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Abstract: In this paper, we compare different order of statistical moments to blindly estimate the propagation channel in an OFDM
based wireless network. We first derive the theoretical expression of the channel estimation error and we compare it to simulation
results in different scenarios. These simulation results show a good agreement with the theoretical expression. Furthermore, we show
that blind channel identification algorithms, based on different moment’s order, exhibit similar performance in terms of the
Normalized Mean Square Error (NMSE) and in terms of the Bit Error Rate (BER). We conclude that the choice of the moment’s
order is uniquely based on the ambiguity solving stage in the algorithm. The proposed study shows that the choice of the 4™ moment
is a trade-off between channel estimation performance and ambiguity solving complexity.

Keywords: Blind channel, High order moment.

1. INTRODUCTION

Orthogonal ~ Frequency  Division  Multiplexing
(OFDM) [1], [2] has generated considerable interest as a
highly suitable technique for high-bit-rate transmission.
It has been adopted in modern wireless access networks
such as LTE [3], [4], TEDS [5], WiFi [6]. In an OFDM
waveform based transmission, a great number of
subcarriers are generally devoted to pilot symbols which
reduces the spectral efficiency. To overcome this
problem, blind channel identification and equalization
have attracted considerable interests during the past few
years. Thus, many algorithms have initially been
proposed using the subspace approach [7], the ML
estimation [8], the adaptive tracking [9], and a constant
modulus algorithm [10]. Furthermore, several works
have also focused on using second-order statistics
techniques [11] based on over-sampling or on spatial
diversity. Higher order statistics were also investigated in
blind channel estimation and shown good performances
[12]-[15]. Thus, a relevant question arises in the case of
algorithms investigated in [14], [15]: Is there an optimum
moment’s order for blind channel estimation? According
to the author’s best knowledge; there is no study about
comparison of the impact of this moment’s order on the
blind channel estimation. To this end, in this paper, we
compare both estimation errors and BER results between

the 4th, 8" and 12" moment’s order in OFDM
transmissions using respectively 4-QAM, 16-QAM and
64-QAM modulation schemes; we derive analytical
expressions of an approximation of the power of the
estimation error and the BER for different moment’s
order. The obtained theoretical results are compared to
the simulation results. The paper is organized as follows.
Section Il is dedicated to system model and some recalls
about p™ order statistics. In section III, estimation
channel algorithm is presented and derivation of the
estimation error and the BER are detailed. Numerical
results are presented and discussed in section IV. Finally,
section V concludes this paper.

2. SYSTEM MODEL

A. Data and Channel Model

Consider a SISO (Simple input Simple Output)
transmission system with one transmit antenna and one
receive antenna. Let’s s;;, be the M-QAM symbols
transmitted over the i* OFDM symbol and the k"
subcarrier of an OFDM frame. Consider that the
frequency response of the propagation channel at the k"
subcarrier hy, is constant over N > M OFDM consecutive
symbols.  Assume also well time frequency
synchronization at the receiver and cyclic prefix correctly
sized to contain the channel impulse response. Thus, the
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transmission can be modeled according to the following
equation,

Tk = MeSpp + Nk 1)

Where n;,, is the circular AWGN (Additive White
Gaussian Noise) at the i*® OFDM symbol and k"
subcarrier.

B. p" order statistics

In this section we present some statistics concepts
used in our blind channel estimation algorithm. This latter
is based on high order statistic of the M-QAM received
signal.

We define the (p, g) order moment of an complex
variable x as follows,

Ky = Ele?x°7) @
E[—] denotes the mathematical expectation.

If x is a circular complex variable, like it is the case for

the AWGN in our system model, then Vp #
@ _
9, Py = 0.

If we assume that the distribution of the complex M-
QAM symbols x is uniform, we can define (p, q) order
moment as:

@ _(ElxM] ,p=Morq=M
VPFaqetptasM g = { 0 , otherwise.

®)

In the sequel of this paper we use (p, 0) order moment of
the received M-QAM signal. For 4-QAM symbols
uniformly distributed, (p, 0) order moment is given by:

o) _ {apejp"’, P = 41, vl € N* (4)

Fat) = 0, otherwise .

