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A stability result for the diffusion coefficient of the heat operator
defined on an unbounded guide

Laure Cardoulis * Michel Cristofol* Morgan Morancey*

Abstract

In this article we consider the inverse problem of determining the diffusion coefficient of
the heat operator in an unbounded guide using a finite number of localized observations. For
this problem, we prove a stability estimate in any finite portion of the guide using an adapted
Carleman inequality. The boundary measurements are also realized on the boundary of a larger
finite portion of the guide. A special care is required to avoid measurements on the cross-section
boundaries which are inside the actual guide. This stability estimate uses a technical positivity
assumption. Using arguments from control theory, we manage to remove this assumption for
the inverse problem with non homogeneous given boundary conditions.

1 Introduction and main results

1.1 Introduction

Inverse problems associated with the heat operator have been frequently investigated as well on
theoretical aspects as for applications, applications which cover large domains such medicine,
ecology, biology, evolution of populations, physics ...

For such inverse problems there exist several methods involving different type of observations. In
the case of finite number of observations we can consider for example boundary data, observation
on all the domain at one time, spectral data, pointwise observation. On the other hand, nice
results have been obtained using infinite number of measurements (e.g. methods using Dirichlet
to Neumann map) but we don’t consider such approaches here.

In this paper, we focus on the method by the Carleman estimates which allows to derive stability
inequality in the form:

||(coefficient ) — (coefficients)|| < f (]lobservation; — observations||)

for a function f satisfying lir% f(s) = 0. This kind of inequality links the distance between
5—

two sets of coefficients to be reconstructed with the distance between two sets of observations
in appropriate norms. Such stability inequalities lead to the uniqueness of the coefficient to
be reconstructed given the observation in a good norm. They are also useful to improve the
numerical reconstruction of the coefficients using noise-free observations [I2]. The paper by [3]
has initiated this method and a lot of authors have been inspired by the Carleman estimates to
solve inverse problems. There is a huge literature on the determination of nonlinear spatially
homogeneous terms or source terms in reaction-difusion equations from boundary measurements,
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see for instance [5l O} 10, 13| [14] 16} 18] 20, 26] or [25] for a survey on this topic. These works
provide Lipschitz stability, in addition to the uniqueness of the coefficients. However, this
method requires, among other measurements, the knowledge of the solution u at some time
0 > 0 and for all x in the domain. Using a different approach, uniqueness results in the one
dimensional case have been established by only one point measurement in space for different
parabolic problems with strong nonlinearity [0, 22] or parabolic systems strongly coupled [23]
or models with memory term [2I] or simultaneous recovery of high order coefficients [11].

All the previous works concern bounded domain Q and the case of unbounded domains for
parabolic operators is less addressed (see for instance [ [7]). Unbounded domain problems
concentrate several difficulties: first, it is mandatory to rewrite or adapt carefully the existing
Carleman estimates and in this paper we adapt ideas from [8] and [4] to write a new Carleman
estimate for the parabolic operator in the divergence form in an infinite guide. Additively, this
method involving some positivity assumption on the gradient of a solution of our problem, we
develop a control approach in Sobolev norms for parabolic operators in unbounded domains.
Our manuscript is organized as follows. In section 2, we recall an adapted global Carleman
estimate for our problem, in section 3 we prove our main result and in section 4, we carry
out an adapted control in order to eliminate the positivity condition imposed by the inverse
problem.

1.2 Settings and hypotheses

Let w be a bounded domain in R"™!, n > 2 with C? boundary. Denote  := R x w and
Q=0x(0,T), X =00 x (0,T). We consider the following problem

Ou—V - (cVu) =0 in Q,
u=0on %, (1.1)
u(z,0) = up(x) in Q,

where ug is a sufficiently smooth function and c¢ is a bounded coefficient defined in €2 such that
¢>0and ¢ € C1(Q2). Our problem can be stated as follows.

Let I > 0 and denote Q, = (—x*,%) x w. We want to determine the coefficient ¢ on €; from a
finite number of measurements of the solution u of the system on a lateral subset of 9,
for some L > [ and from the knowledge of the solution at the time % We stress out that the
required measurements are not performed on all the boundary 0 and that they avoid the
cross-sections {+L} X w.

Our proof will require the strong positivity condition . This condition, involved in
almost all inverse problems dedicated to coefficients of the principal part of operators, is removed
by the construction of an adapted control. The main difficulty is to prove a controllability result
in H! norm on the unbounded domain Q2. The strategy is inspired by [I], Section 4] where the
authors deal with a system of coupled equations but on a bounded domain.

We denote by Q. the set Q. = Qi x (0,T) = (—*,%) X w x (0,T). For each z = (1, ...,2,) €
R", let 2’ = (22, ...,7,) € R?"7L.

The cornerstone of Carleman estimates is to carry out special weight functions. In our
inverse problem, the design of such weight function will allow us to eliminate observations on
the cross-section of the wave guide. We follow some ideas from [8] mainly to eliminate the cross
section observations since there is less constraints in the choice of the weight functions in the
case of a parabolic operator. Nevertheless, we are going to detail the different steps which allow
to get the main two inequalities (L.3). For this we choose a € R™\ Q, such that if

d(z) = |2’ —d'|* — 22 for x € Qy,



then B
d>0in Qp, |Vd >0in Q. (1.2)

From now on and for simplicity, we denote 8 = g From [25] 26] we consider classical form
of weight functions as follows, t € (0,7),

Y(a,t) = d(z) — (t—0)° + My, where My > sup (t —0)% = (T/2)?,
o<t<T

and
O, t) = AV,

The constant A > 0 will be set in Proposition In view of the Carleman inequalities for the
parabolic operators with regular weights, we need to use cut off functions in time. On the other
hand, in view to manage our infinite wave guide we will need also to consider cut off functions
in space but only in the infinite direction x;. These cut-off functions will make appear additive
terms coming from the commutator between the evolution operator and these cut-off functions.
These residual terms will be estimated thanks to the following crucial properties of the weight
function.

