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Abstract

This paper is devoted to study the rate of convergence of the weak solutions u,, of
a-regularization models, namely the Leray-a, the modified Leray-« and the simplified
Bardina models, to the weak solution u of the Navier-Stokes equations in the two-
dimensional periodic case, as the regularization parameter o goes to zero.
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1 Introduction

In this work we study the rate of convergence of weak solutions of several two dimensional
a-models of turbulence to the weak solution of the Navier-Stokes equations (NSE), with
periodic boundary conditions. These models belong to the class of Large Eddy Simulation
models (LES), used to carry out numerical simulations of turbulence flows, that cannot be
performed by the NSE because, according to Kolmogorov laws, it would require O(RedQ/ 4
degrees of freedom where d = 2,3, which is innacessible to modern computers for high
Reynolds numbers [7]. Considering the 2D case is appropriate to analyse models that
simulate layers of shallow water in stratified flows, such as the ocean or the atmosphere
[6, 29].

Let L denote a given length scale, u(t,x) and p(¢,x) for t > 0, x € R?/[0, L]?> = Ty, denote
the velocity and the pressure of the fluid, that satisfy the NSE,

(1.1) ou+ (u-Viu—vAu+Vp=1f in Ty,
V-u=0 in Tz,
uli=o = o,

where the constant v > 0 denotes the kinematic viscosity, ug and f are given as the initial
velocity and the external forces. The a-model aim at regularizing the nonlinear term
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(u-V)u, and are are given by the general abstract form

(1.4) Oug + N(uy) — vAu, + Vp, = £, in Ty
V- Uy = 0, in Tg

Uq ’tZO = o,

where u,, and p, are the filtered velocity and pressure at frequencies of order 1/a. The
a-models under study herein are the Leray-c«, simplified Bardina and the modified Leray-«
models, given by

(Uq - V)u,, Leray-a (L-a),
(1.7) N(un) =< (W, - V)u,, Bardina model (SB),
(uq - V)u,, Modified Leray-a (ML-«),

and the bar operator is given by the Helmholz equation
(1.8) V-a’Av=v inTy.

The initial model is due to J. Leray [26] in the whole space R?, where ¥ = v * p,, for a
given molifier p,, No(v) = (V- V)v. Note that in the whole space there is also a Kernel G,
such that v = v+ G, for the Helmholz filter [30]. This class of models has been the subject
of many works this last two decades, see for instance [5, 9, 10, 11, 12, 15, 16, 20, 21, 23, 24].
They are known to have regular unique solutions, at least in L{° H1 N L? H2, that converge
to solutions of the NSE as o — 0, with suitable assumptions about the data, which means
that u, — u, po — p, where (u,p) is the corresponding weak solution of the NSE.

We aim in this paper to study the rate of convergence, namely the norm of

(1.9) e=u,—u

in various space such as L°L2, L2HL L H! and L?H2, as o — 0. This study is motivated
by the paper of Cao and Titi [4], in which the authors prove that for all 2D a-models (1.4)-
(1.7), one has the following L°L?2 estimate on a given time interval [0, 7], Voo < L/2m:

(1.10) sup |le(t)||* < Ca? <C’T <1 + log <L>) + C> ,
t€[0,T] 2ra

where C is a constant and when no risk of confusion occurs, || - || stands for the L? norm.
In this results, it is assumed that

ug € D(_PUA)’ fe L2([03T]7P0'L2(T2)2)a

P, being the Leray projector. The logarithmic factor that appears in (1.10) comes from
an inequality initially proved by Brezis-Gallouet in [3].
Cao-Titi’s result raises two questions.

i) Is that possible to improve the O(a?log(1/a)) rate, and in better norms ?
ii) Can we get an estimate global in time ?

In this paper we positively answer to these questions by showing that when

u € P,H' (T9)?, fec L*(Ry,P,L*(Ty)?),
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we get an estimate uniform in time of order O(a?) in the L{°L2N L? H} norms, specifically
for all a-models (1.4)-(1.7),

(1.11) le(s)|I? + y/ [Ve|2dt < Ca®, Vs >0,
0

where C' is a time-independent constant, see Theorem 4.1 below. We also get a uniform
in time estimate in the L H! N L?H2 norm of order O(a?) for the L-av model, and in
O(a?log(1/a)) for SB and ML-a model, namely for all s > 0,

Co? for L-a,

2 ° 2 <
(112) [|Ve(s)|[? + v /0 1AelPdi < § (2 (Clog <2La>+c> for SB and ML-a
T

see Theorem 4.2 below. Estimates (1.11) and (1.12) are the main results in the present
work.

Thanks to (1.11)-(1.12), we are able to study the rates of convergence of the pressures, by
showing (see Theorem 5.1 below)

Cab/? for L-a

(1.13) / [[Vq||? dt < ) L
0 Ca* | Clog s 4+ C| for SB models and ML-q,
T

where C does not depend on times and ¢ = p, — p.

The paper is organized as follows. In Section 2 we set the mathematical framework. In
Section 3 we deribve from energy balances uniform in time energy estimates weak solutions
of the NSE and for all a-models as well. This is the main step before investigating the
rate of convergence in Section 4, where we prove the estimates (1.11)-(1.12). Section 5 is
devoted to study the pressure. In Section 6, we make additional remarks about the 3D
case for which the situation is quite different and not in the focus of the present paper.

2 Mathematical framework

In this section we set the functional spaces we are working with. We show basic properties
of the Helmholz filter, then we carry out the Leray projection of the NSE and Leray-«
on free divergence fields spaces. The section ended with a brief state of the art about
a-models.

2.1 Functional spaces

Let Ty = R2?/[0,L]? be a 2D torus, for 1 < p < oo, m € N, let LP(Ty) and H™(Ty)
denote the standard Lebesgue and Sobolev spaces on Ts, respectively. The LP(T53)-norm
is denoted by || - ||, for all 1 < p < oo, expect for the case p =2 where || - || = || - ||2. Bold
symbols are used for vectors, matrices, or space of vectors. We denote by II the set of all
trigonometric polynomials on T9 with spatial zero mean, i.e.,

p(x)dx =0, V¢ ell
T2

Let us define
A={pell”: V-p=0}.
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As usual when studying the NSE we define the following standard Hilbert functional spaces
H := the closure of A in L?(Ty)?,
V := the closure of A in H'(Ty)2.

Let (-,-) and || - || be the standard inner product and norm on H, that are

(u,v) ::/ u-vdx and ||ul|? ::/ lu|? dx.
Tz T2

The inner product (u, v)y and the corresponding norm ||u||y on V are defined as follows
(u,v)y :=(Vu,Vv) and |[|u||lv :=||Vu]|.

