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Abstract

This paper is devoted to study the rate of convergence of the weak solutions u, of
a-regularization models to the weak solution u of the Navier-Stokes equations in the
two-dimensional periodic case, as the regularization parameter « goes to zero. More
specifically, we will consider the Leray-«, the simplified Bardina, and the modified
Leray-a models. Our aim is to improve known results in terms of convergence rates
and also to show estimates valid over long time intervals.
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1 Introduction

In this work we study the rates of convergence of weak solutions of several two dimensional
a-models of turbulence to the weak solution of the Navier-Stokes equations (NSE), with
periodic boundary conditions. We work mainly in two space dimensions, even if some
remarks concerning the three dimensional case are given in Section 6. The turbulence
models we study belong to the class of Large Eddy Simulation models (LES), used to
carry out numerical simulations of turbulence flows, that cannot be performed by the NSE
because. In fact, according to Kolmogorov laws, it would require (’)(RedQ/ 4) degrees of
freedom where d = 2,3, which is still inaccessible to modern computers, for higher (real-
life) Reynolds numbers [2, 8]. The motivation to consider the 2D case is because this
setting is appropriate to analyse models that simulate layers of shallow water in stratified
flows, such as those occurring in the ocean or in the atmosphere [7, 29].

Let L > 0 denote a given length scale, u(t,x) and p(¢,x) for t > 0 and x € R?/[0, L]?> = T,
denote the velocity and the pressure of and incompressible fluid, which satisfies the NSE,

(1.1) du+ (u-V)u—vAu+Vp=f in (0,7) x Ts,
Vou=0 in (0,7) x T,
ufi—o = U in Ty,



where the constant v > 0 denotes the kinematic viscosity, ug and f are given as the initial
velocity and the external force. The a-models aim at regularizing the nonlinear term
(u-V)u, and are are given by the following general abstract form

(1.4) Orug + N(uy) — vAu, + Vp, =1, in (0,7) x To,
(1.5) V- u, =0, in (0,T) x T,
Uy |t=0 = U in T,

where, for a > 0 the fields u, and p, are the filtered velocity and pressure, respectively, at
frequencies of order 1/a. The a-models under study herein are: the Leray-«, the simplified
Bardina, and the modified Leray-a models, given by

(Uy - V)u, Leray-a (L-a),
(1.7) N(u,) = (Up - V)U, Bardina model (SB),
(uy - V)u, Modified Leray-a (ML-av),

and the bar operator is given by solving the Helmholtz equation
(1.8) V-a’AVv=v inTy,

in the setting of periodic functions with zero mean value.

The first model N, (v) = (V- V)v is due to J. Leray [27], who considered the problem in
the whole space IR3, and where ¥ = v * p,, for a standard mollifier p,. Note that in the
whole space it is also possible to explicitly write a Kernel G, such that v = v x G, for the
Helmholtz filter [30]. The class of a-models has been the subject of many investigations in
the last two decades, see for instance [5, 11, 12, 10, 13, 16, 17, 21, 22, 24, 25]. It is known
that the Cauchy problem has global, unique, and regular solutions, with u, at least in
L¥HINL?H2. These solutions converge to solutions of the NSE as o — 0. which means
that u, — u, po, — p, where (u,p) is the corresponding weak solution of the NSE, under
suitable assumptions about the data,

In this paper we will study the rate of convergence as & — 0, namely the norm of

(1.9) €e:=1u— Uug,

in various space such as L°L2, L?H}, L?°H} and L?H?.

This study is motivated by the results in Cao and Titi [6], in which the authors proved
that for all 2D a-models (1.4)-(1.7), the following L{°L2 estimate holds true on a given
time interval [0, T']

110 sw a0 -u@l < ce (o1 (1+10e (1)) +C)  vas

t€[0,7) 21’

where C is a constant and when no risk of confusion occurs, || - || stands for the L2-norm.
To prove the convergence rate (1.10) it is assumed that

u € D(—P,A) and  f € L*([0,T],P,L*(Ty)?),

P, being the Leray projector. The logarithmic factor that appears in (1.10) comes from
the application of an inequality initially proved by Brézis and Gallouét in [4].
Cao-Titi’s result raises two questions:



i) Is it possible to improve the O(a?log(1/a)) rate, and what about the convergence
rate in stronger norms?

ii) Is it possible to prove an estimate global in time?

In this paper we positively answer to both these questions by showing that when
u € P,H (T9)> and  f e L*(Ry;P,L*(T2)?),

we get an estimate uniform in time of order O(a?) in the L{°L2 N LZ?H} norms. More
specifically we prove that for all a-models (1.4)-(1.7), it holds

(1.11) le(s)|I + V/O IVel2dt < Ca® Vs >0,

where C' is a time-independent constant, see Theorem 4.1 below. We also get a uniform
in time estimate in the L H! N L?H2 norm of order O(a?) for the L-a model, and in
O(a?log(1/a)) for SB and ML-a model, namely for all s > 0, we will prove

5 Ca? for L-a,
2 2
(L12) Vel +v [ aed < (o (cton (55) +€) tor s and M
yye:

see Theorem 4.2 below. Estimates (1.11) and (1.12) are the main results in the present
work.

Thanks to (1.11)-(1.12), we are also able to study the rates of convergence of the pressures,
by showing (see Theorem 5.1 below) that

. Cab/? for L-a ,
Vq||? dt <
/0 V]l =) Ca? <C log <2L) + C> for SB and ML-q,
T

where C is independent of the time and ¢ = p, — p.

Plan of the paper: The paper is organized as follows. In Section 2 we set the mathemat-
ical framework. In Section 3 we derive from energy balances uniform-in-time energy(type)
estimates for weak solutions of the NSE and for all a-models as well. This is the main
step, before investigating the rates of convergence in Section 4, where we prove the esti-
mates (1.11)-(1.12). Section 5 is devoted to study of the convergence rate for the pressure.
In Section 6, we make some additional remarks about the 3D case for which the situation
is quite different and not in the focus of the present paper.

2 Mathematical framework

In this section we set the functional spaces we are working with. We show basic properties
of the Helmholtz filter, then we carry out the Leray projection of the NSE and Leray-« on
divergence-free fields spaces. The section ends with a brief state of the art about a-models.

2.1 Function spaces

Let Ty := IR?/[0, L]? be a 2D torus; for 1 < p < oo and m € N, let LP(T) and H™(Ty)
denote the standard Lebesgue and Sobolev spaces on Ts, respectively. The LP(T3)-norm
is denoted by || - ||, for all 1 < p < oo, except for the case p = 2 where || - || = || - |2



Boldface symbols are used for vectors, matrices, or space of vectors. We denote by II the
set of all trigonometric polynomials on Ty with spatial zero mean, i.e.,

p(x)dx =0, Vo¢ell
T>
Let us define
A= {LpEH2 : V-Lp:O}.
As usual when studying the NSE we define the following standard Hilbert functional spaces

H := the closure of A in L?(Ty)?,
V := the closure of A in H'(Ty)?.

