N
N

N

HAL

open science

Stochastic Online Optimization using Kalman Recursion

Joseph de Vilmarest, Olivier Wintenberger

» To cite this version:

Joseph de Vilmarest, Olivier Wintenberger. Stochastic Online Optimization using Kalman Recursion.

Journal of Machine Learning Research, 2021, 22, pp.1-55. hal-02468701v2

HAL Id: hal-02468701
https://hal.science/hal-02468701v2

Submitted on 23 Jun 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02468701v2
https://hal.archives-ouvertes.fr

STOCHASTIC ONLINE OPTIMIZATION USING KALMAN
RECURSION

Joseph de Vilmarest 12 Olivier Wintenberger '

joseph.de_vilmarest@upmc. fr olivier.wintenberger@upmc.fr

June 23, 2020

ABSTRACT

We study the Extended Kalman Filter in constant dynamics, offering a bayesian perspective of
stochastic optimization. We obtain high probability bounds on the cumulative excess risk in an
unconstrained setting. In order to avoid any projection step we propose a two-phase analysis. First,
for linear and logistic regressions, we prove that the algorithm enters a local phase where the estimate
stays in a small region around the optimum. We provide explicit bounds with high probability on this
convergence time. Second, for generalized linear regressions, we provide a martingale analysis of the
excess risk in the local phase, improving existing ones in bounded stochastic optimization. The EKF
appears as a parameter-free online algorithm with O(d?) cost per iteration that optimally solves some
unconstrained optimization problems.

Keywords extended kalman filter, online learning, stochastic optimization

1 Introduction

The optimization of convex functions is a long-standing problem with many applications. In supervised machine
learning it frequently arises in the form of the prediction of an observation ; € R given explanatory variables X; € R<.
The aim is to minimize a cost depending on the prediction and the observation. We focus in this article on linear
predictors, hence the loss function is of the form £(y;, 07 X;).

Two important settings have emerged in order to analyse learning algorithms. In the online setting (X;, ;) may
be set by an adversary. The assumption required is boundedness and the goal is to bound the regret (cumulative
excess loss compared to the optimum). In the stochastic setting (Xy, y;) is i.i.d. thus allowing to define the risk
L(9) = E[¢(y, 07 X)]. The goal is to bound the excess risk. In this article we focus on the cumulative excess risk and
we obtain non-asymptotic bounds holding with high probability. Our bounds hold simultaneously for any horizon, that
is, we control the whole trajectory with high probability. Furthermore, our bounds on the cumulative risk all lead to a
similar bound on the excess risk at any step for the averaged version of the algorithm.

Due to its low computational cost the Stochastic Gradient Descent of [Robbins and Monro| (1951)) has been widely
used, along with its equivalent in the online setting, the Online Gradient Descent (Zinkevichl 2003) and a simple
variant where the iterates are averaged (Ruppertl [1988; [Polyak and Juditsky} [1992)). More recently Bach and Moulines
(2013) provided a sharp bound in expectation on the excess risk for a two step procedure that has been extended to the
average of Stochastic Gradient Descent (SGD) with a constant step size (Bach| 2014). Second-order methods based
on stochastic versions of Newton-Raphson algorithm have been developed in order to converge faster in iterations,
although with a bigger computational cost per iteration (Hazan et al., 2007).

In order to obtain a parameter-free second-order algorithm we apply a bayesian perspective, seeing the loss as a
negative log-likelihood and approximating the maximum-likelihood estimator at each step. We get a state-space
model interpretation of the optimization problem: in a well-specified setting the space equation is y; ~ py, (- | X¢)
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exp(—£(-, 0T X;)) with 6, € R? and the state equation defines the dynamics of the state ¢;. The stochastic convex
optimization setting corresponds to a degenerate constant state-space model 8, = 6;_; called static. As usual in
State-Space models, the optimization is realized with the Kalman Filter (Kalman and Bucy, |1961) for the quadratic loss
and the Extended Kalman Filter (Fahrmeir, |1992)) in a more general case. A correspondence has recently been made
by Ollivier| (2018)) between the static EKF and the online natural gradient (Amaril [1998)). This motivates a risk analysis
in order to enrich the link between Kalman Filtering and the optimization community. We may see the static EKF as the
online approximation of Bayesian Model Averaging, and similarly to the analysis of BMA derived by Kakade and Ng
(2005) our analysis is robust to misspecification, that is we don’t assume the data to be generated by the probabilistic
model.

The static EKF is very close to the Online Newton Step (Hazan et al.||2007) as both are second-order online algorithms
and our results are of the same flavor as those obtained on the ONS (Mahdavi et al.| | 2015). However the ONS requires
the knowledge of the region in which the optimization is realized. It is involved in the choice of the gradient step
size and a projection step is done to ensure that the search stays in the chosen region. On the other hand the EKF
has no gradient step size parameter nor projection step and thus does not need additional information on the optimal
localization, yielding two advantages at the cost of being less generic.

First, there is no costly projection step and each recursive update runs in O(d?) operations. Therefore, our comparison
of the static EKF with the ONS provides a lead to the open question of [Koren| (2013). Indeed, the problem of the ONS
pointed out by Koren| (2013) is to control the cost of the projection step and the question is whether it is possible to
perform better than the ONS in the stochastic exp-concave setting. We don’t answer the open question in the general
setting. However, we suggest a general way to get rid of the projection by dividing the analysis between a convergence
proof of the algorithm to the optimum and a second phase where the estimate stays in a small region around the optimum
where no projection is required.

Second, the algorithm is (nearly) parameter-free. We believe that bayesian statistics is the reasonable approach in order
to obtain parameter-free online algorithms in the unconstrained setting. Parameter-free is not exactly correct as there
are initialization parameters, which we see as a smoothed version of the hard constraint imposed by bounded algorithm,
but they have no impact on the leading terms of our bounds. Kalman Filter in constant dynamics is exactly ridge
regression with a varying regularization parameter (see Section[3.2)), and similarly the static EKF may be seen as the
online approximation of a regularized version of the well-studied Empirical Risk Minimizer (see for instance |Ostrovskii
and Bach|(2018))).

1.1 Contributions

Our central contribution is a local analysis of the EKF under assumptions defined in Section [2| and provided that
consecutive steps stay in a small ball around the optimum 6*. We derive local bounds on the cumulative risk with
high probability from a martingale analysis. Our analysis is similar to the one of Mahdavi et al.[{(2015)) who obtained
comparable results for the ONS, and we slightly refine their constants with an intermediate result (see Theorem [3). That
is the aim of Section[3

We then focus on linear regression and logistic regression as these two well-known problems are challenging in the
unconstrained setting. In linear regression, the gradient of the loss is not bounded globally. In logistic regression, the
loss is strictly convex, but neither strongly convex nor exp-concave in the unconstrained setting. In Section |4, we
develop a global bound in the logistic setting. However, in order to use our local result we first obtain the convergence
of the algorithm to #*, and for that matter we need a good control of P;. We therefore modify slightly the algorithm
in the fashion of Bercu et al.|(2020). This modification is limited in time and thus our local analysis still applies. In
Section[5] we apply our analysis to the quadratic setting. We rely on|Hsu et al.| (2012) to obtain the convergence after
exhibiting the correspondence between Kalman Filter in constant dynamics and Ridge Regression, and we therefore
obtain similarly a global bound using our local analysis.

Finally, we demonstrate numerically the competitiveness of the static EKF for logistic regression in Section|[6}

2 Definitions and assumptions

We consider loss functions that may be written as the negative log-likelihood of a Generalized Linear Model (McCullagh
and Nelder, 1989). Formally, the loss is defined as £(y, 07 X) = —logps(y | X) where § € R?, (X, y) € X x Y for
some X C R?and Y C R and py is of the form

(D

yOTX — b(eTX))
a b

po(y | X) =h(y)eXp(



PREPRINT - JUNE 23, 2020

where a is a constant and h and b are one-dimensional functions on which a few assumptions are required (Assumption
[3). This includes linear and logistic regression, see Sections 4] and [5] We display the static EKF in Algorithm [Iin this
setting.

Algorithm 1: Static Extended Kalman Filter for Generalized Linear Model

1. Initialization: P is any positive definite matrix, 0, is any initial parameter in R%.
2. Iteration: ateach time stept = 1,2,...

PX: X P,
1+ X P Xy

(b) Update f,1 = 0, + Py Q=0 XXe

a

b (6] X1)
L=,

(a) Update Pt+1 = Pt — Qi with Qy =

Due to only matrix-vector and vector-vector multiplication, Algorithm has a running-time complexity of O(d?) at
each iteration and thus O(nd?) for n iterations.

Note that although we need the loss function to be derived from a likelihood of the form (), we do not need the data to
be generated under this process. We need two standard hypotheses on the data. The first one is the i.i.d. assumption:

Assumption 1. The observations (Xy,y;); are i.i.d. copies of the pair (X,y) € X x Y, E[X XT] is positive definite
and the diameter (for the Euclidian distance) of X is bounded by D x.

Working under Assumption we define the risk function L(6) = E [¢(y, 6" X)| and A, the smallest eigenvalue of
E[X XT]. In order to work on a well-defined optimization problem we assume there exists a minimum:

Assumption 2. There exists 0* € R such that L(0*) = einﬂgd L(6).
€

We treat two different settings requiring different assumptions, summarized in Assumption [3]and {4 respectively. First,
motivated by logistic regression we define:

Assumption 3. There exists (£c)e>0, (he)eso and pe — 1 such that for any ¢ > 0 and any 0,0’ € R? satisfying
E—r
max(]|0 — 6*]], 110" — 6*||) < e, we have

o '(y,0"X)* < kA" (y,07X) as.
o "(y,07X) < h. as.
b g//(y’ QTX) 2 pe‘gu(ya G/TX) a.s.

Assumption [3| requires local exp-concavity (around 6*) along with some regularity on ¢’ (¢” continuous and
0"(y,0*T X) > > 0 a.s. is sufficient). That setting implies ) bounded, because ¢’ depends on y whereas ¢ doesn’t.

In logistic regression, ) = {—1,+1} and Assumptionis satisfied for k. = ePxI07l+) p_ = i, pe = e~ Px,

Second, we consider the quadratic loss, corresponding to a gaussian model, and in order to include the well-specified
model, we assume y sub-gaussian conditionally to X, and not too far away from the model:

Assumption 4. The distribution of (X,y) € X x Y satisfies

2.2

o There exists 02 > 0 such that for any s € R, E [es(y_]E[y‘X]) | X} <e”T as,
e There exists D,pp, > 0 such that |Ely | X] — 0*TX| < Dapp a.s.
Both conditions of Assumptiondhold with ) = R and D,,, = 0 for the well-specified sub-gaussian linear model with

random bounded design. The second condition of Assumption[d]is satisfied for D,p,, > 0 in misspecified sub-gaussian
linear model with a.s. bounded approximation error.



PREPRINT - JUNE 23, 2020

3 The algorithm around the optimum

In this section, we analyse the cumulative risk under a strong convergence assumption:

Assumption 5. For any §,c > 0, there exists (¢, ) € N such that it holds for any t > 7(e, §) simultaneously
16: — 67| < e,
with probability at least 1 — §.

Assumption [5] states that with high probability there exists a convergence time after which the algorithm stays trapped
in a local region around the optimum. Sections [f]and [5|are devoted to define explicitly such a convergence time for
logistic and linear regression.

3.1 Main results

We present our result in the bounded and sub-gaussian settings. The results and their proofs are very similar, but two
crucial steps are different. First, Assumption [3]yields a bound on the gradient holding almost surely. We relax the
boundedness condition for the quadratic loss with a sub-gaussian hypothesis, requiring a specific analysis with larger
bounds. Second, our analysis is based on a second-order expansion. The quadratic loss satisfies an identity with its
second-order Taylor expansion but we need Assumption [5]along with the third point of Assumption [3]otherwise.

The following theorem is our result in the bounded setting. The constant 0.95 may be chosen arbitrarily close to 0.5
with growing constants in the bound on the cumulative risk. There is a hidden trade-off in : on the one hand, the
smaller ¢ the better our upper-bound, but on the other hand 7(e, §) increases when e decreases, and thus our bound
applies after a bigger convergence time.

Theorem 1. If Assumptions|]] Blare satisfied and if p. > 0.95, for any § > 0, it holds for any n > 1 simultaneously
7(g,0)+n 2
5 N ) heAmax(P1)D _
> L) - L(O7) < SdreIn (1 + n%x + 5Amax (PT(;(S)H) g2
t=7(e,0)+1
+ 30 (2ke + hee®D%) Ind ™",
with probability at least 1 — 34.