In the sequel, we use the notation P, for denoting the Helmholtz-Leray orthogonal projec-
tion operator of L2(T3) onto H. We next consider an orthonormal basis ¢, @, ..., @, .-
of H consisting of eigenfunctions of the the Laplace operator

~A: H¥(Ty)NV —H
and for m > 1, H,,, = span{e, ¥, ..., P }-

Let A = —P,A be the Stokes operator, the domain of which is given by D(A) := H?(T2)N
V. Then we know [4, 16]:

(2.1) Au=—-P,Au=—-Au VYueD(A).

Let A1 > 0 be the first eigenvalue of A, i.e., Ap; = A1, and the above setting leads to
A1 = (27/L)?. By the virtue of the Poincaré inequality we have

(2.2) )\1]|u|\2 < HVuH2 YueV,
(2.3) /\1HVuH2 < HAuH2 = HAuH2 Yu € D(A).

Then it follows by (2.2)-(2.3) that there exist positive dimensionless constants ¢, ca such
that

(2.4) e1l| Au]| < [[ullsge(r,) < cal|[Aul] Y € D(A).

In the following, we will make an intensive use of the following 2D-Ladyzhenskaya inequal-
ity [22]:

(2.5) VueV, |lulls < Oljul]"2(|Vul|'/?,

where C' is a non-negative dimensionless constant.

2.2 Helmholz filter

The filter operator used to construct the turbulence models is the Helmholtz filter, see
Germano [18], or [2, 14, 25]. Given a cut length o > 0 (which will be called the filter
radius), for each u € H, u € H?(T2) NV is the unique solution of the following Helmholtz
equation:
(2.6) —-o’Au=u in Ty,
We deduce from (2.6),

l[u—1|| = ?||AT|| VYu e H.
We already know that the filter satisfies the inequality, see [13]:

(2.7) ]|ﬁ|]+a|]Vﬁ||+a2|]Aﬁ|| < C|lu|] VYue€H,

where C is a Sobolev constant. It follows that

(2.8) |[Vu — V|| = o?||VAT|| < Cal|Au|| Vu € D(A).
4
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2.3 Leray Projector

Troughout the rest of the paper we assume
(2.9) w €V, fel*(RyH).

In order to eliminate the pressure, we apply the Helmholtz-Leray orthogonal projection P,
on free divergence fields to both the NSE and a-models. We get the differential systems:

du
(2.10) P P;[(u-V)u] —vAu =f,
u|t:0 = uO)
as well as
du,
(2.11) o T P,[N(u,)] —vAu, =f,

ua|t=0 = Up,

where one has used the facts that P,f = f since f € H, P,Au = Au and P,(Vp) =
P,(Vpa) = 0. Once the velocity is calculated, the pressure is p and p,, are solutions of the
equations

(2.12) —Ap=V-((u-V)u), —Apy =V (N(ua)).

From now we will only consider the velocity speaking as a solution to the NSE and the
a-models.

Remark 2.1. Thanks to the Leray-Helmholtz decomposition and for simplicity we assume
that £ is divergence free. Otherwise, the gradient part of £ can be added to the modified
pressure and P,f is replaced by f.

Remark 2.2. A common property of all a-models which are considered in the present
paper is that these models reduce to the NSE when o = 0. It can be seen directly from the
equality (2.6).

2.4 Brief State of the art

In the 2D case, there exists a unique solution of the NSE, global in time, without any
singularity, see Temam [36, 37].

The proof of the existence and uniqueness of solution of the a-models given by (1.7) can
be established by using the standard Galerkin method. The L-a model was implemented
computationally by Cheskidov-Holm-Olson-Titi [12].

Ilyin-Lunasin-Titi introduced and studied the ML-a model in the 3D periodic case, see
[21]. It was tested numerically in [19]. However, the global existence and uniqueness for
2D can be proved in a similar way.

The Bardina closure model of turbulence was firstly introduced by Bardina-Ferziger-
Reynolds in [1] to perform simulations of the atmosphere. A simplified version of the
Bardina’s model, was modeled and studied by Layton-Lewandowski in [23, 24|, then
studied by Berselli-Lewandowski [30] in the whole space. This model is designed by
N(uy) = V- (uy ®uy). Cao-Lunasin-Titi proposed a variant of this model [5], which
is the one we consider in this paper and that we still call “Simplified Bardina model”

(SB).
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3 A priori estimates

3.1 General Orientation

As (2.9) holds We know that both the NSE (1.1)-(1.3) and the a-model (1.5)-(1.6), for
any N given in (1.7), admit a unique solution u such that

(3.1) uc LRy, V)N LAR,, H3(To) NV).
For simplicity, we note in the following
(3.2) F = fllf2 @, )

In this section, we detail the L?(R4, H%(T2) N V) estimates to get the right constants,
each model one after another. The analysis is based on 2D energy inequalities, using the
Ladyzhenskaya inequality (2.5). About the a-models, we start by estimating u,. This
analysis is based on the following identities.

(3.3) (Po((u-V)u),u) = (Ps((u- V)u), Au) = 0,
for the L-a and the SB,

(3.4) (PN (un),uq) = (PsN(uq), At,) = 0.
However the ML-a is more tricky, since we only have

(3.5) (PysN(uy),y) = 0.

3.2 NSE Estimates

Lemma 3.1 (NSE). Let ug € V and f € L2(R;H). Then the unique weak solution u
of the NSE satisfies

: F
(3.6) [u(s)|1? + ,,/ IVl de < ol + - = Cusr Vs >0,
0
and
. F
(3.7) [Vu(s)[2 + y/ At < Vol + L = Crspa s> 0
0

Remark 3.1. Estimate (3.6) in the previous theorem can be obtained more generally when
f € L2(Ry; V). We use the condition £ € L?(Ry; H) for both estimates (3.6) and (3.7)
for conciseness.

Proof. We argue step by step, first proving (3.6).
Step 1. L?H}! N L{°L2 estimate. Take the scalar product of the NSE (2.10) with u and
use the identity (Py[(u- V)u],u) = 0, which lead to the following estimate

Ld

(3.8) 5 7t

[[al[* + vVl * < |I£]][[ul]
Using Poincaré and Young inequalities on the r.h.s (right-hand side) of (3.8) yields:
d 2 2 1 2
3.9 — < —||f]]%.
(3.9 Il -+ w7l < ]
6
/V5, February 12, 2020, 21:28



Integrating (3.9) on [0, s] for s > 0, one has

S 1 S
(3.10) ()] + v / IVl dt < [l + — / 812 dt.
0 I/)\l 0

Finally, the estimate (3.6) follows by (3.10) since s can be chosen arbitrary.