Let (-,-) and || - || be the standard inner product and norm on H, that are

(u,v) ::/ u-vdx and |ul? ::/ lu|? dx.
Tg TQ

The inner product (u,v)y and the corresponding norm ||u|ly on V are defined as follows
(u,v)v :=(Vu,Vv) and |u|v :=|Vul.

In the sequel, we use the symbol P, to denote the Helmholtz-Leray orthogonal projec-
tion operator of L%(Tz) onto H. We next consider an orthonormal basis {®pj}jen, of H
consisting of eigenfunctions of the Laplace operator

~A : H¥(Ty)N'V — H,

and for m > 1, H,, := span{e@;, @a, ..., @, }-

Let A = —P,A be the Stokes operator, with domain D(A) := H?(T3) N V. Then, it is
well-known (cf. [6, 17]) that:

Au=—-P;Au=—Au Vue D(A).

Let A1 > 0 be the first eigenvalue of A, i.e., Ap; = A1, and the above setting leads to
A1 = (27/L)2. By virtue of the Poincaré inequality we have

(2.1) A[ul? < |Vul?  VYueV,
(2.2) M| Vul]? < |[Au|? = |Auf?>  Yue D(A).

Then, it follows by (2.1)-(2.2) that there exist positive dimensionless constants ¢y, ca such
that
cillAul] < Jluflgz(ry) < colAuf Vu e D(A).

In the following, we will make an intensive use of the 2D-Ladyzhenskaya inequality [23]:
(2.3) luls < Cllu|2[Vu]'?  VueV,

where C' is a non-negative dimensionless constant.



2.2 On the Helmholtz filter

The filter operator used to construct the turbulence models is the differential filter associ-
ated with the Helmholtz filter, see Germano [19], or [3, 15, 26]. Given a cut length o > 0
(which will be called the filter radius), for each u € H, then u € H?(T) NV is the unique
solution of the following Helmholtz equation (1.8). By a direct calculation, from (1.8) we
deduce

|u— | = o?||AT|| Yue H.

Moreover, we already know that the filter satisfies the following inequality, see [14]:
(2.4) || + ||Vl + o?|| ATl < C|ul| YueH,
where C is a Sobolev constant. It follows that

(2.5) |Vu — V|| = o?||VAT|| < Cal|Aul| Vue D(A).

2.3 On the Leray projection operator

Throughout the rest of the paper we assume
(2.6) u cV and f e L*(R; H).

In order to eliminate the pressure from the equations, we apply the Helmholtz-Leray
orthogonal projection P, : L?(T3)?> — H on divergence-free fields to both the NSE and
a-models. We get the following functional equations:

du
(2.7) T P,[(u-V)u] —vAu =f,
u|t=0 = Uup,
as well as
du,
(2.8) s + P,[N(u,)] — vAu, =T,
Uyt—0 = Up,

where we used the facts that P,f = f since f € H, P,Au = Au due to the periodic setting,
and P,(Vp) = P,(Vpa) = 0. Once the velocity is calculated, the pressures p and p, are
solutions of the following Poisson equations

—Ap=V-((u-V)u) and — Apa =V - (N(uy)).

From now when speaking of solutions to the NSE and to a-models will only consider the
velocities, and the pressure can be associated by solving the above equations.

Remark 2.1. Thanks to the Leray-Helmholtz decomposition and for simplicity we assume
that £ is divergence free. If not the case, the gradient part of £ can be added to the pressure
(to obtain a modified pressure) and P,f will replace f.

Remark 2.2. A common property of all a-models considered in the present paper is that
these models “formally” reduce to the NSE when o = 0. It can be seen directly from the
equality (1.8).



2.4 Brief State of the art

It is well-known that in the 2D case, there exists a unique solution of the NSE, global in
time, without formation of singularities, see Temam [34, 35]. Nevertheless, this does not
resolve the computational issues of the shallow waters or of stratified flows.

The proof of the existence and uniqueness of solution of the a-models given by (1.7) can
be established by using the standard Galerkin method. The L-a model was implemented
computationally by Cheskidov-Holm-Olson-Titi [13]. Ilyin-Lunasin-Titi introduced and
studied the ML-a model in the 3D periodic case, see [22] and it was tested numerically
in [20]. However, the global existence and uniqueness for 2D can be proved in a similar
way.

The Bardina closure model of turbulence was first introduced by Bardina-Ferziger-Reynolds
in [1] to perform simulations of the atmosphere. A simplified version of the Bardina’s
model, was modeled and studied in [24, 25], then in [30] the whole space case was studied.
This model is designed by N(us) = V - (uq ® ugy). Cao-Lunasin-Titi proposed a variant of
this model [5], which is the one we consider in this paper and that we still call “Simplified
Bardina model” (SB).

3 A priori estimates

3.1 General Orientation

As the data are as in (2.6) it is well-known that both the NSE (1.1)-(1.3) and the a-
model (1.5)-(1.6) (for any nonlinearity N(u,) as those given in (1.7)) admit a unique
solution u such that

uc L®(Ry; V)N LA(R,; HA(Ty) NV).
To shorten the notation in the following we set
F = fllf2 @, a0

In this section, we detail the L?(IR; H2(T2)NV) estimates to get precise constants, for the
various models. The analysis is based on 2D energy inequalities, using the Ladyzhenskaya
inequality (2.3). About the a-models, we start by estimating U,. This analysis is based
on the following identities.

(3.1) (Po((u-V)u),u) = (Ps((u-V)u),Au) =0 YVue D(A),
which are well-known [34] and on the extension to the L-a and the SB,
(PoN(up),un) = (PsN(un),Aty) =0 Vu, € V.
However, the nonlinearity in the ML-a model is less favorable, since we only have
(PsN(uy),uy) = 0.

3.2 Estimates for the NSE

We recall the basic estimate for weak solutions to the two dimensional NSE.



Lemma 3.1 (NSE). Let ug € V and f € L(Ry;H). Then, the unique weak solution u
of the NSE satisfies

. F
(3.2 JaG) P+ [Vl < ol + 5 = Cvse Vs 0,
0
and
. F
(3.3) [Vu(s)||? + 1// |Aul?dt < ||Vuol]® + — = CNsE2 Vs> 0.
0

Remark 3.1. Estimate (3.2) in the previous theorem can be obtained more generally when
f € L2(Ry; V). We use the condition £ € L2(Ry;H) for both estimates (3.2) and (3.3)
for shortness.

Proof. Proofs are well-known but we reproduce them to keep precise track of the constants
and to see differences with the other models. We argue step by step, first proving (3.2).
Step 1. L2H! N L$°L? estimate. Take the scalar product of the NSE (2.7) with u and use
the identity (P,[(u-V)u],u) = 0, which lead to the following estimate

1d

(3.4) 5 g il + v Val® < [£][][u]l.

