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Efficient big data analysis for ergodic diffusion
models on the basis of discrete data. *
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Abstract

We consider a big data analysis problem for diffusion processes
in the framework of nonparametric estimation for ergodic diffusion
processes based on observations at discrete time moments in the case
when diffusion coefficients are unknown. To this end we use the model
selection method developed in [21]. In this paper through the oracle
inequalities from [21] we show that the constructed model selection
procedures are asymptotically efficient in adaptive setting, i.e. in the
case when the regularity of the drift coefficient is unknown. To this
end, for the first time for such problem, we found in the explicit form
the celebrated Pinsker constant which is the sharp lower bound for
the minimax squared accuracy normalized by the optimal convergence
rate, i.e. it provides the best potentially possible estimation accuracy.
Finally, we show that the accuracy of the model selection procedure
asymptotically coincides with this lower bound, i.e. the constructed
procedure is efficient.
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1 Introduction

1.1 Problem

In this paper we deal with the process (y,);», defined by the stochastic dif-
ferential equation

dy, = S(y,) dt + b(y,)dW,, 0<t<T, (1.1)

where (W,);>0 is a standard Wiener process, the initial value y, is a fixed
constant, S(-) is unknown drift and b(-) is unknown diffusion coefficient.
The problem is to estimate the function S(z), for x € [x,,X,], on the basis
of the observations

(?th)1§j§Na t; = 7o, (1.2)

where the frequency § = d, € (0,1) and the sample size N = N(T") are some
functions of 7" that will be specified later. We consider the quadratic risk
defined, for any estimator S, as

Ry(S) =E, IS - S| wdHﬂP=/1U®W®m (1.3)

0

where E; is the expectation with respect to the distribution of the process
(1.1) for the functions ¥ = J(-) = (S(-), b(-)).

1.2 Motivations

The main motivation for the nonparametric drift in (1.1) is given in the
papers [7, 8, 21] in which Big Data problems are studied in the framework
of the high dimension linear diffusion models, i.e. the model (1.1) with

S@) =2 _09,(), (1.4)

where (¢;),<;<, are known linear independent functions and the dimension
is greater than the number of observations, i.e. ¢ > N. Indeed, such
problems are important at various applications such that stochastic opti-
mal control, finance, filtration, signal processing and etc (see, for example,
[1, 26, 32, 29, 28, 2] and the references therein). Nonparametric estimation
problems for S were studied in a number of papers in the case of complete
observations, that is when a whole trajectory (y,)y<;<7 Was observed. A suf-

ficiently complete survey one can find in [30]. It should be noted that, for



the first time, the famous Pinsker constant representing the asymptotic ef-
ficiency property for nonparametric diffusion models was found by Dalayan
and Kutoyants in [4, 5] for a special weighted integral risk using very nice
local time tool. In non asymptotic setting Galtchouk and Pergamenshchikov
in [10, 11, 12, 13] developed nonparametric sequential estimation methods
for the models (1.1) on the basis of which in [17] they calculated the Pinsker
constant for the risk (1.3). It should be noted that in all the cited papers esti-
mation problems were studied in the case of complete observations (y, )<< -
In practice, usually for the models (1.1) the observations are accessible only at
the discrete time moments (1.2). A natural question arises about properties
of estimators based on discrete observations. The nonparametric estimation
based on discrete time observations for models of the form (1.1) was consid-
ered firstly for estimating the unknown diffusion coefficient b(-) on a fixed
interval [0, T'|, when the observation frequency goes to zero, (see, for example,
[6], [24], [25], [27] and the references therein). Later, in [23] kernel estimates
of the drift and diffusion coefficients were studied for the reflected processes
(1.1) with the values in the interval [0,1]. Minimax optimal convergence
rates are found as the sample size goes to infinity. As to the estimation in
the ergodic case, it should be noted that firstly a sequential procedure was
proposed in [25] for nonparametric estimating the drift coefficient of the pro-
cess (1.1) in the integral metric. Some upper and lower asymptotic bounds
were found for the L, - risks. Later, in the paper [3] a non-asymptotic or-
acle inequality was obtained for a special empiric quadratic risk defined as
a function of the observations at the discrete time moments. In the asymp-
totic setting, when the observation frequency goes to zero and the length
of the observation time interval tends to infinity, the constructed estimators
reach the minimax optimal convergence rates. But, unfortunately, neither
the optimal convergence rate and nor efficiency property were established in
3]