Proposition 1.1. There exist T > 0, L > 1 and € > 0 such that (1.2)) holds and, setting
Ope = {QL X ((07 2e) U (T — 26,T))} U {((—L, —L+ 2¢) U (L — 2, L)) X W X (O,T)} ,

we have
di < dg < dsy (13)

where
do=info(-,0), di=suwpg,  dy=suwps(,0).

L,e Qr

These two estimates will be fruitful in Section [3] to solve our inverse problem.

Proof. First we define By := inf,cq, ¥(z,0) = infeq, (|’ — a’'|? — 2%) + M7 and $; > 0 such
that
Bt = sup (|2’ —d'? [~ ai).

2 : / !
sup — )~ inf (o' —a
Note that 87 = sup,ic,, |2/ — d|* — infyey |27 — d'|? + 12
Then, more precisely, we consider L and T' = 2L sufficiently large such that L > [ and S5 :=
T—-60-p>0.

As we have changed L we might have to push a’ further away from w to ensure simultaneously
the condition and B2 > 0. In the case n > 3, we can push d’ in a specific direction that
does not modify the value of 5;. The case n = 2 can be dealt with explicit computations. Here
we take advantage of the particular form of our weight function d(z).

With these definitions, we get

(T —0)" > 87 + 85 = sup (]2’ —a'[* = 2f) — inf (]2’ —a'|* = 2}) + 3

€N ze
> sup (|2' —a'|* —27) + My — Bo + 553
z€eQ],

Then, for all x € Q,

Yz, T) < |2’ —d|? — 22 — sué) (|J2' —d'|? — 22) + Bo — B2 < Bo — (2.
xelldp



As (z,0) = ¢ (z,T), we deduce that there exists € > 0 such that ¢ < T and:

2
for all z € Qp and t € ((0,2¢) U (T —2¢,T)),¢¥(x,t) < By — %

Now, we choose € small enough such that [ < L — 2¢ and due to the symmetric role played by
t — 0 and z; in the formulation of ¥ (x,t) by the same way we have:

2

Vo € (=L, —L+2¢)U (L —2¢, L)) xw and t € (0,T), ¢(z,t) < fo — 72

These two estimates end the proof of Proposition [1.1 O

Let us remark that the weight function is bounded by below (away from 0) et by above on
Q1. The fact that the weights do not explode will be convenient in various estimates.
Finally we define

Iy :{‘IGaQL,CL‘*a,I/(I» ZO}, v, =T NoN. (14)

Therefore 7y, doesn’t contain any cross section. Here (-,-) denotes the usual inner product in
R™ and v(x) is the outward unit normal vector to 9, at x.

Notice that, due to the geometry, v4(z) the first component of v(z) vanishes on 7. Thus,
we obtain

c(z)0;d(z)vi(z) <0, Ve e 00 \T'L. (1.5)

n

J

This is one of the conditions required for the weight function in the Carleman inequality proved
in [26] that we will use in Section
Let Vi be a neighbourhhod of the lateral boundary of 2, i.e. an open set such that Vp CC Q
and
vy, > (8QL N asz). (1.6)

We also define N
Qr =Q\VL. (1.7)

Let ¢* € CHQ) N L>¥(Q), ¢* > Cin > 0 on Q and M > 0 a given constant. We will consider
the following admissible set of diffusion coefficients

D= {c € C*(Q) N L>(Q) such that i%fc >0, c=c" onVy and |[|c[[c1 ) < M}

Notice that this means that the diffusion coefficient is supposed to be known in a neighbourhood
of the lateral boundary of interest.
To ease the reading of Section[d] up to a restriction of V7, we assume that there exists r > 0
such that
ViNnQp = (-L,L) x {2’ € w; dist(z/,R" N\w) < r}. (1.8)

1.3 Regularity assumptions for the inverse problem

The method of Carleman estimate used in this paper requires solutions of the problem (1.1)
that are sufficiently regular. Indeed the Buckgheim-Klibanov method [3] implies several time
differentiations of system (|1.1)).



We assume in the following that ¢ € D and that u is an element of H = H3(0,T, H3(Q))
satifying the a-priori bound

llullg < M for a given M > 0.

More precisely, for the proof of Theorem we assume that v is a strong solution of (1.1
enjoying the following regularity

ue C%0,T, H3(Q)) nCH(0,T, H(Q)) N H3(0, T, L*(Q)) N L*(0, T, H3(%)).

In order to obtain the regularity condition u € H3(0,T, H*(Q)), we will use [I5, Theorem 5.3].
Denote by Ag the self-adjoint realization of —V(¢V-) with domain

D(Ap) = H*(Q) N H}(Q). (1.9)

By deriving u three times with respect to the time variable ¢, if we suppose that ug € D(A3) is
such that A%ug € H?(Q), then we get that u € H3(0, T, H3(S2)).

We will use the following notations. Let o = (aq,- -+ ,a;,) be a multi-index with a; € N, we
set 0 =07t --- 09", || = aq + - - - + v, and we define

H21 QL {U€L2 QL) 806 anJrluGL?(QL) |a|+2an+1 <2}
endowed with its norm

”uH%[?J(QL) = Z ||a§3?"+1u||2L2(QL)~
la|+2an41<2

1.4 Main results

The first main result of this article is the following global stability estimate.