For the quadratic loss, we obtain the following theorem under the sub-gaussian hypothesis. We observe a similar
trade-off in €.

Theorem 2. In the quadratic setting, if Assumptions|I| 2} H|and[3] are satisfied, for any 6 > 0 and any € > 0, it holds
for any n > 1 simultaneously

7(g,0)+n
R .15 Amax (P1) D3 _
Z L(6;) — L(6%) < ?d (802 + Dgpp + 52D§() In (1 + n%X + 5Amax (PT(;(S)H) &2
t=7(e,0)+1
Amax(P1) D3
+115 <02(4 + %) + D2, + 252D§(> Ind~t,

with probability at least 1 — 5.

We display the parallel between the ONS and the static EKF in Algorithm [2] through their recursive updates. Our
analysis is similar to the one of Mahdavi et al.|(2015)) and an intermediate result yields the following refinement on their
bound on the risk of the averaged ONS:

Theorem 3. Let (w,); be the ONS estimates starting from Py = X and using a step-size v = 3 min(ﬁ, o) with «
the exp-concavity constant. Assume the gradients are bounded by G and the optimization set K has diameter D. Then
for any 0 > 0, it holds for any n > 1 simultaneously

- 3 nG*\ Ny, (12  4yG*D? .
— * < — - - - - -
tE:1L(wt) L(G)_Q’ydln(l+ )\d>+ 6D Jr<7 + 3 )1115 ,

with probability at least 1 — 2.
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Algorithm 2: Recursive updates: the ONS and the static EKF

Online Newton Step Static Extended Kalman Filter
o PN =P+ 0(y, 0T X )2 X X 1 _ p=1_ g, GT T
L4 Pt+1 pt +£ (yt,Qt Xt)XtXt .
Py
1
- _1p ) X R
* E[ <wt 7V ® 01 =0, — P11V

-1
Pt+1

where V; = ¢/(y;,07 X,)X; and [] is the projection on K for the norm H.HP_+11.
K< t

For consistency with the previous results we display Theorem [3|as a bound on the cumulative risk, whereas Theorem 3
of Mahdavi et al| (2015) is a bound on the risk of the averaged ONS. The latter follows directly from Theorem [3|by an
application of Jensen’s inequality. The proof of Theorem 3] consists in replacing Theorem 4 of Mahdavi et al.| (2015)
with the following lemma:

Lemmad4. Let k > 0 and (ANy),~, be any martingale difference adapted to the filtration (F);> such that for any
t >k, E[AN? | Fi_1] < oo. For any §, A > 0, we have the simultaneous property

= A ) ) In !

Do (AN = S(ANP +E[(AN)? | Foal) ) € ——, n>1,
t=k+1

with probability at least 1 — 0.

This result proved in Section[A.T]is a corollary of a martingale inequality from Bercu and Touati| (2008) and a stopping
time construction (Freedmanl, [1975)).

The comparison of Theorernwith Theoremis difficult because we don’t control in general 7 (e, §). We obtain similar
constants, as k. is the inverse of the exp-concavity constant «. However the static EKF is parameter-free whereas « is
an input of the ONS through the setting of the step-size . That is why we argue that the static EKF provides an optimal
way to choose the step size, as does averaged SGD (Bach, 2014)). Indeed, as ¢ is a parameter of the EKF analysis, we
can improve the leading constant . on local region arbitrarily small around 6*, at a cost for the (g, d) first terms,
whereas in the ONS the choice of a diameter D > ||6*|| makes the gradient step-size sub-optimal and impact the leading
constant. Similarly to the ONS analysis, the use of second-order methods learns adaptively the pre-conditioning matrix
which is crucial in order to improve the leading constant D§( /Amin obtained for first-order methods to d.

A similar comparison is possible between the result of Theorem [2] and tight risk bounds obtained for the ordinary
least-squares estimator and the ridge regression estimator (Hsu et al., 2012). Up to numerical constants, the tight

constant d(o? + Dfpp) is achieved by choosing ¢ arbitrarily small, at a cost for the 7 (¢, ¢) first terms.

We detail the key ideas of the proofs through intermediate results in Sections [3.2]and [3.3] We defer to Appendix [A] the
proof of these intermediate results along with the detailed proof of Theorems|I|and 2]

3.2 Comparison with Online Newton Step and Ridge Regression: a regret analysis

To begin our analysis, we formalize the strong links between the static EKF, the ONS and the Ridge Regression
forecaster. For the quadratic loss, the EKF becomes the Kalman Filter by plugging in Algorithm [I] the identities

a = 1,b/(étTXt) = étTXt,Oét =1.

The parallel with the Ridge Regression forecaster was evoked by |Diderrich| (1985)), and it is crucial that the static
Kalman Filter is the Ridge regression estimator for a decaying regularization parameter. It highlights that the static EKF
may be seen as an approximation of the regularized empirical risk minimization problem.

Proposition 5. In the quadratic setting, for any sequence (X, y;) starting from any 6, € R% and P, - 0, the EKF
satisfies the optimisation problem

eRe \ 2

) = 1 X )
0; = arg emin ( Z(ys —0TX,)% + 5(9 — )P0 - 91)> , t>1.
s=1

Notice that the static Kalman Filter provides automatically a right choice of the Ridge regularization parameter. This
proposition is useful in the convergence phase of the quadratic setting.
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In order to get a bound that holds sequentially for any ¢ > 1, we adopt an approach similar as the one in|Hazan et al.
(2007) on the ONS (Algorithm[2). The cornerstone of our local analysis is the derivation of a bound on the second-order
Taylor expansion of ¢, from the recursive update formulae.

Lemma 6. For any sequence (X, y: )i, starting from Py > 0 and 0, € R, it holds for any 6* € R% and n € N that

n ) T 1 . . R
S (¢ 0720%:) " 6= 07) = 30— 07 (¢ T X)X, XT) 60— %))
t=1
RS 5 161 — 6%
< =S XI'Pa Xl (y, 07 X)? +
o 2; ¢ (yt7 ¢ t) + )\Inin(Pl)

In the quadratic setting there is equality between the quadratic function and its second-order Taylor expansion and a
logarithmic regret bound is derived (Cesa-Bianchi and Lugosi| (2006), Theorem 11.7). However the factor before the

logarithm is not easily bounded, unless we assume (y; — étT X¢)? bounded.

In general, we cannot compare the excess loss with the second-order Taylor expansion, and we need a step size
parameter. In|{Hazan et al.|(2007), the regret analysis of the ONS is based on a very similar bound on

T A * * *
(f’(yt,w,trXt)Xt) (Ht —0 ) — %(wt —0 )T (K/(yt, w;TXt)QXtX;T) (U}t —0 ),
where ~ is a step size depending on the exp-concavity constant, a bound on the gradients and the diameter of
the search region K. Then the regret bound follows from the exp-concavity property, bounding the excess loss
U(ye, wl Xy) — (s, 0*T X;) with the previous quantity.
We follow a very different approach, to stay parameter-free and to avoid any additional cost in the leading constant.

In the stochastic setting, we observe that we can upper-bound the excess risk with a second-order expansion, up to a
multiplicative factor.

3.3 From adversarial to stochastic: the cumulative risk

In order to compare the excess risk with a second-order expansion, we compare the first-order term with the second-order
one.

Proposition 7. If Assumptions [Z]and E] are satisfied, for any 0 € RY, it holds

OL|T . L O2L
9007 2 pjo—any(6 -0 S 2

90 lg 392‘9(9_9)'

This result leads immediately to the following proposition, using the first-order convexity property of L.
Proposition 8. IfAssumptions @and@arg satisfied, for any § € R%, 0 < ¢ < Pllo—o= |, it holds

/’lf?—@*l(aL ! r L

L(6) — L(6%) < Sl =) —co - 0755 ]9(9-9*)) .

~ Ple—er) — ¢

Lemma@motivates the use of ¢ > % thus we need at least p|jg_g-|| > % In the quadratic setting, it holds as an equality

with p = 1 because the second derivative of the quadratic loss is constant. In the bounded setting we need to control
the second derivative in a small range, and we can achieve that only locally. The natural condition becomes the third
condition of Assumption 3}

Then we are left to obtain a bound on the cumulative risk from Lemma[f] In order to compare the derivatives of the risk
and the losses, we need to control the martingale difference adapted to the natural filtration (F;) and defined by

oL
0
We thus apply Lemma ] to the martingale difference defined in Equation 2]

Lemma 9. If Assumptions[I|and 2| are satisfied, for any k > 0 and §, X > 0, it holds

htn ) 3 X Ino—!
Z (AMt — A0 — 0T (vtvtT + §1E [V.V7 | ftl}) (0; — 9*)) <= n>1,
t=k+1

T
- Vt) (ét —0%), where V; = ¢/ (ys, étTXt)Xt . 2)
0

an = (

with probability at least 1 — 4.
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Algorithm 3: Truncated Extended Kalman Filter for Logistic Regression

1. Initialization: P is any positive definite matrix, 0, is any initial parameter in R<.

2. Iteration: at each time stept = 1,2, ...

_p _ _PXX[P i - 1 1
(a) Update P11 = P, X7 P Xrar oy, with iy = max | 77, T e T )

(b) Update 6,41 = 0; + Pt+11yt7Xt

—
+eyz9t Xt

Summing Lemma [6]and [0} the rest of the proof consists in the following two steps:

e We derive poissonian bounds to control the quadratic terms in 6, — 6* in terms of the one of the second-order
bound of Proposition [§]

e We upper-bound 3=, X7 Pry1 X' (1, 87 X;)? relying on techniques similar to the ridge analysis of the proof
of Theorem 11.7 of (Cesa-Bianchi and Lugosi| (2006).

4 Logistic setting

Logistic regression is a widely used statistical model in order to predict a binary random variable y € ) = {—1,1}. It
consists in estimating L(y | X) with

1 YT X — (2In(1 + e X) — 07X
pa(yX):y(,TX:eXP< (21n( ) ) .

2
In the GLM notations, it yields a = 2 and (67 X) = 2In(1 + eGTX) - 67X,

4.1 The truncated algorithm

For checking Assumption [5} we follow a trick consisting in changing slightly the update on P; (Bercu et al.,[2020).
Indeed, when the authors tried to prove the asymptotic convergence of the static EKF (which they named Stochastic
Newton Step) using Robbins-Siegmund Theorem, they needed the convergence of ), Amax (P;)?. This seems very
likely to hold as we have intuitively P, o 1/t. However, in order to obtain Apax(FP;) = O(1/t), one needs to
lower-bound ay, that is, lower-bound b, and that is impossible in the global logistic setting. Therefore, the idea is to
force a lower-bound on o in its definition. We thus define, for some 0 < 5 < 1/2,

1 1
oy = max | —, — — , t>1.
097 (14 07 X0)(1 4 =07 X1)

This modification yields Algorithm where we keep the notations ét, P, with some abuse. We impose a decreasing
threshold on «; (3 > 0) so that the recursion coincides with Algorithm T]after some steps. Then we apply our analysis
of Section [3]after slightly changing Assumption 3}

Assumption 6. For any 6, > 0, there exists 7(e,6) € N such that it holds for any t > 7(g,0)

1
(14 €97 Xe)(1 4 =07 X2)

16, — 0%|| < e and oy =

simultaneously with probability at least 1 — §.
The sensitivity of the algorithm to 3 is discussed at the end of Section Also, note that the threshold could be ¢/ P,
c > 0, as inBercu et al.| (2020), it would not change the proofs nor the local result below.

We first state the result with 7 (e, 0) in our upper-bound, for the choice ¢ = 1/(20Dx ). We define its value in the next
paragraph, and we discuss its dependence to parameters.
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Theorem 10. [f Assumptions [I|[2|and[6]are satisfied, for any 6 > 0 it holds for any n > 1 simultaneously

= A * )\max P D2 )\max P71 *
> L(6y) — L(6%) < 3dePx 1% 1n (1 4 Amax(P1) X> + ( R ) 1 646D 1y 51
e 4d 75D%

1 1 S 1 ? Amax(P1) D%
+T<20DX75> (300+DXH01_0|>+T(20DX’5> 5 )

with probability at least 1 — 46.

4.2 Definition of 7 (¢, §) in Assumption 6]

It is proved that [|§, — 0*||> = O (Inn/n) almost surely (Bercu et al.| (2020), Theorem 4.2). We don’t obtain a
non-asymptotic version of this rate of convergence, but the aim of this paragraph is to check Assumption [6| with an
explicit value of 7(e, ¢) for any d,¢ > 0.

