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Idris Kharroubi* Thomas Limf Xavier Warin ¥
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Abstract

We study the approximation of backward stochastic differential equations (BSDEs
for short) with a constraint on the gains process. We first discretize the constraint by
applying a so-called facelift operator at times of a grid. We show that this discretely
constrained BSDE converges to the continuously constrained one as the mesh grid
converges to zero. We then focus on the approximation of the discretely constrained
BSDE. For that we adopt a machine learning approach. We show that the facelift can
be approximated by an optimization problem over a class of neural networks under
constraints on the neural network and its derivative. We then derive an algorithm
converging to the discretely constrained BSDE as the number of neurons goes to infinity.
We end by numerical experiments.

Mathematics Subject Classification (2010): 65C30, 65M75, 60H35, 93E20, 49L.25.

Keywords: Constrainted BSDEs, discrete-time approximation, neural networks approxi-
mation, facelift transformation.

1 Introduction

In this paper, we propose an algorithm for the numerical resolution of BSDEs with a
constraint on the gains process. Namely, we consider the approximation of the minimal
solution to the BSDE

T T
Y, — g(XT>+/ f(Xs,Ys,Zs>ds—/ ZodBo+ Kp—K,, t<T
t t

with constraint

Z € o' (X)C, dt®dP-—a.e.
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Here, C is a closed convex set, K is a nondecreasing process, B is a d-dimensional Brownian
motion and X solves the SDE

dXt = b(Xt)dt + O'(Xt)dBt .

This kind of equation is related to the super-replication under portfolio constraints in
mathematical finance (see e.g. [11]). A first approach to show existence of minimal solutions
was done in [9] using a duality approach. As far as we know the most general result is given
in [20] where the existence of a minimal solution is a byproduct of a general limit theorem
for supersolutions of Lipschitz BSDE. In particular, the minimal solution is characterized
as the limit of penalized BSDEs.

As far as we know, this characterization of the constrained solution as limit of penalized
BSDEs is the wider one. In particular, we cannot express in a simple way how the constraint
on the Z component acts on the process Y. Therefore, the construction of numerical scheme
remains a challenging issue. A possible approach can be to use the penalized BSDEs to
approximate the constrained solution. However, this leads to approximate BSDEs with
exploding Lipschitz constant for the generator which gives a very slow and sometimes
unstable converging scheme [I2]. Therefore, one needs to focus on the structure of the
constrained solution to set a stable numerical scheme.

Recently, [5] gives more insights on the minimal solutions of constrained BSDEs. The
minimal solution is proved to satisfy a classical L?-type regularity -as for BSDEs without
constraint- but only until 77~. At the terminal time 7, the constraint leads to a boundary
effect which consists in replacing the terminal value g by a functional transformation F¢[g]
called facelift. This facelift transformation can be interpreted as the smallest function
dominating the original function such that its derivative satisfies the constraint.

Taking advantage of those recent advances, we derive a converging approximation algo-
rithm for constrained BSDEs.

To this end we proceed in two steps. We first provide a discrete time approximation
of the constraint. Taking into account the boundary effect mentioned in [5], we apply the
facelift operator to the Markov function relating Y to the underlying diffusion X, at the
points of a given discrete grid. This leads to a new BSDE with a discrete-time constraint.
Using the regularity property provided by [5], we prove a convergence result as the mesh of
the constraint grid goes to zero. Let us mention the article [7] where a similar discretization
is obtained for the super-replication price. However the approach used in [7] is different and
consists in the approximation of the dual formulation by restricting it to stepwise processes.

We then provide a computable algorithm to approximate the BSDE with discrete-time
constraint. The main issue here comes from the facelift transformation as it involves all
the values of the Markov function linking Y to the underlying diffusion X. In particular,
we cannot proceed as in the reflected case where the transformation on Y depends only on
its value.

To overcome this issue we adopt a machine learning approach. More precisely, we
compute the facelift by neural network approximators. Using the interpretation of the
facelift as the smallest dominating function whose derivatives belong to the constraint set
C, we propose an approximation as a neural network minimizing the square error under the



constraint of having derivatives in C and dominating the original function. We notice that
this approximation turns the problem into a parametric one, which is numerically valuable.

Using the universal approximation property of neural networks up to order one, we show
that this approximation converges to the facelift as the number of neurons goes to infinity.
Combining our machine learning approximation of the facelift with recent machine learning
approximations for BSDEs/PDEs described in [I5], we are able to derive a fully computable
algorithm for the approximation of BSDEs with constraints on the gain process.

The remainder of paper is organized as follows. In Section [2], we recall the main assump-
tions, definitions and results on BSDEs with constraints on the gains process. In Section
we introduce the discretely constraints and prove the convergence to the continuously
constrained BSDEs as the mesh of the discrete constraint grid goes to zero. In Section
we present the neural network approximation of the facelift and propose a converging
approximation scheme for discretely constrained BSDEs.

Finally, Section [5| is devoted to numerical experiments. At first, we show that the nu-
merical approximation of the facelift by a neural network is not obvious using a simple
minimization with penalization of the constraints. This simple approach numerically gives
an upper bound of the facelift. We then derive an original iterative algorithm that we show
on examples to converge to the facelift till dimension 10.

At last the whole algorithm including the facelift approximation and the BSDE resolution
using the methodology in [I15] is tested on some option pricing problems with differential
interest rates.

2 BSDEs with a convex constraint on the gains-process

2.1 The constrained BSDE

Given a finite time horizon T' > 0 and a finite dimension d > 1, we denote by 2 the
space C([0,T],R%) of continuous functions from [0, T] to R?. We endow this space with the
Wiener measure P. We denote by B the coordinate process defined on Q by Bi(w) = w(t)
for w € . We then define on Q the filtration (F;);c[o,7) defined as the P-completion of the
filtration generated by B.

We are given two mesurable functions b,o : [0,7] x R? — R? R%*? on which we make
the following assumption.

(Hb, 0)
(i) The values of the function o are invertible.
(ii) The functions b, o and o~! are bounded: there exists a constant M, , such that
b(t,2)| + lo(t,2)| + o7 (t,2)] < Mo
for all t € [0,T] and = € RY.

(iii) The functions b and o are Lipschitz continuous in their space variable uniformly in
their time variable: there exists a constant Ly, such that

|b(t,$) - b(ta$/)| + |0(ta ‘/E) - O-(t’ $/)| < Lb70|x - $/|



for all t € [0,7] and z, 2" € R%.
Under Assumption (Hb, o), we can define the process X** as the solution to the SDE
S S
Xkt = g +/ b(r, X% )dr —|—/ o(r,X*)dB, , se€[t,T),
t t

and by classical estimates, there exists a constant C' such that

o s 1] <
s€[t,T)

for all (t,z) € [0,7] x R? and

E| sup \X;vx—xg’@'ﬂ < Ot —t| + |z —2')?) (2.1)
seltve! T

for all t,¢' € [0,7T] and z,2’ € R%

We now define the backward equation. To this end, we consider two functions f : [0, 7] x
R? xR xRY = R and g : RY - R on which we make the following assumption.

(Hf,9)
(i) The function g is bounded: there exists a constant M, such that
lg(x)] < M,
for all z € R%.

(ii) The function f is continuous and satisfies the following growth property: there exists
a constant My such that

[ty )l < Mp(1+ [yl +12])
for all t € [0,7], z € R%, y € R and z € R

(iii) The functions f and g are Lipschitz continuous in their space variables uniformly in
their time variable: there exists two constants Ly and L, such that

’f(t7xay7z) - f(t7$/7y,7zl)| S Lf("x - JJ/‘ =+ ‘y - y/‘ + ‘Z - Z,‘)
l9(x) —g(2')] < Lglz — 2|

for all t € [0,T], z,2’ € R%, 5,5/ € R and z, 2’ € RY,

We then fix a bounded convex subset C of R? such that 0 € C. For t € [0, T], we denote by
F* = (F{)sept,r) the completion of the filtration generated by (Bs—By)sept,7]- We define Sft’T]
(resp. H[Qt’T]) as the set of R-valued cadlag F'-adapted (resp. R%valued Ft-predictable)
processes U (resp. V) such that HUHS[% = E[supg 7 |Us|?] < 400 (resp. HVHH[% -



IE[ftT |Vs|?]ds < 4+00). We also define Aﬁ’ﬂ as the set of R-valued nondecreasing cadlag

Ft-adapted processes K such that K; = 0 and E[|K7|?] < +oo.
A solution to the constrained BSDE with parameters (¢, z, f, g,C) is defined as a triplet

of processes (U, V, A) € S[21; 7 % H[Qt ) % A[2t 7] such that

T T
U, - ﬂx@ﬂ+:/ ﬂ%xzaUmwgmp-/ ViadBy + Ap — A, (2.2)
Ve, € o(s,Xt%)7¢C (2.3)
for s € [t,T7] .

Under Assumptions (Hb,o) and (Hf, g) and since 0 € C, there exists a solution to

— given by
U = (My+1)eMT=9) 1, se[t,T), Ur = g(X3") (2.4)
and
Vs = 0, selt,T], (2.5)

for (t,z) € [0,T] x RY. We therefore deduce from Theorem 4.2 in [20] that there exists a
unique minimal solution (V4% Zb* K%%) to (2.2)-(2.3) : for any other solution (U, V, A) to
22)-(E3) we have

Yi® < U, seltT].

