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Abstract

This article deals with L%-weak solutions to the 3D time-dependent Oseen system.
This type of solution is defined in terms of the velocity only. It is shown that the
velocity may be represented by a sum of integrals none of which involves the pressure
and without a surface integral of the spatial gradient of the velocity. On the basis
of this representation formula, an estimate of the spatial decay of the velocity and
its spatial gradient is derived. No boundary conditions have to be imposed for these
results.
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1 Introduction

In this work, we deal with the time-dependent Oseen system
U — Aguu+ 7010+ Ve = f, diveu =0 (1.1)

in Q° x (0,Tp), where Q is an open, bounded set in R? with Lipschitz boundary. (Here
and in the following, the notation A€ for A C R3 stands for the complement R3\ A of A in
R3. Thus Q° is an exterior domain.) The preceding system arises as a linearization of the
time-dependent Navier-Stokes system with Oseen term,

ug — Agu+ 7010+ (u-Vy)u+ Ver = f,  diveu = 0. (1.2)

The latter system is the usual model of the flow of a viscous incompressible fluid around a
rigid body moving with constant velocity and without rotation. The parameter 7 € (0, 00)
corresponds to the Reynolds number of the fluid, and the function f : Q° x (0,Tp) — R3
represents a volume force acting on the fluid. The unknowns in (1.1) are the velocity
u: Q° x (0,Ty) — R? and the pressure 7 : Q° x (0,7p) — R, hence Ty € (0, oo] is the
life-span of the solution.

In this work, we consider weak solutions of (1.1). Our aim is to derive bounds for |u(x, )]
and |Vzu(z,t)| valid for large values of |z| and showing how these quantities tend to zero
for |z| — oo ("decay estimates”). Such estimates are interesting because they are often
associated with physical phenomena that can be observed macroscopically, for example the
wake extending downstream behind the rigid body. Our decay bounds improve estimates
established in previous articles.

We study a type of solution involving only the velocity u, which is supposed to fulfill the
relations u € C°([0,Ty), L¢(Q)?) and V,u € L} ([0,Tp), LI(2°)?), for some numbers

loc



0, q € (1,00). Equation (1.1) is supposed to be satisfied in the sense that

(1,00)
/TO/ ) -0+ (t) [qu(t)-V19+78x1u(t)-ﬁ—f(t)-ﬁ])d:ndt (1.3)
— (0)/ Up-ddz =0 for ve C5°([0,Tp)), 19608700(66), divyu =0,

o

where f € LZOC( [0, Tp), Lr(ﬁc)?’) and Uy € LP(Q°)? for some p, r € (1,00), and divUy = 0
in the sense of distributions. (See Section 2 for the definition of our function spaces.)

We do not impose any boundary conditions on u. In fact, in concrete physical situations
it is not always clear what is the right choice of such conditions. In particular, in some
cases the usual no-slip condition is inappropriate. So it is an interesting feature of our
theory that our decay estimates hold only on the basis of regularity assumptions on wu,
irrespective of any boundary conditions.

In order to present these estimates, we introduce two volume potentials, denoted by

R (g) and 3 (V), mapping from R3 x (0,00) into R3, and associated with functions

g € L,.([0,T), LY(A)*) and V € L9(A)?, where A may be any measurable subset of R,
€ (1,00) and T € (0, 00]. These potentials are defined by

%(T)(g)(:v,t) ::/0 /RS ANax—y,t—3s)-9(y,s)dyds (t € (0,00), a. e.x € R3), (1.4)

IV (a,t) = A —y.t)- V(y)dy (te€(0,00), z € R?). (1.5)
R

Here g and V stand for the zero extension of g and V to R3 x (0, 00) and R3, respectively.
The function A, defined in (4.1), is a fundamental solution of the time-dependent Oseen
system (1.1). Some key properties of these volume potentials are presented in Lemma 4.3
and 4.4. In view of stating our estimates, we further have to introduce some parameters and
require some integrability conditions — local in space and global in time —on u, V. u and f.
In fact, we fix numbers Sy, Ry € (0,00) with Q@ C Bg, and Sy < Ry, abbreviate Ap, g, :=
Bg,\Bs,, and require there are parameters v1, v2, 73 € [0,00], ¢ € (1,00) such that the
restriction u|Ag, s, % (0,7p) belongs to L (O,TO, Lq(ARO7SO)3), VaulAg,.s, % (0,Tp) to
L72(0,Ty, LU (ARy,s,)?), and f|AR,,s, % (0,Ty) to L7(0,Ty, LI(ARy,s,)*). Actually our
assumptions are somewhat more general (see at the beginning of Section 5 and Theorem
5.2), in view of applications in [18] to a nonlinear problem with (1.2) as special case. But
with the preceding conditions, all the main difficulties of our proofs would already be
present. We note that the parameter Sy is introduced so that {2 need not be more regular
than Lipschitz bounded. In fact, we will consider u|B750C instead of w. Finally define the
function v : R? + [1,00) by v(x) := 1+ |x| — 21 for € R3. Our main decay estimate may
then be stated as follows:

|98 [u - 30| By") - RO f1B5" % (0,T5)) ] (a.1) | (16)
< € (|o|v(x) )_3/2_|O‘|/2+1/(2 min{1:72:%)  for 4. et (0,Tp), a. e.x € By,

and o € Ng with |a| := a1 +as+asg < 1, under the assumption that the zero flux condition

/ u(z,t) - nD(z)de =0 (t€(0,Tp)) (1.7)
o0



is fulfilled, with n(¥) denoting the outward unit normal to €. The presence of the function
v on the right-hand side of (1.6) may be interpreted as a mathematical manifestion of the
wake. The appearance of the parameters «; in (1.6) means that the spatial decay of u
and V,u depends on LP-integrability in time of u, V,u and f; see the assumptions on u
and f specified above. Here and everywhere else in this work, we write € for constants
which do not depend on the parameters whose range is indicated in the inequality under
consideration (here: z, t and «). In particular these constants are always independent of
t, wherever this latter parameter arises, but they frequently depend on 7, as is the case
here.

If (1.7) does not hold, we obtain that

|95 [u —3D(U[Bs,) ~ RO (f[Bs,” x (0.70) ) | . 1)| (18)

<c [ ( | () )—3/2—|a\/2+1/(2 min{vy{,75,74}) n |$’727\a|] for t, z, a as in (1.6).

A more detailed version of these estimates may be found in Theorem 5.2, where we specify
how the constants in (1.6) and (1.8) depend on u, f and U.

The sum 37 (U|Bg,) + R (f|Bs,” x (0,Tp)) is the velocity part of a solution to (1.1)
in R3 x (0, 00) with right-hand side f replaced by the zero extension of f|Bg,” x (0,Tp) to
R3 x (0,00), and with the solenoidal part of the zero extension of Uy|Bs, to R? as initial
data. We refer to [17, Corollary 3.5, 3.6] as concerns 37 (Up|Bg, ), and to [10, Theorem
2.16, Lemma 2.11]) with respect to R(") ( fIBs,* x (0, Ty) ). So this sum may be interpreted
as a background flow independent of the presence of a rigid body, whereas the difference
on the left-hand side of (1.6) and (1.8) corresponds to the perturbation generated in the
flow field by the rigid body far from this body. It is the spatial decay of this perturbation
which is of physical interest, and which we evaluate. Note that inequalities (1.6) and
(1.8) hold without any assumptions on the spatial asymptotics of f and Uy. On the other
hand, the behavior for |z| — oo of 3 (U|Bs,)(z,t) and 9%(7)(f|Bigoc x (0,Tp) ) (z,t) is
determined exclusively by the spatial asymptotics of Uy and f. Thus the influence of the
decay properties of f and Uy has effectively been seperated from the rest of the problem.
Some results are available in literature with respect to the spatial decay of the two volume
potentials ([12, Theorem 1.1], [13, Theorem 3.1], [17, Lemma 4.1, 4.2]). Here we contribute
an improved version of [13, Theorem 3.1] as concerns R(7) (f |Bs,” x (0,Tp) ) (Theorem
4.3), and a decay result for 37 (U|Bg,”) adapted to our situation (Theorem 4.4). Note
that if Uy and f(t) have compact support, uniform with respect to t, and if Sy is sufficiently
large, inequalities (1.6) and (1.8) become estimates of |0%u(z,1)|.

Another main result of the work at hand is a representation formula for L?-weak solutions
to (1.3), stated in (5.21). It is by evaluating the integrals in this representation (Theorem
5.1) that we obtain (1.6) and (1.8).

Let us compare (1.6) and (1.8) with estimates available in literature. Reference [13]
deals with L2-weak solutions to (1.3) under Dirichlet boundary conditions with data —
and hence solutions — satisfying the zero flux condition (1.7). It is shown in this article
that for a certain class of functions f and Uy, the left-hand side of (1.6) is bounded by
¢ (|z|v(z) )717@/2 for t, x, o as in (1.6). It is further shown that |0%u(x,t)| is majorized
by the same term if f and Uy decay sufficiently fast for |x| — oco. In the work at hand, for
the same type of solutions to the same problem, we deduce from (1.6) that the left-hand



side of this inequality admits the bound € ( |z| v(z) )75/ 4=lol/ 2, for a class of functions f

and Up much larger than the one considered in [13]. Moreover, for [0%u(x,t)| we derive
the bound € |z|~%/4-1ed/2 y(z)=5/4=lel/* (max{1, In |z|})!*I"/2, with some fixed n € N. The
latter estimate is valid under assumptions on f slightly weaker than in [13], and for
functions Uy with an asymptotic behavior for |x| — oo adapted to the preceding bound on
|0Qu(x,t)|, which cannot be achieved under the weaker decay conditions on Uy assumed
in [13]. For more details we refer to the remarks at the end of Section 6 and to Theorem
6.1 and 6.2. The first of these two theorems evaluates |0Su(x,t)| if f = 0, Uy = 0
(boundary-driven flow), and the second yields a bound of the left-hand side of (1.6) if u
fulfills homogeneous Dirichlet boundary conditions.

In [17], we derived inequalities (1.6) and (1.8) for solutions to (1.1) more regular than
those considered here. In particular we imposed regularity conditions on the pressure
([17, Theorem 6.1]). The task we face here consists in extending these inequalities to
L%-weak solutions, which constitute a much larger class of solutions.

