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ANALYSIS OF THE NULL-CONTROLLABILITY OF DEGENERATE
PARABOLIC SYSTEMS OF GRUSHIN TYPE VIA THE MOMENTS
METHOD

D. ALLONSIUS*, F. BOYER', AND M. MORANCEY*

Abstract. In this article we compute the exact value of the minimal null control time for
the Grushin equation controlled on a strip. This result is already known from a recent work by
K. Beauchard, J. Dardé and S. Ervedoza but we propose a different approach based on the moments
method. Our approach requires a careful spectral analysis of a truncated harmonic oscillator. We
have also extended known results on biorthogonal families to real exponentials in the absence of a
gap condition in order to obtain uniform estimates with respect to the asymptotic beahviour of the
associated counting function. As a byproduct of our approach we also characterize the minimal null
control time for systems of coupled Grushin equations with a distributed control on a strip or with
a boundary control.

Key words. Control theory; degenerate parabolic partial differential equations; minimal null
control time; moments method; biorthogonal families; spectral analysis of harmonic oscillator.
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1. Introduction.

1.1. The problem under study.

Let T > 0, Q := (—1,1) x (0,1) and w be an open subset of Q. Let D be the
degenerate elliptic operator D := —8,, — x20,,. We are interested in the distributed
null-controllability properties of the associated parabolic equation (Grushin’s equa-
tion) with Dirichlet boundary condition, that reads

Ocf(t,x,y) + Df(t,z,y) = Lyu(t,z,y), (tz,y) € (0,T)xQ
flt,xz,y) =0, (t,z,y) € (0,T) x 00 (1.1)
f(0,2,y) = fOx,y) € L*(), (z,y) € Q.

More precisely, given T > 0 we will say that is null controllable at time T if
for any fO € L%() there exists a control u € L?((0,T) x Q) such that V(z,y) €
Q, f(T,z,y) =0.
It turns out that when w = (a,b) x (0,1) where 0 < a < b < 1, see Figure
there exists a positive minimal null control time, that is, a time T* > 0 such that
e when 7' < T™*, equation (1.1)) is not null controllable at time T,
e when T > T™*, equation is null controllable at time T

More precisely, it was proved in [6] that T* > % and, very recently, the following
sharp result was obtained in [7].

THEOREM 1.1. Let 0 < a < b < 1. The minimal null control time of with
w = (a,b) x (0,1) is exactly given by

a?
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2
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Figure 1.1: The geometrical setting

The first motivation of our work is to give another proof of this result using moments

method. We will take the opportunity of this work to develop new estimates for
biorthogonal sequences to real exponentials (see Theorem that may have a wider
range of applications. Our approach will also enable us to treat coupled systems of
such Grushin equations (see Theorem [1.4]).

Let Ty = {1} x [0,1]. With classical arguments (see [I8, Appendix A] for details
in this setting), based on extensions of the spatial domain and cut-off functions, it
directly comes from Theorem [I.1] that the minimal null control time for the boundary
control problem

oft,z,y)+Df(t,z,y) =0, (t,z,y) € (0,T) xQ

f(t,z,y) =0, (t,z,y) € (0,T) x (9Q\I'1) (1.2)
ftz,y) = u(t,y), (t,z,y) € (0,T) x Iy '
F0,2,y) = fO(x,y) € L*(Q),  (z,y) €9,

is given by T = % We will prove directly this result since it extends at no cost to
coupled systems of such Grushin equations (see Theorem [1.5)) with a single boundary
control. To the best of our knowledge, this result is out of reach with other techniques.

1.2. State of the art. )

The counter-example proving that (I.1]) is not null controllable in time 7" < %-

has been exhibited in the pioneering work [6, Section 3.3]. We will thus focus on the
a2

positive null controllability result in time 7" > %-. In [§] the value of the minimal

null control time T* has been proved to be exactly % when the control domain
is symmetric with respect to the degeneracy i.e. w = ((—b, —a) U (a,b)) x (0,1).
In [7], it has been recently proved that T™* := ’12—2 also when w = (a,b) x (0,1), that
is Theorem We mention that the results obtained in [7] cover more general
situations than the one considered in Theorem non symmetric space domains,
higher dimension (in the y variable), Dirichlet or Neumann controls and more general
degeneracies.

Let us mention that, as detailed in [B], Section 4.1.3], the reason for the appearance
of such a minimal time, is the insufficient observation of some eigenvectors of D that
localizes near the singular set {x = 0} too quickly with respect to the desired control
time.

The appearance of a minimal null control time in this context is very much related
to the geometry of w. Indeed, it is proved in [25] that if Q\w contains an horizontal
strip (=1, 1) x (a, b), then equation is not null controllable whatever the time T is.
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The proof is done by contradiction using for instance Runge’s approximation theorem
with quite subtle estimates coming from complex analysis. An (almost) complete
study of the value of the minimal null control time with more complex geometries for
w is done in [I§].

The common point between the results obtained in [6, [7} [8] and the analysis
proposed in this article is to take advantage of the cartesian geometry of Q) and w
to reduce the study to the one of a family of one dimensional problems. To be more
precise, let us introduce the operators

Ay = =04 + (nz)?,  D(Ay) == H*(-1,1) N Hj(-1,1),
and let ¢, be the n*" normalized eigenfunction of Dirichlet Laplace operator on (0, 1):
on(y) = V2sin(nry), y € (0,1).

Then, as proved in [8, Section 2.3], for any u € L?((0,T) x w), expanding

u(t,z,y) = Y tun(t, 2)én(y), (1.3)

neN*

we get that the solution f of (1.1)) can be written as

f(tan?y) = Z fn(t?x>¢n(y)a

neN*

where f,, is the solution of the following one dimensional non-degenerate parabolic
equation

Opfu(t, ) + Anfu(t, z) = un(t,2)1(qp)(x), (t,x) € (0,T) x (—1,1),
fa(t,£1) =0, te(0,7), (1.4)
fn(ovx) = fv?,(x)? xr € (—1, 1).

The null controllability of is well known (see for instance [20]) and holds for
any T > 0. Thus, proving null controllability of amounts to estimate a control
uy, realizing null controllability of with respect to n. Indeed, if for a given
T > 0, the cost of null controllability of is bounded with respect to n i.e. if
there exists C' > 0 such that for any n and any f° € L?(—1,1) there exists a control
un € L2((0,T) x (a,b)) satisfying

[unllz2 (0% (b)) < Cllfallzz (1,1,

we will get that actually defines a control u € L?((0,T) x w) for our initial
problem and thus gives null controllability of in time 7.

In [6, [7], the study of the cost of controllability of (L.4)), or equivalently the
cost of observability of the adjoint problem, is done using Carleman estimates with
adapted weights. In [], this analysis relies on the transmutation that reduces the
problem to estimating the cost of observability of the wave equation associated with
A,. This study is then done, as the equation is one dimensional, using sideways
energy estimates (i.e. energy estimates where the role of the time and space variables
are interchanged).

In this article we propose a new strategy, based on the the moments method,
allowing to recover Theorem that we describe in the next section.



1.3. Our method.

As already mentioned, we reduced our problem to the one of proving that, when
T > % the cost of null-controllability of (1.4) is bounded with respect to n. We will
achleve this objective by using the moments method, that is why we first recall the
construction of a null control of with this strategy.

For any n > 1, we denote by A, := (Agn)k>1 the increasing sequence of eigenval-
ues of the operator A,,. We also denote by (g n)k>1 the associated Hilbert basis of
L?(—1,1) of eigenfunctions and by e~“A» the semigroup generated by —A,,.

Let u, € L?((0,T) x (a,b)) and f, be a solution of (L.4). Testing the equation
against the solution ¢ s e~ (T=0Ang, = ¢=(T=OXemg, of the backward problem,
we obtain the following identity

T
A (T— _
/0 <un(t7 ')7 ek ( t)gk7n>L2(a,b) dt = <fn(T7 ')a gk,n>L2(_171)
0 —A,nT
— (fa e gk’">L2(—1,1) :

As (gk.n)k>1 is an Hilbert basis of L?(—1,1), it comes that f,(T,-) = 0 if and only if
the control u,, satisifes the following moments problem: for any k € N*,

T
N oAk (T—1) — /40 AT
| (uatee ) oy = =R g e (19)

Following for instance [27, Theorem 4], it comes that for any n € N*, 37, . ﬁ <
+00. Thus, using for instance [28, §7 and §12], we have that, for any n > 1, there
exists a biorthogonal family to the exponential functions associated to A, i.e. a family

(¢jn)jen C L*(0,T;R) such that

T
/ “entgs (H)dt = 6, Vk,j € N*.
0

Thus, following the strategy proposed in [26], the control

SN T (0 gy Sy (1)

EEN* =1 Hgk n||L2 a,b)

formally solves ([L.5)). It remains to prove that the above series actually converges and
to get a bound on u,, which is uniform with respect to n. Thus, the two main issues
will be to give precise estimates (with respect to k and n) of the following type

e a lower bound on ||gr.n|l£2(a.p) ;
e an upper bound on ||gx nL2(0,7)-

The first estimate is given in the following proposition.
PROPOSITION 1.1. Let a > 0. For any n > 0 sufficiently small (depending only
on a), there exists Cy, > 0 such that for any k,n € N*,

o—nm(a®+n)

/ gkn( ydz > C,, (1.7)

n2m2

This estimate is a straightforward application of [8, Proposition 4.5] (see for in-
stance [8, Section 4.3]) and will not be detailed. The only difference is that the
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results in [§] give a lower bound on the L?((—1, —a)U(a, 1)) norm. As the considered
eigenfunctions are even or odd (see Lemma this directly implies Proposition
Note that is an estimate of gy, on L*(a,1) and not L?(a,b). As mentioned in
section one can carry the analysis on the control domain (a,1) x (0,1) then use
a cut-off argument to prove the desired controllability property on (a,bd) x (0,1).

The second estimate will require a careful spectral analysis of the operator A,,.
In this direction, let us recall the classical result obtained in [21].

