined from (59) with p = 0, i.e. 2o = 2J4Vug +uV(V - A) + iugJ 4 S. Moreover, we notice
that
JsA+J48=0,

here. This comes from the assumption |A;| = | 45| in Q, entailing

0=0; (|41 (@) = [42(2)") = &, (Z sj<x>aj(x>) =3 @isj(@) aj(@) + 3 (B () (), w € D,
Jj=1 j=1 =1

for each i = 1,...,n, where we used the notations S = A; + As = (s;)1<j<n and A = (a;)1<j<n. Thus

we have zg = 2J4Vug + ugV(V - A) — iuglsA and consequently

Im (v(-,0)Z0) = Im ((24 - Vug +uoV - A) (2JaVug + oV (V - A))) + Re (wo(24 - Vug +uoV - A)JsA),
(72)
from the third line of (44), as S - A = |A;]* — |4s|* = 0.
Next, since A € R™ by assumption, we choose ug to be either real-valued or purely imaginary in €,
in such a way that Im ((24- Vug + 4oV - A) (2J4Vag + %@ V(V - A))) = 0. From this and (72) it then
follows that

/ @0 Im (v(z, 0)Zo(z))|dx < C / @0 |75 (24 - Vug + uoV - A)JsA|(z)dz < CMy(s), s € (0,400).
Q Q
Therefore we have Z;((v(+,0)) < CM4(s) by (71), and hence

(0) ?
sal- 0 H
e v(-,0) o)

< C (1001325, + 5 EMa(s)) , 5 € (51, +00) (73)

from (70).

The rest of the proof follows the same lines as the derivation of (63) and (67). Namely, by choosingug =
u in (62), where u8(z) = ro for some 79 € R\ {0} and a.e. z € Q, we get e**(-0)0(.,0) = iV V- 4
for every s € (0,+00). This leads to

+s—%MA(s)) , s € (51,+00), (74)

es“("O)V'AH;m) =¢ (”8”1)0”22(20)

in virtue of (73). Further we consider n real-valued functions uf, k = 1,...,n, fulfilling (64), and we take
up = uf in (62). Then, by arguing as in the derivation of (67) where (74) is substituted for (63), we get

that

Putting this together with (74) we end up getting that Ma(s) < C (ZLO ||6,,vk||ig(20) + s*%MA(s))

for every s € (s1,+00). The desired result follows upon taking s € (max (s1, ;=) ,+00) in the above
estimate.

eso‘("o)A)

2 n 2 _1
) <C <AZO ||6,,vk||L2(EO) +s éMA(S)) , 8 € (s1,400),
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