Theorem 1.1. Letl > 0. Let T > 0, L > | and a € R™\Qp satisfying the conditions of
Proposition . Assume that u; for j = 1,2 are solutions of where c; and ug; are
substituted respectively to ¢ and ug. Assume also that c¢1,co € D. Then, if there exists C > 0
such that

T _
‘Vd-Vug (1:,2)‘ > C, for a.e. x € Qp, (1.10)

where Qy, is defined by (1.7), then,
2 K
2
ler = eallfn g, < K (H(Ul —u2)(-, T/2) | B3y +/ > 0 100(0F (ur — u2))] >
LX(OT k=1

where Oyu = v - Vu. Here, K > 0 and k € (0,1) are two constants depending only on w, I, M,
M, My, T and a.

Remark 1.1. A careful inspection of the proof of Theorem [1.1] shows that the same result
holds if we only assume that the diffusion coefficients c1 and co as well as their gradients are

known on the boundary of 1, (instead of in a neighbourhood of this boundary) i.e. if c1,co €
C1(Q) N L>(Q) are such that

infe; >0, ¢j=c" and Ve; =V on 00N 0QL,  and [|cjl|cr gy < M
Q
and one replaces (1.10) by

‘Vd'Vuz <:L', g)’ >C, for a.e. x € Qp.



Remark 1.2. Notice that, as already highlighted, the boundary observation is on vy and thus
does not contain any cross-section in . Though the equation is set on the unbounded guide
Q, the stability estimate on € is obtained with measurements on the finite portion Q.

Remark 1.3. We look at the homogeneous Dirichlet case in order to simplify the regularity
required for the solution u of (1.1)) but we could obtain the same inverse result in the case of
the inhomogeneous Dirichlet case

u—V - (cVu) =0 in Q,
u=hon %, (1.11)
u(z,0) = up(x) in Q.

The proof of Theorem follows the ideas of [3] and is proved in Section It strongly
relies on the Carleman estimate given in Section [2l This strategy is quite classical.

The drawback is that, to develop the Carleman machinery, one needs the technical (not
so easy to verify) assumption . In the following we propose a strategy to remove this
assumption:

e we prove the existence of a boundary control such that the associated solution of (|1.11))
satisfies (1.10);
e we fix this boundary condition for all the required measurements that is we deal only with

system ([1.11)) for a fixed h.

More precisely, the second main result of this article reads as follows

Theorem 1.2. Letl > 0. Let T > 0, L > 1 and a € R™\Qy, satisfying the conditions of
Proposition [1.1]

For j =1,2 and h € L*(0,T;0%) we denote by u; the solutions of where ¢; and ug ;
are substituted respectively to ¢ and ug.

Let co € D be such that co and for every j € {1,...,n}, 0jca, are uniformly continuous and
bounded functions in Q. Then there exists a control h € L*(yy, x (0,T)) depending on cy such
that for any c1 € D,

Lx(0,T) 1

2 K
2
lex = ealinqay < K <||<u1 )Ty + [ 310,00k - ua)) )
v

where Oy,u = v - Vu. Here, K > 0 and k € (0,1) are two constants depending only on w, I, M,
M, My, T and a.

As noticed the boundary condition h exerted for the measurements associated to c¢; only
depends on c;. Morally, this means that the coefficient cp is known and that Theorem is a
local stability estimate around cs.

Remark 1.4. Notice that for any v C vr, the same statement holds true with a source-term h
supported in Y.

This result is proved in Section [4 The main difficulty is to prove the existence of a control
h such that the associated solution satisfies ((1.10). This part of the proof is inspired by the
strategy developed in [I] for systems on bounded domains.

2 Global Carleman estimate for a parabolic equation in a
cylindrical domain

We start from a global Carleman-type estimate proved by Yuan and Yamamoto [26, Theorem
2.1, (2)] in a bounded domain. Its validity is ensured by the estimates ((1.2]) and (1.5 satisfied



by our weight functions. For more informations about Carleman estimates in a parabolic setting
we refer to Yamamoto [25].
Let s > 0 and denote

LHS(u) := /

Qr

1
(Séﬁ(@“'Q + |Auf?) + 56 [Vul® + s3¢3|u|2> e25¢.

In the following parts, C' will be a generic positive constant.
Proposition 2.1. There ezist a value of A > 0 and positive constants so and C = C(sg) such
that

LHS(u) < C’||es¢f|\2L2(QL) +Cs / |0, u|?e?5?, (2.1)
FLX(O,T)

for all s > 5o, and all u € H**(Qy) satisfying

Ou—V - (cVu)=f, inQp,
u(-,0) =u(-,T)=0 inQg,
u=0 ondQg x(0,T).

Let us remark that the Carleman inequality [26, Theorem 2.1, (2)] uses also A as a second
large parameter. As we will not use it, we now consider A fixed in all the rest of the article such
that Proposition holds.

As in [ Prop 4.2], we deduce the following Carleman inequality and we detail the proof for
better understanding. The key difference with the Carleman inequality of Proposition is to
remove, on the cross-sections of €, the boundary condition and the observation.

Proposition 2.2. There exist positive constants Ao, so and C = C(Xo, So) such that
LHS(U) S CHBS(bf”%z(QL) + 083625d1 ||UH%-I2’1(QL) + CS / |a,,u|2628¢, (22)
'YLX(O#T)
for all s > 59, A > g and all u € H**(Qy) satisfying
Ou—V - (cVu)=f, inQy,
u(-,0)=u(-,T)=0 inQr,
u=0 on (0Q2NINL) x (0,T).

Proof. Let x,n be C*° cut-off functions defined by 0 < x < 1,0 <n <1,

n(t) = (2.3)

0ift € [0,e]U[T —¢,TY, ( 0if 21 € (—o0,—L + €] U[L — €, +00),
xTr) =
Lift € [2¢,T — 2, X Lif oy € [~L +2¢, L — 2.