Let p > 0 and AV : Rt — N. For an increasing sequence of positive numbers
© = (0k)r>1 such that ), 0%, < 400 we say that © belongs to the class L(p, N) if

Ok+1— 0 >p, VkeN, (1.8)
and
1
> oo <& Ye>o. (1.9)
k>N (e) F

With such class of sequences H.O. Fattorini and D.L. Russell proved the following
result (see [2I Theorem 1.5)).

THEOREM 1.1. Let p > 0 and N : Rt — N. For any T > 0, for any € > 0,
there exists a constant Ce o, xr > 0 depending only on €, T,p and N such that, for
any sequence © € L(p,N), there exists a biorthogonal family (¢, )sco to the family of
exponentials (t — e~%)gce in L2(0,T;R) satisfying

laollL20,7m) < Cerpne”, Vo € ©.

In order to apply this result to estimate the control (1.6 achieving null control-
lability of ([1.4)), uniformly with respect to n, one should at least prove the following
uniform (with respect to n) gap property

nléle* (kléle* [Aet1.n — )\kn|> > 0. (1.10)

Even though numerical results seem to confirm that this property holds true (see
Figure , we were not able to prove it for the whole spectrum. Therefore, in order
to conclude to the null controllability of in optimal time, we will generalize the
estimate of biorthogonal families given in Theorem [I.I] under weaker assumptions.
This result is stated and discussed in Section and may have its own interest in
other situations.
The different spectral results obtained in the analysis of such property are pre-
sented in the next subsection.
Notation.
e In all this article, C' denotes a positive number that may vary from line
to line. If necessary, we add information about dependency on parameters
D1,D2,- - -, Pk in the following way: Cp, ps... py-
e For any «, 8 € R, we will use the following notation: [e, 5] = NN [a, £].
e We shall use the Kronecker symbol ¢, , which is 1 if z = y and 0 otherwise.
e The real part (resp. imaginary part) of any complex number z € C will be
denoted by Rz (resp. 3z).



1.4. Results.

As already said in subsection [I.3] one of the main achievements concern the
spectral analysis of operator A,,. The results are presented in Section and
proved in Section

We also extend the results of [2I] to obtain uniform estimates on biorthogonal
families to real exponentials in the absence of a uniform gap property. This analysis,
which has its own interest, is presented in Section [[.4.2] and the detailed proofs are
given in Section [3]

Gathering these results, we finally obtain the null controllability of for T >
% using the moments method. This result is extended to cascade systems of Grushin
equations. The Theorem is stated in Section [I.4.3] and proved in Section [

1.4.1. Results on the spectrum of A,.

To analyze the uniform gap property we have performed numerical simulations.
In Figure @ we represent, for different values of n, the gap A\py1,n — Mg, divided by
nm, as a function of k. It clearly appears that the uniform gap property seems
to hold true, and in fact even more since we observe that [Agy1., — Apn| > 2nm for
any k, n. More precisely, this (normalized) gap appears to be roughly constant equal
to 2 for low frequencies whereas it presents a linear growth in &k for high frequencies.
Moreover, we observe that the position of the transition point between those two
regimes seems to grow linearly with respect to the parameter n.

n = 200
5 —n =180 i
——n =160
—n =140
4|—n =120 *
—n =100
3, .
2 .

L L L L
0 50 100 150 200 250 300 350

indices k

Figure 1.2: Gap divided by nr : k s 2htln=2kn

nm

To carefully analyze this gap property we will use two different strategies for low
frequencies and high frequencies. Let us precisely define those two regimes: for any
7 € (0,1) and n € N*, we define a lower and an upper range of indices by

LT,n;:{keN*:kngn} and Un;:{keN*:kz%”H}. (1.11)

The parameter 7 is intended to be chosen close to 1 (see in the controllability
proof).

THEOREM 1.2. There exists v > 0 such that for any 7 € (0,1) there exists
ng :=no(7) € N* such that the following gap property holds

)\k+l,n - >\k,n >, Vk € LT,n U Un, Vn > ng.

Since for any n < no(7) each sequence of eigenvalues (A )ren+ satisfies a gap
property depending on n, the next result follows directly.
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COROLLARY 1.2. For any 7 € (0,1), there exists v, > 0 such that, the following
gap property holds

Abtin — Men > Vry Ve E L, UU,, Vn2>1. (1.12)

As highlighted by Figure [I.2] the whole spectrum A,, seems to enjoy a uniform
gap property. However, we were not able to prove it for the indices in the intermediate
set

M‘r,n = N*\ (L‘r,n U Un) )

and obtained the much weaker estimate below, that will also play an important role
in the analysis.
PROPOSITION 1.2. Let T € [%, 1). For any n € N*, we have

n?n?

A 2 = szrng (1.13)

and

VA 8
[Aken — Ajn| > Qk’n exp (—3\//\;“") , Yk > Tng, Vi # k. (1.14)

The last ingredient needed is the fact that, the number of eigenvalues in this
intermediate region, even if it increases with n, can be chosen to be negligible in some
sense since 7 can be arbitrarily close to 1. More precisely, we have

#M,, < (1—7)%“, Ve (0,1), ¥n > 1. (1.15)

The key point to prove Theorem (see Section will be that there are not too
much eigenvalues in the intermediate range: the factor (1 —7) will be crucial since we
will be able to choose it as small as necessary.

1.4.2. Existence and estimates of a biorthogonal family to the expo-
nentials.

As the uniform gap property stated in Theorem is not established for the
whole spectrum, one cannot apply Theorem to obtain uniform estimates of the
biorthogonal family to the associated exponentials. To cope with this difficulty, we
extend the uniform estimates obtained in [2I] under weaker assumptions.

Let us first introduce a few definitions. For any countable family A C (0, +00),
we denote by NN its counting function defined by

N(r)=#{ eA; X<r}, VreR. (1.16)
Moreover for any A € A we define
px = dist (A, {0} UA\{\}), (1.17)

and for any parameter v > 0, we set

] = #((A\{)\}) ﬂ()\—%/\+7)). (1.18)



To simplify a little the notation, we do not explicitly mention that those three defini-
tions depend on the whole family A.
Observe that

<c} =0, WeA) — inf |A—pul>1, (1.19)
A,;;éeA
AF 1

so that ¢} can be interpreted as a local measure of the possible defect of a uniform
gap with parameter v for the family A.

THEOREM 1.3. Let T >0, a € (0,1) and N > 0. Let A C (0,+00) be a countable
family such that its counting function N satisfies

N(r) < Nr®, Vr > 0. (1.20)
Then, there exists a biorthogonal family (gx)xea to the functions
{tes e Ae A},
in L*(0,T;R) i.e.

T
/ e Mg, (t)dt = 6xp, VYA p €A,
0

such that for any A € A, the following estimate holds, for any v > 0,

A4\ N
laallze oy < Coo (p”) exp (Co_yr(1+log(A/7)A%) (1.21)

where C,, y and Crp , § only depend on the parameters a, N (and T).
In Section [3| this result is extended to biorthogonal families to

{t— (—t)Pe™;pe[0,d], N€ A}.

For more details we refer to Theorem 3.2

The existence of a biorthogonal family as stated in Theoremis classical (see for
instance [28]). The main novelty is thus the estimate ([1.21)) which do not require any
gap-type assumption and whose dependency with respect to the family A is carefully
given.

Let A be a family satisfying the assumptions of Theorem Let us compare
the estimate given in Theorem with previously known results depending on the
assumptions on A.

e If, in addition, A satisfies the classical gap condition i.e. there exists v > 0
such that |A\ — p| > ~ for any A\, p € A, X # p, then we have ¢] = 0 (see

(1.19)). It follows that (1.21f) reduces to
laallzz0.m) < Crpo,n €xp (Co (1 +1og(A/7))A) -

This estimate is more accurate than the one given in [2I]. On the contrary,
because of the log(\) term in the exponential, this estimate is slightly sub-
optimal with respect to the one given in [9]. In Remark under a more
accurate assumption on the asymptotic behaviour of N than , we drop
this log term and thus recover the estimates of [9].

For detailed estimates in the presence of a gap condition we refer to [15].
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o If we assume now that A satisfies a weak gap condition i.e. there exists v > 0
and p € N* such that

#AN[pp+9]) <p, Yu>0,

then we have ¢] < p — 1. With such weak gap condition, uniform estimates
(with respect to different parameters) are given in [I0] as a byproduct of
the block moments method. We also mention the recent paper [23] where
precise estimates, including time-dependency of the constants, are given in
this setting.

Let us also mention that estimates for biorthogonal families with a weak gap
condition (with p = 2) were already obtained in [I6]. In their work, they uses
an extra assumption stating that the gap between two eigenvalues should not
go to zero too quickly.

e In the absence of any (weak or strong) gap-type condition, the only previous
result is [4] where the biorthogonal family is estimated using the condensation
index.

In the case where the family A satisfies a weak gap condition with p = 2 i.e. there
exists v > 0 such that

#(AN[w,p+9]) <2, VYp>0,

we recover in the same behavior when A — +00 as the one given in [4,[10,23]. In
more general situations, the estimate given in Theorem [I.3]is sub-optimal. However,
with the spectral analysis of Theorem let us notice that the estimates given
in [4, [0, 23] would not allow to prove Theorem In fact, we will deal with the
sequence of families A,, which satisfies, for each n, a weak gap condition but with a
parameter p going to +oco with n.

Thus, it is crucial to notice that Theorem [I.3] do not require any gap-type condi-
tion and that the constants appearing in estimate only depend on the asymp-
totic of the counting function.

To be completely accurate, let us precise that most of the above mentioned results
apply in the slightly more general situation where the sequence A is only assumed to
satisfy ) ,ca 3 < +oo, without any other assumption on the counting function. Our
assumption is a little bit more restrictive but the absence of any gap-type
condition and the uniformity of the estimates offer a new variety of applications.