Step 2. L?H2 N L{°H] estimate. In order to prove the other estimate (3.7), instead of u,
we take —Au as a test in the NSE (2.10). As we already have said, in the 2D case periodic
the nonlinear term vanishes, see [35, 36], i.e.,

(3.11) (Py[(u-V)u],—Au) = 0.
By the Young inequality the term corresponding to the body forces can be estimated by
(3.12) (], —Au) < ZJIE|P + Sl|Au]

Therefore, the rest of the proof follows as the same as what have been done above. Thus,
the proof is complete. O
3.3 Leray-a estimates

Lemma 3.2 (L-a). Let ug € V and f € L2(R,;H). Then the unique weak solution ug
of the L-a satisfies Vs > 0

; ocs F
. 2 20 <« ZZL1 2, v .
I O R <|yu0|y +VA1>+ "o,

where Cr1 is given in (3.18).
Proof. For the L-a model, the nonlinear term is given by
N(u,) = (U - V)u, where u, — a’At, = u,.
We argue in 3 steps, with an intermediate step to estimate u,.
Step 1. L2H! N L L2 estimate of u,. Taking u, as a test in the L-a model (2.11) gives

d 1
14 —||ua|I? G2 < —IF|12.
(3.14) dt\lu 17 +v[|[Vu, || < Ml\l |

Here
(Pr[(Ua - V)ual,ua) =0

has been used, see in [4]. It leads to for all s > 0

s F
(3.15) ||ua(8)|2+V/ [V ua|[* dt < [Juol|* + ——.
0 l/)\l

Step 2. L?H2? N L{°H. estimate of U,. Testing (2.11) by —Awu, and replacing u, by
U, — a?At, yield

d f 2
(316) LIV + 0% ATI ) + ]| + va?| VA, <
Here the vanishing of the nonlinear term has been used, i.e.,

(Py[(Ua - V)uy)], —AT,) = ((Ta - V) (U — a?AT,), —Al,) = 0.
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Therefore, by (3.16) for all s > 0
S
(B17)  [[VEa(s)|® + o] At (5|2 + y/ (1AT|2 + o?||VATGL1?) dt < Cr,
0

where Cp is given by

B - JT_‘2 F2
(318) HVUUHz + aQHAuOHQ + 7 < (1 + )\1>HVU()H2 + 7 = CLly

here the facts
V|| < [[Vuol], || AT|[* < [|uolf?,
given by (2.7) and the Poincaré inequality have been applied.
Step 3. L2H2 N L{°H! estimate of u,. We test (2.11) again by —Au, which leads to

(3.19) L1V alP + vl Aual? = (P [(Ta - V)ual, Aua) + (£, ~Auy).

1d
2dt
The first term on the r.h.s of (3.19) can be estimated by:

(Po[(Wa - V)ua], Aug) < Cf[a|4][Vua||s] | Aua ]
< OV [[|Vual| /2| Aug 2

Cloe 14 2 vV 2
(3.20) < IV VP + 2| Aug

Here one has used the Holder, 2D-Ladyzhenskaya (2.5), Sobolev and Young inequalities,
respectively. From (3.19)-(3.20) one obtains

2
(3:21) L 7ualP 4+ vlldual? < 2161 + Sl Tl P
The previous estimate yields for all s > 0
(3.22) HVua(s)Hz—i-V/ | Aug|2dt < 2 +/ Va1 Vual [ d.
0

Finally, both estimates (3.15) and (3.17) are applied in (3.22) to get (3.13), which ends
the proof. 0

3.4 Simplified Bardina estimates

Lemma 3.3 (SB). Let ug € V and f € L2(R,;H). Then the unique weak solution u, of
the SB model satisfies

2
CCAM F o Csp Vs> 0,

(3.23) IV ua(s)|? + v / [ Ay

where C' is a positive constant and Cg is given by (3.25).

Proof. For this model, the nonlinear term is given by
N(up) = (Uy - V)u,.
We make it in two step, starting with u,.
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Step 3. L2H2N L H} estimate of 0. Taking —Atu, as a test in (2.11) and using the fact
U, = Uy — a?At, give us

d, _ _ _ 1
(3.24) 7 (IVE|[* + a?[| AT ) + ]| AT + va?|[VAT|* < ~ |,

where the identity
(Pr[(Wa - V)], —AT,) =0

has been used. Thus, for all s >0
(3.25) IWMdﬁW+aWAm&MP+V/(WNMW+aﬂVA%W)ﬁ<Cb
0

where Cg := Cp; as given in (3.18).
Step 2. L?H2 N L{°H} estimate of u,. One takes —Au, as a test in (2.11) to obtain

1d

3.26
( ) 2dt

—IVual]” + vl Aug|? = (Py[(Ta - V)Ta], Aug) — (£, Aug).
The nonlinear term on the r.h.s of (3.26) is estimated by:

(Po[(Ua - V)T, Aug) < Cf[Ualla][VUa||4]|Aua||
< CHﬁaHl/2HVﬁaH|’Aﬁa|’1/2HAuaH

c, _ o v
(3.27) < ;Hua!ll\vuaHleAuaH+1||Aua!|2-

In the above inequalities the Holder, 2D-Ladyzhenskaya and Young inequalities have been
applied, respectively. The estimates (3.26)-(3.27) lead to

d 2
(3.28) D el 2+ v v 12 < 2112+ V] 2 A
and by (3.25) for all s >0

|V11a(8)||2+1//0 HAuaHth<*+ /IluaIIIVuaH ||AT, || dt

< C%B/HAaWﬁ

v
2F  (CC?

3.29 <= S8

( ) - v + v2\

Therefore, the proof is complete. O

3.5 Modified Leray-«

Lemma 3.4 (ML-a). Letug € V and f € L2(Ry;H). Then the unique weak solution u,
of the ML-a model satisfies

C 2F
ML4 +7 =:Cyp, Vs>0,

(3.30) Ve (t) H2+u/ | Aug|? dt <

where Cyrrga = CCrnr1Crin2Crrs with C is a positive constant and for i = 1,2,3, Cyri
are giwen by (3.33), (3.37) and (3.42), respectively.
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Proof. The nonlinear term of this model is given by
N(up) = (uy - V)u,.

This case is more tricky that the others. We make it into 3 steps, starting with a L2H! N
L L2 estimate of U, then a L2H! N L L2 estimate of u,, to finally get the conclusion.