Recall that dyu — V - (¢Vu) = f. We consider y = nxu and we get

Oy — V- (¢Vy) = h with h = nxf + nR(u) + (0m)xu,

where R is the first order differential operator defined by R(u) = =V - (cuVx) — ¢Vx - Vu.
Then we can apply the previous Carleman estimate (2.1) and we deduce that there exists a
positive constant C' such that

LHS() < Cle“hliag, + s [ lowle.
I x(0,T)



Recall that «yy, is defined in (1.4)). Then,
/ |0,y|?e*? < / |0, u|?e259.
'L x(0,T) vL%(0,T)

le**nR(u)|72(q,) < Ce* ullizrm @)

Moreover

and ||€S¢(8t77>XUH2L2(QL) < Cezsdl||u||%2(o,T,L2(QL))-

Then we obtain

LHS(y) S 0H65¢f”i2(QL) + 0625d1 Hu”%2(0,T,H1(QL)) + Cs / 01 |6Vu|2625¢7. (24)
L X (U,

Now we deal with LHS(y). For j = 0,1,2, (with Vou = u, Vlu = Vu, VZu = Au) since
xu = (1 —n)xu+y, it comes that

1(s0)*> 7707 (xu) | L2 (@, < [1(0)** e (1 =)V (xu) || L2 (@, + I(50)* > 0V y| 2y )-
Thus,
1(s9)* 277 eV (xu) || L2,y < C(s* e |ull g2 (qu) + 1(s0)* 7 eV | L2(g,))-
Doing the same for the term 9;(xu) = (—n)xu + (1 — n)xO:u + Ory we deduce that
1(s9) 2™ 0 (xw)ll2(qr) < € Mlullza@r) + (s0) 2?0y L2 (@,)-

Thus since

[ V)

LHS(xu) = 3 50)2 eV ulagq, ) + I(50) e 00220,

Jj=0

we have

LHS(xu) < C(s°e*" ||ul| 3200, ) + LHS(y))-

Ou = O (xu) + (1 — x)Owu,
Then by the identities ¢ Vu = V(xu) + (1 — x)Vu — uVy, we get
Au=A(xu) + (1 — x)Au — 2Vx - Vu — uAy,

LHS(u) < C(LHS(xu) + s> |[ul| 21 (q,)) < 0(5362Sd1||u||%{2,1(QL) + LHS(y)).

Then, from (2.4)), we finish the proof. O

3 Inverse Problem

3.1 Preliminary lemmas

We denote in the following b(0) := b(-, ) for any function b. As for the reconstruction of zeroth
order coefficient (see [, p.6]), we need to assume some hypothesis on the solution u at time 6
on 2. For the diffusion coefficient, the assumption is more involved and is exactly .

Now following an idea developed for example in [2, Lemma 2.4], we obtain the following
result. Note that this key lemma is the one that requires the assumption . Thus, for the
sake of completeness, we will give its proof.



Lemma 3.1. Assume that (1.10) is satisfied and consider the first order partial differential
operator Pf =V - (fVug(0)). Then there exist positive constants s > 0 and C1 > 0 such that
for all s > s1

82/ e2s¢(0)|f|2 < Cl/ €2S¢(a)|Pf|2,
Qr, Qr

for all f € HY(QL) such that f =0 in VL, (see (L.6)).

Proof. Let f € H(2z) be such that f = 0 in Vz. We denote w = e**¥) f and Quw =
e*?O) P(e=5¢0)y). So we get Quw = Pw — swV¢(f) - Vug (). Therefore we have

/ |Qu|* > 52/ w?|Vp(0) - Vug(0)]* — 25/ Pw (wV¢(0) - Vua(6))
Qr Qr Qr
= 52)\2/ w2 (0)?|Vd - Vug (0)]* — 25\ (Pw)we(0)(Vd - Vus(0)).
Qr Qr
As, Pw =V - (wVuz(0)) = Vw - Vuz(0) + wAuz(0), we obtain,
/ Qul? > 32)\2/ W20V - Vus () — sX [ 6(0)(V(w?) - Vua(6))(Vd - Vuuz ()
QL Qr Qr
- 23)\/ w?p(0) Aug(0)(Vd - Vua(0)).
Qr
Thus integrating by parts the second term of the right-hand side we obtain
/ Qul? > SW/ W H(0)1Vd - Vur(0)2 + sA | 0PV - (6(8) (Vd - Vua(6)) Vua(0))
QL Qr Qr

— 28\ w?p(0) Aus(0)(Vd - Vua(0)).

Qp
Getting back to the original variables we obtain

/ ¢2290) P f|? = / Qul? > 5222 / 2590 £2 5(0)%|Vd - Vuy(6)|?

L Qr Qr

+sh [ 29D 27 (4(0)(Vd - Vua(0)) Vus(6))

Qr

— 25\ [ 9O 2 4(0) Aua(0)(Vd - Vus(0)).

Qr

Thus, using assumption (|1.10)), there exists a constant C' > 0 depending on M such that

/ e2s¢>(9)|Pf|2 > 082/ e2s¢(9)f2 _ CS/ e2s¢>(0)f2
Qr ﬁL

Qr

where €, is defined by (1.7). As f=01in Vp,

/ 6251,1)(9)|Pf|2 > 082/ 625¢(9)f2 _ CS/ €2S¢(9)f2.
QL QL

Qp
We conclude taking s sufficiently large. O

Moreover we recall the following classical result (see []]).



Lemma 3.2. There exist positive constants so and C' such that

, , C ,
/ e299)|2(9)|? < Cs/ X502 + —/ %90, 2)?
Qr Qr S JQL

for all s > sy and z € H(0,T; L*(Qy)).

Proof. Recall that 7 is defined by (2.3). Consider any w € H'(0,T; L?(€1,)). We have

/QL (i, 0) / In(®)w(z,0) dv
/QL/at Dw(z, |2 dt dz
_2/ /Q w(z, 0w (x, ) dxdt+2/ /QL () w(z, )2 dadt.