1.4.3. Results on the minimal time of null controllability of .

As already stated, one of the achievements of this article is to provide an alter-
native proof of Theorem using the moments method. Let us roughly explain how
the results presented in Sections [[.4.1] and will eventually lead to Theorem

As already mentioned, the new term in the estimate given in Theorem is

C’Y
(%) *. In our application to Grushin equation (1.1, for eigenvalues A in the

intermediate range where the uniform gap property is not proved, the size of this
term will rely on the following two facts:

e from Proposition the term p) is of order exp (—\f)\);

e from (L.15) and (L.13)), we have ¢] which is of order (1 — 7)V/\.
Thus, we will obtain a biorthogonal element of order exp ((1 —T)A+ O(vAlog )\))

Choosing 7 sufficiently close to 1, the contribution of this biorthogonal element in the
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construction of the control will be negligible compared to the dissipation. The
need of a sufficiently large time will thus simply come from the insufficient observation
of the eigenfunctions stated in Proposition For more details, we refer to Section
and particularly estimate .

One of the main advantage of the machinery developed through the moments
method is that Theorem extends to cascade systems with one single control at no
cost.

Let d > 2 and consider the controlled cascade system of d Grushin equations

atF<t7 Z, y) + (DId + Kd)F(tamvy) = Bdlwu(tax7 y)7 (t,x,y) € (OaT) X Qa
F(t,z,y) =0, (t,z,y) € (0,T) x 09,
F(0,2,y) = FO(z,y) € (L*(2))*, (z,y) € Q,

(1.22)

where F' is now a vector of R? and I, is the identity matrix of size d. The coupling
matrix Ky of size d x d and the control vector B; € R? are defined as follows

1 0—0
0 1
0
Bd:: y Kd:: \
0 0——010

We then obtain the following result
THEOREM 1.4. Let 0 < a < b < 1. The minimal null control time of (1.22)) with
w = (a,b) x (0,1) is

a2

T = —.
2
This theorem is proved in Section Notice that the first component of (1.22))

is nothing but the controlled scalar Grushin equation (L.I). Thus, the lack of null
controllability in time T < ‘12—2 follows directly from [6].

Moreover, our strategy also allows to consider the following cascade system of d
Grushin equations with a single boundary control

OF(t,x,y)+ (DIg+ Kq)F(t,z,y) =0, (t,z,y) € (0,T) x Q,

F(t,z,y) =0, (t,z,y) € (0,T) x (0Q\T'1), (1.23)
F(t,z,y) = Bau(t,y), (t,z,y) € (0,T) x Ty, '
F(0,2,y) = FO(z,y) € (L*(2))4, (z,y) €,

where I'; has been defined by I'; = {1} x [0,1]. The functional space considered here
for the boundary control is L2((0,T) x (0,1)). We then obtain the following result
THEOREM 1.5. The minimal null control time of (1.23]) is
1
T = —.

2
This theorem is proved in Section[f.3] Contrarily to the scalar case, this result cannot
be deduced from Theorem [1.4] using extensions and cut-off functions. It also seems to
be out of reach using the Carleman inequalities as in [7].
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2. Spectral analysis of operator A,.
In this section, we prove respectively Theorem in L;,, Theorem in U,
and Proposition (1.2

2.1. Study of the gap property.
To deal with low frequencies it is fundamental to notice that the operator A, is

somehow related to the quantum harmonic oscillator. This idea was already present
in [6]. Indeed, for any n € N* let Q, := (—+/nm,/nm) and define the following
operator

Ap = —0pp +22, D(A,) = H>(Q,) N H} (). (2.1)

Introducing the following change of variables

1 T
= Q * 2.2
VU,n (2) ()’ 9k.n (W) ) Vo € Q,, Vk € N, (2.2)

it turns out that vy, are eigenvectors of the truncated harmonic oscillator /Tn with

Ak,n
nimw

associated eigenvalue ie.

Anvk n — - Vk,n- (23)
nm

Thus it is reasonable to expect, at least for large values of n, to obtain valuable
informations from the quantum harmonic oscillator on the real line defined by

A= =0y, + 27, D(A):={G € H*(R); z — 2G(z) € L*(R)},

and more precisely, on its eigenelements which are explicitly given by (see for in-
stance [29])

1

$2
- e~ T Hy(x), VkeN*,
r1/42%5 (k= 1) (@)

=2k — 1, Gi(r) =

where Hj, is the (k — 1) Hermite polynomial.
Let us notice that since the potential z + 22 is even, the following Lemma holds.
LEMMA 2.1. Let n € N*.
o If k is even, then gy n,vkn and Gy, are odd functions.
o Ifk is odd, then gin, vk n and Gy are even functions.

The comparison between A and A, is at the heart of Section where we
prove the uniform gap-property for low frequencies. It will also allow us to obtain, in
Section m a general lower bound on Ay, that will be used all along this article.
The regime of frequencies in which this comparison is relevant is exactly the one given
by L, , where, in some sense, n is large with respect to k (see Figure .

The gap property for high frequencies is proved in Section [2.1.3]

2.1.1. A general lower bound on eigenvalues.

We start proving an inequality, which is, unlike Theorem valid for the whole
spectrum of A,,.

PropoSITION 2.1. The following lower bound holds

Ao > nm(2k — 1), Vk,n e N*.
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Proof. The proof is a direct consequence of the min-max principle. Let k € N*
and consider the form domain of the operator A i.e.

D:={Ge H'(R); z— 2G(z) € L*(R)}.
We have

G'(z)? + 2°G(z)*dx

U = min max 5
aimVeer, 161z )

For any n € N*, let us consider
Vien :==span{vi n,..., Uk n},

as a subspace of L?(R) where the functions v, ,, are extended by 0 outside €,,. Notice
that,

Vk,n c D, and dim Vk,n =k.

Thus,

< ma G (2 +22G(z)?dz = ma / G (2)?4+22G(2)%dx = 22
< g [ Gafrala) | GEraew ,
”G”LQ(]R):l ”G“L2(Qn):1

which ends the proof. O

2.1.2. Uniform gap property for low frequencies.

We start dealing with low frequencies. As we will compare the truncated harmonic
oscillator on €2,, with the harmonic oscillator A4 we will need to prove that, if k is not
too large compared to n, the k-th eigenfunction Gy of A is small outside the interval
Q,, = (—+/n7,/nm). We can precisely state the following two results, whose proofs
are postponed to Appendix (see respectively Section and Section .

LEMMA 2.2. There exists an integer ng € N* such that

n, Vn>ng.

vo] 3

/ G2 (z)dx > 1, Vk <
Q, 2

LEMMA 2.3. Let 7 € (0,1). There exist no(7) € N*, C1(7), Co(7) € R such that
0 < Gi(z) < Cre " Vo> nm, Vk< Tng, Vn > nyg. (2.4)

The rest of this section is dedicated to the proof of the following proposition.
PROPOSITION 2.2. Let 7 € (0,1). There exist no(1) € N*, ¢1(7),c2(7) € RY,
such that

Ak
7”1:7} <pp+ce ", VkeL., Vn>ng. (2.5)

Together with Proposition this states that for low frequencies, the rescaled
eigenvalues of the truncated harmonic oscillator are exponentially close (with respect
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to the parameter n) to the eigenvalues of the harmonic oscillator A. As pr = 2k — 1,
we immediately get the following corollary.
COROLLARY 2.1. Let 7 € (0,1). There exist no(t) € N* such that we have the

gap property
Mitin — Men =21, VEELr,, Vn2>ng. (2.6)

Proof (of Proposition[2.9). We fix 7 € (0,1). Let no(r) be such that Lemmas
and hold. We fix n > ngy and we are going to prove ([2.5) by a strong induction on
k.

The case k = 1 is already proved in [6l p. 83]. More precisely, those authors
obtained

A < nw A+ O(n/4emm/2),

which is indeed the desired bound. We will actually adapt the proof of [6] to get the
general case.
Suppose now that the result is proved up to rank kK —1 > 1.
e Case 1. k is odd
In that case, G, is even. Let us define

k—1
Gr = (Gr = Gr(Vnm)) — va,n (Gk - Gk(\/ﬁ)’v?”")ﬂ(ﬂn) '

p=1

Notice that, by construction, we have ék € span(vy n, Van, - - - ,vk_lm)L and
Gr(E£yv/nm) = 0. Thus, G, € H}(,) and from the max-min principle, it
comes that

Akn < (j"ék’ék>L2(Qn)

< (2.7)
nm ”GkHL2(Qn)

Let us now compute the image of ék by the operator Zn

./Znék =— Gg + $2Gk — Isz(\/nﬂ')

k—1
_ Z(_Ug’n + xzvp,n) (Gk — Gk(\/ﬁ), vp*”)L2(Qn)
p=1
k—1 A
=1, G — 2*G(v/nm) — 757: Vpn (G — Gk(\/nﬂ),vp’n)w(ﬂn) )
p=1

Then, using that Gy, L vpp for any p € {1, ...,k —1}, and again the definition
of Gy, we find
(Aém ék) =/ kG ()G () — 2 Gr(v/nm) Gy () da
LQ(Qn) Qn

— / 1 G2(z) + Gr(v/mm) (. — 22)Cia ()

n
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This gives the following expression for the Rayleigh quotient we are interested
in

(Jznékn ék)L2 o / (1 — 2%)G(2)dw
) 4 Gr(Vim) T (2.8)
||Gk||L2(Qn) ||Gk||L2(Qn)
By (2.7) and the Cauchy-Schwarz inequality, we get
Nen —a?
b Gy e 2l (2.9)
nm 1Gkllz2(02,)

Note that Gy (y/n) is non negative as shown in Lemma

We now estimate the different terms in the previous right-hand side. The
behavior of G(y/nm) is given by Lemma Since pr = (2k — 1) < nm,
there exists C’ > 0 independent of n and k (for instance, C' = (2 4+ 2)x%/2)
such that:

i — 2%, < O/, (2.10)