The aim of this paper is to provide a numerical approximation of this minimal solution
(Yt,x, Zt’x,Kt’$).

2.2 Related value function

Since Y%7 is F'-adapted, Y;"” is almost surely constant and we can define the function
v: [0,T] x R? — R by

o(t,r) = YU, (t,z) €[0,T] x R%.
From the uniqueness of the minimal solution to (2.2))-(2.3]), we have
YR = (s XE7)

for all (t,2) € [0,T] x R? and s € [t,T].

The aim of this paper is to provide a numerical approximation of this minimal solution
(Yte zbe K4%) or equivalently an approximation of the function v.

We end this section by providing some properties of the function v. To this end, we
define the facelift operator Fp defined by

Felpl(z) = Suﬂg{so(ﬂy)—éc(y)}, zeR?,
y€Rd



for any function ¢ : R? — R, where d¢ is the support function of the convex set C

de(y) = SUp 2.y . y R,
z

We recall that ¢ is positively homogeneous and convex. As a consequence the facelift
operator Fp satifies

FelFelel] = Felyl (2.6)

for any function ¢ : R% — R.
We have the following properties for the function v.

Proposition 2.1. The function v is locally bounded and satisfies the following properties.
(i) Time space regularity: there exists a constant L such that
w(t,z) —v(t,2)| < L(t—t)2 + |z —2|) (2.7)
for all t,t' €[0,T) and z,x" € RZ.

(ii) Facelift identity

v(t,z) = Felu(t,.)](z) (2.8)
for all (t,z) € [0,T) x RY.
(11i) Value at T~ :
lm ofta) = Relgl(x) (2.9

for all x € RY.

Proof. These results mainly relie on [5]. From classical estimates on BSDEs and the super-
solution exhibited in —, the function v is bounded.

The property is a direct consequence of Theorem 2.1 (a) in [5]. We turn to the
facelift identity. Fix ¢t € [0,T), e > 0 such that t+& < T and z € R?. Since (Y%®, Zt®, Kt7)
is the minimal solution to (2.2))-(2.3), its restriction to [¢, ¢+ ¢] is also the minimal solution
to

t+e t+e
Us = v(t+e, Xffg) + (u, X5% Uy, Vi )du — / ZLABy, + Ap — A
S

S
V., € o(s,X%)7¢C
for s € [t,t + €] . From Theorem 2.1 (b) and (c) in [5], we deduce that
ot +e, X)) = Felo(t+e,)1(Xh) -

From (2.7), we get (2.8]) by sending ¢ to 0. The last property is a consequence of Theorem
2.1 (c) in [5]. O



We end this section by a characterization of the minimal solution as the limit of penalized
solutions. More precisely, we introduce the sequence (Y"h% Z™h%) € S[t 7 X [t 7] which
is defined for any n € N* as the solution of the following BSDE

}/Sn,t,z — g(X;’x)

T
+/ (f(u, XLy zmbT) 4 pmax { — H(o ' (u, X5") 7t Z00), 0}>du
T
- / ZnhrdB, set,T], (2.10)
S

for (t,z) € [0,T] x R, where the operator H is defined by

H(p) = |;Tl_f(5c() yp), peR?.

We also introduce the related sequence of penalized PDEs
—Opun(t,z) — Lop(t,x) — f(t, 2, vn(t, x), 0(t,2) " Dup(t, x))

9y )
—nmax{—H(Duv,(t,z)),0} =0, (t,z)€[0,T) x R? (2.11)
(T, x) = g(z), =€ RY

where the second order local operator £ related to the diffusion process X is defined by
1
Lo(t,z) = b(t,x).Dp(t,z)+ §Tr(UJT(t,x)D290(t, z)), (t,z)€[0,T]x R,

for any function ¢ : [0,7] x R? = R which is twice differentiable w.r.t. its space variable.
As we use the notion of viscosity solution, we refer to [§] for its definition.

Proposition 2.2. (i) For (t,x) € [0,T] x R? the BSDE (2.10) admits a unique solution
(ymbr znte) ¢ S[t 7 X H[Qt 7y and we have

szn,t,ac — Un(S,Xg’x) , S € [t,T] s

where vy, is the unique viscosity solution to (2.11]) with polynomial growth.
(ii) The sequence (Y™%),>1 is nondecreasing and
lim Y™ = Y'Y P—a.s. forse|t,T)],
n—~+00
for any (t,z) € [0,T] x R%.
(i1i) The sequence (vy)n>1 is nondecreasing and converges pointwisely to the function v on

[0,T] x RZ.

Proof. (i) By the definition of the operator H, the driver of BSDE (12 is globally Lipschitz

continuous for all n > 1. From Theorem 1.1 in [17], there exists a unique (Y"h* ZmHe) €

S2 ) X H[t 7] solution to 1) for all n > 1. Then from Theorem 2.2 in [I7], we get that
R

[t’
the function v, : [0,7] x RY — R? defined by

va(t,z) = Y (tz) €[0,T]) x RY,



is a continuous viscosity solution to (2.11)). By uniqueness to BSDE ([2.10]), we get
YR = (s, X0, setT].

Using Theorem 5.1 in [19], v, is the unique viscosity solution to (2.11)) with polynomial
growth.

(i) From Theorem 4.2 in [20], the sequence (Y™%?%),~; is nondecreasing and converges
pointwisely to Y%* where (?t’“’, Zt’x) is the minimal solution to 1} with the constraint

H(oT(Xt9) 712t > 0,
for any (t,7) € [0,7] x RY. Since C is closed, we get from Theorem 13.1 in [22]
74 e o(Xb)Te
and (Yh®, Zb%) = (Vb Zb%) for all (t,z) € [0,T) x R%.

(iii) The nondecreasing convergence of v, to v is an immediate consequence of (ii). O

3 Discrete-time approximation of the constraint

3.1 Discretely constrained BSDE

We introduce in this section a BSDE with discretized constraint on the gains process.
To this end, we first extend the definition of the facelift operator to random variables.
More precisely, for s € [0,7] and L > 0, we denote by D Ls the set of random flows
R ={R"* (t,x)€0,s] x R%} of the form

R™ = o(X"), (t,z)€[0,s] xR?, (3.12)
where ¢ : R? — R is L-Lipschitz continuous. We also define the set D, by

D, = |JD,,.
L>0

We then define the operator §¢ s on D, by
Jes[RI" = Felpl(X"), (t,x) € [0,5] x RY,

for R € D, of the form (3.12]). We notice that the function ¢ appearing in the representation
(3.12) is uniquely defined. Therefore the extended facelift operator F¢ is well defined.
Moreover, it satisfies the following stability property

ReD,, = SQS[R] €Dy (3.13)
for all s € [0,7], L > 0 and (¢,7) € [0,T] x R%. Hence Fc s maps D, into itself.

We then fix agrid R={ro=0<r <...<r, =T}, with n € N*, of the time interval
[0, 7] and we consider the discretely constrained BSDE: find (YRt yRbte zRbz [RLT) ¢

S%ﬁ,T} X S[Qt,T] X H[Qt,T] X Aﬁﬂ such that

sz%,t,z _ ?Yzl,t,x _ Fc[g](X;lx) (3.14)



and

Rt Rt s Rt Rt s Rt

€T x xT X x
Yu )Ly — Yrk-;-f —|—/u )‘(s,?gs7 YS 7 ,ZS” )ds—/u ZS” st (3.15)
YuR’t’x = YNIZZ’t’z]l(rkyrHl)(u) 3C,rk [ff]t’z]l{rk}(u) (3'16)

for u € [rg,rp41) N[t T), k=0,...,n—1, and

n

R7t7 P R7t7 ~R7t7
K0T = N (VR - VR g cusr

k=0
for u € [t,T).
We also introduce the related PDE which takes the following form
vR(T,x) = 9™¥T,z) = Felg)(z), zeR?, (3.17)
—0, 0% (t, x) — LOR(t, 2)
—f(t,x,17R(t,x),a(t,x)TDf}R(t,x)) =0, (t,x)€ [rp,rrg1) x RY (3.18)

f}R(r,;_l,:v) = Fe[oR(rps, )](z), z € R?
and
VR(t) = 5% 2) () (8) + Fe[0R (¢, )(@) T gopy (3.19)

for (t,x) € [rg,rry1) x R and k=0,...,n — 1.
We first show the well-posedness of the BSDE ([3.14)-(3.15))-(3.16) and PDE (3.17))-
(3.18])-(3.19)), then we derive some regularity properties about the solutions.

Proposition 3.3. (i) For (t,z) € [0, T]|xRY, the discretely constrained BSDE (3.14)-(3.15))-
1' admits a unique solution (Y07, YRtz zRtz KRty ¢ S[Zth] ><S[2t,T] ><H[2t7T] XA[2t7T].
(ii) The PDE (3.17)-(3.18)-(3.19) admits a unique bounded viscosity solution (v, ™) and
we have

YL =R (s, X1 and Y{OUT = oR(s, X07), set, T,

for (t,x) € [0,T) x RZ.
(i4i) The family of functions (vV¥)r (resp. (0%)r) is uniformly Lipschitz continuous in the
space variable: there exists a constant L such that

|UR(t7 $) - ’UR(t,ﬂj/N < L|$ - $/|

for allt € [0,T) and z,x" € RZ.
(iv) The family of functions (V®)r (resp. (0°)r) is uniformly %—Hé'lder left-continuous
(resp. right-continuous) in the time variable: there exists a constant L such that

\UR(tjx) — vR(rk+1,$)| < Ly/rgs1—t
(resp. ]f)R(t,x) — 6R(rk,$)] < Lyt—rg )

for all R = {ro = 0,71,...,7n = T} of [0,T], t € (rg,7k+1] (resp. t € [rk,Tkv1)), k =
0,...,n—1 and z,z’ € R%.