1.3 Key ideas

Our approach is based on the sequential analysis methods developed in the
papers [10, 12, 13] for nonparametric estimation problems. This approach
makes possible to replace the random denominator by a conditional constant
in a sequential Nadaraya-Watson estimator. Let us recall that in the case
of complete observations (that is, when a whole trajectory is observed) the
sequential estimator efficiency was proved by making use of a uniform con-
centration inequality (see [14]), besides an indicator kernel estimator. As it
turns out later in [17], the efficient kernel estimate in the above given sense
provides constructing a selection model adaptive procedure that appears ef-



ficient in the quadratic metric. Therefore, in order to realize this program
(i.e. from efficient pointwise estimators to an efficient L,—estimator) in the
case of discrete time observations, one needs to use a suitable concentration
inequalities. Such concentration inequalities are obrained in [18] through the
uniform geometric ergodicity method for the process (1.1) developed in [19]
which provides non asymptotic uppers bounds uniformly over functions S(-)
and b(-) for the convergence rate in the ergodic theorem. Using this tool
we can show that the corresponding weight least square estimator for S in
(1.1) setting on the regularity parameters is efficient for the risk (1.3) in the
Pinsker sense [33]. Finally, using the sharp oracle inequalities obtained in [21]
we can estimate asymptotically from above the risk of the model selection
procedure with the risk efficient weight least square estimator and we obtain
the efficiency property in the adaptive sense, i.e. don’t using the regularity
of the function S.

1.4 Plan of the paper

The paper is organized as follows. In Section 2 we describe the functional
classes. In Section 3 a sequential estimator of the drift coefficient is con-
structed. In Section 4 we introduce a regression model based on the above
sequential estimator. In Section 5 we construct the model selection proce-
dure and announce the corresponding oracle inequalities. The main results
on asymptotic efficiency are formulated in Section 6. In Section 7 we study
main asymptotic properties of the basic regression model. In Section 8 we
study the efficiency property for non adaptive setting, i.e. in the case when
the regularity of S and the Pinsker variance are known. In Section 9 we give
the proofs for main results. In the Appendix we give all necessary technical
results.

2 Main Conditions

In the paper we consider the estimation problem for the drift S on the in-
terval [x,, x;], where x, < x, are some arbitrary fixed points. In order to
obtain a reliable estimator of S, it is necessary to impose some conditions on
this function which are similar to the periodicity of the deterministic signal in
the white noise model. One of conditions which is sufficient for this purpose
is the assumption that the process (y;);so in (1.1) returns to any vicinity of
each point = € [x,,x,] infinite times. The ergodicity provides this property,
when the coefficients of equation are known. In the case of unknown coef-
ficients, one needs to impose a uniform ergodicity property. To obtain the

4



uniform ergodicity property for the process (1.1) we use the functional class
introduced in [20], i.e. for any fixed L > 1, M > 0 and x, > |x,| + |x,| we
set

YiMm = {S € CY(R) : sup <|S(x)| + |S(:Jc)|> <M,

lz|<x,
-L < | i‘nf S(z) < sup S(z) < —1/L} . (2.1)
z|>x, |x|>x,

Here and in the sequel we denote by f and f the correspoding derivatives.
Moreover, for some fixed parameters 0 <b,_. < b < oo we denote by B
the class of functions b from C?*(R) such that

By < inf [b(z)| < supmax ([o(@)], o(@)], 1b(@)]) < by (22)

mi
z€R z€R

Now we set
0=,y xB={(Sb): SeXyy and beB}. (2.3)

It is easy to see that the functions from Xy ; are uniformly bounded on
(%, %], L.e.

*

s*= sup sup S*(x) < oco. (2.4)

xo<z<x; SEX; Mm

It should be noted that, for any ¥ € O, (see, for example, [9]) the equation
(1.1) has a unique strong solution and, moreover, there exists an invariant
density for the process (1.1) which is defined as

a,(x) = ( /R b2(2) e§<z>dz> ) 5 (2.5)

where S(z) = 2 [ b(v)S(v)dv (seee.g., [22], Ch.4, 18, Th2). It is easy to
see that this density is uniformly bounded on the class (2.3) and bounded
away from zero on the interval [—x,,x,] :

0<q,= inf infqy(x) <supsupqy(z) =q° < 400 (2.6)
|z[<x, v€O z€R Y€O

We need the following condition for the observation frequency.
A) The frequency o in the observations (1.2) has the following form

1

SR

(2.7)

b}



where the function l; is such that,

-
jlglio ﬁ = +0. (28)

For example, one can take I, = (In 7)™ for some ¢ > 0.

Remark 2.1. Note that we consider the efficient estimation problem only
for the drift function S, i.e. the diffusion coefficient b is considered as a
nuisance parameter.

3 Point-wise estimators

In order to obtain a reliable estimator of the function S on the interval
[X,,X;] we need some efficient point-wise estimators of this function. To give
such estimators, we begin with the partition of the interval [x,, x,] by points
(2k)o<k<n defined as

k(x; — o)

5= X+ X (3.1)

where n = n(7) is an integer-valued function of 7" such that

- n(T) _
Tlglgoﬁ—l. (3.2)

We can take, for example,

n:n(T):ng +1, (3.3)

where [z] is the integer part of the number z. To construct an efficient esti-
mation procedure for S(z,), at any point z,, we need to use some estimators
of the invariant density qy(-) and the squared diffusion coefficient b?(-). To
this end, we will estimate these both functions by making use of the first IV,
observations, i.e. (ytj)lstNO. We set

N, = [N"(T)] (3.4)

where 5/6 <y < 1.



