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Joseph Liouville, F-62228 Calais, France.

Abstract

This article deals with L%-weak solutions to the 3D time-dependent Oseen system.
This type of solution is defined in terms of the velocity only. It is shown that the
velocity may be represented by a sum of integrals none of which involves the pressure
and without a surface integral of the spatial gradient of the velocity. On the basis
of this representation formula, an estimate of the spatial decay of the velocity and
its spatial gradient is derived. No boundary conditions need to be imposed for these
results.
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1 Introduction

In this work, we deal with the time-dependent Oseen system
w—Agu+ 70U+ Ver = f, divgu=0 inQ° x (0,Tp), (1.1)

with the exterior domain Q° defined by Q° := R3\Q, where (2 is an open, bounded set in R?
with Lipschitz boundary and connected complement. System (1.1) arises as a linearization
of the time-dependent Navier-Stokes system with Oseen term,

ug — Agu+ 7010+ (- Vy)u+ Ver = f, diveu =0 inQ° x (0,Tp). (1.2)

The latter system is the usual model of the flow of a viscous incompressible fluid around a
rigid body moving with constant velocity and without rotation. The parameter 7 € (0, 00)
corresponds to the Reynolds number of the fluid, and the function f : Q° x (0,7p) — R3
represents a volume force acting on the fluid. The unknowns in (1.1) are the velocity
u: Q° x (0,Ty) — R? and the pressure 7 : Q° x (0,7p) — R, hence Ty € (0,00] is the
life-span of the solution. We impose the initial condition u(0) = Uy in Q°, where the initial
velocity Up : Q° — R3 is given as well.

It was shown in [19] (see [19, Theorem 6.1] and the remark following it) that if u is the
velocity part of a regular solution to (1.1) as specified in [19, Corollary 5.2 and Theorem
6.1], and if |f(x,t)| and |u(z,0)| decrease sufficiently fast for |x| — oo, then the estimate

O5u(e,t)] < € [ (Ja|v(a)) "IN EmROLAEAD L gl (1.3)

holds for z € B = R3\Bg,, t € (0,Tp), o € N} with |a| := a1 + as + a3 < 1. The
parameter Ry is some fixed positive real, sufficiently large so that Q C Bg,. The function
v:R3 s [1,00) is defined by v(x) := 1+ |z| —2; for x € R3. Its presence in (1.3) should



be interpreted as a mathematical manifestation of the wake extending downstream behind
the rigid body. The condition |a] < 1 expresses the fact that inequality (1.3) yields an
upper bound for the velocity u itself as well as for its spatial gradient V,u. The number
v on the right-hand side of (1.3) equals 3 if the zero flux condition

/ u(t) -n® de =0 (te(0,Tp)) (1.4)
o0

is fulfilled, with n(®® denoting the outward unit normal to €. Otherwise v takes the
value 2. The parameters 1, y2, 73 € [0,00], ¢ € (1,00) in (1.3) are introduced via the
assumptions u|Zg, 1, € LVl(O,TO, Lq(QRO)g), VaoulZry 1, € LVQ(O,TO, Lq(QRO)3) and
f‘ZRo,To S L%(O,To, Lq(QRO)s), where QRO = BRO\Q and ZRU,TO = QRO X (0,00).
The appearance of these parameters 7; in (1.3) means that the spatial decay of u and
V,u depends on LP-integrability in time of u|Zg, 7, Vau|Zg,m, and f|Zg,1,. Another
important feature of the theory in [19] is that no boundary conditions are imposed on u
and 7.

The work at hand aims to extend the decay estimate (1.3) to L?-weak solutions of (1.1).
Solutions of this type verify a weak form (equation (5.1)) of (1.1) involving only the velocity
u, which is supposed to be continuous as a function of ¢ € [0,7p) with values in L% (QC)S,

and satisfy the relation V,u € L}OC( [0,Tp), L™ (ﬁg), for some numbers qo, ¢1 € (1,00). In
addition, v and f are required to fulfill the conditions involving the parameters +y; as stated
above. Actually our assumptions are somewhat more general (see the beginning of Section
5 and Theorem 5.2), but the preceding conditions correspond to what we essentially have
in mind when we use the term “L%-weak solutions”. Note that in particular nothing is
supposed on the pressure. This point is the main difficulty of the theory presented in
the work at hand. The greatest part of our proof of (1.3) consists in establishing the
representation formula (5.24) for L9-weak solutions (Section 5). This formula should be
considered as one of the main results of this work. In particular it is an essential element
of the theory developed in [20] on the nonlinear problem (1.6); see the remarks further
below. Inequality (1.3), for its part, is the starting point of the theory in [21], where
we study the spatial asymptotics of mild solutions to (1.1) under homogeneous Dirichlet
boundary conditions.

Let us compare the results of the work at hand with what is already available in literature.
Spatial decay of L%-weak solutions to (1.1) with Dirichlet boundary conditions was studied
in [11] and [14], where these solutions were shown to satisfy the estimate

0%u(z, t)| < € (| v(z)) " 1? (1.5)

for z, t, a as in (1.3), if f and Uy decrease sufficiently fast. Inequality (1.3) applied in the
situation considered in [11] and [14] yields the stronger decay bound (|z|v(z) )_5/4_|a‘/2
even though we do no longer impose a specific boundary condition. Again this result is
valid under the usual condition that the data f and Uy decrease in an appropriate way
These points are discussed in more detail in Section 6. In [15], we considered the nonlinear

stability problem

Ou—Dgu+70u+7U-Vy)u+7(u-V)U~+7(u-Vy)u+Ver=f, (1.6)
diveu =0 in Q° x (0,Tp),



where U : Q° — R3 is the velocity part of a solution to the stationary Navier-Stokes system,
and is considered as given. It was shown in that reference that inequality (1.5) remains
valid for L2-strong solutions to (1.6) satisfying Dirichlet boundary conditions, again if the
asymptotic behaviour of f and Uy allows this rate of decay. In the successor paper [20]
mentioned above, we will show that (1.3) with p = 2 is valid for these solution, so that
the decay bound € ( |z|v(z) )717|a‘/2 from [15] may be replaced by € ( |z|v(z) )75/47|a|/2,
under the usual caveat on f and Uy. No specific boundary conditions will be imposed in
[20].

A remark is in order with respect to our proof of (1.3) for L9-weak solutions. As already
indicated, our main effort consists in showing that the integral representation (5.24) of
the velocity is valid. This representation is a slightly modified version of equation [19,
(5.7)] proved in [19] for regular solutions. Since all the integrals appearing in (5.24) were
already estimated in [19], we obtain (1.3) almost immediately once this representation is
available (Theorem 5.2). A major tool in the proof of (5.24) is Friedrich’s mollifier for
functions with values in Banach spaces, smoothing weak solutions with respect to the time
variable. We will consider these smoothed solutions as weak solutions of the stationary
Oseen system, with the time derivative subsumed into the right-hand side. In this way
we will be able to use the regularity theory of this latter system in order to construct
an associated pressure. Once this result is available, the mollified version of the Li-weak
solution we started out with will turn out to be a sufficiently regular solution of (1.1)
so that we may apply formula [19, (5.7)] (Theorem 5.1). By letting certain parameters
tend to zero in this formula, we will then obtain that (5.24) holds for the original weak
solution; see Lemma 5.3 and Corollary 5.1. The mollifying precedure requires that Ty = oo.
However, once (5.24) has been proved in the case T = oo, it is not difficult to handle the
case Ty < oo as well (Corollary 5.2).

Let us mention some references more distantly related to the work at hand. Knightly [33]
considered even the case that the velocity of the rigid body changes with time. However,
his results are valid only under various smallness assumptions. Mizumachi [37] proved (1.5)
with @ = 0, f = 0 for a certain class of solutions to the nonlinear system (1.2). Takahashi
[43] deals with spatial decay of solutions to the Navier-Stokes system with Oseen term
in the case Q@ = ) under a smallness condition. In [3], [4], solutions to (1.1) and (1.2)
are estimated in weighted LP-norms, with the weights adapted to the wake in the flow
field downstream to the rigid body. Reference [18] by the present author combines decay
estimates in time and in space, for solutions of (1.1) and (1.6), as a continuation of [14]
(Oseen system (1.1)) and [15] (problem (1.6)), under the same assumptions and with the
same methods as in these articles. Various technical aspects of the theory in [11], [14], [15]
and [18] are dealt with in predecessor papers [7] — [10], [12], [13]. Questions of existence,
regularity and stability related to (1.1), (1.2) or (1.6) are addressed in [25], [26], [27], [30],
[31], [34], [35], [36], [40], [42].

2 Notation. Some auxiliary results.

The parameters Tj € (0, 00] and 7 € (0, 00) introduced in Section 1 are kept fixed through-
out, as is the open, bounded set 2 C R? with Lipschitz boundary.



The symbol | | denotes the Euclidean norm of R™ for any n € N, as well as the length
a1 + ag + az of a multi-index a € N. For R € (0,00), z € R3, put Br(x) := {y € R3 :
|z —y| < R}. In the case x = 0, we write Bp instead of Br(0).

Recall that in Section 1, we introduced the function v : R® — [1,00) by setting v(x) :=
1+ |z| — 1 for z € R3.

We fix numbers Sy, Ry € (0,00) with Sy < Ry and Q C Bg,, as well as a function ¢q €
CSO(B(R0+SO)/2> with 0 < g <1 and (PO’BSo-i-(Ro—So)/‘l =1. We put R; := (R() + So)/?.
For n € N, I C R”, let xs stand for the characteristic function of I in R™. If A C R3, we
denote by A° the complement R3\ A of 4 in R3. Put ¢; := (§j;)1<j<3 for 1 <1 < 3 (unit
vector in R3). If A is an open bounded set in R® with Lipschitz boundary, we write n(4)
for the outward unit normal to A. If R, S € (0,00) with S < R, we write Ap g for the
annular domain Bgr\Bs.

Let p € [1,00) and n € N. For any open set A C R? the norm of the Lebesgue space
LP(A) is denoted by || ||, and the usual norm of the Sobolev space W™P(A) of order
m and exponent p is designated by || ||m,. Again for an open set A C R?, we define
C3o(A) == {V € Cg°(A)? : divV = 0}, and write Lj, (A) and W v"(A) for the set of
all functions V from A into R such that V|K € LP(K) and V|K € WYP(K), respectively,
for any open, bounded set K C R? with K C A. We put VV := (9;V})1<jx<s for
Ve W (4)*

Let V a normed space, and let the norm of V be denoted by || ||. Take n € N. Then we will
use the same notation || || for the norm on V" defined by ||(f1, ..., fn)|| := (E?:l Il f512 )1/2
for (f1,..., fn) € V". The space V3%3 as concerns its norm, is identified with V9. If
p € (1,00), n € {1, 3} and A C R3 open, the dual space of Wol’p/(A)” will be denoted
by W, 1P (A)" (although in the case n = 3 this notation is not coherent with the usual
custom of letting A" stand for the Cartesion product of a given set 2).

We additionally introduce some weighted Sobolev spaces. To this end, for € R? we put
w (x) = (14| for j € {1,2}, pe(1,00)\{3/2, 3},

1 _ 2 _ -1

U(@) = (1+ |27 wi(@) = (1 +[2) 7 (In2 + [2)) ) 7,

(@)= 1+ |z))7 (In@2+J2))) " for je{1,2}.

S

7)
W3

Then we set

WZP(R?) := {V e W2(R?) : wPV, WMV, 90,V € LP(R®) for 1< k,l <3},

loc p ’ p

WiP(R) :={V e WEI(R®) : wlVV, gV € LP(R®) for 1<1<3} (pe(l,0)).

We will not work with a norm of W2?(R3). However, the norm of W,?(R3) defined by
1 .

1V llyro sy = (e V1B + [TV [5)17 will be relevant.

Let p € [1,00], B a Banach space and J C R an interval. Then the norm of the space

LP(J,B) is denoted by || HL,,(JB). Let a,b € RU{oo} with a < b, takem € Nand g € [1,00).

Then we write LP(a,b, B) and W'4(a, b, B) instead of Lp( (a,b), B) and WL‘I( (a,b), B),

respectively. We use the expression L ([a,b), B) for the space of all functions v : (a, b) —



B such that v|(a,T') € LP(a,T, B) for any T' € (a,b). This space is to be distinguished from
the space LY (a,b, B), defined in the usual way. Let T € (0,00], A C R3 open, and n € N.
Then we will write || [|gpr and || [lgpw instead of || [|zeo,r, Loay) and || [|Lo,Laaye),
respectively.

If v € Wh(a,b, B), then, possibly after a modification on a subset of [a,b) with measure
zero, the function v belongs to C%([a,b), B) ([44, Lemma 3.1.1]). If the latter relation is
already valid, we write v € Whl(a,b, B) N C%([a,b), B).

Of course, a function v € Lp( J, Lq(A)”) may be considered also as a function on A x J,
although there is a minor issue with respect to measurability on A x J, settled in [12,
Lemma 2.1] and [19, Lemma 2.3]. We will write v(¢)(z) or v(z,t), depending on whether
we consider v as a function on J with values in LI(A)", or as a function on A x J. For an
interval J C R and a function v : J V[/llocl (A)3, the notation Vv stands for the gradient
of v with respect to z € A, in the sense that
Vv J = LL ()33, Vou(t)(z) = (axk(vj(t))(x))KMfor ted zeA
<jk<

(spatial gradient of v). Similar conventions are to be valid with respect to the expressions
Agv, divye and Oz ;v.

Concerning Bochner integrals, if J C R is open, B a Banach space and w : J — B an
integrable function, it is convenient sometimes to write B — [; w(t) dt instead of [, w(t) dt
for the corresponding B-valued Bochner integral. For the definition of the Bochner integral,
we refer to [46, p. 132-133], or to [32, p. 78-80.].

We define the Fourier transform f of f € L'(R3) by f(£) := (2m)~3/2 Jan €767 f(2) dz for
¢ € R™. An analogous definition is to hold for functions belonging to L?(R?).

We write C' for numerical constants and C(v1, ..., 7,,) for constants depending exclusively
on paremeters 71, ..., v, € [0,00) for some n € N. However, such a precise bookkeeping
will be possible only at some places. Mostly we will use the symbol € for constants whose
dependence on parameters must be traced from context. Sometimes we write €(7y1, ..., V)
in order to indicate that the constants in question is influenced by the quantities v1, ..., Vx.
But in such cases, this constant depends on other parameters as well.