Proof. We fix a grid R={ro=0<r; <...<mr, =T} of the time interval [0, 7.

Step 1. FExistence and uniqueness to the BSDE and link with the PDE. We prove by a
backward induction on k that (3.15))-(3.16) admits a unique solution on [ry, rj+1] and that
f@f’t’x, Yqj,j’t’x € D, and that

YR,t,x — UR(., Xt,a:) and Y/R,t,x — @R(.,Xt@)

with (v, 9%) the unique viscosity solution to (3.17)-(3.18)-(3.19) with polynomial growth.

e k =n—1. Since g is Lipschitz continuous, it is the same for F¢[g]. From (Hb, o) and
(Hf, g) the BSDE admits a unique solution (see e.g. Theorem 1.1 in [I7]). From Theorem
2.2 in [I7], the functions (v, 5%) defined by

R (t,x) = Y;R’t’x and 9%(t,x) = fftn’t’m , (t,z)€[0,T) x RY,

are the unique viscosity solution to (3.17))-(3.18))-(3.19) with polynomial growth. From the

uniqueness to Lipschitz BSDEs (see e.g. Theorem 1.1 in [I7]) we get
YL = R (s, X07)  and YSOUT = oR(s, X0"), s e [t,T],

for (t,x) € [rn_1,7,) x RL Then, from Proposition we have Y0 € D,. By ,
YT e D,

e Suppose the property holds for & + 1. Then fd;ff € D,. From Theorem 1.1 in [I7],
we get the existence and uniqueness of the solution on [rg,rg+1]. Then, from Theorem 2.2

in [I7] and Theorem 5.1 in [19], the functions (v, %) defined by

oR(tx) =Y and oR(t,z) = V0N (t,2) € [rp, rhg) X RY

are the unique viscosity solution to (3.17))-(3.18])-(3.19) with polynomial growth. From The

uniqueness to Lipschitz BSDEs (see e.g. Theorem 1.1 in [I7]) we get
YR = pR(s, X5%)  and Y&OUT = oR(s, X7, s e[, 1),

for (t,z) € [rg, Tre1) x RY.
From Proposition we also have }7}7,3” € D,. By 1) Y}f’t’z eD..

Step 2. Uniform space Lipschitz continuity. From the definition of the function v™, (3.13)
and Proposition we get a backward induction on & that

WR(t,z) —oR(t,2))] < Lilz — 2|

for all t € [rg,7x41] and z, 2’ € R? with

and

NI

Ly = SO (rp —rg1))2 (L3 + Clr — 7))

10



for k=0,...,n—1, where C' = 2L, + ng +(LyV 2)2. We therefore get
n—1

Ly = L[ +rj = et
j=k

n—1 ¢
+> Clregr — o) H O (1 rjyn — 1)
=k ik

n—1 n_l
< 20 rere o na )
j=0 7=0
T\n
< (12+oreer)(1+-)
n

for k =0,...,n—1. Since the sequence ((1+ %)”) . is bounded we get the space Lipschitz
/rL_
property uniform in the grid R.

Step 3. Uniform time Hélder continuity. From the previous step and Proposition [A7] we
get the Holder regularity uniform in the grid R.
O

3.2 Convergence of the discretely constrained BSDE

We fix a sequence (R™),>1 of grids of the time interval [0, 7] of the form

R .= {T6L=0<7“?<"'<7”n :T}, n>1.

Rn

We suppose this sequence is nondecreasing, that means R™ C R"*! for n > 1, and

n . n__ ,.n
R"| = 1?11%);”(% Th—1) 4>n_>+oo 0.

Theorem 3.1. The sequences of functions (07" ),>1 and (vR")n>1 are nondecreasing and
converges to v

. R™ o . ~R"™ _
ngrfoov (t,z) = ngrfoov (t,z) = wv(t, )

for all (t,x) € [0,T) x R
To prove Theorem [3.1] we need the following Lemma.

Lemma 3.1. Let u: [0,7] x R? — R be a locally bounded function such that
u(t,z) = Felu(t,.)l(z) (3.20)
for all (t,z) € [0,T] x R%. Then u is a viscosity supersolution to

H(Du) = 0.

11



Proof. Fix (t,7) € [0,T] x R? and ¢ € CY2([0,T] x RY) such that

0 = (u—y)(t,z) = min (u—p)(tz).
[0,T] xR
From we get
e(t,z) = Felp(t,))(@) . (3.21)

Fix y € C. From Taylor formula we have

1
ot,Z+y) = ¢t T) —|—/0 Dgp(f, st + (1 —s)(z+ y)).yds

Since 0 € C we have ey € C for any € € (0,1). Since d¢ is positively homogeneous, we get
by taking ey in place of y

1
6((5c(y) — /0 Dcp(f, T+ (1- s)ey).yds) = ot T)— (go(f,:i +ey) — 5C(5y)) .
Then from we get
1
oc(y) — /0 Dgo(i,:E +(1- 8)5y).yd8 >0

for all € > 0. Since ¢ € C12([0,T] x R?), we can apply the dominated convergence theorem
and we get by sending € to 0

de(y) — De(t,z)y = 0.
Since y is arbitrarily chosen in C we get

H(Dy(t,z)) > 0.

O]

Proof of Theorem[3.1} Fix (t,x) € [0,T] x R% Since the sequence of grids (R™),>1 is
nondecreasing and §¢ s[Y] > Y for any Y € Dy, using the comparison Theorem 2.2 in [I1],
we get by induction that the sequences (Y®"4%),~; and (YR"4%), 5, are nondecreasing.
Therefore the sequences of functions (7%"),>1 and (v®"),>1 are nondecreasing and we can
define the limits

w(t,r) = HETOOURH(t’:C)
w(t,x) = nETwﬁRn(t,x)

for all (t,x) € [0,T] x R%. We proceed in four steps to prove that v = w = 1.

Step 1. We have W = w < v. Still using the comparison Theorem 2.2 in [I1] we get by
induction

w(t,z) > w(t,z), (tz)el0,T]xRe.

12



Moreover, we get from Proposition [2.1| that (Y"1, 7 + Felg] (X;fc)]l{T}, Zb7) is a contin-
uous supersolution to (3.15) on each interval [}, 7}, ] N [t, T]. Therefore, using Remark b.
of Section 2.3 in [I1], we get by induction Y** > YR"4% for all n > 1. Hence

v(t,z) > w(t,x)

for all (t,z) € [0,T7) x R%. We now prove w = w. Fixn > 1, k € {0,...,x, — 1},
te[rp,rp,;) and z € R We have
I G R e (o | L (A R e (A [ e () I e (]

HO® (k@) = 07 (8 2)]
From Proposition (iii) we get

W (t2) = 5% (L)) < 2Ly/IRA + R () — 0 ()]

R™

Since v*" coincides with %" out of the grid R"™ we have

n n
RN »n Tk —|—rk+1
( ()]

2

@) = R0,

0" (g, ) = 0 ()] < R (g 2) — o

n n
Ty + T

+]57( 5

Still using Proposition (iii) we get
0% (11, 2) = 0% ()| < 2LV/IRY
and

WR" — R < 4AL\/|R"| —— 0.
n—-+00

Step 2. The function w satisfies
w(t,z) = Felw(t,.))/(z)
for all (t,z) € [0,T] x R%. We first prove

. Rn L R" _
nEI—IFloo Fe [U (tv )](l’) v (ta x) 0.
Fix n > 1. If t € R"™, then Fe[vR"(t,.)] —v®"(t,.) = 0 from (2.6). Fix now k € {0,..., k, —
1} and t € (rf, 77, ). Then, still using (2.6), we have v®(rf, |,.) = Fe[o®(rf,,.)]. There-
fore we get

[Fe[o™" (1, )] = ™" (t,)] < [Felo™ (ri, DIC) = Fe[o™ (¢,))]
o (i, ) =0 ()]
< 2sup ‘UR” (Thy1, @) — o (t, ).

rERY
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We deduce from Proposition (ii) that

sup | Fe[o™®" (t, )] (z) — v®" (t,x)] < 2L\/|R*"|] —— 0.
zeR n—-+0oo

Then we have

0 < Felw(t . )](x) —w(t,z) = Fe [ngrfoo o™ (t, )] (z) — ngrfoo o (t, x)
< ngrfoo Fe[o®"(t,)](z) = o™ (t,z) = 0.

Step 3. The function w is a viscosilty supersolution to

—Oyw(t,x) — Lw(t,x)
—f(t,z, w(t,z),0(t,z)Dw(t,z)) =0, (t,z)€[0,T)xR?. (3.22)
w(T,z) =g(x), zcR?,

We first prove that v®" is a viscosity supersolution to for any n > 1. Fix (¢,7) €
[0,T] x R and n > 1. If £ = T then we have vR"(£,z) > ¢(z). If £ ¢ R™ we deduce
the viscosity supersolution property from . Suppose now that ¢ = 7, for some k =
0,...,n—1. Fix ¢ € CY2([0,T] x RY) such that

0 = W -tz = i — ).
(v —@)(t, 1) [o,%lfw(” )

We observe that the Isc envelope v*" of ¥*" is the function 9*". We then have

0 = @ —p)fz) = min (@ —¢).
[rg,rngl]XRd

From the viscosity property of 9", we deduce that
atgp(ﬂ j) - ﬁgO(t_, f) - f(t_a Z, QO(t_, f)v U(t_a ‘%)D(lD(f? 'i')) > 0

and o™ is a viscosity supersolution. We now turn to w. Since " 1 w as n 1 +o00, we can
apply stability results for semi-linear PDEs (see e.g. Theorem 4.1 in [I]) and we get the
viscosity supersolution property of w.