3.1 Estimation of the invariant density

To estimate the density q, we will make use of the following kernel estimator

N,

N 1 -

q(z,) = 9N, hy z; Xj,k(h0)7 (3.5)
]:

T2
Xj,k:(ho) =X <%) and  x(y) = 1{\y|§1}-
0
Furthermore, we define a truncated estimator

(vp)'/2, it qlz,) < (vp)'?;
=) . e <AE) < g
(vp) ™2, it q(z,) > (vp)12,

where v is a strictly positive function of 7" verifying the following condition.
A,) Assume, that

I 4ol 7 0 (3.7)
im (v =0. )

For example, one can take vy = In" (T + 1) and I > In'™® T for some
t>0.

Proposition 3.1. Assume that the conditions A1)—As) hold. Then, for any
X, < X, and for any a > 0

lim 7% max sup Py(|gp(7) — gy(x)] > vyp) =0,

T—o00 Xg<z<xy ﬁeek,r

This proposition is shown in [20].

3.2 Estimation of the squared diffusion coefficient

To estimate the squared diffusion coefficient b?(z,) we use the following se-
quential procedure. First we define the sample size for this procedure :

J
T*,k = ll’lf{] 2 L ZXl,k(hO) 2 H*} A NO7 (38)
=1
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where H, = hyN,/In(T + 1). Then we set

= S o, — v, )’

e = S 1F*,k , (3.9)
where I', ; = {Zj\f:ol Xjk(ho) = H,}.
This estimator satisfies the following property.
Proposition 3.2. For any a > 0,
lim sup max T7_1/2_“E19|Bk —b*(2,)] = 0. (3.10)

T—o0 geo 1<k<n
The proof is given in [21].

Remark 3.1. Note that in the case of known diffusion coefficient b(-), we
can take b, = b*(z,) .

3.3 Point-wise estimation of the drift coefficient

Now we estimate S(z,), at every point z,, by making use of the observa-
tions (y, )y, 11<j<n- To this end we use the sequential kernel estimator from
J <G<

[13] with the indicator kernel function x(y) = 1y, < and the duration of
observations given by the stopping time

l
To=if{l>Ny+1: Y x;.(h) > H}, (3.11)

Jj=Ny+1
where the bandwidth h = (x; — x,)/2n,

Y, . =~k

Xjk(h) =X (T) Lagjenmy T 1w

and H, is some positive random threshold which will be specified later. It
is clear that 7, < oo a.s., for any H, > 0. Now, we define the correction
coefficient 0 < 2¢, <1 as

7, —1

Z X;k(h) + 29X, 1 (h) = Hy. (3.12)

j=Ny+1
Moreover, using this coefficient we introduce the following weight sequence

%k = Ljany T 2 =y - (3.13)
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It should be noted, that for any j > 1 the random variables 3¢ ; are G, | —

measurable, where G, = o (ytl ,0<1< j). Now we define the sequential

estimator for S(z,) as

. 1 ~
S5 = 5 Z ik Xj,k<h)Ayt, 1r (3.14)
0H, i

j=Ng+1

where Ay, =y, —y, and

By the same way used in the paper [20] to choose the threshold H,, we use
the truncated estimator g(z,) given in (3.6) and we set

H, = h(N — Ny)(23(z,) — vr). (3.16)

It should be noted that, as established in [10], this form for H, provides the
optimal convergence rate.

4 Regression model

In order to obtain an oracle inequality for discrete time data, we shall pass
to a regression model by the same way as in [17].
Denote

By making use of (1.1) and (3.14) we define a nonparametric regression model
on the set G, :

, (4.2)

where

Z () / " (b(,) — b(z)AW,  (43)



and

]kX]k )AWt : (44)

&, = |

Note that the coefficients (0’1>1§l§n are random variables and using their
definitions one can obtain the following bounds

0y, < min 07 < max o7 <oy, (4.5)
1<i<n 1<i<n
where b b
UrDiin max
0y, = =+ and o,, = .
0x " SNk Y upd(N — Ny)h
We estimate the parameter 0l2 as follows:
. b
g, = —— 5 46
l 5Hl ( )

where gl is the estimator of the squared diffusion coefficient b%(z;) defined in
(3.9). In order to obtain the oracle inequality, we need to study the properties
of the last estimator. To this end we set

"= E, ’|. 4.7
wy = nlrgﬂx o, — o} (4.7)
Proposition 4.1. Assume that the conditions A;) — A,) hold. Then, for
any a > 0,
lim 77712 " = 0. (4.8)
T—o0o

This proposition is proved in [21].

5 Model selection

First we choose a basis (¢;);5, in L2([Xg, X,]) such that, for any 1 <i,j <n,

(Di) 95)n =

(2)05(2) = 1oy (5.1)

For example, one can take the trigonometric basis defined as

¢, (x) =1//x; — X, and, for j > 2,

9 cos(2m[j/2]ly(z)) for even j;

be) = | RARNCR)
X1 = X0 | sin(2n[j/2)ly(x)) for odd j,

10



where [a] denotes the integer part of a and [(z) = (v — x,)/(x; — X,). Note
that if n is odd, then this basis is orthonormal for the empirical inner product,
i.e. satisfies the property (5.1). In the sequel, we assume that the n is odd,
i.e. asin (3.3). By making use of this property we define the discrete Fourier
representation for S on the sieve (3.1), i.e.,

S(zr) = 0,,0i(z), 1< k<, (5.3)
j=1
where .
01 = (5,000 = 205" 5(2)¢5(2).