The following simple version of Young’s inequality for integrals will be used frequently.
Stated her for the convenience of the reader, we will refer to it as “Young’s inequality”.

Lemma 2.1 ([1, Corollary 2.25]) Let n € N and q € [1,00]. Then

(.

We will use Minkowski’s inequality for integrals, which we restate, too.

Theorem 2.1 ([1, Theorem 2.9]) Let m,n € N, p € [1l,00), F : R" xR™ —» R a
measurable function. Then

</n</m |F(w’y)|dy>pdx)1/p < /m</n |F(9€ay)|pdzv)l/pdy.

The next theorem deals with solenoidal I/VO1 4_functions.

q 1/q
[ v@-nvwa| @) <oV, for ve @), ve @),



Theorem 2.2 ([29, Theorem II1.4.2, I11.6.1]) Letn € N, ¢, rq, .. ) Tn € (1,00), AC
R3 open, bounded and with Lipschitz boundary. LetV € Wol’q(A )3 ﬂLTJ( Prorl<j<n
with divV = 0. Then there is a sequence (V) in ng,(Zc) such that ||V —Ypll1,4 = 0 and
IV = nllr; = 0 (n — 00) for 1 <j <n.

The ensuing theorem presents a result on LP-integrability of functions defined in an exterior
domain and possessing an L9-integrable gradient.

Theorem 2.3 Let A C R? be open, bounded and with Lipschitz boundary. Let q € (1,3)
andV € VVli’Cl (A°) with VV € LI(A%)3. Suppose there is some k € (1,00) with V € L“(ZC)
Then V € L3/ G=D(A%) and |Vl|34/3-q) < €V lg-

Proof: This theorem may be deduced from [29, Theorem I1.6.1]; see [17, Theorem 2.4]
and its proof. O

We mention some results about Bochner’s integral. Our basic tool in this context is the
following theorem (compatibility of bounded operators and Bochner integrals).

Theorem 2.4 Let By, By be Banach spaces, A : By — By a linear and bounded operator,
n € N, J C R"™ an open set and f : J — By a Bochner integrable mapping. Then
Ao f:Jw By is Bochner integrable, too, and A(By — fdex By — fJA o fdx.

Proof: See [46, p. 134, Corollary 2], [32, Theorem 3.7.12 and the remark on p. 84]. O

Next we indicate a compatibility result for Bochner integrals with values in LP-spaces.

Lemma 2.2 Let J C R be an interval, n € N, B C R" and A C B open sets, q1, g2 €
[1,00) and f : J — L‘“(B) a Bochner integrable mapping with f( )]A € qu( )3 for
tedJ and fIA : J = L®(A)* Bochner integrable as well. Then (L% (B)*— [, f(s)ds)|A =
L®(A)? — [, f(s)|Ads.

Proof: According to [19, Lemma 2.3], for a. e. © € A, the integral on the left-hand side
of the equation at the end of the lemma taken at the point z equals the integral on the
right-hand side taken at that point. U

Theorem 2.5 Let B be a Banach space, n € N, p € [1,00) and J C R"™ measurable.
Then the set of integrable functions from J into B only taking a finite number of values
(7simple functions”) is dense in LP(J, B).

Proof: See [24, Section 8.18.1 and Exercise 8.29]. On the basis of Lebesgue’s theorem,
the proof can be done by first approximating f € LP(J, B) by functions with bounded
support, and then by functions with bounded support and such that the set of their
values is bounded with respect to the norm of B. Functions of the latter kind belong
to L'(J, B) and thus, by the definition of Bochner’s integral, may be approximated in
L'(J, B) by simple functions, which implies approximation in LP(.J, B) in this situation,
due to Lebesgue’s theorem. O
Corollary 2.1 Let B be a Banach space, A a dense subset of B, p € [1,00) and J C R"
open. Then the set {2?21 pjaj k€N, ¢; € C(J), aj € A for1 < j <n} is dense in
LP(J,B). In particular the set of continuous functions f : J — B with supp(f) compact
is dense in LP(J, B).

Proof: Use Theorem 2.5 and the density of C5°(J) in LP(J). O



In order to define Friedrich’s mollifier for functions with values in Banach spaces, we fix
a function p € C§°((—1,1)) with p > 0 and [, p(s)ds = 1, and put ps(r) := 6" p(6'r)
for 6 € (0,00), r € R. If B is a Banach space and f € L} (R,B), define fs5(t) :=
B — [gps(t—s) f(s)ds for t € R, 6 € (0,00).

Key properties of Friedrich’s mollifier of functions with values in R carry over to functions
with values in Banach spaces. Properties of this type needed in the work at hand are
collected in the ensuing Theorem 2.6.

Theorem 2. 6 Let B be a Banach space and f € L} (R,B). Then fs € C*(R,B) and
fan) fR )t — 5) f(s)ds (neN, teR, de(0,00)). Moreover, if f € Wo (R, B),
then (fa) = (f’)a-

Let g € LP(R, B). Then ||gs|lrr,B) < l9llrr,B) for 6 € (0,00) and |gs — gllrr(r,B) —
0(510).

Let h € C°(R,B) and t € R. Then ||(hs — h)(t)|| = 0 (§ | 0), where || || denotes the norm
of B.

loc

Proof: The relation fs € C*°(R, B) and the equation for fén) (t) follow from the assump-
tion p; € C°((=4,0)). If f € WL(R,B) and t € R, the equation (f5)'(t) = (f')s(t)
holds due to the above equation for f(gn) (t) with n = 1, and since the function s +—
ps(t — s) (s € R) belongs to C§°(R). The inequality ||gs||zrr5) < 9/lrr,B) for 6 >0
is an immediate consequence of Young’s inequality and the choice of ps. We further note
that for e € (0,00), Corollary 2.1 yields existence of a function ¢(® € CO(R, B) with com-
pact support such that [|g — g(9)|| rr(R,B) < €/2. With this result available, the relation
l9s — gll Lr(r,B) — 0 (9 | 0) follows by the same arguments as in the case B = R; see [1, p.
37-38] for example. The same reference yields the last claim of the theorem. O

3 Some results on the Poisson equation and the stationary
Oseen system.

In the ensuing theorem, we state some properties of the Newton potential. The proof of this
theorem is well known (Use Hardy-Littlewood-Sobolev’s inequality, Calderon-Zygmund’s
inequality and density arguments.), although we cannot give a reference.

Theorem 3.1 Put N(z) := (47 |z|)~! for z € R3\{0} (fundamental solution of the Pois-
son equation). Let q € (1,3/2), F € LI(R®). Then [ps Nz —y)|F(y)|dy < oo for a. e.
z € R Put (Mx* F)(z) = [pa N(x —y) F(y)dy for z € R® ("Newton potential”). Then
N«F € Wl‘ig(R?’) AN«F) = —F and V(N«F) € LA/1/3)7(R3). If F € WL4(R3), then

N F € WEI(R) and || 05010 (W F) ||y + |00 (N5 F) |4 < Cq) | Fll1g for 1 < k,1,m < 3.

In the next theorem, we introduce a pressure Il associated with the velocity part U of a
weak solution to the Oseen system (A = 0) or the Oseen resolvent system (A # 0) in R3.
The case A # 0 is included in view of an application in [20].

Theorem 3.2 Let A C R? be open, A € C, q € (1,00), U € VVllo’g(A)3 with

/(VU-V29—|-(7'81U+)\U—F)-19)d93:0 for ¥ € C5,(A), divU = 0. (3.1)
A



Then there is a function I1 € L} (A) with
/(VU~V19+ (101U + AU — F) -9 —ILdivd ) dz =0 (9 € C°(A)?), divU = 0. (3.2)
A

If B C R? is open, bounded, with Lipschitz boundary, B C A and fB II =0, then

[Mlg < €([[VUllg + [AHUllg +[[£1]q)- (3.3)

Proof: Let B C R?® be open and bounded, with B C A. Since F € LI (A)3, we have
F|B € Li(B)3, hence F|B € Wo_l’q(B) by Poincaré’s inequality. Obviously —7 01U|B €
W, "(B)3. Thus, by [27, Lemma IV.1.1], there is a function IT € L (A) such that (3.2)
holds. The last statement of the theorem including (3.3) also follows from [27, Lemma
IV.1.1] and Poincaré’s inequality. O

Theorem 3.3 Let A C R be open, A € C, ¢,5 € (1,00), F € L (A)?, U € Wh1(A)?

loc

with VU € L$ (A)? such that (3.1) holds. Then U € I/Vli’cq(A)3. Suppose in addition that

loc

IT € L} (A) is such that the pair (U,II) satisfies (3.2). Then II € le’g(A) and
AU +7HU + AU +VIL=F, divU = 0. (3.4)

Proof: The theorem is a consequence of interior regularity of solutions to the Stokes
system; see [17, Theorem 3.2] and its proof. O

Theorem 3.4 Let A C R3 be open, A € C, F € C®(A)3, q € (1,00), U € VVllgcl(A)?’
with VU € L (A)?, and I € L] _(A). Suppose that (3.2) holds. Then U € C*(A)3, 11 €
C*(A), and (3.4) (Oseen system if X =0) is valid.

Proof: [17, Corollary 3.2]. The assumption v € L(A)3 in that reference should read
ve Ll (A)3. O

loc

We will need a solution theory for the Oseen system in weighted Sobolev spaces of functions
defined in the whole space R3. This theory is useful for us because it holds in an L9-
framework with any ¢ € (1, 00) being admitted.

Theorem 3.5 Let ¢ € (1,00). Then for any F € Li(R3)3, there is a pair of functions
(U(F), TI(F)) such that U(F) € Wy Y(R%)3, TI(F) € W"Y(R?), the pair (U(F), TI(F))
solves (3.4) with A = 0, A = R3, and ||0,0,U(F)|, + HHHW%,q(RS) + [|0U(F)]lq <
C(q,7)||Fllq for 1 <k,1 <3.

Proof: The theorem reproduces some of the statements of [2, Theorem 3.3]. g

In [17], we proved uniqueness of the velocity part U of a weak solution to the Oseen
system (equation (3.4) with A = 0) or to the Oseen resolvent problem (equation (3.4) with
A € C\{0}, R\ > 0) in the whole space R3, under the assumptions that [A\| < (7/2)? and
U|Bg € Z?Zl L"i(B$)3, VV € Z?Zl L% (R3)? for some 7, ¢; € (1,00) (j € {1, 2, 3})
and some R € (0,00) ([17, Theorem 5.1]). In the following theorem, we generalize this
result in the sense that we admit functions U growing polynomially for |x| — co. However,
such weak solutions need not vanish, but they turn out to be polynomials. The case A # 0
will not be needed in what follows, but it is included because it can be handled without
additional effort.



Theorem 3.6 Let U € I/Vlic1 (R®)3 satisfy (3.1) with A=R3, F =0 and \ € C with R\ >
0, |\| < (7/2)2. Suppose there are numbers R € (0,00), r € [0,00), ko, mo €N, 0k, gm €
(1,00) for 1 <k < ko, 1 < m < my, and functions U*) € L (R3)3, V(M) ¢ [m(R3)3x3
for k, m as before such that U = Zzozl Uk, Uy =m0 Vu(fg) for 1 < pu,o <3, and
fBg(W(k)(w)’ 2|7 )% de < oo, fB%(]V(m)(wﬂ 2|7 )" de < oo for 1 < k < ko, 1 <
m < mg. Then U is a polynomial.

Proof: The theorem follows by the standard theory of topological vector spaces ([38,
Section 7.3, 7.11]), as used in the proof of [17, Theorem 5.1]. The only point that should
still be checked in more detail is whether the operators T, S : S(R?)? — R defined by
T(¢) := [ (VU -Vo+ 71U - ¢) dx and S(¢) := [ U - ¢ da for ¢ € S(R?)3, respectively,
are tempered distributions, where S(R?) denotes the set of rapidly decreasing functions
in R3, equipped in the usual way with a topology. So let us show that T is a tempered
distribution. To that end, put R := max{1l, R}, 7 := min{n € N : n > r}, pas(¢) :=
sup{|z® P¢(z)| : = € R3}, G(¢) := sup{|z|" 3 ZWENS,IWIS |07p(x)| + x € BCE} for
¢ € S(R?)3, a, B € N3. Then we find for ¢ € S(R?)3 that

3
G@) <esw{ D 3 0w xe By,

vENG, [y|<1m=1

and thus G(9) < € Y2 et 1<t omet P(+3) e,y (6)- On the other hand,

3 mo 3
/ 2| Y 0 U (@) de < C YD / || PV (2)| da
BS BS

p=1 R

R = m=1 p,o0=1
- : 1/qm 34 1/q.,
<o 3 ([ g e an) ([ e ar)
m=1 = =

H,0=1 R
Since [ Be |x\*3q4n dx < oo for 1 < m < myg, our assumptions on the functions V™ imply

R
that the right-hand side of the preceding estimate is finite. Thus we may conclude that
the integral IB% || 3 Zi:l |0,U ()| dx is finite. As a consequence

3
(/C<vu.v¢+7w.¢> dz| < €G(9) /B 2|2 D 10,U (@) dar,
R R p=1

with the right-hand side being bounded, in turn, by € ZaeNg, lal<1 an:l Drt3em,al@), for
¢ € S(R3)3. Since | IBE(VU'VQH'T 01U -¢)dx| < C||U|Bgll1,1 po,o(¢), we have thus found
that |7(6)] is bounded by € (p0,0(0) + Caer jajcr St Prisen.a(@)) for ¢ € SEP).
This shows our claim for T'. A similar but simpler reasoning is valid for S. g
In Section 5, when we exploit the preceding theorem, the next two lemmas will be useful.

Lemma 3.1 Let mg € N, p1, ..., Py € (1,00), p := max{p, : 1 < m < my}, € €
0, 1/p), Ri € (0,00), W . W) ¢ LI (R3)3 such that W = >0, WM s q
polynomial and fB% (IW) ()] |z|~27% )" dz < 0o for 1 < m < myg. Then the degree of
W is at most 1.