As 0 <7 <1, using Young’s inequality, it comes that for any s > 0,

/ o (z, 0)[2 g0(5+1)/ |w\2+9/ 1O,w[2.
Qr Qr S JQr

Then we can conclude replacing w by e5?z. O

3.2 Proof of Theorem [1.1]

Now we study the linearized inverse problem associated with (|1.1)) and we evaluate some Sobolev
norm of the conductivity in terms of suitable observations of the solution of (1.1)) on a part of
the lateral boundary ~y. For this consider the following systems with ¢1,co € D

8tu1 -V (01Vu1) =0 in Q,
Uy = Oon X
u1(z,0) = ug1(z) in Q,

and

8#&2 -V (CQVUQ) =0 in Q,

us =0on X

UQ(JC,O) = UO,Q(Z’) in Q.
Let

Y = U1 — U, c=c1 — Ca. (3.1)
We obtain

Oy —V - (a1Vy) =V - (cVug) in Q.

Remark 3.1. In the rest of the proof we will deal with y only. Thus, even if we had started
with (L.11)), y would still enjoy homogeneous Dirichlet boundary condition. This remark will be
crucial in Section[f] to prove Theorem[1.3

We decompose the proof in three steps.

e First step: as in Proposition we derive the equation satified by z = xny where the
cut-off functions are defined by (2.3]). This will allow to work on the bounded domain
Qp x (O,T)

10



As n only depends on ¢, we have

(ny) — V- (a1V(ny)) = V- (cV(nuz)) + yOem.

Thus,
X0t (ny) =V - (a1V(ny))) = x(V - (¢V(nu2)) + yoin).
Moreover
V- (a1Vz) =V - (aV(xny))

=V (axV(ny)) + V- (einyVx)

=xV - (aV(ny)) +2c1V(ny) - Vx +nyV - (a1 Vx)
and

V- (exV(nuz)) = xV - (eV(nuz2)) + ¢V (nuz) - Vx.

So we get

Oz—V (a1 Vz) = V- (exV(nu2)) + xyden — 2¢1V (ny) - Vx —nyV - (1 Vx) — ¢V (nug) - Vix.
(3.2)

Second step: to estimate Jyz (appearing in Lemma [3.2)) we differentiate (3.2]) with respect
to t.

Let

z1 = Oz, Z9 = a,?z.
Then,

8,521 -V (01V21) = f1 (33)
where

fi:=nV - (exV(Ou2)) + 0nV - (exVua)) — V(9 (nuz)) - VX + X0 (yden)
—2¢1V(0(ny)) - VX = 0c(ny)V - (1 V).
And in the same way
8t22 -V (01V2:2) = fg

where

f2 i =0V - (exV(0F (u2))) + 20V - (exV(Dsu2)) + 0;nV - (exVus)
+ X0 (ydin) — 21 V(97 (ny)) - Vx — 07 (ny)V - (1 VX) — eV (87 (nu2)) - V.

We evaluate att =10
0z(0) =V - (1Vz(0)) = P(cx) — cVua(0) - Vx — 2¢1Vy(0) - Vx —y(0)V - (1Vx) (3.4)

with P the operator defined in Lemma
Using Lemma we obtain an upper bound for a weighted L?-norm of c. Notice that
indeed cx € H}(Qr). The homogeneous Dirichlet boundary condition on the cross-section

is ensured by the presence of the cut-off function x. As ¢1,co € D, we also get that cxy =0
in Vz. Thus,

82/ 625¢(9)02X2 <C 623¢(6)(P(CX))2.
QL QL

11



Then, using also (3.4]), there exists a positive constant C' such that for s sufficiently large

52/ 2s¢>(0) 2X2 <C
Qr

+ C/Q O (Az(O) + [V2(0)* + [Vy (@) +y(0)).

02| Vy|? + C / e***®10,2(0)?
QL QL

Recall that [, e*9D]9,2(0)]* = [, e***@|z1(0)|*. Thus, applying Lemma to 21
yields

52/ 230 2\2 < et 4 Ce® 2B, (0) + Cs/ e 212 + g/ e®? 2> (3.5)
Qr QL S Jar

with By (0) = [|2(0) 2o, ) + ly(0 )HHl(QL
Moreover by the Carleman inequality (2.2 , for s sufficiently large, we have for i = 1, 2,

/ 623¢|2i‘2 S ¢)3€25¢|2i|2
L QL

S S C S
< 7/ | fil* + Ce* ||zil|3pa(0,) + / |0, 2:]%€%*?. (3.6)

LX(OT

Thus from (3.5) and (3.6) we obtain

C
82/ 625¢(9)62X2 < Ce2sd1 + 0625(1231(9) + 72/ 625¢(|fl|2 + |f2|2)
QL s QL

C
+ C862Sd1 (H21||%{2,1(QL) + ||ZQH%{2.1(QL)) + —
§ JyLx(0,T)

( |a,/21|2 + |6l,22|2) 628¢.

Notice that, as ||u;||x < M, the term Hzl||§{2,1(QL) + ||Z2||%12‘1(QL) is bounded.