Step 1. L?H! N L°L?2 estimate of U,. Taking U, as a test in (2.11) and replacing u, by
U, — a2Ad, to obtain

1
(3.31) % (1Tl + 0| V| [?) + v[|Va|[* + vo?|| Atia||* < EIIfIIQ-

Here the fact (P,[(us - V)4, Us) = 0 and the Poincaré inequality have been used on the
r.h.s. Then One gets from (3.31) for all s >0
S
(3.32) |[Ta(s)|* + o?||VTa(s)||* + l// (JIVUa|]* + o?|| AT, ||?) ds < Cari,
0

where as in (3.18) above Cjyyr1 is given by

_ _ F? F?
(3.33) |[Tol|? + o?[| V| + —— < (1+ A1)|[uol]* + —— =: Chira-
I/)\l I/)\l

Step 2. L?H! N L°L? estimate of u,. Taking u, as a test in (2.11) yields

(3.34) 5 lual? + ][ Vua|? = =((ua - V)Ua, ua) + (£, ua).
The nonlinear term on the r.h.s of (3.34) can be estimated by

(U - V)Ua, u,) < CHua”i”VﬁaH
< Cllual||[Vua||[[Vaa||
c 2= 112, Y 2
<= = .
< O a7+ Y [

Here we have used the Hélder, 2D-Ladyzhenskaya and Young inequalities, respectively.
Using the Young inequality for the other term on the r.h.s of (3.34) gives

C

d 2 7
(3.35) Zlall® 4+ vl[Vua|[* < El\fll2 + || VL]

Using the estimate (3.32) for all s > 0 leads to
S S
/O |ua| (| VUa|]? dt = /0 (Ial® + 202 VUo|]* + oAt %) ||V, | dt

40?2
(3.36) < —MLL
14

Here one has used the following identity
[uall? = [[@alf® + 202 V|| + || AT, [*.
Therefore, by (3.35)-(3.36) for all s >0

2F 4CC%,,

(3.37) llua(s)|1? + u/ [Vua|?dt < =2 + —: Caro.
0 l/)\l

2
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Step 3. L?H2? N L H} estimate of u,. W take —Au, as a test in (2.11) to obtain

1d

(3.38) §%||Vua||2 +v[[Aug|* = (Pr[(ua - V)Ua], Aug) — (£, Aug).

The nonlinear integral can be estimated by

(Po[(ua - V)], Aua) < Cflualla][Va||a]|Aua |l
< Cual [V Vual [V Va7 Aug [/

c _ v
(3.39) < ;HuaHQHVUaWHVuaHQ + ZHAuaHQ-

Here one has used the Holder, 2D-Ladyzhenskaya, Sobolev and Young inequalities, respec-
tively. From (3.38)-(3.39) we obtain:

d C _ 2
(3.40) Vel + vl Aual* < = jua|[*[[VEta|[*[[Vua|[* + ~ ]

and in particular

d 2 CCOML2 o 12 2 202
. — < — .
(3.41) L 9ual? < SO g, |7 T + 2 ]
Hence, by (3.41) for all s >0
2F CcCh
(3.42) [Vuu(s)|]* < (|VuoH2 + 1/) exp {I%m} =: CyL3.

Together (3.40) and (3.42) one obtains (3.30). Thus, the proof is complete for this model.
O

4 The rate of convergence of u, to u

In this section, we study the rate of convergence of the weak solutions u, of the four a-
models to the weak solution u of the NSE in some suitable norms in terms of « as « tends
to zero. For simplicity, throughout this section e = u — u, denotes the error between u
and u, which are the weak solutions of the NSE (2.10) and a-models (2.11), respectively.
4.1 Error estimate in L?H} N L L2

The first main result in this section is given by the following theorem:

Theorem 4.1. Letug € V and f € L?(Ry;H). Then
(4.1) lle(s)||* + 1// |[Vel||?dt < Cra® Vs >0,
0

where C,. is given by
(4.9)  for the L-ac model,
(4.11)  for the SB model,
(4.12)  for the ML-ov model,
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Proof. As the models share common features, in a first step we consider these common
features, and in a second step we separate the models to distinguish their differences.

Step 1. Common features. We subtract (2.11) from (2.10) and by multiplying e and
integrating the result reads

Ld

(4.2) 5 7

e[| + v[[Vel|* = (= Po[(u- V)u] + P;[N(ua)], ).

We add and subtract on the r.h.s of (4.2) the term ((u, - V)u,, e) and then rewrite it in
the following form:

(4.3) -

We will deal with the two terms on the r.h.s of (4.3) separately. Replacing u, by u — e
the first term in (4.3) is rewritten as follows:

where (u, - V)e,e) = 0 has been used and the result is continuous estimated by

((e- V)e,u) < Cllef|s][Vell||ulls
< Cllell"2)|Vel [/l |2 Vul|*/2

C v
(4.4) < ﬁl|u||2|!VU||2||e||2+Z||Ve||2-

The first inequality from above is due to the Holder inequality with the pairing (1/4, 1/2,
1/4), the second one is obtained by applying the 2D-Ladyzhenskaya inequality and the
last one comes from using the Young inequality with the pairing (1/4, 3/4). The residual
term will be estimated for each model separately, one after the others.

Step 2. Analysis of the models one after eachother

L-a model. For this model the nonlinear term is given by N(uy) = (@ - V)u,. The
residual term is written as

R=(—(uy-V)uy + (U - V)ug,e) = —(((ug — Ua) - V)ug,e).

The Holder, 2D-Ladyzhenskaya, (2.6), (2.8), Sobolev, Poincaré and Young inequalities are
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going to apply to get the following estimates:
R < Cllug —dalla][Vual|lle]]4
< Clua = Wal|"?([Vua = VEa[[V2||Vual|[e]|/?||Ve|| /2

(7(71/2
<% 2| At |2 || Au |2 [ Vel
A

67671/2
v a2 Aug|| [|Ve]|

CCia

(4.5) | Aug|f* + *I!Vellz-

Notice that ||[Vu,(t)|| in the above estimate is uniformly bounded by C}/ ? where CJ, given
by Lemma 3.2. Putting (4.4) and (4.5) into (4.2) gives us

CCLa

d C
(4.6) S llell* + v[[Vel* < [1Aug* + s ful [ Vul e,

Here we are going to apply the Gronwall s lemma for (4.6). Although the argument is
standard we still provide the details for this model and for the other models the details
will be shipped. Let

C S
A(s) = _113/ || Vul?dt Vs >0,
0
where C' is given in (4.6). Multiplying both sides of (4.6) by A(¢) yields for all s > 0

CCra? s
(4.7) lle(s)[]> < V)f eXP{—A(S)}/ || Ay |[? dt,
1 0

where one has used the fact eg = 0. Thus, combine (4.7) with Lemmas ?? and 3.2 to
obtain