Proof: Abbreviate A(z) := Z%‘;l(\w(m)(x)\ 2| 7270 )P for z € R3. Suppose there
is R € [Rl, o0) such that [, A(z)do, > 1/R for R € [R,00). Then J5, Wa)de =
= faB x)doy dr > [£°r~!dr = co. Since fB“ (x)dz < oo by our assump‘mons, we

have arrlved at a contradiction. Thus there is a sequence (Ry) in [max{R;,1}, co) with
faB r)do, < R, ! for n € N and R,, — co. It follows that &, := faB (R, x)do, <

R for n € N. But (Ry2-<0)pm = (R,> T/Pypm RoPm/P > (R 2" 60“/1’)% R for
neN 1<m< mo, where the last inequality holds because R,, > 1 and Pm < p. Setting
Ry = faBl (|Wm)( ny)\R_2 60+1/p)pmdoy for n € N, we get 8, < 8, R, <

R-2 (n € N) by the preceding inequalities. On the other hand, for m € {1, ..., mg}, n € N,

we find with Holder’s inequality that Ry2otl/p faBl W ™(R, y)| do, < (477)1/p ﬁl/pm

It follows that f%;z_gﬁl/ﬁ Jog, 2omet (W) (R, y)|do, — 0 (n — o0), so we have found
that Ry, > 7 [ (W (R y)|do, = 0 (n — o0).

Now suppose that the degree of W is larger than 1. Then there is ky € N and for any o € N3
with |a| < kg a number a, € R such that kg > 2, W(x) = ZaGNﬁ,\aISko aq % for x € R3,
and aq, # 0 for some g € N3 with |ag| = ko. Put P(z) := ZaGNS,Ia\:ko ao x® (v € R3).
We distinguish two cases. In the first, we suppose that [, o, IP(y)doy > 0. Since for
S € (0,00)

ko—1

/ W(Sy)|doy > % / i) doy = 3 aal / 1y do,
0By 0B1

aEN8,|a\ l

we may conclude there is R € [Ry, 00) such that Jon, W (Sy)|do, > S* [, |P(y)| doy/2
= —2—e0+1/p ko—2—eo+1/p

for S € [R, oc). Thus R, U [ IW(Rny)|doy > Ri2T2OFP [ | P(y)|doy /2 for

n € N with R, > R. On the other hand, since we assumed ko > 2 and € € [0, 1/p),

and because R, — oo and [, |P(y)|doy > 0, we get Rio—2eot1/p Jon, |P()| doy/2 —

oo (n — oo0). We may thus conclude that Ry2cotl/p f831 |W(Ryy)|do, — oo for n
tending to infinity, which is a contradiction to what was shown above.

In the second case, we assume that faBl |P(y)| doy = 0. Then P(y) =0 for a. e. y € 0By,
and hence for any y on 9B by continuity. Since P is homogeneous, it follows that P = 0
in R3. For a9, 23 € R, the function P( - ,x9,23) is a polynomial in one variable, so we
may conclude that all coefficients of this polynomial vanish. But this polynomial may be
written as ngoﬂ(aﬂg, x3)r! for r € R, with Py(z9,13) := ZIZS_}) A (1,m ko —I—m) T5' b=

for xo, z3 € R, 0 <1 < kg. The numbers Pj(x2,x3) are the coefficients of P( - ,z9,x3)
and must therefore vanish (z2, x3 € R). But each function P is a polynomial, too. So, in
the next step, the same sort of reasoning may be applied to these polynomials, implying
that their coefficients must vanish as well. In the end we get that a, = 0 for o € N3 with
|| = ko, which is a contradiction to the fact that aa, # 0 for some o € N3 with |a| = ko.
Thus we arrive at a contradiction in any case. This proves that the degree of W cannot
exceed 1. g

Lemma 3.2 Let mg € N, p,, € (1,00), ym) e LPm(R3)3 for 1 < m < mg. Suppose that
V=30 V) s constant. Then V = 0.
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Proof: By an argument already used in the proof of [19, Lemma 5.2] and Lemma 3.1, we
may choose a sequence (Ry) in (0,00) with [5 300, (V) (z)[Pm do, < R,;* for n € N

and with R, — oo. Put 2, := f831 S [VI(R, y)|Pm doy, for n € N, so A, < R
But [, V(R y)| do, < (47)"/Pim AP forn €N, 1< m < my by Holder’s inequality,

hence [, >0, V(R y)|do, — 0 (n — 00). Therefore Jon, V(Rny)|doy — 0 for n
tending to infinity. Since V is constant, this means that V' = 0. g

4 Some fundamental solutions and potential functions.

We recall that the fundamental solution 9t of the Poisson equation (”Newton kernel”)
and a convolution ("Newton potential”) with this fundamental solution was introduced in
Theorem 3.1. We define the usual heat kernel in 3D by setting

Bz, t) 1= (dmt) ¥2e PP/ for 2 e R3, t € (0,00), $(2,0):=0 for z € R*{0}.

Thus, in our context, £ is defined on B := (R? x (0,00) ) U ((R*\{0}) x {0} ).

Theorem 4.1 The relations $ € C°(B) and [p3 H(2,t)dt = 1 for t € (0,00) hold. If
a € N3, o € Ny, the inequality 0207 (2, t)| < C(a,0) (|z|> + t)~BHal+20)/2 s yalid for
z€R3 t € (0,00).

Proof: See [41] for the preceding estimate. O

The estimate in Theorem 4.1 in the case |a| = 2, 0 = 0 allows to define the velocity part
I" of a fundamental solution to the time-dependent Stokes system,

Lik(z,t) .= 9(2,t) djk +/ 02;021.9(2,s)ds for (z,t) € B, j k€ {1, 2, 3},
t

as well as the velocity part A of a fundamental solution to the time-dependent Oseen
system (1.1),

Ajp(z,t) :=Tj(2z —7ter, t) for (z,t) € B, j, ke {1, 2, 3}.

We will need the following properties of A.

Lemma 4.1 The relations A € C*°(B)3*3 and Zizl 0z M\ji(z,t) = 0 are valid for 1 <
j<3,2€R3 te(0,00).

Let K > 0. Then |02 A(z,t)] < C(K,T) 32 (12| v(2) + t)~BHelF1o)/2 for 2 1, a, o

p=1
as before, with the additional assumption |z| > K.

The estimate [ [0507 A(x,t)|9dx < C(7,q) Zizl t—GBtlaltno)a/243/2 s yalid for q €
(1,00), t € (0,00), a € N3, o € {0, 1} with |a| + 0 < 1. If |a| + 0 = 1, the case ¢ = 1 is
also admitted.

Proof: See [19, Lemma 3.3, Corollary 3.3, 3.4]. O

We introduce the first of our potential functions.
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Lemma 4.2 ([19, Corollary 3.5]) Let A C R? be measurable, q € [1,00), V € LI(A)?,
and let V denote the zero extension of V to R3. Then Jzs 109A(x —y,t) V(y)|dy < oo for
a e N wzth |a| <1, x€R3 ¢ e (0,00). Define the function IOV R3 x (0,00) > R3
by 3TV ng y,t)-V(y)dy for € R3 te(0,00).

The derivative GaclJ( )(V)(J:,t) exists and equals [ps OxA(x — y,t) - V(y)dy for z, t as
above, and for 1 € {1, 2,3}. The functions 3(7)(‘/) and Ole(T)(V) are continuous in
R3 x (0,00). If ¢ > 1, then |37 (V)(t)]l, < Clg,7) |Vq for t € (0,00).

If mg € N, p € [Loo), VI € LP(A)? for 1 < I < my, put IO V) =
S 3 (v 0),

We will need a variant of 3 (V).

Lemma 4.3 Let ¢ € (1,00), A C R? be measurable, V € LI(A)3. Write V for the zero
extension of V to R®. Then [p3]099(x —y — Tteq, t) V(y)|dy < oo forz € R3, t €
(0,00), ax € Ng with |af < 1.

Define H(V)(x,t) = Sz Oz —y — rten, ) V(y)dy, HO(V)(z,0) = V(z,0) for
reR3te (o,oo). Then H(™(V) belongs to C°([0,00), L2(R3)3), and the estimate
IHD (V) (@)||2 < C(7)||V]2. holds. Moreover, the derivative dz;H ™) (V)(z,t) exists and
equals [ps 099 (x —y — Ttey, t) V(y)dy, for x € R3, t € (0,00), 1 <1< 3. In addition
VHT (V) € L2(0,00, LA(R?)3).

)

Proof: All the claims of the lemma except the continuity of H(7) (V) and the integra-
bility of |V,H()(V)[? follow by the same arguments as used in [19, proof of Corollary
3.5] with respect to I (V). The continuity of H(" (V) as a mapping from [0,00) to
L?(R®)? at t = 0 holds according to [19, Theorem 3.3]. Continuity at ¢ > 0 may be
shown by the same reasoning as in [19, proof of Corollary 3.6] As for L2-integrability
of the spatial gradient, we use that the Fourier transform [$(-,¢)]" of the function
r = H(z,t) (x € R3) (heat kernel as a function of the space variables) is given by
S, 0N = (2n)73/2 e lEPt for ¢ € R3, t € (0 00). Therefore by Parseval’s for-
mula |0zHD (V)| = [° fas [(27) 3/2516”51 )tV (€)|2 dé dt. By applying Holder’s
inequality with respect to the Varlable &, and then integrating with respect to t, we get
|02, HD (V)3 < €||V]3, so Parseval’s formula yields ||0zH™(V)|3 < (’:HVH% This

completes the proof of Lemma 4.3 O

We turn to the definition of another potential function.

Lemma 4.4 Let Ty € (0,00], A C R*® measurable, ¢ € [1,00) and f a function from
L! ([O,TO), Lq(A)3). Let f denote the zero extension of f to R® x (0,00). Then the

loc
integral [ps [09A(x — y,t — o) - f(y,0)|dy is finite for any x € R3, t € (0,00), 0 €
(0,t), a € N3 with |a| < 1. Moreover, for a. e. t € (0,00) and for a as before, the integral
fot Jgs [09A(x — y,t — o) - f(y,0)|dydo is finite for a. e. x € R3. Thus we may define

RO(f) (1) = / [ A=yt =a) fly.o) dydo

for such t and x. The relatz'on R )(f)( t)yewr 1(R?’) holds for a. e. t € (0,00), and for

loc

such t OxRT)(f fo Sz OmiA(x —y,t — o) - fly,0)dydo forl e {1, 2, 3} and a.
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e. v € R3.
Moreover the integral fot | Jps Az —y,t —s)- fly, s)dy|ds is finite for any t € (0,00) and
for a. e. x € R3. Thus the function %(T)(f) is well defined even for any t € (0,00)
(instead of only for a. e. t € (0,00)) and for a. e. x € R3. In addition the inequality
IR () (Olg < Cla) | IR? x (0,0)]g,15¢ holds for t > 0.
Let mg € N, p € (1,00) and f € LL.(10,Ty), LP1(A)?) for 1 <1 < mg. Then define
RO (70 fO) = 70 R(Y).
Proof: [19, Lemma 3.8, Corollary 3.7]. O
Lemma 4.5 Let ¢ € (1,00) and f € L*(0,00, LY(R?)*). Then the function R (f)
belongs to the space C°([0,00), LI(R?)?).
Let B C R3 be measurable and bounded. Suppose that q¢ < 3. Then R (f)|B x (0,00) €
L®(0,00, LY(B)?) and VR (f)|B x (0,00) € L2( 0,00, LI(B)?).
Proof: Put B(z,t,h) := ftt+h J(T)(f(s))(a:, t+h—s)ds fort e[0,00), h € (0,00), x €
R®. Then |B(-,t,h)llg < [/ 37 (f(5))( -, t+h = s)lgds < € [T f(5)]gds <
A2 || fll42:00 by Theorem 2.1 and Lemma 4.2. We may conclude that ||B(-,t,h)|q —
0 (h | 0). It follows in particular that 937 (f) as a mapping from [0, 00) in Lq(R3)3
continuous in t = 0. Let t € (O 00). Then R (f)(z, t + h) — RO (f)(x,t) = B(x, t,h) +
C(x,t,h), with C(x,t, h) fo [j(T (f(s))(z, t+h—s) —3(7)(]”(3))(37, t—s)]|ds, forxz €
R3, h > 0. Define Ql(s,h) = |37 (£(s) ) (t+h—s)=3 T ( f(s) ) (t—s)|q for s € (0,t), h > 0.
Then Lemma 4.2 yields that 2(s,h) < 3,cq0.p 137 (£(5)) (¢ + 7 = s)llq < €| £(5)]|q for
s, h as before. The function s — | f(s)llq (s € (0,¢)) is integrable. Moreover, for
€ (0,t), h > 0, we get by the definition of J(T)(f(s) ), Young’s inequality and the last
inequality in Lemma 4.1 that

A(s, h) < ( A t4h=8) = Az = 5) | dz) 1 £(5)]lq

= (L1 [ G s a2)is¢ Mt < €30 5 0l

pn=1

Therefore A(s,h) — 0 for h | 0. At this point it follows with Lebesgue’s theorem that
IC(-,t,h)|lg = 0 (h ] 0). Since we have already shown that [|B( - ,¢,h)||; = 0 (h ] 0), we
may conclude that | (f)(t + h) — RO (£)(t)]l; — 0 (h | 0). Altogether it follows that
R (f) as a mapping from [0, c0) into L(Q°)3 is continuous.