Now let us deal with the terms IQL e25?|f;|2. The first term in f; (see (3.3)) can be
controlled by (cx)?+|V(cx)|?. The other terms involve derivatives of the cut-off functions
(and bounded quantities depending on M and M). Thus, since €2*¢ < €25¢(9) we get

[ 1npe ccestio [ (oo? +[VeoP)ee.
QL Qr
The same computations on fs finally imply

82/ e2s¢(0)c2x2 < CezSdZBl(é)) +S£2/ ((CX)2 + |V(CX)|2)625¢>(0) +Cfse2sd1
Qr

L

+ geQSdz / (|3l,z1|2 + |5l,22|2). (3.7)
§ ~vrx(0,T)

Third step: we apply the same strategy to derive an estimate of a weighted H'-norm of c.
For any integer 1 < i < n, taking the space derivative with respect to x; in (3.4), we obtain
04(0r,2(0)) =V - (1 V0, 2(0)) = V - ((02,¢1)V2(0)) + V - (0r, (cx) Vuz(0))

+V - (xV(0z,u2(0))) = Oz, (Vuz(0) - VX) = 0, (2c1VY(0) - VX) — Oa, (y(0)V - (01Vz<)) |
3.8

12



Notice that the second term of the right-hand side can be expressed as
V- (0, (ex)Vuz(0)) = P (9, (cx))-

As previously, the fact that ¢1,co € D and the definition of x imply that we can apply
again Lemma there exists a positive constant C' such that for s sufficiently large,

/ 200 (9, (ex)> < C [ 22O (P(d,,(cx)))>
Qr, Qr

Thus, expressing P(9,,(cx)) from (3.8) we obtain

s2 / 290 (9, (cx))? < Ce® By (0) + C / e?20)|9,(0,,2(0))> + C / e259(0)
Qr, Q

L Or e

+C [ O (|ex|? + [V(ex) )
Qr

with Ba(6) = 12(0) sy + 15022, -
Then,

& / 2590) (3, (ex))? < OBy (8) + C [ 9@, 2 (6))2
QL QL

+C [ O (lex? +|V(ex)?) + Ce* .
Qr

So using Lemma [3.2]

52 / >0 (9, (cx))? < Ce** = By(0) + C / e (lex > + |V (ex)[?) + Ce?sh
Qr Q

L

+C’s/ 628¢(6xi21)2+9/ %5 (Dy, 22)°. (3.9)

s L
Moreover by the Carleman inequality (2.2)), we have for j =1, 2,

s/ e**00,, 22 < C spe**?|0y, z;|?
QL QL

<O [ P4 Oz g + 05 [ 0P
QL v x(0,T)

The term in f; in the right-hand side is estimated as in the previous step. This leads to

s/ 623¢|8mizj|2 < C’/ 628¢((CX)2 + |V(cx)\2) + Cs3e?sh C’s/ |8yzj|2625¢.
L L .

% (0,T)
(3.10)
From (3.9) and (3.10) we deduce

/ (0, (ex))? < Ce® 2 By(0) + C [ €O (|ex|” + [V(ex)|?) + Cs’e®
QL SZL
+ C’s/ (\8,,z1|2 + \6l,z2|2) e25? (3.11)
v % (0,T)

which ends this step.
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Using inequalities (3.11)) for 1 < ¢ < n and gathering with (3.7), we get for s sufficiently
large

52/ 2?0 ((ex)? + [V (ex)[?) < OsBs(0) + CsPe?s
Qr

with B3(9) = B1(9) + BQ(@) + f%X(O_’T)(\GVzl\Q + ‘6y22|2).
Therefore
el ey < O (#4240 By(0) + 5> =))

As dy — dg < 0 and dy — dg > 0, optimizing this last inequality with respect to s, we
complete the proof.

4 Removing the technical assumption by an adapted con-
trol

In Theorem we assume satisfied. However since this hypothesis concerns the gradient
of one solution of in Qp, it is difficult to verify it in the case of real applications. Thus,
we develop ideas based on control theory to ensure such strong hypothesis.

The goal of this section is to prove that for any ¢ € D sufficiently regular, there exists
a control h such that the associated solution of satisfies ([1.10). Then, the proof of
Theorem will follow directly (see Section . As the conditio involves a property
for the gradient, we will seek for controllability results in stronger norms, namely H*(2z). The
strategy is inspired by [I] and is as follows:

e Assume that there is a function u; sufficiently smooth and satisfying (1.10)) i.e. there exists
0 > 0 such that _
[Vup-Vd| >0 >0 ae. in Q.

The existence and regularity of such function is detailed in Section

e Let 8 a positive constant be such that |Vd| < 8 in Qy. Then, if there exists h such that
the associated solution of (|1.11)), denoted by wu(z,t; h), satisfies

)
||Vu(., 0, h) — VUbHLoo(QL) S %,
it comes that u(-,-; h) satisfies (L.10]).

e To do so, we will prove the following result: for any w; sufficiently regular, any € > 0 and
any 7 > 0, there exists h € L?(y., x (0,T)) such that

lu(-, 75 h) — upl| 2 () < €.

A more precise statement is given in Proposition This allows to construct a sequence
of controls h,, such that
Vu(z,0,h,) — Vup(z), forae zeQ,
n——+4oo

and thus proves the previous item. To prove this result, first, we use classical results from
control theory to establish this approximate controllability in L?(Q)-norm. Then, using the
regularity properties of system (1.1)), we extend this result to the H*(Q)-norm. To do so,
we extend to unbounded domains the strategy given in [I]: after reaching approximately
(in the weak norm) the target, let the system evolves freely to benefit from the regularizing
properties but not too long to stay close to the target (in strong norms). We start this
section recalling those regularization properties we will need.

14



Assume in the rest of this section that c satisfies the assumptions given in Theorem for
Ca.

4.1 Analytic properties of the elliptic operator

First, notice that the H?(Q)-norm we are interested in is related to the operator Ay (see (1.9)).
Indeed from classical elliptic results (see for instance [17, Theorem 3.1.1]), one has the following
result.