002 3 02
(4.8) lle(s)||> < V2§\oz exp{ ]\;iEl} = Era® Vs>0,
1

where Cp, and Cygg1 are given by Lemmas 3.2 and 3.1, respectively. Finally, we combine
(4.6) and (4.8) to get (4.1) with C, given by

(4.9) C,, =C (CL 012\75151EL> )

V2 vt

SB model. In this case the residual term is given by
R=(—(ua-V)ug + (o - V)Uq, €)
= (—(ua - V)ug + (Ua - V)ua — (o - V)ua + (o - V)Ua, €)
= —(((ua — W) - V)ug, e) = ((Wa - V)(ua — da), €)
(4.10) = Ri + Rs.
The term R; on the r.h.s of (4.10) can be handled as (4.5) in the case of L-aw model. The

second term Ry can be estimated as in the ML-« case. Therefore, the constant C,. in this
case has the following form

(4.11) Crap = Cry + Chyyy.

13
/V5, February 12, 2020, 21:28



MUL-o model. In this case the residual term is rewritten as
R=(—(uy-V)uy + (uy - V)u,,e)
= ((un - V)e,u, — u,),

and is handled precisely as in the L-a case. Then the proof for this case follows by that
of the L-a model with C, is given by

2smE
(4.12) Cryg, =C <CML“ 1 Gsmn ML“) ,

2 vt

where C)yyr, is given by Lemma 3.4 and

CC? 2
MLa o Chser |
V2A1

Emvr, = A

From Theorem 4.1 we have immediately the following results:

Corollary 4.1. Letug € V and f € L2(R;H). Then for all s > 0
(4.13) le(s)|? —l—u/ V|2 dt < 3C,a®,
0

where € = U — U, and C, is given by Theorem 4.1 for each a-model.

Corollary 4.2. Letug € V and f € L2(R;H). Then for all s > 0
(4.14) (=) ()| + V/ 1V (u =) [* dt < Ceor(a® + o),
0

where Ceop s given by (4.17).

Proof. The triangle inequality, Theorem 4.1, Lemma 3.1, relation (2.7) and Poincaré in-
equality yield for all s > 0

[[u = a ()| < 2 (II(u = wa)($)I> + [| (0 — 8a)()]?)
< 20,0 + 20| At (s)|
< 20,03 + 2002 |[ua(s)|]?

(4.15) < 20,02 + 20%042.
1

Here for each a-model Cg is given by Cr,Cns,,Csp or Cysr, in Lemmas 3.2, 77, 3.3 and
3.4, respectively. Moreover, C). is given by Theorem 4.1. Similarity, we have for all s > 0

y/ HV(u—ua)|2dt<2u</ \|V(u—ua)||2dt+/ HV(ua—ua)H?dt)
0 0 0

< 20,0 +20a%y /S || Aug||* dt
(4.16) < 20,03 + QCCEaQ(?
Thus, (4.14) follows by (4.15) and (4.16) with the constant C' given by
(4.17) Ceor = 2max{C,,CCg,CCEg/A1 }.
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4.2 Error estimate in L?H>N L°H]!

Throughout the rest of the paper, we assume o < L/27. Before going on to state the
results, we start with a technical result that follows form a usefull result due to H. Brézis
and T. Gallouét [3].

Lemma 4.1. Let0 < a < )\1_1/2 = L/2m, uy be the weak solutions of any a-model. Then

there exist K1 and Ko such that for allt >0

L
(4.18) |[Ta(t)]%, < Klog <2 ) + K

T
Proof. Assume that 0 < o < )\1_1/ ? = L/27. Thanks to the Brezis-Gallouet inequality [3],
there exists a constant C' = C(T3) > 0 such that

_ _ L [|Au,||
LA < ellvaull? |1+ log [ —
l[ta]l5 < C||VUa| [ + log o [V

[ L . al|Ad, |
= (14 1log | — 2og | el
C _HVuaH ( + log 5 + ||[Vug]|* log A

LYY, CVall, (G
<
=¢ CE<1“°g<2m>)+A}/2 o v

L 2
<C|Cp(1+]log LG
2T e)\i/Q

Here one has used the following estimate in the third inequality above

Cr

2
(4.19) A?[| AT, )7 < Cllug|f? < CHV;“” <C N C?, (C1>0)
and
_ 12 _ CCy
(4.20) V5] < ClIVual < €O < =75,
1

where the two first estimates in (4.19)-(4.20) are given by (2.6) and the constant Cg is
given as in Corollary 4.1. Thus, in this case the proof follows by choosing K1 = CCg and

Ky = K1+ C/ (eX?). O
We are now in order to state the next main result in this section.

Theorem 4.2. Let a < L/27, ug € V, f € L2(R; H) and
(4.21) D(s) = ||Ve(s)|]2 —i—u/ | Ae|2dt Vs> 0.
0

Then
1. For the L-o model

(4.22) D(s) < Cra?,

where Cr 1is given by (4.36).
2. For the SB model

(4.23) D(s) < Cra? (K log(L/2ma) + Ky + Csp) ,
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where Cr given by (4.38).
3. For the ML-o model

(4.24) D(s) < Cra? (Kylog(L/2ma) + Ky + Cyrr,)

where Cr given by (4.44). Here Cyr,, Csp and K1, Ko are given by Lemmas 3.4, 3.3
and 4.1, respectively.

Proof. Subtracting (2.11) from (2.10) and taking —Ae as a test yield:
Ld
2dt
Adding and subtracting the term ((uq - V)u,, —Ae) to the r.h.s of (4.25):

(4.25) Vel + v]|Ae|> = (=P, [(u- V)u] + Ps [N (u,)], —Ae).

(4.26) RHS = (—(u-V)u+ (us - V)us, —Ae) + (—(uq - V)uy + N(uy), —Ae).

By using € = u — u,, the first term on the r.h.s of (4.26) can be estimated by

L =(—(u-V)u+ (uy - V)u,, —Ae)
=(—(u-V)u+ ((u—e)-V)(u—e),—Ae)
=(—(u-V)u+(u-V)ju—(u-V)e—(e-V)u+(e-V)e,—Ae)
(4.27) =((u-V)e,Ae) + (e-V)u,Ae) = I11 + L2,

where the vanishing of the term ((e-V)e, —Ae) has been used. The first term on the r.h.s
of (4.27) is bounded by

hin = ((u- Ve, Ae) < Cf|ull4|[Vells||Ae]]
< Cf[ul|2||Vul| /2| Ve||/?]|Ac] >

C
(4.28) < lulP[VulP[ Vel + %HAGHQ-

In (4.28), the Holder, 2D-Ladyzhenskaya and Young inequalities have been applied. Sim-
ilarity, the other term on the r.h.s of (4.27) can be handled by:

Iz = ((e- V)u, Ae) < Clle[[s]|Vul|4]|Ae]|
< C|le||'/?[|Vel|"/2||Vul["/2]|Aul|*/?|| Ae]]

o
1/2
AL

Vel PlIvul|dul + FliAe]?