Let us now estimate ||Gp|| £2(Q,)- Thanks to Parseval equality and the fact

that Gy, € span(v1 ., V2., .-, Vk—1.n)", we have

éi(x)dx = Z(éka Up,n)i%(z") = Z(ékv%,n)zw(ﬂn)-
2n p>1 p=k
Now, since (v n)k>1 are pairwise orthogonal,
/ éi(m)dx = Z<Gk - Gk(\/nw),vp)n)%z(gn), (2.11)
Q
" p>k

and thus, using again Parseval equality,

/Q éz(m)dxz/ (Gr() — G(vm))* de— 3" (Gr— G(W/m), vpn) (e

Qn p<k}
(2.12)
Let us now look at (G — Gk(\/nw),vp,n);m"). We have
Apon ~
(Gk - Gk( \% nﬂ-)? Up,’l’L>L2(Qn) ﬁ = (Gk - Gk( \% nﬂ-)v Anvp,n) L2(@n)
— (.ZnGk - SCQGk(‘/mr)vUp,n)Lz(Q )

= (uGr, — 2°Gy(V/nr), Upyn)m(ﬂn)
=i, (G — Gr(v/nm), Up,n)LZ(Qn)
+ Gy(Vnm) (s — 2°, ”p»”)m(ﬂn) '
Thus,

Apn
(G = Gr(Vnm)vpn) 12 <p)

nm

- uk) = Gu(v/m) (1 = 2%, Vpin) 10
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and,

2||lMc —952H%2(Qn)

Apen 2
(5 )

(Gr — Gk(ﬁ),vp,n)iz(QTL) < Gy(y/nm) (2.13)

Let p < k. By the induction hypothesis,
Apn

nm

ca2mn

< Hp +cre

As ¢; and ¢y only depend on 7, we can increase ng (only depending on )
such that

cre” " <1, Vn > ng(r). (2.14)

Therefore,

A
P — ;;: > g — (pp +1) > 2(k —p) —1>0.

Thus, with (2.13), we obtain

2
™
Z(Gk — Gr(v nﬂ—)avp,n)%Q(Qn) B @Gk(v )2 | e — $2||2L2(Qn)~ (2.15)

p<k

Using (2.10) and plugging it in (2.12)) it comes that
_ 2
/ G2 (2)da > / (Grle) — Gilyam)da — T CnGy(am). - (2.16)
Q‘n n

We now estimate [, (Gp(z) — Gr(y/nm))*dz thanks to Lemma Indeed,
as n > ng, we have

1
/ (Gr(x) — Gr(v/nm))*da > 5/ G (x)dz — 2/nnGR(y/nT)
Q, Qn
1
> i 2v/nwGa(y/nm).
Going back to (2.16)), we obtain
~ 1 2
/ G (z)dx > i~ Gr(v/nm)? <2\/n7r + 7r60’n5/2> . (2.17)
Qp
Finally, using (2.4), for n sufficiently large, depending only on 7, we obtain
~ 1
/ Gi(z)dx > =. (2.18)
0 8
Then, using (2.10), (2.18]) in (2.9)) leads to

Ak
r];} < i, + V8CAGy (V). (2.19)

The estimate of Lemma [2.3] proves (2.5) when & is odd.




16

e Case 2. k is even.
In that case, G is odd and we set now:

(o gtn)-Fon (- o),

Inequality (2.8) becomes:
/ <,u v )é (z)dx
k— k
Qn /N

HGkH%P(Qn) ||Gk||:1);2(9n)
Inequality (2.10) is replaced by

/S (Ch(a))? + G )

T

His = VA LS

with C’ = (2 4 2)7%/% and we conclude in the exact same way.

S Cv/,n5/27
L2(Qn)

2.1.3. Uniform gap property for high frequencies.
The goal of this section is to prove the following theorem:
THEOREM 2.1. We have the lower bound

Motin — Ao > 7 2.20
htin = Abn 2 T (2.20)
for any k,n > 1 for which X\, satisfies

Mo > nPm? + o, (2.21)

REMARK 2.1. According to Proposition condition (2.21)) is satisfied in par-
ticular when k € U, .
Proof. Let k,n € N*, let us recall the spectral problem satisfied by the couple

()\k,ny gk,n)

- azzgk,n(ir) + (nﬂ—x)2gk,n(x) = )\k,ngk,n(x)u for z € (_17 1)7 (2 22)
gk,n(il) = Oa .

and we assume, possibly changing the sign of g, that d,gx.,(—1) > 0.
We use the idea of [27], where the authors replace the eigenvalue Ay, by a new
variable, denoted here by A. Hence, for any A € R, we consider the following Cauchy
problem:
— Opahn(A\, ) + (n72)2hpy (N, ) = My (N, ), for z € (—1,1),
hn(A,—1) =0, (2.23)
Ozhn (X, —1) is positive and chosen so that ||A, (A, ®)|[z2(—1,1) = 1.
The modified Priifer’s change of variable consists in introducing two functions
prn. > 0 and 6,, satisfying :
{hnw) = pul(X @) cos(B (A, 2)) (A — n2m2?) /4,

Ouhn (N, ) = pu(X, ) sin(0, (N, 2)) (A — n27r2x2)1/4 (2.24)
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We impose that the variable \ satisfies A > n?72, so that the expressions in (2.24))
make sense. Under this condition, existence of 8,, and p,, is a classical result. Notice
that, since h, (A, —1) = 0 and dyh, (A, —1) is positive, we can impose without loss of
generality

s

en(>\a _]-) = 5,

and in that case 0, and p, are uniquely determined.
Moreover, one can show (see [II] or [24]) that 6, is the unique solution of the
following Cauchy problem

2.2 in(2
Dan (M) = —V/A —m2mrg? 4 eSO 2)) ey ),
2(A — n?m22?) (2.25)

en(>‘7 71) = g

Let us start with the following lemma which is given without proof in [22, Lemma
2].
LEMMA 2.4. Let A\ be an eigenvalue such that Ay, > n?nw2 +nr. The solution

0., of (2.25) satisfies

O (Ao, 1) = g — k.

Proof. First, notice that A, (Agn, ) = grn(x). According to Sturm oscillation
Theorem, the function x € [—1,1] — hy, (Ak,n, z) has exactly k + 1 zeros. Thus, given
that p, does not vanishes in [—1, 1], there exists exactly k + 1 points —1 = z¢ < 21 <
-++ < xp = 1 such that Vi € [0,k], 0,,(Ak,n,2;) = 7/2 mod 7.

Since 0, (Ak,n, o) = 5, by continuity of x + 0, (A n,z) we have 0, (Apn, 1) €
{§ — 7, 5,5 + m}. But according to , 020n (Mg, o) = —/ A —n2m223 < 0
thus 0, (Ax,n,21) # 5 + 7, otherwise, by continuity of x + 6, (A5, z) there would
exist a point = € (xg, x1) such that 0, (Mg, x) = 7/2. Since also 950, (Mg n,x1) < 0,
On(Akns 1) # 5, hence 0, (Agn, 1) = § — .

We deduce with an immediate induction argument that 0, (Mg pn, ) = 5 —kn. O

According to Lemma and the fact that A — 6, (), 1) is continously differen-
tiable (see [30, Theorem 2.5.2]), we have

)\k+1,n

O M1 ms 1) — Oy 1) = —11 = / 0 (A, 1),
)\k.n

It follows that

T < (Metin — Aen) sup |00, (A, 1)], (2.26)
AE[Ak,n Ak+1,n)

We shall now estimate this supremum. For this purpose, let’s compute the derivative

with respect to A of ([2.25):

1 n’n’w n?n2x cos(260,,)

O\(020n) 2V — n2n2x2  2(\ — n2m2z2)? sin(20n)+ A —n2m2a?

Ox\0,, (2.27)
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by regularity of ,,, we can exchange the derivatives and use that 9,6,,(\, —1) =0 to
get, for any z € (—1,1),

* 1 n’nly )
a)\en()‘ax) = / (_ 9 - 2(}\ - 71271'2:[/2)2 Sln(Zen()‘ay))

-1 VA —n2r2y?

2, 2
Uy,

A —n2n2y

so that

z 1 n2n? n2n?
Q wl ||

OO (A, dy.
N —n2r2y?  2(\ —n?r2y?)? Ain2ﬂ2y2| A\On ( y)|> Y

1030 (A, )| g/

-1

Applying Gronwall’s Lemma, we obtain

1 1,2 2
1 n*m?ls|
oA < | —e T 464
o0l [ ot ([ s ay
1 22 12 2
nemly| n-m|s|
——— 5 ——5—5ds|d
+/_1 2(A—n27r2y2)2€Xp</y X —nzrzsz 0 )

and finally, using the fact that the functions involved are even,

1 1 2,2
1 nemoy
O\On(A\, 1)] < —d ————d
1938 )|_</o A —n?m2y? y+/0 (A —n2m2y?)? y)

y / L on2x2s d
ex ———ds | .
P 0 A—n?mr2s?
The three integrals appearing in the right-hand side can be bounded explicitely (we
recall that A > n?72 + n7) as follows

(2.28)

1
2n’

IN

/1 1 d_1/% dt
0 VA —nZr2y2 - o V31—t

—_

/1 n27r2y 1 1 1 1
7dy e — S - S —
o (A —n2m2y2)? 2 |(A—n?n%2) |, ~ 2(A—n72) ~ 2nm
and
1 2.2
2n°mes 9 9 o\l A

/0 mds = [~log(A —n*n?s?)] | = log ()\_nQWQ <log(1l + nm).

Gathering those estimates in (2.28]), we finally get

1 1 1
1050, (N, 1)] < ( + ) glogtnm) < LEMT g 4 o
2n  nmw n

Injecting this upper bound in (2.26)), we get

T < (A1 — M) (1 +7),
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and the claim is proved. O
REMARK 2.2. In [1, Theorem 4.5.1], it is proved that for any e >
there exist Cc > 0 and ng € N* both depending only on € such that

1
exp(m)—1 >0,

Mestn — Mo > Cor/Noms V0 > no, Yk > gn(l +e).