The present work is the basis of two further articles. In reference [18] we start from the
representation formula (5.21), obtaining convergence estimates for |z| — oo of L?-strong
solutions to a generalization of the nonlinear system (1.2). The focus in this latter work
is on improving the decay results in [36], [42] and [14] without requiring specific boundary
conditions. Reference [19] deals with the spatial asymptotics of mild solutions to (1.1)
under homogeneous Dirichlet boundary conditions. It turned out these solutions are L9-
weak in the sense of the work at hand. It further turned out that if f € L' (0,00, L& Q) )
and Uy € LL(Q°) for some ¢ € (1, 3/2), inequality (1.6) may be applied with ~; = 1 for
j € {1, 2, 3}, leading to the bound € ( |z|v(x) )_3/2_‘04/2, uniformly in ¢, for the left-hand
side of (1.6).

This bound is also valid for |0¢A(x,t)| (Lemma 4.1), where A is the fundamental solution to
(1.1) mentioned above. It seems no stronger decay result may be obtained for |0SA(z,t)].
However, the estimate [03A(z,t)| < €(R) ( |z v () )73/27‘04/2, with o € N, |a| <1, z €
B¢, for some R > 0, does involve some loss of accuracy. In fact, the integral [p; A(x,t)dt
yields the standard fundamental solution of the stationary Oseen system (3.4), as may
be seen by [22, Corollary 4.3, Theorem 4.2]. This latter solution is known to decay as
O([Jz|v(x)]~) for |z| — oo ([27], [38]), and this decay rate cannot be recovered via the
integral [~ (|z|v(z)+t) 8/ dt, which only yields O [|z| ()2 ). An analogous remark
is valid with respect to first-order space derivatives. But the integral [;*[09A(z,t)| dt is

bounded by €(R) (|x|y(x))_1_|a‘/2 if |z| > R for some R > 0 (Lemma 4.1). So in
the estimate |0%A(x,t)] < €(R) (|z|v(z) )73/27‘04/2, a structural element of A gets lost,

leading to the slower decrease of [°(|z|v(z) )_3/ ®dt compared to that of the integral
Jo7 [A (2, 1) dt.

Since fundamental solutions play a key role in the study of spatial asymptotics, one may
reasonably take the point of view that the decay rates provided by inequalities (1.6) and
(1.8) may not be higher than the one corresponding to the best possible decay bound
of [0%A(x,t)|. It is true that in view of the preceding remarks on the asymptotics of
|0SA(x,t)|, the notion of “best possible decay bound of |0¢A(x,t)|” is somewhat ambigu-

ous. Still we think that the inequality [0%A(z,t)| < € (|z|v(z))

8/2=lad does constitute



a suitable yardstick, showing that inequalities (1.6) and (1.8) are indeed the best possi-
ble decay estimates valid for solutions to (1.1) independently of the choice of boundary
conditions. This is analogous to the situation in the stationary case, where the best pos-
sible decay bound independent of boundary conditions is given by € (|z|v(z) )_l_w/ 2
([3], [27]), corresponding to the behavior mentioned above of the standard fundamental

solution to the stationary Oseen system (3.4).

It is the choice of a representation formula for solutions to (1.1) that is a key difference
between some of the studies mentioned above. References [36] and [42] use an equation
that may be characterized as a Green’s formula involving a fundamental solution of (1.1),
like A. This formula has the drawback that it contains an integral on 92 x (0, 7p) in which
the stress tensor appears. Such an integral requires a rather high regularity of the solution
and is difficult to control. In [10], [13] and [14], we used an integral representation which
does not contain such a term, but requires solving an integral equation on 992 x (0,7p).
The technical overhead related to this equation is considerable, and we were limited to
what is essentially an L2-framework. In [17], we at first proved the standard formula from
[36] and [42] under assumptions as weak as possible ([17, Theorem 5.2, (5.6)]). Then, by
means of some partial integrations, we obtained a new formula in which the critical term
does not appear any more ([17, (5.7)]). This formula yields a representation of u(x,t) only
at points x situated outside a ball around Q. But since we are interested in the behavior
of u(x,t) for large values of |x|, this restriction does not matter in our context. However,
the theory in [17] is still inconvenient since the assumptions in the relevant corollary ([17,
Corollary 5.2]) are too strong in order to allow applying [17, (5.7)] to the solution of (1.3)
we consider here. In particular, [17, Corollary 5.2] imposes conditions on the pressure
although this unknown does not appear in [17, (5.7)].

The main effort in the work at hand is directed at showing that the integral representation
in [17, (5.7)] may be extended to L%-weak solutions of (1.1). As the key difficulty, we have
to eliminate the conditions on the pressure just mentioned. To this end, we will use
Friedrich’s mollifier for functions with values in Banach spaces, smoothing weak solutions
with respect to the time variable. We will consider these smoothed solutions as weak
solutions of the stationary Oseen system (3.4), with the time derivative subsumed into the
right-hand side. In this way we will be able to use the regularity theory of this latter system
in order to construct an associated pressure. Once this result is available, the mollified
version of the L9-weak solution we started out with will turn out to be sufficiently regular
so that we may apply the integral representation [17, (5.7)]; see Theorem 5.1. By letting
certain parameters tend to zero in this formula, we will then obtain that [17, (5.7)] extends
to our weak solution, in a slightly different form (Corollary 5.4).

In view of (1.3), the function Uy seems to play the role of initial data. However, due to
the lack of boundary conditions, the equation u(0) = Uy need not hold in general (Lemma
5.4). But for the case div Uy = 0 in a distributional sense, we will show that Uy —u(0)|Bs,"
is a harmonic function with [0 ( Uy —u(0) ) (z)| = O(|z|~27 1ol for |x| — oo, where o € N3
with |a| < 1. If Uy — u(0) satisfies a zero flux condition on 0Bpg for some R > Sy, we will
even get |02 (Up — u(0) ) (z)| = O(|z|=3~1el) for |z| — oo (Corollary 5.5).

Let us mention some references more distantly related to the work at hand. Takahashi
[49] deals with spatial decay of solutions to (1.2) in the case Q = () under a smallness



condition. In [4], [5], solutions to (1.1) and (1.2) are estimated in weighted LP-norms,
with the weights adapted to the wake in the flow field downstream to the rigid body.
Reference [16] presents decay estimates in time and in space for solutions of (1.1) and
(1.2), as a continuation of [13] (Oseen system (1.1)) and [14] (problem (1.2)), under the
same assumptions and with the same methods as in these latter articles. Various technical
aspects of the theory in [13], [14] and [16] are dealt with in predecessor papers [7] — [11].
Questions of existence, regularity and stability related to (1.1), (1.2) or generalizations of
(1.2), in particular LP — Li-estimates of Oseen flows, are addressed in [25], [26], [30], [31],
32], [34], [35], [37), [40], [41], [45], [48].

2 Notation. Some auxiliary results.

The parameters Tp € (0, 00] and 7 € (0, 00) introduced in Section 1 are kept fixed through-
out, as is the open, bounded set 2 C R? with Lipschitz boundary.

The symbol | | denotes the Euclidean norm of R™ for any n € N, as well as the length
a1 + ag + agz of a multi-index a € N. For R € (0,00), z € R3, put Br(x) := {y € R3 :
|r —y| < R}. In the case x = 0, we write Bp instead of Br(0).

Recall that in Section 1, we introduced the function v : R3 — [1,00) by setting v(x) :=
1+ |2| — 21 for z € R3.

We fix numbers Sy, Ry € (0,00) with Sy < Ry and Q C Bg,, as well as a function ¢q €
CSO(B(R0+SO)/2) with 0 S ®o S 1 and (PO|BSO+(R0—SU)/4 =1. We put Rl = (R() + S())/Q.
For n € N, I C R", let x; stand for the characteristic function of I in R™. If A C R3, we
denote by A° the complement R3\ A of A in R3. Put ¢; := (§j;)1<j<3 for 1 <1 < 3 (unit
vector in R3). If A is an open bounded set in R® with Lipschitz boundary, we write n(4)
for the outward unit normal to A. If R, S € (0,00) with S < R, we write Ap g for the
annular domain Bgr\Bs.

Let p € [1,00) and n € N. For any open set A C R3, the norm of the Lebesgue space
LP(A) is denoted by || ||p, and the usual norm of the Sobolev space W™P(A) of order
m and exponent p is designated by || ||m,p. Again for an open set A C R®, we define
Coo(A) == {V € Cg°(A)? : divV = 0}, and write Lj, (A) and W v"(A) for the set of
all functions V from A into R such that V|K € LP(K) and V|K € W'P(K), respectively,
for any open, bounded set K C R? with K ¢ A. We put VV := (OkVj)1<j k<3 for
V€W (4)%

Let V a normed space, and let the norm of V be denoted by || ||. Take n € N. Then we will
use the same notation || || for the norm on V" defined by ||(f1, ..., fn)|| := (Z?:l I £511% )1/2
for (fi1,..., fn) € V". The space V3X3 as concerns its norm, is identified with V9. If
p € (1,00), n € {1, 3} and A C R? open, the dual space of W&’p,(A)" will be denoted by
Wy Lp (A)™, although in the case n > 1 this dual space is not the Cartesian product of
W(fl’p(A). We write Li(A) for the closure of C§%, (A) with respect to the norm of LP(A)3.



We additionally introduce some weighted Sobolev spaces. To this end, for x € R? we put
W (2) = (1+[z]) ™7 for j€{1,2}, pe(1,00)\{3/2, 3},

1 _ 2 _ -1

(@) = (4 [2]) 7! wi(@) = (1+ 272 (In@2 + |2])) 7,
W (x) = (1 + |2) 7 (In@2+ |z])) " for j e {1, 2}.

(S

Then we set

WZP(R?) := {V e W2 (R?) : PV, WMV, 90,V € LP(R®) for 1< k,l <3},

loc p p
WiP(R) = {V e WHI(R®) : wlVV, gV € LP(R®) for 1<1<3} (pe(l,0)).

We will not work with a norm of Wi?(R3). However, the norm of W, ?(R?) defined by
1V llyro sy = (e V1B + [V [5)1/7 will be relevant.