The objective of the truncation introduced in the algorithm is to improve the control on P;. We state that fact formally
with a concentration result based on Tropp|(2012).

Proposition 11. If Assumption|l|is satisfied, for any § > 0, it holds simultaneously

2 D4 2 dDS 1/(1-8) 4
Vt>< 0 Xln<6 J X)) , Amax (P)

D —
A? A% § = Apinti=#’

min min

with probability at least 1 — 0.

The limit 8 < 1/2 thus corresponds to the condition Y, Amax(FP4)? < —+oo with high probability. Motivated by
Proposition@ we define, for C > 0, the event

Ac = () (AmuslP) < 255 ).
t=1

To obtain a control on P; holding for any ¢, we use the relation Apax(P;) < Amax(P1) holding almost surely. We thus

define
4 20D% 625d D%
C’5:max (Amin,)\max(Pl) <A2 X]n( A4 6)())) ,

min min

and we obtain P (A¢,) > 1 — §. We obtain the following theorem under that condition.

Theorem 12. Provided that Assumptions [I] and 2] are satisfied, if 6 = 0 we have for any e > 0 and t >
28 D%, C2 (14 Px (107 1+2))3
eXp( A7, (1-2B)7/%<2 )

6 _ 4
Amin(1 2ﬂ)5 . ln(t)2
216D}(QC§(1 + eDx(ll0 H+E))6
2 _ 4
_ Amin(1 26)6 . (\/Z . 1)1,25 .
211 D4 CZ(1 + ePx1671I+¢))2

P(I6:— 6] > =] Acy) < (Vi+ 1) exp (—

+texp<

The beginning of our convergence proof starts similarly as the analysis of Bercu et al.|(2020): we obtain a recursive
inequality ensuring that (L(ét))t is decreasing in expectation. However, in order to obtain a non-asymptotic result
we cannot apply Robbins-Siegmund Theorem. Instead we use the fact that the variations of the algorithm ét are slow
provided by the control on P;. Thus, if the algorithm was far from the optimum, the last estimates were far too which
contradicts the decrease in expectation of the risk. Consequently, we look at the last k < ¢ such that |6 — 6*|| < /2,
if it exists. We decompose the probability of being outside the local region in two scenarii, yielding the two terms in
Theorem If k < /1, the recursive decrease in expectation makes it unlikely that the estimate stays far from the
optimum for a long period. If & > v/, the control on P; allows a control on the probability that the algorithm moves
fast, in t — k steps, away from the optimum.
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The following corollary explicitly defines a guarantee for the convergence time.
Corollary 13. Provided that Assumptionsand @ are satisfied, if 6, = 0 we check Assumption E] foranye >0, >0

and
3. 215D}?C§/2(1 + eDx(ll0 H+8))6 651
AS . (1 —283)3/2e4 ’ ’

min

. 1/8
7(e,d) = max ( (2(1 + Px(Io |‘+E))) , €Xp (

This definition of 7(e, ¢) allows a discussion on the dependence of the bound Theorem to the different parameters:

e The truncation has introduced an extraparameter 3, on which 7 (g, d) strongly depends with a trade-off. On the
one hand, when £ is close to 0, the algorithm is slow to coincide with the true Extended Kalman Filter, for which
our fast rate holds. Precisely, we have 7(e,d) = e9M/B_ On the other hand, the truncation was introduced to
control P;. The larger f3, the larger our control on \,.x(P;) and thus we get 7(g,0) = O/ (1=28)*2

e As Corollary [13]holds for any € > 0, the compromise realized with e = 1/(20Dx ), made for simplifying
constants, is totally arbitrary. The dependence of the convergence time is of the order 7(e,§) = 91/ e

However the log n term of the bound has a e”x¢ factor. Thus the best compromise should be an & > 0
decreasing with n.

e The dependence to § is complex. The third constraint on 7 (g, ) is O(6 1) which should not be sharp.

To improve this lousy dependence of the bound, one needs a better control of P,. It would follow from a specific
analysis of the O(In 6 1) first recursions in order to "initialize" the control on P;. However the objective of Corollary
was to check Assumption E] and not to get an optimal value of 7(e,d). Moreover practical considerations show
that the truncation is artificial and can even deteriorate the performence of the EKF, see Section[6} Thus [Bercu et al.
(2020) suggest a threshold as low as possible (10710/t9-49) 5o that the truncation makes no difference in numerical
experiments. A tight probability bound on \,.x (P;) of the EKF is a very important and challenging open question.

S Quadratic setting

We state our result for the quadratic loss where Algorithm [T|becomes the standard Kalman Filter. We first state our
result with an upper-bound depending on 7 (&, §), then we define 7(z, §) satisfying Assumption [3]

As for the logistic setting, we split the cumulative risk into two sums. The sum of the first terms is roughly bounded by
a worst case analysis, and the sum of the last terms is estimated thanks to our local analysis (Theorem . However, as
the loss and its gradient are not bounded we cannot obtain a similar almost sure upper-bound on the convergence phase.
The sub-gaussian assumption provides a high probability bound instead.

Theorem 14. Provided that Assumptions I} 2| 4 and 3 are satisfied, for any €,6 > 0, it holds simultaneously

L 15 Amax (P1) D2
> L(0y) - L(67) < - (802 + D2, +£*D%) In (1 + ni(dl) X) + BAmax (P 1 )e?
t=1
Amax (P1)D3 _
+ 115 (0—2(4 + #) + D7, + 252D§(> Ins*

+ D% (552 4 2(1101 — %12 + BAmax(P1) Dxomd ™)) 7(e, 0)

Mna(P1)2 DY (30 + Dipp)?
* 3

7(e,6)3, n>1,
with probability at least 1 — 6.

As Kalman Filter estimator is exactly the Ridge estimator for a varying regularization parameter, we can use the
regularized empirical risk minimization properties to control (g, ¢). In particular, we apply the ridge analysis provided
by [Hsu et al.| (2012), and we check Assumption [5|by providing a non-asymptotic definition of 7 (&, §) in Appendix[C]
Corollary[24] Up to universal constants, we get

et (6 —0*® D% 2 =, 2
7(e,0) S h + A (14 Dypp)VIno—t +o7d
min D1 min
Dx ||é1 - ‘9*|| 2) -1
+ [ —=2=(Dapp + Dx||0*]) + " 462 ) Iné ,
(= Dugn + D071 + 2
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Figure 1: Mean squared error in log-log scale for 6* = (—9,0,3, 9,4, -9, 15,0, —7,1,0)7. The ONS is applied with
our optimistic exp-concavity constant 1.5 - 1074 instead of e~ Vd ~1.2-10737. We observe that the algorithm still
almost doesn’t move.

with A(z) = x ln x. We obtain a much less dramatic dependence in ¢ than in the logistic setting. However we could not
avoid an extra A;liln factor in the definition of 7 (e, d). It is not surprising since the convergence phase relies deeply on
the behavior of P;.

6 Experiments

We experiment the static EKF for logistic regression. We first consider well-specified data generated by the same
process as|Bercu et al.[(2020). Then we slightly change the simulation in order to obtain a misspecified setting.

The explanatory variables X = (1,Z7)7 are of dimension d = 11 where Z is a random vector composed
of 10 independent components uniformly generated in [0,1]. This yields Dy = +/d. Then we define §* =
(—9,0,3,-9,4,-9,15,0,—7,1,0)T, and at each iteration ¢, the variable y; € {—1,1} is a Bernoulli variable of
parameter (1 + =07 X¢)=1,

We compare the following sequential algorithms that we all initialize at 0, = 0:

e The EKF and the truncated version (Algorithm . We take the default value P; = I; along with the value
B = 0.49 suggested by Bercu et al.[(2020). Note that a threshold 10710 /#949 as recommended by Bercu et al.
(2020) would always coincide with the EKF.

e The ONS and the averaged version. The convex region of search is a ball centered in 0 and of radius
D = 1.1]|6*||, a setting where we have good knowledge of 6*. We implement two choices of the exp-concavity

constant on which the ONS crucially relies. First, we use the optimal bound e~DVd, Second, we use the
minimum of the exp-concavity constants of 1000 points of the sphere. This yields an optimistic constant and a
bigger step size, though we do not prove that the exp-concavity is satisfied.

e Two Average Stochastic Gradient Descent as described by [Bach|(2014). First we test the choice of the gradient

step size ¥ = 1/(2dv/N) denoted by ASGD and a second version with y = [|0*||/(v/dN) denoted by ASGD
oracle. Note that these algorithms are with fixed horizon, thus at each step ¢, we have to re-run the whole
procedure.

We evaluate the different algorithms with the mean squared error E[||6; — 6*||2] that we approximate by its empirical

version on 100 samples. We display the results in Figurefor 0* = (-9,0,3,-9,4,-9,15,0,—7,1,0)T. As this
choice of §* yields a distribution of the Bernoulli parameter that is almost degenerated on the values 0 with small

10
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1000-
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0.00 0.25 050 075 1.00 0.00 025 0.50 075 1.00
Bernoulli parameter Bernoulli parameter

Figure 2: Density of (1 + e~ %)=L for §* = (=9,0,3,—9,4, —9,15,0, —7,1,0)7 (left, the ordinate is in log scale)
and 0* = %(—9, 0,3,-9,4,-9,15,0,—7,1,0)T (right) with 10° samples.

1e+00 - 1e+00 -

5 1e-01 5 1e-01
] ]
° °
o o
© ©
S S
@ @
c le02- = le-0z2-
o o
7] 7]
= =

1803~ 1803~

1e-04 - 1e-04 -

1e+01 1e+03 12+05 1e+07 1e+01 1e+03 1e+05 1e+07
Iteration Iteration
Alorithms ASGD — EKF — ONS Alorithms ASGD — EKF — ONS
gorithms gorithms
—— ASGDoracle — EKF truncated — ONS averaged —— ASGDoracle — EKF truncated — ONS averaged

Figure 3: Mean squared error in log-log scale for 8* = %0(79, 0,3,-9,4,-9,15,0,—7,1,0)7. The ONS is applied
with the exp-concavity constant e~ Vd 201074 (left) and with our optimist exp-concavity constant 2.5 - 10~2
(right).

mass at 1 (cf Figure, we run the same experiments for 6% = %0(—9, 0,3,-9,4,-9,15,0,—7,1,0). We display the
results in Figure [3|for the second value of 6*.

Finally, in order to demonstrate the robustness of the EKF we test the algorithms in a misspecified setting switching
randomly between two well-specified logistic processes. We define 6, = 1—10(—97 0,3,-9,4,-9,15,0,—7,1,0) and
02 where we have only changed the first coefficient from —9,/10 to 15/10. Then y is a Bernoulli random variable whose

parameter is either (1 + e~ X*)~1 or (1 + e~ X¢)~1 uniformly at random. We present the results Figurelé-_ll
Our experiments show the superiority of the EKF for logistic regression compared to the ONS or to averaged SGD in
all the settings we tested.

It appears clear that low exp-concavity constants is responsible of the poor performances of the ONS. One may tune
the gradient step size at the cost of losing the exp-concavity property and thus the regret guarantee of (Hazan et al.
2007) or its analogous for the cumulative risk (Mahdavi et al.l 2015). Averaging is crucial in order to obtain a low mean

11
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Figure 4: Misspecified setting. Density (left) of the Bernoulli parameter with two modes at E[(1 4+ e—01 X )71 ~0.28
and E[(1 4+ e 02 Xt)=1] ~ 0.79. Mean squared error (right) where the ONS is applied with the exp-concavity constant
e~PVd ~ 3.0 1073 and 6* is estimated with 10° iterations of the static EKF.

squared error for the ONS, whereas it is useless for the static EKF. Indeed we chose not to plot the averaged version of
the EKF for clarity, but the EKF performs better than its averaged version.

It is important to note that in the first setting the truncation deteriorates the performance of the EKF. Bercu et al.|(2020)
argue that the truncation is artificially introduced for the convergence property, they use the threshold 10~10 /#0-49
instead of 1/t94% and thus the truncated version almost coincides with the true EKF. We confirm here that the truncation
may be damaging if the threshold is set too high and we recommend to use the EKF in practice, or equivalently the
truncated version with the threshold suggested by [Bercu et al.| (2020). The results are similar for both versions with a

smaller 6*, because our estimates 6; are smaller too so that the updates of the two versions coincide faster.