Step 4. We have w = v. In view of Step 1, it sufficies to prove that w > v. From Lemma
and Step 2, w is a viscosity supersolution to H (Dw) > 0. Then from Step 3, we deduce
that w is a viscosity supersolution to (2.11)). By Theorem 4.4.5 in [2I] we get w > v,, for
all n > 1 and hence w > v from Proposition (iii). O

Corollary 3.1. We have the following uniform convergence

lim sup R (t,2) —v(t,z)] =
"0 (1.2)e[0,1) xQ
lim sup |0 (t, ) —v(t,z)] = 0

=00 (4.2)€[0,T) X Q

for every compact subset Q of R%.
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Proof. We first define the function © by
o(t,z) = vt ) lpm(t) + Felg)(@) iy (), (t,2) € [0,T] x R

From Proposition © is continuous on [0, 7] x R?. Fix a compact Q of R?. Using Dini’s
Theorem we get

li Rt x) — ot =
nJTooj‘elgW (t,z) —0(t, )]

1i ol (¢, z) — (¢, =0
A%igg'” (t,z) — o(t, )|

for every t € [0,T]. In particular, if we define for n > 1 the functions ®,, : [0,7] — R by

D, (t) = sup |an(t,x) —o(t,x)|, tel0,T],
zEQ

then (®,,),>1 is a nonincreasing sequence of cadlag functions such that

lim ®,(t) = 0

n—-+0o00

for all t € [0,7] and

lim ®,(t7) = lim sup 0™ (t,z)—o(t,x)] = 0

n—-+00 n—-+00 z€Q

for all ¢ € (0,7]. We then apply Dini’s Theorem for cadlag functions (see the Lemma in
the proof of Theorem 2 Chapter VII Section 1 in [I0]) and we get the uniform convergence
of (®,,)n>1 to 0. Since ¥ coincides with v on [0,7) x RY, we get the desired result. O

Corollary 3.2. We have the following convergence result

lim E |: sup ‘YRn,t,CC _ Yt,z‘Q] +E |: sup }?Rn,t@ _ Yt’x‘Q]
neee L) (t,T)

T
+E| / |Z7 e~z Pas| = o0,
t

for all (t,z) € [0,T) x R4,

Proof. We first write

n 2 n 2
sup |YFORT —y T = sup [oR7(s, XDT) —o(s, X0T)|7,
s€(t,T) selt,T)
sup ‘}7;3"” — Yst"’”‘Q = sup ‘1772” (s,X0%) — U(Sng’w)F :
s€ft,T) seft,T)

Since X has continuous paths, we get from Theorem [3.1

lim sup ‘YRn’t’a: — Yt’z‘Q + sup !?Rn’t’x — Yt’“”}Q = 0, P-a.s.
nEeO[T) [t,T)
By Lebesgue dominated convergence Theorem we get
lim E[Sup ‘YR",t,z _ Yt,xﬂ I E{sup }}N/Rn,t,m _ Yt,x‘2] _ 0
K ) [t.7)

15



By classical estimates on BSDEs based on BDG and Young inequalities and Gronwall
Lemma, we deduce

T
lim E[/ ZR e~ zb s = 0.
t

n—-+o0o

O]

4 Neural network approximation of the discretely constrained
BSDE
4.1 Neural networks and approximation of the facelift

We first recall the definition of a neural network with single hidden layer. To this end, we
fix a function p : RY — R called the activation function, and an integer m > 1, representing
the number of neurons (also called nodes) on the hidden layer.

Definition 4.1. The set MND of feedforward neural network with single hidden layer with
m neurons and the activation function p is the set of functions

m
zeRY Z)\ip(ai.m) eR,
i=1
where \; € R and a; € RY, fori=1,...,m.

For m > 1 we define the set ©,, by
0,, = {(/\i7ai)i:1,...,m N eERand oy € Rd for i = 1,... ,m} .

For § = (i, )i=1,....m € O, we denote by NN? the function from R? to R defined by
NN%=z) = Z)\ip(ai.x) €eR, zeR?.
i=1

We also define the set MM by

N o= o,

m>1

We suppose in the sequel that p is not identically equal to 0, belongs to C'(R,R) and
satisfies [; [¢/(z)|dz < +oo0. We denote by C*(R?,R) the set functions in C} (R?,R) with
bounded derivative. We then have the following result from [13].

Theorem 4.2. NN is dense in C’g(Rd,R) for the topology of uniform convergence on
compact sets: for any f € Cl} (R%,R) and for any compact Q of R?, there exists a sequence

(NN%)ysq of MNP such that

L——+o0
—_—

sup [INN%(z) — f(x)| + sup [DNN%(z) — Df(z)| 0.

z€Q z€Q
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We turn to the facelift approximation by feedforward neural networks. We fix bounded
and Lipschitz continuous functions ¢ and ¢y, £ > 1, from R? to R and a random variable
§. For € > 0, we define the sequence of parameters (6, _ ;)m.c¢ by

mes € arg min EU(NN" —¢)(©)[ 1, (5)} (4.23)
0 st. P(DNN(&) € Ce; (NN? — ) (&) > —e| (€ B.) =1
where DNN? denotes the gradient of NN, C. stands for the closed convex set defined by
C. = {yERd dr el |z —vy Se},

and B, stands for the ball B(0, %)

Proposition 4.4. Suppose Supp(P¢) = R? and that E[|¢[*] < +o00. Then, if ¢y converges
uniformly to @ on compact sets, we have

lim lim lim E[[(NNG;LMfFC[go])(f)\Q]lgg(é)} = 0. (4.24)

e—0m—~+00 f—+oo

Moreover, we have

lim lim lim IE[|(NN9:1M\/M/\(—M)—Fc[go])(g)ﬂ = 0. (425

e—=0m—+o00 f—+oc0

for any constant M > 0 such that || < M.
To prove this theorem we need the following Lemma.

Lemma 4.2. Let X and (X,)n>1 be positive integrable random variables such that

liminf X,, > X > 0, (4.26)
n—+o0o

and
limsupE[X,] < E[X]. (4.27)
n—-+o0o

Then, we have

ﬁ
X, 7t x .
P—p.s.

Proof. We argue by contradiction. Suppose the P-a.s. convergence of X,, to X does not
hold. Then from (4.26)), there exists some 7 > 0 and 2, C  such that P(£2,) > 0 and

liminf X,, > X +n on 2. (4.28)

n—-+00

From Fatou’s Lemma and (4.27)) we get
E[X] > E[liminfX,] > E[X]+nP(Q,)

n—-+00

which contradicts P(£2,) > 0. O
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Proof of Proposition[{.7) Step 1. We prove that for any ¢ > 0, there exists a sequence
(07,.c)m>1 such that 0, . € ©,, for m > 1, and

limsupE[|NN=(¢) - Felgl(€)]* | €€ B.| < e,

m——+00

and
IP(DNN%S € Co; (NNme —p)(¢) > e €€ BE) = 1,

for £ and m large enough.
To this end, we introduce the sequence of mollifiers 1, : R — R, , n > 1, defined by

Yn(z) = ndip(nz), reR,

where the function ¢» € C*°(R? R, ) has a compact support and is such that Jpa (u)du = 1.
We then define the functions ¢,, n > 1, by

oule) = [ wnl)Feldla -y, R,

Since ¢ is Lipschitz continuous and bounded, F¢[¢p] is also Lipschitz continuous and bounded.
From classical results, we know that ¢,, converges to F¢[p] as n goes to infinity uniformly
on every compact subset of R. Moreover, ¢, € C®(R? R, ). Since F¢[y] is Lipschitz con-
tinuous it is almost everywhere differentiable by Rademacher Theorem and we get from the
dominated convergence Theorem

Doua) = [ duDFelel(e =iy
From Lemma we have DF¢[p] € C almost everywhere on R?. Since C is convex, we get
D¢n(z) € C (4.29)

for all z € R? and all n > 1. Fix now € > 0. Then there exists n. € N* such that

€
sup | Fele](@) — on (@) < (4.30)
r€B:
From Theorem @ there exists a sequence (6, .)m>1 such that
sup [NN%me — ¢, | +sup [DNN’me — D¢, | ——— 0. (4.31)
B. B, m—>+00
We therefore get from (4.29)), (4.30)) and (4.31])
/ / 2
(o < e s % fecn) - 1.

for m large enough. From the local uniform convergence of ¢, to ¢, we get

P(DNN"e € Coi (NN"ne =€) 2e|€€B) = 1,

18



for ¢ large enough. Moreover, we have from (4.30]) and (4.31)

limsup B[N N%e (€) — Fel](€)* | € € Bs} < 2lim SupEDNN%,E@ — dn (O | € € Be]

m——+00 m——+00

+2E[,¢ne (€) — Felel(€)I* | € € Be]

62

< —.
-2

Step 2. From the definition (4.23)) of 6}, _, we get

E[[(NN%ee — o) (@)* |€ € Be] < E[|(NN®ne —0)(©) | € € B .