=1

Moreover, using the regression model (4.2) we estimate these coefficients as

X1 — Xy

0, =(Y.d;)n = > Yi6,(2). (5.4)
=1

n

By the model (4.2), we obtain on the set G,

X, — X,

Gj,n = 9j7n + Cj,n ) Cj,n = gj,n ‘|‘ SjJL s (55)

n

where

[x, — X, — X, — X, —
Eim = : n ° Znglﬁbj(zz) v Binm = - n ° Zgl¢j(zz) .
=1 =1

We estimate the values S(z,),1 < k < n, by the weighted least squares
estimators

Su(z) = Y AN ui(z),  1<k<n, (5.6)

where the weight vector A = (A(1),...,A(n)) belongs to some finite set A
from [0,1]™. In the sequel, we denote by v the cardinal number of the set
A, v = card(A), which is a function of T', i.e. v = v. Moreover, we set the
norm for A as

L= max Y A (5.7)

which can be a function of T, i.e. A, = A (T). We assume that the basis
functions and the weight set A satisfy the following condition.

11



A;) For any a > 0,

. . AT
Jm e =0 and - lim g

=0. (5.8)

To estimate the function S on the interval [x,,X;], we use the step-function
approximation, i.e.,

~

Si(z) = Z §A(Zl)1{zl_1<x§zl} , T € [Xg,%y] . (5.9)

=1

Now one needs to choose a cost function in order to define an optimal weight
A € A. A best candidate for the cost function should be the empirical squared
error given by the relation

Err,(\) = ||§)\ — S|I> = min .

In our case, the empirical squared error is equal to
Err,(\) = > N(5)02, =2 A15)0;,.0,, + D02, (5.10)
j=1 j=1 j=1

Since coefficients 0, , are unknown, we need to replace the term 6;, 6, by
some estimator which we choose as

n
5 V) X1 = Xp~ ~ X1 =Xy ~ 9
O =00, — =—20;, and G5, ==—=L% Goi(z),  (511)
=1

where G, is the estimator for o7 defined in (4.6). Note that if the diffusion is
known, then we take in (5.11) 7;,, = 0;,, and

X=Xy - 2,2
Ojn = ——" ; 0107 (2) - (5.12)

It is clear that the inequalities (4.5) imply

0y, < min oy, < max oy, <oy, . (5.13)
1<i<n 1<i<n

Now, for using the estimator (5.11) instead of 9]-7”5]-7” one needs to add to the

cost function a suitable penalty term that we take as
D RS - 2/ N\~
P = B DS R0)a (5.14)
]:

12



if the diffusion is unknown and as

X1 =Xy

P,(\) =10 Z X(j) o), (5.15)

n

when the diffusion is known. Finally, we use the following cost function
Ta(N) = D NG), =2 A, + p PN, (5.16)
j=1 j=1

where the positive coefficient 0 < p < 1 will be specified later.
We define the model selection procedure as

X =argmin, _,J (\) and S, = §X' (5.17)

AEAT N

Remark 5.1. It should be emphasized that if in the model (1.1) the diffusion
coefficient b(-) in known, then the model selection procedure (5.17) is defined
through minimazing the cost function J,(\) with the penalty term (5.15).

For the risk (1.3), we have shown the following result in [21].

Theorem 5.1. Assume that the conditions Ay) — Ay) hold. Then, for any

T>1,0<p< 1/8 and ¥ € O, the estimation procedure S, defined in (5.17)
satisfies the inequality

2 ~~ U
LA U450 iR () + =2 (5.18)

R,(S,) <
0(9.) < 1—6p xea U pT

where the remainder term Uy 1 is such that for any a > 0,

lim T7*sup Uy =0. (5.19)

T—o00 V€O

In the sequel to obtain the efficient properties for this procedure we will use
the special weight coefficients introduced in [15, 16]. To this end we consider
a 2—dimensional numerical grid of the form

A={1,... . kK x{r,,...,r .}, (5.20)

where 7; = ie and m* = [1/¢?]. The both parameters k* > 1 and 0 < e < 1
are some functions of 7', i.e. k* = k7. and ¢ = &, such that, for any v > 0,

I R SR L ) (5.21)
1m — =U. .
7o \ T T e, ke T

13




One can take, for example,

1 _
R — d k"=k++/In(T +1
6T 111(T+ 1) an + Il( + )a

for some fixed k > For any a = (k1) € A, we introduce the weight

k> 1.
sequence A, = (A,(j));>

A ( ) 1{1§j§j0} + (1 - (j/wa)k) 1{j0<j§wa}7 (5-22)
where j, = jo(a) = [w,/ In(T + 1)], w, = @&y (7)Y and
. (k + 1)(2k + 1)\ /D
W = (Xl - XO) ( 2k .
We set
A= ()\a)aeA ) (5.23)

Note that, in this case, the cardinal v of the set A is the function of T, i.e.
v = vy = k*m* and the conditions (5.21) imply that, for any a > 0,

lim 2L =0, (5.24)

Therefore, for any a > 0,

A,
jll_Ifolom =0. (525)

Hence, the condition A;) holds and we obtain the following result.