7 Conclusion

We have studied an efficient way to tackle some optimization problems, in which we get rid of the projection step of
bounded algorithm such as the ONS. We presented a bayesian approach where we transformed the loss into a negative
log-likelihood and we used the EKF to approximate the maximum-likelihood estimator. We demonstrate its robustness
to misspecification on locally exp-concave losses which can be expressed as GLM log-likelihoods, and we illustrated
our theoretical results with numerical experiments for logistic regression. It would be interesting to generalize our
results to a larger class of optimization problems.

Finally, this article aimed at strengthening the bridge between Kalman Filtering and the optimization community
therefore we made the i.i.d. assumption standard in the stochastic optimization literature. It may lead the way to a risk
analysis of the EKF in a non i.i.d. setting, where it might be necessary to assume that the data follows a well-specified
state-space model.
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Organization of the Appendix

The Appendix follows the structure of the article:

e Appendix [A] contains the proofs of Section[3] Precisely, Lemmafd]is proved in Section the intermediate
results of Sections [3.2]and [3.3]are proved in Sections[A.2)and[A.3] then Theorem I]is proved in Section[A.4]
and Theorem2lin Section

e Appendix [B| contains the proofs of Section[d] We derive the global bound (Theorem[I0) in Section[B.I] then
we obtain the concentration result on F; in Section and finally we prove the convergence of the truncated

algorithm in Section[B.3]

e Appendix [C|contains the proofs of Section[5} We prove Theorem [I4]in Section [C.T]and then in Section[C.2] we
prove the convergence of the algorithm, and we define an explicit value of 7 (e, §) satisfying Assumption

13
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A Proofs of Section 3

A.1 Proof of Lemmald]

We prove the following Lemma inspired by the stopping time technique of |[Freedman| (1975) from which we derive
Lemma[d] We give a general form useful in several proofs.

Lemma 15. Let (F,,) be a filtration, and we consider a sequence of events (A,,) that is adapted to (F,,). Let (V,,) be a
sequence of random variables adapted to (F,,) satisfying Vo = 1, V,, > 0 almost surely for any n, and

E[Vy | Fac1, A1) < Vi, n>1.
Then for any § > 0, it holds

(@)@ (27)

An important particular case is when (V},) is a super-martingale adapted to the filtration (F,,) satisfying V, = 1 and
V,, > 0 almost surely: then we have simultaneously V,, < §~! for n > 1 with probability larger than 1 — 6.

Proof. We define .
E, = U (Vn > s~tu An—l) .
n=1

As (E}) is increasing, we have, for any k& > 1,

k
P(Ek) = Z P (En N En—l)
n=1
k k
=Y PANE, )+ P(Vu>6 ' NE,1NA,) .
n=1 n=1
First, we have
k k—1
Y P(AinE, 1) <P (U An> :
n=1 n=0
Second, we apply the Chernoff bound:
k k v
> PVa>6"'NE, 1NAy 1) =) E [ﬂﬂEn/m%Mn_l}
n=1 n=1

<6 i E [Vn(]lmmA,H - ]lﬁ)]
n=1

63 (B [Vatgn, ] Bt
n=1

The second line is obtained since E,, C (En—l N An—1)~ According to the tower property and the super-martingale
assumption,

E [Valzmna,, | =B [EVa | Fact, Auallp—] <E[Vaalz—] .
Therefore, a telescopic argument along with Vp = 1 and Vi 15~ > 0 yields

k
S P(Va>6'NE,1NAy1) <3
n=1

Finally, for any k£ > 1, we obtain

k—1
IP(EQSIP’(U An> +6

and the desired result follows by letting k — co. O
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Proof. of LemmaEl} Let A > 0. For any n > 1, we define

k+n /\
Vi, = exp ( Z <>\ANt - *((ANf) +E[(AN,)? | ft—ﬂ))) .

t=k+1

Lemma B.1 of Bercu and Touati| (2008) states that (V},) is a super-martingale adapted to the filtration (F.,, ). Moreover
Vo = 1 and for any n, it holds V,, > 0 almost surely. Therefore we can apply Lemma 5] O

A.2 Proofs of Sections[3.2]

Proof. of Proposition[5] The first order condition of the optimum yields

t—1 t—1
1 R R . .
arg min » (ys — 07 X)? + 50— 00)"Pr (0 —01) =01 + P Y (ys — 07 X)X
eRr? s=1 2 s=1
Therefore we prove recursively that 9t — 91 Zt,l( Ys — éTXS)X s. Itis clearly true at ¢ = 1. Assuming it is true

for some ¢ > 1, we use the update formula

ét+1 — 60, = (I—-P1XiX )(9t él) + Py Xy — Pt+1XtXtTé1
t—1
= (I - P Xo X )Py (ys — 07 X)) Xo + Pisa (e — 01 X)X
1

S

We conclude with the following identity:

PX. X'P X, XTP, PX, XTP
I-PaX; XNP =P —PX, XI'p 0t Sttt ot p IR Tt p
( 1 X X, )Py t XXy L+ XTPX, +1 t XTPX, +1 t+1
O
Proof. of LemmaH We start from the update formula ét+1 =6, + Py M yielding
. . —vOrxNxr .
Ora 0V P Ous — 07) = (6~ 09 P (0 — 07) + 20— YOI g, ey
y - Erx)\’
+XtTPt+1Xt Jt 7 7\ At)
a
With a summation argument, re-arranging terms, we obtain:
b/ GTX -y )X A * 1 * — 2 *
Z( ) - (9t—9)—§(9t 0)" (P45 — P71 (0 — 07)
1 ye — V' (0F X,) i
5;)( P X, | #—220
1 . ) \T p—1/1 * *
52 (0= 07 P70 = 0%) = (B = 0 P (Ora = 07)) -
t=1
‘We bound the telescopic sum: as P, jl »= 0, we have
T+n ) N
> (=0 PTG~ 07) = (Bra = 0) P (G2 = 0))
t=7+1
; i b1 — 0
< (6, — 09T P7Y(6, — 0" <H17.
7( ! ) ! ( ! )7 )\min(Pl)
The result follows from the identities
V(0T X,) — ) X . - - .
( ( t ta)l yt) t _ g’(yt,Hth)Xt, Pt+1 Pt 1 — E”(yt,ez—'Xt)XtX;T-
O
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A.3  Proofs of Section 3.3

Proof. of Proposition We recall that E, . (5 x)[y] = b'(6*7 X), therefore
(Y (OTX) —y)(0 — 0*)TX] _ (0 —0TX

(V' (07 Xx) -V (0T X)) .

a a

Eypos (y1x) [

Thus, there exists A € [0, 1] such that
(Y (OTX) —y)(0 — 0*)TX} ERCEL AP

a

Eypo- (y1) [
Then we use Assumption 3}

4 (QTX 4 /\(0* _ Q)TX) B o (yt’ 0T x 4 /\(9* _ G)TX)
b (0T X) B 0 (ys, 07 X)

2 Pllo—0+] 5
yielding
T " " *
Eymppe (o) [€ (0, 0T X)X]" (0= 0%) > pjo—gey (0 — 0%)T (¢ (3,07 X)XXT) (6 — 0%).

The first-order condition satisfied by 6* is

_ p(pxT
o[ w-vETX)X]
a

which is re-written .
E[yX] =ED' (0" X)X] = E[E,~p,. yx)[y]X]-
Plugging it into Equation [3] we obtain

E[¢'(y, 07 X)X]" (0 — 0%) > pjo—g- (0 — 0°)"E[¢" (y,0" X)X XT](0 — 6%).

T
Proof. of Proposition We first recall that L(0) — L(6*) < g—g‘ (6 — 6*), then Propositionyields
0

6-6>1-— 2% 60

oL Tc‘iL’
062 lg o Plo—o~| 00 g

5,007 —c0—0)

and the result follows.

Proof. of Lemma@ We first develop (AM,;)?:
2 T /5 * 2
(AM)? = ((B[V: | Fra] = V)" (0~ 0))
= (0= 0)" (B | Fia BV, | Foa]” + V9]
~ ViE[V, | Fia]” —E[V, | ]:tfl]vtT)(ét =07
< 2(0, ~ 0)" (EV: | Fua[EIVe | Foa]” + V9T ) (00— 6%)

< 2(6, — 0*)T(E[vtvf | Fooa] + vtv{)(ét — 9.

YV (0TX + A0 —0)TX)(0-67)"X.

3)

The third line holds because if U,V € R4, it holds —UVT — VUT < UUT + VVT. The last one comes from

E[(Vi — E[V: | Foa])(Vi — E[V: | Fooa))T | Fooa] = 0.
Also, we have the relation
E[(AM,)? | Fia] < (6, — 6" E[V, V] | Fia)(0, — 67).

It yields
(AM;)? + E[(AM,)? | Fyma] < (0, — 0%)T (3E[V, VT | Foa] + 2V, VT) (0, — 0%),
and the result follows from Lemma &l
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We derive the following Lemma in order to control the right-hand side of Lemmal] in both settings.

Lemma 16. Assume the second point ofAssumption@holds. Forany k,n > 1, if ||ét —0*||2 <eforanyk <t < k+n
then we have

k+n
h AIIl X P D2
Z Tr (Pt+1(Pt:_11_Pt—1)) < dln (1+n eAma (dk+1) X) .

t=k+1
Proof. We apply Lemma 11.11 of|Cesa-Bianchi and Lugosi| (2006)):

k+n k+n —1
det(P; %)
> T (PP - AT) = Y (1‘det<ptl>>
t+1

t=k+1 t=k+1

e det(P; 11)
<2 ln<det(Pf+1)>

t=k+1
o det(Pk-i-ln+1)
det(P )

k+n
< Indet <I+ Z 0" ytaeTXt)( klw/LQlXt)(Plilet)T>
t=k+1

d
Z (14 X\i)

k+n

where Ay, ..., \g are the eigenvalues of 5 £ (4, 07 X,)( klﬁXt)(PklﬁXt)T. Therefore we have
t=k+1
k+n 1 d
3 Tr(Paa(P5h - P7Y) <dln ( - Z )
t=k+1 i=1
<dln (1 + dnhs)\max(PkH)D%() .
O
A.4 Bounded setting (Assumption [3)
Proof. of Theorem[I} Let § > 0. On the one hand, we sum Lemma [6]and [9] We obtain, for any A > 0,
7(g,0)+n 1 3
> (E[Vt | Foa)T (6, — 60%) — 5@ = A0 )T (vtvtT +5E (V. VT | ft_1]> (6, — 9*))
t=7(e,0)+1
7(g,0)+n ~ «112 _1
1 - 0, —6 Ind
<S> XTPa Xl (w07 X0) + I6: —61I | Wm0 sy, )
2 t=r(2,0)+1 )\min(PT(s,ts)+1) A
with probability at least 1 — 8, where we define Q; = (6, — 6*)T (ﬁ”(yt, éth)XtXtT) (6; — 6%) for any t.
On the other hand, thanks to Assumption 3| we can apply Proposition [§] with ¢ = 0.75 to obtain, for any ¢ > 1,
N * N * Pe 8L * N * TaQL N *
bo-0" <e — L) - L") < L (2] (00— 07) — 07500, — 00 22| (8- 0)
[ [<e (0+) ( )_Ps—0~75 (t ) (04 ) 002 ét(t )
— L(B) — L(6") < 5(E[V, | ]-"t_l]T(ét —0%) — 0.75E[Qy | Fin]), 5)

because p. > 0.95.
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In order to bridge the gap between Equations (4) and (3)), we need to control the quadratic terms of Equation (@) with
E[Q: | F;—1]. First, for any ¢, if ||§; — 6*|| < e, we have Q; € [0, h.e>D%], and we apply Lemma A.3 of Cesa-Bianchi
and Lugosi|(2006) to the random variable ﬁ@t € [0,1]: forany s > 0,

€ X

S

S e’ —1 A~ .
E [exp (hEEQDg( Q- Bl f“]) | o |6, - 7] < a] <1.
We fix s = 0.1 and we define

(g,0)4+n 0.1 1
.1
Vi = exp Z (h D7, Qi — (" —1E {hEsZDg(Qt \ ft—lD

t=7(e,6)+1

The sequence (V/,) is adapted to (F(c,5)+n ). almost surely we have V = 1 and V,, > 0. Finally,
E[Vn | f‘r(a,é)-i—n—la ”ér(s,é)-‘rn - 9*” S El S Vn—l )
and (||9AT(675)+,1 — 0*|| < ¢) belongs to F (- 5)4n—1. We apply Lemma

P ((U Vo > 6_1> U (U (”é'r(s,é)Jrn - 9*” > 5))) <i+P (U (“é7(5,5)+n - H*H > 5)) :
n=1 n=1 n=1

We define A7 = () (16, — %] < €) for any k. The last inequality is equivalent to

n=k+1
0o 7(g,0)+n 7(e,0)+n
Pl U > Qt >10(e" =1) > E[Q¢| Fioa] + 10he?DiIné ™ | N AL 5 | <6 (6)
n=1 \t=r(e,0)+ t=7(g,8)+1

We then bound the two quadratic terms coming from Lemma[9} using Assumption [3]we have the implications
16— 0%l <& = (6, = 0)TViVT (0 = 07) < 5@y,
16: =67 <& = (0 = 0")E[ViV] | Fica] (0 = 0") < kE[Q: | Fi] -
Therefore, we get from @
00 7(e,0)+n 1 . . 3 . R
P U Z (QQt + A0 — 09TV, VT (0, — 6%) + 5A(at —0")"'E [V,V] | Fia] (0, — 9*)) >
n=1 \t=r(c,8)+1
1 3 7(g,0)+n
<10(60.1 = 1(5 +Ake) + QME) > E[Q| Fal + 10( + M )hee? Dy Ind ™t | NAS )
t=71(e,0)+1
<94.