Using Poincaré and Young inequalities on the r.h.s (right-hand side) of (3.4) yields:
d 1

3.5 — lu]? 2 < —|If|I%.

(3.5) Sl + v val? < e

Integrating (3.5) on [0, s] for s > 0, one has

S 1 S
(3.6) Ju(s)? + v / IVul? dt < Jfuol? + — / €] dt.
0 V)\]_ 0

Finally, the estimate (3.2) follows by (3.6) since s > 0 can be chosen arbitrary.

Step 2. L?H? N L°H} estimate. In order to prove the estimate (3.3), we take —Au as
a test function for the NSE (2.7). As we already have said, in the 2D case periodic the
nonlinear term vanishes, cf. (3.1). By the Young inequality the term corresponding to the
body force can be estimated by

1 v
f,—Au) < —|f]|*> + =||Aul?
() < o[£ + 2 Au?
and the rest of the proof follows as for the first estimate. Thus, the proof is complete. [

3.3 Estimates for the Leray-a model

We now prove a uniform estimate for weak solutions to the Leray-o model.

Lemma 3.2 (L-a). Let ug € V and f € L2(R;;H). Then, the unique weak solution u,
of the L-a satisfies the following energy-type estimate.

. cc? F
1) (Va4 [ 1ol < S8 ((uaf? + ) +

2
f:' CL VSZO,
VA

B :

where Cpy is given in (3.11).



Proof. For the L-a model, we recall the nonlinear term is given by
N(u,) = (U - V)u, where u, — A’At, = u,.
We argue in 3 steps, with an intermediate step to estimate U, uniformly in time.

Step 1. L?H} N L$° L2 estimate of u,. Taking u, as a test function in the L-a model (2.8)
gives

d 2 2 1 2

1. o (e} S —If]]"

el + v Vual? < ]
Since (Py[(Uq - V)ua],us) = 0, see [6], this leads to

. F
(3.8) \|ua(S)H2+V/ IVual* dt < [luol* + ~~ ¥s>0.
0 V)\l

Step 2. L?H2 N L{°H.} estimate of U,. Testing (2.8) by —Au, and replacing u, by
U, — a?At, yield

d f 2
39 (v o am?) + v am)? + ve?|vaw, | <
Here, the vanishing of the nonlinear term has been used, i.e.,

(Py[(Ta - VU], —AT,) = (W, - V) (T — 0*AT,), —AT,) = 0,

which is a consequence of (3.1). Therefore, by (3.9) for all s > 0
(3.10) VUL (5)|I” + o[ Ata(s)|* + V/ (I1ATL? + 207(|VAUL|*) dt < Cpy,
0

where Cp is given by

— 12 2iae 12 . L 2,
(3.11) IVTo|[” + a7 AT ||” + - < (1 + M) [Vuol[” + —- =: CL1,
here the inequalities

IVTo|| < [Vuo||  and  o?[|Aw|? < [uoll?,

given by (2.4) and the Poincaré inequality have been applied.

Step 3. L?H2? N L°H} estimate of u,. We test (2.8) by —Au, which leads now to the
following equality

(3.12) HVuaHZ + | Au|® = (Po[(Wa - V)ua), Aug) + (£, —Au,).

2 dt
The first term on the r.h.s of (3.12) can be estimated by:

(Fo[(Ua - V)uo], Aug) < O 4| Vual|a]| Aug |
< OV || Vua || /2 Aug |2
C — 14 2 v 2
(3.13) < IV Ve P 4+ 2 Aug

Here we used the Holder, 2D-Ladyzhenskaya (2.3), Sobolev, and Young inequalities, re-
spectively. From (3.12)-(3.13) one obtains

d 5 co_
a”vuaﬂ2 + v[|Au,|? < ;||f||2 + ﬁ||Vua||4HVua||2,
which yields
(3.14) HVua(s)Hz—FV/ |Aug |2 dt < 2 +/ IV [Vual2dt Vs> 0.
0

Finally, both estimates (3.8) and (3.10) are applied in (3.14) to get (3.7), which ends the
proof. O



3.4 Estimates for the simplified Bardina model

In this section we prove a uniform estimate for weak solutions to the simplified Bardina
model.

Lemma 3.3 (SB). Let up € V and let f € L?(Ry;H). Then, the unique weak solution
u, of the SB model satisfies

C’C’g 2F
<GS+
IZON

HVuoé(s)H2 + 1//0 ||Aua||2d =:Csp Vs >0,

where C' is a positive constant and Cg is given by (3.15).

Proof. We recall that for this model, the nonlinear term is given by
N(uq) = (Uq - V)Ua,
and we will prove the global-in-time estimate in two steps, starting with bounds on u,.

Step 3. L>H2N L{°H. estimate of U,. Taking —At, as a test function in (2.8) and using
the fact u, = U, — a?AtU, give us

d - . . _ 1
7 (V3 + 2| AT[7) + v[[ATa | + 2va? | VAT, | < ;||f||2,
where the identity (P,[(W, - V)Ua], —AU,) = 0, has been used. Thus, we get
(3.15) HVua(s)HQ—i—aQHAua(s)HQ—i-l// (|AT.[|* + 202 VAT, |?) dt < Cs Vs >0,
0

where C's := Cp; as given in (3.11).
Step 2. L?H? N L H} estimate of u,. Taking —Au, as test function in (2.8) we obtain

(3.16) — || Vus|? + v]|Aug | = (Py[(Ta - VT4, Auy) — (F, Auy).

1d
2dt
The nonlinear term on the r.h.s of (3.16) is estimated by:
(Fo[(Ua - V)Uo], Aug) < CflTalla]|Vaalls]Aua|
< Olfua]| 2V AU V2] Aug|
C, _ _ _ v
(3.17) < IV AT + - [ Aual*,

In the above inequalities the Holder, 2D-Ladyzhenskaya, and Young inequalities have been
applied, respectively. The estimates (3.16)-(3.17) lead to

BN « A « < - f - « « A -
Vo ? + v Aua|? < S + [l Ve || At

and by using (3.15) we get

$ 2F C [*
IVua(s)]2 + v /0 A pa < 2 € / | Va2 At dt

2 [ iau a

v
2 CC
<y B Vs>
v 2\
Therefore, the proof is complete. O



3.5 Estimates for the Modified Leray-a model

In this section we prove a uniform estimate for weak solutions to the modified Leray-«
model

Lemma 3.4 (ML-a). Let ug € V and let f € L2(Ry; H). Then, the unique weak solution
u, of the ML-a model satisfies

C MLA4 2F
4

(3.18) [ Vug (1) + 1// |Aug||? dt < + = =Cur, V520,
0

where Cpyrrg = C Crrr1CrroChrrs with C is a positive constant, while for i = 1,2,3, the
constants Cyrr; are given by (3.21), (3.25) and (3.30), respectively.