Proposition 4.1. There exists a positive constant C' such that for any u € D(Ay),
[ullr2(0) < CllAoullL2(0)- (4.1)
Then, we notice that the following propositions (see [I7, Theorems 3.1.2 ii) and 3.1.3 ii)]),
imply that —Ag generates an analytic semigroup on L?().
Proposition 4.2. There erists wy € R such that for any R(\) > wo, for any f € L?(Q) the

problem

M —V(eVu) = fin Q
u=20 on 02

has a unique solution u € H?(2) which continuously depends on f. Moreover, the resolvent set

p(Ao) satisfies {A € C,R(N\) > wo} C p(Ao).

Proposition 4.3. There exist w > wo and C > 0 such that if R(A) > w, for any u € D(Ay),
then
IM[[ullL2) < CllAu — Agul|22(q)-

From Proposition [4.2] and Proposition [£.3] we deduce that the operator —Ajy is sectorial and
thus generates an analytic semigroup. Therefore (see for instance [19, (6.7) p.70]) there exists
a positive constant C such that for all ¢ > 0 and for all u € D(Ay)

_ c
||A06 tAOU”LQ(Q) S ?HU”LQ(Q) (42)

Finally, from (4.1)) and (4.2) we get that there exists a positive constant C' such that for all
t > 0 and for all v € D(Ay)
_ C
lle™ " ul| g2 () < 7 lullzz ) (4.3)

This is the key inequality we will use.

4.2 Approximate controllability
First we give a classical result of approximate controllability in L2(€2).

Proposition 4.4. For anyu, € L?(Q2), anye > 0 and any T > 0, there exists h € L?(yr x(0,7))
such that
lu(-, 73 h) — upl|L2(0) < €.

Proof. This result is quite classical in control theory. Let us sketch its proof for the sake of
completeness. Let 2 be an open set in R™ satisfying

QcQ and (000 (RM0Q)) C

15



and let @ be a domain such that @ CC (ﬁﬁ (R”\Q)). From [24] and a classical duality

argument, we have the approximate controllability in L? (fAl x (0,7)) with a localized control
g € L?(& x (0,7)) for the auxiliary problem

0w — V - (¢Vu) = 159 in Q x (0,7),
u =10 on 00 x (0,7),
u(.,0) = ug in Q.

We conclude the proof of this proposition by taking h as the trace of u on 7. O

We now turn to approximate controllability in more regular norms.

Proposition 4.5. For anyu, € D(A3), anye > 0 and any T > 0, there exists h € L?(y,x (0, 7))
such that
lu(-, 75 h) — upl| g2 () < €.

Proof. Let u, € D(A3) and € > 0. From Proposition for any 71 € (0,7) and any ¢ > 0,
there exists h € L?(y x (0,71)) such that

[u, 713 h) — wpllL2(0) < 0.
In what follows, we extend h by 0 on (71, 7). Thus,
u(,ih) = e T Au( i h).

First, the regularizing properties will allow to obtain estimates in stronger norms. Indeed, from

(4.3) we get

Hu(-, T h) — ef(Tfrl)Aoub‘

= Hef(Pn)Ao (u(-, 15 h) — up) H

H2(Q) H2(Q)

[ul 713 h) = upllp2(q)

5 (4.4)

We now prove that for 7 small enough, e~ (7=7)40y, is not far from wu;. Indeed, from [19]
Theorem 6.13], we have

HAO (e_(T_Tl)Aoub - ub) ‘ = (e_(T_Tl)AO - I)Aoub‘
L2(Q) L2(Q)
= — (e79) Aguydn
/0 dn L2(Q)
T—T1
— / e*"AOA(Q)ubdr]
0 L2(9)
<(r—m) HA%ubHLz(Q) ) (4.5)
From (4.1)) and (4.5, we deduce that
Hei(T*Tl)AOUb — 'LLbH S C(T - Tl) HAgubHLZ(Q) . (46)

H?(Q)
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So using the triangle inequality, estimates (4.4)) and (4.6)) we obtain

C
luComsh) =l < =58+ Cr = m) [ Agus]| 2q)
for a specific constant C. Finally, choosing 71 sufficiently close to 7 such that

C(r — o)l AGusll 20y <

N ™

then, ¢ sufficiently small such that
C

€
(tr—m1) 2

end the proof. 0

6 <

4.3 Construction of an appropriate target

In the above proof, to obtain approximate controllability in H?(2)-norms we need targets that
are sufficiently regular, namely in D(A2). To apply our strategy, we now prove that there exists
some function u, € D(A2) and a constant § > 0 such that

|Vd(z) - Vuy(z)| > 6, for ae. z € Q.

Let & € C°(R;R) such that 0 <& <1 and

fl( ) 0, if|331|22L,
§i(z1) =1, if |y < L.

Let ¢ € C°(R" % R) such that 0 < ¢ <1 and

g2y =0, if dist(z',R" N\w) < g
) =1, if dist(z’,R" Nw) >,

where 7 is defined in (1.8). Let
up(x) = d(x)&1(21)€ (2'), Vo = (x1,2") € Q.

Thus, up € D(Ap) and Vuy(z) = Vd(z), for any x € Q.. Due to (1.2)), this implies that ((1.10)
is satisfied. As upy € C°(Q2) and w; identically vanishes near the boundary we also obtain that
up € D(A(Q))

Remark 4.1. Finding such uy, in C>(§) such that

inf |[Vuy - Vd| >0,
Qr

can easily be done taking for instance u, = d. The main difficulty is to ensure all the boundary
conditions so that u, € D(AZ). This is precisely why we assumed that c is known in V. With
this assumption, there is no requirement on Vuy near the boundary which allows to use cut-off
functions to design up.
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4.4 Conclusion

We now have all the ingredients to prove Theorem Let up as constructed in Section 4.3
Then, from Proposition there exists h depending on ¢y such that the solution uo satis-

fies (1.10).