_ 0.75—5(e"1-1)
We set A = 0@ =D D)r." so that

10(e® —1)(5 + Awe) + g)\mg =0.75,

(
1 0.75 — 5(e™1 — 1)
2 10(e01 — 1)+ 2

1
5+ e = ~0.59 < 0.6,

and consequently

oo (e,0)+n
P( U < Z ( (Ve | Feoa]™ (0 — 6%) — 0.75E[Q; | J'"t_1]) > 6he?D% Iné

t=7(e,0)+1
7(g,0)+n A 1 R 3 .
+ Z (E[Vt | Fioa)T (6, — 6%) — 5Qt — X0, — 69T <VtvtT + §E [VtVtT | J-‘t_l]> (0 — 9*)) )

t=7(e,0)+1

n=1

N Aiw)) <4,

18
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We plug Equation (3)) in the last inequality:

oo 7(g,8)+n
IP( U ( > (L(6:) — L(67)) > 30h.e* D% In ™!
n=1 \ t=r(c,8)+1
7(g,0)+n . 1
+5 Z (E[Vt | }—tfl]T(at —0%) — iQt

t=7(g,0)+1

A 3 ;
A0, — )T (vtvtT +5E[VeVi | ft—l]) (6: — 9*))) n Ai(eﬁ)) =9

(10(e® 1)+ 2)k.

We then use Equation (@) with 5 =~ o2y

~ 11.4k. < 12k.. It yields

o0 7(g,6)+n R 5 7(e,6)+n A
P( U ( S @l L) >0 Y KT P Xl 67X
n=1 \t=1(e,6)+1 t=7(e,8)+1
5||é1 - 9*”2 272 -1
+ LT L 4302k, + hee?D%) gt | NAZ 5 | <26
)\min(PT(s,é)-i-l) ( : ‘ X) (e:0)

Thanks to Assumption 3} we have

XTI Poa Xl (ye, 07 X0)? < ke Tr (Poa (P — P7Y), t>7(e,0),
therefore we apply Lemma|[I6} for any n, it holds
7(g,0)+n 2
A h >\m X P‘r D
Z X P Xol (ye, 0 X1)? < dricIn (1 +n—22 (Pr(c.5)+1) X) .

d
t=7(e,0)+1

AS P 5y41 < P1, we obtain

oo 7(e,0)+n 2
~ 5 ha)\max PT €, D
11»( U ( ST (@) - L) > SdreIn (1 tn (Pr(e.5)41) X)

d
t=7(e,6)+1

n=1
5(16; — 6%

+30(2ke + hee®DX)Iné ™" | N AS <95,
Amin(PT(e,6)+1) ( N © X) (€,9)

To conclude, we use Assumption 3 O

A.5 Quadratic setting (Assumption 4)

We recall two definitions introduced in the previous subsection:

A= () Ubs-0"] <) k>1,
n=k+1
Qt = (ét - 9*)TXtX;T(9At - 0*), t 2 1
The sub-gaussian hypothesis requires a different treatment of several steps in the proof. In the following proofs, we use
a consequence of the first points of Assumption We apply Lemma 1.4 of Rigollet and Hiitter (2015): for any X € R?,

El(y — Ely | X])* | X] < 2i(20%)'T(i) = 2(20%)%!, i€ N*. (7)
First, we control the quadratic terms in V; = —(y; — étT X)X in the following lemma.
Lemma 17. 1. Forany k € Nand § > 0, we have
oo k+n
IP’( U ( > (0= 0%V V] (6, - 07)
n=1 t=k+1

k+n
>3 (80% + D2, +°D%) > Qi+12*D%0? 1n5—1> mAz> <4.

app
t=k+1
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2. For any t, it holds almost surely

(0, — 0)TE[V, VT | Feoa)(0, — 07) <3 (U + D2, + |6, — 9*H2D§() E[Q: | Fi-1].

Proof. 1. We recall that for any a, b, ¢, we have (a + b+ ¢)? < 3(a? + b + ¢?). Thus
(0: = 07)" ViV (0 — 0°) = Qulye — 0] X1)?
< 3Qt<(yt —Elys | X¢))* + Elys | Xo] =077 X0)* + (0" - ét)TXt)z)
<3Qu (s — Elye | Xi))* + D2,y + 100 — 0°1°D% ) . )

To obtain the last inequality, we use the second point of Assumption[]to bound the middle term. Then we use
Taylor series for the exponential, and we apply Equation (7). For any ¢ and any p satisfying 0 < p <

we have

4Q10'2’

E [y | X¢e])?' | Xi]

0!

i iIE
E [exp (uQe(ye — Elye | Xi])?) | Foe1, Xe] =14 Z Wl
i>1
§Qiil(20%)’
<142 ; -
<1+2 Z (Q,thUQ)
i>1
<1+48uQo?,  2uQu0”
< exp (8uQ0”) .

l\J\»—t

Therefore, for any ¢,
E [exp <4 D2, 5 Q1 (( —Ely; | X¢])? - 802)) | Fic1, Xt ||0: — 67| < 5} <1.

We define the random variable
k+n

Vi, = exp (4 DT o > Qi ((ye —Elye | X4))° —802)>, neN.

t=k+1

(Vi)n is adapted to the filtration (o (X1, Y1, -, Xktns Yk+n, Xk+nt1)n, moreover Vo = 1 and V,, > 0 almost
surely, and

E[Vn | X17y17 ---an+n—17yk+n—1;Xk+n7 ||é1€+’ﬂ - 9*|| < 5] < Vn—l .
Therefore we apply Lemma I3} for any 6 > 0,

P(G(Vn >51)mA;> <4,

n=1

which is equivalent to
00 k+n k+n
(U ( > @iy —Elye | Xi])* >80 ) Qt+452D§(021n51> mAi) <4,
n=1 \t=k+1 t=k+1

Substituting in Equation (8), we obtain the desired result.
2. We apply the same decomposition as for Equation[8} for any ¢,
(0, — 0")TE[V, VT | Fioa](0, — 67)

<3(6,—6")"E |:XtXtT((yt —Ely: | Xi])® + Doy + 1167 — étHQDgf) | Ftl} (6, —067).
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Assumptionimplies that for any Xy, E[(y; — Ely; | X¢])? | X¢] < 2. Thus, the tower property yields
(0 = 0")TE[V, V] | Foa(0 — 07)
<3 (0% + D2y + 1100 = 0°1PD% ) (0 — 0" EIX,XT | Fioa](0r — 0").

app

Second, we bound the right-hand side of Lemma 6] that is the objective of the following lemma.
Lemma 18. Let k € N. For any 6 > 0, we have

P = = T T 2 2 2 12 )‘maX(Pk+1)D§(
U Y. X PuaX(ye — 0/ X0)* >3 (80 + D2, +°Dx) dlIn { 1 4 p =2 E2X

d
n=1 t=k+1

+ 12 max (P1) D% 0% In 5—1> N Ai) <9J.

Proof. We apply a similar analysis as in the proof of Lemma|[I7]in order to use the sub-gaussian assumption, and then
we apply the telescopic argument as in the bounded setting. We decompose y; — 0 Xi:

X[ Peia Xy — 07 X0)? < 3X] Peaa X (e — Elye | X)® + (Elyn | Xi] = V(07 X0))? + (0" — 6)" X0)?)

<3X/PipiXy ((yt —Ely: | X4])* + D,

app

+ 116, - 0°|2D% ) - ©)

To control (y; — Ely; | X;])2X ! P,11X;, we use its positivity along with Equation (7). Precisely, for any ¢ and any
1

> 0 satisfying 0 < p < IXTP . X0 We have

UXT P Xo)'E [(ye — Elye | X)) | X¢]
i!

E [exp (u(ye — Ely | Xi))%X; Pt+1Xt) | Fio1, Xy =1+ Z

i>1

zXTP Xi'!22i
§1+22M( i t+1i't)l(0)

i>1
=1+2Y (2uX] P X0

i>1

<1+ 8uX! P X0, 0 <2uX! P X002 <

N —

< exp (8uX{ Pry1X:07) .

We apply the previous bound with a uniform g = and as Apax(Pit1) < Amax(P1) for any ¢, we get

1

D max(P1) D% 02
1

< IXTP X2 Thus, we define

k+n

Vy—exp | —b 802 XT P X .
P (4)\max(P1 D§(0'2 t;—‘rl be = yt | t]) o ) t Lt+1 t) 5 n e

(V) is a super-martingale adapted to the filtration (o (X1, Y1, ..., Xkatn—1, Yk+n—1, Xk+n))n satisfying almost surely
Vo =1,V,, > 0, thus we apply Lemma|[T3}

P(G(Vn>6‘1)> <94,

n=1

or equivalently

o) k+n k+n
IP’( U ( > X P Xe(ye — Elye | Xi)? > 807 Y X[ Pii1 Xy + Amax(P1) Dx 07 1n5—1>> <4.

n=1 \ t=k+1 t=k+1
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Combining it with Equation (9), we get

oo k+n k+n
P< U ( > X PiaXo(ye — 07 X0)* >3(80° + D2, +£°D%) Y. X/ P Xy

n=1 \ t=k+1 t=k+1

+ 12 max (P1) D% 0% In 5—1> N A;) <9J.

Then we apply Lemma[T6} the second point of Assumption [3|holds with k. = 1, thus
k+n

Amax (P D?
Z Tr (Pt+1(Pt:_11 _ P;l)) <dln (1 _;'_n(SJrl)X) , n>1.
t=k+1
: T _ -1 —1
We conclude with X7 Py 1 X, = Tr(Pry1 (P54 — P7Y)). O

We sum up our findings and we prove the result for the quadratic loss. The structure of the proof is the same as the one
of Theorem![T}

Proof. of Theorem[2] On the one hand, we sum Lemma[f]and Lemma[9} for any X, 6 > 0,

7(g,0)+n

A 1 S 3 .
> (E[Vt | Fooa]T (0, — 0%) — 5Qt = A0 — 0 )r <vtvtT +5E V.V | ft_1]> 0, — 6 ))
t=7(e,0)+1

7(g,0)+n A %112 1
< % Z XtTPt—s-lXt(yt o étTXt)Q + )\07(.5,??1 0 H ln(j\ 7 n> 1’ (10)
t=r(2,0)+1 min 7(5,5)+1>
with probability at least 1 — §. On the other hand, we have
7(e,0)+n 1 7(g,8)+n
> @) 0N <tz > (BIVe| R (0~ 07 08EQi | Fia]) . (D)
t=7(e,8)+1 T t=7(e,8)+1

We aim to relate Equations (I0) and (TT) as in the proof of Theorem[I} To that end, we apply Lemma[I7}

0o 7(g,0)+n 1 R . ., 3 ., A
P(U( S (5040 — 0 (99T + SB[V 5] ) - 0))

n=1 \t=r(c,6)+1
1 7(g,0)+n
> (5 +3A(802 + D2, + 52D§()) S
t=7(g,0)+1

7(e,8)+n
9
+ 5)\(02 +D; +52D§() > E[Q:| Fioa] + 120* D% 0” ln(5_1> n Ai(sﬁ)) <35,

app
t=7(e,6)+1

As in the proof of Theorem [I] we apply Lemma A.3 of (Cesa-Bianchi and Lugosi, 2006) and Lemma([T3} for any 6 > 0,

00 7(e,0)+n 7(,8)4n
P > Qu>10e" -1 Y E[Qi] Fio] +10e”DiInd ! | n AL 4 | <6
n=1 \t=7(eg,0)+1 t=7(g,0)+1

We combine the last two inequalities:

%) 7(,6)+n 1 R 5 )
P( U ( > <2Qt + A0 —6%)" (VtVtT +SE[ViV | ]-‘t_l]) (0, — 9*))

n=1 \t=71(e,d)+1
0.1 1 2 2 212 9 2 2 212 Tk
> (10(e%t — 1)(5 +3X(80%+ D2, +¢ DX)) + 5AM0® + Doy +6°D%) > E[Qi] Fil
t=7(e,0)+1
1
+ (10521)3( (5 +3X\(80% 4+ DZ,, + 52D§()) + 12/\52D§(¢72) 1n51> N Ai(e,5)> <26. (12)
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We set

9(0 + D?