Proof. The nonlinear term of this model is given by
N(uq) = (uq - V)u,.

This case requires more care than the previous ones, since the cancellations are less fa-
vorable. We prove it into 3 steps, starting with a L2H} N L$°L?2 estimate of U,, then a
L?H! N L L2 estimate of u,, to finally get the conclusion.

Step 1. L2H! N L°L2 estimate of U,. Taking U, as test function in (2.8) and replacing
u, by U, — a®AT, we obtain

d 1
(319) (Wl + 0% [Vaa|?) + v Vel + 2007 Aua2 < - F],

Here the fact (P,[(us - V)4, Us) = 0 and the Poincaré inequality have been used on the
r.h.s. Then one gets from (3.19)

(3.20) |[Ta(s)|? + a2||Via(s)|* + V/ (VT2 + 202 AT [|2) ds < Crpy Vs >0,
0

where as in (3.11) above Cjyr1 is given by

- - ]:2 ]:2
(3.21) [Tol|? + 2| Vo> + = < (14 M)|Juo|* + = =: Corra1.
V)\l l/)\l

Step 2. L2H! N L{°L2 estimate of u,. Taking u,, as test function in (2.8) yields

1d

(3.22) 5 g7 ltal” + v Vual” = ~((ue - V)ta, wa) + (f ua).

The nonlinear term on the r.h.s of (3.22) can be now estimated by

(0 - V)Ua, u,) < CHuaHzZLHVﬁaH
< Cllua[Vua |||V, |

C _ v
< el IV + Vel
v
Here we used the Holder, 2D-Ladyzhenskaya, and Young inequalities, respectively. Using
the Young inequality for the other term on the r.h.s of (3.22) gives
C

d 2 _
(3.23) Zlual? + v Vua|* < Ellf’H2 + — [lue ) VT

10



Using the estimate (3.20) leads to
/ e || Vo |* dt = / (I[al® + 202 Ve |* + o*[| AT 1?) | V| dt
0 0

4C?
(3.24) <MLL Vs> 0.
14

Here, we also used the following identity
[ual? = [[Uall? + 20°|| Vs | + o[ AT, .
Therefore, by (3.23)-(3.24) we get

2F  4CC%,;,

(3.25) lua(s)] + V/o Vu|dt < 2=+ — Cais Vs >0,

2
Step 3. L?H? N L°H} estimate of u,. We take —Au, as test function in (2.8) to obtain

Ld

3.26
( ) 2dt

IVua[® + v[|[Aua|? = (P[(ua - V)Ua), Aug) — (F, Aug,).
The nonlinear term can be estimated as follows

(Prl(ua - V)U,), Auy) < Cllug 4] VUa|lal|Aug |2
< Cllual?Vug||V2)| Va2 ]| Aug P2

C
(3.27) < e P Vua |2 V)2 + 2 Aug

by using the Holder, 2D-Ladyzhenskaya, Sobolev, and Young inequalities, respectively.
From (3.26)-(3.27) we obtain:

d C _ 2
(3.28) S IVual® + vl Aua]® < “sllual* [ VEa|*[[Vua|* + ],

and in particular

d o CCumra o 12 2 | 202
- < z
(3.29) @) < SO a2 vua? + 2 )
Hence, by (3.29) we obtain
2F CC}
(3.30) [Vua(s)||* < <||Vu0\|2 + u) exp {V]Z[m} =:Cyr3 Vs >0.

Together with (3.28) and (3.30) one obtains (3.18). Thus, the proof is complete also for
this model. O

4 The rate of convergence of u, to u

In this section, we study the rate of convergence —in terms of a— of the weak solutions u,
of the three a-models to the weak solution u of the NSE (in some suitable norms) as «
tends to zero. We recall that, throughout this section the vector e, defined as in (1.9),
denotes the error between u and u, which are the weak solutions of the NSE (2.7) and of
one of the a-models (2.8), respectively.
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4.1 Error estimate in L?H! N L°L2

The first main result in this section is given by the following theorem:

Theorem 4.1. Let ug € V and f € L2(R;H). Then
S
(4.1) le(s)|I + y/ IVel2dt < Ca® Vs >0,
0

where C. is given explicitly in:

(4.9)  for the L-a model,
(4.11)  for the SB model,
(4.12)  for the ML-a« model,

Proof. As the three models share some common features, in a first step we consider these
common ones, and in a second step we treat them separately to prove some specific esti-
mates.

Step 1. Common features. We subtract (2.8) from (2.7) and by multiplying e and inte-
grating by parts we get

(4.2) el + v[|[Vel® = (= Ps[(u- V)u] + P, [N(ua)], e).

2dt‘

We add and subtract on the r.h.s of (4.2) the term ((u, - V)uq, €) and then rewrite it in
the following form:

RHS = (—P,[(u-V)u] + P,[N(u,)],e)
—(u-V)u+ N(u,), P,e)
—(u-V)u+ N(u,),e)
(u-V)u+ (uy - V)ug,e) + (—(uq - Viug + N(uy),e) =: I) + Io,

We will deal with the two terms (a common one and a residual term) on the r.h.s of (4.3)
separately. Replacing u, by u — e, the first term in (4.3) is rewritten as follows:

L =(—(u-V)u+ (uy-V)ug,e)=(—(u-Viu+ (u, - V)(u—e),e)
(—(u-V)u+ (uy - V)u,e)
= ((—e- V) )
((e-V)e,

where (u, - V)e,e) = 0 has been used and the result is then estimated by

I = ((e-V)e,u) < Cllefa|Vell[[ulls
< Cllelll/zHVeIIM||11|!1/2\|Vu||1/2

(4.4) Hull IVul||le]* + IIVGIIQ-

The first inequality from above is due to the Holder inequality with the pairing (1/4, 1/2,
1/4), the second one is obtained by applying the 2D-Ladyzhenskaya inequality and the
last one comes from using the Young inequality with the pairing (1/4, 3/4).

12



The residual term Iy = (—(uy - V)uy + N(u,), e) will be estimated for each model sepa-
rately.

Step 2. Analysis specific for the various models

L-a model. For this model the nonlinear term is given by N(u,) = (U - V)u,. The
residual term is written as follows

Iy = (—(ug - VIug + (W - VIug, €) = —(((ug — 0a) - V)ug, e).

The Hélder, 2D-Ladyzhenskaya, (1.8), (2.5), Sobolev, Poincaré, and Young inequalities
are then used to get the following estimates:

I < Cllua — Ual4]|Vuallllefl4
< Cllug — ﬁt>z||1/2”vuoz - VﬁaHl/QHVuaH ”eH1/2HV9”1/2

co?