Where a and ¢ are respectively magnitude and initial
phase of the constellation.

We can easily observe that each M_QAM constellation
can be seen as a set of 4-QAM constellations weighted by
a magnitude a; and shifted by a phase ¢;. For example,

if xis a 16_QAM symbol therefore e {4 — QAM s,
‘4

4 — QAM n , 4—QAM n , 4—QAM ==
¢ . m‘9.764’ ¢ ‘/1_0'2.515’ Q m‘Z}’ a
shown in figure 1.
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Figure 1. 16-QAM constellation

The p™ order moment of x is given by the expression
hereafter,

M
(O] TP Lipe, *
0 Poib9; =
O = Yoot ZLa @l p = ALVIEN (s
0, otherwise.
Where H;(c?,?(p) is the moment of x, € 4_QAM, ,
We note that the unbiased estimator of % over N
samples is given by the following equation,
A0 _ 1gN-1,P
fy ) = y Zi=0 Xi - (6)
TABLE I. P™ORDER MOMENT WITH P = 14, 8 AND 12
© ) ©
P(ay Hys) My (12)
4-QAM -1 1 -1
16-QAM -0.68 2.203 -8.879
64-QAM -0.619 1911 -8.662
128-QAM -0.181 -0.653 4.488

C. Blind Channel Identification Algorithm

The present blind channel identification method
exploits the fact that the p™ order moment of the M-QAM
symbols is no-null however the first p"" moment of the
AWGN is null. Therefore from equations (1 to 5), the
frequency channel response at the k" subcarrier is
estimated as follows,

. Am N-1,P \p
he’® =hy = (%Zl‘g))rl"‘> , LEN. (7)
)
2in
With, ygf)()p) is given by equation (5) and e’ 7 is the
2l

=

ambiguity resulting from the p" root of 1, like e
V1. This ambiguity term is assumed well corrected with

dedicated algorithm [13].
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D. Estimation error derivation E [|ghk|2] =
Merging equation (1) into (7), we obtain, v S (B Bl e pl ] s e ] (13)
(pNi) sing T

. . »
hk=(hz LS zl(m)himz’k'"n:m)xm

Hs,(p)

By setting e(p) = (0) Ny (31) Ry " st "l
equation (8) becomes

7 ®)\p £ity ’
Ry =(h"+gh”) hk<1 +h—{;) . )
k

£®)
Consider that h" < 1, this assumption may be widely

k
admitted since we consider that the element of noise nj

is AWGN and this leads to consider
- (rl:l) hy™™sP "nfl} also as AWGN. We know in
this case that the first moment of an AWGN is null,

therefore E[ e 1@1) hy " sh ™| =0 . In

conclusion, |ZN DX 1(51) hy st ’"n{’}cl « 1, when

N> 1.
Therefore equation (9) can be approximated by the first

order Taylor series [14], as given by the following
equation,

£ oa RO
i = o+ re). (10)

By setting, &5, = #sﬁ?, the last equation becomes,
h

hk = hk + Ehk' (11)

With &, is the channel estimation error. Using equation
(8) we can write:

p-1 _ N-1 p p
Enyc e oNg (o) Yizo (

DY R ST M (12)
Hs )

To evaluate the channel estimation accuracy we have to
calculate error power defined as E [|shk|2]. For this aim

and to reduce calculation complexity, we admit some
assumptions:

First we that YNk /tsP™ali and

lk
YN Ry 2P 2 are independent for my # m, . We
also assume that h” ™ and n{}, are not correlated and

en, and k" are independent. Therefore,

consider

In the sequel, we focus on the derivation of this

estimation error in the case of Rayleigh propagation

channel. This latter can be written as h, = hg, + jhy
2

with, (hge, Rpe) ~ N(O,"Z—h) . Following the system

model defined by equation (2), the noise is also written

, ol

as My = Npige + jnyige and (Mgyp Myig) ~ N (0. jn) -

Since nj, is an uncorrelated centered complex Gaussian

variable of variance ;2 then,

E[|sit ni ] = 25 E [[ni ). (14)

Based on [15] the expectation E[|n{’}c|2] is expressed
according to the following equations,

E[Inil] = 2t (7) BB ™1 (19)

This equation can be rewritten also as,

E[|n{’}<| ] i 0( )M|zz|#|z(m K (16)
With, p4 is the central absolute qt" moment of a real
random Gaussian variable ng;x . pq IS given as
follows [16, 17],

(2
Hiql = O (\/;2 )- (a7

Thus,

E [|Ziv olnf’H ] =
zl+1)r(2(m—l)+1)

NSz (7)) o o | — (18)
Similarly, E[|h]*|?] is obtained,

£l -

e

Finally and using equation (18), (19) and Table I,
estimation error can be written as equation (20) (at the
end of the sixth page of this article).