As proved in Section |3 the stability derives from the Carleman inequality applied to y

defined by (3.1)). As, u; and uy are both solutions of (|1.11)) with the same boundary condition
h it comes that y solves (|1.1)) that is with homogeneous Dirichlet boundary conditions. The rest
of the proof remains unchanged.

References

1]

[12]
[13]

[14]

A. BENABDALLAH, M. CRISTOFOL, P. GAITAN AND M. YAMAMOTO, Inverse problem for
a parabolic system with two components by measurements of one component, Applicable
Analysis Vol. 88, No. 5, 683-709 (2009).

M. BELLASSOUED, O. IMANUVILOV AND M. YAMAMOTO, Inverse problem of determining
the density and two Lamé coefficients by boundary data, STAM J. Math. Anal. Vol. 40, No.
1, 238-265 (2008).

A.L. BUKHGEIM AND M.V. KriBANOV, Uniqueness in the Large of a Class of Multidi-
mensional Inverse Problems, Soviet Math. Dokl. 17, 244-247 (1981).

L. CARDOULIS AND M. CRISTOFOL, An inverse problem for the heat equation in an un-
bounded guide, Applied Mathematics Letters 62 6317 (2016).

M. CrouLLi, E. M. OUHABAZ AND M. YAMAMOTO, Stable determination of a semilinear
term in a parabolic equation, Commun. Pure Appl. Anal., 5 (2006), 447-462.

M CrisTOFOL, J GARNIER, FF HAMEL, AND L. ROQUES. Uniqueness from pointwise ob-
servations in a multi-parameter inverse problem. Commun Pur Appl Anal, 11:1-15, 2011.

M CristoroL, I KADDOURI, G NADIN, AND L. ROQUES. Coefficient determination via
asymptotic spreading speeds. Inverse Problems, 30(3):035005, (2014).

M. CRrISTOFOL, S. L1 AND E. SOCCORSI, Determining the waveguide conductivity in a hy-
perbolic equation from a single measurement on the lateral boundary, Mathematical Control

and Related Fields, Volume 6, Number 3, 407-427, (2016).

M. CrisTOFOL AND L. ROQUES, Biological invasions: deriving the regions at risk from
partial measurements, Math. Biosci., 215 (2008), 158-166.

M. CRISTOFOL AND L. ROQUES, Stable estimation of two coefficients in a nonlinear Fisher-
KPP equation, Inverse problems, 29, 095007, (2013).

M. CRISTOFOL AND L. ROQUES, Simultaneous determination of the drift and diffusion
coefficients in stochastic differential equations, Inverse Problems, 33, number 9, 095006,
(2017).

M. V. bE Hoopr, L. Qiu AND O. SCHERZER, Local analysis of inverse problems: Hdélder
stability and iterative reconstruction, Inverse Problems, 28 (2012), 045001, 16pp.

P. DUCHATEAU AND W. RUNDELL, Unicity in an inverse problem for an unknown reaction
term in a reaction-diffusion equation, J. Differential Equations, 59 (1985), 155-16.

H. EcGER, H. W. ENGL AND M. V. KLIBANOV, Global uniqueness and Hélder stability
for recovering a nonlinear source term in a parabolic equation, Inverse Problems, 21 (2005),
271-290. J. Differential Equations, 59 (1985), 155-164.

18



[15]
[16]

(17]

J.-L. LioNs AND E. MAGENES, Non-Homogeneous Boudary Problems and Applications,
Vol. II, Springer-Verlag Berlin Heidelberg New-York, (1972).

A. LORENZI, An inverse problem for a semilinear parabolic equation, Ann. Mat. Pura Appl.,
131 (1982), 145-166.

A. LUNARDI,Analytic semigroups and optima regqularity in parabolic problems, Modern
Birkhauser Classics. Brikhauser/Springer Basel AG, Baser, 1995 [2013 reprint of the 1995
original] [MR1329547]

S.-I. NAKAMURA, A note on uniqueness in an inverse problem for a semilinear parabolic
equation, Nihonkai Math. J., 12 (2001), 71-73.

A. PAzy,Semigroups of linear operators and applications to partial differential equations,
Vol. 44 of Applied Mathematical Sciences, Springer-Verlag, New York, (1983).

M. S. PiLANT AND W. RUNDELL, An inverse problem for a nonlinear parabolic equation,
Comm. Partial Differential Equations, 11 (1986), 445-457.

L RoQues, M D CHEKROUN, M CRISTOFOL, S SOUBEYRAND, AND M GHIL. Parameter
estimation for energy balance models with memory. Proc R Soc A, 470(2169):20140349,
(2014).

L ROQUES AND M CRISTOFOL. On the determination of the nonlinearity from localized
measurements in a reaction-diffusion equation. Nonlinearity, 23:675-686, (2010).

L RoQUES AND M CRISTOFOL. The inverse problem of determining several coefficients in
a nonlinear Lotka-Volterra system. Inverse Problems, 28:075007, (2012).

J. C. SAUT AND B. SCHEURER, Unique continuation for some evolution equations, J.
Differential Equations, 66(1) : 118-139, (1987).

M. YAMAMOTO, Carleman estimates for parabolic equations and applications, Inverse Prob-
lems 25, 123013 (2009).

G. YUAN AND M. YAMAMOTO, Lipschitz stability in the determination of the principal
part of a parabolic equation, ESAIM : Control Optim. Calc. Var. 15, 525-554 (2009).

19



	Introduction and main results
	Introduction
	Settings and hypotheses
	Regularity assumptions for the inverse problem
	Main results

	Global Carleman estimate for a parabolic equation in a cylindrical domain
	Inverse Problem
	Preliminary lemmas
	Proof of Theorem 1.1

	Removing the technical assumption by an adapted control
	Analytic properties of the elliptic operator
	Approximate controllability
	Construction of an appropriate target
	Conclusion