The range of application of this estimate is slightly more restrictive than U, but gives
a lower bound for the gap that goes to infinity with k. This is coherent with the linear
behavior observed on the gap in Figure for high frequencies and with the general
theory of Sturm Liouwville operators stating that, for a fired n € N*, one recovers an
asymptotic quadratic behavior for the eigenvalues (see for instance [2, Theorem 1.1]).

2.1.4. Conclusion.

We have proved two gap properties, one for the eigenvalues whose indices lie in
L, and another one for the eigenvalues whose indices belong to U,. To conclude,
let us show that the gap property holds for the union: L, UU,. Take k; € L., and
ko € U,. According to Proposition and estimate ,

)\k}h’ﬂ

< (2ky — 1) +1 = 2k;.
nm

Hence, applying Proposition 2.1] with ks € U,
Mg — Mkern = nﬂ'(2(k2 —k1)—1) > nm.
2.2. Non-uniform gap estimate for middle frequencies.

This section is dedicated to the proof of Proposition
From Proposition as T > %, we have

3
k > T?’Lg =  Agp 207 (27‘71% — 1) > Zn27r2 —nm,

which implies (1.13]).
The estimate ((1.14]) will follow adapting the arguments of [2] Theorem 1.1]. Let
Aand Ain A,. Let u and @ the associated normalized eigenfunctions. Setting

w(z) =o' (-Da(z) — @' (—=1)u(z),
we obtain w(—1) = w'(—1) = 0 and

—w"(z) + n?m2z?w(z) = Aw + (A — N/ (—1)a(z).

Following |2, Lemma 2.2 and proof of Lemma 2.3], if we set W = (Zﬁ) we obtain
VA
T 27202 x X_)\
Wz <exp</ ds)/ u (=1)a(s)| ds
1w @) [ Eas) [ AR
20272\ X = A
<V2exp (= — v/ (—1)].
< Vaew (3775 ) B e
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Noticing that the two eigenfunctions are normalized and orthogonal, thus

-1

<2 (\@exp (§n27r2> A~ )\|> [/ (—1) %

1 1
W (D)2 < / ! (~1)a(s) — & (—Lyu(s) ds < / W )Pds

VA VA

As u/(—1) # 0, it comes that

~ VA 2 n?m?
A > Yexp (-2 .
| E 2 exp( 3\&)

Let K > n35 and j > 1, j # k. We apply this estimate to A = Ax,, and A= Ajn-
Taking into account (1.13]), we obtain

Nen 2 4
[Men — Ajn| > k, exp ( Ak > .

2 NS

which ends the proof of Proposition |1.2

3. The biorthogonal family.

The goal of this section is to prove the existence of a biorthogonal family to the
exponentials as well as the suitable estimates stated in Theorem We start with
some technical estimates on the inverse of Blaschke-type products and their derivatives
in the considered setting. We use these estimates in Section [3.2]to prove Theorem [I.3
and finally extend it to biorthogonal families to

{t — (—t)pe*/\t ; p€f0,d], \e A} ,

in Theorem 3.2

3.1. Preliminary estimates.
We use in this section the notation introduced in Section [1.4.2] in particular

(1.16), (1.17) and (1.18]).

For any countable family A C (0,400) such that >, , 5 < 400 and any A € A,
we define the Blaschke product

o—z
W(z) := H , VzeC,
UGAO’—FZ

which is well-defined and holomorphic on C due to the summability assumption on

(%)AEA'

3.1.1. Estimates of Blaschke product.

We start with the following estimate of the reciprocal of the Blaschke product in
the neighborhood of A.
PROPOSITION 3.1. Let o € (0,1) and N > 0.



21

e Let A be a family such that its counting function N satisfies ((1.20)).
For any A € A, we have the estimate

S exp OOL Y 1+10 X l'a , 31
‘WAA(x) ( pA (Ca,w (1+log (z/7)) %) (3.1)
V>0, VeeR, st |z—A < %7

where C,, § only depends on the parameters a and N.
o Let A be a family such that its counting function N satisfies the more precise
asymptotic

IN(r) = Nr¥| < C, Vr>0. (3.2)

For any A € A, we have the estimate

< (”“‘ :AQV) Yexp (Cay(I-log(v)a®),  (33)

@

Vv >0, VaxeR, st |z— ) S%,
where C,, § only depends on the parameters a and N.

REMARK 3.1. The difference between the two estimates given in the previous
proposition is that, under the stronger assumption , there is no logx term in the
exponential.

Thanks to this slight improvement, the present strategy developed in the rest of
the article let us exactly recover the estimates of biorthogonal families under a gap
assumption as given in [9, Theorem 1.5] with constants depending only on o and N
and on the spectral gap p.

However, for our purpose, we focus on the weaker assumption . Thus, in
the following sections we will not consider both settings.

Before proving Proposition [3.1] let us recall some useful formulas making use of
the counting function. These results are straightforward and we omit the proofs. For
detailed proofs we refer to [14].

LEMMA 3.1. Let f: (0,+00) — R be of class C*.

o For anyr >0,

S FO) = FIN(r) — /0 " PN (@t

AEA
A<r

o Forany(O0<s<r,
> F) = f(r)N(r) = f(s)N(s) */ fON(t)dt.
AEA s
S<ALr
o For any r > 0 such that the following quantities are well defined,
+oo
>IN = ~foN@ - [ FON@a

AEA
A>r
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From now on, we introduce the remainder of the series of the reciprocals of the
eigenvalues

R(r) := Z %,

AEA
A>r

and we observe that it is related to the counting function through the formula

N(r) = N(s) <rR(s), YO<s<r. (3.4)

LEMMA 3.2. Assume that the counting function associated with a family A satis-

fies (1.20) then we have
infA > (1) ,
N

N
R(r) < et Ve > 0.

11—«

Q=

and

We now have all the ingredients to proceed to the proof of Proposition [3.1]

Proof (of Proposition [3.1)).
We first observe that, by definition of p) we have
A=px, A+ px)NA={A},

and in particular, since |z — A| < py/2, we have

(0,z) NA = (0,\)NA, and (z,+00) N A = (A, +00) N A. (3.5)

We will prove the estimate under the assumption that

gl
Tt 5 €A

the general case being deduced by density.
Let us write the Blaschke product as

0 (1+2)
_ o _. Q)
-2 Dl
gEA
TFN

e

First step: let us prove the following upper bound on the numerator

Q(z) < exp (O ya®) -
We split Q(x) into two parts

Q1 (z) == H (1—|— ;) and Qq(x) := H (1—1— g),

oEA oEN
o< o>A
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and by using (3.5 we have

Q@) =T (1+2) and Q)= ][ (1+3).

gEA oeA
o<z o>x

For the first term, we have 1 < z/o. Thus, from Lemma and (|1.20)), it comes
that

log Q1 (z) < Z log (2;> = N(z)log2 —|—/ %N(t) dt < N(log2)z® + gxa.
0

cEA
o<z

For the second term, from Lemma we have

z 1 zR(x) N a
QQ(.’E)SH@"ZGXP ng =e Sexp(l_ax .

ocEA oEA
o>x o>x

Second step: we now prove the following lower bound on D(x)

C’Y

D(z) > exp (~Cyy (1 4+ log (/7)) 2°) ( 2 ) gy

2+
if N satisfies (1.20) and

~

Dla) 2 exp (~Co (1 - log)a*) (12 ) |

2z + vy
if N satisfies (3.2)).
To this end, we study the five following terms

D)= I] 1=2|, Da(w)= ] ]172\, Dy(z):=  [] ‘172
A A

)

o o oEN,0F#N
o<z/2 z/2<o<z—7/2 z—vy/2<o<z+v/2
X xr
Dy(zx) := H ’17—‘ and Ds(z) := H ‘17—’.
(o g
o€EA oEA
z+v/2<0<2z o>2x

The only difference between assumptions and will appear in the estimates
of D2 and D4.

e For any o < 7, we have ‘1 — %| > 1 and thus D;(z) > 1.

e To treat Ds(x), we notice that

1
1—u>e 2, Yu € {0,2].

Thus,

1
Ds(z) > exp | —2z Z 2| > e 2eh(2),
o

oEA
o>2x

Then, Lemma [3.2| implies

Ds(z) > exp ( - ]_Va(zx)a> .
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e We now turn to the term Ds(z). Thanks to (3.6) we have

Ds(x) := H ‘l—g‘.

oEN,0FN
T—v/2<o<z+7v/2

Recall that py and ¢] are defined by (1.17) and (1.18). In particular, we have
A — o| > px and by assumption |A — 2| < py/2, so that we finally have

|x — o] > pr/2, Vo €A, o#\
It follows that
P
Ds(z) > H —
verosn 2@ t7/2)
o€(z—7/2,2+7/2)

There is now two subcases:

— If 72(9311{/2) < 1, then we can use that (z — /2,2 +~/2) C (A—~v,A+7)

(because we assumed that | —A| < 7/2) to obtain the bound from below

~

2 _ o\
Ds(x) 2 Ueg#\ 2(z +7/2) <2x—|—7> ’ (3.7)

a€(A=7,A+7)

by definition of ¢}.
— If m > 1, then in particular v < p) and we deduce that, we
necessarily have ¢] = 0, so that is still valid and actually reduces
to D3 (I) > 1.
e The last terms Do(z) and Dy(x) are dealt with in the exact same way. Let
us detail the treatment of Dy. From Lemma [3.1]it comes that

log Da(x) > Y mg<”2mx)

oceN
z+v/2<0<2zx

= N(22)log(1/2) — N(x + v/2) log(v/4x) — /+ fpt—z

Notice that,
1 2
/ —dt = log (m) .
v/2 U v

log Dy(z) > —(log 2)N(2z) 4+ (log 2)N (z + 7v/2)

/;bN@+@N@ﬂ+@Mw (3.8)

Thus,

The difference between assumptions (|1.20) and (3.2)) appears in the estimate
of

N(u+zx)— N(vy/2+ ).
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— Assume first, that N satisfies (I.20). Formula implies
N(u+2) = N(v/2+2) < (ut 2)R(z/2+ ) < 22R(x),
which leads to
log Dy(x) > —(log2)N(2z) 4 (log 2)N(z + v/2) — 2z R(x) log(2z /7).