Theorem 5.2. Assume that the conditions A,) — A,) hold. Then, the model
selection procedure (5.17) with the weights (5.23) satisfies the oracle inequal-
ity (5.18) with the remainder term satisfying the property (5.19), for any
a > 0.

Remark 5.2. It should be noted that similarly to [17], we will use the in-
equality (5.18) to provide the efficiency property in the adaptive setting. This
means that without using the reqularity properties of the unknown function S
we can estimate from above the risk for the model selection procedure by the
risk for the efficient estimation procedure constructed on the reqularity prop-
erties of the function S. The upper bound for the risk of the model selection
procedure follows from the sharp oracle inequality.

14



6 Main results

In order to study the asymptotic efficiency of estimators we use a suitable
class of drift coefficients S. To this end we define the following functional
Sobolev ball

We, = {1 € Cf(fxo.x1)) Z 1P <3 (6.1)
where r > 0 and the integer k£ > 1 are some parameters, Cf([x,,x,]) is the
space of k times differentiable functions f : R — R such that

fOz)=0, for 0<i<k—1 and x¢ [x,%].

Moreover, let S, be a fixed continuously differentiable function from ¥
such that Sy(z) = 0 for x, < z < x,;. We set

Wy, =Sy +W, —and O, =W, xB. (6.2)

Note that one can represent the functional class W,ST as an ellipse in
Lo([xg,%,]) with trigonometric basis (¢;),:

= {f € Cillxpxi]) = Y a7 <7}, (6.3)
=0
where 6; = (f, ¢;) fxl f(x)¢;(x)dx and
-3 (f!fi/i)
=0

In order to formulate our asymptotic results, we define, for any J € ©, ., the
following normalizing coefficient (1)

2
9) = LI™ . k= 4

where

L= 2k + 1 <7r(l<:+1)(2k:+1))

3, :/xl @) g, (6.5)

0 ay ()

and
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It is well known that, for any S € O, ., the optimal rate of convergence of
estimators is T72%/(2F+1) (see, for example, [11]).

Now we denote by =, the set of all possible estimators of S which are
measurable with respect to the o-field o{y,,0 <t < T}, i.e. based on the
observations (y,)g<;<r-

-~

Theorem 6.1. For any integer k > 1 and r > 0, the quadratic risk R (S)
admits the following asymptotic lower bound
liminf 7% inf sup U(ﬁ)Rﬁ<§) >1,,

T—oo SeEr veo,,

where v(J) = J;k*.
Assume now, that the penalty parameter p in (5.16) is a function of T,
i.e. p = py such that, for any a > 0,
lim pp, =0 and lim 7% = oc0. (6.6)

T—o00 T—oo

We can take, for example, pp = (6 +In(T + 1))~ 1.

Theorem 6.2. Assume that the conditions A;) — A,) hold. Then, for any
integer k > 2 and r > 0, the quadratic risk of the estimation procedure §*
defined through the trigonometric basis (5.2) in (5.17) and(5.23) with the
parameter p of the form (6.6) satisfies the following upper bound

limsup 7% sup U(ﬁ)Rﬁ(g*) <lI,.
T—o0 VEO, .

Theorems 6.1 — 6.2 imply immediately the efficiency property :

Theorem 6.3. Assume that the conditions A) — A,) hold. Then the esti-
mation procedure S, defined through the trigonometric basis (5.2) in (5.17)
and (5.23) with the parameter p of the form (6.6) is asymptotically efficient,
i.e.
o infge supyeg V()R y(S)

lim ’ = =1

T=o0 Supgg@kw U(ﬁ)Rﬁ(‘S’*)
Remark 6.1. It should be noted that from Theorems 6.1 — 6.2 it follows that
the function (6.4) is the Pinsker constant, which is calculated for the first time
for the model (1.1). For the model (1.1) with the diffusion coefficient b(-) = 1
the Pinsker constant was calculated in [17] which in this case coincides with
(6.4). Note also that the parameter [, is the well - known Pinsker constant for
the "signal plus white noise” model obtained in [33]. Therefore, the Pinsker
constant for the model (1.1) is obtained by multiplying the constant from [33]
by the Pinsker variance (6.5) in the power k,.
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7 Properties of the regression model (4.2)

First we recall the main properties of the model (4.2) from [21].
The random variables (§,), <<, from (5.5), satisfy the following property.