In view of the second part of the lemma, we obtain with Lemma 4.4 that 2R (f)(x,t) =
ngoc) + nga)’ with 9[506) (2,1) = f(f X(0,)(t = 8) Jps OgA(x — y,t — s) f(y,s)dyds for x €
R3, t € (0,0), a € N} with |a] < 1, and with nga)(x,t) defined in the same way
as nga) (x,t), except that the term x(g,1)(t — s) is replaced by Xx[1,00)(t — s). Then for
t € (0,00), we have HQl ®llq = fo X(0,1)(t—5) 13T (£(s)) (t—5)||q ds, so we may conclude
with Lemma 4.2 that |2 (£)[l, < € [T x(01)(t—5) [ £(5)]lgds < € || f |20, where the last

estimate follows with Holder’s inequality. Hence we get ”ngo) llg,00:00 < I f

4,2;00- Moreover,
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by Hélder’s inequality and the last inequality in Lemma 4.1, for z € R3, t > 0,
(0) ' ;NI
9.0 < [ Xt =3 ([N =t = )17 ) 55
t
<€ [N lt=9) =9 D1 (s) s

Suppose that ¢ < 3. Then 3/(2q) > 1/2, so by Holder’s inequality |ng0) (x,t)| < C|f
It follows that ||Q[§O)Hoo,oo;oo < €||fllg.2;00- This estimate and the one given above for

124 |4 0000 TMPLy |8 (£)|B % (0, 00) [lg.00i00 < € [|fllq.2:00- Now let I € {1, 2, 3}. Young’s

inequality and the last estimate in Lemma 4.1 yield

q,2;00-

t
128 (1)1, < / X (t = s) ( / 02A(z, t — )| dz ) || £(5)]lq ds.
0 R3
t
<¢ / Xyt — 5) (t =572 [ £(5)]|, ds.
0

for t € (0,00), and thus [\ [lg200 < J5° X0, (1) 72 dr [ fllgze0 < €llf [g2:00 again

by Young’s inequality. Applying Holder’s inequality and the last estimate in Lemma

4.1 as in the estimate of |ngo)(:n,t)\, we obtain for x € R3, ¢t > 0 that |nge’)(x,t)| <
t _: _

€ fy Xit,o0) (t — ) (= 5) 73/ CO=V2 | £(5)|| ds. But 257 ()| Blly < € |25 (£)| Blloc. Thus,

combining the two preceding inequalities, and recalling the assumption ¢ < 3, hence

3/(2q) + 1/2 > 1, we may conclude by another application of Young’s inequality that

1251 B % (0,00) 92000 < € [ X[1100) (1) 73 D21 || [l .00 < €| £l g.200- Combining

this estimate of HQléel)\B X (0, 00)||¢,2;00 With the one of ||ngel) l|lg.2;:00 given above, we obtain
that [0z ()| B x (0,00)||g2:00 < € || f]lq.2:00- This completes the proof of Lemma 4.5.
U

The next lemma deals with still another potential function, this one defined on the surface
of an open bounded set.

Lemma 4.6 Let ¢ € [1,00], Ty € (0,00], A C R3 open and bounded, with Lipschitz
boundary, ¢ € Li,.([0,Tp), LY(OA)*), ¢ the zero extension of ¢ to A x (0,00). For

t € (0,00), z € R3\OA, a € N}, the term |02A(x — y,t — s) - ¢(y,s)| is integrable as a
function of (y,s) € DA x (0,t). Define B (¢) := BTN (¢) : (RP\DA) x (0,00) — R3 by

U (¢)(x,t) := /Ot /8A Az =y, t—s)- oy, s) doyds for x € R®\9A, t € (0,00).

Then, for anyt € (0,00), the integral fg faA Az—y, t—s)-qz~5(y, s) doy ds as a function of x €
R3\ A belongs to C°(R3\ A)3, and 9207 (¢)(xz,t) = f(f Jou 09N (x—y,t—s)- by, s) doy ds
fora e N3, z € R3\A.

Proof: The function A is C* on R3 x (0,00) (Lemma 4.1), so the lemma follows from
Lebesgue’s theorem. O
Lemma 4.7 Let ¢ € L*(9Qx (0,00))* and S € (0,00) with QX C Bg. Then B (¢)| B x
[0,00) € CO([0,00), L*(B%)?).
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Proof: Since the function A and its derivatives are continuous on (R3\{0}) x [0, 00)
(Lemma 4.1), and because dist(02, Bg) > 0 and |z — y| > |z|/2 for y € 0, = € BSg, we
may conclude from the first estimate in Lemma 4.1 that

2
07 A(x =y, r) Z Xdss, s (@) + X () || 722 710/2) (4.5)

< € ( XAz 5(2) +XB§S($) || 3/27012)

for x € B, y € 09, r € [0,00), 0 € {0, 1}. As a consequence,

1
Mo=yt+h=s)=Aa =y t=9=| [ Mz =y pmrrorsdd|h (46)
< € (XA, s () + xBg () || 72)h for z € B, y€9Q, h, t e (0,00), s€(0,2).

Put B(x,t, h) t+h fé)ﬂ y, t+h—s)p(y,s)doyds for v € Bg, t € [0,00), h €
(0, 00), andCxth fofaﬂ( z—y, t+h—s)—Ax—y, t—s)) ¢(y,s)doyds for z, h
as before and t € (0 oo) Then by Theorem 2.1 and (4.5),

t+h 1/4
_ 4
BCemli<e [ [ ot \doyds(/ [Xotas o &) + x5, (@) a2 ),

hence ||B(-,t,h)||la < €hY2| ¢l for t € [0,00), h € (0,00). Thus ||B(-,t,h)|4 — O
when h | 0. This means in particular that %(T)(¢)|B§ x [0,00) as a mapping from [0, 00)
into L*(B¢)? is continuous in ¢ = 0. Let ¢ € (0,00). Theorem 2.1 and inequality (4.6)
imply that ||C(-,t, h)|l4 may be estimated in the same way as ||B(-,t, h)||4, but with the
integral over (¢, t + h) replaced by an integral over (0,t), and with an additional factor
h. Tt follows that [|C(-,t, h)||ls < €tY/2]||¢||o h. Therefore ||V (¢)(t + h) — B (¢)(t)]]4 =
IB(-,t,h)+C (- ,t,h)|a < C(1+2)||¢p|l2 (h+h/?) for b > 0. Thus B (¢)|BE x [0, 00)
is continuous on (0, c0). Since continuity in ¢t = 0 is already proved, the lemma follows. O

In the rest of this section, we recapitulate results from [19] that will be needed in what
follows.

We introduce another kernel function, for the definition of which we refer to [19]. This
kernel is a truncated version of A. Its relevant properties of this kernel are collected in the
ensuing theorem. Recall that the numbers Sy, Ry, R; and the function g are introduced
in Section 1.

Theorem 4.2 There is a function & := S g, 5,0, : BE X Br, x [0,00) = R3*3 with the

following properties.
Let x € By, r € [0,00). Then &(z, - ,r) € C5°(Bg, )>*3, 22:1 0yr®ji(x,y,7) = 0 for
1<j <3, y€Bp,, and &(z,y,7) = Az — y,7) for y € B, 4(Ry—5,)/4-

0

Let x € By, q € (1,00). Then the mapping v — &(x, - ,r) (7" IS [0,00)) belongs
to C([0,00), WH4(Bg,)**3). Thus a function G' € C°([0,00), WH4(Bg,)**3) may be
defined by the condition ||(&(z, - ,r+h) — &(z, - ,7))/h— G'(r)|1q = 0 (h — 0) for
r €[0,00). We write 0,8 (x,y,r) instead of G'(r)(y) (r € [0,00), y € Bg,).
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Let r € [0,00), q € (1,00).

Let o € {0, 1}, and define L(z) : Br, — R by L(z)(y) := 976 (x,y,r) forz € By, y €
Br,. Then L(z) € C§°(Bg,)**® N Wh4(Bg,)*>*3 for z € B ,; and L as a mapping
from Bg  into Wh4(Bg,)3*3 is partially differentiable on BRO . Thus we may define
Dy, L : Br,* — WY(Bg,)**3 by the condition ||( L(z + hen) — L(z) ) /h — D L(x)||1,4 —
0 (h — 0), form € {1, 2, 3}, x € Br,". Instead of Dy, L(x)(y), we write 02,07 S (x,y,r).
Let I € {1, 2,3} and define L(z) : Br, — R¥3 by L(z)(y) = oy®(z,y,r) for x €
B, y € Br,. Then L(x) € C§°(Bg,)**® N LY(Bg,)**® for x € B}, , and L considered as
an operator from BC0 into LI(Bgr,)>*3 is partially diﬁerentmble on BiROC. Thus we may
define Dy, L : Br," — L1(Bg,)**3 by the condition H( L(z+hem)—L(z) )/h—sz(x)Hq —

0(h—0)(me{l,2,3}, € Bg,). Instead of Dy, L(x)(y), we write 8z,,0y,®(z,y,r).

Let g € (1,00), p € [1,00]. Then

| 10zoroista.n.t - vldy < € (ol @) T, (4.7)

Ry

for Ve LUBg,)?, t € (0,00), x € By, o, B €N}, 0 € {0, 1} with |a] <1, [B] +0 <1,

/ / ](9&6”65@ (z,y,t—s)-v(y,s)|dyds < € (|z|v(z))" (B+lol+o)/2+1/(2p') lvlgpt (4.8)
Br

fort, x, o, B, 0 as in (4.7), and v € Lp(O,t, Lq(BRl)3).
Proof: [19, (3.13), Lemma 3.11, 3.12, 3.13, Theorem 4.2]. O

We note a consequence of the preceding theorem.

Corollary 4.1 ([19, Corollary 4.2]) Let 8 € N3, o € {0, 1} with |5| + o < 1. Let
€ (1,00), and let the function v belong to Lloc( [0, 00), Lq(BRl)3) and the function V to
Li(Bg,)3. Define

F(x,t) / / 8‘785(’5 (x,y,t —s)-v(y,s)dyds, H(x,t) ::/ &(z,y,t) - V(y)dy
BRl BRI

for x € Bg,", t € [0,00). Take a number | € {1, 2, 3}. Then the derivatives dx;F(z,1)
and Oz H (z,t) exist pointwise, and they equal fot fBR 83718;’856(:6, y,t —s)-v(y,s)dyds
1

and fBRl 0x;8(x,y,t) - V(y) dy, respectively, for x € BROC, t €0,00)

It will be convenient to subsume a number of terms in a single operator, which we define
here, and whose definition makes sense due to the preceding Corollary 4.1. The parameters
Ty, So, Ro, Ry and the set () appearing in the following were fixed at the beginning of
Section 1.

Let A C Bg, be open and bounded, with Lipschitz boundary. Put Ag := Bg\A, ZRT ‘=
Ag x (0,T) for R € [Sp,0), T € (0,00]. Let & C R?® x R be such that Zg, 1, C 2.
Let q € (1,00) and let v : A — R? with v|Zp, 1, € C°([0,Tp), LI(Ar,)?), v(s)|Ar, €
W2l (AR, )? for s € (0,Ty) and V0| Zg, 1, € L, (10, o), LI(Ag,)°). Then, for t € (0, Tp)

loc
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and z € Bj , we define

RRo,50,00,A,T5 (V) (2, 1) / /Q Zayléﬁ (z,y,t —s) - Oyv(y,s) (4.9)
Ry

—7 0y 6(x,y,t —s) - v(y,s) — 0:6(z,y,t —s) - v(y, 8)) dy ds + ; &(x,y,0) - v(y,t)dy.
Ry

Next we reproduce some decay estimates proved in [19], beginning with a decay estimate
of RRy,S0,00,4,1, (V). We use the same notation as in (4.9).

Corollary 4.2 ([19, Corollary 4.3]) Let p1, p2 € [1,00] and take A, A, q as in (4.9).
Then, forv : 2+ R3 such that v|Zp, 1, € C°([0,Tp), L1 (Ag,)?), v(s)|Ar, € VVZIOCI(ARl)?’

(s€(0,Ty)) and Vyv|Zg, 1y € LP2(0,Ty, LY(Ag,)° ), and for z € Br,*, t € (0,Tp), a €
N3 with |a| < 1, the term 0S8Ry, 50,0041 (V) (2, t)| is bounded by

—(3+|al)/2+1/(2p"
gt + PO, ) max (Ja]v(e)) FHDEEER),
je{1,2}
Lemma 4.8 ([19, Lemma 4.3]) Let A, A, q be given as in (4.9), and let p1, p2 € [1,00].
Then, for v : 9 — R with v|Zp, 1, € L*(0,Tp, LY(AR,)?), v(s)|Ar, € Wil (Ag,)?

loc

(s € (0,Ty)) and Vov|Zr, 1 € LP2(0,To, LY(Ag,)?), as well as for x € Bg,, t €
(0,Tp), o € N3 with || <2, 1 € {1, 2, 3}, the term |8§‘%(T)(nl('4) v)(x,t)| is bounded by

¢ ([[v|ZR, 4

|q,p1;t + ||va?v|ZRlﬂt

—(3+ 24+1/(2p".
amit + IVt ZRy tllapei) max (|z|p(x)) CHDEH/ER),

€ (vlZn. s

where (n\™ v)(y, 5) .= 0\ (y) v(y, 5) for y € DA, s € (0, Th).

Lemma 4.9 ([19, Lemma 4.4]) Recall that the Newton kernel Nt was introduced in The-
orem 3.1. Let A C Bg, open and bounded, with Lipschitz boundary. Let q € (1,00).
Then the estimate \faA((‘)aV‘ﬁ)(x — ) (0 V) (y)do,| < Clx|72 1| V||, holds for
V € Li(Ag,)? ﬂW“(AR) with divV = 0, and for t € (0,00), * € By, a € N}
with |a) < 1. If [y, n ).V do, = 0, the factor |z|~271% may be replaced by \x| —3=lal

Finally we restate the representation formula proved in [19] for regular solutions of (1.1).
This formula will play a crucial role in the ensuing sections.

Theorem 4.3 ([19, Corollary 5.2]) Let A C Bg, be open and with Lipschitz bound-
ary. Let ko € N, gp € (1,00), and let u'® belong to CO( [0, Tp), LQ’“(ZC)S) and to
VVllocl(O To, Los(A%)3 ), for 1 <k < ko. Putu= 20:1 u®). (This means in particular that
u|lAgr x [0,00) € C’O([O, o0), LI(AR)3 ) for R € [Sp,00), q € (1,00) with ¢ < g for 1 <
k < ko.) Let w: (0,Tp) = WS (A), ng €N, pj € (1,00) and fU) € L}, (0, Ty, LPi(A9)?)
for 1 < j <ng. Suppose that u(s) € W21( V3 for a. e. t € (0,Ty), and

u'(s) — Agu(s) + 7 0z1u(s) + Ver(s) = f(s), divyu(s) =0 for a. e. s € (0,Tp), (4.10)
with f = Y10, f0) " (u®)y.

In addition suppose there is q1 € (1,00) such that Vyu(s)|Bf € L?(Bg,)? for a. e.
s € (0,Tp) and VyulAp,x(0,Ty) € Li,.([0,To), L (AR,)? ). Assume that u|Ag, x(0,Tp) €
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L,.(0,To, W*'(AR,)?), m|Ar,%x(0,T0) € L},.(0,To, W' (AR,) ), and there are numbers
ap €N, v, € (1,00) as well as functions 79 : (0,Ty) = L}, .(Br, ) for 1 < j < ag such
that

~()[Br,” = Z/B 7D, [(L+ ) (2 + )] ) dy < o

fora. e. s € (O,To). Then there is a subset T, of (0,Ty) of measure zero such that for
t € (0,70)\%1,, the equation

u(z,t) = RO(f) (@, t) + 37 (u Zamm ) u)(, 1) (4.11)

- /BA(vm) (JZ - y) (n(A) (y) : u(ya t) ) doy + ﬁRo,So#po,A,TO (u) (37, t)

t
— B Ro,S0,00 (Y, 1) - u(y,0) dy — / B Ro,So.00 (T, Y, t —5) - fy,s)dyds
Ap, 0 JAg,

holds for x € BROC\Nt, where Ny is some subset of BROC with measure zero. The function
RRo,50.00,A,T, (1) is defined in (4.17), and the function B g, sy, i Theorem 4.3.