< L o*?| A, |V | Aug |2 (| Vel|
A\
1

CC1/2

< —L-a®?|Au,|| || Vel

A /
1

(7(7Lcy

(4.5) < — 3 llAu ol® + HVe||2-

Notice that || Vua ()] in the above estimate is uniformly bounded by C’}J/ ? where CJ, given
by Lemma 3.2. Collecting estimates (4.4) and (4.5) we obtain

CCLa

d C
(4.6) Zllell® + v Vel* < —==[[Auq|* + —lu]*[Vul*[le.

We are now going to apply the Gronwall’s lemma for (4.6). Although the argument is
standard we still provide the details for this model, while for the other ones the details
will be skipped. Let us define

C S
Als) = _7/3/0 la?Vul2dt Vs> 0,

where C is given in (4.6). Multiplying both sides of (4.6) by A(t) yields

3 s
(4.7 eI < L ep{-A)} [ [BualPar Vs>,
1 0

where we has used the facts that A(s) < 0 and eg = 0. Thus, let us combine (4.7) with
Lemmas 3.1 and 3.2 to prove uniform bounds for the modulus of A(s) and for the integral
from the r.h.s. to obtain

2 3 2
(4.8) le(s)||* < CCLa exp {CN*zEl} =: Fra® Vs >0,
v

v2)\

where C7, and Cnygp1 are given by Lemmas 3.2 and 3.1, respectively. Finally, we com-
bine (4.6) and (4.8) to get (4.1), with C, given by

2
(4.9) c,, =C <CL + CNSElEL) )

2 vt

13



SB model. In this case the residual term is given by

Iy = (—(ug - V)ug + (0, - Vg, e)
=(—(ug - V)uy + (Uy - V)uy — (Wp - V)us + (0 - V)ug, €)
= —(((ua —Ua) - V)ug, ) = (Wa - V)(us — Ua), €)
(4.10) = Ry + Ry.

The term R; on the r.h.s of (4.10) can be handled as (4.5) in the L-o model. The second
term Ry can be estimated as in the ML-a below, observing that |[@|| < |lul|. Therefore,
the constant C, in this case has the following form

(4.11) Crog =Cr, +Cpyype

ML-o model. In this case the residual term is rewritten as
R=(—(us-V)u, + (uy - V)tg, e)
= ((ua : v)ev Uq — ﬁa)a

and is handled precisely as in the L-a case. Then, the proof for this case follows by that
of the L-a model, with C, given by

(4.12) Crarr =

o (CMQLG n C]2VSE14EMLa> ,
1% 14

where C)yr, is given by Lemma 3.4 and

2
CCi, exp Clsm _
Z8 v

Eyr, =

From Theorem 4.1 we have immediately the following results:

Corollary 4.1. Let ug € V and let f € L?(Ry; H). Then, it follows
le(s)]|* + 1// |Ve|*dt < 3C,.o° Vs >0,
0

where € = U — U, and C,. is given by Theorem 4.1 for each a-model.

Corollary 4.2. Let ug € V and let f € L>(Ry;H). Then, it follows
(4.13) 1w —82)(s)| + 1// V(= 10)|2dt < Coon(a® + ) Vs3>0,
0

where Ceop is given by (4.16).

14



Proof. The triangle inequality, Theorem 4.1, Lemma 3.1, relation (2.4), and Poincaré
inequality yield for all s > 0

u—aa(s)[* < 2 ([I(u—ua)(s)|* + || (wa — Wa)(5)]|*)
< 20,0% + 204 || Atia (s)||?
< 20,02 4 2002 |[uy(s)]?

(4.14) < 20,03 + 20%042.
1

Here, for each a-model Cg is given by Cr,Csp or Cyr, in Lemmas 3.2, 3.3 and 3.4,
respectively. Moreover, C, is given by Theorem 4.1. Similarly, we have

y/ 1V (u —10)|2 dt < 20 (/ 1V (u = ug) % dt +/ 1V (e — ua)H?dt)
0 0 0
< 20,03 + 2Ca2u/ |Au,||? dt
0
(4.15) <2C,0%4+20Cga®  ¥s>0.
Thus, (4.13) follows by (4.14) and (4.15) with the constant C' given by

(4.16) CCOT:2maX{Cr,CCE,CCE//\1}.

4.2 Error estimate in L?H?N L*H}

We now prove convergence rates in stronger norms, at the price of weaker rates. Through-
out the rest of the paper, we assume o < L/27. Before going on to state the results, we
start with a technical result, see [6, Prop. 4.2], that follows form a well-known result due
to Brézis and Gallouét [4].

Lemma 4.1. Let 0 < a < )\1_1/2 = L/27, and let u, be the weak solutions of any of

a-models considered here. Then, there exist K1 and K5 such that
(4.17) [T ()% < Kilo L + K. Vit >0
. allloo = BI85, 2 =

Proof. For the proof apply the same argument as in [6, Prop. 4.2], with the only difference
that here due to the global estimates (we derived previously) we can work on arbitrary
time intervals. O

We are now in order to state the next main result in this section.

Theorem 4.2. Let a < L/2m, ug € V, f € L2(R,;H), and let us define
D(s) := ||Ve(s)||* + 1// | Ael|? dt Vs> 0.
0

Then, the following estimates hold true:
1. For the L-a model
D(s) < Cra?,
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where Cr is given by (4.27).
2. For the SB model

D(s) < Cra? (K log(L/2ma) + Ky + Csp) ,

where Cr given by (4.29).
3. For the ML-av model

D(s) < Cra? (Kilog(L/2ma) + Ko 4+ Cyrr,)

where Cr given by (4.34).
Here, the constants Cyr,, Csp, K1, and Ky are given by Lemmas 3.4, 3.3 and 4.1,
respectively.

Proof. As before we first prove estimates valid for all models and then we pass to consider
the specific ones. Subtracting (2.8) from (2.7) and taking —Ae as a test function yields:

1d
2dt
Adding and subtracting the term ((u, - V)u,, —Ae) to the r.h.s of (4.18):

(4.18) Vel + v Al = (~P,[(u- V)ul + B[N (ua)], - Ae).

(4.19) RHS = (—(u-V)u+ (us - V)us, —Ae) + (—(uq - V)uy + N(uy), —Ae).