3. NUMERICAL ANALYSIS

For simulations, we consider an OFDM transmission.
The studied M-QAM constellations are 16-QAM and 64-
QAM. For each constellation, we investigated the
encoded Bit Error Rate BER and Normalized Mean
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~2
Square Error NMSE = Hillli_zﬁ;” We evaluated the
performance on blind channel estimation as function of p,
the moment order and N, the number of OFDM symbol
used for channel estimation. The theoretical result
obtained in equation (20) is compared to Monte Carlo
simulation. The channel modulus is chosen as a Rayleigh
random complex value drawn each iteration.

Figure 2 shows the NMSE respect to Eb/NO for 16-
QAM constellation and using N = 64 OFDM symbols for
channel estimation. NMSE is estimated theoretically and
with simulations for 4™ 8" and 12" order moment
channel estimation algorithm.

T
Theoretical p=4 [}
Theoretical p=8 ||
Theoretical p=12 |
—s#— Simulated p=4 ||
—— =
Ny Simulated p=8

=~ Simulated p=12 |1

NMSE

4 6 8 10 12 16 18 20 22 24

14
EbNO [dB]

Figure 2. NMSE vs Eb/NO for 16-QAM and 64 OFDM symbols.

As illustrated in figure. 2 the channel estimation error
obtained in equation (20) is in good agreement with the
simulated result whatever the moment order. Furthermore,
the estimation error does not significantly decrease when
the moment order increases.

Regarding BER, Figure 3 shows it as a function of
Eb/NO. The simulation results are obtained for a 16-QAM
constellation, and using N = 64 OFDM symbols for
channel estimation. The BER is steel following the
estimated error power given by the equation (20) and
illustrated by the figure 2 at high Eb/NO. This joined the
hypothesis token in section 111 of the high number of the
averaged OFDM symbols to justify the validity of the
Taylor linearization.

However, when the number of averaged OFDM
symbols is not sufficient to guarantee this hypothesis
therefore we observe a divergence in results with the
predicted estimation error power.

Uncoded BER
3
/

Figure 3. BER vs Eb/NO for 16-QAM and 64 OFDM symbols.

We investigated also in this paper 4-QAM transmission.
Figures 4 and 5 shown respectively NMSE and BER with
16 OFDM symbols used for the channel estimation.

T T
——— Theoretical p=4 ]
Theoretical p=8 ]
Theoretical p=12 ||
N —s— Simulated p=4 ||
—#— Simulated p=8

Simulated p=12 [f

NMSE

//
/

4 6 8 10 12 16 18 20 22 24

14
EbNO [dB]

Figure 4. NMSE vs Eb/NO for 64-QAM and 128 OFDM symbols.

| Perfect channel
—=&— 4th ordsr moments
— 5 & order moments

Uncoded BER

EbND (dB)

Figure 5. BER vs Eb/NO for 4-QAM and 16 OFDM symbols.
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From figure 4, we can easily see that a significant
degradation is bringing by increasing the moment order
in channel estimation. The fourth order moment
algorithm performs better than the others in term of
theoretical NMSE illustrated by figure 4 or uncoded BER
given in figure 5.

Finally, the estimation error is widely acceptable in
both studied scenarios with small number of OFDM
symbols witch is suitable for fast varying channel
estimation in 4-QAM.

In light of these results concerning NMSE and BER, it
is difficult to make a choice to use a moment order despite
other for a given QAM modulation order. For 16-QAM a
high order seems more appropriate while for 4-QAM it is
the turn of a weak order to give a better result. However,
in all cases, the different moment orders provide nearly
similar performance.