[[Vell[[Vul /%] Aul| 2| Ael|

IN

(4.29)

IN

Using (4.28)-(4.29) the quantity I; in (4.27) can be bounded by

c C v
4. I < | =||ul)? 2y — A 24 2|Ae|)?.
(4.30) 1 < (VgHuH [IVaf[*+ A Valfl u!) Ve[| + S| Ae]]

In the following parts, we will estimate the second term on the r.h.s of (4.26) for each
a-model. We start with the first one as follows.
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L-a model. The nonlinear term is given by N(u,) = (Ua - V)u,. Therefore, the residual
term can be estimated by

Iy = (—(uy - V)ug + (W - V)ug, —Ae)
= ((Wo — uq) - V)u,, —Ae)
< O — ool Vol [ e
< Ol — |21V — Vot |2 [V 2] g 2] e
< Col[Vug [l Aug || Ae|
< O o[ Vual Pl Aua] P + ¥l

CCLa

(4.31) | Auq||? + IIAGIIQ-

Here the Holder, 2D-Ladyzhenskaya, (2.6)-(2.7) and Young inequalities have been applied.
Moreover, C7, is given by Lemma 3.2. Using estimates (4.25)-(4.31) leads to

d 2 2 c 2 2 ¢ 2

_ < | = R

~lIVell® + v|ae] _< sl Va7 [Vl [l Au]|) [ Ve
CC’La

(4.32) || A,
and in particular
(4.33) y'(t) — g(t)y(t) < h(t) Vt>0,

where for all ¢t > 0

y(t) = ||CVe(7f)H2, o
9(t) = gllu(t IP[[Va@®)|* + T)\leu(t)HHAu(t)”a
CC’La

h(t) | Auq (#)]1*.

Therefore, the Gronwall’s lemma gives for all s > 0

cc C? cyZ o2
(4.34) [[Ve(s)||?> < VQLexp{ ]\;iEl + NSJS;MNSEQ o = Rpa®.

Here we use the fact that Ve(0) = 0. Finally, combine (4.32) and (4.34) yield

(4.35) 1Ve(s)|? —|—1// |Ae|2dt < Cra? Vs >0,
0
where
1/2 1/2
(436) CR — C]2VSE1 4 CNSEICNSEQ RL 4 CC%
v v2)\ v?

Thus, the proof is complete.
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SB model. The nonlinear term is given by N(u,) = (Uy - V)U,. Adding and subtracting
the term (u, - V)u, give

Iy = (—(un - V)uy + (W - V)Ua, —Ae)
= (—(ug - V)uy + (W - VIu, — (Wy - V)u, + (U, - V)U,, —Ae)
(4.37) = I>1 + I29.

Here, the first term on the r.h.s of (4.37) can be handled by

I = (—(un - V)ug + (0s - V)ug, —Ae)
= ((Wo — uq) - V)u,, Ae),

which is similar to (4.31) in the L-a model. The other term is rewritten as

Iy = (—(ﬁa . V)ua + (ﬁa . V)ﬁa, —Ae)
= ((ﬁa V) (uy — ua), —Ae),

which is similar to (4.41) in the ML-a model. Therefore, the constant Cr in this case is
similar as in the ML-a model and has the form

1/2 1/2
(438) CR — (C]2\75E1 4 C]V/SElc]V/SE2> RSB+ CCSB

vt v2)\
Here Cgp is given by Lemma 3.3 and

12 ~1/2
CCsp exp { Ciser " CNSElcN/SE2 } _

Rgsp =
SB v? vt 2\
Thus, the proof is complete.
ML-a model. The nonlinear term is given by N(u,) = (u, - V)U,. Hence, the residual
term can be rewritten by
Iy = (—(un - V)ug + (uq - V)u,, —Ae)
u, - V)(Uy — u,), —Ae)
(Ug —Wa) - V) (U — Ua), —Ae) + ((Uy - V)(Uy — ug), —Ae)
(4.39) = Io1 + 9.
The first term on the r.h.s of (4.39) can be estimated by

I = (((ug —0a) - V)(Us — ua), —Ae)
< Cllug — Ua|l4]|[VUs — Vua||a]|Ae]]2
< Cllug _ﬁa|’1/2HVﬁa — Vu,l|||[Au, — AuaHl/QHAeH
< Cal|Auy||[[Vua||||Ae]|
C 5 2 2 v 2
< = il
< o | Vua Pl Aual P + 7 | Ac]

cc
(4.40) < 2| Aug | + 5 llAe]?,
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where C)yr,, is given by Lemma 3.4. Next, we bound the second term on the r.h.s of (4.39)
as follows:

Iy = ((ﬁa V) (U, — ua), —Ae)
< Ola|lool[ VU — Vua||[|Ae]|
< Co[Ua||oo || Aual[||Ae]]
Ca?

— 1%
< Ol Aua? + 2 e
Ca? L v
4.41 < — (Kilog | =— | + K2 ) [|Aua|* + —||Ae||?
(aay) < O (mutog (5 ) + K ) a4 g511el

in the case @ < L/27. Here K; and K> are given in Lemma 4.1 in the Appendix. Other-

wise,

C KQO[2
v

Here in (4.40)-(4.41), we have used the inequalities Holder, 2D-Ladyzhenshaya, Young and

formula (4.18) in Lemma 4.1. Putting (4.30) and (4.40)-(4.41) into the r.h.s of (4.25), we
obtain

(4.42) I <

v
|Aug|)? + EHAGHZ for o > L /2.

ad Ael2 < [ =
Vel +viiael? < (55

C
ul 2Vl 9l ) (el
1
Ca? L
(4.43) + 22 (Kl log <> + Ko + C’MLa> || Au,|?,
v 21

Since both (4.43) share a similar structure than (4.32) then the rest of the proof follows
by that of the L-a model. The constant C'r in this case is given by

2 CNapCNe cc
(444) Cpr = ( NiEl + NSE% NSE2 RMLCL + ]\2/1La
v i\ v
Here 1/2 1/2
R _ CCumi, e CJZ\TSEl + Cnse1CNsE2
MLa 2= 70 P vt 2N '
Thus, the proof is complete. O

Corollary 4.3. Letup € V, f € L}(R;; H) and

(4.45) E(s) = ||V (u - 8a)(s)||2 + u/ A=) Rt Vs> 0.
0

Then

(4.46) E(s) < 20g h(a) +2CCra® Vs > 0.