By recalling the definition e = u — u,, the first term on the r.h.s of (4.19) can be split as

follows:
L =(—(u-V)u+ (us - V)u,, —Ae)
=(—(u-V)u+ ((u—-e)-V)(u—e),—Ae)
=(—(u-V)u+(u-V)u—(u-V)e—(e-V)u+ (e-V)e,—Ae)
(4.20) = ((u-V)e,Ae) + (e-V)u,Ae) =: I11 + 12,

where the vanishing of the term ((e-V)e, —Ae) has been used. The first term on the r.h.s
of (4.20) is bounded by

L1 = ((u-V)e, Ae) < Cllull4]|[Ve|s]| e
< Cllul2[ V)% Vel /)| Ae |2

C
(4.21) < Sl vul* Vel + %HAeHQ-

In (4.21), the Holder, 2D-Ladyzhenskaya, and Young inequalities have been applied. Sim-
ilarly, the other term on the r.h.s of (4.20) can be handled as follows:

lz = ((e- V)u, Ae) < Cflefls[Vulls] Ae
< Cllell"?[[Ve|/2[[Vul| /|| Aul| /2] Ae|

o
1/2
Ay

IN

Vel [[Vul'/2| Aul|'/?| Ae]|

(4.22)

IN

Vel Vull Al + £]Ae>
Using (4.21)-(4.22) the quantity I; in (4.20) can be bounded by

C 2 2 C 2 vV 2
(4.23) I < (Vglull [Vl +MIIVHHIIAHII> Vel +§HAeII :
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In the following, we will estimate the second term I from the r.h.s of (4.19), separately
for each a-model.

L-a model. The nonlinear term is given in this case by N(u,) = (U4 - V)u,. Therefore,
the residual term I5 can be estimated as follows

Iy = (—(un - V)ug + (Uy - V)u,, —Ae)
= ((Ua — ua) - V)u,, —Ae)
< Ol — ualla[[Vua|4f| Aef
< COfua - ua||1/2”Vﬁa - vuaul/QHvuaHl/QHAuaHl/QHAe”
< Cal|Vua|[[[Aug|f|Ae]

CCLa

C v
< *Oé2||VuaH2||AuaH2 + EHAEH2

(4.24) 1Auqlf + HAeHQa

where the Holder, 2D-Ladyzhenskaya, (1.8)-(2.4), and Young inequalities have been ap-
plied. Moreover, Cp, is given by Lemma 3.2. Using estimates (4.18)-(4.24) leads to

d 2 2 c 2 2 c 2

— < [ = _—

Vel + vl|Ae] _( salP IVl = VulAu) )| Vel
CCLOé

(4.25) JAug 2,

and we can rewrite it as follows
y'(t) —gt)y(t) < h(t)  VE>0,
where for all ¢ > 0
y(t) == [|[Ve(t)[?,

(1) = ST IVa)|? + [ Tu) | au()].
C’CLa

h(t) = [ Aua (2]

Therefore, since Ve(0) = 0, an application of the Gronwall’s lemma gives

/2 ~1/2
(4.26) [Ve(s)||? < CISL exp {CJQ\;*ZEI + CNSféfNS]m } o =: Rpa? Vs> 0.
1

Finally, combining (4.25) and (4.26) yields
IVe(s)|2 + u/ |Ae|2dt < Cra?  V¥s >0,
0

where

1/2 1/2
(4.27) Cr = (CJ2V5E1 I CN/SEICN/SE2> Ry + CCL‘

v Zo8
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SB model. In this case the nonlinear term is given by N(u,) = (4, - V)4, and adding
and subtracting the term (U, - V)u, lead us to

I = (—(un - V)us + (0n - V)U,, —Ae)
=(—(uq - V)ug + (Us - V)uy — (Uy - V)ug + (0a - V), —Ae)
(4.28) =: Io1 + I2o.

Here, the first term on the r.h.s of (4.28) can be handled as follows

Iy = (—(ua - V)ug + (Ws - V)ug, —Ae)
= ((Uq — uq) - V)ug, Ae),
which is similar to (4.24) in the L-a model. The other term can be rewritten as follows
Ipp = (—(Uy - V)ug + (U, - V)U,, —Ae)
= ((Uy - V)(Us — up), —Ae),

which turns out to be similar to (4.32) in the ML-a model. Therefore, the constant Cg in
this case is similar as in the ML-o model and has the form

3 ONemCNe cc
(4.29) CR:( NiEl + NSE; NSE2 | Rop + 53.
v ZON v

Here Cgp is given by Lemma 3.3 and

/2 A1/2
CCsp Cispr . OnsmiChnspo
5 €Xp 1 + 5 .
v v i\

Rsp :=

Thus, the proof is complete.

ML-a model. The nonlinear term is given now by N(u,) = (u, - V)U, and the residual
term can be rewritten as follows

I = (—(un - V)ug + (ug - V)u,, —Ae)
(ug - V)(Ua — ua), —Ae)
= ((uag —Wa) - V)(Ua — Ua), —Ae) + ((Ua - V)(Ua — ua), —Ae)

(4.30) =: Io1 + I9s.

The first term from the r.h.s of (4.30) can be estimated by

I = (((ua —Wa) - V)(Ua — ua), —Ae)
< Cllug — o [|4[[ Vi = Vua 4] Aell
< Ollug = a2 Vlla = Vual| [At, — Aug|/?]|Ae]
< CofAug[|[|[Vag|l|Aell

C 5 2 2V 2

<= o7 || Aug —|A
< S Vg 7 Aua | + | e

cc v
(4.31) < =] Aua|® + 15 [ Aell,
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where C)yr,, is given by Lemma 3.4. Next, we bound the second term on the r.h.s of (4.30)
as follows (recall in the all section we are in the case o < L/27):

Iy = ((Wy - V)(Uo — up), —Ae)
< Cla o[ VU = Vua ||| Ae
< Cof[da o[ Aua ][ Ac]

Co? v
< — |t | Aug|* + EIIAGH2

Cao? L v
4.32 < —— (Kilog | — | + K2 | [[Aua|* + —=||Ae|?
(1.32) < E (Kitog (5 ) + K2 18wl + J5]Ael
Here, K1 and K are given in Lemma 4.1. Therefore,

CKQOt2
14

v L
I < ||Aua\|2 + EHAeH2 for o < —.

27

Here in (4.31)-(4.32), we have used the inequalities Holder, 2D-Ladyzhenshaya, Young and
formula (4.17) in Lemma 4.1. Putting (4.23) and (4.31)-(4.32) into the r.h.s of (4.18), we
obtain

—|IVe||“ +v||Ae||* < | —= \Y% + —||Vu||||A V

Ca? L
(4,33) + e (Kl log () + Ko + CMLG> HAUOCHQ,
1% 2T

Since inequality (4.33) shares a similar structure with (4.25) then the rest of the proof
follows by that of the L-a model. The constant C'r in this case is given by

Chsm , ONamCNam CCut,
(4.34) Cr= ( A + Vo Ryr, + R
Here 1o 12
R _ CCur, CJQVSEI + Cnse1Cnse
MLa *= 7 57 P vt vZ)\ '
Thus, the proof is complete. O

From the Theorem 4.2 we can easily deduce the following corollaries for related errors.

