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Abstract: This work is devoted to fault estimation of discrete-time Linear Parameter-Varying (LPV)
systems subject to actuator additive faults and external disturbances. Under the assumption that the
measurement noises and the disturbances are unknown but bounded, an interval observer is designed,
based on decoupling the fault effect, to compute a lower and upper bounds for the unmeasured state and
the faults. Stability conditions are expressed in terms of matrices inequalities. A case study is used to

illustrate the effectiveness of the proposed approach.
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1. INTRODUCTION

Industrial systems are subject to several kinds of faults, such as
sensors, actuators or component malfunction, which may lead
to performance degradation or even serious human damages.
Therefore, it is important to improve system and human safety
and reliability. As a result, during the past decades, fault es-
timation has been received a great attention; it allows one to
determine the size, location and dynamic of the fault.

In reality, most of industrial systems are nonlinear and Linear
Parameter-Varying (LPV) models can be used to approximate
a large class of nonlinear systems (Shamma [2012]). Many re-
searches have been carried out about LPV systems in the filed of
fault estimation. For LPV systems, the discrete fault estimation
problem has been dealt within many works. In (Abdullah and
Zribi [2013]), a fault estimation and compensation scheme for
LPV systems, under actuator and sensor faults is presented.
A robust fault estimation and compensation for LPV systems
under actuator and sensor faults is proposed in (Seron and
De Doné [2015]). In (Luspay et al. [2015]), fault estimation for
discrete-time LPV systems under noisy scheduling measure-
ments is proposed taking into account stochastic and additive
scheduling parameter ambiguities.

An effective approach based on fault decoupling principle can
be used to estimate the fault. This is obtained by designing an
Unknown Input Observer (UIO). Over the past decades, a great
deal of research effort has been devoted to the UIO theory. In
(Sun et al. [2012]), a linear time invariant model-based robust
fast adaptive fault estimator with unknown input decoupling
is proposed to estimate faults. An UIO design procedure is
generalized to LPV descriptor system is presented in (Hamdi
et al. [2012]). UIO for LPV systems with parameter varying
output equation is developed in (Ichalal et al. [2015]).

Usually, an unknown input observer is designed to estimate
the fault. However, in presence of uncertainties, classical ob-

servers may not be efficient to solve the estimation problem.
In this case, interval observer is proposed to compute the set
of all the admissible values and provides certain lower and
upper bounds for the estimate at each instant of time in the
presence of bounded uncertainties. Several works have inves-
tigated interval observers based on cooperative systems theory
(Raissi et al. [2010]), (Mazenc et al. [2014]), (Lamouchi et al.
[2016]) and (Lamouchi et al. [2017]). Few works have consid-
ered unknown input interval observers. In (Gucik-Derigny et al.
[2014]), (Gucik-Derigny et al. [2016]), an interval state and un-
known inputs estimation for linear time-invariant continuous-
time systems is studied. The work in (Xu et al. [2017]) pro-
poses an UIO for LPV systems based on set theoretic approach.
Recently, a new method developed in (Robinson et al. [2017])
has addressed the problem of unknown input interval state
estimation for Linear Time-Invariant systems. To the best of
our knowledge, fault estimation problem in discrete-time LPV
systems using unknown input interval observer has not been yet
fully tackled.

Motivated by the previous explanations and inspired by the
method in (Robinson et al. [2017]), an extension of fault es-
timation to a class of discrete-time LPV systems in a set-
membership framework is proposed in this paper. The idea con-
sists in decoupling the fault effect on the state using transforma-
tion of coordinates. Then, an unknown input interval observer
is designed to compute a lower and upper bounds for the state
and the fault.