Finally, from (1.20) and Lemma [3.2] we deduce that

N 2
x% log (x)
o v

log Dy(z) > —(log 2) N (22)* — 21

which ends the proof.
— Assume now that N satisfies (3.2]). Then,

IN(z +u) — N(z+7/2)] <2C + N|(z +u)* — (x +v/2)%]
<2C + N|u —~v/2*
<2C + Nlu|®.

Integrating this inequality we obtain
71 2z N
—(N(x4+u) —N(z++v/2)du <2Clog | — | + N |ul
v/2 U v v
2 N
< 2Clog (x) + —z%.
y @
Getting back to (3.8)), we obtain
N
log Dy(x) > —(log 2) N (2z) — 2C'log (22 /) — —z“.
a
Using again (3.2]) ends the proof.
3.1.2. Estimates of derivatives of Blaschke product.
We now prove estimates similar to Proposition[3.I]but on derivatives of the inverse
of Blaschke products. )
PROPOSITION 3.2. Let a € (0,1) and N > 0. Let A be a family such that its

counting function N satisfies (|1.20)).
For any A € A, and any k > 1, we have the estimate

()" =2 (57) (i) o (0 (e (3)) )

vy €(0,2),
where C,, y > 0 only depends on the parameters o and N.
REMARK 3.2. As detailed for Proposition[3.1], the same estimate as the one given
in Proposition holds without the log()\) term in the exponential if one replaces
assumption (1.20) by (3.2).
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Proof. The proof relies on the Cauchy formula and Proposition Let Ty be
min(y,p)
2

min(y, px) } )

the circle centered at A and of radius r) :=

F)\:{ZGC,|Z)\| 5

By definition of py the associated closed disk D does not contain any other element
of A\ {\} and therefore ﬁ is holomorphic in a neighborhood of Dy, and we can

apply the Cauchy formula té) get

1 \® k! W“l( )
el A) = — LS N S2 NN POy
(Wi‘) ) 2 /F,\ (z — A)k+1 :

It follows that

(k)
1 k! 1

— M| < — sup |———|. 3.9
|<w¢) W) =05 2 [ (39)
Thus, we are reduced to estimate ﬁ on I'y.

A
For any z € Ct := {z € C: R(z) > 0}, since |A — Rz| < |\ + Rz|, notice that
(A= R+ (92)?

B R (A — R2)?
A+ R2)2 + (32)2

(A + R2)2

‘)\—z
>

Az

Thus, we obtain, for any z € C*
(WL(2)] > |[W(R2)| .-

Notice that, for any A € A, thanks to (1.17)), one has A > p, and thus I'y € C*. From
(3.9), we get
(k)
1
— A
‘ ()

By definition of r) we can apply Proposition for every « € [A —ry, A+ 7y]. Then,
using that r) <1 (since we assumed v < 2), the claim follows. O

1

< el (3.10)

sup
EA—Tx,A+TA]

k!
ok
TS &

3.2. Construction of biorthogonal families.

3.2.1. A biorthogonal family to the exponentials.

In this section, we prove Theorem We start with the following construction
of a biorthogonal family to the exponentials in infinite time.

PROPOSITION 3.3. Let a € (0,1), N > 0 and let A C (0,+00) be a countable
family whose counting function N satisfies .

Then, there exists a family of functions (gx 0o)rea C L?(0,+00) which is biorthog-
onal to the exponential functions

{tl—>e_M;/\€A},

that is

+oo
/ e_)\th,oo(t>dt = (5)\,1“ V)\,M € A7
0
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and that satisfies for any A € A, the estimate

A+
P

Ca
ool 0.0 < Cor (50) 00 (Cael1 4 TomO2)A) . ¥ >0, (301
where C,, 5 only depend on the parameters o and N, and py, ¢} are defined in
and respectively.
REMARK 3.3. As detailed for Propositz'on the same estimate as ([3.11)) holds
without the log(\) term in the exponential if one replaces assumption (1.20)) by .
Proof. The proof rely on the isometry induced by the Laplace transform

L : L*(0,+00;C) — H?(CT)
+oo
[ (F DY H/ f(t)e‘”dt)
0

onto the Hardy space H?(C") endowed with the norm

+o0
1Pl = [ PPy,
For more details about this isometry we refer to [28, p. 19-20] and the references
therein.
For any given A € A, we define

A
Ia(2) = 1+ X Wiz)

= vzeCt
WA 1420 S50

which is clearly holomorphic in C*. Moreover, since W satisfies
[W(iy)| = 1, for any y € R, (3.12)

we get that Jy, € H2(CT) and that

1
A </+°° 1 dy>2 1+ VT(L+X)
Almz(c+) = = .
©0 oo 1+9? W RO

By Proposition [3.1} we finally obtain the estimate

Aty

X
o ) exp (Cp p(1 —log A/7)A%) .

Il es) < Cax (

We define gy o0 := §R(£*1(JA)) so that, by the isometry property of the Laplace
transform, the expected L? bound for gy  holds. Moreover, by the properties of W;\\,
we have

JA(A) =1, and Jy(u) =0, VueA\{\} (3.13)

This translates, thanks to the Laplace transform definition, into the expected orthog-
onality conditions

+o0o
/ Aro0(t)e M dt =65, p €A
0
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The proof is complete.
]
For T € (0, +o¢], let us now introduce the spaces

L%(0,T
A(A,T) = Span(t — e XA € A) ( ).

We will use the following general result that is a consequence of the study of Remez-
type inequalities in Miintz spaces that can be found for instance in [12}[13]. A detailed
proof is proposed in [14].

THEOREM 3.1. Leta € (0,1), N > 0 and A C (0, 400) be a family whose counting
function satisfies , For any T > 0, there exists a C,, 5 r > 0 depending only on
a,N and T such that

1£1lz20,400) < Cow,rllfllL20),  Vf € A(A, 00).

The invertibility of the restriction map on A(A, o0) was already proven for instance
in [28] and uniform estimates (with respect to different parameters) for the above
constant were proved in [2I, Theorem 1.3] under an additional gap condition. Here,
we need uniform bounds with respect to the counting function and we do not require
any gap condition. This is why we will use the estimate given in Theorem

We now have all the ingredients to prove Theorem

Proof (of Theorem . Let (gx,00)aea be the biorthogonal family to the expo-
nentials in L?(0, +00) given by Proposition We start by projecting those functions
onto the closed subspace A(A, 00) by setting

q)\ = PrOjA(A,oo) q)\,OOa VA S A

By construction we have, for any p € A,

“+ o0 400
/0 gr(t)e Mt :/0 Qo0 (t)e Mt = 8y,

and moreover |gxl/z2(0,00) < |gr,00ll22(0,00)- Therefore (gx)x is also a biorthogonal
family satisfying the same bounds as (gx o0 )a but it has the additional property to be
included in the set A(A, o).

For a finite given T" > 0, let us define the restriction operator

RA,T : f c A(A, OO) — f|(O,T) c A(A, T).

By Theorem we know that it is invertible and that the following uniform bound
holds

HRX,ITH < Ca,N,Tv

therefore the adjoint (RxlT)* is an operator from A(A, co) onto A(A,T) that satisfies
the same bound.
Then, setting

g = (Ryp) 4, YAEA,

we see that the biorthogonality property in L?(0,T) is guaranteed as well as the
expected bounds. O
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3.2.2. A more general biorthogonal family.

The previous construction can be extended to prove the existence and suitable
estimates of a biorthogonal family in L2(0,T) to

{t— (—t)ye™;je[0,d], e A},

as detailed in the following theorem.

THEOREM 3.2. Let a € (0,1), N >0, d €N, and let A C (0,+00) be a countable
family whose counting function N satisfies (1.20]).

Then, there exists a family of functions (qg,T)leﬁo,dﬂ,AeA C L?(0,+00) which has
the following biorthogonality property

T
/ (=t e M, p(t)dt = 65,050, YA, peA, Vi lel[0,d], (3.14)
0

and that satisfies for any A € A and j € [0,d], the estimates

||qj | e (/\+5>(d+1)c} < 9 )d+1
2 T —_—
ATILAHOT) = Yoo, Td P min(y, px)

x exp (Cp i .a(1+10g(A/7))A%), Vy€(0,2), (3.15)

where C, 5 4 and C, § .4 only depend on the parameters «, N,d (and T).
REMARK 3.4. As detailed for Propositz'on the same estimate as @ holds
without the log(\) term in the exponential if one replaces assumption @ by .
Proof. The proof follows the same line as the one of Theorem [I.3] We only detail
how to adapt Proposition |3.3
For any A € A and any [ € [0,d], we are looking for a function J} € H?(C™)
satisfying
1. Yo € A\{\}, ¥p € [0,d], (J,)P (o) =0,
2. Vp € [0,d], (J)P(N) = b,
with suitable estimates of its norm. Notice that condition amounts to:

1£60)] " (o) = 6r.00pus

which is given by conditions [I] and
Let us look for .J} in the following form

A e d+1
K=o ()

where 3(2) = 1+ z and P} is a polynomial of degree d to be determined so that

condition [2] is satisfied. Notice that the term (W)™ ensures that condition
1

holds, whereas the term /B(Z:)lid“ = {37 makes J f\ integrable on iR as we shall see.