Let p € [1,00], B a Banach space and J C R an interval. Then the norm of the space
LP(J,B) is denoted by || HLP(J,B)’ Let a,b € RU{oo} witha < b, take m € Nand ¢ € [1, 00).
Then we write LP(a, b, B) and W'4(a,b, B) instead of LP( (a,b), B) and W'4( (a,b), B),
respectively. We use the expression Lf c( [a,b), B) for the space of all functions v : (a, b) —
B such that v|(a,T') € LP(a,T, B) for any T' € (a, b). This space is to be distinguished from
the space L (a,b, B), defined in the usual way. Let T € (0,00], A C R3 open, and n € N.
Then we will write || [|gpr and || [lgpw instead of || [|zeo,r, Loayy and || [|Lo,Loaym),
respectively.

If v € Wh(a,b, B), then, possibly after a modification on a subset of [a,b) with measure
zero, the function v belongs to C%([a,b), B) ([50, Lemma 3.1.1]). If the latter relation is
already valid, we write v € Whl(a,b, B) N C%([a,b), B).

Of course, a function v € Lp( J, Lq(A)”) may be considered also as a function on A x J,
although there is a minor issue with respect to measurability on A x J, settled in [11,
Lemma 2.1} and [17, Lemma 2.3]. We will write v(¢)(z) or v(z,t), depending on whether
we consider v as a function on J with values in LI(A)", or as a function on A x J. For an
interval J C R and a function v : J VVi)C1 (A)3, the notation Vv stands for the gradient
of v with respect to x € A, in the sense that

vxv < J Llloc(A)SXB’ va(t)<x) = (8$k(1}j(t>)($)>l<‘k<3for te J, reA
<j.k<
(spatial gradient of v). Similar conventions are to be valid with respect to the expressions
Agv, divyv and Oz jv.
Concerning Bochner integrals, if J C R is open, B a Banach space and w : J — B an
integrable function, it is convenient sometimes to write B — [, w(t) dt instead of [, w(t)dt

for the corresponding B-valued Bochner integral. For the definition of Bochner integrals,
we refer to [51, p. 132-133], or to [33, p. 78-80.].

We define the Fourier transform f of f € LY(R3) by f(¢) := (2m)~3/2 Jgn €777 f(2) dz for
¢ € R™. An analogous definition is to hold for functions belonging to L?(IR?).

We write C' for numerical constants and C(v1, ..., 7,) for constants depending exclusively
on paremeters 71, ..., v, € [0,00) for some n € N. However, such a precise bookkeeping



will be possible only at some places. Mostly we will use the symbol €, with the convention
that it stands for a constant which does not depend on quantities pointed out by the
word “for” in the context of the estimate under consideration. This concerns in particular
the parameter ¢, which never enters in any constant. On the other hand, dependence
on 7 is frequent. At some places we state explicitly which are the dependencies of €,
and sometimes we write (1, ..., 7,) in order to indicate that the constant in question is
influenced in particular by the quantities v1, ..., Vn.

The following simple version of Young’s inequality for integrals will be used frequently.
Stated here for the convenience of the reader, we will refer to it as “Young’s inequality”.

Lemma 2.1 ([1, Corollary 2.25]) Letn € N and q € [1,00]. Then

(L.

The next theorem deals with solenoidal VVO1 4_functions.

Theorem 2.1 ([29, Theorem II1.4.2, IT1.6.1]) Letn € N, ¢, rq, .. ) Tn € (1,00), AC
R3 open, bounded and with Lipschitz boundary. LetV € W&’q(A )3 LTJ( Prorl<j<n
with divV = 0. Then there is a sequence (¥,) in ngg,(zc) such that ||V —Yyll1,4 = 0 and
IV = Inllr; = 0 (n — o00) for 1 < j <n.

q 1/q
[ va-nvwa| a) " <oV, for e @), ve @),

The ensuing theorem presents a result on LP-integrability of functions defined in an exterior
domain and possessing an L9-integrable gradient.

Theorem 2.2 Let A C R? be open, bounded and with Lipschitz boundary. Let q € (1,3)
andV € Wﬁ)cl (A%) with VV € LI(A%)3. Suppose there is some r € (1,00) with V € L”(ZC)
Then V € L34/G3=9 (A and 1V Isq/3—q) < €IV lg-

Proof: This theorem may be deduced from [29, Theorem II1.6.1]; see [15, Theorem 2.4]
and its proof. O

We mention some results about Bochner’s integral. Our basic tool in this context is the
following theorem (compatibility of bounded operators and Bochner integrals).

Theorem 2.3 Let B1, By be Banach spaces, A : By — By a linear and bounded operator,
n €N, J CR"” an open set and f : J — Bi a Bochner integrable mapping. Then
Ao f:Jw By is Bochner integrable, too, and A(By — fdex By — fJ Ao fdx.

Proof: See [51, p. 134, Corollary 2], [33, Theorem 3.7.12 and the remark on p. 84]. O

Next we indicate a compatibility result for Bochner integrals with values in LP-spaces.

Lemma 2.2 Let J C R be an interval, n € N, B C R™ and A C B open sets, qi, q2 €
[1,00) and f : J +— qu(B) a Bochner integrable mapping with f( )]A € ng( )3 for
teJ cmd fIA: J = L®(A)* Bochner integrable as well. Then (L (B)*— [, f(s)ds)|A =
L®(A)? — [, f(s)|Ads.

Proof: Use Theorem 2.3 and note that for ¢ € C§°(A)3, the mapping V fA¢ -Vdx
is linear and bounded as an operator of V € L%(A)? and as an operator of V € L% (B)3,
each time with values in R. g

Theorem 2.4 Let B be a Banach space, n € N, p € [1,00) and J C R"™ measurable.



Then the set of integrable functions from J into B only taking a finite number of values
("simple functions”) is dense in LP(J, B).

Proof: See [24, Section 8.18.1 and Exercise 8.29]. On the basis of Lebesgue’s theorem, the
proof can be done by first approximating f € LP(J, B) by functions with bounded support,
and then by functions with bounded support and such that their range is bounded with
respect to the norm of B. Functions of the latter kind belong to L'(J, B) and thus, by
the definition of Bochner’s integral, may be approximated in L' (.J, B) by simple functions,
which implies approximation in LP(J, B) in this situation, due to Lebesgue’s theorem. [J

Corollary 2.1 Let B be a Banach space, A a dense subset of B, p € [1,00) and J C R"
open. Then the set {Z§:1 vjaj k€N, p; € C(J), aj € A for1 < j <n} is dense in
LP(J, B). In particular the set of continuous functions f : J — B with supp(f) compact
is dense in LP(J, B).

Proof: Use Theorem 2.4 and the density of C5°(J) in LP(J). O

In order to define Friedrich’s mollifier for functions with values in Banach spaces, we fix
a function p € C§°((—1,1)) with p > 0 and [, p(s)ds = 1, and put ps(r) := 6" p(61r)
for § € (0,00), » € R. If B is a Banach space and f € L} (R, B), define fs(t) :=
B — [z ps(t—s) f(s)ds for t € R, § € (0,00).

Key properties of Friedrich’s mollifier of functions with values in R carry over to functions
with values in Banach spaces. Properties of this type needed in the work at hand are
collected in the ensuing Theorem 2.5.

Theorem 2.5 Let B be a Banach space and f € L} (R,B). Then fs € C*°(R,B) and

loc
fén)(t) = prgn)(t —s) f(s)ds (neN, t € R, 6 € (0,00) ). Moreover, if f € VV;)CI(R, B),
then (f5)" = (f")s-
Let p € [1,00) and g € LP(R,B). Then ||gs|rr,5) < ll9ller@w,B) for 6 € (0,00) and
llgs — gHLP(R,B) —0(040).
Let h € C°(R, B) and t € R. Then ||(hs — h)(t)|| = 0 (§ 1 0), where || || denotes the norm
of B.

Proof: The relation f5 € C*°(R, B) and the equation for fén)(t) follow from the relation
ps € C§°((=6,6)).1If f € VVllo’cl(R,B) and ¢ € R, the equation (f5)'(t) = (f')s(t) holds due
to the above equation for fén) (t) with n = 1, and since the function s — ps(t — s) (s € R)
belongs to C§°(R). The inequality | gs||z»r,B) < [|gllzr(r,B) for 6 > 0 is an immediate
consequence of Young’s inequality and the choice of ps. We further note that for € € (0, 00),
Corollary 2.1 yields existence of a function ¢(¢) € C°(R, B) with compact support such that
lg — g(e)HLP(R,B) < €/2. With this result available, the relation ||gs — g|| r(r,z) — 0 (0 | 0)
follows by the same arguments as in the case B = R; see [1, p. 37-38] for example. The
same reference yields the last claim of the theorem. O



3 Some results on the Poisson equation and the stationary
Oseen system.

In the ensuing theorem, we state some properties of the Newton potential. The proof of
this theorem is well known (Hardy-Littlewood-Sobolev’s inequality, Calderon-Zygmund’s
inequality and density arguments). We refer to [39], where the Stokes case is treated, with
details elaborated in [23].

Theorem 3.1 Put N(z) := (47 |2|)7t for 2 € R3\{0} (fundamental solution of the Pois-
son equation). Let ¢ € (1,3/2), F € LY(R3). Then [pN(z — y) |F(y)|dy < oo for a.
e. # € R% Put (M« F)(z) = [Nz —y) Fy)dy for x € R® ("Newton potential”).
Then M+ F € W2I(R3), AM+ F) = —F, N+ F e LW23(R3), §,(M* F)
LI/a=1/3)" (R3Y3 and 0,0)(M + F) € LYR3)® (1 < kI < 3). If F € WY(R3), then
Nk F € WEUR3) and ||050,0m (M F)|| g+ |00 (N5 F)||4 < C(q) | Fll1,4 for1 < k,1,m < 3.
If F € C$°(R3), the function M * F belongs to C(R3).

Next we present some technical results on harmonic functions.

Theorem 3.2 (”Weil’s lemma”, [46, Appendix]) Let A C R? be open, V € L} (A)
and [,V Ap =0 for ¢ € C§°(A). Then V € C*(R3) and AV = 0.

Theorem 3.3 Let A C R3 be open and bounded, with C'-boundary, q € (3,00), V €
C®(A°) with AV = 0 and VV € LI(A)2. Then there is a number a € R such that
V —a¢€ Li(A°).