+52D§() 5

app

A= (0.8—5("!—1)) (30(e° 1)(802 + D?

in order to obtain

10(e! — )(2 +3A(80% + D2 + 52D§<)) v /\(U + D2 +e2D%) =038,
1 e 1
10902 +28D2, 4 28¢2D% 10802 +27D2,, 4 272D%

102D% (2 +3)(80% + D?

2o+ 52D§()) +12AD% %02 < 822D%

+e2D%).

1 2
3 < 28(40% + D3,

Combining Equations (T0), (TT) and (T2), we obtain
7(g,0)+n

0o 7(g,0)+n
A 1 ; £
f(Ufo2 3 w-s0>} S naxe i+
n=1 t=7(g,8)+1 t=7(e,6)+1

+28(40° + D2 prox + D% ) Ind ! + 86D In 5—1> N Ai(6’5)> <36.

Finally, we apply Lemma|T_8| with P 5)41 < P and we use Assumption E it holds simultaneously

7(g,0)+n 9
R 3 Amax(P1)D
> L(6) - L(v7) < 5( (80% + D3, +€°D%x) dln <1 + n(dl)X> + Amax (
t=7(e,0)+1
+28(40% + D7 prox +€°D%)In6 ! +8° D5 Ind !

+ 6Amax (P1)D%0? 1n5—1>, n>1,

with probability at least 1 — 5. To conclude, we write
)\max(Pl )Dg(

D2
4 )+

28(40% + D2 o + €2 D% ) + 88 DX + 6Amax(P1) D 0% < 28 <a2(4 +

B Proofs of Section d

B.1 Proof of Theorem 10|

-1
app + 52D§()>

2

)\min(PT(s,(?)—&-l)

(e,0)+1

app

O

Proof. of Theorem' 10, We check Assumpt1onlw1th ke = eDxUI07+2) 'h_ = L and p. = e==Px > 0.95. We can
TTw

thus apply Theorem |I[with
T(E 4)
Amax(P.,__(E 5)+1) < )\max Z ||XtH2
272
5% < 3eDx1I0"1 30(2/% 4 & DX) < 64ePx1071 52p2 < 1/75.

We then control the first terms. To that end, we use a rough bound at any time ¢ > 1:
yX 1" s

— | Qt} (0, — 07)

1+ evdi X

< Dx||0: — ¢"|

< Dx (/|61 = 67|| + (¢ = 1)Amax(P1)Dx)

LG, - L") <E {

because for any s > 1, we have Ps < P; and therefore ||é5+1 — és|| < Amax(P1)Dx. Summing from 1 to

7(g,0) < 7'(ﬁ7 0) yields the result.
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B.2 Concentration of P;

We prove a concentration result based on Tropp|(2012), which will be used on the inverse of P;.

Lemma 19. IfAssumptionis satisfied, then for any 0 < § < 1 andt > 4/~ it holds

t—1
X, XT Apintt =7 A2,
P )\min s s min <d _tl—B min )
( (Z 7 ><4<1/a> <o (53t )

s=1

Proof. We wish to center the matrices X, X by subtracting their (common) expected value. We use that if A and B
are symmetric, Amin(A — B) < Amin(A) — Amin (B). Indeed, denoting by v any eigenvector of A associated with its
smallest eigenvalue,

T _
Nin(A — B) = min f<f|‘|123>x
x xr

vI'(A— B
[[o]|*

= )\min(A)

< >\min(A) — min ————

= )\min(A) - )‘min(B) .

t—1 t—1
X, xT X, xT
)\min <§ 85 - § E |: 85 :|> S /\min

s=1 s=1

‘We obtain:

Therefore, we obtain

SDXXTY A (PP —2)
g (Ami“ (Z o ) ST o) )

s=1

t—1
X, xT X xT Apin (179 = 2) t=F -1
< ]p )\mm > 2 _E > 2 rnln— _Ammi
= (2( 5P { 5 D>< 2(1-5) -8

=1 X, X771 X, XT Apint' =8
:P<Am"<z(£[ -7 )>>2(16)>'

s=1

We check the assumptions of Theorem 1.4 of [Tropp|(2012)):

. X, xT X, xI .
e Obviously E [7,3 2 ] — —%3= is centered,
S S

® Anax (E [XS’S;(T} - X“"Sffz) < Amax (]E {X‘?TD < D% almost surely.

2
as0<E | (5 [X32] - )] < (2

t—1 2 t—1
X, XT X, XT D4 1-8
e (55 < (3] < ()
S S S —

s=1

[+

N———

(V]

| I
J

»§><U“>
~
N

ey V'S
~
g
[¢)
0Q
[¢}
—
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Therefore we can apply Theorem 1.4 of [Tropp| (2012)):

= X, X7l X, XT Apmint!—?
P(“‘@(E{ -5 )>>2(1—6)>
A2, 20 /(8(1 - B)?)
o ( DAT=B (1= B) + D3 Amint =7 /(6(1 — ﬁ)))

— X 1— ﬁA?nln 1/(1_I8)2
=de p( t 8D 1/(1— 5 )+Amin/(6D§((1—5))>

Ad m(1=5)\ "
= 1= Zmin (11 _ Amin(1 = §)
_dexp< t 8D4 (1 B8+ 6D2 ) .

Using Amin/D% < 1and 8 > 0, we obtain 8(1 — 3 + M) < 8(1+1/6) = 28/3 < 10, therefore

t—1
X, xT Apin (175 — 2) g A2
. s§<4xg min < B min )
]P’()\mm<g "G > < ) _dexp( t 10 4>

s=1

IN
S8

The result follows from 3t~ — 2 > 0 for t > 41/(1=5), O
We can now do a union bound to obtain Proposition [I T}

Proof. of Proposition[I1} We reduce our problem to the deviations of a sum of centered independent random matrices:

t—1 -1
)\max(Pt) - Amin <P1_1 + ZXSX;TO[S>

s=1

t—1 -1
X XT
<)\min<P11+§ 3B5> )

s=1

because oy > 1/55. Therefore, for t > 8 > 41/(1=5)

—1
4 . XSXT 4
P (AmaX(Pt) > W) <P [ Auin <P1 + Z ) > g

s=1 mlIlt

XXT Amintl—ﬂ

XSXST Amint'™?
S P <)\min (Z 85 ) < 4

s=1

A2
< doxp (-1t )

where we applied Lemma[T9]to obtain the last line. We take a union bound to obtain, for any k > 7,

A
1—8 ‘‘*min
) = 2 tow (4 )

P <E|t > &y Amax(P)) >

t>k
> esp (L
<d)» exp ( [t "“2)
t>k 1ODX
A2,
=d Z exp (_ml()Dgl(> Z Liy-s)=m
m>1 t>

We bound 1 |¢j—,: for any m
t>k

18] =m = mM ) <t < (m 4 1)YAB)
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then using e” < 1+ 2z forany 0 < x < 1, we have
(m + 1)1/(175) — ml/(lfﬂ)(l + 1/m)1/(17ﬂ)
=m0 exp(In(l + 1/m)/(1 - B))
< ml/(l‘m exp(1/(m(1 = 5)))
< m A (14 2/ (m(1 - B))),
aslongasm > 2 > 1/(1 — (). Therefore
(m+1)YA=8) /=8 L1 <omV/O=A=1/1 _B) 4+ 1 <4m+1<4(m+1),

and that is true for m = 1 too. Hence

AZ
P <E|t >k Mmax(P) > = 5) <d4d Y (mA+1)exp ( mE )
min X

=4d

m> k-5
( ag, | A2,
exp | ~1opi ) €xp (710[}:]5Z )
. (7] +1+ v

) )
e (-t e (-t

exp ( Ainz ) 1 A2 PRENC
10D% _ min
<4d o (kP + =) €XP <10D4) ,
1—exp (f 10"5:}2() 1—exp (f 10%’%() X
. . . . 1 T N
where the second line is obtained deriving both sides of > r™*Tl = ——— with respect to r. Also, as
m>|k'=F]
1—e™™ > xe " forany z € R, we get
3 4
P (3t >k, Amax(Pr) > A1
10D% A2, s , 10D% A2 Az \FTT
< 4d 2 min k - min _ min
< iy o (g3t ) 002 S e (ot ese (535t )

Also, as ze~% < e~ for any ¢ > 0, we get forany k > 7:

klfﬁ_’_ 10D4 e Ar2nin e kl B Amm < 20D4 ! e 10D4 e A12mn Ar2mn
Az “Piopt ) )P 20Dt ) = A2 “PAaz P J0pt ) 20D%

20D% 1 A2,
B We"p 2P\100% ) ) -

Combining the last two inequalities, we obtain

4 800D% e ! A2, 1 A2 A2
P Elt k )\m X P < d X 2 min - min —k‘liﬁﬂ
( 7 e Ama (1) = Amint1ﬁ> =TAL eXp( ooy T2 (10D4 )) exp( 20D

625D8 A2,
< d kl B “*min
Alilmn ( 20D4 ) ’

and the result follows. The last line comes from A,;, < D§( and consequently

A2, 1 A2, = 0.1
800e ! exp <2 min + 5 exp ( mitl )) < 800e~1H0-2H0:5¢ ~ 624.7 < 625 .
10D% 10D%

The condition k& > 7 is not necessary because
20D%  (625dDS\\ P
( Az - ln( AT (;‘)) > 201n(6250""),

min min

and either 6 > 1 and the result is trivial, either § < 1 and 20 In(6256 1) > 128. O

26



PREPRINT - JUNE 23, 2020

B.3 Convergence of the truncated algorithm

In order to prove Theorem[I2] we state and prove an intermediate lemma.
Lemma 20. Let § € R%.

1. For anyn > 0, we have
oL
L(6) — L(07 —| || >D
0-10) >0 = |5 | =2,

Amin
fOV D77 = \{ﬁ 2"
VADx (142X 1 H+\/877/DX))

2. Forany € > 0, we have

Amin 2
[,
4(1 + er(IIG*IHE))

16 —0%|| > = L(6) — L(6") >

Proof. Both points derive from a second-order identity, turned in an upper-bound in the one case and in a lower-bound

in the other. Using ‘3—5(9*) = 0, there exists 0 < A\ < 1 such that

1

T _ px
(]_ + e(>\9+(17/\)9*)TX)(1 + e*()\9+(17>\)9*)TX)XX (9 0 ) .

L(0) = L(*) + %(0 —0MTE
1. We first have
D2
L(O) = L(6) < =20 — 0"

Assume L(6) — L(6*) > n. Then |6 — 6*|| > \/8n/D%. Also, using the Taylor expansion of §* around some
0y € RY, we get

* aL T * 1 *\T' T *
L") = L) + g |, " = b0) + g epxteetria—omy (o — ) E [XXT] (80 —07),
and that yields
8L T * * Amin * (12
% 00(90 -0 ) > L(QO) - L(9 ) + 4(1 ¥ er(|\9*|\+\|9o—9*H)) ”00 -0 || .
Therefore, as L(6y) — L(6*) > 0,
8L Amin
‘ 90 la, = 4(1 + eDx 1% 11 +1160—6~11)) 160 = Oreue]| -
Finally, as L is convex of minimum 6%,
HBL S . oL
— > min —
0010l ™ o0—o+1=/50/D% Il 90 100
Amin
> \/8n/D?
- 41+ ePx ([167[1++/ Sﬁ/Di)) 1/Dx
Amin
> .
C V2Dx(1+ er(||9*|\+\/8n/D§<)) Vi
2. On the other hand we have
* Amin * 12
LO) = LO) + g eoxawrmm=amy 19— I
Thus, as L is convex of minimum 6%, if |0 — 6*|| > ¢ it holds
« . * Amin 2
L) = L(67) > | win _ L(o) = L") 2 oo eany© -
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O

Proof. of Theorem We prove the convergence of (L(6;))¢ to L ﬁ*) and then the convergence of (6, ); to 6* follows.