Proposition 7.1. The random variables (§,),<y<, are N'(0,1) i.i.d. condi-
tionally to the o—field Gy, -

Proposition 7.2. Assume that the conditions A;) — A,) hold. Then, for
any a > 0,

lim 7T supPy(GS) = 0. (7.1)
T—o00 9€O

These propositions are proved in [21].
Now, we study the heteroscedastic property in the model (4.2). To this
end we set

s, = (x, — %)Y 07, (7.2)
=1

where the variances (0;),<<,, are defined in (4.2).
Proposition 7.3. Assume that the condition Ay) holds. Then
Iy

X1 —Xg

lim sup E, =0. (7.3)

T—o0 ﬂegk,r

S, —

Proof. Using the definition of 0, in (4.2) and taking account of the form of
h given in (3.11), we can represent the quantity s, as

_ . an(Zz)
= R M) o) )

n

- Zgﬂ(zz)(le —2z_1) + R(Y) + Ry(V), (7.4)

X1 — X
1 01—

where by(z) = b(x) /qy(),

e (e SRl DOUGICEER

and

1 1
Bl =2 v - ) (e~ ) @)
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First, note, that the function gﬁ(') and its derivative are uniformly bounded,
le.

sup max (gﬁ(z) + |g;(z)|> < 00. (7.5)
VEO . XgS2EXy
Therefore,
I b —z4) =, =0.
Jim | sup IZ:; o2 (2 —220) = Ty

As the second term (7.4), note that, in view of the condition (3.2),

n2

lim ————~ =1.
Ty d (N — Ny)

Therefore, the property (7.5) provides that

lim sup |R,(9)|=0.

T—00 ﬂe@k,r

Moreover, taking into account that 2g;(z;) — vy > U;/ ? | we obtain, for suffi-

ciently large T, that for some C' > 0

n

|Ry(9)| < C ( U;/Q (lgr(z) —ag(z)]) (2 — z_1) + @) .

=1

Note here, that for any 1 <[ < n and for sufficiently large T,

—1/24 |~ _ ~
v "By lir(=) — ag(2)] < 207" Py(dr(2) — ap(2)| > vr) + /o7
Therefore, due to Proposition 3.1,

lim sup |R,(0J)|=0.

T—00 VEB,, .

Hence Proposition 7.3. 0

8 Non adaptive estimation

We start with the non adaptive case, i.e. we assume that the parameters k,
r and the function J, are known. In this case, we use the weight estimator
(5.9) from the family (5.23)

S =055 and \=);, (8.1)

«
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where & = (k,1), | = l; = [F(¥)/e]e and 7(9) = r/Jgy. We remind that
e =¢ep = 1/In(T + 1). Firstly, we need to study the asymptotic properties
of the weights A. To this end we set

n n

- ~ J ~
Tr(0) =) (1-X4))20% +—2——%  N(j). 2
o0 = 3030, + s RO (52)
7=1 7=1
Proposition 8.1. For any k > 2 and r > 0,
limsup T sup v(9)Tp(0) <1,. (8.3)
T—o00 CASICTA
Proof. First of all, note that
0< inf Jy,< sup Jy; <oo. (8.4)
SIS VEO, .
This implies directly that
lim sup |—~ —1| =0, (8.5)
T_)OOﬁGQk,r 7"(19)
where 7(J) = r/J,. Moreover, note that
TR0 ()T p(9) < T v(9) S (3,7 22(j 8.6
VT T8+ S ), (s6)

7=1

where S =77, (1 — X(j))262 . We decompose S, as

J?n

ST = S1,T + SQ,T
with -
Sl,T = Z (1— X(])F ‘9?,71 and S2,T = Z

J=Jjo+1 j:[a]+1

Let us recall that
B N\ 1/(2k+1)
w:wa:d)k<TlT> .

Lemma A.2 yields

(] ~
w

<(1+8) ) (1-x 92—|—2r(1—|—5_1)ﬁ,
_JO
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and Lemma A.3 yields
2 ~1 r
+8)Y O+ 1+ — -
J>6
These inequalities imply that

Sy < (148)8S: +2r(1+& My,

where
Sr=Y (1=XG)=> 1=XG))+>_ 0 =S, +S;,
j>1 J<@ J>
and _
LW 1
Wr = n2k + n202(k-1)
Note, that
= _ [c]
Thu()S; . = THv@) > (1—A(H))* 6’ Z i
3=do o J=Jo
( (@]
S o wj Z a] J’
k J=Jo
where @, = sup,., j*"/a;. It is clear that
. (%1 — %)%
nh—>120 “n = 2k

Therefore, from (8.5) we obtain that

kv (0) Sir (%, — %)% B L k,
= = ((% TG+ 1)m> '

limsup sup

o = 2k 72k 1.k

n—oo VYEO, . Egoi]] aj9]2. TR WL T
—Jo

Futher note, that for any 0 < £ < 1 and for sufficiently large T,

292 Xy — )%Zaﬂz: (Xl_XO)Qk Za-@z
2% ~2k iYj = § Y5
i>@ W i>E Tk (TlT)k*wl%k J>o !
< Jk
<(1+97 Wzk 0T *w% Y

j>w
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This inequality implies

Y Tru () S;T - (x, — xg)2* ( L >l~c*
imsup sup < - = :
n—oo V€O . Zj>&7 aj 9]2 Wkaszk* (Qk + 1)([6 + ].)7"7'('