Proof: According to [29, Lemma I1.6.1], we have V|Br\A € W14(Bg\A) for any
R € (0,00) with A C Bpg. In particular the trace V|0A is well defined and belongs to
W1=1/99(9A). In this situation, we refer to [46, Theorem 1.10.6, 1), (10.43)] and Theorem
3.2 to obtain a function W € C*®(A®) such that AW = 0, VW € Li(A%)?, W|Bg\A €
Li(Bg\A) for R € (0,00) with A C Bg, and W|9A = V|9A, and such that there are num-
bers ¢, ro € (0,00) with A C By, and [W(2)| < co 2|t for € B, . It follows by [46,
Theorem I1.6.2, iv), vii)] that there is a € R such that the difference W — V' — a possesses
the same regularity and decay properties as W does. The decay estimate satisfied by W
and W —v —a yields there is 71 > 0 with A C B,, and V +a|B¢, € LP(BE,) for p € (3,00).
Since q > 3, the theorem follows. O
Lemma 3.1 Let R, R, S € (0,00) with S < R < R, ¢ € C§°(Br) with p|By = 1.
Moreover let kg € N, V € C®(Bg") with AV =0, ¢; € (1,00) and VW) € L%(Bg") for
1< j < ko such that V=352 VU, Put F:=-2V(1—¢)-VV - A(1— ) V.

Then F € C3°(Bg), V|Br = (M F)[Bg* and V|Bg" € LP(Bg") for p € (3,00).

Proof: Define W := (1—¢) V. Then W € C®(R3), —AW = Fand W = Y52 (1-¢) V),
where (1 — @)V € L%(R3) for 1 < j < k. Theorem 3.1 and the obvious relation
F € C§°(Bg) imply that 9« F € C*(R3) N LP(R?) for p € (3,00), and —A(M* F) = F.
We claim that W = 9t x F. To see this, we may for example reason as in [6, p. 1524-
1525]: Since W = 22?021(1 — ) VU and because (1 — @) VW € LU(R?) (1 < j < ko)
and M x F € LP(R3) (p € (3,00)), we may apply Friedrich’s mollifier to W — 9 * F),
obtaining a bounded function (W — 9 F'), defined in an obvious way for any € € (0, 00).
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Since A(W — N« F') = 0, we have A(W — M % F). = 0, also for any ¢ > 0. Thus
Liouville’s theorem yields (W — 9% F). = 0 (e € (0,00) ). Again due to the equation
W = Zfozl(l — ) V@) and the integrability properties of (1 — ¢) V) and 0N« F, we may
conclude that W — 9t « F' = 0. So our claim is proved. Now the choice of ¢ and the
definition of W imply V|Br" = (M * F)|Bg", so Theorem 3.1 yields V|Bg® € L?(BR") for
p € (3,00). O

In the next theorem, we introduce a pressure II associated with the velocity part U of a
weak solution to the Oseen system (A = 0) or the Oseen resolvent system (A # 0) in R3.
The case A # 0 is included in view of an application in [18].

Theorem 3.4 Let A C R3 be open, g € (1,00), A€ C, U € VVllo’g(A)3 with
/A(VU VI+ (11U + AU —F)-9)de =0 for ¥ € Cg,(A), divU =0.  (3.1)
Then there is a function IT € L (A) with
/A(VU'V19+(781U+)\U—F)-ﬂ—Hdivﬁ)dsz (¥ € C§°(A)?), divU =0. (3.2)

If B C R? is open, bounded, with Lipschitz boundary and with B C A, then

I Bllq < €([[VU[Bllq + [AHU|Bllq + [|F|Bllq) (3.3)
for X\, U, 11 as before, with the additional assumption that and fB II=0.
Proof: Let B C R3 be open and bounded, with B C A. Since F € L (A)3, we have

loc
F|B € LY(B)3, hence F|B € W; "%(B). Obviously —7 ,U|B € W, "4(B)?. Thus, by [29,
Lemma IV.1.1], there is a function IT € L} (A) such that (3.2) holds. The last statement
of the theorem follows from [29, Lemma IV.1.1] once more and from Poincaré’s inequality
(estimate of [|AU + 17 0WU||—1,4 by |AU +701U||q, with || ||—1,4 defined as in [29, Lemma
IV.1.1]). O

Theorem 3.5 Let A C R3 be open, A € C, ¢q,s € (1,00), F € LL (A3, U € Wh'(A)3

loc loc

with VU € L$ (A)Y such that (3.1) holds. Then U € T/Vli’g(A)?’. Suppose in addition that

loc

IT € Lj .(A) is such that the pair (U,II) satisfies (3.2). Then Il € Wllo’g(A) and
—AU+700U+ AU+ VIl =F, diwU =0. (3.4)

Proof: The theorem is a consequence of interior regularity of solutions to the Stokes
system; see [15, Theorem 3.2] and its proof. O

Theorem 3.6 Let A C R3 be open, A € C, F € C*(A)3, q € (1,00), U € Wl’l(A)3

loc

with VU € L (A)°, and 11 € LL (A). Suppose that (3.2) holds. Then U € C*°(A)3, 11 €

loc
C>*(A), and (3.4) (Oseen system if A =0) is valid.
Proof: [15, Corollary 3.2]. The assumption v € L?(A)3 in that reference should read
ve Ll (A)3. O

loc

We will need a solution theory for the Oseen system in weighted Sobolev spaces of functions
defined in the whole space R3. This theory is useful for us because it holds in an L-
framework with any ¢ € (1, 00) being admitted.
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Theorem 3.7 Let g € (1,00). Then for any F € LY(R3)3, there is a pair of functions
(U(F), TI(F)) such that U(F) € Wy Y(R%)3, TI(F) € W"Y(R?), the pair (U(F), TI(F))
solves (3.4) with A = 0, A = R3, and ||0,0,U(F)|, + HHHWll,q(Rg) + |01U(F)|ly <
C(q,7)||Fllqg for 1 <k,1 <3.

Proof: The theorem reproduces some of the statements of [2, Theorem 3.3]. g

In [15], we proved uniqueness of the velocity part U of a weak solution to the Oseen
system (equation (3.4) with A = 0) or to the Oseen resolvent problem (equation (3.4) with
A € C\{0}, R\ > 0) in the whole space R3, under the assumptions that [A\| < (7/2)? and
U|B, € 20_ L'(B§)3, VV € Y0_) L%(R?)? for some 75, ¢; € (1,00) (j € {1, 2, 3})
and some R € (0,00) ([15, Theorem 5.1]). In the following theorem, we generalize this
result in the sense that we admit functions U growing polynomially for |x| — co. However,
such weak solutions need not vanish, but they turn out to be polynomials. The case A # 0
will not be needed in what follows, but it is included because it can be handled without
additional effort.

Theorem 3.8 Let U € VVlicl (R®)3 satisfy (3.1) with A=R3, F =0 and X\ € C with R\ >
0, |\| < (7/2)2. Suppose there are numbers R € (0,00), r € [0,00), ko, mg €N, 0k, gm €
(1,00) for 1 <k < ko, 1 < m < my, and functions U¥) € L (R3)3, V() ¢ [im(R3)3x3
for k, m as before such that U = 2112021 Uk, OuUs =300, V,ff;”‘) for1 < pu,o <3, and
fB%(|U(k)(x)| |x]_7")gk dx < oo, fo{(|V(m)(m)| |a:|_’”)qm dr < oo for 1 <k < ky 1<

m < mg. Then U s a polynomial.

Proof: The theorem follows by the standard theory of topological vector spaces ([43,
Section 7.3, 7.11]), as used in the proof of [15, Theorem 5.1]. The only point that should
still be checked in more detail is whether the operators T, S : S(R®)? = R defined by
T(¢) := Jps(VU -V + 710U - ¢) da and S(¢) := [ps U - ¢ da for ¢ € S(R?)?, respectively,
are tempered distributions, where S(R?) denotes the set of rapidly decreasing functions
in R3, equipped in the usual way with a topology. So let us show that T is a tempered
distribution. To that end, put R := max{l, R}, 7 := min{n € N : n > r}, p,s(¢) :=
sup{|z®9°¢(z)| : = € R3}, G(¢) := sup{|z|"*+3 nyeNg,|y|§1 |07¢(z)| : x € B} for
¢ € S(R?)3, a, B € N3. Then we find for ¢ € S(R?)3 that

3
G@) <esw{ D 3 o) xe By,
YENG, [y|<1m=1

and thus G(¢) < € ZVENS, yl<1 Zin:l D(43) em, (@) On the other hand,
3 mo 3
[ Y 0@l e Y S [ el v @) do
Br p=1 B

m=1 p,o0=1
mo
<C )
m=1

i (/BC’ #(Z,”)(m”qm || 9 dm)l/@m (/Bc|m’_3q;n dx)l/qin.

H,o=1 R R

Since [pe |z| 3 9m dx < 0o for 1 < m < myg, our assumptions on the functions V(™ imply
"

that the right-hand side of the preceding estimate is finite. Thus we may conclude that
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the integral [ |z[~" 3 Zi:l |0,U ()| dx is finite. As a consequence
R

3
\/C<VU-V¢+781U-¢> dz| < €G(9) /B 2| Y [0 U @) de (6 € SRY)),
R R p=1

with the right-hand side being bounded, in turn, by € ZyeNS,hlgl Z?n:l PE+3) em, (@),
for ¢ € S(R®)3. Since |fB§(VU Vo + 710U - ¢) 0(¢), we have

thus found that |T'(¢)| is bounded by € (poo(¢) + ZveNg, <1 P P8y em, (@) ), for
¢ € S(R3)3. This shows our claim for T. A similar but simpler reasoning is valid for S. [J

In Section 5, when we exploit the preceding theorem, the next two lemmas will be useful.

Lemma 3.2 Let mg € N, p1, ..., Dmy € (1,00), p := max{p, : 1 < m < mp}, € €

[0,1/p), S1 € (0,00), W . Wmo) ¢ LI (R3)3 such that W := Y7 W™ s q

polynomial and fBg (\W(m) (2)] || )" dz < 0o for 1 <m < mg. Then the degree of
1

W is at most 1.