Corollary 4.3. Let ug € V, f € L2(R,; H), and let us define
E(s) :=||V(u—1,)(s)|* + u/ |A(u —1,)||? dt Vs>0.
0

Then, it follows

(4.35) E(s) < 2Cgr h(a) + 2CCga? Vs >0,
where
o? for the L-a model,
h(a) = { o? (K1log(L/2ma) + Ky + Csp) for the SB model,
o? (K log(L/2ma) + Ko + Cyrr,) for the ML-o model.
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Proof. The proof shares the same idea with Corollary 4.2. We start with

IV (a —1a) ()| < 2(|V(u—ua)(s)* + [V (ua — Wa)(5)]%)
< 2CR h() + 20| VAT, ()]
< 2CR h(a) 4 2Ca?||[Vuu(s)|?
(4.36) < 2CRh(a)+2CCEa®  ¥s>0,

where (2.4) has been used in the third inequality. The constant Cg is defined as in
Corollary 4.2. Similarly, for all s > 0

I= 1// |Au — AT, |2 dt
0
< zu/ HAu—Auaszt—i—Ql// | Au, — AT, |2 dt
0 0
< 2Cgh(a) + 2vat / |AAT, ||? dt
0

< 2CRrh(a) + 2a2u/ |Aug||? dt
0
(4.37) < 2CRph(a) +2CCga®.
Therefore, (4.35) follows by combining (4.36) and (4.37). O

5 The rate of convergence of p, to p

In this section we focus on the order of the error of the pressure, by using the results from
the previous sections. Let p and p, be the pressures associated to the weak solutions u
and u, of the NSE (1.1)-(1.3) and all a-models (1.4)-(1.6), respectively. It will be shown
that the difference

q =P~ DPa
is bounded in terms of the parameter «, uniformly in time, in a suitable norm.

Theorem 5.1. Let ug € V, let f € L2(Ry;H), and let us define
1(s) ;:/ IVql2dt Vs> o0.
0

Then, the following estimates hold true:
1. For for the L-a model

I(s) < Ca®?+ Co?® Vs >0,
where C' given by (5.5).
2. For for the SB model
I(s) < Ca® + Ca®?(log(L/2m) + 1)Y/2 + Ca?(log(L/2mwa) + 1) Vs >0,
where C' is given by (5.9).
3. For for the ML-oc model
I(s) < Cat 4+ Ca® + C(a®? + o®)(log(L/2ma) + 1) Vs >0,
where C' given by (5.14).
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Proof. It follows subtracting from the NSE (1.1)-(1.3) the a-model (1.4)-(1.6) that
(5.1) —A¢g=V-[(u-V)u—N(u,)]=:V-g.

We are assuming that p and p, are periodic and with zero average. The vanishing of the
mean values of p and p, ensure their uniqueness (up to an arbitrary function of time).
Multiplying (5.1) by ¢ and integrating on Ty the Cauchy-Schwarz inequality yields

(5.2) IVall? < llgl? = /T (1 V)u— N(ug)P dx.

In order to estimate the error of the pressure we are led to bound the r.h.s of (5.2).
Replacing e by u — u,, adding and subtracting the term (u, - V)u, gives

gl = /T (- V)u — N(ug)? dx

= (- V)u — (ug - V)ug + (ug - V)ug — N(ug)? dx

T2
= i | —(e-V)u+ (uq - V)e + (uq - V)u, — N(ug)*dx
(5.3) <C i (I(e- V)ul® + [(ua - V)e|* + |(Ua - V)ua — N(ua)|?) dx.

By (5.3) one has for all s > 0:
(5.4) 16)= [ lgll*de < Ot + 1o+ 1),
0

The estimate is given for each a-model separately.

L-a model. In this case we have N(u,) = (Uq - V)u,. Each term on the r.h.s of (5.4)
will be estimated below. First,

11:/ (e - V)ul? dx dt
0 T2

S
< /0 lel2Vul2 dt

< / lell [Vell [Vul || Aujl dt

s 1/2 s 1/2
< OO, 02 ( / |Ve||2dt) ( / ||Au||2dt)
0 0

< C,CNsE o?
v
where we have used the Holder and 2D-Ladyzhenskaya inequalities, Lemma 3.1, 4.1,
and 4.2. Next, we have

122/ |(uq - V)e|? dx dt
0 JTo

Vs >0,

< /0 el [[Vua[[ [ Vel | Ae]| dt

cr (/ ) >/</ . >”2
< — Vel|l* dt Ael|l” dt
iz Vel | l1Ae]

1/2 ~1/2
< CLCT/ CR/ /2
14

Vs >0,
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here we have used the Holder and 2D-Ladyzhenskaya inequalities, Lemma 3.2, Theo-
rems 4.1 and 4.2, respectively. Finally

I = / (4o — Ta) - V)ua|? dx dt
0 JTo
</0 [ua = Uall [V(ua — Ua) | [[Vua| [[Aua || dt

< ZC’C’La3/ | AT, ||| Aug || dt
0

3/2
< 200, a® Vs>,

v

here in addition we have used (1.8), (4.36), and Lemma 3.2. Thus the proof of the con-
vergence rate for this model follows by collecting the previous estimates

(5.5) I(s) <

14 14 v

1/2 ~1/2 3/2
CrCr”CH? spa <CTCNSE L 20C; ) W s,

SB model. For this model we have for all s > 0

= / (- V)u — (g - Vg + (Ta - V)ug — (T - V) |? dxdt
T2

One has used the fact that u, = u — e in the second term inside the integral. Similarly,
by using Corollary 4.1 and Lemma 3.3 we get

L= / |(u—1,) - V)u|* dxdt
0 JT,

< /0 u = o[ [|V(u =) [Vl |Au]|

cL/? s 1/2 s 1/2
< SNsEr 1202 4 o312 <y/ HV(u—ua)Hth) <u/ yyAuPdt)
0 0

14

C
< UNSB2

(5.7) C’cor(cy2 + 043) Vs> 0.

We deal with the second integral by using Lemma 3.3 and Theorem 4.1-4.2 to show
S
I = / (8 - V)| dxdt
0 JTy

S/ e [[[Vaa[l|Velll|Ael dxdt

CCs 1/2 1/2
<) weiar) (v [ Iaclzar)

1/2
(5.8) < CC;S;B 01/201/2 5/2 (K1 log (L) + Ky + C'SB> since a < L
VA 2ma 27’

22



Similarly, the last term can be estimated for all s > 0 by
I3 :/ |(Tq - V) (u — 1) |? dxdt
0 JT

< / [ [[[VEa[|[V(a = o) [[|A(w = Ta)|| d

(71/2 1/2 1/2
< S8 (20A(0) + 20Cspo’ 1/2< / Va2 dt) < / 1A — 1) dt)
VAL
Csp 5
< Al/2(203h( a) +2CCspa®)
14
: L L
- C’Cls/f [CRO‘ (Kl log< ) + Ko + CSB> + CSBozz} since o < —.
VA 2mo 2m