Let us now determine the polynomial P)l\. For any k € [0,d], this polynomial
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should satisfy

k') ( ﬁ ) d+1 - )
P O ifk>1
= (l [ wi
0 it k<.
Thus, setting
d d417 (=D &
L0y — k B (2=
AE=Y (1) | (s WA (3.16)
k=l A
ensures condition [2 We now turn to the estimate of ||J}||g2(c+). First, recall that
for all y € R, we have |W)/\\(zy)| = 1. Therefore,

o] o Pl(zy) ?
12 _ L) Pdy = A
||J>\||H2(C+) —/_OO|J>\(Z?/)| dy—/_m'(1‘1'1'2/)dJrl

Note that, according to (3.16)), there exists Cy > 0 such that, for any z € C,

d—1 (k)
l 2 > d 2d+1 1 .
DG = Catt + B+ 00 5 [(WAAW] o)

Hence,

d—1

||J§\||H2(C+) < Cd(l + )\)2d+1 Z
k=0

(3.17)

Then, from Leibniz rule and Proposition we obtain .

As in the proof of Theorem [1.3] the desired biorthogonal family in L?(0,T;R)
will follow from the suitable version of Theorem adapted to the new family of
functions we consider here, see the details in [I4]. O

4. Application to cascade systems of Grushin equations.

We gather the spectral analysis done in Section [2| and the general construction of
biorthogonal family proved in Section [3| to prove Theorem Then, in Section [4.2]
we extend these results to the cascade system of coupled Grushin equations .
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4.1. Minimal null control time of Grushin equation.

In this section, we prove Theorem From the strategy detailed in Section
we want to prove that for T > % the system is null controllable with a control
uy, uniformly bounded with respect to n. The same arguments as the one of [8|
Proposition 4.1] (see also [8, Proposition 3.1]) based on cut-off arguments prove that
it is sufficient to consider the case w = (a, 1) x (0,1).

Recall that from , the control

- Ghn ()
up(t, ) = — Z e Mo T < 27gk,n>L2(71’1) W Qk,n(T —t),
keN* MIIL2(a,1)

formally solves the moments problem .

To deal with the biorthogonal family (gx..)ken-, we prove the following uniform
bound on the counting function.

PROPOSITION 4.1. There exists C > 0, such that,

Mo > CK? Vk,n € N*. (4.1)

Thus, there exists C > 0 such that, the counting function N, of the family A,

(see (1.16])) satisfies
Np(r) < Cy/r, Vr >0, Vn € N*.

Proof. In [I7, p.104, thm 11], the authors use Rayleigh’s Theorem to deduce that

k272
T4

>\k,n + Tkon, (42)

where |ry.,| < n?n? for any n,k € N*. To prove (4.1]), we consider two different
situations
e if k£ > 3n then, according to (4.2)), there exists ¢; > 0 such that

k2m2
/\k,n >

—n’r? > cle,

e if k£ < 3n then, according to Proposition there exists co > 0, such that
Mo > (2k — D)nmw > kn > cok?.

Then we set C':= min(cy, ¢2). The uniform asymptotic on N,, follows directly. O

We now get the following bound on the biorthogonal family using Theorem [1.3
The estimate given by Theorem will be sufficient for our purpose: in the range of
frequencies for which we do not have a uniform gap, we have a poor gap-type inequality
(see Proposition but which concerns not so much frequencies (see ((1.15))).

PROPOSITION 4.2. LetT > 0 and e > 0. There exists Cr . > 0 such that, for any
n € N*, there exists a biorthogonal family (qrn)ken+ to the exponentials associated
with A, in L*(0,T;R) i.e.

T
/ e—kk,ntqjﬂrl(t)dt — §k,j7 Vk‘,j < N*7
0
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which satisfies

lgknllL20) < Crce™m, Vk € N*.

Proof. Let ¢ > 0. Let 7 € [%, 1) be such that

3(1-7)< <, (4.3)

DO ™

and ~y; the constant given by Corollary (1.2).
Using Theorem [I.3] with the parameter +, and Proposition [I.1] there exists such
a biorthogonal family which satisfies

Mom + Vo Chin
|z2(0,7) < Cr exp (C (1 —log v, + log Ak.n) \/E) (H) .

llqk,n
pk,n

We now consider two cases.
o If \p,, € L, UU,, then, from Corollary it comes that py, > 7, and thus
cp7, = 0. Then, we obtain

llak,nllL2(0,1) < Crexp (C (1 —log~y, +log Ak.n) v/ Ak,n) ,

which ends the proof in this case.
e Otherwise, \i, € M, . From Proposition and Proposition we obtain

Pk,n > )\k”ﬂ exXp <_§ V Ak,n) > €xXp <_3 Ak:,n) .

2
From Corollary we have dist(L;,,U,) > v,. Together with (L.15) and (L.13)),

this implies
& < #Mpy +1< (1- 7)% +2< (1= 1)/ Ao +2.
From (4.3)), it comes that

1

()CZTH < exp (3(1 —T) A + GM) < exp (%A“ + GM) . (4.4)

Pk,n

Finally, this implies

larnll 2207 < Crexp (€ (1 = 10g7, + 108 + 7)) VA ) exp (50

which ends the proof. O
REMARK 4.1. As mentioned in the beginning of Sectionm estimate (4.4)) is
the key point to obtain the bound on the biorthogonal family given in Proposition [{.3
The very weak gap information coming from Proposition[1.3 is somehow compensated
by the fact that this information does not concern too many eigenvalues (see (|1.15)) ).
We can now prove Theorem
Proof (of Theorem . Let T > % Let € > 0 and 1 > 0 be such that
2
a n
T>—+=-+e¢.
5 + 9 +e
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From Proposition it comes that

—nn(a®+n)
e
gk, n||L2(a 1) = > Cy

n2m?
From Proposition it comes that
Aon 2> nm(2k — 1) > nr +2(k — 1), Vk,n € N*.
Together with Proposition we obtain that the control u,, given by satisfies
.2
||Un||L2((0T x(a,1)) < Ce (Z e 21T €)> ”27T267M<T 77777 >||fn||L2 —1,1)

keN*
< CE»W»T”fS”LQ(—l,l)v

which ends the proof of Theorem |

4.2. Minimal null control time of cascade systems of Grushin equations.

This section is dedlcated to the proof of Theorem [L.4] - that is the proof of null
controllability in time T' > %- of the cascade system (|1.22). As in the scalar case, one
of the crucial steps is the followmg estimate of b1orthogonal families.

ProprOSITION 4.3. Let T > 0, € > 0 and d > 2. There exists Creq > 0 such
that, for any n € N*, there exists a biorthogonal family (QLm)keN*,le[[O,d—l]] to

{t > (—t)le Mt  k>1,1€[0,d—1]}
in L?(0,T;R) i.e
T
/ (—t)Pe Mortal  (t)dt = by j0p., Vk,j € N*, Vp,l € [0,d — 1],
0

which satisfies

||(Jk wllzzo) < O, g Vk e N*, vl € [0,d — 1] .

Proof. Let € > 0 and d > 2. Let 7 € [2,1) be such that

3d(1—7) < (4.5)

[\')\03

and ~y; the constant given by Corollary .

The rest of the proof follows exactly the proof of Proposition but we apply
the abstract construction given in Theorem [3.2] instead of Theorem Again, if
A € Lrpn UUp,, the estimate follows directly whereas, if Ay, € M;, the main
contribution comes from the term

del™
1 A £
<p> < exp <3d(1 —T) N + Gd\/)\k,n) < 3 MknFOdy A
A
where we used (4.5)). O
We now turn to the proof of Theorem
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Proof (of Theorem . Let T > “2—2 Following the method presented in Sec-

tion[L.3] for every n € N¥, it suffices to find a null control u,,, uniformly bounded with

respect to n, to the following 1D system
8tFn(ta 1‘) + OnFn(ta 517) = Bdun(tv x)l(a,b) (l’), (ta ‘T) € (Oa T) X (717 1)7
F.(t,£1) =0, te (0,7), (4.6)
Fn(07x) :F'rg(x) € (L2(_1a1))da T e (_171)a

where we have introduced the operator O,, := A, I; + K.

The reduction of the null controllability of cascase systems like (4.6]) to a moments
problem as well as its formal resolution cand be found for instance in 3|, Section 5.1].
For an adaptation with a distributed control as considered in (4.6)), we refer for in-
stance to [2] Proof of Theorem 5.2].

Following these references, we consider the Hilbert basis of L?(—1,1;R)? of gen-
eralized eigenvectors

Z,n(m) = gk,n(x)era Vr € [[17 dﬂ , k,n e N¥,
where e, is the r*® vector of the canonical basis of R? i.e.
(05 = M) P = @4, (47)
where (I)g,n = 0. With this notation, a formal null control of (4.6|) is given by
- e, ()
-0 T k,n r—
Up(t, ) = — Z Z(r —YF e O"T(I’k,n>L2(—1,1 7qk7n1(T —t).

) 2
ke~ r=1 g lz2(ap)

From (4.7, we obtain

)
gl k.n

r—1
o _ —t)*
e Ontq)z’n:e AkmtE :( ') P
s=0

which implies
[P e ) a1 | < Cae T ISl a1,
Then, null controllability in time T follows exactly as in the proof of Theorem 0

4.3. Extension to boundary controls.

In this section we detail how to adapt our analysis to deal with boundary controls.
This leads to Theorem [I.5] First, let us consider the scalar case i.e. d = 1.

Using a classical argument based on cut-off functions, the lack of null controlla-
bility in time T < % follows directly from Theorem

Now, let T > L and ¢ > 0 be such that T > % + 2¢.  As previously, null
controllability of is equivalent to the uniform (with respect to the parameter
n) controllability of the following family of problems

Orfu(t,x) + Anfu(t,z) =0, (t,z) € (0,T) x (—1,1),
fn(t,—1) =0, te (0,7),

Fa(t,1) = un(t), t e (0,7),

fn(O,.%‘) = f2($>7 T e (_171)'
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The moments problem equivalent to the null controllability of (4.8) now reads

T
(D) [T (0t = (e T )y VEEN (49

A formal solution of this countable family of equations is given by

<f37gk,n>L2(7l 1)
Up(t) = — Z e~ M T ’

Qe (T — 1), (4.10)
e (1) L

where, for any n € N*, (gx»)ren+ is the biorthogonal family in L?(0,T;R) to
{t e Mwnty ke N}
given in Proposition @ Thus, there exists Cr . > 0 such that
I @k,nllr201) < Or e, Vk € N*, Vn € N*. (4.11)

The only thing left to prove unifom null controllability of in time T is to give a
suitable lower bound on | g}cn(l)| This lower bound is given in the following propo-
sition.