By sending ¢ and m to oo, we get from Step 1

limsuplimsupIEU(NNH:'%&JZ — gpg)(&)}Q ’ I Bg] <

m—+00 f—+oo

(E[l(rld - ) ©F [ce B] +/2)". (4.32)

Hence, we have

limsuplimsuplimsupE[‘(NNH:WJ — gpg)(f)}Q | €€ BE] < ]E“(Fc[gp} — gp)(g)ﬂ . (4.33)

e—=+0 m—+o0 f—4o00

We now define the local facelift operator F_ by

Fe[9l(z) = L {o(z +y) —de. ()}
y€ERY : z+yEB.

for a locally bounded function ¢ and z € B.. We observe that
NNPmet > Fglp]—¢ on B.. (4.34)

Indeed, from Taylor’s formula and since DN N Ot € C. on B, we first have

1
NNG:”!EJ(.I') — (NNQ:"’EJ (x+y) —oc. (y)) = / (505 (y) — DN NOm.c.c (x + sy).y)ds > 0

; >
for all z € B, and y € R such that « +y € B.. Therefore
NNPmee = F5[NN’met] on B..
Since (NN%m.et — ,)(€) > —¢ on B. we have
NN%met = F§[NNmet] > Fglp]—¢  on B.. (4.35)

From the uniform convergence of ¢, to ¢ on compact sets, we have

(FE [pd] — Fele))(©)1p.(6) ——2 5 0. (4.36)

e—0, f—+o00
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Therefore, we get

lim inf lim inf lim inf (NN%mee — o) (E)15.(€) > (Felg] —¢)(€) > 0,

e—0 m—+4o00 {—+oo

and

lim inf lim inf lim inf (NN%e0 — o) 2()1p.(6) > (Felgl —9)°(€) . (4.37)

e—=0 m—+o0 f—+oo

From (4.33), (4.37) and Lemma [4.2] we get

(NNner — o) ()15, (€)

We deduce from (4.35)) and (| -

(NNmet — Fel]) (€)15. ()

P—p.s.

(Fele] — 9)°(€) -

e—0,m—~+o00f—+00

P—p.s.
0.

e—0,m—~+00,f—~+00

We then notice that since DNN%met € C. on B, and C is bounded, the family NNOmee
satisfies a uniform linear growth property for € in the neighborhood of 0. Since Fg[y] is
bounded and E[|¢[?] < +oco, we can apply the dominated convergence Theorem and we get

(4.24]) The last result (4.4)) is a consequence of (4.24)), the square integrability of £ and the
bound |Felp]| < M. O

4.2 The approximation scheme

We fix an initial condition X at time ¢ = 0 for the diffusion and we write X for X%¥o.
We first fix two time grids

e a constraint grid R={ro=0<r <...<r, =T},

e a family of grids m = {my, £k =0,...,k—1} where 7, is a grid of [rg, rg+1] of the form
T = {tk,O =1 <...< tk,nk = ’f‘k+1} . We set |7['k| = maxizoyl_.nk_l(tkyiJrl — t]m').

We denote by X™ the Euler scheme of X related to the grid 7. It is defined by X§ = X
and

ch,iJrl = Xgm + b(tkyi, X&Z)Atkﬂ + U(tk,i, X&Z)ABM’Z
Z;+1,0 = Z;,nk
with Atg; = tgi+1 —tki and ABy,, = By .., — By, for k=0,...,x—1and i =

0,...,m — 1. We then introduce the function F : [0,7] x R? x R x R% x [0,7] x R = R
defined by

F(t7 x?y? Z7 h7 A) = y_f(t?'x?y? z)h+Z'A

for (t,z,y,2,h,A) € [0,T] x R? x R x R% x [0,7] x R% We fix two multi-parameters
e = (e0,€1,.--,6x) and m = (m,m3, m3, mi, m2 m3, ... ... ,mi  m2 1 m3_ ml) and

two positive constants M and L. We define {VRﬁem}giff;fk ! and (V&Wsm)ng;fk ! by
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the following algorithm.

Algorithm 1: Global approximation scheme.

VETe™ = PRTe™ = NN%o A (=M)V M
where
2
€ argmin]EHNN@(X;)—g(X;) |X§«€BEH]

6 €O, st. P(DNN"(X;) €C..i NNY(XF) > g(XF) — e, | XF € BEN) ~1.

for k=x—-1,...,0do

where

(000 € argmin  E[|NN%ea(xp )
(9,0)6@7”;2 X@de >
g k

B

0 T
0€0,, st P(DNN'(X], ) € Cay

0o € argminEHNNe(XZ;’O)/\(—M)\/M—NNé:’*O(XtT;,O)
mj,
- L+1

0= (N\i,a; ; © .t Aiag| <
i @)1 igmp € Op 4. | 3 hiel < 1o

=1

0ro € argmin IEHNNGZJ(XZ; D)
(0,0)€0, 3 x0 ’
37 %m3

—F (tr0, X7y o, NN°(XF ), NN°(XT, ), Atr o, ABy, )

end

g

R,mem __ R,mem OR.mem  _ yZR,mem
Vk,nk = Vk+1,o and Vk,nk = Vk+1,o
fori=n;—1,...,1do
HyR,mem R,mem 0% ;
Vii = Vi = NN

. 2
NN‘g(Xt’;’i),NN‘g(X{;’I_),AtW,ABtk’i)‘ } .

_F(tk?,i7XtT;’i7
end
V}féme,m — NNQI:O/\(—M)VM and f}]’féﬂ,e,m — NN
where

. 2
Oio € argminE[|[NN’(X )= NN o(X7 ) A (=M) v M| | X7, , € B.,]

NNY(XT, ) = NN (Xf, ) A (=M)V M —ex | X7, , € Bo ) =1,

2
! XZ;,O € Bsk}
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We choose the constants M and L such that the functions v are L-Lipschitz continuous
and bounded by M. We recall that such constants exist from Proposition [3.3]

R,m,e,m T 0<k<k-—1 YR, m,e,m T 0<k<k—1
The sequences {V;; (X7, )} oZicn,  and {V;7 (X7..)Y0<i<n,—1 play the role of
<k<n— <k<k— :
ggfé_:k Yand {thl 85%& respectively. We then also define the

approximation {Zl?iﬂ}géffﬁk__ll of the process ZR by

. . R
approximations for {Y;;* }

%,ff — NNOi (X7 ),

fork=0,....c—landi=0,...,np — 1.

4.3 Convergence of the approximation scheme

To study the behavior of the approximation Algorithm [I} we make the additional standing
assumptions on the drift b, the diffusion coefficient ¢ and the driver f.

(Hb, o)’ There exists a constant Ly , > 0 such that
bt 2) = b(t',2)| + lo(t,2) = o(t',a)| < Lo (Jt =13 + o —/|)
for all (t,x) and (¢, 2') € [0,T] x R%.
(Hf)* There exists a constant Ly > 0 such that
oy, 2) = (2 y ) < Le(ft =t +la—a| +ly— |+ ]2 =)
for all (t,x,y,2) and (t',2',y/,2') € [0,T] x R? x R x R%.
We next define the error Err™% related to the grids = and R

R,m.e,m 2
Err™R = max max E[ yR _prmem xm }
em k=0,....5—1i=1,...,nk | tk,i kyi ( tm”

R SR, TLEM T 2
+ max o max B[R -V5mmxy )
k=0,...—1i=0,....np—1 | bhi ki ( t’w){
nl ety -
: ~ 2
+B[Y [ 2 - B ]
i=0 Ytk
We then have the following convergence result.
Theorem 4.3. We have the following convergence
lim lim lim lim lim lim lim
no—+00m3—+400 10 ml s+o00 m2—+oo M1 =10 mi 400

lim lim lim lim lim lim lim Err?:ﬁ = 0.

€x-1=0ml  —stoom?2 | —+ooMk—-171+00m3 | —4o00es=0ml—4o0

To prove Theorem we need the two following lemmata.

Lemma 4.3. Let ¢ and @y, £ > 1, be functions from R¢ to R. Suppose there exists constants
L and M such that ¢ and g, £ > 1, are L-Lipschitz continuous and bounded by M. Let &
be a random variable such that Supp(P¢) = R? and suppose also that

Elle©) = ()] —— 0. (4.38)

£—~+00

Then @y converges uniformly to @ on compact subsets of R.
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Proof. From Ascoli Theorem the sequence (¢y),>1 is compact for the convergence on com-
pact subsets of R?. Let ¢ be an adherence value. Then, up to a subsequence

suploe — @] — 0
K f—+00

for any compact subset K of R%. From (4.38)), we deduce that ¢(£) = ¢(&) P-a.s. and since
Supp(P¢) = R? we get ¢ = ¢ on RY, O

The next results shows that for the approximation of a bounded and Lipschitz contin-
uous function, we can restrict the neural network weights to a given bound.