This paper is organized as follows. Preliminaries are given in
Section 2. In Section 3, the problem statement is presented.
Section 4 proposes an interval observer for state and fault
estimation. Numerical simulations are presented in Section 5
to show the efficiency of the proposed approach. Finally, the
paper is concluded in Section 6.
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2. PRELIMINARIES

A system described by xz = Axg + uy, with x; € R" and
A € R™" is nonnegative if and only if the matrix A is elemen-
twise nonnegative, u; > 0 and x;, > 0. A matrix A € R™" is
nonnegative if all its elements are nonnegative. Given a ma-
trix M € R™*" define M™ = max{0,M}, M~ = max{0,—M}
(similarly for vectors). For two vectors xj,x; € R"” or matri-
ces My,M, € R™"_ the relations x; < x» and M; < M, are
understood elementwise. The symbol |.| denotes vector or cor-
responding induced matrix Euclidean norm. For a measurable
and locally essentially bounded input u : N — R, the symbol
|[ul[[15,11) denotes its Le-norm where ||ul|y, ) = sup{|u,t €
[to,11)}, ||ull = [[ul[ [0, 1) The set of all inputs u with the prop-
erty ||u|| < o is denoted by Z.

Lemma 1. (Chebotarevetal. [2013]) Letx,x,x e R"ifx <x <X
then,
+ <yt

=)
I/\
=

ey

X and
Similarly, let A,A,A € R™*" if A < A then
AT <At <A" andZ <AT <A 2)

Lemma 2. (Chebotarev et al. [2013]) Let x € R” be a vector
such that x < x < X for some x,x € R”.

/\

(1) If A € R™*" is a constant matrix, then

ATx A X<Ax<ATX—Ax 3)
(2) If A € R™" is a matrix satisfying A <A < A for some
A,A € R™" then

Afxt ATy —A X" 4+A ¥ <Ax
<A AT —A XA @

3. PROBLEM STATEMENT

Consider the following discrete-time LPV system:

X1 = (A+AA(p))xx + Buy + wy 5)
Y = Cxi + vy

where x; € R” is the state, u; € R? is the input, y;, € R? is
the output; wy, v; are respectively the bounded disturbance
and noise. The vector of scheduling parameters p € IT is
considered unknown and only the set of its admissible values
IT is given. AA : TT — R™" is a known piecewise continuous
matrix function.

We assume in the following that an actuator fault can be
modelled by an additive term in the system (5). Therefore, the
faulty system dynamics are given by:

Xer1 = (A+AA(p))xx + Buy + F fi +wy ©)
Cxy + vy,

where F € R"*? is a known matrix and f; € R? is the fault
vector.

In the following, it is assumed that the matrix AA(p) belongs
into the interval [AA, AA]. The value of the scheduling vector p
is not available for measurement but it is easy to compute AA
and AA for a given set IT and a known function AA : TT — R"*",
The disturbance wy and the measurement noise v, are bounded
by two known sequences such that w;, < wy <wg and v, < v <
Vk-

Assumption 1. AA < AA(p) < AA for all p € TI and some
known AA,AA € R™", |
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Assumption 2. There exist w, w, v and v such that: w < w, <Ww
and v < v, < v are satisfied V k € N. O.

The methodology presented below is based on two steps. First,
an estimation of the state bounds x;,x; € R" is described. The
second step consists in estimating a lower and upper bounds
f o [ € R? for the actuator fault f;.

4. MAIN RESULTS

The following assumption is required.

Assumption 3. C is full row rank matrix and F is a full column
rank matrix. a

Under Assumption 3, there exists a transformation of coordi-
nates 7 = H' x;, H € R"™" such that F = H[ Ry O]TKOT with
Ro € R7*9 and K € R7*9.

The system (6) can be rewritten in the coordinates z as:

. - - Ryl =
U1 = (A+AA(p))zi + Bug + [00} S+

i (N
yk:CZk+Vk

. _ | Hi1 Hi2 Ai—H A A
WlthH—[H21 sz} = { 1A22}

7 AA1i(p) AApy(p )]
AM(p)=HTM(p)H = | "1

(P) (P) [AA1P) AAzz( )
B=H"B=[B B,] ,C=CH=[C &, i =Kl fe, "=
T

HT is assumed to be bounded, then, it follows that [w| < W
where W is a constant positive vector.