Therefore, by the above estimates we get

I(s) <

1/2
< CNSE2CCOT(Q2 +ad) 0015/12901/201/2 5/2 <K log< L ) + Ko + CSB>
v Al 2mo

(5.9)

cc L
+ )\15/5 [CR (K1 log <27T ) + Ky + CSB) + CSB} o’
1%

Thus the proof for this model is completed.
ML-a model. For this model I; is estimated as above. We start with I by

Izﬁ/ e [[Vua[[[Vel | Ae]| dt

- Owr 1/2 1/2
< ([iwerza) ™ ([ 1aeiear)

C 01/201/2 I 1/2
(5.10) < ZMEZT TR 5/ (Kl log (271' ) + Ko+ CMLG> :

v

for all s > 0. One has used the results Lemma 3.4, Theorems 4.1 and 4.2. The term I3 is
bounded by

(5.11) Iy = / (U - V) (g — )2 ddt < 2(T1 + o).
0 To
By (4.36) and Lemma 3.4 yield
I3 = / |(ug — Uq) - V) (uqy —ﬁa)lzdxdt
T2
< /0 1t — a2 19 (s — )2

t
< /0 lue = Tal |V (ua = Ta)lI*[|A(ua — o) | dt
< C'CJQ\/[LQOC4

14

(5.12) Vs> 0.
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The other term can be estimated for all s > 0 by
Ly = / (B - V) (e — )2 dx dt
0 JTo
< [l (g = )

L S
< (Kl log <27ra> +K2> a2/ |Aug [ dt
0

C L
(5.13) < ZMla <K1 log () + K2> o?,
v 2o

here Lemma 4.1 and (2.5) have been applied. There for the proof for this model is finished
by (5.10)-(5.13)

1/2 ~1/2 1/2
I(s) < CrCNSEa3+ Cmr,Cr'"Cg o572 <K1 log <L> +K2+CMLG>

v v 2ma
ccs C L
(5.14) 4 JMLa 4 4 ZMLa <K1 log <> 4 KQ) a?,
v v 2T
which concludes the proof. O

6 The 3D case: a few additional remarks

The problem in R? is rather different since the solution of the NSE are not known to be
globally smooth and the available estimates for the convective term are different from those
employed in the previous sections. More specifically to the problems studied here, the rate
of convergence has been estimated in the 3D case by Chen, Guenther, Kim, Thomann,
and Waymire [9]. They proved the following estimate.

T
/ le|| d < C(T)a
0

Their analysis is carried out in the 3D periodic setting and assumes a small data condition
(such that existence and uniqueness of weak solutions u of the 3D NSE is ensured). Here u
and u, are the weak solutions of the NSE and Navier-Stokes-«, respectively, with periodic
boundary conditions.

Another result concerning the convergence rate for the same a-models of turbulence con-
sidered in the previous sections has been obtained in [14]. For both for 2D and 3D it is
proved that
T
sup [le(®)] + [ Vel dt < C(T)a
t€[0,1] 0

The result is obtained with u,(0,-) = ug € V,f € L2%(0,7;H), and under an extra
assumption that the weak solution of the 3D NSE is such that u € L*(0,7; H*(T3)). The
latter condition ensures existence and uniqueness of weak solutions. The logarithmic term
in (1.10) is removed in the results for both 2D and 3D periodic cases in [14].

This section is devoted to find out the convergence rate of weak solutions of the a-models to
that of the NSE in the 3D case. If u € L*([0,7]; H!(T3)), the standard Sobolev embedding
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implies that u € L*([0, T]; L5(Tz)) which is a special case of the well-known Leray-Serrin-
Prodi (LSP) 3D uniqueness assumption, where r = 4 and s = 6, see formula (6.1) below,
see Leray [28], Prodi [31] and Serrin [33]. More specifically, that is

(6.1) uec L"([0,T];L°(T2)) where 3 +-=1,5>3.
s

It is also known, see for example Galdi [18, Definition 2.1, Theorem 4.2], that weak solu-
tions which satisfy the LSP condition are unique and regular in the set of all Leray-Hopf
weak solutions. Recently, under the conditions f € L2([0,7]; H), ug € H'(T3) and an
extra condition u € L4([0, T]; H*(T3)), the author of [14] showed that the rate of conver-
gence of weak solutions u, of the three a-models to u is O(«) for some suitable norms.
More precisely, that is

T
sup He(t)HQ—i—V/ Ve|2 dt < C(T)a?
te[0,7] 0

where C' is the Sobolev constant and Cr is given by

(6.2) C(T) = Ciexp {VC:; /OT \|Vu||4ds} .

here C; = C1(ug,f,v). On one hand, it follows that in the case u € L*(R;;H'(Ty)),
which satisfies (6.1), we get the error is uniformly bounded in time, i.e.,

[e.e]
sup |le(t)|* + I// |Vel|? dt < Cooa?,
>0 0

Coo = Crexp {VC:;/ [Vu|* ds} .
0

On the other hand, if a weak solution u of the NSE regular up to a time T, < oo and
cannot be smoothly extended, we say that u becomes irregular at the time T, (or that T
is an epoch of irregularity). Assume that T is the first time that u becomes irregular,
see Galdi [18, Def. 6.1], then it is well-known that the H!(T3)-norm of u, |Vu(t)|? will
blow-up as t approaches T from below, see for instance [18, Theorem 6.4], Leray [28] and
Scheffer [32]. More specifically, there exists € = eg, > 0 small enough such that
Cv3/4

(T, —t)1/4
where C' > 0 is only depending on Ts. In that case, by (6.3), we consider C(T') in (6.2)
with Ty — e < T < T, which will also blow-up as in the following way

C T
C(T) :C’lexp{3/ ||Vu||4d8}
>4 exp{ HVuH4d3}
C

ds}
T* —€ - S
€

T -1)°

where

(6.3) |Va(t)| > Vte (T, — T,

> Chexp

showing the effect of being T, an epoch of irregularity on the convergence rate.

25



7 Conclusions

In this work, after assuming the not so restrictive assumptions on the data ug € V
and f € L2(R,;H), we provided the rate of convergence, as a — 0%, of u, to u as
well as of p, to p. In addition our argument is tied up to the periodic case mostly
because of special properties of the Stokes operator A and of the convective term in this
setting. The extension of the results to other boundary conditions such as the Dirichlet
boundary conditions or to the Euler equations are left as future works. In the 3D case
extra-assumptions for the uniqueness of solution of the NSE are probably necessary to be
assumed, to obtain rates of convergence.

Remark 7.1. It seems to be the case that all results herein can be established when the
periodic domain To = R2/[0, L)? is replaced by the whole space R?, following the approach
developed in [30]. However, the existence and uniqueness of weak solutions of all a-models
herein needs to be studied carefully. Also this issue will be investigated in a forthcoming
work.
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