In section I1I.A, we introduced the ambiguity term

2lm

resulting from the p™ root of 1, like e’ v =1
A. Removing the %Ambiguity

An overview of the inter subcarrier ambiguity
removing which is included [13] in given below.

Consider an OFDM waveform transmission with an
OFDM symbol length equal to K and a guard interval
length of L then, we can write:

h = FK'La. (21)
Where:

Fy , is the discrete Fourier transform matrix with Klines
and L first columns. The elements k, I of the matrix Fy ;
are given by the following formula:

F(k 1) =%Rexp(—j2“7“‘),o <k<Kand0<Il<L

a is the finite impulse response of the propagation
channel represented by the (L x 1) vector:

Qo
a=< : )
.aL_1 - -
Consider the vector v of the discrete Fourier

transform of the propagation channel h:
Fiich=v. (22)

Where F  is the discrete Fourier transform matrix and v
isa (K x 1) vector obtained by the concatenation of the a
vector and a (K — L x 1) null vector:

v = (g) (23)

We introduce the (K x K) diagonal I; matrix defined
as diag(I) = h. The ambiguity correction can then be
obtained by the identification of the vector c:

CO .E
c=< : >,Vi €0 --K—1],¢c€ P l=1 - p.
Ck-1
(24)
Such that:
Irc=h+ g, (25)

The ¢ vector has to represent the conjugates of the
ambiguity terms on each subcarrier and &, stands for an
estimation noise.

Left multiplying equation (25) by F x and taking
into account equation (22) we arrive to:

Fiilzc= v+e, (26)
Notice that: £, = F} x &
Equation (26) can be written as following:

Bc=v +¢,. (27

B is given by: B = F¥ , I. This matrix can itself be split
in two matrices namely a (L X K) matrix B; and in a
(K — L x K) matrix B, defined as follows:

5]
2" @

Like the matrix B, the error vector &,,is split as following:

g - -
£, = [8”:], the dimensions of &,, and &, are L x 1 and
v
K — L x 1 respectively.

Assuming the hypothesis of low rank channel, the
length of the channel impulse response is at most equal to
L so as not to exceed the guard interval of the OFDM
symbol. With this hypothesis, we can consider that the ¢
vector has to minimize the quadratic 2-norm of the
(K —-Lx1) &, = B,c vector. We will then take in
consideration the following criterion:

¢ = arg. min (||&,[%). (29)

In order to avoid the trivial null solution for ¢ and to
be compliant with equation (24), we introduce the
constraint ||c||> = K. The ¢ vector is then proportional to
the eigenvector associated to the minimal eigenvalue of
the (K x K) BY B, matrix.

Nevertheless, by construction we
have rank(BYB,) =K —L , hence, we have cE€
ker (B,) meaning that this vector belongs to the space
spanned by eigenvectors linked to null eigenvalues
of BEB,.

In order to find a solution, we propose to reduce the
dimension of the BYB, matrix. For that purpose, we
propose to discard the L smallest (modulus) values of the
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h vector. Discarding these L smallest components, we
obtain a new (K — L x 1) vector h'.

Following then same steps as previously, we introduce
the (K — L x K —L) diagonal I, matrix defined as:
diag(I;) = h' and the (K x K — L) B' matrix defined
as: B' = Fi{ «_,I,. The B’ matrix can itself be split in a
(LXxK—L) B'; matrix and in a (K—LxK—-L) B,
matrix. Equation (18) becomes then:

B'\1 , a’ +s,,1
B I¢€7T| ¢
2 v2
And the ¢’ vector is now defined as the minimum

eigenvector of the B'Y B’, matrix multiplied by VK — L.
¢’ is then viewed as an ambiguity plus noise

multiplicative correction vector, but we have to constraint

2l

it to be in the set {Ci ee’r,l=1 p}

by a Maximum Likelihood (ML) demodulation. In the
proposed algorithm each components of ¢’ are just

2lm

rounded to the closest neighbor among: {Ci g€e’r,l=

(30)

It can be done

1 p} Once ¢’ obtained, the final step of the algorithm

leads to estimate the channel impulse response. From
equation (30) we write:
a=B'c. (31)
Once @ estimated, the channel frequency estimation,
including intrinsically the smoothing stage is finally given
by:

2h, = FK'La. (32)

We have to notice that the main numerical complexity
resides in the minimal eigenvector estimation, other steps
being relatively easy to implement on hardware targets.