The system (7) can be rewritten as:

Lht1 = (A +M11(P))Zl,k + (A +M12(P))Zz,k
+Biug + Rofi + Wi 4

201 = (Ao + Ao (p))zik + (Aa + Ao (p))zox ()
+B’52uk+w2’k

Yk = 6121,/( +6222,k + vk
C) is supposed to be a full column rank matrix (Hou and

Muler 1992) and can be decomposed as: C; = N[R; O]TKlT

with N = [Ny; Nj2] and 5 = NTy;. Then, the measurement
equation can be decomposed as:

Fix = RiK] 21 + NI, Caza g + NI vy ©)
57271{ = N1T2C2227k +N1T2Vk = C2227k +N1T2Vk
As 37171{ = GYTfk with G{ =
is extracted from (9):

21k =EQk—Cozax —w) (10

with E = KIRI*IGSTNT. By replacing this expression of z; ¢ in
the second equation of (8) we obtain:

[1; Ogx(p—q) ], the expression of z;

22441 = A2za g+ AAs(p)zak + Botti + Da(p)vi
=D (p)vic+Wa (11)
Yox = Caza g+ Ny
with Ay = Ay —AyECz, A{iz(P) = AMxp(p) — Mgl(P)Eéz,
By = B>, Dz(p) =Ay9E +AA21(p)E, and C; = N1T2C2.
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Assumption 4. The pair (A;,C;) is detectable. O

Remark 1. 1t is worth to note that it is not always possible to
compute a matrix L such that A — LC, is nonnegative. This
restrictive condition can be relaxed by means of a change of
coordinates. It has been shown in (Efimov et al. [2013]) that
there always exists an transformation matrix P such that R =

P(A; — LC>)S, with S = P~!, is nonnegative. ad
The system (11) can be described in the coordinates r, = Pz,
as follows:
rake1 = Rry g+ PAAy(p)Sry .+ PBoug+ M(p)yi
—M(p)vic+ Py i (12)
Yox =CoP 'y + Ny
where M(p) = P(Dy(p) + LNL,). In the following, an interval

observer design is proposed to estimate the state and the actua-
tor fault.

4.1 State Estimation

Consider the following observer structure for (12):

Taxr1 = RFp g+ PBoug + @ (Fop,ra i) + Ty )—
B(V,v) +A(W2,0,)
Iy g1 = R g+ PBoug + @(Fop, 1o ) +£(y1:r»y1:)_ ()
F(V,) +A(W2,00,)
with
O(Faklop) =0 Ty =0Ty =0 1y, +0 1y
O(Fag;Tag) = Q+K2+k [ Ik _277Zk+67?ik
o= (PTAA, — P AA))ST — (PTAA, — P AA,)S™
o= (PtAA, — P AA))ST — (PTAA, — P AA,)S™  (14)
AAy = My — (AL (EGy)t — A&y (EGy) ")
A&, = AAy, — (Mg (ECy) " — AAy (E 2) )
Ty ) = Myg = My Ly ) = My — My
and
M = (P*Dy— P D,) + PLN},
M = (P*D, — P D)+ PLN},
Dy = Ay E+ (AAy EY — AAy E7)
D, = Ay E + (AAy E* — MKy E7) (15)
D@V =M v —M'v —M vi+M v
dv,y)=M"v" —M+yf ~M VT M v
AW, W,) = PTVip — P,
AW, W,) = Py, — P Wi
Since AA(p) is assumed to be bounded such that AA <
AA(p) < AA, it follows that AA < AA(p) = HTAA(p)H <
AA, where AA = ((HT)TAA — (HT)"AA)H* — ((H )+@
(HT)"AA)H ,AA=((HT)*AA—(HT)"AA)H* — ((H")TAA—

(HT)~AA)H~. Therefore,
A — Ell Elz A — {MZU @12]
AAy AAy | MZl MZZ

Denote by e,,, =72 — r2 and €y = T2k —
estimation errors; their dynamics follow:

ry the interval

1201
E”Z,k+l = RE”Z,I( + ak + gk (16)
gr2,k+l = Rg’z,k + gk + ék
where
01 = 0(T2u,r21) — PAAS(p)Sra
<1> = PAAz(P)Srz k= Q(FaksTok)
+A(W2,w2) — Py
8 =M(P)yx —L(y e ) —M(p)vi+ O(¥,v)
+PWy i — A(W2,,)

The functions ¢ and ¢ are globally Lipschitz. Using Lemma 6
in (Zheng et al. [2016]), it follows that for € Sy S ey
and for a chosen submultiplicative norm |[.|, there exist positive
constants ay,az,as, by, by and b3 such that:

(18)
|¢ | b1|€r2k|+b2|€ |+b3

T2k

{'61{' < a1|Er2k| +a2|er2k| +a3

Theorem 1. Assume that Assumptions 1-4 are satisfied, R is
nonnegative and the initial state r, o verifies 10 <120 < 2.
Then, for all kK € R the state 5 ; solution of the system (12)
satisfies:

(19)
In addition, if there exist matrices P; € R"™" P = PlT = 0,

WeRP" W=WT~0,0cR"> Q=0T =0 and constants
Y > 0, such that the following matrix inequality is verified:

Ny <rni<Ti

Y G'e  G'p
Y=|PG P—vyl, P <0, (20)
PG P P —W

Y =G'PiG— P+ 7020, + Q.G = [’5 2},

with o = 2max{(ai +b1),(a2 +b2)}. Thene,, e, € L5 O

Proof. Since R is assumed to be nonnegative, and by construc-
tion ¢, [ 8¢ and § « are nonnegative, then if 7 o and r, ¢ are
chosen such that ¢y and ¢ are nonnegative, the dynamics of
interval estimation errors e, , and €y, , stay nonnegative for all

keN.
For the stability analysis, we introduce the auxiliary system:
5’2,k+1 = Gérz,k + ¢(‘§r2,k) + Ok (21
e O
where &, = | |, ¢ = 2 , &= 8 € L2 Using
r s !

equation (18), it is clear that |¢(y,, )| < ®|&;,, |. The constant
o does not depend on a3 and b3. For brevity, the calculus of

|¢(&r,,)| is omitted.

To establish the stability of the system (13), consider the posi-
tive definite quadratic Lyapunov function:

Vi= &, TP [

The increment of AV is given by:

(22)
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AV =V —Vi
= 5£7kGTP1 G&,, — ég,kpl Erpp t 5};7kGTP1¢(€r2,k)
+ 07 (& )P1GEr  + 97 (8, )P19(Er))
+280 G P& 428 Pi9(8,,) + 8 Pi&
é,Zk(GTPlG P&, &5, G P(&n,)
0" (8, )P1GEry, + 07 (&, )P1O(Eryy)
+ 2§,€>kGTP1 S +28 Pio(&,,) + 8 (P —W)8
+ mzéri G =197 (6,008 ) + &1, 06,
Q& + 8 W8

rz Kk
érz,k ! érz,k

< [0(8r,) 0(&ri) | =&, 08, + W,
O O

Then, the system (13) is ISS stable and érz,k is bounded. O

Since r, = Pz, it follows that L S22k S22k with:
2k =Sk =81y
{Zz,k =Sty —S oy @3)
As x; = Hz; and based on (10), it follows that:
{xl} - {Hu le] [E(Ykézzz,kvk)] (24)
X Hy Hy 2k
Therefore
{Xl,k =HnEyc+E1zp+Hpzor— Evg 25)
X = Hy1Ey + E322 4 + Hp2o  — Egvy
The bounds of the state x; are given by:
X1k =HuEye+Hb0k—Hpzy + (—E1) 22
—(=E1) g+ (—E2) v (-E2) v
Xy, =HiEyg +H1+2§27k —H)Z 1+ (*El)+§27k
—(—E1) 2ax+ (—E2) v —(—E2) v 26)
Yok = HuEyi+HyZox — Hypzy y + (—E3) 24
—(=E3) 23+ (—Ea)"v—(—Ea) v
Xy = Ha 1 Eyy JrHer2§2,k —HyZp+ (*E3)+§2,k
—(—E3) Zax+ (—Ea) v —(—E4) v

with E1 = H“Eéz, E2 = H“E, E3 = H21E62 and E4 = H21E.
Theorem 2. Assume that the conditions of Theorem 1 are sat-

isfied and xy < xo < Xp. Then, for all k € Z, the estimates
X _ X .
X = [—17"} and x; = [_l’k] satisfies:
X2k

X2k
X < xp < X (27)
where x; and X are given by (26). o
Proof. Introducing the observation errors for the state x;:
Cx k=X gk — X1k
Expk =Xk~ X1k
x" ' (28)