So, taking into account in (8.7) that for & > 2

lim sup T*@, =0,
T—o0 SeEWy .

we obtain that

k e
b s 08y <5 () 69
Moreover, we can check directly that
limsup sup J};k* i X(j) < ut, (8.9)
T—oo V€O, Tk (x) — %) = F

where

*

~ p— k*
ot = ok 2k? ik, ( k ) '
(x; — %) 2k +1)(k+1) (2k+ 1)(k+ 1)m
Using now (8.8) and (8.9) in (8.6) we obtain the limit equality (8.3) and,
hence Proposition 8.1. O
Now, through Proposition 8.1 we can obtain the following upper bound.

Theorem 8.2. For any k > 2 andr > 0, the estimatorgfmm (8.1) satisfies
the inequality

limsup 7% sup v(9)E,|S — S| <1, . (8.10)

T—o0 VEO, .
Note that Lemma A.1 implies the following upper bound.

Theorem 8.3. The quadratic risk for the estimating procedure S from (8.1)
has the following asymptotic upper bound

limsup 7% sup v(9)R(S,S) <1,. (8.11)

T—o0 V€O ,.

Remark 8.1. It should be noted that the inequality (8.11) together with Theo-
rem 6.1 mean that the estimator S defined by (8.1) is efficient. Unfortunately,
we can’t calculate this estimator, since it depends on unknown parameters k,
r and Jy. But, this estimator belongs to the family (S, )\cp with the weight
vectors defined in (5.23). Therefore, through the oracle inequality we can es-
timate the risk of the model selection procedure with the risk of the estimator

(5.23) and, therefore, using the property (8.11) we can provide the efficiency
property for the procedure (5.17).
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9 Proofs

9.1 Proof of Theorem 6.1
First, we introduce the following auxiliary class

@Zm = {19: (S,bg) : SeW,,., b= 1} .
It is clear that ©) C ©, . and

sup v(¥) R(S,S) > sup v(9)R(S,5S).
9EO,, . ﬁeegm

Using here Theorem 5.2 from [17] we obtain Theorem 6.1. [

9.2 Proof of Theorem 8.2

First note that, in view of Proposition 7.2, to prove this theorem it suffices
to show that

limsup 7% sup v(¥) Eyxg 1S —S|2 <1,. (9.1)
T—00 VEB,, :

Indeed, note that due to (5.3)-(5.6) on the set G, we obtain that

I8 =512 = 3 (RO + G = 220) 0+ G+ 67,)

= > (O0) %8, + 8D O0) ~ VGl + XG)S,) .+ (92)

where 0, , = (S, ¢;),, and X is defined in (8.1). Taking into account that

X1 — Xy

Cj,n =8in + gj,n )

using the inequality
20y < ex® + e ly?,

we have from (9.2) on the set G,

S-S < o <i<1 3G, +Bl> +(1+2) 8,

j=1

£20/ 70 3T AGAG) ~ Db (93
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where
B= MRS RGie ad B = 3 RO (9.4)
1 - 7)&5 ., 9 i .
j=1 j=1
Moreover, taking into account the property E¢;, = 0, one gets

n

EyllS - S|%xa, < (1+¢) <Z (1= X)), +Ey Bl)

j=1
+ (1 + %) EyB; Xa, — 2By ByXa:e (9.5)
where .
By = | =—=2 S XG)AG) — D,
=1
Note that ]
(0 = x)Ey (£,10n,) = 2+ 203070, (2)  (9.6)
=1
where s, is defined in (7.2) and g_bj(zl) = (x; — xo)qb?(zl) — 1. Setting now
S, =s, — Ty ,
X1 = X

we represent the terme Ey B, as

1 no_ n _
E, B, = ﬁEﬁ Z)‘Q(j) (Sn + (%, — %) ZU?%‘(%Z))
j=1 =1

Jy - ~y,
= — A B B 9.7
(% — xo)n? Zl VB B 07
j=
where
B _ln XQ-E_ B _Xl_XOE nf)\\/2. n 0T
11 — nQZ (.7) 9Sn 12 — n2 192 (j)za'l(bj(xl),
i=1 j=1 =1

Now from (9.5) and (9.7) we obtain that

E, |5 - SI2xe, < (1+€) (Tr+ By + By,
2
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The property (8.9) and Proposition 7.3 yield for the terme B,

limsup 7% sup |By| =0.
T—o0 €O, .

As to the term B,,, due to Lemma A.4, one has

n
X, — X
|Bya| < : 2 OEﬂZUlz
=1

n

Z XZ(])E] (1)

k+1%X1 — Xp - k S
<2 HlTEﬁZaf =2 HE%—’;. (9.9)
=1

Therefore, in view of Proposition 7.3, we obtain that

limsup 7% sup |B,| =0.

T—o0 JEO .