Next we restate a tool which will help to extend the integral representation (4.11) to
solutions of (4.10) that are more general than the ones in the preceding theorem.

Lemma 4.10 ([19, Lemma 5.3]) Let A C Bs, be open and bounded, with Lipschitz
boundary. Let kg € N, o, € (1,00), u®) ¢ CD([O,TO) Lok (A%)3 ) for 1 < k < ko,
and put u = ]20:1 u®). In particular u|Ar x [0,00) € CO([ ,00), Lq(AR) ) for R €

[So,00), ¢ € (1, min{g; : 1 < k < ko}]. Further suppose that u(s) € VVloc (A3 for a.
e. s € (0,Ty), divyu = 0, and VyulAr, x (0,Ty) € L},.([0,Tp), L% (Ag,) 9) for some
@1 € (1,00). Furthermore let ng € N, p; € (1,00), fU) € L} ([0,Tp), LPi(A%)3) for

1< j <o, and put f =72, fU)

Fiz some function ¢ € C*°(R) with {|(—oc0,1] =0, (|[2,00) =1, 0 < (<1 and ¢ > 0.

For e € (0,00), 7 € R, define ((r) := ((r/e). Put ugk)(s) = C(s)uP)(s), we(s) ==

ie(S)kU(S), fe(s) :=Ce(5) f(s) and ge(s) := [fe(s)+Ci(s) u(s) fors € (0,Tp), € € (0,00), 1 <
< kKo.

Let t € (0,T). Suppose there is some €y € (0,00) such that for € € (0,¢€0], equation (4.11)
holds with u, f replaced by u. and g, respectively, if v € Br, \Nt e for some subset Ny . of
Br," of measure zero. (This means in particular that the second from last term in (4.11)
vanishes.) Then there is some zero-measure set Ny C BROC such that equation (4.11)
remains valid for u and f if x € Tmc\Nt.

5 Weak solutions of the Oseen system: representation for-
mula and pointwise spatial decay.

We begin by introducing a L9-weak solution to (1.1), with assumptions chosen in such a
way that it will be possible to prove the representation formula (4.11) for this solution.
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In order to deduce a decay estimate from this formula, we will require somewhat stronger
conditions (see Theorem 5.2). We again point out that Ty, Sp, Ry, Ri,p0 and 2 are
introduced at the beginning of Section 2.

Fix parameters ng, mo € N, P, qo, q1, P1, -, Pngs 01, -y Omy € (1,00), as well as func-
tions u : (0,Tp) — Wol(Q9)3, f9 e L} ([0,Tp), LP(Q9)?) for 1 < j < ny, GO €
CO( [0,Tp), L (EC)?’) for 1 <1< myg, Uy € LP(Q°)? with the following properties:

ulQg, x (0,Tp) € Lloc( [0,Tp), LQO(QSO)3), div,u(t) = 0 and u(t)]BisoC =3 G(l)(t) for
t € (0,Ty), Voue L ([0, Tp), L9(Q°)3),

/TO/ )9+ (t) [qu(t)-V19+7'8:c1u(t)-ﬁ—f(t)-q?])dxdt (5.1)

no
—(0) / Up-0dr =0 for veC([0,T0)), ¥ € C (@), with f:=3 f0.
7=1

There will be no claim that the preceding assumptions imply u(0) = Up. But as it will turn
out, they are sufficient to derive a representation formula. The case mg > 1 or ng > 1 and
the distinction between the functions G on Bg,“ x (0, 00) with u(t)|Bs,” = 31°% GO (t)
on the one hand and u|Qg, x (0,7p) on the other one are introduced in order to take
account of some technical difficulties arising when the theory in this work is applied to a
nonlinear problem in [20], to the proof of Theorem 6.2 below, and in order to avoid any
assumptions on 9f2 stronger than Lipschitz regularity. Any reader who wants to avoid these
technicalities may consider the case that 02 is smooth, u € C’O( [0,Tp), L (ﬁc)3 ), mo =
ng = 1 and p; = ¢1. All the main difficulties of our proofs will then still be present.

Until further notice, we suppose that Ty = oco. It is only at the end of the present section
that we will turn to the case Ty < oo (Corollary 5.2).

In the ensuing lemma, we cut off the functions u, f) and G® near the instant ¢ = 0,
and then present the version of (5.1) satisfied by the extension of these modified functions
to the whole real axis. In the lemma after that, we apply Friedrich’s mollifier to these
extensions. Both lemmas mainly serve to introduce notation and collect obvious facts
which constitute the basis for the rest of this section.

Lemma 5.1 Fiz some q € (1,00) with

g <min({qo, ¢1, 5/4} U{a : 1 <1 <mo}U{p; : 1 <1 <no}).
Then the function u|Qr x (0,00) belongs to L}, ([0,00), L9(Qr)*) and u|Ag.s, x [0,00)
to CO([ , 00), Lq(AR,SO) ), for R € [Sp, o0).

Choose functions (. foreG(O o0) as in Lemma 4.10 For s, EE(O oo) define ue(s) =
Cls)u(s), 19)(5) = Gls) FD(s) (1 < < mo) and G (5) = Gu(5) @ <><1<Z<mo>

n n 1)
Pros1 = qo, f0TD = Cs) xas, w(s),  Protitt = a1y frorH (s ) ¢l(s) GO (s)
for 1 < I < myg, where GO denotes the zero extension of GO . BSO x [0,00) +— R3
to O° x [0,00). Then f™T) ¢ Lt ([0,00), LPro++(Q9)3) for 1 < k < mg + 1, and

Cs)u(s) = o 1 (s) (s € (0,00)).
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The functions ue(t), (J)() G(l)() Gg)(t) (t € (0,00)) are extended by zero to the
real azis R (1 < j < mng+mo+1, 1 <1 < myg), without change of notation. Then
fe(j € L} (R, LPi(Q )3 ) for j € {1, ..., no + mo + 1}, G(l) € C'(R, LQl(Bisoc)?’) and
éﬁ” € CO( , Lo (Q ) ) for 1 <1 < myg. In addition u|Qr x R € Lloc(R Li(Qg)3 )
and uc|Aps, x R € C°(R, LY(Ags,)*) for R € [Sp,00), uc = Xag, Ye + 212 G0

and uc|Bs,” x R = Y7 G u (s) € WU( P for s € R, divgue = 0, Vyue €
Lt (R, L1(Q%Y),

loc

// )9+ A(t) [ Vauelt) - VO + 7 0z1uc(t) - 0 (5.2)

no+mo+1 '
> 19w w]) dedt =0 for ve CF(R), ¥ € C55,(Q).

We remark that the functions f§n0+1) fg(nOerOH) are perturbation terms which arise in

(5.2) due to the cut-off function ¢, and the decomposition of u(s) into the sum xqoq u(s)+

Yo GO, In the ensuing lemma, we use Friedrich’s mollifier with respect to the time
variable, as defined in the passage preceding Theorem 2.6. This mollifier is applied to
functions with domain R and values in Banach spaces, in this context spaces L"(A)3, for
certain r € (1,00) and certain open subsets A of R3. The functions with index e are those
introduced in Lemma 5.1.

Concerning ue, there is no Banach space B which we deem useful and which is such that
ue € L} (R, B). So we cannot directly apply our definition of Friedrich’s mollifier to ..

Instead we use the equation u, = XQg, Ue + Zmo G() in order to define a more regular

version of u., denoted by u.s. Note that due to the relation V,u. € LlOC(R, L (ﬁc)?’),
no such problem arises with V u..

Lemma 5.2 Let ¢, § € (0,00). Put £ == (f9); (1 < j < no+mo +1), G”g -
(GEZ))(;, é(lg = (C?E”)(; (1 <1 < mg). Then, for j,1 as before, the relations fe(i;) €

C=(R, L#(X)?), GU} € C=(R, L%(Bs,")?) and G} € C=(R, L2(Q°)) hold. De-
fine ue s = (XQSO ue)s + 09 G l) Then ue5|Qr x R = (u|QUr X R);5 € COO(R Lq(QR)3)

’

for R € [Sp,00), and u.5|Bs,” x R = S Gilé Moreover us(t) € VVlicl( Y3 for

teR, Oackug(;—(&ckue)(gECoo(R La(Q) ) )f07“1<k<3 and divyues = 0.

(notmo+2) | _ —q f(n0+mo+2+l) o
T )

Define sg := ng +2mg + 2, f —(XQSO Ue)§s Protmo+2 :
. .
—(GE%) and Protmo+2+1 = o for 1 < 1 < mg. Then fe(f € C°(R, LPi(Q )3 ) for

ng+mo+2 <7 < sp.

For t € R, the function ucs(t) satisfies (3.1) with A, U, F replaced by Q°, ucs(t) and
Py fe(,jé) (t), respectively, and with A = 0.

The last statement of the lemma is the crucial one. It means that u(t) is a weak solution
in Q° of the stationary Oseen system, with right-hand side F' as indicated.

Proof of Lemma 5.2: The regularity properties of f s el();, ég% and (xq e)s follow
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with Theorem 2.6 from the properties of fg(j ), Ggl), éﬁ’) and xqj Ue, respectively, as stated
in Lemma 5.1 (1 <j <sp, 1 <1 <mgpand R € [Sp,00)). Lemma 2.2 and the equation

uc|Bs,” x R = 379 G(l)( t) (Lemma 5. 1) yield that (uc|Qr x R)s = ucs|Qr x R for
R e [S(), ) and uﬂg’BSO xR = Z GEE

In order to check existence of weak derivatives of u. s with respect to the space variables,
let k € {1,2,3}, t € R, ¥ € C(R?)? and R € [Sp,0) with supp(y)) C Qr. Then
Jae Ot - ue 5(t) do = fQR Ok - (ue|Ur X R)s(t) dx by what was shown above. The operator
V= fQR O - Vdx (V € Lq(QR)3) is linear and bounded, so Theorem 2.4 yields that
fQ - (u| QrxR)s(t) dax = fR ps(t—s fQ Ok-ue(s) dx ds, with ps defined in the passage
preceding Theorem 2. 6 Since [, Okt - ue( dr = — [o - Ozpue(s) dw for a. e. s € R,

and by a similar reasoning as before we further get that the right-hand side of the second
from last equation equals — [qe 1) - (Oxguc)s(t) do. Altogether we arrive at the equation
Jae Okt -ues(t) de = — [qe Y- (Oxgue)s(t) da. Thus we have shown that uc 5(t) € VVlicl(Q )3
for t € R and Ozpuc s = (Oxgue)s for 1 < k < 3. It follows with Theorem 2.6 and Lemmma
5.1 that dzpucs € C* (R, LE Q)3 ). The same references yield fe(i;) € C(R, LPi (50)3)
for ng +mgo+2 < j < sp.

In order to determine the PDE satisfied by u. s, take ¢ € R and ¢ € g5, (Q°). Our starting
point is equation (5.2) with y(s) = ps(t—s) for s € R. (We recall again that ps is introduced
in the passage preceding Theorem 2.6.) For o € {0, 1}, k € {1, 2, 3}, p € {q1, ¢} U {pJ :
1<j<nog+mo+1}U{g : 1 <1< myp}, the functional V' — fQ -0p0 dx (V € LP(Q )3 )
is linear and bounded. Therefore by Theorem 2.4 and because (&ckue)g = 0TpUe 5,

/ ps(t —s) / Ozpuc(s) - O drds = / 0z pUe 5(t) - OpV d, (5.3)
R Q° Q°

/ ps(t— s) / Owu(s) - 0 da ds — / Owrucs(t) - da. (5.4)

/p(;ts / F9)(s) ﬁdxds—/ -9 d, (5.5)

fork € {1,2,3}, 1 <j <ngtmo+1.Put KO = xqu ue, KO := G for2 <1 <mo+1.
Then, using Theorem 2.4, the equation u, = Zﬁolﬂ K® (Lemma 5.1) and Theorem 2.6,
we obtain

// (ps(t —5)) uels) - ﬂdwds——/QC</Rp3(t—s)ue(s)ds>-ﬁdm (5.6)

mo+1

_/ (/pét—s ZKU ds) Vdr = Z /Cf€5 -9 dz.
Jj=mo+no+2
We may deduce from (5.2) and (5.3) — (5.6) that us(t) satisfies the variational problem
in (3.1) with A, U, F replaced as indicated in the lemma, and with A = 0. Again by the
equation 0zjue s = (Oxpuc)s, and because divyu. = 0 (Lemma 5.2), we obtain div,u. 5 = 0.
Thus u, s satisfies (3.1) in full. O

Now we are in a position to deal with the main difficulty of this section, that is, to show
that u. s satisfies the representation formula (4.11). The notation from Lemma 5.1 and
5.2 will be used without further notice.
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Theorem 5.1 Let €, 6 € (0,00). Then, for any t € (0,00), there is a set Ny C BROC of
measure zero such that equation (4.11) holds for x € BROC\Nt, with A = Bg, and u, f

replaced by ues|Bs, x (0,00) and Z;ﬁJ{mOH fe(is)\BiSOC x (0,00), respectively.