Proof. The proof shares the same idea with Corollary 4.2. We start with

1V (u = a)(5)|* < 2(/|V(u = ua)(s)|[* + |V (ua — 8a)(s)][*)
< 2CR h() + 20| VAT, (s)]]?
< 20R h(a) + 2Ca?||Vug(s)|?
(4.47) < 20g h(a) +2CCra® Vs >0,
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where (2.7) has been used in the third inequality. As previous parts Cg is given as in
Corollary 4.2. Similarity, for all s >0

I:V/ ||Au — Au,||? dt
0
<2u/ |\Au—Aua||2dt+2v/ ||Au, — AT, ||* dt
0 0
< QCRh(a)+21/a4/ [|AAT,| % dt
0

S
< 2CRrh(a) + 2a2y/ ||Aug||? dt
0
(4.48) < 2CRph(a) +2CCga®.
Therefore, (4.46) follows by combining (4.47) and (4.48). O

5 The rate of convergence of p, to p

In this section we focus on the error of the pressure by using the results from the previous
sections. Let p and p, are the pressures associated to the weak solutions u and u, of
the NSE (1.1)-(1.3) and all a-models (1.4)-(1.6), respectively. It will be shown that the
difference ¢ = p—p, is bounded in terms of the parameter o uniformly in time in a suitable
norm.

Theorem 5.1. Letuy € V, f € L2(R;; H) and
(5.1) I(s) == / 1Vqll2dt Vs > 0.
0

Then
1. For for the L-a and model
I(s) < Ca®? 4+ Ca?,

where C' given by (5.9).
2. For for the SB model

I(s) < Ca® + Ca®*(log(L/2na) + 1)Y2 4+ Ca?(log(L/2ra) + 1),
where C' is given by (5.14).
3. For for the ML-o model

I(s) < Ca' + Ca® + C(a®? + o?)(log(L/27a) + 1),
where C' given by (5.19).

Proof. 1t follows from the NSE (1.1)-(1.3) and a-models (1.4)-(1.6) that
(5.2) —A¢g=V-[(u-V)u—N(u,)|=:V-g.

Assumes that p and p, are periodic and zero averages. The vanishing of the mean values
of p and p, ensure their uniqueness determined. Multiplying (5.2) by ¢ and integrating
on Ty with using Cauchy-Schwarz inequality yield

(5.3) Va2 < [lgl? = /T (u- V)u - N(ug)[? dx.
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In order to estimate the error of the pressure we are led to bound the r.h.s of (5.3).
Replacing e by u — u,, adding and subtracting the term (u, - V)u, give

lgll* = i [(u- V)u — N(ua)|” dx
2

- T ’(u ’ V)u - (U-Oc : v)ua + (ua : v)ua - N(ua)’2 dx

! —(e-V)u+ (us - V)e+ (uq - V)us — N(ug)|* dx

(5.4) =C ; (I(e- V)ul* + [(ua - V)e|* + |(Ua - V)ua — N(ua)|?) dx.

By (5.4) one has for all ¢t > 0:

(55) 0= | lglPds < O(h + o + Iy).

The proof is given for each a-model separately below one after the others.

L-a model. We have N(u,) = (U, - V)u, in this case. Each term on the r.h.s of (5.5)
will be estimated below. Firstly,

L = / (e - V)u|? dx ds
T2
s/o el2]Vull3 ds
t
s/o lell[[Vell [[Vull || Aul| ds

t 1/2 t
< OO, 0 ( J HVeII2ds> ( / |rAu||2ds)
0 0

< GOnsE 3y 5
14

1/2

(5.6)

here we have used the Holder and 2D-Ladyzhenskaya inequalities, Lemma 3.1, 4.1 and 4.2,
respectively. Secondly,

t
12:/ (U - V)e|? dx ds
0 JTy
t
S/ [[uall [[Vua|[ |[Vell |[Ae]| ds

1/2 t
< S ([ ivetras) ([ iselas)

1/2 ~1/2
< CLCT/ CR/ /2

1/2

(5.7) Yt > 0,

v

here we have used the Holder and 2D-Ladyzhenskaya inequalities, Lemma 3.2, Theorems
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4.1 and 4.2, respectively. Thirdly,
Is = / |(ug — Wa) - V)ug|? dx ds
T2
< /O [ua = o[ [[V(ua — o) || [[Vual [|Aua|| ds

t
gzooLa3/ | ATL|||Aua|| ds
0

Nelo k.
(5.8) < 00 o Vt>0,

14

here in additional as above we have used (2.6), (4.47) and Lemma 3.2. Thus the proof for
this model follows by (5.5)-(5.8)

(5.9) I(s) <

v v v

1/2 ~41/2 3/2
cLerey S (CTCNSE . 200 > 3

SB model. For this model we have for all ¢t > 0

t
= / (- V)u— (s - V)ug + (Ta - V)ug — (s - V)Ua|? dxds
T2
(5.10) <AL + Iz + I3).

One has used the fact that u, = u — e in the second term inside the integral. Similarity,
by Corollary 4.1 and Lemma 3.3

t
L= / (0 —1y) - V)ul? dxds
0 JTy

t
< /O [lu = W[ [[V(a —ua) [ [[Vul[ [|[Aul]

oL/ 1/2 1/2
< ONSE2 0202 1 o 1/2< /HVu uaH?ds> < /|]AuH2ds>
(5.11) < CNSEQCCOT(OZ +a%) Vvt>0.

We deal with the second integral by using Lemma 3.3 and Theorems 4.1, 4.2

t
I = / (B - V)e|? dxds
0 JTsy

t
S/ [ l[[Vaa||[[Vel||Ae|| dxds

CCS 1/2 t
< 1/;( /HveH?ds) (V/U |yAe||2ds>

CCsp

172
(5.12) < Vé;/
C 5301/201/2 5/2

1/)\1/2

1/2

1/2
CH2C?ab/ (Kl log <2L ) + Ko+ CSB> if o < L/2m,

if < L/2m.
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Similarity, the last term can be estimated for all t > 0 by

t
Iy = / (Ta - V) (u — Ta)|? dxds
0 JTo

IN

t
/ [T [[[ V||V (0 = W) [[[|A(a - )| ds

01/2 1/2 ¢
s 2Cihie) +20Csm0? 2 (v [ ivwas) (v [ s as)

1/2

| A

Csp
< )\1/2 (2CR h(a) + ZC’CSBaz)
(5.13)
L
%15/5 |:CR a? (K1 log (m> + Ko + CSB> + CSBOZQ} if o < L/2m,
VA
= od -
%(CR‘FCSB)OJQ if « < L/2m.