Prgof: Abbreviate A(z) = Z%il(\w(m)(xﬂ || 7270 )P for r € R3. Suppose there
is R € [Sl, oo) such that [,5 RA(z)do; > 1/R for R € [R,00). Then fBC x)dr =
fR faB x)doy dr > f~ r~Ydr = co. Since fBC (z) dx < oo by our assumptlons, we

have arrlved at a contradiction. Thus there is a sequence (R;,) in [max{Sl, 1}, o0) with
faB r)do, < R;! forn € N and R,, — oo. It follows that &, := faB (R, ) do; <

R;3 forn € N. But (R2<oypm = (R > 0THPypm popm/P > (R 270 ”p)Pm R for
neN, 1<mc< mo, where the last inequality holds because R,, > 1 and p,, < p. Setting
R = g, S0 (WO (Ry )| Ry~ P)P™ oy, for n € N, we get R, < R Ry < Ry,
by the precedmg inequalities. On the other hand, for m € {1, ..., mp}, n € N, we

find with Hélder’s inequality that R;, > wo+1/p f \W(R,, y)| do, < (47)/Pm ﬁl/pm
follows that Ry, /P faBl mo |Wm(R ny)]doy — 0 (n — 00), so we have found
that R, 2 ©F1/P Jon, W (Ryny)ldoy — 0 (n — o0).

Now suppose that the degree of W is larger than 1. Then there is kg € N and for any o € Ng
with |a| < kg a number a, € R such that kg > 2, W(z) = EaeNg7\a|§ko aq z® for € R3,
and aq, # 0 for some oy € N3 with |ag| = ko. Put P(z) := ZaeNg,m\:ko ae 2 (z € R3).
We distinguish two cases. In the first, we suppose that f831 |P(y)| doy > 0. Since for
S e (0,00)

ko—1

[, WSldo,2 8 [ 1P doy— 3 8 oal | 1971 doy
0B1 0By aENg,|a\ I
we may conclude there is R € [S1, 00) such that Jom, W (Sy)|doy > Sko Jos, [P ()] doy/2
for S € [R,00). Thus Ry, > /7 Jon, W (Ryy)| doy > RRo—2mcotl/p Jon, |P(y)| doy/2 for
n € N with R, > R. On the other hand, since we assumed ky > 2 and ¢y € [0, 1/p),
and because R, — oo and [, |P(y)|doy > 0, we get Rio—2-cot1/p Jos, [P ()| doy/2 —
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00 (n — o0). We may thus conclude that Ry2eot/p faBl |W(R,y)|doy, — oo for n
tending to infinity, which is a contradiction to what was shown above.

In the second case, we assume that f831 |P(y)| doy = 0. Then P(y) =0 for a. e. y € 0By,
and hence for any y on dB; by continuity. Since P is homogeneous, it follows that P = 0
in R3. For xo, 23 € R, the function P( - ,x2,23) is a polynomial in one variable, so we
may conclude that all coefficients of this polynomial vanish. But this polynomial may be
written as ZfﬁOPl(xg, x3)r! for r € R, with Py(z9,x3) := ng;é A(1,m, fg—1—m) T3' mlgofl*m
for x9, x3 € R, 0 < I < kg. The numbers Pj(z2,x3) are the coefficients of P( - ,x9,x3)
and must therefore vanish (x2, z3 € R). But each function P, is a polynomial, too. So, in
the next step, the same sort of reasoning may be applied to these polynomials, implying
that their coefficients must vanish as well. In the end we get that a, = 0 for a € Ng with
|| = ko, which is a contradiction to the fact that a,, # 0 for some ag € N3 with |a| = ko.
Thus we arrive at a contradiction in any case. This proves that the degree of W cannot
exceed 1. O

Lemma 3.3 Let mg € N, p,, € (1,00), V"™ e LPn(R3)3 for 1 < m < myg. Suppose that
V=m0 V) s constant. Then V = 0.

Proof: By an argument already used in the proof of [17, Lemma 5.2] and Lemma 3.2, we
may choose a sequence (R,) in (0, 00) with faBR Somo [V (z)[Pm do, < Ry for n € N

and with R,, — oo. Put 2,, := faBl Yoo, ]V(m)(Rn y)|Pm doy for n € N, so 2, < R3.
But f831 VR, y)| do, < (47)"/Pim AP forn € N, 1 <m < mg by Holder’s inequality,

hence faBl S [VM(R,, y)| doy — 0 (n — o0). Therefore faBl |V (Rny)|doy, — 0 for n
tending to infinity. Since V is constant, this means that V = 0. O

4 Some fundamental solutions and potential functions.

We recall that the fundamental solution 91 of the Poisson equation (”Newton kernel”)
and a convolution (”Newton potential”) with this fundamental solution was introduced in
Theorem 3.1. We define the usual heat kernel in 3D by setting

Dz, t) 1= (dmt)32e FP/ED for 2 e R3, t € (0,00), $H(2,0):=0 for € R3{0}.

Thus, in our context, £ is defined on B := (R? x (0,00) ) U ((R*\{0}) x {0} ).

Theorem 4.1 The relations $ € C°(B) and [z H(2,t)dt = 1 for t € (0,00) hold. If
a € N3, o € Ny, the inequality 0207 (2, t)| < C(a,0) (|z|2 + t)~BHel+20)/2 s yalid for
z€R3 t € (0,00).

Proof: See [47] for the preceding estimate. O

The estimate in Theorem 4.1 in the case |a| = 2, 0 = 0 allows to define the velocity part
I" of a fundamental solution to the time-dependent Stokes system,

Lik(z,t) == 9(2,t) 0jk —I—/ 02;0219(2,8)ds for (z,t) € B, j, ke {1, 2, 3}
t
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([44, p. 310]), as well as the velocity part A of a fundamental solution to the time-
dependent Oseen system (1.1),

Nip(z,t) :=Tj(z —7ter, t) for (z,t) € B, j, ke {1, 2,3} (4.1)

([42, p. 501]). We will need the following properties of A and estimates related to A.
Lemma 4.1 The relations A € C(B)3*3 and 22:1 0z M\ji(z,t) = 0 are valid for 1 <
j<3, 2z€R3 te(0,00).

Moreover |02A(z,t)| < C (|2 — Tter|> +)73/27181/2 for ¢, 2 as before and o € N3 with
la] < 1.

Let K > 0. Then 0307 A(z,t)| < C(K,7) (|z|v(z) + t)=3/271el/2=0/2 for » € B, t €
(0,00), @ € N}, 0 € {0, 1} with ||+ 0 < 1, and |02A(2,t)| < O(K,T) (|2|? +1)~3/>lal/2
for z € B, t € (0,00), o € N3 with |a] < 1.

The estimate [gs |0SA(z,t)|9dz < C(r,q)t~GHD4/243/2 holds for q € (1,00), t € (0, 00)
and « as before.

Let R € (0,00), n € (2,00). Then the integral [;°(|z — Tre1|> + )2 dris bounded by
C(R,n,7) (|2|v(2) )_(n+1)/2 for z € B,

Proof: See [17, Lemma 3.3, Corollary 3.4, 3.5, Theorem 4.1]. O

The constant C (K, 7) in the second and third estimate of A(z,t) may be specified in more
detail as concerns its dependence on 7. In fact, if for example 0 = 0 and o = 0, one may
take C(K,7) = C(K) max{1,7}%?2, with the term v(z) in the second estimate replaced
by 1+ 7 (|z| — z1) ([7, Lemma 2]). The following technical observation on the function v
will be useful.

Lemma 4.2 ([20, Lemma 4.8]) The inequality v(z) < C (1 + |y|)v(x — y) holds for
z,y € R3.

We introduce the first of our potential functions.

Lemma 4.3 ([17, Corollary 3.5]) Let A C R? be measurable, q € [1,00), V € LI(A)?,
and let V denote the zero extension of V to R®. Then [ps |03A(z — y,t) V(y)|dy < oo
for o € N} with |a| <1, x € R3, t € (0,00). In particular we may define the function
IOWV) 1 R3 x (0,00) = R as in (1.5).

The derivative 82,37 (V) (z,t) exists and equals Jrs 0Nz — y,t) - V(y)dy for z,t as
above, and for | € {1,2, 3}. The functions 37 (V) and dx;37) (V) are continuous in
R? x (0,00). If g > 1, then |[IT(V)(1)]l4 < C(q,7) |Vl for t € (0,00).

If mg € N, p € [1,00), VO € LP(A)? for 1 < 1 < my, put TJ(T)( o vy =
S 30 WO).

=

We turn to the definition of another potential function.

Lemma 4.4 Let Ty € (0,00}, A C R? measurable, ¢ € [1,00) and f a function from
L},.([0,Tp), LI(A)*). Let f denote the zero extension of f to R3 x (0,00). Then the
integral [ps |0SA(z — y,t — o) - f(y,0)|dy is finite for any x € R?, ¢t € (0,00), o €
(0,t), a € N3 with |a| < 1. Moreover, for a. e. t € (0,00) and for « as before, the integral
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fot Jra 109N (z —y, t —0) - f(y,0)| dydo is finite for a. e. x € R®. Thus we may define the
function RO (f) : R3 x (0,00) = R as in (1.4).

The relation R (f)(t) € VV&)’;(R?’)?’ holds for a. e. t € (0,00), and for such t we have
Ax R (f) (1) () = fg Jgs OmiA(x — y,t — o) - f(y,0)dydo for | € {1,2,3} and a. e.
r € R3.

Moreover the integral fg | Jgs Al —y, t—s) - f(y, s)dy|ds is finite for any t € (0,00) and
for a. e. x € R3. Thus the function R (f) is well defined even for any t € (0,00)
(instead of only for a. e te (0,00)) and for a. e. x € R3. In addition the inequality
1RO () (D)]lg < Cla) | /IR x (0,8) g1 holds for t > 0.

Let mg € N, p; € (1,00) and f e L}OC([O,TO), Lpl(A)3) for 1 <1 < mg. Then define
m(T)(ZT:% f0) = Z;n:(ﬁ 9{(f(l))

Proof: [17, Lemma 3.8, Corollary 3.7]. O

The next lemma deals with still another potential function, this one defined on the surface
of a space-time cylinder.