Proof: Since Q C Bg, by our assumptions at the beginning of this section, we may fix
S1 € (0,Sp) with Q C Sg,. Let t € R. For brevity, we set U := u.4(t), FU) := fe(i;)(t)
for 1 < j < s9. Due to the choice of ¢ in Lemma 5.1 and by the properties of u.s and
£ (Lemma 5.2), we have U € WLI(Q)?, VU € La(Q°)°, FU) € LY () n LPi (Q°)?

fBr 1 < j < s0, and the function U satisfies (3.1) with A = 0 and with A,f’ replaced by
Q° and Zjozl FU) | respectively. Thus, by Theorem 3.2, there is II € . C(QC)3 such that

(3.2) holds with A = Q°, A =0 and F = Py FU). Since the latter equation remains

valid when we replace II by II + ¢, for any number ¢ € R, we may assume in addition that

fAs . 1Idz = 0. Equation (3.2) is valid in particular for 9 € C§°(Asy.s,)3. Therefore,
0:°1

according to Theorem 3.2, this function II satisfies the estimate

50
ITT| Asy.s llg < C(g,S0,51) (IVUAsysllg + 1D F9 Ay s, lq). (5.7)
j=1

Due to (3.2) and the regularity properties indicated above for U, FU) and II, Theorem
3.3 now yields that U € W,24(Q°)?, T1 € W,2%(Q°) and the pair (U, TI) solves (3.4) in Q°
with A = 0 and F' = 3722, FU). We may choose aﬁmction ¢ € C®(R3) with 0 < ¢ <
1, G‘BSI‘F(SO*SI)/ZL =0, G‘B§1+(So—51)/2 = 1. Since Q C Bg, and supp(0*p) C Ag,.s, for
o € N} with a # 0, and by the regularity properties of U and II just derived, the function

F = —ApU —2(Vp-VUj)i<j<g + 109U +1IVp (5.8)

belongs to Wh4(R3), as does V@ - U. In addition supp(F) U supp(V@ -U) C Ag, s, Put
W =M« (Ve -U); see Theorem 3.1. Since g < 3/2 by the choice of ¢ in Lemma 5.1, we
know by Theorem 3.1 that W is well defined and

W e WEI(R?), VIV € LWa=1/3 7 (R3)3 | 9,0, W € WH(R?)?, (5.9)
AW = -VG-U, [0k010nW g+ 10k0W ||y < C(@) V- Ullg (1< k,l,m < 3).
We put
ﬁ:z@U—kvw,ﬁ::@H, FU =G FU) for1 < j < s, (5.10)
Dso+1 ‘= 4, FGotl) .= F AVW + 70, VWV.
Note that divVIW = AW = —V¢ - U, hence div U = 0. As a consequence of these
observations and definitions, we have U € W24(R?)3, Tl € WLU(R?), FU) € LPi(R3)? for
1<j<so+1, oU|BE = U|Bg,, l|Bg, = 1I|Bg,, and the pair (U,II) solves (3.4) in R?
with A = 0 (stationary Oseen system) and with F' = Z‘;(’;{l F@ . Since FU) ¢ LPi(R3)3
for 1 < j < sg+ 1, Theorem 3.5 yields functions W) e W22’pj (R3)3, IU) ¢ Wll’pj (R3)

such that 81~W(j) € LPi(R3)3, equation (3.4) is satisfied in R® with U, II, F' replaced by
W, 10U, FU), respectively, and the inequality

100 WD, + ||HU)||W11,pj <O(mp) |FD )y, (1 <lm <3, 1<j <so+1) (5.11)

(R3)

22



holds. Then U := U — Y54 WU € WAI(R?)3, 10 = I — Y500 TI0) € W,,9(R?), and
—AU +70,U+VIL =0, divU = 0 in R3. It follows with Theorem 3.4 that II is a C>°-
function. Let us specify in which way the function U satisfies the assumptions of Theorem
3.6. Put ¢;(0) := ¢;(1) := p; for j € {1, ..., sop + 1}. Then the definition of the space
W5 (R?) implies that [y (10°W O (@)| [(1+ a2 (2 + Jal)] ) 1™ do < o0 for

aeNgwith la] <1land 1<j <sp+1. Put
g:=max({p; : 1 <j<notU{(l/q— 1/3)*1, gt Umax({g : 1 <1 <mp}) (5.12)

and €g := 1/(2¢). By the choice of ppy+1, ..., Psy+1 (Lemma 5.1, 5.2, (5.10)), this means
in particular that ¢ > p; for 1 < j < s9+ 1, and ¢ > ¢. Obviously 1+ |z| < C(Rp) |z| and
In(2 + |z[) < C(Ro, €o) |z|® for z € By . Thus we may conclude for 1 < j < sp + 1 that

/ (10°W ) ()] |22 )51V 4z < 00 for o € N3 with |a| < 1. (5.13)
B

C
Ro

Next we put W0t2) .= _VW, Gso12(0) := (1/q — 1/3)7L, qsou0(1) := q. Then, due
to (5.9), the relation in (5.13) is valid for j = sg 4 2 as well. Since VU € L% (Q°)? as
mentioned above, $|B§ = 1 and Ry > S, we get fo%o (IV(@U) ()| 2|72 1) " dz < cc.

We further note that by the definition of U (see (5.10)), U and W0+2) the equation VU =
V(gU) - ng? VW) holds. Thus, if in Theorem 3.6 we replace U, mg, (V™ )1 <m<me

by U, so+3, ((0u[¢ Us))1<p, 0<3, (@Wa(l))lgu,ag& . (auWo§80+2))1§u,a§3)7 respectively,
the assumptions on VU are satisfied with r = 2 + ¢y. Concerning those on U, we recall

that by the definition of U and u. s, we have pU = — Zj(:;gi?o W) with Wsot3) .=

— & (Xas, Ue)s(t), Wsot3+) . — —cﬁégg(t) for 1 <1 < mg. Lemma 5.2 yields WU ¢
LPiO(R3)3 for s9 +3 < j < s9 + 3 + mo, with ps43(0) := ¢, psys341(0) := g for
1 <1< myg. It follows the relation in (5.13) holds for sp+3 < j < sg+ 3+ mg with a = 0.
We may conclude with the definition of U and W(0+2) that U = — nggi? o W), Now
the definition of U yields that U = — Z;‘Z{m”?’ W), Therefore the assumptions on U
in Theorem 3.6 are satisfied with U, sg + mg + 3, (—W(k))15k380+m0+3 in the role of
U, ko, (U(k))lgkgko, respectively, and with r = 2 + €. At this point Theorem 3.6 yields
that U is a polynomial. By the definitions in (5.12) and the choice of the exponents ¢;(0),
we have ¢ = max{q;(0) : 1 < j < s9+3+mo} and ¢ € (0, 1/q). Thus it follows from
(5.13) with @ = 0, 1 < j < 59+ mg + 3 and from Lemma 3.1 that the degree of U cannot
exceed 1. As a first consequence of this result, we get 9°U = 0 for o € N3 with |a| = 2.

Since U = @U — Y502 WO, 3[Bg =1 and WE0+2) = —VIW, we thus find
—~ so+1 .
0°U|Bg, = 0" (VW) + > S OWOBG, for a €N with|a] =2 (5.14)
]:

It further follows there is ¢; € R with 9;U = ¢;. On the other hand, gE|B§O =1 and
So < Rg, so O1U|B§;, € L1 (Bgr,)*. Moreover HW T2 = 9 VW € LIR3)3 (see (5.9)),

and O, W) e Lpi (R3)3 for 1 < j < sg + 1 because w) e W22’pj (R3)3. It follows from
Lemma 3.2 and the equation U = @U — ZjSQ W) that ¢; vanishes. Recalling that
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~AU + 70U + VII = 0, we thus obtain VII = 0. Since IT € C*°(R?), as shown above,
and because Q° is connected, we may conclude there is ¢ € R with II =c But II =
oIl — ZSOH 1) by the definition of II, so we arrive at the equation

- so+1 .
I — ¢[Bs,” = Zjil 19| Bg,”. (5.15)

Hélder’s inequality yields the estimate |[TI0)|Ag, g,|l1 < € HHU)|ARO,50Hpj, and it is ob-
. i : —1\ps 1/p.
vious that [110)] Ay sl < €[ [, o (MO@)|[(1+]al) (@ + o))" da ]V, 50
(B3)’ for 1 < j <sg+1. Ob-
viously VIO Apyslli < € VIO g, gyll,, < €IV, < €10 The

constants in the estimates following (5.15) only depend on S, Ry and p;, with the rele-
vant index j. These estimates and (5.11) yield ||TIV)|Ag, 5,11 < C(So, Ro,pj, 7) HF(j)Hp].
for 1 < j < sp+ 1. Due to (5.15), we thus get

we arrive at the inequality ||TIV)|Ag, s, |1 < €||H(j)HW1,pj
1

1,p.; .
W, " (R3)

so+1

I = ¢[ARg,s6[l1,1 < C(So; Ros P o3 Psg 41, T) ijl IED ]|y, (5.16)

Once more starting with Holder’s inequality, then using (5.9) and the relations ¢ < ¢
(Lemma 5.1) and ;U = (0zjue)s(t) (Lemma 5.2), we get

18500 W | ARy 50|11 < €||0400mW | ARy 50 llg < €050 Wqunva Ulg (5.17)
< €|U|Asy8 1.4 < €U0 [l + VU l01) < € (U285 14 + Z (D115 ()|l gr)-

Obviously with (5.11), [0*WW|Ag, soll1 < €[0*WD| ARy sl < C|FD |y, for 1 < j <
so+1, a € N}, |a] = 2. Now we may conclude with (5.14) that

o 3 so+1  ~/.
10°U | ARq,50ll1 < €(1U1R2s0llg + D 1(0z1ue)s(t)lg, + ijl IFD )  (5.18)

for o as before. As in the last two inequalities in (5.17), we obtain that [|[U|AR, s, |11 is
bounded by the right-hand side of (5.17). The constants in the inequalities from (5.16)
onwards only depend on 7, Sy, Ro, ¢, ¢1 or on the respective exponent p;. This observation,
(5.18) and (5.16) yield

|U[ARg,soll2,1 + [ITL = ¢| ARy, 1,1 (5.19)
3 so+1

< C(7, 80, Ro, 4, 41,91, s Pso 1) (10128, llg + D 10zrue)s(llgy + Y IFWp,)-
=1 j=

Let us estimate ||ﬁ(50+1)Hp50+1. (See (5.10) for the definition of F(0+) and p, 41.) By
(5.9) and the last four inequalities in (5.17), we get

3

1a S C(JUIR2sollg + ) 1(@rue)s(t) |, )- (5.20)
=1

JAVW |, + |0:VW |, < C(q) V3 - U

With F defined in (5.8), we further find that [|F|l, < € (|U|As.s 1.4 + [T Aso.s: [lq)-
The quantity ||II|As, s, |l; was evaluated in (5.7). In view of the right-hand side of this
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inequality, and by an estimate of ||U|Ag, s, ||1,4 as in the last two inequalities in (5.17), we
= 3

may conclude that [|Fllq < € (JU|2s,ll + X5y [[(mrue)s(®)llg, + 32521 159 Asy,s,llq)- 1

follows with the preceding inequality, (5.20), (5.10) and the choice of ¢ in Lemma 5.1 that

3
IFC D 0 = IFC D < € (U128 llg + Y 1 (Orue)5 ()], + Z 1FD],,)- (5.21)
=1
Since 0 < & < 1, we deduce from the definition of F@) in (5.10) that Hﬁ(j)Hpj < ||F(j)|]pj
for 1 < j < s9. Returning to the notation wu, s(t) and fg(J(;) (t) introduced at the beginning

of this proof to replace U and F\), respectively (1 < j < s¢), and putting 7 5(t) := II—e,
we thus obtain from (5.21) and (5.19) that

[[e.6 (8)[ A Ro,50l2,1 + lITe6 ()| ARo,50 (1,1 (5.22)

3
< € (Jlues (8)[Qmollg + D 1(0zrue)s () g, +Z|l @llp;)-
=1

In addition, equation (5.15) takes the form 7 s(t)|Bs,” = ZSOH 1Y) Bg,”. Since TIV) ¢

W' (R3), we have in particular that Bs (IO + |y]) In(2 + ]y\)]_l Wy <
0

oo (1<j<sp+1). By what was shown for U and II at the beginning of this proof, the

relations wu 5(t) € Wlo’cq(Q )3 and 7 5(t) € Wl’g(ﬁc) hold, and the pair (uegs(t), mes(t))

solves (3.4) in Q°, with A\ = 0 (stationary Oseen system) and F = PO (])( t).

Recall that GU) € C(R, L#(Bs,")?) for 1 <1 < mo, ues(t)|Bs,” = Y7 GU)(1) and
fe(j(;) € C=(R, LPi (ﬁc)?’) for 1 < j <ng+mp+1 (Lemma 5.2). Since f€(§0+m0+2) (t)|Bs,” =
0 and f(no—‘_mm_%_l)(t)]BigoC = (Ggl()s)’(t) for 1 <1 < mg (Lemma 2.2, Theorem 2.6), we
obtain that (ucs|Bs,” x R)'(t) = Z?i:gfg;giz fe(i;) (t)|Bs, - At this point the ielation
so = no + 2mg + 2 and the fact that the pair (uegs(t), mes(t)) solves (3.4) in Q° with
A=0 iml F= 2;0:1 fe(7J5) @ and with ¢ arbitrary in R, allow us to conclude that the pair
(ues|Bs,” x (0,00), e 5|Bs, x (0,00)) solves the time-dependent Oseen system (4.10)
with A = Bg, and f = Z"°+m°+1 6(]5) |Bs,” x (0,00), without any exceptional values of
t. In particular the equatlon divyu(t) = 0 holds for any ¢ € (0,00), without exceptional
values.

Lemma 5.2 states in particular that the function V, u.s belongs to COO(R, L (ﬁc)g)
and uc5|Qpr, X R to C®(R, LY(QR,)? ). Thus the right-hand side of (5.22) is integrable
with respect to t € J for any bounded interval J C R. Therefore we may conclude
from (5.22) that wues|AR, s, X (0,00) € L}OC(R, W2’1(ARO,SO)3) and 7 5|AR,s, X R €
L (R> WLl(ARo,So))'

loc
Thus all assumptions of Theorem 4.3 are verified with obvious replacements, in particular
with Bg, in the role of A. The theorem now follows from Theorem 4.3. O

Next we show that (4.11) remains valid when ¢ tends to zero.

Lemma 5.3 Let e, t € (0,00). Then there is a set Ny C BROC of measure zero such that
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equation (4.11) holds for x € Br, \Ni., with A = Bs, and u, f replaced by uc|Bg, x
(0,00) and Z’;Sm()“ (}"5(]4)|BisoC x (0,00), respectively.