The convergence of (L(ét))t comes from the first point of Lemma |20} The link between the two convergences is stated
in the second point.

To study the evolution of L(ét) we first apply a second-order Taylor expansion: for any £ > 1 there exists 0 < a; < 1
such that

oL

L(041) = L) + 0

T 1 - L A A
t+1 — Ut S \Vi+1 — Ug ano t+1 — Ut ) -
O = 00) + 501 = 0)" 55 (Brs1 — b)) (13)

Ortae(0rr1—0¢)

0

‘We have ?;5 < iE[X X T], therefore, using the update formula on é, the second-order term is bounded with
N . 0%L N A 1 ]E[XXT]
001 — 0)T == Opo1 —0)< ——— xI'pl = 'p X
(Or1 = 01) 062 é,,+a,,(9}+1_9})( e = 0) < (1 + evedf Xe)2 thl oy 1t
1 1
S ZD;l(Amax(Pt—l—l)z S EDA%()\max(Pt)Q .

The first-order term is controlled using the definition of the algorithm:

. N P,X XI'P, X
9t+1—9t=(Pt— I t) Yyt

T « §T ’
1+ Xt P Xy 1+ eyt0i X

and as o < 1,

H_ PtXtXtTPt Y Xy < D3\ (Pt)2
= X \max .

(&% ~
1+ XtTPtXtOZt 1+ eytetTXt

Also, 86—15 || < Dx. Substituting our findings in Equation (T3], we obtain
N A 8L T tht 4 2
L(6 < L(0 — | Po———— +2D% Amax(P2)*. 14
( t"l‘l) — ( t)+ 80 ét tl_i'_eytetTXt + X ( t) ( )
We define
OL|T Y1 Xy oL T Y Xy
M= —| bP———-E|—| L,L————— | X ooy Xt—1, Yt—
t= 90 5, tl_i'_eytetTXt 0 1, t1+eyt9tTXt | X1, 91500 Xi—1, Y11
0L TP Ye Xt oL|T _ 0L
T 00, 1 L ewbTX, T B0 1g, P00 15,
Hence we have
OL|T X oL | 1 |oLy |J?
P < My = AP || || <M= 5] |
06019, "1 4 eved7 X 96 15, tD3 || 06 I,
because Ps = sﬁ. Combining it with Equation (T4) and summing consecutive terms, we obtain, for any k < ¢,
X
t—1 2
. A 1 ||OL
L(6,) — L(6;) < M, — —||— 2D% Amax (Ps)? | . 15
() <k>_€:k< 7|5, | +20% ()) s

We recall that there exists Cs such that P(A¢,) > 1 — ¢ where

Ac, = ﬁ ()\max(Pt) < %) :

t=1

On the previous inequality, we see that the left-hand side is the sum of a martingale and a term which is negative for s
large enough, under the event Ac;.
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We are then interested in P((L(6,) — L(6*) > 1) | Ac;,) for some > 0. For 0 < k < t, we define By, ; be the event

(VE < s < t,L(0s) — L(6*) > n/2). Then we use the law of total probability:
B(L() — L(6°) > 0| Ac,) =B (L)~ L(6) > m) 1 Boy | Ac, )

IES

+ P (L) = L67) > m) 1 (L0~ L0 < ) By | Acy) (16
k=1

<P ((L(ét) —L(0*) >n)N Boy | AC&)

t—1

+22P«L@0L@Q>Z)OBM|AQ).
Lemma 20] yields
j SRS oL
L(6s) — L(0*) > 5 = H89 ; >D,.

We combine the last equation, along with Equation (T3) and the definition of A¢; to get, forany 1 < k < ¢,

P(@@Q—L@Q:wﬁ@ﬂBm|A@)gP((Z;MS>ﬂhﬂ)ﬂBM|AQ>

t—1
gp(ZMs > (k1) | Ac5> 7

s=k
t—1 t—1
> 1 —2D%C3 Y. iy forany 1 <k <t
s=k k

s=

D
where f(k,t) = 4 +

2
B S

Similarly, we get

P ((L(ét) = L(6") >n) N Bo | AC) <P <X_: M > fo(t) | Ac) )

s=1
. N D2 t—1 1 4 o t—1 1
with fo(t) =n — (L(61) = L(67)) + 52 22 § —2D5xC5 20 as forany t > 1.
s=1 s=1

We have E[M; | X1,91,..., Xs—1,Ys—1] = 0, and almost surely | M| < 2D% A\ax(Ps). We can therefore apply
Azuma-Hoeffding inequality: for ¢, k such that f(k,t) > 0,

P (i M, > (1) | Aca> < oxp <—f(k,t)2 (1 = 2B max (1/2, (k - ”Hﬁ)) ,

s=k 8D§( C(?

—+oo
because Z:k 52<117ﬂ> < = max(11/2,(k71)1725). Similarly, for ¢ such that fo(¢) > 0,

t—1 1-2
P (; M, > fo(t) | AC'5> < exp (_fo(t)Qlﬁl)%(gg> .

We need to control f(k,t), fo(t). We see that for ¢ large enough, when k is small compared to ¢, f(k,t) is driven by
2

% In(t) and when k ~ t, f(k,t) is driven by 1/2. The following Lemma formally states these approximations as

lower-bounds. We prove it right after the end of this proof.

6 ~2
16D % C§

1 \2
Lemma 21. Fort > max <e D28 (1 + (%) 12B) ) it holds

D2

flk,t) > —In(t), 1<k <V,
1D%

ﬂhwzg, Vi<k<t.
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2D% (L(él)—L(e*)+4D§‘C‘%>
Similarly, fort > e 7 =27 we have

2

folh) = 21 n(t).
2D%

4 —
Then, defining C; = % and Cs = I’;&;Qg% , we finally get for ¢ large enough:
X6 XYé

P ((L(0) — L(O%) > n) N Boy | A, ) < exp (—4C: In(1)?)
P ((L(ét) — L(0") > ) N (L(by) — L(0") < DY By, | ACE) <exp(—Ciln(t)?), 1<k< Vi

-2
P ((L(ét) — L(6*) > ) N (L(By) — L(6") < g) N B | Acé) <exp(—Co(k—1)"2%),  Vi<k<t

Substituting in Equation (I6) yields:

[Vi]-1 t—1
P(L(0;) — L(0*) > 1 | Ac) < exp (—4Cy ln(t)Q) + Z exp (—C4 ln(t)2) + Z exp (—Ca(k — 1)1_25)
k=1 k=[]

< (Vt+1)exp (—CiIn(t)?) + texp (—Cg(ﬁ - 1)1_25) .

Finally, Pointof Lemma allows to obtain the result: defining n = meg';;—aﬁilw)), we obtain

P(||0; — 6%|| > ¢ | Ag,) < P(L(B;) — L(6%) > 1| Ac,)
< (Vt+1)exp (—CiIn(t)?) + texp (—02(\/15 _ 1)1—26) _

In order to obtain the constants involved in the Theorem, we write

Amine?
Ammin 4(1+EDX(H€9*||+5)) Anin 3/2 e
DT’] = . Amine? — 1+ eDX(HQ*H-i-E) 4DX )
2Dx (1 + exp (Dx (10°] + |/ 2By )
e M09
L= 216 D202 (1 + eDx(10°7T+9))5

2 _ 4

CQ > Amin(1 25)6

- 211D§<C§(1 + eDPx(l107]l+))2

and the conditions of Lemma 2] become

28 D% C2(1 4 Dx (107 +0)y3
b= e"p( AT (1—28)c? ) ’
2

32D, C2(1 + ePx (107 1+9))\ 727
(1 — 2B)Amin52 ’

t > 1—|—<

4 Dx ([|6* || 4+€)\3 R 4 2
t>exp<32DX(1+e ) <L(91)—L(9*)+4DXC‘5>> .

A3 g2 1-28

min
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We would like to obtain a single condition on ¢, thus we write

1 2
2D C2(1 Dx (]|6*||+¢) T-28
1—|—<3 xColl e )> = exp

(1 - Z/B)Aminé‘2

—

o [ 14 (32D5CE(1+ Px1771%9)) s
(1 o 2B)Amin€2

)
2 \/32D4 LR+ ex(171+9)

1-25 (1 —28)Amine?

28D% C2(1 4 ePx(107l1+))3

A3. (1— 25)3/252 ) ’

< exp

< exp

TN T

min

The third line is obtained with the inequality In(1 4+ z) <
threshold on ¢ is bounded by:

28 D8 02(1 +6Dx(\|0*\|+a))3 98 D8 02(1 +6Dx(\|9*\|+e))3
oo (A ) = (i)

min min

3

x for any x > 0. Obviously, as 0 < 1 — 28 < 1, the first

To handle the third one, we use D% Cs > 4DX > 4 and as §; = 0 we obtain L(#;) — L(6*) <In2 < 4?’3; , hence

4 Dx (/6" 14+€))3 . 4 8D8 (2 Dx (116" [I+¢)
exp ((B2DA (0 ) L(91)—L(9*)+4DXC5 < exp (EDXCR0 4 e Y
A?nm 1- Qﬂ N A?mn(l - 25)3/282
O
Proof. of Lemma 21} We recall that for any & > 1,
t—1 t—1
1 1 1 1
—>Int—Ink .
2ozltolb ) i S T g a2 (DT )
Therefore:
2 4 2
n 2D% C5 1
k.t) > = Int —Ink
Fkt) 2 5 + 3((11 )~ 1— 28 max(1/2, (k — 1)L-25)
2 4 2
A 4D5C
>n— (L(6,) — L(0*) + =L Int — —X 3
folt) 2 m = (B0 = L(0") + It — 5558
e Forany 1 <k < /t,Ink < %lnt, and we have
D2 4D% C?
flk,t) > —L In(t) — —X=2 |
(k) 2D% ® =3 — 283
1605 c2 D2
and taking t > e 717> yields f(k,t) > Dr In(t).
e Fort > 2and any k > \/t, we have
2D%C3 2D%.C2
2 (1-28)(k—1D'"2 T2 (1-28)(Vi—1)1-28
Then if ¢ > (1+ sgx%) ) we get f(k,t) > 7.
e Last point comes from fi(t) > 5—2" Int — (L(6y) — L(6%) — 4?_%%?.
X
O
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88 2 eDx (16711 4+2)y3
Proof. of Corollary We apply Theorem for any t > exp (2 Dngﬂ/i j((11t2 B; 7222 ) ),

P(I6, — 0"l > | Acy,,) < (VE+1)exp (~CrIn()?) + texp (~Ca(VEi— 1)) |

where
C, = Agnn( N Zﬁ)EA C A?nm(l B 26)‘54
P 216D2CE (1 + Px 07 TH)6” 7 2DLC (1 + D (10722

A3 (1—2B)3/2e2

min

i 28D8 €2, (14ePx (167 1+))3
We use a union bound: for any 7 > exp ( 5/2( ) ’

]P’( U (||e}—o*||>s)Acé/2> <> (Vt+1)exp (—CyIn(t) —|—Ztexp( Vi— 1) 25)

t=7+1 t>1 t>1

3
e If 7 > €291, we have

ST (VE+ Dexp (~Ciln()?) < S (VE+ 1) 5/2 <2/,

t>T t>T

b \M0-29)
o Fort>4,1-1/vi=1/2 thenfort > (s )

5

t% exp ( C’z(\[ - Qﬁ) < exp <3 In(t) — %t(125)/2)

= oxp (1 i22ﬂ = <Cz(1li 26)) 1 —625 <CQ(113 25))>

<1,

because for any z > 0, we have Inz < z/2.

b \Y-20)
Thus for 7 2 (m)

Ztexp( Vit—1) 26) <1/r.

t>1

Finally, for 7 big enough, we obtain
P ( U 16: =67 > ¢) | Acm> <3/7<46/2,
t=7+1
if 7> 66-1. We now compare the constants involved. As long as eDx < 1, we have

o 28 D%, 02 (1+er(H9*H+e))3 ‘o 3.215D1202/2(1+eDX(H9*H+e))6
p A% (1 - 2B)3/2¢2 b AS (1 — 2p3)3/2c4 :

min min

Furthermore, as 1 — 28 < 1, we have

3 3. 215D12C2 2(1 + er(|\9*|\+5))6 3 3. 215D12C’2/2(1 + er(He*H-s-s))G
*P\go, ) TP AS (1— 28) = oxp AC (1 25)3/24 '

min min
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Finally,
12 4/(1=26) 4 12
<Cz<1—2/3>> :eXp<1—2ﬁ Cs 1—25))
4 12 211 DL C3 (1 + ePxI07IF))2
- P (1 “o5 ™" A?mn(l —2B)%4 )
8 12 211D4 02 (1 +EDX(Hf)*HJre))z
—o (1 SEER N1 29)7 )
3 28DLC2 (1 + Px (7 1+9)2
< exp (1 —28 A?mn(l —2B)" )
f2902 O a1 + DX (I971140))
= exp ( mm 1 _ 25)3/252 )
3. 21°D1202 (1+€DX(H9 I+e)y6
<e ( AS | 1 —2B)3/2:4 )

C Proofs of Section 3

C.1 Proof of Theorem [14]

We first prove a result controlling the first estimates of the algorithm.