In term of overall error probability of the blind
estimation of the propagation channel performed with the
presented algorithm, can be given by the product of the

error probability estimated from |g, |” obtained in the
equation (20) and the power probability of the inter
subcarrier ambiguity resolving derivated from the
quantity |¢ — ¢'|%.

As we can observe the vector ¢ is composed of the

.2l
elements ¢; e’ »,1 =1 ---p. Globally we can easily
estimate the relative error probability of the ambiguity
resolving of the use of an M — QAM compared to the use
of aM’ — QAM. This relative error probability is inverse
proportional to the ratio of the minimum distance of the

Zhums () “Elb IR () (P

elements of the M — QAM to the minimum distance of the
elements of the M’ — QAM. Therefore, we can conclude

.ln'
that for p = 4, the error probability of the ambiguity e’z
resolving will be 3dB less than the error probability of

the ambigwt e’4 in the case of p = 8. In another hand
computing 4"-root is less complex than computing 8"-
root or 12"-root. In addition of the ambiguity resolving
power error, taking in consideration the low complexny
of channel estimation algorithm, 4™ order moment is
more suitable than the higher moments.

B. Simulation results of the 4" order moment estimation
algorithms versus some well-known algorithms

Before threating of performance results algorithms
obtained by simulation of the 4™ order moment estimation
algorithm and some well-known other blind estimation
algorithms, we have simulated the error probability versus
NMSE of the = ambiguity resolving algorithm discussed

in section A. the simulations are performed in the case of
use of the 4" order moment algorithm. Figure 5 shows
this error probability in the case of an OFDM waveform
transmission with a guard interval length L=4 and L = 8.

Errar probahility [dB]
=]

10 10 10* 0} 10
NMSE [48]

Figure 5. Error probability of = ambiguity resolving versus NMSE.

The results showed by figures 6 and 7 are obtained by
simulating the 4™ order moment algorithm, the subspace
based algorithm [6] and the autocorrelation matrix based
algorithm for 4-QAM and 16-QAM modulation
consecutively in the propagation conditions described by
Hilly terrain channel [20]. The generation of the
propagation channel is done according to the Jakes Model
[21]. The number of averaged OFDM symbols is
N = 200. We have obtained approximatively the same
performance for our algorithm and the subspace based
algorithm.

(=8 s (Yo () ()|

[lghklz] = 1(0) 2
N (i) i

S )

(20)
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Uncoded BER

—&— Autocorrelation Algo. |-
—=—4th order algo 5
s | —F— Subspace Algo

i} 5 1o 15 20 )
EbND [dB]

Figure 6. BER comparison vs EbNO of blind estimation algorithms in the
case of 4-QAM and HT propagation channel

Uncoded BER
=]

—&— Autocorrelation Algo.
T

—HB— Subspace algo
1

0 5 10 15 20 2%
EbNO [dE]

Figure 7. BER comparison vs EbNO of blind estimation algorithms in the
case of 16-QAM and HT propagation channel

4. CONCLUSION

We proposed in this paper a comparison between
different orders of moment used for high order moments
blind channel estimation. We derived a theoretical
expression of estimation error power which is function of
the QAM modulation order, the moment order and the
number of OFDM symbols used to estimate the channel.
We notice that this expression can be applied also to the
FBMC waveform which structurally well accepts the
high order moment estimation as showed in [18].

This theoretical value was compared to simulation
results with different Eb/NO and shows a good agreement.
Furthermore, obtained results show that 4™ 8" order
moment estimation algorithms exhibit outperformance of
the 4™ order moments performance in term of BER for the
4-QAM and better performance at high Eb/NO for the 8"
order moments and 8-QAM configuration. These results
comfirm the theritical expression of the estimation error
given by (20). A slightly different performance on NMSE
is observed. This latter is too small to prefer an order to
another one. However based on the complexity of the

algorithm it seems clear that forth order is the good trade-
off in blind channel estimation.
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