Lemma 4.5 Let ¢ € [1,00], Ty € (0,00], A C R3 open and bounded, with Lipschitz
boundary, ¢ € Llloc([O,Tg), Lq(aA)?’), ¢ the zero extension of ¢ to A x (0,00). For

t € (0,00), z € R3\OA, a € N}, the term [02A(x — y,t — s) - ¢(y,s)| is integrable as a
function of (y,s) € DA x (0,t). Define B (¢) := BT (¢) : (RP\IA) x (0,00) — R3 by

B (¢)(x,t) := /Ot 9 Az —y,t—s)- dy, s) doyds for x € R*\0A, t € (0,00).

Then, for anyt € (0,00), the integral fg Jou Mz—y, t—s)-g(y, s) doy ds as a function of x €
R3\ A belongs to C°(R3\ A)3, and 9207 (¢)(z,t) = fot Joa O9A(x —y,t—s)-¢(y, s) doy ds
for a € N3, z € R3\ A.

Proof: The function A is C* on R3 x (0,00) (Lemma 4.1), so the lemma follows from
Lebesgue’s theorem. O

Lemma 4.6 Let ¢ € L*(99Q x (0,00) )3. Then the function Q](T)(<Z>)|B§0 x [0, 00) belongs
to C°([0,00), L*(Bg,)?).

Proof: Since Q C Bg,, we have § := dist(0Q2, BS) > 0. It follows for y € 99, = € Bg, that
lz—y| > (1—(S0—6/2)/S0 ) ||. Thus we may conclude from the second estimate in Lemma
4.1 that |07A(z — y, 7)| < C(1,8,80) |x|~3/279/2 for z € BS,, y € 092, 7 € [0,00), 0 €
{0, 1}. But the right-hand side of the preceding inequality, considered as a function of
x € B, belongs to L4(B§0). The lemma follows from the preceding observations. O

In the rest of this section, we recapitulate results from [17] that will be needed in what
follows. First we introduce another kernel function, which is a truncated version of A,
and whose definition involves the numbers Sy, Ry, R and the function g introduced at
the beginning of Section 2. (Recall that Sy < Ry, R1 = (Ro + So)/2 and ¢ € C§°(Bg,)
with ¢|Bg,+(ro—50)/4 = 1, 0 < o < 1.) However, since this definition would need some
preparation and we will not work with it, we do not restate it, referring instead to [17,
(3.13)]. In the ensuing theorem, we collect those properties of this kernel which will be

16



relevant here.

Theorem 4.2 There is a function & := Gr, s, o : B, X Br, % [0,00) = R>*? with the
following properties.
Let x € By, r € [0,00). Then &(z, - ,r) € Cs°(Bg, )**3, Zzzl 0yr®ji(x,y,7) = 0 for
1<j<3,y€ Bg,, and &(z,y,r) = Az —y,r) fory € Bsyt(Ro—50)/4-
Let x € By, q € (1,00). Then the mapping v — &(x, - ,r) (7“ € [O,oo)) belongs
to CH([0,00), WH4(Bg,)**3). Thus a function G' € C°([0,00), Wh4(Bg,)**3) may be
defined by the condition ||(&(z, - ,r +h) — &(z, - ,7))/h— G'(r)|1,4 = 0 (h — 0) for
r €[0,00). We write 0,8 (x,y,r) instead of G'(r)(y) (r € [0,00), y € Bg,).
Let r € [0,00), g € (1,00).
Let o € {0, 1}, and define L(x) : Br, — R3*3 by L(x)(y) := 07 &(x,y,7) forx € Bg,, y €
Bgr,. Then L(z) € C§°(Bg,)**® N WY9(Bg, )33 for x € BRO, and L as a mapping
from Bg  into Wh4(Bg,)3*3 is partially differentiable on BRO . Thus we may define
DL : B, + WY(Bg,)>* by the condition || ( L(z +hem) — L(x) ) /h — D L() |14 —
0 (h—0), forme{1,2,3}, x € BROC. Instead of Dy, L(z)(y), we write 0z, 02 B(x,y,T).
Let | € {1, 2, 3} and define E(x) : Bp, +— R3%3 by z(x)(y) = oy®(x,y,r) for v €
B%,, y € Br,. Then L(z) € CS(BRr,)¥3 N LY(Bg,)**3 forz € B, and L considered as
an opemtor from B , into LY(Bg, )3%3 is partially dzﬁerentiable on BiROC. Thus we may
define Dy, L : Br," — Lq(BR )3%3 by the condition H( L(z+hem)—L(z) )/h—DmE(x)Hq —
0(h—0) (me{l,2, 3}, z€Bg,). Instead of Dy, L(z)(y), we write 82,0y & (x,y, 7).

Let g € (1,00), p € [1,00]. Then

LLrwwﬂﬁm%wvwwwsumwwn“”“WWVM (4.2)
Ry

for V€ L4(Bg,)?, t € (0,00), € Bg,*, a, B € N3, 0 € {0, 1} with |a| <1, |B| +0 <1,
/ érmxw%xy¢—@ oy, s)| dyds < € (|| p(w) ) "CHFZCH) 1y (43)

fort, x, o, B, o as in (4.2), and v € LP(O,t, Lq(BRl)?’).
Proof: [17, (3.13), Lemma 3.11, 3.12, 3.13, Theorem 4.2]. d

We note a consequence of the preceding theorem.

Corollary 4.1 ([17, Corollary 4.2]) Let 8 € N3, o € {0, 1} with |8] + ¢ < 1. Let
€ (1,00), and let the function v belong to Lj,.( [0,00), LY(Bg,)*) and the function V to
L(Bg,)3. Define

t
Fat)i= [ [ 0oje(yt =) vlys) dyds, Hat)= [ 8.0 Vig)dy
Brp, Brp,
for x € Bg,*, t € [0,00). Take a number | € {1, 2, 3}. Then the derivatives dx;F(z,1)

and Oz H (z,t) exist pointwise, and they equal fot fBR 83618;’856(:6, y,t —s)-v(y,s)dyds
170
and fBR 0x;®(x,y,t) - V(y) dy, respectively, for x € Br, , t € [0,00)
1
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It will be convenient to subsume a number of terms in a single operator, which we define
here, and whose definition makes sense due to the preceding Corollary 4.1. The parameters
To, So, Ro, R1 and the set €2 appearing in the following were fixed at the beginning of
Section 2.

Let A C Bg, be open and bounded, with Lipschitz boundary. Put Ag := BR\A, Zgrr :=
Ag x (0,T) for R € [Sp,0), T € (0,00]. Let & C R?® x R be such that Zg, 1, C 2.
Let q € (1,00) and let v : A — R? with v|Zp, 1, € C°([0,Tp), LI(Ar,)?), v(s)|Ar, €
Whl(Ag,)? for s € (0,Ty) and V| Zg, 1, € L}, ([0,Ty), LY(AR,)?). Then, for ¢ € (0,T)
and 2 € Bg, , we define

RRo,50,00,A,T, (V) (2, 1) / /A Z@yleﬁ (x,y,t —s)-0yv(y,s) (4.4)
Ry

-7 ayl®($7yvt - 3) : ’U(y, S) - 8s®($7yvt - 3) : ’U(y, S)) dy ds +/ ®($7y7 0) : U(yvt) dy
A

R

Next we reproduce some decay estimates proved in [17], beginning with a decay estimate
of RRy,S0,00,4,1, (V). We use the same notation as in (4.4).

Corollary 4.2 ([17, Corollary 4.3]) Let p1, p2 € [1,00] and take A, A, q as in (4.4).
Then, forv : 2+ R3 such that v|Zp, 1, € C°([0,Tp), L1(AR,)?), v(s)|Ag, € VVllocl(ARl)3
(s€(0,Ty)) and Vyv|Zg, 1y € LP2(0,Ty, LY(Ag,)°), and for z € Br,*, t € (0,Tp), a €
N3 with || < 1, the term 0S8Ry, 80.00,4,1 (V) (2, )| is bounded by

C([|v]Zr, ¢ (x)>—(3+|04)/2+1/(2p]-)‘

|q7p1;t + ||VIU|ZRl7t

await T [[0()[ 2R, lq) jg{l?fg}( |z v
Lemma 4.7 ([17, Lemma 4.3]) Let A, A, q be given as in (4.4), and let p1, p2 € [1,00].
Then, for functions v : A +— R® with v|Zg, m, € LP*(0,To, LY(AR,)*), v(s)|Ar, €
I/Vllo’cl(ARl)?’ (8 € (O,To)) and Vyv|Zr, 1, € LPQ(OjTO, Lq(ARl)g), as well as for €
By, t € (0,Ty), a € N3 with |a| <2, 1 € {1,2, 3}, the term [9200 0\ v)(z, )] is
bounded by

C(||lv|ZR, ¢ ( ))—(3+\a|)/2+1/(2pj)’

aprit T IVeV|ZRy tllgpast) jg{l%);}( 2| v(z

where (nl(A) v)(y,s) == nl(A) (y)v(y,s) fory € 0A, s € (0,Tp).
Lemma 4.8 ([17, Lemma 4.4]) Recall that the Newton kernel Nt was introduced in The-
orem 3.1. Let q € (1,00). Then the estimate ]faBSO(GaV‘ﬁ)(:U —y) Sty - V(y)doy| <
¢ lz|~27 11| V||, holds for V € Li(Ag,.s5,)> N WY (AR, 5,)° with divV = 0, and for
€ (0,00), = € By, a € N§ with |of < 1. If faBS y - V(y)do, = 0, the factor |z|~2~lel
0
may be replaced by |x|~ 3=lal | The preceding results remain valid if Sy and Ry are replaced

by Ry and Sy + 3(Ry — So)/4, respectively.