Therefore, by (5.11)-(5.13)

L 1/2
Is) < CNjEQ Ceor(a® +a”) + Ci%g 01/201/2 5/2 <K1 log <2 > + Ko + CSB)
v

ce L
/\5]23 [CR (KI log <27ra) + Ko+ CSB) + CSB] a’

Thus the proof for this model is completed.

(5.14)  +

ML-a model. For this model I; is estimated as above. We start with I by

t
I < / [lua[[[Vua|[[[Vel| || Ae]| ds

CML 1/2 t
< (/ Ivellas) ([ lael as)

c 01/201/2 1/2
(5.15) < ma—a5/2 (K1 log <271T;04> + Ky + CMLa> ,

- v

1/2

for all ¢ > 0. One has used the results Lemma 3.4, Theorems 4.1 and 4.2. The term I3 is
bounded by

(5.16) Is = /Ot i |(Ug - V) (U — o) |? dx ds < 2(I3; + I3o).
2
By (4.47) and Lemma 3.4 yield
I3 = / (0 — Wa) - V) (uq — ﬁa)|2 dx ds
T2
< [ e = 190 — ) s

t
S/O e — Tl ||V (ua — o) |P[|A(ua — a)|l ds
< C'CJQ\/[LQOC4

14

(5.17) vt > 0.
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The other term can be estimated for all ¢ > 0 by
t
@:/ |(Ta - V) (uq — )| dxds
0 JT
! 2 2
< IV o = ) P s

L t
< <K log <2M> +K2) o? [P ds
0

L
(5.18) < Oz, (Kl log <> + K2> o?
v 2o

here Lemma 4.1 and (2.8) have been applied. There for the proof for this model is finished
by (5.15)-(5.18)

Oy CM20Y? 1/2
I(S) < CTCNSEa3+ ML, R 045/2 <K1 lOg (2‘[/a> —|—K2 +CMLa>
i

1% 1%

ce? L
(5.19) 4 oML, (o CML, <K1 log (> + K2> o2,
v v 2Ty

which concludes the proof. O

6 The 3D case : additional remarks

The rate of convergence has been estimated in the 3D case by Chen-Guenther-Kim-
Thomann-Waymire[8]. They show the following estimate.

T
(6.1) /O el dt < C(T)a.

Their analysis is carried out in the 3D periodic setting and assumes a small data condition
(in which the existence and uniqueness of weak solutions u of the 3D NSE is ensured).
Here u and u,, are the weak solutions of the NSE and Navier-Stokes-«, respectively, with
periodic boundary conditions.

Another result concerning the convergence rate of a-models of turbulence has been ob-
tained in [13] (both for 2D and 3D) where it’s proved that

T
(6.2) sup |e(t)|\2+/ |[Ve|[?dt < C(T)a?.
te€[0,T] 0

The result is obtained with u,(0,-) = ug € V,f € L?(0,7;H) and under an extra assump-
tion that the weak solution of the 3D NSE u € L*(0,7;H!(T3)). The latter condition
ensures that the existence and uniqueness of weak solutions are established, see Section 6
for more details. The logarithmic term in (1.10) is removed in his results for both 2D and
3D periodic cases.

This section is devoted to find out the rate of convergence of weak solutions of the a-
models to that of the NSE in the 3D case. If u € L*([0, T); H!(T3)) the standard Sobolev
embedding implies that u € L*([0, T]; L%(T3)) which is a special case of the well-known
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Leray-Serrin-Prodi (LSP) 3D uniqueness assumption, where r = 4 and s = 6, see formula
(6.3) below, see Leray [27], Prodi [31] and Serrin [34]. More specifically, that is

3
(6.3) ucL"([0,T];L%(T2)) where —-+-=1,s2>3.
s

It is also known that, see for example Galdi [17, Definition 2.1, Theorem 4.2], weak solu-
tions satisfy the LSP condition are unique and regular in the set of all Leray-Hopf weak
solutions. Recently, under the conditions f € L2([0,7]; H), ug € H!(T2) and an extra
condition u € L*([0,7]; H'(T3)), the author of [13] showed that the rate of convergence
of weak solutions u, of the four a-models to u is O(«) for some suitable norms. More
precisely, that is

T
(6.4) sup [le(t)|*+v [ [[Veldt < C(T)a?
te[0,T] 0

where C' is the Sobolev constant and C7 is given by

(6.5) C(T) = C) exp {; /OT HVu\|4ds} .

here C; = C1(ug,f,v). On one hand, it follows that in the case u € L*(R,;H(Ty)),
which satisfies (6.3), we get the error is uniformly bounded in time, i.e.,

(6.6) sup |le(t)||> + l// [[Ve||? dt < Cxa?,
>0 0
where
cC [ 4
(6.7) Coo = Crexp 3 [|Vul|*ds ¢ .
0

On the other hand, if a weak solution u of the NSE regular up to a limit time 7T, < oo or
we say that u becomes irregular at the time T,. Assume that T} is the first time that u
becomes irregular, see Definition 6.1 in Galdi [17], then it is proved that the H'(T3)-norm
of u, ||Vu(t)||? will blow-up as t closes to T} from below, see for instance [17, Theorem 6.4],
Leray [27] and Scheffer [33]. That is given in the following form: there exists e = ey, > 0
small enough such that

CV3/4

(63 IVl 2 G

vVt e (Tx —€,Ty),

where C' > 0 only depending on T5. In that case, by (6.8), we consider C'(T') in (6.5) with
T, — e < T < T, which will also blow-up as in the following way

C T
C(T) = Crexp {3/ [Vl ds}
> exp{ \VuH4d3}
{e]. .7

Ti—e

> (1 exp

e

(6.9) = Cii e
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7 Conclusions

In this work, assuming ug € V and f € L?(R,,H), we provide the rate of convergence
of u, to u as well as p, to p. In addition our argument is tied up to the periodic case
mostly because special properties of the Stokes operator A. The extension of the results
to other boundary conditions such as the Dirichlet boundary conditions or to the Euler
equations are left as future works. In the 3D case extra assumptions should be assumed
for the uniqueness of solution of the NSE before studying the rate of convergence.

Remark 7.1. It seems to be the case that all results herein can be established when the
periodic domain Ty = IR? /[0, L]? is replaced by the whole space R?. However, the existence
and uniqueness of weak solutions of all a-models herein need to be studying carefully first.
That will be investigated for the forthcoming works.
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