Proof: Abbreviate Z, := Bg,* x (0,7) for r € (0,00], & := Br, 55,00, With gy 5000
defined in Theorem 4.2. Recall that Ry := (So + Rp)/2, as defined at the beginning
of this section. Let I € {1,..,mo}, &k € {1,2,3}, 7 € {1,..,no+mo+ 1}, v €
{Gg_l), Oxpue, E(j)}. Putp:= o, A:= Bisoc ifv= Ggl), pi=q, A:=Q°ifv=0zpu, and
p:i=pj, A= [ fg(j). Due to the choice of p and A, and by Lemma 5.1, the relation
v E L}OC(R, LP(A)S). holds. As a consequence x(_1 ¢41)v € Ll(R, LP(A)?’), and thus by
Theorem 2.6, [|X(—1,¢+1) v — (X(=1,t41) V)sllp,1;& — 0 (6 4 0). But for § € (0,1], s € (0,1),
we have (x(—1,44+1)v)s(s) = vs(s), so [lvs — v|A x (0,1)[lp14 — 0 (6 } 0). Thus we have
shown that

1GY), — GO B, % (0, )l gnse = 0, 1(@zue)s — dzgaee[Q° x (0,8)gy,10 — O, (5.23)
1FY) — FO % (0,8)p;16 = 0 (6 4.0) for 1 <1< mg, 1<k <3, 1<j<ng+mg+1.

In particular, since dzjucs = (Oxiue)s according to Lemma 5.2, we deduce from (5.23)
that ||0zucs — Oxpue Q° x (0,1)]/g14 — 0 (6 1 0) for 1 < k < 3. Recall that u|Bg, x
R =" e (Lemma 5.1), and u,g/Bs,” x R = 3™ Gglg (Lemma 5.2). Using the
parameter ¢ introduced in Lemma 5.1, and observing that ¢ < g¢; for 1 < [ < myg, we
may thus further conclude from (5.23) that |jucs — ue|Ars, % (0,t)|lg1z — 0 (6 L 0)
for any R € [Sp,00). For | € {1, ..., mg}, since GEZ)(t) = 0if t € (—o0,€], we have
Ggg(t) =0 fort € (—o0, €/2], § € (0, €/2], hence (uc5—uc)(y,0) = 0 for y € Bg,” and thus
3(7)( [ues — uc|Bs,” % [0, 00) [(0)) =0, for & € (0, €/2]. Since G0 ¢ CO(R, L% (37506)3),
the last statement in Theorem 2.6 yields that H(Gil(); - GEZ))(t)HQl =00 J0)for1<
[ < myp. Again because ¢ < g, it follows that H(Gil(); - GEZ))(t)]ARVSOHq — 0 (6 ] 0) for
1 <1< mg, RE€[Sy,o00), and thus ||(ues — uc|Ar,s, x (0,00))(t)|lq = 0 (6 | 0) for the
same range of R.

Let * € Bf . By Theorem 4.2, the function y — &(z,y,0) (y € Bg,) belongs to
Lq,(BRl)g, so we may conclude that fAerSO &(x,y,0) - (ues — uc)(y,t)dy — 0 for § | 0.
Since ||ues — ue|Qr % (0,t)[|g1:¢ — 0 and [|Oyrues — Oyruc|Zt||gi, 10 — 0 for 6 | 0 if
1 <k <3, Re [Sy,0), as shown above, inequality (4.8) in Theorem 4.2 yields that
fg fARl,So IO & (z,y,t — s) - (Oyhues — Oyhue)(y,s)dyds — 0 (6 | 0) for o, u €
{0, 1}, k € {1, 2, 3}. Altogether we arrive at the relation R(ucs — ue)(z,t) — 0 (6 | 0),
with R(ues —te) = RRo,S0,00,Bs,,To (Ue,s —Ue) defined in (4.9). Recall that (ues—ue)(y,0) =
0 for § € (0,¢/2], y € Bs,', 50 fARleO &(z,y,t) - (ues — ue)(y,0)dy — 0 (§ | 0). Since

er(? — fg(j)Hpj’l;t — 0 (0 | 0) (see above), we may apply (4.8) again, to obtain that

Jo L, o 8@yt =) - (P = 1) (. s)dyds — 0. (51 0) (j € {1, .y mo + mo + 1}).
Using the function ¢y € C§°(Bpg,) fixed at the beginning of this section, we set €(y) :=
(—=(0;M)(z — y) Do (y) + (OrO;M)(z — y) wo(y) )1§j,k§3 for y € Bg,. Since z € Bg,, this
function € is well defined and belongs to C!(Bg, )3*3. Hence, by the Divergence theorem

26



and because divy(ucs — ue) =0,

[ 0 =) (5510 (s — w00 doy = [ €) - (o5 — w0y
0So ARry,50

Again referring to the relation || (ues — uc|Ag,,5, x (0,00))(t)|lg = 0 (6 | 0), it follows
that faSO(V’ﬁ)(x —y)- (So_l Y- (ues — ue)(y,t) ) doy — 0 (6 1 0). By Lemma 4.8, we find

3
Ks = |30 0m™850) (0 (15 = ) ) 2, 1)|
=1
<c ( ||ue,5 - U6|AR1,SO X (Ovt)H(Ll%t + Hvy(ue,6 o ue)‘ARl’SO x (O’t)

‘q71;t )

But [|Vy(ues — ue)|ARr,,5o X (0,t)|g,1;¢ is bounded by €|V (tes — ue)|Zt]lg 15 for any
d € (0,00), so K5 — 0 (6 | 0) by what we have proved above for the convergence of
Ues — Ue and Vg (ue s — ue).

Up to this point, x was arbitrary but fixed in Bf . Since er(](;) — fe(j)@c X (0,)|lp;,1:6 = 0
for & L 0 by (5.23), Lemma 4.4 yields [RT(fY% — f9)@)ll,, — 0 (5 L 0), for 1 <
j < ng + mo + 1. Recalling that [|(ues — ue|Ar,s, x (0,00))(t)[lq = 0 (6 L 0) for R €
[Sp, 00), we see there is a zero-measure set M; . C R? and a sequence (8,,) in (0,00) with
0, — 0 such that %(T)(fe(gn - fe(j))(:n,t) — 0 (n — o0) and (ucs — ue)(x,t) — 0 for
T € Bigoc\Mt,e, 1 <j<ng+mg+ 1 By Theorem 5.1, for any n € N, there is a set
Nin C BROC of measure zero such that equation (4.11) holds for x € BiROC\Nt,n, with
A = Bg,, with ucg, |Bs, % (0,00), mes,|Bs, % (0,00) in the role of u and 7, respectively,
with ng replaced by ng + mg + 1, and the functions fU) (1 < j < ng) by fe(i;)n ]Bigoc X
(0,00) (1 <35 <mng+mp+1). (The function 7 only appears in the assumptions of equation
(4.11), not in the equation itself.) Letting n tend to zero in that equation, we may conclude

by the preceding convergence results that (4.11) is satisfied by u., 7, fg(j ) as well, in the
way stated in the lemma. O
Finally we let € tend to zero in (4.11).

Corollary 5.1 Define nt50)(y) := O_ly for y € 0Bg,. Let t € (0,00). Then there is a
zero-measure set Ny C BROC such that the equation

u(z,t) = RO (f) (2, t) + 37 (Up|Bs, ) (a, t) (5.24)
3
- lz 0,8 Ps0) (n{*) ) (x, 1) — /8 . (VO (@ — ) () (y) - u(y, 1)) do,

+R(u) (@, ) — /

ARl ,So

t
&(2,y,1) - Uo(y) dy — / / Bz, .t —5) - f(y,s) dyds
0 ARLSO

holds for x € BROC\Nt, with [ = 2?11 f(j)|Bisoc x (0,00), where & = B, sy o i intro-
duced in Theorem 4.2, R(u) = RRy,S0,00,Bs,, 10 (W) in (4.9), and Ry at the beginning of this
section.
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Proof: By defintions in Lemma 5.1, the equation ¢’ u(s)|Bs, = Z;ﬁﬁ:ﬁfl E(j)(s)]Bisoc

holds for s € (0,00). (Actually fe(nOH)|BigoC x R = 0, but this does not matter here.)
Therefore Lemma 5.3 implies that for any € € (0,00), there is a set Ny C Bg," of
measure zero such that equation (4.11) holds for € Bg, \N;. with A = Bg, and
with u, f replaced by u|Bgs, x (0,00) and g, respectively, where the function g, is de-
fined by ge(s) == 3272, fe(])(s) + ¢/(s)u(s)|Bs,” for s € (0,00). We recall that G €
C°([0,00), L2 (Bisoc)?’) for 1 <1< mg and u(s)|Bs,” = 3179 GU(s) for s € (0,00). Thus
we see that all assumptions of Lemma 4.10 are valid with A4, u, fU) (1 < j < nyg) replaced
by Bs,, u|Bs,  x (0,00) and f0)|Bg,“ x (0,00) (1 < j < ng), respectively, with mq in the
role of ky and GO (1 <1< myp) in that of u® (1 <1< kp). Lemma 4.10 implies that
there is a measurable set Ny C B ROC with properties as stated in the corollary, provided
the equation

37 (w(0) — Uo|Bs, )z, ) + / &(z,y,t) - (Uply) —u(y,0))dy=0  (5.25)

ARq,50

holds. (Note that in view of our assumptions at the beginning of this section, we do

not claim that u(0) = Up.) In order to show (5.25), fix some T' € (0,00). Let ¥ €

C3° (Bs,"). In a first step, we prove that S Vo - 9dx = [g—eu(0) - ¥ dz. Since Vyu
’ 0 0

belongs to L}OC([O, 00), L‘ﬂ(ﬁc)g) and f) to Llloc([(),oo), ij(ﬁc)3) for 1 < j < ny,

the function K(s) = [5 c(Vgu(s) - VO + 70z1u(s) - 0 — f(s) - ¥)dx (s € (0,00))
0
belongs to L},.([0,00)), in particular K|(0,T) € L*((0,T)). On the other hand, since

loc
u[Bg,” x (0,00) = 3779 GO and GO € C([0,00), L% (Bs, )?) (1 <1 < myg), the func-
tion H(s) := fﬁc u(s) -9 dz with s € [0,00) belongs to C°( [0, c0) )3. Moreover, due to
0
equation (5.1), we get

Bs,

/ (—/(s) H(s) + () K (5) ) ds = ~(0) / Uy 9ds (5.26)
0

for v € C5°([0,00) ). This equation for v € C§°((0,T)) and the relations HI|[0,T] €
C°([0,T]) and K|(0,T) € L*((0,T)) yield that H|(0,T) € W'!((0,T)) and H'(s) =
—K(s) for a. e. s € (0,T). Let v € C§°([0,T)). It follows that vH € C°([0,T]) N
Wh((0,T)) and (y H)' = —y K++' H, hence fOT('yK—v’ H)ds = ~(0) H(0). Comparing
this equation with (5.26) and recalling that H(0) = st cu(0) - Ydx, we arrive at the

0
equation [g—Up - ¥dx = [g—u(0) - ¥dz we wanted to show. Now let ¢ € (0,00) and
0 0

r € By, and put Y(y) := Az — y,t) — &(z,y,t) for y € Bp,. Recall that &(z,-,t) €
C°(Br,)**®, &(x,y,t) = Az —y,t) for y € Bg,4(ry—s,)/a (Theorem 4.2), and A|R? x
(0,00) € C*(R3 x (0,00) ) (Lemma 4.1). Thus we get supp(Y) C B 1 (Ro—50)/a and Y €
C>=(R3)3*3, Moreover Zi:l OyrYjr(y) =0fory € R3, 1 <j <3andY € WHT(R3)3*3 for
r € (1,00) also by Lemma 4.1. Therefore, for 1 < p < 3, Theorem 2.2 provides a sequence

(04)),>1 in CS,(Bs,”) such that in particular [|(Y)i<k<s — 947 = 0 (n — oo) for
r=pandr € {om : 1 <m < mp}, with p introduced at the beginning of this section

in the assumption Uy € LP(Q°)%. But fﬁc I Ugda = st e o) ~u(0)dr (1 < p <
0 0

3, n € N) by what has already been proved, and u(0)[Bg,” = >4 G?(0), GV(0) €
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LQZ(BSOC)?’ (1 <1 < myg) by our assumptions. Hence, by letting n tend to infinity, we

obtain [p—Y -Updy = [5—Y -u(0)dy. Due to the definition of Y, this implies (5.25).
0 0

So the proof of Corollary 5.1 is completed. O

Up to now, we considered the case Ty = oo in our assumptions at the beginning of this
section. But in the present context, the transition from this case to the case Ty < oo is
easy to perform:

Corollary 5.2 Suppose that Ty < oo. Then, for t € (0,1y), there is a zero-measure set
N; C Bgr,~ such that equation (5.24) holds for © € Bp,"\N; with f = > fU)[Bg,* x
(07T0)‘

Proof: Let 7" € (0,7)), and choose a function ( € C*®°(R) such that ¢ equals 1 on
the interval (—oo, T" + (Tp — T")/4) and vanishes on (T + (Ip — T”)/2, 00 ). Define
(s) = C(s)uls), fO(s) = ((s) fD(s), GD(s) = ((s)GW(s) for 1 < j < mo, 1 <
I < ko, s € (0,7p). On [Tp,00), the value zero is assigned to these functions. Then all
assumptions listed at the beginning of this section except equation (5.1) are valid with oo
in the role of Tp, and u, f(j), G® in that of u, f(j) and GO, respectively (1 < j <mng, 1 <
I < my). Define fotD)(s) := ('(s)7u(s) for s € (0,00). Let v € C5°([0,00) ). Then
v( € C{)’O( [0, Tp) ), so we may replace v by ¢ in (5.1). It follows that (5.1) is valid with
Tp replaced by oo, u by @, ng by ng+1, and ) (1 < j < ng) by £0) (1<j<mng+1). Let
t € (0,00). Then Corollary 5.1 implies there is a set Ny C B ROC of measure zero such that
(5.24) holds for z € Bg,“\N; with u replaced by @, and with f = Z;ﬁ? FD|Bg," x (0,00).
Now suppose that ¢ € (0,7"). Then, for s € (0,1], the functions w(s) and u(s) coincide, as
do fU)(s) and fU)(s) for 1 < J < no, whereas fro+1)(s) = 0. By the definitions in Lemma
4.4, we get that R (37001 fU) B, x (0,00) ) (2,t) = R(312, fU)[Bg, x (0, ) ) (. )
for x € R3. Therefore we may conclude that (5.24) is valid for # € B, \N; with f =
S f @)|Bs,” x (0,Tp). Since T" was taken arbitrarily in (0, Ty), the corollary is proved.

In order to exploit our representation formula (5.24) for the purpose of decay estimates,
we need somewhat stronger assumptions on u. The ensuing theorem gives the details.