Moreover, by the definition,

B2 - sz(j)g?,n and gj,n = (g7 ¢])n .
j=1

Therefore,
B,<Y g, =gl
j=1
and
X, — X
Eylg B, < Ey 1G*||g||i = % ZEﬁ 1G*gi'
k=1

It is easy to verify (see [21]) that

2~ 1y2p2 .
zléglrgn&anﬁ 1g g, < M°h* +0(1/T)

These bounds yield that

lim T+ sup E,1g B,=0. (9.10)

T—o00 V€O, .

To estimate the last term in (9.5) note that through Lemma A.5 we can
estimate the square of the expectation of this term as

n
X;—X 04 (X1_X0)
EﬂBg)Sal* L Og 2 =
b n 7,n
Jj=1

IS117 -
n
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Therefore,

Eylg: [By| < 1511, Py (GS)

01.(%; — X)
n

and taking into account Proposition 7.2, we obtain that

lim 7%+ sup Eylg: |By| =0.
T—o00 V€O, .

Therefore, using Proposition 8.1 in (9.8) we obtain Theorem 8.2. [

9.3 Proof of Theorem 6.2

Taking into account that for sufficiently large T' the estimator (8.1) belongs
to the family (5,),c, indexed by the set (5.23), we obtain that

limsup T"E,||S, — S||> < h;nsup Tk*E19||S~ —S|2.

T—o00

So, Theorem 8.2 implies immediately Theorem 6.2. ]
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A Appendix

A.1 Properties of the trigonometric basis.

Lemma A.1. Let f be an absolutely continuous [xy,x;] — R function with
|fll < oo and g be [xy,%,] = R a step-wise function of the form

z) = Z Ci X(2;_1,5,] (%),
j=1

where c; are some constants and the sequence (2;)o<j<, 5 given in (3.1).
Then, for any € > 0, the function A = f—g satisfies the following inequalities

1AI2 < (1+ A2 + (1 ; ) 71 o e,

and

I£11”

IAI2 < (14 DA + (1+) (1 — %02
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The proof is given in Lemma A.2 from [31].

Lemma A.2. For any 1 < j < n, the trigonometric Fourier coefficients
(0;..)1<j<n of the functions S from the class W, satisfy, for any € > 0, the

7,n
following inequality

~ r
9?,n§(1+5)9?+(1+51>n—§w (A1)

where
B 2r(m? + 1) (%, — )(0)2”f
k— 2k ’

Proof. First we represent the function S as the Fourier series in £5([x,,x])

S) =) 6a(x) + A, (),

where

A(x) =) 6,¢(x). (A.2)

I>n

Making now the Fourier decomposition of S on the grid (z;),< <, with an
odd n, one gets the Fourier coefficients :

Hj,n = (S, ¢j)n = (9]' + (An’ gby)n
and, for any 0 < £ < 1,
02, < (1+8)8+ 1+ H[A,l7.

By applying Lemma A.1 with f = A, g = 0, we obtain that

A |12(x; — x,)2 A 12(x, — x,)2
I>n

14,1705 = %,)?

n2

-1
< 27’an+1 + 2
Taking account of (6.3) and that 2[l/2] > [ — 1 for [ > 2, we have

(x; — Xo)%

4 IR — %)

2r
2
a2 < 2> =
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Note here, that for any n > 1,

. (k1) 0,62
13,2 = 2L S - oy
I>n I>n
< (x; — Xo)Q(k_l) Z aﬂ? < (%, — Xo)z(k_l) (A.3)
= T2(k—1) (I — 12610 = p2-1p2k-1) :
I>n

Hence Lemma A.2 O

Lemma A.3. For any n > 2, 1 < m < n and r > 0, the coefficients
(0;0)1<j<n of functions S from the class Wy . satisfy, for any € > 0, the
following inequality

- 2 2 ~1 !
Yoo, <148 Y, 0+ (1+¢E ) T (A.4)
j=m+1 j>m+1
where o
;o= (%, — %)
1 2(k=1)

Proof. First we note that

> = min 183 nl < 1A,

j=m+1 7 j=1
where the function A, (-) is defined in (A.2). By applying Lemma A.1 with
f=2A,,,9 =0, and taking account of the inequality (A.3), we obtain the
bound (A.4). Hence Lemma A.3 [

Lemma A.4. For any k > 1,

supn~* sup < 2k, (A.5)

n>2 x€[x(, %]

Z 15, ()

where ¢,(x) = (%, — %)¢} (¥) —

Proof of this result is given in Lemma A.2 from [15].
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A.2 Technical lemma

Lemma A.5. Let (u;),< <, be nonrandom sequence. Then

2
n n
(IS <o u?
j jvn - 1’* j '
j=1 j=1

Proof. First we denote D, = )
n (5.5) we obtain that

X X n n

[X1 — Xy

= 0 E :O—lgl,n E Uj¢j(zz)-
=1 j=1

7 L ;8 - Now, using the definition of §; ,

This implies

E, D*(u) = >

X n n
D BLAVIEAC)
=1 j=1
<01*Zu )= oy Jul®

Hence Lemma 3.1. Il
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