Lemma 4.4. Let ¢ and @y, £ > 1, be functions from R? to R and & be a random variable
satisfying conditions of Lemmal[{.3 Suppose the activation function p is differentiable with
p'(0) # 0. Define the sequence (05, ))m.e>1 by

* = argminEHNNg(f)\/(—M)/\M—We(f)m

m,f
" L+1
0 = (Ni, ai)i<i<m € Om 8.t | Y Nioy| < .
- Z; 1'(0)]
Then
lim  lim E[[NN’me(€) v (~-M)AM —p@€)*] = 0. (4.39)

m——+00 f——+o0
Proof. Using a mollification argument, we can assume w.l.o.g. that ¢ € C*(R% R). From
Theorem we can find a sequence (0,,)m,>1 such that 6, € O, for m > 1 and
(NN DNN%),.~; converges uniformly to (¢, Dy) on compact sets. We therefore get
for m large enough

m

L+1
DR I ———
2 Nl 7 0)

where 0, = (A", a!"

T al™)1<i<m. From the definition of 0;75 we have

E[[NNPme() v (-M)AM —p(€)*] < 2E[[NN*me(€) v (=M) A M — (&)

+2E[|0e(€) — @(6)[?]
2E[| NN (€) v (~M) A M — oo(€) ]

+2E[|pe(€) — (&)]

IN

which converges to zero as £ and m goes to co. O

Remark 4.1. If we suppose the derivative of the activation function p is bounded by a

constant C' then, the condition |y " Ny < ‘5‘(*'01)‘ restricts to neural networks that are
C L+1

T/ (0] Lipschitz continuous.
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Proof of Theorem [{.3 We recall that for (t,z) € [0,T] x RY, (YR4H2 ZR:47) ig defined by
(3.14)-(3.15)-(3.16|). From Proposition [2.1]and classical estimates on Euler scheme we have

Rotk,0.X{ 1127
max = max E[‘Yf =Y, 0]
k=0,....k—1i=1,...,ny ki ki
~ ~R7tk,O’XzT 27
+ max max IEUYtR -Y, k’o‘ (4.40)
k=0,...,k—1i=0,...,np—1 ki ki i
k—1 nE—1 tk,z’+1 = Rytk,Osz;C 012 -
+>E[Y 1ZF -z, " Pa] — o,
k=0  i=0 Ytk :
as maxo<k<x—1 |mx| — 0. From Proposition we have
. . R,m,em 2 T
lim  lim E[ mem g, (X ] ~- 0.
£n0 m}{_}_’_oo ‘(Vﬁ:—Lnﬂ,l C[g]) Bsn‘ ( n—l,n,@_l)

Since Fglg] is Lipschitz continuous, we get from Theorem 4.1 in [15] and Corollary 2.2 in
[14]

Ritn-1,0,XF, -
: . . . 0. X7 em
lim lim lim lim max E[‘Yt _ YT (X )
Nk —1—>100 m3 1 —+oo ern—=0ml—+o0t=1,...,nx_1 k=1, ’ =t

—

97

~Ritk—1.0 er - -
’ k1,0 HZR,mem T 2
+i:0,,T§§1—1E|:‘}QK71,i VI{—L’L‘ (th’z)| |
[ R

—Litl o Ritk—1,0,X7 = :

E ’ 1,0 R, |2 .

+E|: ’Zt - ZH*L’L’| dt - 0 .

i=0 1 -

k—1,%

From Proposition Lemmata [4.3] and [4.4] and the previous convergence, we get

lim lim lim lim
€k—1—0 mi_lﬁ+oo mi_lﬁJroo Nk—1—+00

lim lim Iim E

m271—>+oo er—=0ml—+o0

R’tﬁ—l,():Xﬂ-
[‘ k—1,0 k—1,0

tK/71 R,’TI', ) 2
}/; IO_V Em(Xz-;_l,o)‘ :| — 0

Repeating this argument for each k =k — 2,...,0, and using (4.40|), we get the result. [

We end this section by a convergence result for the constrained solution. Take (R)s>1
a nondecreasing sequence such that

0 ¢ 0
R = lgg;z(?“k Th—1) —W)o 0,
and define
) R s |2 n—l ooty ZRE 712
Errep = Z.:gnag_lE[m—Vi T (XE) ]+E[Z a2 dt}-
i=0 i

From Corollary and Theorem [4.3] we obtain the following result.

Corollary 4.3. We have the following convergence

lim lim lim lim lim lim lim lim
l—=+00n0—=>+00 m3—+00 €120 mi 5400 mI—+oo M1 >+0mI—+oo
. . . . . . . /\71-76
lim lim lim lim lim Iim lim FErr = 0.

e,m
€r—1—0 mi71—>+oo mi71—>+oo Np—1—>+00 mi71—>+oo er—=>0ml—+o0 ’
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5 Numerical results

5.1 Neural network approximation

In the sequel we first show that we can approximate the facelift easily with neural networks.
In a second part we test the global algorithm evaluating the BSDE with constraints.

5.1.1 Testing the facelift approximation of a function ¢

Testing many penalizing function, it turns out that the use of simple Relu function is
the best way to simply penalize the constraints introducing a second small parameters
€1. This function prevents the problem of vanishing gradient that may appear using some
regularization of some heaviside function for example.
We propose to use a L1 norm on the distance to the target and the penalty terms giving
coefficients of the neural network satisfying
DNN°(¢) —z||x
0r,. € ar minE[NN‘)— + min | +
m.e g uin E|| #l(€) + min
+

(o = NN%)(©)) ]

€1

€1

(5.41)

where £ is an uniform r.v. in B..

Remark 5.2. The use of a Lo norm for the distance to the true function or/and the
different constraints does not give results as good as with the objective function above.

Using a neutral network, we have no certainty to get the facelift of a function ¢. The
problem is not convex and we face a dilemma:

e cither we use a rather high penality coefficient €2 and may not satisfy the constraints,

e cither we set a very small e5 and the distance between the estimated facelift and the
function is only seen as some noise by the gradient descent.

As we want to use a rather small e parameter, we will get solutions above the real facelift.
We then propose to use the iterative algorithm [2] that successively approximates the facelift
by above.
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Algorithm 2: Iterative algorithm for facelift calculation of a function ¢.

Input: Function to facelift ¢

DNN? (&) —
6> € arg min IE[|NN9 — l(€) + min | (€ —alh
kl c m

zeC €1
«w—NN%@»j

€1

for k=1,...,K do

DNN? (&) —
ok e argamén EDNNQ — ¢[(§) + min I €) ~ 2l +
’ €O,

zeC €1
«w—NN%@»*+«NN%?I—w@»T
€1 €1
end
Output: 9;}5

We test three activation functions ReLU, tanh and ELU with the bounded set
C={z eR/||z|| < d},

for different values of d.

ELU is the less effective while ReLLU gives results slightly better than tanh. In the sequel
ReL.U is taken for numerical results. As for the number of hidden layers, one layer appears
to be insufficient and 3 does not bring any improvement comparing to two hidden layers.
We have to take at least 100 neurons per layer to get very good results. In the sequel we
take 200 neurons.

In the numerical results we take mini batch of size 1000 with the Adam optimizer [16]
using a learning rate equal to 0.001. We stop the algorithm after 100000 iterations and
every hundred iterations we do a more accurate estimation of the loss with 10000 particles
keeping the best network obtained during iterations.

We test the algorithm on a fixed convex set depending on the test case.

First case For the second test case we use the payoff of a butterfly function
ox)=(x—-08)T —2(z—1)" + (z —1.2)T.
The facelift function is peacewise linear given for d<1 by

0 (r) = (1 —dlz —1))*.
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0150 0150 0150

0125 0125 0125
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0075 0075 0075

0.050 u 0.050 u 0,050 u
—— Analytic face lift —— Analytic face lift —— Analytic face lift
0025 — Facelift estimated 0 0025 — Facelift estimated 0 0025 — Facelift estimated 0
— Facelift estimated 1 — Facelift estimated 1 — Facelift estimated 1
0.000 — Facelift estimated 2 0.000 — Facelift estimated 2 0.000 — Facelift estimated 2
04 o6 08 10 12 14 16 18 04 o6 08 10 12 14 16 18 04 o6 08 10 12 14 16 18
1 1 1
200 50 10

Figure 1: facelift approximation for different values of €s for the first case with d = 0.75,
K = 2. On each figure, we give the results obtained for each iteration of the algorithm.

0.200 0.200 A 0.200
0175 0175 0175
0.150 0.150 0.150
0125 0125 0125
0.100 0.100 0.100
0,075 0,075 0,075
0.050 v 0.050 v 0.050 v
Analytic face lift Analytic face lift Analytic face lift
0.025 — Face lift estimated 0 0.025 — Face lift estimated 0 0.025 —— Face lift estimated 0
— Face lift estimated 1 — Face lift estimated 1 — Face lift estimated 1
0,000 — Face lift estimated 2 0.000 — Face lift estimated 2 0.000 — Face lift estimated 2
04 06 08 10 12 14 16 18 04 06 08 10 12 14 16 18 04 06 08 10 12 14 16 18

Figure 2: facelift approximation for different values of e for the first case with d = 0.5,
K = 2. On each figure, we give the results obtained for each iteration of the algorithm.

On Figures we give the facelift obtained for different values of e; and d. For a
small constraint (cz = 7.5), the facelift is calculated very well for all penalty even with one
iteration of the algorithm meaning that a simple resolution of is sufficient enough.
For a smaller value d a quite high penalty value is necessary to get a good result with at

least two iterations of the algorithm.