The next two theorems provide conditions — the weakest we could find — on f and U
such that R (f) and 37 (Uy) decay with about the same rate for || — oo as does the
difference u— R (f) — 37 (Up) in the applications of our theory in Section 6. We indicate
that the ensuing theorem improves [13, Theorem 3.1].
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Theorem 4.3 Let f : O° x (0,00) + R3 be measurable. Suppose there a numbers q €
(1,00), A, po € (2,00), B € [0,3/2] and a function v € L*((0,00)) N LP°((0,00))
such that A+ min{l1, B} >3, A+ B > 7/2, f|Qg, x (0,00) € L*(0,00, L(g,)*) and
| (y,8)| < ~(s) |y~ A v(y)~B fory € Bs, , s € (0,00). Then there is n € N such that

02 RT) (f|Bs,” % (0,00) ) (2, 1)] (4.5)
< CO(7,p0, A, B, S0, Ro) (Inllz + [17llp0) [l =/ 471412 0 () 2/4710% (max{1, Infa[})*"/2

fort € (0,00), x € Br,, o € N} with |a| < 1. Moreover |8§‘%(T)(f\950 x (0,00) )(z,t)| <
C(7, 50, Ro) || f|2s, x (0,00)][2 (|z|v(z) )75/440"/2 fort, x, a as before.
Proof: Take t, x, a as in the theorem. It may be deduced from Lemma 4.4 and 4.1 that

029 (f[Bs,” x (0,00) ) (w, )] < C(7, Ro) (M1 + M), (4.6)

with 91 = fot fB—%cmBRO/Q(I)(]az —y|? +t— )32 12| f(y, s)| dy ds, and 9y defined in
the same way as 91y, except that the domain of integration Bisoc N Bg,/2() is replaced
by Bisoc\BRO/z(:c), and the term |z — y|? by |z —y — 7 (t — s) e1]?. Holder’s inequality and
the assumptions on f imply that 991, is bounded by

t 1/p;
T —-3/2—|al|/2)-p}, I
/B ‘NnB ( )(/0 (| y|2 t S)( frlent S) H'VHpo ‘y| l/(y) dy. (4.7)
So Rqy/2\®

Since [z| > Ro, we get for y € Bp,/o(z) that |y| > |z| — [z — y[ > [2]/2, and with
Lemma 4.2 that v(z) < C(1+ [z — y|)v(y) < C(Ro)v(y). Moreover, since pg > 2,
we have —3 — |a| 4+ 2/p{, > —3. Therefore we may conclude from (4.7) that 9 <
C(Ro, S0) |Vl 12|~ Av(z)~B. Due to the assumptions A > 2, A+ B > 7/2 and because
2| > C(Ro)v(w), it follows that My < C(Ro, A, B) (|2 v(z))*7** In order to find
a bound for My, we use the last inequality in Lemma 4.1, which yields

[y rie=syeil 1= 5) 10 < o) (o = oot =) 2

for y € BSOC\BRO/Q (z). Thus, proceeding as in the estimate of 9y, but with the exponent
2 instead of pg, and recalling our assumptions on f, we get

(lz =yl v(e —y)) 2 |y A u(y) B dy.

- €

Bs, \Brg/2(z)

My < C(Ro,7) |2 /

Obviously |z —y| > C(Ro) (1+ |z —y|) for y € B, /2(7)¢, so we may conclude by Holder’s
inequality that My < C(Ro,7) ||7]l2 2™ (a)/2 AP ()/2, where

W)= [ (U fz—yhvle =)y vy) ™" dy,
Bsy \Bpg/2(x)
and A (a) is defined in the same way as A (@), but with the exponent —3/2 — |a]|/2

replaced by —1 — |a|/2. In the case a = 0, it follows by [38, Theorem 3.1 and 3.2] and
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their proof, in particular [38, p. 87 above, (3.25)], and by our assumptions on A and
B that AV (0) < C(4, B) (Jz|v(z)) " and A (0) < C(A, B) (|z|v(z)) ", so My <
C(Ro, So, A, B, 7) |vll2 (12| v(x) ) "*. Suppose that || = 1. Then A (a) = AM(0) <
C(A, B) (|z|v(z) )73/2. We further note that v(z—y) ' v(y)~! < Cv(x)~! for any y € R3,
as follows by assuming for a contradiction that |y|—y; < (|z|—z1)/4 and |z —y|—(x—y); <
(|x| = x1)/4. Thus

20@) < Ov) ™ [ gl et ) )y
BSOC\BR0/2($)

But A+ min{B —1/2, 1} > 3 because A > 2 and A+ B > 7/2, so by [38, Theorem 3.3]
and its proof, we obtain AN (a) < C(A, B) |z|~2 v(z)~3/2 (max{In(|z|), 1})", for some
n € N independent of x and «. Thus, combining the preceding estimates, we get in
the case |a| = 1 that My < C(A, B, Ry, So,7) |72 |z|~7* v(z)~3/? (max{In(|z|), 1})"/2.
Inequality (4.5) now follows from (4.6) and the preceding estimates of 9t; and My. As for
an estimate of |92R(" (f\QSO (0,00) ) (x,t)|, we refer to (4.3). Recall that = € B, , so
&(x,y,r) = Az — vy, )foryEQSO, r € (0,00). O

Theorem 4.4 Let ¢ € (1,00), V € LI(Q"), ro € (0,1/2), co € (0,00) such that
VIBs," € Wige (Bs,")* and [0°V (y)| < ey =27 102 700 u(y) =5/471002700 for y € By”

loc
and o € N} with || < 1. Then the estimate |0237)(V)(z,t)] < Q(Ix\y(a:))%/%'a‘/z

holds for t € (0,00), x € Bf, and o as before.

Proof: For o € {0,7}, p € (1,00), W € LP(R3)3, define the function H(@ (W) : R? x
(0,00) = R3 by HO(W)(z,t) := JpaH(@ —y —toer, ) W(y)dy (x € R®, t > 0). Then
37(V) = H(V) by [17, Corollary 3.5]. The spatial decay of H(7) (V) is studied in [12].

Following the approach used in that reference, we start from a function b€ T/Vli cl (R3)3

verifying the estimate

10°b(y)| < 7 (1 + |y]) /2 lel/27m0 g () =0/410l/27R0 for yy € RE, o € N§ with |a| < 1,(4.8)
where 7 is some positive real. Then we show that
02HO B) (2, 1) < € (|2]v(2)) "2 for 2 € RO\{0}, t € (0,00), aas before. (4.9)

Note that in (4.9), it is H©(b) and not (™ (b) which appears. The transition from
(4.8) to (4.9) corresponds to the part of [12] which begins with the relation [0%b(y)| <
v (A +]y) v(y) )_1/2_'6O (see [12, (4.6)]), and ends with the conclusion [92H O (b)(z,t)| <
¢ (|z]v(2) )71/240"/2 ([12, (4.41)]). The reasoning in [12] leading to this conclusion may
be modified so as to provide a proof of (4.9) as a consequence of (4.8). However, some
of these modifications are not completely obvious. Our proof of Theorem 4.4 consists
in specifying these less obvious changes. Once (4.9) is established, Theorem 4.4 follows
in almost the same way as the transition in [12] from the relation [92H©)(b)(z,t)| <

¢ (|2 v(2) )_1/2_|a|/2 for € R3, t > 0 to the estimate of the term |99H () (V)(x,t)| by

¢ (|z|v(z) )_1/2_‘04/2 for z € Br, , t > 0 ([12, p. 322-323]). This is why the passage from
(4.9) to the estimate in Theorem 4.4 need not be elaborated here.
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So let us turn to those parts of the proof of (4.9) that need some additional effort compared
to the theory in [12]. To this end we introduce the notation ¥ = (y2,%3) for y € R3, and
we indicate that

1099 (z,t)| < €|zl for & e RB\{0}, t >0, (1+|z))v(z)>(1+]2"])?/8 (4.10)

for x € R3; see Theorem 4.1 and [12, (2.7)]. Moreover we fix t € (0,0), z € R*\{0} and
a € Ng with || < 1. The constants € appearing in the rest of this proof are independent
of z, t and .
Our first aim is to derive the estimate [92H () (b)(z,t)| < €|z,|75/27 1ol in the case 2, <
0, a result which corresponds to [12, Lemma 4.7]. So let us suppose z1 < 0. Put
= {y € R® : y; < 0} and consider the splitting |92H© ( )(ac t)] < ZJ 1 2,
with 21; = |fR3\H 929 (z — y, t) b( y)dy|, As = ‘fBle(z)mHﬁ( 1) 0%b(y )dy | and
As = | faB‘ZVg(Z)ﬁHﬁ(Z —y, t)b(y) (- 2|27 y) doy |. The term 2y is defined as Az, but
with the domain of integration 0B|,|/2(2) N H replaced by Bj,|/2(z) N 0H, and the scalar
product a - 2|z|7'y by «a - e;. Concerning s, it coincides with 2; except that the set
H\Bj,/2(z) takes the place of R®\ H as domain of integration. Note that the terms Ay to
2ly arise due to an integration by parts on B|,|/2(2)NH. In order to estimate 2l;, we observe
that inequality (4.10); together with the condition z; < 0 and the definition of H imply
that 099 (z — y, t)| < € (|z1] + w1 + |2/ — o) 73712l for y € R3\ H. Therefore we get with
(4:8) and (4.10) that Ay < |1 ~5/27100 gy 2 (1 [y ) 72002 (1 |y ]) 720 dy,
hence 2A; < €|z |~5/2712l. For y € H, we have v(y) > 1+ |y], so

%b(y) <~ 1+ Jy) AIPI=2R0 for ye H, BN, |8 < 1. (4.11)

Since |y| > |z|/2 for y € By;/2(2), we obtain that 2% < € | 2| ~11/4=lal=2k0 Jps H(z—y, t)dy
by (4.11). But [p3 H(z —y, t)dy =1, so Ay < € |z|~11/4=1el=2%0 Because of (4.10); and
(4.11), and since |z — y[ = [2]/2, |y| > |2|/2 for y € OB, /2(2), the term A3 is majorized
by €|z|~23/4=2%0 times the surface measure of H N 0B,.|/2(2), hence 23 < € | 2|~ 18/4=2k0,
For y € OH N By;|/2(2), we have y1 = 0 and |y| > |2|/2, hence again by (4.10); and
(4.11), we obtain that 2, is bounded by €|z|~3 |2|~11/4=2%0 times the surface measure of
OH N By, /2(2). Therefore A4 < ¢ |z | 715/42R0 Tf gy € H\B\;|/2(2), then |y — z| > |2]/2, so
once more by (4.10); and (4.11), A5 < €|z|7%/271al [0 |z —y|~V/2 (1+|y[)~H/472%0 dy. The
preceding integral is bounded by € \z|*1/ 4=250 a5 may be seen by integrating seperately
on By (2 )\B|Z|/2( z) and BQ‘ |(z)’3. Thus 25 < €|z|~11/4-lel=260  Altogether we obtain in
the case z; < —1 that [02H(0)(2,t)| < € |2z1|~%/271el If 2; € (—1,0), this inequality follows
immediately by a partial integration, estimate (4.8) and the equation fR3 H(z—y, t)dy = 1.
So the inequality we looked for does indeed hold if z; < 0.