Theorem 5.2 Abbreviate 2 := Ag, 5, x (0,Tp), [ = >21% f9|Bg,” x (0,Tp). In ad-
dition to the assumptions at the beginning of this section, suppose that the function u|2
belongs to LOO(O,TO, Lq(ARhSO)3) and to L’Vl((),To, Lq(ARO’SO)?’), the function YV u|d
to L"2(0,To, L9(AR, s,)" ), and f|A is in the space L7 (0, Ty, LI(Ag, s,)*), for certain
parameters y1, y2, v3 € [1,00], with q chosen in Lemma 5.1. Then there is a zero-measure
set &1, C (0,Tp) such that

|08 u(z, t) — OSRT(f)(x,t) — 0237 (Uy| BE, ) (2, 1)) (5.27)
< Q:(HU‘Q[H(LOO%TO + HU’QLqu;To + Hvxum\lm;% + Hfm”q,'ys;To + ||U0H17)
<( ’x‘ V(CC) )—(3+\a|)/2+1/(2mm{'yl,'yQ,'yS}) + ’x|7'yf\a|))

for t € (0,T9))\S1,, = € BROC\Nt with some set Ny C BROc of measure zero, and for

o € N3 with |a| < 1, where y = 3 iffaBS u(t) - n do, = 0 fort € (0,Ty), and v = 2 else.
0 3 / / !

If v = 3, the last line in (5.27) may be replaced by ( |z|v(x) )7(3+|a‘)/2+1/(2mm{'yl’%%}).
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Proof: Since ¢ < min{g : 1 <1 < mo}, u|Bs, x (0,Tp) = Y74 GY and GO ¢
(10, Tp), LQl(BigOC)S) for 1 <1 < mg, we have u[2 € C°([0,Tp), LY(AR,,5,)%). As a
consequence, we get ||u(t)|Ar, sollq < 1wl g,001, for t € [0,Tp). Thus inequality (5.27)
follows from Corollary 5.1 and 5.2, (4.7), (4.8), Corollary 4.2, Lemma 4.8 and 4.9. Ob-
viously |z| > C(R)v(z) for € Bf, R € (0,00), so in the case v = 3, inequality (5.27)
holds without the term |#|~7~1%l in the last line. O

6 Some comments and applications

In view of inequality (5.27), we remark that estimates of the terms [9%R(7)(f)(z,t)| and
|923(7) ( Us|Bs, )(z,t)| may be found elsewhere. They are independent of the theory pre-
sented here, only depending on the decay properties of Uy and f. An optimal decay
bound, that is, a bound also valid for |09A(x,t)| if |z| is large (see Lemma 4.1), is given

by € (|z|v(z) )7(3“&')/2. This bound is obtained if, for example, f and Uy have compact
support ([19, Lemma 4.1, 4.2]). For conditions on f and Uy leading to the decay bound

¢ (|o]v(z) )_(2+|al)/2, we refer to [14, Theorem 3.1] and [13, Theorem 1.1], respectively.
These indications explain why inequality (1.3) follows from (5.27) under suitable assump-
tions on Uy and f.

It should further be mentioned that the sum 929R™) (f) 4+ 37 (Uy) constitutes a solution
to (1.1) in the whole space R? (2 = (}), with initial data Uy if Uy is solenoidal ([19, (3.3),
Lemma 3.7, Theorem 3.3]). So left-hand side of inequality (6.11) may be interpreted as the
perturbation generated in the fluid by the presence of the rigid body. But it is precisely
this perturbation which is of interest here. Thus inequality (6.11) may be considered as a
decay estimate of that aspect of the flow which is relevant in the present context.

Let us compare the theory developed here with that in [14] and its predecessor paper
[11]. The former paper extends the theory derived in the latter one, so we only consider
the former one. Our general approach in the work at hand consists in taking existence
of a solution to (1.1) for granted. We require conditions on the velocity v and on the
right-hand side f in (1.1) as well as on the initial data Uy in order to establish an integral
representation of u (equation (5.24)), which, in turn, serves to derive a decay estimate of
u (inequality (5.27)), under some additional assumptions on u and f. In contrast to that,
the approach in [14] leads simultaneously to an existence result for the velocity part u of
a solution to (1.1) and to an integral representation of u, and in a supplementary step to
the estimate

0% u(,t) — 02RO (f)(w,t) — 923D (Uo)(z,1)| < € (|| w(z)) 1"

(6.1)
for x, t, a as in (5.27) ([14, Corollary 2.28, Lemma 3.2, (3.7)]). No assumptions on the
velocity u are needed because its existence is a result, not an assumption. The method
of proof in [14] consists in solving an integral equation on 0Q x (0,7Tp), as proposed by
Shen [39] for the time-dependent Stokes system in the case f = 0, Uy = 0. The regularity
of the solutions constructed in [39] corresponds to the regularity of the boundary data
b: 92 x (0,Tp) + R3. Thus the assumptions on b in [39] may be considered as natural.
However, when in [14] this method is extended to the Oseen system with nonvanishing f
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or Uy, the assumptions on these latter functions are more restrictive than the ones in the
work at hand. And if our theory here is applied to the solutions constructed in [14], under
the same assumptions on the data as in [14], we obtain decay rates which are stronger than

those in this reference. In fact, we are able to replace the factor (|z|v(z) )" Lolal/2 n (6.1)
y (|z|v(z) )_5/4_|a|/2. The details are given in the ensuing Theorem 6.1 (f =0, Uy = 0)

and 6.2 (b =0).

Theorem 6.1 For ¢ € C5°(R*)3 with gp\RS X (—00,0] = 0, define the fractional derivative

81/2 by (0, 1/2 ©)(x,t) ;=712 9, (fo 12 p(x, s)ds) fort € (0,00), z € R3.

Put St, := 0% (0,Tp). Let b € L*(St,)? with [, b(t n do, = 0 fort € (0,Tp). Suppose

there is a sequence () in CS°(RY)? such that 90n|]R3 ( 00,0l =0 forn € N, ||b—pn|l2 —

T 1/2

0 (n = ) and [ [[(gn — @) (DIOQ] 2 o5 dt = 0, [ 10, (0n = o) (0|09 F dt —

0, fOTO 10t (pr, — ©m) (1) - n(Q ||H1 (o At — 0 for m, n — oo. Here the space HY(09) is to

be defined in the usual way, and the symbol || || g1 (a0)s denotes the usual norm of H(00)3

with respect to some local coordinates (see [28, Section II1.6.7] for example). The symbol
| |71 00y stands for the canonical norm of the dual space of H(00).

Then there is a unique function u € L} ([0,Tp), Hl(ﬁc)3) such that divyu(t) = 0 and

u(t)|0 = b(t) for t € (0,Ty), and such that equation (5.1) is satisfied with f = 0 and
Uy = 0. Moreover u € L>(0,Tp, L*(Q°)3) and V,u € L*(0,Tp, L*(Q°)%). In addition
|0%2u(z,t)| < € (|z|v(z) )_5/4_‘04/2 fort, z, a as in (5.27).

Proof: The uniqueness statement follows as in the Stokes case; see [12, Theorem 3.7] and
its proof. For the existence result we refer to [14, Theorem 2.26], which yields a function
u € L} ([0,Tp), H1(§c)3) such that divu(t) = 0, u(t)|02 = b(t) for t € (0,7p) and
equation (5.1) is valid with f = 0, Uy = 0. Due to [14, (2.13)] and [9, Theorem 2.3|, this
function u additionally belongs to LOO(O,TO, L2(Q%)3 ), and V,u € LQ(O,TU, LQ(ﬁC)Q).
This leaves us to consider the estimate stated at the end of this theorem. Theorem 2.3
implies that v € L?(0,Ty, L°(©2)?). In addition, by [14, (2.13)] and Lemma 4.7 we have
u|Bs,” x (0,Ty) € Cc°(10,Tp), L* (B, )? ). Therefore the estimate in question follows from
Theorem 5.2 with Uy = 0, ng = 1, p1 = 2, f& =0, my =1, o1 = 4, GO =
u|Bs,” x (0,To), o =q1 =p=r; =2 for j € {1,2, 3}. 0
Theorem 6.2 Let k € (0, 1/2] and define Hclr/2+”(§c) as the closure of Cgfo(ﬁc) with
respect to the norm of the fractional-order Sobolev space W1/2+”’2(§C)3. Suppose that
U € H;/2+H(§C). Let g € [1, 3/2) and let f belong to the spaces L?( 0,00, L>?(Q°)?) and
L?(0, 00, Lq(ﬁc)?’). Then there is a unique function u € L2 ([0,00), W172(§6)3) such

that u(t)|0Q2 = 0 and divu(t) = 0 for t € (0,00), and such that u satisfies (5.1). In
addition

05 u(w, t) — 93 RD ( f|Bs, x (0,00) ) (w,t) — 8337 (Uo| B, ), )| (6.2)
<€ (|z|v(z))” 5/4=lel/2 for z, t, a as in (5.27).
Proof: Concerning uniqueness, as in the proof of Theorem 6.1, we refer to [12, Theorem

3.7]. The assumptions on Uy and f were chosen in such a way that the existence result in
Theorem 6.2 holds according to [14, Theorem 2.26] with Ty = 0o, d =0, ¢ = Uy, h = f.

31



The solution provided by this reference is given by
u=(RO(f)+HD (Vo) + B () ) [2° x (0, 00) (6.3)

(see [14, (2.13)]), for a certain function ¢ € L?( 9 x (0,00))3 specified in [14, Theo-
rem 2.26], and with #(7)(Up) defined in Lemma 4.3. We use this representation formula
in order to check whether u satisfies the assumptions imposed at the beginning of Sec-
tion 5 and in Theorem 5.2. To this end, we observe that Lemma 4.3 yields H(7)(Up) €
CO([0,00), LA(R3)?)NL>®(0, 00, L2(R3)3) and V,H (") (Uy) € L2( 0,00, L?(R?)?). More-
over, by Lemma 4.5, we have R(7(f) e ([0, 00), L3/2(R3)3), R (f)|Bg, x (0,00) €
L*®(0,00, L¥?(Bg,)?) and VR (f)|Bg, x (0,00) € L?(0,00, L¥?(Bg,)?). Accord-
ing to [10, Corollary 2.17] with s = 2, ¢ = 3/2, the function V% (f) belongs to
L7.([0,00), L*(R*)"). Moreover [9, Theorem 2.3] yields that T (0)[Q° x (0, 00) belongs
to € L=(0,00, L2(Q9)?), and V, T (p)|Q° x (0,00) to L?( 0,00, L*(Q°)?). By Lemma
4.7 we have U ()| Bs,” x (0,00) € C°([0,00), L*(Bs,“)*). At this point Theorem 2.3
implies that H™) (Up)[Q° x (0, 00) and B (©)[Q° x (0, 00) belong to L?(0, 00, LG(ﬁc)g).
Since VR (f)|Bg, x (0, 00) € L2(0,00, L3/%(Bg,)®), as mentioned above, and because
of (6.3), we thus get that V,u|Qg, x (0,00) € L2(0,00, L¥2(Qg,)?). But u(t)[0Q =
0 (t € (0,00)), hence by Poincaré’s lemma, u|Qz, x (0,00) € L*(0, o0, L3/2(BRO)3).
Again recalling (6.3), we thus see that u satisfies the assumptions imposed at the begin-
ning of Section 5 and in Theorem 5.2 with Ty =00, p=q1 =2, ¢ = 3/2, ng =1, p1 =
3/2, 3 =2, fU = f, mg=3, o1 =2, GV =H"(Uy)|Bs,” x (0,00), 02 =3/2, G? =
RO Bs, x (0,00), 03 =4, GV = ()| Bs," x (0,00), M =12 =2, ¢ =5/4. Now
Theorem 5.2 yields (6.2). O

As another application of Theorem 5.2, we can handle standard L?-weak solutions to
(1.1) with side conditions u(t)[0Q2 = 0 for ¢t € (0,7p) and u(0) = Up, under assump-
tions that are onmly slightly more restrictive than the conditions needed for existence
(f e L2(07T07 Lg(ﬁc)) instead of f € LQ(O,TO, V’), with V" defined below). The theory
in [13] does not cover this situation at all. The next theorem gives the details on existence
and on our decay result for this type of solution.

Theorem 6.3 Put V = {V € W01’2(§c)3 o divV = 0}, equip V with the norm of
W2(Q%3, and let V' denote the dual space to V. Write L2(Q°) for the closure of Cgfg(ﬁc)
with respect to the norm of L*(Q°)3. Let Uy € L2(Q°) and f € L?(0,Tp, V"). Then
there is a unique function u : (0,Ty) — V such that u € LOO(O,TO, LQ(QC)S), Vv €
L*(0,Tp, Lz(ﬁc)g), and equation (5.1) is fulfilled with the modification that the term
f(t) - is dropped, and instead the term f(t)(¥) is added outside the integral over Q.
This function u is in C°([0,Ty), L2(2)?).

If f € L*(0,Tp, L2(Q°)?), then inequality (6.2) holds for t, z, o as in (5.27).

Proof: As in the two preceding theorems, we refer to [14, Theorem 3.7] and its proof
as regards uniqueness, which follows as in the Stokes case. Concerning existence, the
argument is also the same as in the Stokes case. We refer to [44, p. 171-176 and p. 180],
in particular [44, p. 175, (1.65)]. The equation [qe &V -V da = 0 valid for V€ W, (Q°)3
is the reason why the Oseen term does not generate a major problem. In order to show that
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u € C°([0,T), LQ(QC)?’), we consider v as a weak solution of the time-dependent Stokes
system, in an analogous way as stated in (5.1) for the Oseen system, but now with the
right-hand side f — 7 0zu € LQ(O7 To, V' ) Then [44, Theorem 3.1.1] yields continuity of
u on [0,Tp) with values in L?(Q°). Suppose that f € L2(0, T, L2(Q9 ). Since Theorem
2.3 with Kk = ¢ = 2 implies u € LQ(O,TO, Lﬁ(ﬁc)‘3 ), we thus get that w satisfies all the
assumptions imposed on u at the beginning of Section 5 and in Theorem 5.2 if we take
no=1,p =2 fO=f my=1, 0 =2 GY =uBg, x(0,Tp), o =q1 =p="; =2
for 1 < j <3, ¢ =5/4. Therefore inequality (6.2) follows from (5.27). O
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