Second case We want to calculate the facelift of the function
o) =4[z —0.8)" —(x — )]+ (z — 1.2)" (5.42)
on set [0.6,1.4]. The facelift function is obviously piecewise linear and given for d < 4 by

4(x = 08)" — (z; — )]+ (2, — 1.2)7, z>1

) 5.43
0.8 —dlz — 1))+, =< 1. (5:43)

oo (z) =
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02 — Face lift estimated 0 02 — Face lift estimated 0 02 — Face lift estimated 0
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00 — Face lift estimated 2 00 — Face lift estimated 2 00 — Face lift estimated 2
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Figure 3: facelift approximation for different values of e; for the first case with d

2,

14 14 14
12 12 12
10 10 10
08 08 08
06 06 06
04 04 v 04 M
—— Analytic face lift —— Analytic face lift —— Analytic face lift
02 — Face lift estimated 0 02 — Face lift estimated 0 02 — Face lift estimated 0
— Face lift estimated 1 — Face lift estimated 1 —— Face lift estimated 1
00 —— Face lift estimated 2 00 —— Face lift estimated 2 00 —— Face lift estimated 2
04 06 08 10 12 14 16 18 04 06 08 10 12 14 16 18 04 06 08 10 12 14 16 18

_ 1 _ 1 _ 1
€2 = 300 €2 = 55 €2 = 35

~

Figure 4: facelift approximation for different values of ey for the first case with d
K =2.

L,

On this test case, at least 3 iterations of the algorithm are necessary to reach a good
accuracy. As before, since the constraint is higher, the algorithm faces difficulty to reach a
very good accuracy.

Third case For this third case, we take

sin(2z)

o(z) =log(l +€%) + 4W.

On Figure[5] we give the function value obtained with different values of €3 using 3 iterations
of the algorithm for different size d .
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10 + 10 4

u
Face lift d =1.0
—— Faceliftd =2.0
—— Faceliftd =20.0

u
Face liftd =1.0
—— Faceliftd =2.0
—— Faceliftd =20.0

T T T T T T T T T T T T T T T T T T
-10.0 -7.5 =50 =25 0.0 2.5 5.0 7.5 10.0 -10.0 -7.5 =50 =25 0.0 2.5 5.0 7.5 10.0

_ 1 _ 1
€2 = 100 €2 = 1

Figure 5: facelift approximation for different values of d for the third case.

As we can see on Figure[6] constraints are well respected for test case 3.

6 6
4 44
2 B 2 H

— dF — dF

01 dF Face liftd =1.0 09 dF Face liftd =1.0
—— dF Faceliftd =2.0 —— dF Faceliftd =2.0
—— dF Facelift d =20.0 —— dF Facelift d =20.0
-2 T T T T T T T T T -2 T T T T T T T T T
-10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5 10.0 -10.0 -7.5 =50 =25 0.0 2.5 5.0 7.5 10.0
1 1
€2 = T0o €2 = 15

Figure 6: Derivative of the facelift approximation for different values of ey for the third
case

5.2 Results in higher dimension

We extend the ¢ function given by (5.42)) in higher dimension by

&.M—‘

d
Z —0.8)Y —(z; — DT+ (2 —1.2)", zeR?. (5.44)

As before the facelift can be calculated analytically for dd < 4 as

&M—‘
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where cpg is given by equation ([5.43)). )
We test the accuracy of the facelift calculated N N%< in different dimension by plotting

*,k
E[(NN% — o%)%(6)]
with respect to k for es = ﬁ for different values of d and d.

Remark 5.3. Taking a very small value permits to get better results in high dimension but
increases the number of iterations for easier cases.

On Figure[7] we plot the error due to the algorithm with respect to number of iterations
for different dimensions. Iterations are stopped below 10 when errors starts increasing
meaning that the solution estimated is below the true one. In real application, a check on

the Lo difference between the estimation and the function to facelift is used to stop the
iterations.

— d=3 0.008 1
0.008 § -
d=2
. 0.007 4
—_—d=1
0.006 §
0.006 §
&£ &£
% 3 0.005
o o
& &
§ 0.004 g 0.004
g g
= 5 0.003
0.002 - 0.0024
0.001
oo00{ 020 =i 0.000 §
T T
[} 2 4 6 8 ] 2 4 6 8
Iteration number Iteration number
0.006 1 — dd=3 0.08 1
dd= 2
0.005 4 e dd=1 007
0.06
£ 0.004 &
© © 0.05
S S
&8 T r—e— = £
£ 00034 < 004
. P
e 2
= <
U 50024 o 0.03
0.02
0.001 4
0.01
0.000 0.00
T T T T T T T T T T T T T
[} 1 2 3 4 5 6 7 ] 2 4 6 8
Iteration number Iteration number

Figure 7: Error with respect to the number of iterations

As expected, the convergence in dimension 10D is harder to achieve and hard constraints
(small d) are difficult to solve.
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5.2.1 Solving the BSDE with constraints

In this section we propose to solve the problem of option pricing with differential interest
rates [3] adding a constraint on the number of shares held in the portfolio. The forward
process is given by the Black Scholes model

S S
X =g +/ qufdu—i—/ cXb*dB,, s€lt,T).
t t
The driver is given by

ft,2,y,2) = —ry —z(o " (p—1)2) = (R=1)(y — 2.0 '2)).

As the facelift is calculated by a neural network, it seems natural to solve the transition
problem between two time steps by the same methodology. Currently two effective methods
have been developed to solve this problem [I5] and [2]. It turns out that the method given
in [I5] is more accurate than the method given in [2]. Then we apply the method given in
[15] as described in the previous section to our problem. We decide to apply the constraint
after each resolution so we take ni = 1 in the implemented algorithm.

The parameters are taken as follows: we keep as for the facelift calculation two hidden
layers with 200 neurons. For the activation function we keep the tanh function used in
[15]. The size of mini batch is taken equal to 1000, and we check the convergence every 100
epoch iterations. When reduction of the loss is not effective enough we reduce the learning
rate with the methodology explained in [6]. Total number of iterations is limited to 50000
for each time step. Numerical test show that the number of neurons could be lower and
the activation function could be a ReLLU or ELU : taking 50 and 100 neurons gives very
similar results for activation functions listed above.

In one dimension, we give the results obtained for the second payoff function used in Section

We take T'= 1, r = 0.05, p = 0.07, 0 = 0.3, = 1 for the initial asset value. The
convex set is a ball of radius ci, €9 taken equal to 5—10 and the number of iterations K in
algorithm [2| equal to 2. We give results obtained for different value of R. Taking R = r, we
get a semi analytical value by taking the expectation of the facelift payoff of the process
under the risk neutral measure as explained in [4]. This expectation is calculated by taking
1e7 trajectories.

When R # r, no solution is available for this non linear problem. In Tables we give
the results obtained with 20 time steps for different values of d. We give the average of 5
calculations and the standard deviation of the results. Notice that without constraints and
R = r, the analytical solution is 0.558.

~ ~

d=3 d=2
R 0.05 | 0.07 | 0.09 R 0.05 | 0.07 | 0.09
Analytical | 0.591 Analytical | 0.648
Numerical | 0.598 | 0.612 | 0.627 Numerical | 0.653 | 0.661 | 0.669
Std 0.004 | 0.002 | 0.0008 Std 0.001 | 0.002 | 0.003

Table 1: Results obtained by neural network algorithm for payoff using 20 time steps
(n=21)
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R 0.05 | 0.07 | 0.09
Analytical | 0.736
Numerical | 0.742 | 0.743 | 0.744

Std 0.003 | 0.002 | 0.0009

Table 2: Results obtained by neural network algorithm for payoff using 20 time steps

(n=21),d=1.
5.2.2 Results in higher dimension

In this section we take R = r such that we get an analytical solution and we use the previous
algorithm with the payoff (5.44)).

Table 3: Results obtained by neural network algorithm for payoff using 20 time steps
(n = 21) with e, = =5

d 2 4 6

dd 3 2 1 3 2 1 3 2 1
Ref | 0.591 | 0.648 | 0.736 | 0.591 | 0.648 | 0.736 | 0.591 | 0.648 | 0.736
Num | 0.592 | 0.644 | 0.739 | 0.591 | 0.637 | 0.722 | 0.591 | 0.631 | 0.707
Std | 0.002 | 0.002 | 0.001 | 0.002 | 0.003 | 0.003 | 0.001 | 0.002 | 0.002

Table 4: Results obtained by neural network algorithm for payoff using 20 time steps
(n = 21) with €z = 555

d 2 4 6

dd 3 2 1 3 2 1 3 2 1
Ref | 0.591 | 0.648 | 0.736 | 0.591 | 0.648 | 0.736 | 0.591 | 0.648 | 0.736
Num | 0.598 | 0.6550 | 0.760 | 0.602 | 0.653 | 0.749 | 0.607 | 0.654 | 0.749
Std | 0.005 | 0.003 | 0.006 | 0.002 | 0.001 | 0.013 | 0.003 | 0.002 | 0.008

As noticed before, since the constraints gets tighter, the results are not as good. Taking
a very small € gives results with a higher standard deviation.

A Regularity estimates on solutions to parabolic semi-linear
PDEs

We recall in this appendix an existence and uniqueness results for viscosity solution to semi-
linear PDEs. We also give a regularity property with an explicit form for the Lipschitz and
Holder constants. Although, this regularity is classical in PDE theory, we choose to provide
such a result as we did not find any explicit mention of the dependence of the regularity
coeflicient in the literature.
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We fix t,t € [0,T] and we consider a PDE of the form

—oyw(t,x) — Lw(t, )
—h(t,z,w(t,z),o(t,z) " Dw(t,z)) =0, (t,z)€ [t,1) x R? (A.45)
w(t,z) =m(z), zeR?