Cxy k =Xok — X2k
€k = X2k — X2k
Then, we obtain:

Rihab Lamouchi et al. / IFAC PapersOnLine 51-24 (2018) 1199-1204

—(Hp+ (=E1) 7 e,
—(=E2)” (v+w)
€ ™ (Hla + (_El)i)ézz
—(=E2) (v—w)
—(Hy+(=E1) e,
—(=E2)” (v+w)
— (Hy+ (—E3)7 e,

(29)

Similarly to Proof 1, the observation errors (29) are nonneg-
ative. Therefore, x; < x; < Xi, Vk > ko. By defining & =
[ET T T T

e. e, e

T .
Y €y x —X1] and the matrices

H1+2+( )

Therefore, &, < §&, 4 23v. We have &, = RE,,, with R =
R™ —R”

{—R R*

bounded, it can be deduced that &, is bounded as well. O

} . It follows that &, < S%é’rz,k +23v. Since &, , is

4.2 Fault Estimation

From equation (9), the fault vector can be expressed as:

fe =KoRy ' [z1 1 —Anzig — A1 (p)zi g — Anzag

— A a(p)zog — Brug — i 4] (30)

Replacing z; with its expression in (10), equation (30) becomes:

fie=KoRy '[Eyis1 + Grzapr1 + (—E)vis1 — Ga(p)yk
+ G324+ Ga(p)zax + Ga(p)vi — Biug —wiy] - (31)
with G; = —ECz, Gz(p) = (A~11 +M11(p))E, G3 ZAllEéz —

Alz and G4(p) = Mll(p)Eéz — AA~12(p). The bounds of the
actuator fault vector are given by:

Fv=KoRy ' [Evir1 =L (v ve) + 03 (Z2k+1,20411)
+01(7,0) + 0222425 4) + B2(V,2) + P5(22.4:204)
—Buy —w, ~ (32)

fi= KoRy ' [Eyis1 — T (v 1Y) + @, (Z2k+1,2111)
F01(T,) + 0,2k 29 0) + D2 (F,0) + 9, (22 ks 2 4)
—Biu—w]

with
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Ej 8} +1’yl:+1) = Ezy/:rl _szkjrl
Ly ()’/:r 17)’/(11) = Qz)’/:rﬂ — Gy
01 (Z2k1:20041) = Gl Z2kr1 — G 2y
@, (2212 p41) = G241 — G 22441
_ _ _ 33
(%) (ZZ,k@z k) = G;Z2,k -G, 2k (33)
9, (22,k712 k) Ggrzz r— 0322k
03(22n:200) = G Gy~ Ga' 5= G 23, +Ga 1y
93 (22,k7§2 k) G4 Z2 k G74+§277k - ﬂfzzk +G7472277k
and
B1(v,v) = (-E)"v—(-E)"v
B (V,v) = (=E)"v—(=E)v
52(9,2) =G, v =G, vV =G, v +Gy v
By (V,v) =Gy v — G, v -G, v 4G, v
_ — N ~ (34)
Gy = (A (EG)T —AA(EGY) ™) —AA),
Gy = (M (EG) " — AL (EGy) ) — Ay,
Gy = A E+ (M ET — A E7)
G, =AnE+ (M ET — AL E7)

Theorem 3. Assume that the conditions of Theorem 1 are sat-
isfied. Then, for all k € Z ., the estimates f; and f . satisfies:

[ <h < Fee
where f X and f, are given by (32). O

(35)

Proof. The lower and upper observation errors of the fault
vector are given by: erx = fi — fr and €7 = fi —j_fk. Then,

we obtain:
ey = KORaI [GTEZMH - Grézz,k+1 + G;Ezz‘k - G;QZM
+ 03— 3+ 74]
€rk = KOR [Gl €2 k41 Gl €2 k41 + G3 Cox ngzz‘k
—@,+ @3+ 074
N (36)
with @3 = Ga(p)zak, Ok = (=E)" (V= vi1) — (—E) (v +

Vi 1) + (W1 +W1) + 02 = Govg =L+ Goyi,, 844 = (—E) (v +
Virl) — (E)” (V=vgr1) + (01 — 1) + Gowg — 0, +T' = Goyx.
With the same reasoning as in the proof of Theorem 1, it is
deduced from (36) that the fault observation errors are positive.
Since e,, €,V and w; are bounded, then 7 and j_‘ are bounded
as well.