Lemma 22. Provided that assumptions @and are satisfied, starting from any 6, € R% and P, 0, forany 6 > 0,
it holds simultaneously

10 — 6% <1101 — 07| + Amax(P1)Dx ((30 + Dapprox)(t — 1) +30nd~Y), ¢ >1,

with probability at least 1 — 4.

Proof. From Proposition we obtain, for any ¢ > 1, 0, — 0, = P, Ez;ll (ys — éfXS)XS. Consequently,

t—1 t—1
0,—0" =P (ys — 0] X)X, — P, (Pll + ZXSXST> (6" —6y)
s=1 s=1
t—1 R
=P (ys — 0" X)X, + PP (01— 07)
s=1
and using P, Pfl =< I, we obtain
R R t—1
16: — 0% < 161 = 07]| + Amax(P)Dx Y lys — 077 X|
s=1
R t—1
< |61 = 07[] + Amax(P1) Dx Z (Iys = Elys | Xs][ + Dapp) - (17)
s=1
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Wflz apply Lemma 1.4 of Rigollet and Hiitter| (2015) in the second line of the following: for any p such that 0 < p <
2v20°

E lexp(ulye — Elye | Xe])] =1+ Z wE[lye — Ii[yt | X,]17]
<1+Y M(zaZ)ii/'%r(i/z)
k>1 :
<1+ Z (\@Ma)i , because I'(i/2) < T'(i) = (i — 1)!

<14 2v2u0, because 0 < v2uo <
< exp (2\/5@(7) .

DN | =

¢
Thus we can apply Lemmato the super-martingale (exp <2\% > (Jys — Elys | Xl — 2\/50))) in order to
7 s=1 t

obtain, for any § > 0,
t—1
> e —Elye | Xo| <2v2(t—1)o +2V20 6", t>1,
s=1

with probability at least 1 — &. The result follows from Equation (T7) and 2v/2 < 3. O

Proof. of Theorem [14} We first apply Theorem 2} with probability at least 1 — 54, it holds simultaneously
Amax(P 1)D %{ )

- X .15
> L) - L(o7) < - d (80° + D2, +£°D%) In (1 + (n —7(g,9)) y
t=7(e,0)+1
-1
+ 5Amax (PT(E, 5 +1> 22
)\max(Pl)Dg(

D2
4 )+

+115 (02(4 + 2op 252173() Iné~t,  n>7(e,0).

Moreover, Amax (P;(i,é)+1) < Amax(PrY) + 7(2,8) D%

Then we derive a bound on the first 7(, §) terms. For any ¢ > 1, we have L(6;) — L(6*) < D%||6; — 6*||?, thus, using
(a +b)? < 2(a® + b?) and applying Lemmawe obtain the simultaneous property

L) — L(07) < 2D% (|61 — 0" ]| + BAmax(P)Dxoln6~")?
+ 2 max(P1)?D% (30 + Dapp)®(t — 1), t>1,
with probability at least 1 — §.
Thus, a summation argument yields, for any ¢ > 0,

7(g,0)
> L(6:) — L(6%) <2D%([[61 — 07| + 3Amax(P1) DxoInd~")>7 (e, 5)

t=

—

5 (1(g,90) — 1)7(g,0)(27(g,0) — 1)
3 )
with probability at least 1 — 4. O

+ )\max(Pl)2D§((3U + Dapp)

C.2 Definition of 7(¢, )

We now focus on the definition of 7 (e, §). We first transcript the result of Hsu et al(2012) to our notations in the
following lemma.

34



PREPRINT - JUNE 23, 2020

Lemma 23. Provided that Assumptions Iand Iare satisfied, starting from any 0, € RY and P, = p1l,p1 > 0, we
have, forany0<5<e_26andt>6 X (Ind +1nd~ b,

s — 072 <2 (91 9*||2 L D% 4L+ VBIo) 302(d/0.035+1n51)>
2p

. A a0 0072 + 0.07

12 (|6, — 6| D%
1+ V31
+O.072t2< n Amm( + V8o

“ 2
Dx (61 — 6% —1\2
D, Dxl|0 —_— Iné ,
+<,mm( pp + Dx[107]]) + T (Ind™")

with probability at least 1 — 49.

Proof. We first observe that
t t

1 Ty \2 5112 _ 1 AT Ty \2 2
argﬁ@;;(ys_w Xs)* + Mw — b1 —argurjrélﬂggg(ys— 1 X —w X))+ Muw||7,

therefore we apply ridge analysis of Hsu et al. (2012) to (X, ys — AT X,). We note that (y, — 37 X,) has the same
variance proxy and the same approximation error, it only amounts to translate the optimal w, that is denoted by .

For any A > 0, we observe that ds » < di ) < d, px < \/ﬁ and by < px(Dapp + Dx |8 — B1l)). Therefore we

can apply Theorem 16 of [Hsu et al. (2012): for 0 < § < e 26 and ¢t > 6\/1%(111( )+ In 1), the following holds
with probability 1 — 40: ||Bi11.0 — BI% = 3(18x — B2 + ebs + £vr), with

(R | X150 ¢ (0 I - AR

s < 1+ v8Ind—!
s = 0072 ¢ (1+v8lnd~t)
(R (Dapp + Dx 18 = Bull) + 118 — Blls)?

(B Dy H 1 ).
t2
4 Dk
1 Dy AZ.d
5 < — 1+v8Ino-1) + 4——————16*,
a2d(1 +5f) 202 (1+§f)1n5*1 20%Ind!
ST 0728 0.073/2¢ 0.07

Moreover E[(Ely | X] — 7X)?] < Dfpp and Ay < Dg(, hence, using [|3x — B|lz < A||8 — 1] we transfer

the result in our KF notations, that is, 0; = ﬁt prL/2(— 1),61 = Hl,ﬁ = #*. We obtain, for any 0 < § < e~ 26 and
t > 62X (In(d) +1nd 1),

\«Amln
4 D% 2 D% 116,—0%|?
Ebs S 0 072 (Amin app tAmin pit (1 + W)
(S22 (Dapp + Dx[16°]) + 122212
+ Amin PP 2 2p1t (1n5—1)2> ’
e
5 < (1+V8Ins )+7Lln5’1,
a \/i Vv Amln 3
. 2d(1+065)  20%\/d(1+65)Iné~1  20%2Ins!
TS 0072t 0.073/2¢ 0.07t
. . é _ p* 2
041 — 0%[I3 < 3 <”12p1t” + €pbs + €vr> )
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with probability at least 1 — 4. For ¢t > % Ind~'asné—' > 1, we get

1 14 1 14+v8 2
0 < ——(14+V8Ind 1+ =--4/=4+1< 4+ 2" x19<2.
NG S tesVatis—5 T <

Thus, as Vab < P for any a,b > 0, we have

2 -1
i <3d WEL) +21n61>

S

= 0.07t \ 0.07 0.07
o2 6d
— 4+ 3Iné !
= 0.07t <0.07 o )
- 302(d/0.035 4+ Ind~1)
= 0.07¢

It yields the result. O

Lemma allows the definition of an explicit value for 7(e, ), as displayed in the following Corollary.
Corollary 24. Assumption[is satisfied for 7(e,6) = max(71(8), 72(e, 8), 73(¢, §)) where we define

_ D% ., 48D%  24D%
71(8) = max (12Amin (Ind+1né™ "), - In i)
241 (|16, —6*)2 D%, 4(1+V8Ind- 1) 302(d/0.035+Ins?)
ra(e,8) = + DX e
Amin 2101 Amin PP 0072 0.07

2py Amin PP 0.072 + 0.07

| 96s—1 6, — 6|2 D2
’7'3(575) = 0-072Arnin <|| - m H Anfi(n(l + V8h’1571)

1227 (16, —6*> D% _, 4(1+V8Ind1) 30%(d/0.035+Ind"")
In A ) + D 9

. 1/2
Dx ey o 10 = 7N s
——=(D D —F |
+ (TR D+ D10l + 1222 ) s
961 (6, — 6| D%
1 \/ -1
n 0-072Amin ( 2p1 ( * min)(1 * 8ino )
Dx 100 = 711" 1 5192
——— (D, Dx||6* ———— ) (Ind .
# (SR (D + D10l + 1222

Int

We recall that for any n < 1, we have == < nfort > 2n~'In(n~1), and we use it in the following proof.

Proof. of Corollary We define 6; = §/t2 for any ¢ > 1. In order to apply Lemma[23|with a union bound, we need

2 2 2 2
t> 65—’?(lnd+ Ing; b Ift > 125—{‘(lnd+ Ind~1)andt > 41\8& In 2[§1D_X, we obtain

t Wt
t> -+ —Vt
> 5+ Vit
D2 12D2
>6-—2(Ind+1né ')+ —XlInt, as Int </t

D2
=6-—2(Ind+1nd;").

min
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Th _ D% _1y 48D% ;.. 24D%
erefore, we define 71 () = max (12 (Ind +1nd~"), 7= In 5= ], and we apply Lemma [23] We get the
simultaneous property

A co 3 (116 — 012 D2 A(L+4/8In6;")  302(d/0.035 + In sy
||0t+1 | ||§: <2 H 1 || + X szp S + ( / t )
¢ 2 Aomin 0.07 0.07

12 161 — %> D% 3
1+4/8Iné
* 007222 ( P Amin( + no; )

D 0, — o I\? .
+( X_ Doy + D [6°])) + '”) <1n6t1>2>7 £> ()

\% Amln \% 2p1
with probability at least 1 — 45 5. t72 > 1 — § because 71(8) > 4.
tz‘f'l (5)

Thus, as Int > 1 for t > 71(8) and [|0;41 — 0|2 > Amin||f111 — 6*]|2, we obtain

10res — 0% < 6Int (6, — 6% N D% 2 A0+ V8Ind—1)  30%(d/0.035 +Indt)
G = Amint 2p1 Amin 2PP 0.072 0.07
48(Int)? [ |6y — 6*||]> D2
002A 2 s A}? (1++v8Ind—1)
D . 0, —0*|\° .
(T D+ Dl + 2L o 1>2> t2n0),
with probability at least 1 — ¢. Finally, both terms of the last inequality are bounded by £/2. O

From Corollary 24 we obtain the asymptotic rate by comparing 72(6) and 73(5). We write 72(§) =
2142((5) 111142((5),7’3 (5) = 2A3((5) 111143((5) with

app
P1 Am1n

_ p*||12
As(9) Si <||91 ’ ” Dk D \/1n(5‘1+02(d+1n6_1)>

e=1 (|16, —6*||> D% ( Dy 16, — 6%\ 2
A3(0) < VIins—1 4 [ 22X (Dayy + Dx|l6*]) + 2221} (ns-1)2 | .
3( ) Amin ( P1 Arnin V Amin( pp X” ”) \/pl ( )

where the symbol < means less than up to universal constants. As va +b < /a + Vb and vVab < a + b, we obtain

16, — 6*||2 D% 162 = 01\, s
A ,/ X \Ino-1 Dapp + Dx||07]) + 220 ) 1n g
3(6) Ao (\/ Ao + ,rmm( pp T 16%[]) + oy n

= (16 =61 | D% D 16— 0711\ 5
S m D D 0* w1 =7 1), 5 1 .
~V Amin ( p1 * Ain - \/m( app T Dx [[67]) + Tt n

Thus, as long as A

et (16 -6 T
< 2 —1 2
As(0), A3(9) < - ( . + Amm (1 + D;pp)VIné—t 4+ 0%d

Dx ||él — 07| 2) -1
+ [ ——=(Dapp + Dx||0*]|) + ——— +0° ) Ind .
(\/Amin( PP X” ||) \/171
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