PROPOSITION 4.4. For any € > 0, there exists Cc > 0 such that

|Gk m(1)] > Cee™en 349 Wk € N¥, Y € N*.
Proof. Using a classical argument of extension of the spatial domain, the analysis

of the minimal null control time done in [§] implies the null controllability in any time
T> % of the boundary control problem

Of(t,z,y) +Df(t,z,y) =0, (t,z,y) €(0,T) x Q

ft,z,y) =0, (t,z,y) € (0,T) x (9OQ\T') (4.12)
[tz y) = ult,y), (t,z,y) € (0,T) x I’ '
F0,2,9) = fO(z,y) € L*(Q), (2,9) €,

where I' = T'_y Uy with 'y = {£1} x [0,1]. Thus, this problem satisfies the
quantitative Fattorini-Hautus (proved in [I9] Proposition 2.3] and studied in more
details in [5]) which is a necessary condition for null controllability in time 7. In
particular, for any € > 0, there exists C; > 0 such that every normalized eigenvector
px of D associated with the eigenvalue )\ satisfies

190 pxlIZ2 () = Cede (=9,
Applying this inequality to (z,y) — gk,n(x)Pn(y) we obtain
195 (D)2 + 195 n (D2 > Cdp e Pen(GH9 1 vk € N, vn € N*.
As the eigenfunctions gy, ,, are either odd or even (see Lemma this ends the proof

of Proposition 4.4
0
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Recall that, from Proposition [2.1]
Aom > nm(2k—1)>2k—1,  Vk € N*,Vn € N*,

Then, using Proposition and estimate (4.11) in (4.10) leads to the existence of
Cr1, > 0 such that

lunllz20,m) < Crpe Z e M T Arin(54) Ak
keN*

(2h—1)(T—1—
< Cr. Z (e (2k—1)(T— 3 2&)) 1720 22 (—10)
kN~

<f2,9k»n>L2(—1,1)’

which ends the proof of Theorem [I.5]in the case d = 1.
The adaptation to the minimal null control time of the cascade system (1.23)
follows exactly the lines of Section [1.2]

5. Appendix.

5.1. Proof of Lemma [2.3]
Recall that the functions (Gj)k>1 are normalized in L?(R) and satisfy

e*IQ/sz(x)

Gk xXr) = — s 5.1
(=) r/4255 (k= 1)! (5-1)
where Hj, is the (k — 1) Hermite polynomial defined by
1 2 dk71 2
Hy(z) = (—1)" e ¢ vk L
These polynomials are orthogonal for the following scalar product
(1.9) = [ Fagta)e ™ da.
Those functions are drawn in Figure [5.1
Let us start by showing
0 < Gi(z) < Grg1(x), Vo> /nm, Vk € [[1, gn]] . (5.2)

One can observe this inequality in Figure [5.1]
From the definition of Hermite polynomials, one can derive easily the classical
recurrence relation (see for instance [29, Section 5.5])

Hk((E) = 2$Hk,1({1}) — 2(k — 2)Hk,2($), Vk 2 2.
Then, we use (5.1]) to get:

e 12 i (x) B 2(k—2)
P1/A25 k= 1)1 w4255\ /(k — 1)

2 k—2
=4/ - lek,l(x) b/ le,g(x).

Gr(z) =2z e_”2/2Hk,2(x)
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Figure 5.1: Graph of some eigenfunctions of the harmonic oscillator.

Let us fix n € N* and prove (5.2) by induction on k.

. e—w2/2 pe—T2/2 . .
Since G1(x) = “—7— and Ga(z) = 775 inequality (5.2) holds for k = 1.
Take k > 2 and suppose that (5.2) holds for k — 1: for any = > /nm, Gg(x) >
Gr—1(z) > 0. According to the above recurrence relation, we have

G () = \/szk(x) - 1/L;1Gk_1(x). (5.3)
Gk+1(l’) Z (\/g — “ k;l> Gk(IL') (54)

Since x > y/nm, we have

2 k—1 2 2
o > —/ —1> —V —1>
ﬂ vkﬁnﬂlﬂﬁle

since k < T, As G(x) > 0, this gives (5.2)).
According to inequality (5.2)), Lemma is proved, if for ko := |tn%|, the
following inequality holds

Thus,

G (V/nm) < Cre= 2", (5.5)

Let us show this inequality. First, for any k& € N*, G}, is decreasing in [\/fx, +00).
Indeed, when = > /jix, we have proved that Gy(x) > 0. Moreover, for a such z,
Gl(z) = (#* — u)Gr(x) > 0. Thus, the function Gy, is convex in [\/mx, +oo[ and
tends to zero at infinity. It follows that Gy is decreasing in this interval.

It suffices now to show that Gy, (zo) < Cie~%2" for a xg such that Vnw > xg >
Vo Recall that g = 2k — 1.

As 7 € (0,1), let @ > 0 be such that cosh(a) = \/; Let zg := /Hk, cosh(a).
Observe that, for any n € N*,

VN 2 2o 2 \/lbke-
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Then, the estimate given in [29, formula (8.22.13), p. 201] reads

exp [(— — 1)(2a — sinh(2a)] 1
Gk}o(xo) f23/4(k0—1)1/4 Slnh( ) <1+OT (n>)7

where O, (%) only depends on 7 and n. Recall that a > 0, so using that 2a —
sinh(2a) < 0, we find, for n > ng with ng large enough,

G, (20) < Cy exp(—Can),

where C7 et Cs only depend on 7.

REMARK 5.1. Lemma 18 the only step in the whole spectral analysis that
requires the introduction of the parameter 7. This is what introduces a discrepancy
between the analysis of low and high frequencies and led us to the generalization of
biorthogonal families stated in Theorem[1.3 In the case T =1, instead of Lemmal[2.3,
we only obtain a polynomial decay (with respect to n) of Gi(x) in the considered range
for k and x. This decay would not be sufficient to repeat the proof of the uniform gap

property fo low frequencies (see for instance (2.19))).

5.2. Proof of Lemma [2.2]
We shall in fact prove the following slightly more general property: for any § €
(0,1), there exists an integer ng(d) € N* such that
/ G,%(x)do: >1-96, Vk< gn, Yn > ng.
Qn

Recall that p, = 2k — 1. Let 6 € (0,1) and € € (0, %) to be defined later, but
depending only on 6. Let k < Zn, we have \/nm > \/f, > /i, cos(e). Since Gj is

even,
Vnm VK cos(g)
/ G (z)dx = 2/ G2 (z)dx > 2/ G2 (z)da.
Qn 0 0

Let us make the change of variable x = /fi cos(¢) with ¢ € [e, T],

/Q G} (x)dz > 2 / G2 (VA cos(9)) v sin(6)do,

For any ¢ € (e, §), the following formula for G (y/fix cos(¢)) holds (see [29, Theorem
8.22.9, p. 201])

Gr (v cos(9)) =
21/4 . E o1\, . 37
el — )1 fam(d) <Sm (<2 - 4> (sin(2¢) — 2¢) + 4) + Te,k) , (5.6)
where 7., only depends on € and £ and, for ¢ fixed, r. j, = . O+ (%)
Thus, '
L 2V2V2k ko1 3 2
/ G2(z)dz > :C/ki i <S1n ((2 - 4) (sin(2¢) — 2¢) + I) + Tg,k) do

> % / : (sin ((’; - i) (sin(20) — 26) + 31) +r5,k>2d¢>.

(5.7)
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Let us focus on the term that does not involve 7. . Let

Vgt (k: - ;) (sin(2¢) — 2¢) + 3%
We have
4 2 3
?/5 . (vk;¢)>d¢:i1_i/6 cos (vx(¢)) do
_1 ﬂ;% _ %/7 cos (vk(6)) do.

To estimate this term, we will fix € sufficiently small (depending on ¢) and prove that
the remaining integral goes to 0 when k goes to +o0.
Indeed, integrating by parts, we obtain

%/gi sin? (2u1,(¢)) dp = 1 — 5% - %/gi cos (vi(¢)) Z;’:Eg d¢
22 sin(vm)} ¥ sin(v(9))07/(4)
-2 e
Since, sin (vk (g)) =0 and
vi(p)  —1 2sin(2¢)  —1 cos(¢)
(v,,(¢))2 2k —1(1—cos(2¢4))2 2k — Lsin’(¢)’
we obtain
4 1%, (v(9) 2 2 1 1 1 1
;/E sin ( 2 )d¢2 1_E; S ml—cos(26) 2k —1 sind(e) 2k — 1 (58)

Now let us fix € > 0 such that 5% = g. There exists K € N* such that

2 1 1 1 1 0
<

= — = VE > K.
ml—cos(2e)2k—1 sind(e)2k—1 ~ 3’ -

Notice that K depends only on ¢ and thus only on §.
Finally, let us deal with the remaining terms in (5.7). As ¢ is fixed and r. =
O (%)7 it comes that, there exists K5 € N* depending only on § such that

k— 400

8 2 Uk(¢) 4 /7 2 0 \
Te,k /5 S ( d¢ + ( 5) 7'5),c 5 k K5

Using this estimate and (5.8)) in , we obtain that there exists K € N* depending
only on ¢ such that
G2(z)dz >1-6,  Vn,k e N* such that gn > k> K. (5.9)
Q.

Considering the finite number of k € [1, K — 1], as ||G||z2®) = 1, it comes that

/Gi(m)dx - 1L
QTI,

n—-+00
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As K depends only on §, we deduce that there exists ng depending only on ¢ such
that

/ Gi(z)dx > 14, Vi < gn, Yn > ng,
Qn

which is exactly the generalized statement of Lemma [2:2] announced at the beginning
of Section [5.2]
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