The functions @5 and @3 are globally Lipschitz. Using Lemma
6 in (Zheng et al. [20 16]), it follows that for ok Senk S ek
and for a chosen submultiplicative norm |.|, there exist positive
constants ¢y, ca,c3,d;,d; and ds such that:

c1leg, k| +cale,, k| +c3

Pr — Pk
[P — ol < a7
1@, — Ol < di|e, i +dale, |+ d3

1203

Hi

e s -
-G G ’

{ G3 |_G3|] §3 = [Cl 02} §=|15'k|+lc3 and & =
|=G5| |1G5] "3 ’ 5 =
& ¢ |+ d3. It follows that

1k

If we define & =

_ 5,
&1 < [KoRy |(3a +F2+F3)IE| + Sf’k] (38)
Ofk
As|E,| = |ER||§,M|, we obtain
_ 5
|5f| < |K0R0 1|(§l +32 +33)|m||‘£rz,k| + Sf’k] (39)
Ofk
As &, , is bounded, it follows that & as well. a
5. NUMERICAL EXAMPLE
Consider an LPV system described by:
X1 = (A+AA(P))xk+ Bug + F fi +wi (40)
Yk = Cxg +vi

-110 100 1 -1
Where:A—[—l 00 ,C—[OOI},B— 0 ,F_[O]
0 —-1-1 0 0

0.1 02 04
0.3 0.5 0.05p,

with p; x = sin(0.2 k) and psx = cos(0.1 k). The disturbance
vy and the measurement noise wy are uniformly distributed
signals assumed to belong to the interval [—0.01 0.01] and
[—0.01 0.01], respectively. The actuator fault is simulated by
fi = cos(0.5k).

Since F is full column rank matrix and C is a full row rank ma-

trix, Assumption 3 is satisfied and a transformation of coordi-

-100

nates z; = H” x; is required with H = l 010

001

1. Then, the system (40) can be described in the coordinates z
by equation (8).

0.1p; 4 0.5 0.1
AA(p) = l ]

Ko=1,Ry=

The matrix Ci can be decomposed as: C; = N[ Ry 0 ]T KT, with

-10
N:[O 1],R1:1,K1:1.

ForL=[-0.3 —2.1]7,4,= {_O _(ﬂ and C; = [0 1], the

0 03
matrix Ay — LCy = [_1 ) 1] is not nonnegative. Thus, using

a transformation of coordinates P =

0.5

0 0.6
conditions of Theorem 1 are satisfied with o¢ = 0.057 and the
matrix inequality (20) is feasible.

10 6}’ the matrix

R=P(Ay—LG)P ! = ] is nonnegative. Then, all the

The initial states are chosen as xo =[1 1 1]7, %y = [1.5 1.5 1.5],
Xo = [0.50.50.5]7. The state and fault estimation bounds are
computed using (26) and (32), respectively, and the results are
given in Figure 1, Figure 2 and Figure 3.
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b & A b o n -

o 2 4 6 8 10 12 4 16 18 20

Time(s)
Fig. 1. Evolution of the second component of state x.

o 2 4 6 1 4 16 18 20

R
Fig. 2. Evolution of the third component of state x3.

b & A b o ~ -
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Time(s)

Fig. 3. Evolution of the fault f;.

The simulation results show that the upper and the lower
bounds of the state and fault estimation converge to an interval
despite the presence of measurement noise and disturbances.

6. CONCLUSION

A methodology for actuator fault estimation for discrete-time
LPV systems has been proposed in this paper. The actuator
fault is considered as an unknown input. An unknown input
interval observer is designed to estimate the system state and
the fault under the assumption that the exogenous disturbances
and the measurement noises are bounded. Based on Lyapunov
theory, stability conditions are given in terms of matrices in-
equality. Simulation results show the robustness of the proposed
approach.

The design of Active Fault Tolerant Control and its interaction
with fault identification module will be investigated in further
works.
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