We make the following assumption on the coefficients m and h.
(Hh,m)
(i) The function m is bounded: there exists a constant M, such that
im(z)| < M,
for all z € R%.

(ii) The function h is continuous and satisfies the following growth property: there exists
a constant M}, such that

h(t,z,y,2))] < Mp(1+ [y| + |2])
for all t € [0,7], z € R%, y € R and z € R,

(iii) The functions h and m are Lipschitz continuous in their space variables uniformly in
their time variable: there exist two constants L, and L,, such that

Im(z) —m(a')] < Lple — 2|
|h(t7$7yaz) - h(th/?y,a Z,)‘ < Lh(‘x - .%'/‘ + ‘y - y/| + ‘Z - ZID

for all t € [0,T], z,2’ € R?, 5,5/ € R and z, 2’ € RY,

Proposition A.5. Suppose (Hb,o) and (Hh,m) hold. The PDE ({A.45)) admits a unique
viscosity solution w with polynomial growth: there exist an integer p > 1 and a constant C
such that

lw(t,z)] < CO+|zP), (t,z)€ltt] xR
Moreover, w satisfies the following space reqularity property
lw(t,z) —w(t,z")] <
Gt L HINVINE0 (1 g (7 — 1)) (L2, + (T — £)(Ln v 2)%) 2|2 — o]
for all t € [t,T] and z,z" € RY.
We first need the following lemma.

Lemma A.5. Under (Hb,o) we have the following estimate

sE[tVE 7]

- 2
Lot )0 (1 4 (F 1)) (]x — &'+ Myo/]t — t’|)

fort,t' € [t,%] and xz,2’ € RL.

sup E[;ng—xg”x’ﬂ < (A.46)
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Proof. Fix t,t' € [t,7] such that ¢’ <t and z,2’ € R%. From It&’s formula and (Hb, o) we
have

/ / $ ! /
B[l - x0P] < B[x0T - X7P)+ 2Ly + 22,) [ B[ X0 - X0 Pau
t
for s € [t,t]. By Gronwall’s Lemma we get

sup E“X;,x _ Xﬁl’xllﬂ < E|:|X:,x B Xfl7x/|2} Lo +IE )(Et)
s€t,t]

Moreover, we have

t

E |Xtt’“—Xf/’wl|2} - IE[|:1:—$’— ,t b(s, X! )ds — / o(s, X' )dB, 2
< e —aP+ MZ%U|t — )2+ M§U|tt— )+ 2My |z — ||t — V']
< (lo |+ My 1) (1 G~ 1))
Which give the result. O

Proof of Proposition[A.8. For (t,x) € [t,] x R?, we introduce the following BSDE: find

(Yhe, zhe) e S[2tﬂ X H[2t,ﬂ such that

t t
Vi = w7+ [ (s, X Ve 2yds - [ 2t we (e,
u u

From Theorem 1.1 in [I7], we get the existence and uniqueness of the solution to this BSDE
for all (t,z) € [t,7] x R%. From Theorem 2.2 in [I7] and Theorem 5.1 in [19], the function
w defined by

wt,z) = Y*, (tz) e[t xR,

is continuous and is the unique viscosity solution to (A.45)) with polynomial growth.
We now turn to the regularity estimate. We first check the regularity w.r.t. the variable

Fix t € [t,7] and z,2’ € R%. By Itd’s formula we have
! t? t7
Ve = Vet P = Im(XpT) = m(XT) P

t
b [ (bl X Vi 28— b X0 9 2 O - Vi
S
t ) 7 , /
- [z - 2 Pau— [ 0 - Vi@ - 2.,
s s

for s € [t,t]. Using Lipschitz properties of h and m and Young ineqality we get

/ f ’
E[[Vi® - Vb ?] < LZE[|XP" - X271 + L} / E[|X5" — X5 2] du
S

L} ¢ / .
H o+ L+ 1) [ B - Pldu, s € 0.
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Since (%—Fx#—l) < 2? for x > 2 we get
T
! t, t, ! , , /
E[lVe” = Yo" PPl < LREIX7" = X7" Pl + (L v 2)2/8 E[[ X" = X, [Pldu

t
HEnv DR [ BV - Y Pldu, s et

S

Then using (A.46)), we get

E[Y* — Vo2 < eChoet @01 4 (7 - 1))(L2 + (F— £)(Ly v 2)?) |z — o/

t
+(Lp vV 2)2/ E[VL® — Vo Pldu, s e [t,1].

S

Using Gronwall’s Lemma we get

BV — Y] < e®lo bt B DNED () 4 (F - 1) (L2, + (F - £)(La v 2)%) ]z — 22 .

Therefore, we get

w(t,z) — w(t,2')] <@Lt EnVDNED T | (G 1))3 (L2, + (F - £)(Ly v 2)2) *|z — 2] .
O]

In this last result we prove that under our assumptions the Z component of a solution

to a BSDE is bounded. We recall that (Y%, Z4%) € S[2tﬂ X H[Qt i denotes the solution to

t

t
Vir = (XY + / h(s, X7, Ybe 20\ — / 2'dB, | uelti,

for (t,x) € [t, 7] x R4

Proposition A.6. Under (Hb,o) and (Hh,m), the process Z"* satisfies

N[

|Zt,a:| < Mb’ge(QLb’a—i_Lgﬁ—i_(Lh\/2)2)(E_D(1 + (f _ t))% (LG + (% _ E)(Lh V. 2)2)
dP ® dt a.e. on Q X [t,1].

Proof. By a mollification argument, we can find regular functions b, and o, satisfying
(Hb, o) with same constants as b, o, h, and m,, satisfying (Hh, m) with same constants
as h and m for n > 1 such that
(bn,O'n, hnamn) — (b7 g, h’am) ) (A47)
n—-+00
uniformly on compact sets. We fix now (¢, z) € [t,Z] xR? and we denote by (XH&n, Yton zhan) ¢
2 2 2 :
S[t,ﬂ X S[t,ﬂ X H[t,ﬂ the solution to

u u

Xt = a4 / bn (s, Xo™)ds + / on(s, X"")dBs , u e [t,4),
t t

7 t

yi,m,n _ mn(X;,z,n) +/ hn(stz,x,n,yz,x,n,szx,n)ds —/ Zz,m,nst, u € [t 1] .

u u
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From (A.47) we get

HYt,x . Yt,:z:,n”s[Qt . + HZt,x . Zt,a:,nHH[Qt ) - v 0. (A.48)

n—-4o0o

From Theorem 3.2 in [18], we have
szt,a:,n — wn(S,Xt,x,n) s e [t,ﬂ ’
where w,, is a regular solution to

—Oyw,, — Lw, — hn(.,wn, UJDwn) =0, onlt?)xR?,
wp(t,.) =m,, onR?,
From the uniqueness of solutions to Lipschitz BSDEs we get by applying [t6’s formula

Z;,:Jc,n _ (O';Lern)(S,X};’x) , S Ett].

Since oy, m,, and h,, satisfy (Hh,m), we get from Proposition

N[

sup ’Dwn| < e(QLb,a+L§70+(th2)2)(f—£)(1 + (f o t))% (LG + (E o E)(Lh V. 2)2) '
[t,f]x R4

Therefore, we have

N

(207 < Mype@inrt i VN0 4 (7 —1))3 (L, + (1) (Ln v 2)°)
dP @ dt a.e. on Q x [t,t]. We then conclude using (A.48). O

Proposition A.7. Under (Hb,o) and (Hh,m) the unique viscosity solution with linear
growth w satisfies the following time regularity property
lw(t,z) —w(t,z)] <
Bl 2 DD g (7= )3 (LD + (F - OV 2)?) My Vi = ¥
F My (Myy + My (F — 1)) M D1 — 1)
My M e PP e FEVIDED (1 g (7 - 1)) (L, + (= (L v 2)°) 2 (¢~ 1)

N

for all t,t' € [t,%] and x € RY.

Proof. We take the same notations as in the proof of Proposition We fix t,t" € [t,1]
such that ¢ <t and = € RY. We have

w(t,z) —w(t',z)] = |V =V,

t'a t ’ ’ ’
— ‘yttﬁc _E[y:axt + f(S,Xz ,r’yz ,CE’Z; ,:p)ds} ‘
t/

t' @ t
T X 'z '
B[137 - 3] + M [+ BIDE Y+ B2 s

/

IN
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By a classical argument using (Hh, m), Young’s inequality and Grownwall’s Lemma we
have

sup B[ V2] < M2, + et MhrMDED)
sE[t,1]

Then using Proposition we have

D=

Efl

< My PRt BI04 (F )3 (L2, + (- t)(La v 2)?)

for s € [t,t]. From the regularity w.r.t. the variable z given in Proposition we get

w(t,z) —w(t',z)] <
Bt b RO 4 (7 - 1)) (L2, + (T - )(thz>)2E[|X”— l
+Mh<M AMy+ME)E-E) )(t’—t)
My M, e 2Ere LR+ EVDIED (1 (7= 1))3 (12, 4 (- £)(Ly V2)2) 2 (£ — 1) .
From (A.46) we get
w(t,z) —w(t',z)] <

6(3Lb,a+2L§,a+(Lh\/2)2)(f—t)(1 +E-0) (L2 + (F—1)(Ln Vv 2)?) %Mb,am
My M el Lo BV DIED (1 (F— )3 (12, + (F—)(Ln V2)2) 2 (£ —1) .
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