Next we assume that [2'| > |z\/2 we put H:={yeR3: |y| <|z|/4}, and we are going to
show that 2 := | [7099(= y, 1) b( y)dy| < |z~ 5/2=lel; compare [12, (4.20)]. Due to the
condition |2/| > |z|/2, we get \y —z’\ > |z|/4 for y € H. Thus by (4.10)1, 1089 (2 —y, t)| <
Clz —y1| V2 |2| 7% %1 for y € H. Tt follows with (4.8) and (4.10)y that A is bounded
by €|z|75/271°] times the integral [gs |21 — |72 (1 + [y)7H/2750/2 (1 + [y/]) 7270 dy.
This integral, in turn, may be majorized by € [, |21 — yr| V2 (1 + |yu])~V/2 02 dyy L TE
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the domain R in that latter integral is replaced by (z; — 1, z1 + 1), the resulting integral
is obviously bounded independently of z;. An integration on R\(z; — 1, z; + 1) may be
performed via Holder’s inequality, with the exponent p := 2 (14 k0/4)/(1+ ko), say, acting
on the term (1 + |y;|)~1/27%0/2, Using the assumption ko < 1/2, ‘we again obtain a bound
independent of z;. Altogether we arrive at the desired estimate A< e | 2| ~5/2led,

Suppose that z; > 0 and |z| — z; > 1. Under these conditions it is shown in [12, p. 317-
319] that [02H©) (2, 1) < € (|2]v(z)) 12
show that in our situation, the stronger estimate [92H () (z,t)] < € (lzlv(2))
holds. To this end, put G := {y € R® : |y/| > |2/|/2}. Integrating by parts twice,
first on R? and then on G, we may arrange thlngs in such a way that Jﬂo‘?—[(o)(z t)| <
ZJ 1B, where B, := |fR3\G£) y, ) 0%b(z —y dy| By 1= |fG3°‘5§ t)b(z— dy| and
B3 = | [,6 9, y, ) b(z — y) ((0,9) - a) 2|t doy |. For y € R3\G, we have |y/| < |2/|/2,
so with (4.10)2, (1 4|z —y)v(z —y) > €|/ —y/|> > €|2/|*. Hence by (4.8) we get
|0°b(z — y)| < €|2/|75/271el=250 for such y. Since Jzs H(y,t)dy = 1, we may conclude
that B, < €|z/|75/2-1al=250 Using that |y/| > |2/|/2 for y € G, we deduce from (4.8)
and (4.10) that By < € [2/|~5/2- e Jgs lyn| Y2 (1+ |z —y|)~1/2750/2 (1 4 |2/ — o) =250 dy.
According to what we showed further above, this integral is bounded independently of
z. Thus we may conclude that By < €|2/|~%/2~1¢l, Turning to B3, we note that |y/| =
2'|/2 for y € OG, so we obtain with (4.10) and (4.8) that $(y,t) < €[2/|72/2|y;|~1/2
and in addition [b(z — y)| < € (1 + |21 — y1|/270/2) |2/| 7270 As a consequence, Bs is
bounded by € |2/|7/27%0 times the integral [ [y1|™Y/2 (1 + |y1 — 21])"V/27%0/2 dy; times
the arc length of {y’ € R? : |y/| = |2/|/2}. As was shown above, the preceding integral is
bounded independently of z;. Thus we get B3 < € |2/|~7/27%0. Combining the estimates of
B, By and B3, we may conclude that [02HO) (2, 1)| < €(|2/|7%/2~lel4|2/|~7/2=%0), But the
assumptions z1 > 0 and |z|—2; > 1imply |z| > 1 and |2/|? = (|z|+21) (|2|—21) > |2| v(2)/2.
Therefore we arrive at the inequality |09H©) (2, t)| < ¢(|z|lv(z) )75/47|a‘/2 we wanted to
show. This completes the proof of Theorem 4.4. O

. As our last aim in this proof, we want to
—5/4—|al/2

Next we restate the representation formula proved in [17] for regular solutions of (1.1).

Theorem 4.5 ([17, Corollary 5.2]) Let A C Bg, be open, bounded, with Lipschitz
boundary, and put Ar := Br\A for R € [Sp, ). Let ko € N, and for 1 < k < ko, let g €
(1,00) and suppose that u¥) belongs to C’O( [0, Tp), Lok (A%)3 ) N I/VZIOCI(O,TO, Lok (ZC)?’).

Put u = Zif’:l u®) . Let 7 : (0,Ty) — VV;’;(ZC), no € N. For 1 < j < ny, let p; € (1,00)
and fU) € L} (0,Tp, LPi(A°)3). Suppose that u(s) € VV2 1( A%Y3 for a. e. s € (0,Ty), and

u'(8) — Agu(s) + 7 0xqu(s) + Vum(s) = f(s), divyu(s) =0 for a. e. s € (0,Tp), (4.12)

with f =370 L fO) = ZO ()Y,

In addition suppose there is q1 € (1,00) such that Vu(s)|Br, € L% (Bg,")? for a. e.
s € (0,Tp) and Vyu|Ag,x(0,Tp) € L}, ([0,T0), LT (Ag,)°). Assume that u| Ar,x (0,Tp) €
L},.(0, Ty, W*'(AR,)?), m|Ar, % (0,T0) € L},.(0,To, W' (AR,) ), and there are numbers
ap €N, 7, € (1,00) as well as functions 79 : (0,Ty) = L}, .(Br, ) for 1 < j < ag such
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that
ao

s)\BT%C_ Z/B 70y, )] [(1+ Jol) 2+ )] ) dy < oo

for a. e. s € <O,T()). Then there is a subset Tr, of (0,To) of measure zero such that for
t € (0,70)\%1,, the equation

3
u(z,t) = RO(F) (2, 1) + 37 (u(0) ) (2,0) = Y 02,07 (nf w) (x, 1) (4.13)

- /a (M) =) (1) - u(0.)) doy + R .07 (1) 02

t
- QsRo,S(),Lpo (xa Y, t) ' u(y7 0) dy - / QsRo,So,(,D() (I’, Y, t— S) : f(y7 3) dy ds
AR1 0 ARI

holds for x € BROC\Nt, where Ny is some subset of BROC with measure zero. The function
RRo,50.00,A,T, (1) 1s defined in (4.4), and the function B, sy in Theorem 4.2.

Finally we restate a tool which will help to extend the integral representation (4.13) to
solutions of (4.12) that are more general than the ones in the preceding theorem.

Lemma 4.9 ([17, Lemma 5.3]) Let A C Bg, be open, bounded, with Lipschitz bound-
ary. Let kg € N, g}, € (1,00), u®) € (10, To), LQ’“( )3 ) for 1 < k < ko, and put
u = lezo Lu®). Further suppose that u(s) € VVllocl( 3 for a. e. s € (0,Tp), divyu = 0,
and Vyu|Ag, x (0,Tp) € L}, .([0,Tp), L9 (Ag,)?) for some g1 € (1,00). Furthermore
let ng € N, p; € (1,00), fU) € L},.(10,Tp), LPJ(ZC)?’) for 1 < j < ng, and put
f= Z;'Lil f(j)

Fiz some function ¢ € C*°(R) with {|(—oc0,1] =0, (|[2,00) =1, 0 < ¢ <1 and ¢’ > 0.
For e € (0,00), r € R, define ((r) := ((r/e). Put ugk)(s) = C(s)uP)(s), we(s) ==
Ce(s) uls), fe(s) :=Ce(s) f(s) and ge(s) := fe(s)+Ci(s) u(s) fors € (0,Tp), € € (0,00), 1 <
kE < ko.

Let t € (0,Tp). Suppose there is some €y € (0,00) such that for e € (0,¢€0], equation (4.13)
holds with u, f replaced by ue and ge, respectively, if x € Bp, \Nt ¢ for some subset Ny . of
Bg, “ of measure zero. (This means in particular that the second from last term in (4.13)
vanishes.) Then there is some zero-measure set Ny C B,  such that equation (4.13)
remains valid for u and f if x € BROC\Nt.

5 Weak solutions of the Oseen system: representation for-
mula and pointwise spatial decay.

We begin by introducing a L?-weak solution to (1.1), with assumptions chosen in such a
way that it will be possible to prove the representation formula (4.13) for this solution.
In order to deduce a decay estimate from this formula, we will require somewhat stronger
conditions (see Theorem 5.2). We again point out that Ty, So, Ro, Ri,p0 and 2 are
introduced at the beginning of Section 2.

23



Fix parameters ng, mo € N, D, qo, q1, D1y -+ Pngs 01, s Omg € (1,00), as well as func-
tions u : (0,Tp) — Wol(Q9)3, f9 e L ([0,Tp), L7 (Q9)?) for 1 < j < ny, GO €
CO( [0,Tp), L (ﬁc)?’) for 1 <1 <mg, Up e Lﬁ(ﬁc)g' with the following properties:
ulQs, x (0,Tp) € Lt ([0, Tp), L®(Qs,)? ), diveu(t) = 0 and u(t)|Bs, = >4 GO () for
t € (0,T0), Vau € Li,,([0,To), L#(2°)?), and equation (1.3) holds with f =372, f0).
The case mg > 1 or ng > 1 and the distinction between the functions GW on Bg,” x (0, c0)
with u(t)|Bg,” = 3729 G (t) on the one hand and u|Qg, x (0,7p) on the other one are
introduced in order to take account of some technical difficulties arising when the theory
in this work is applied to a nonlinear problem in [18] and when it is used in the proof
of Theorem 6.1, and in order to avoid any assumptions on 02 stronger than Lipschitz
regularity. Any reader who wants to avoid these technicalities may consider the case that
0N is smooth, u € CO([O,TO), qu(ﬁc)?’), mg = ng = 1 and p; = ¢1. All the main
difficulties of our proofs will then still be present.

Until further notice, we suppose that Ty = oco. It is only at the end of the present section
that we will turn to the case Ty < oo (Corollary 5.2).

In the ensuing lemma, we cut off the functions u, f) and G®) near the instant ¢ = 0,
and then present the version of (1.3) satisfied by the extension of these modified functions
to the whole real axis. In the lemma after that, we apply Friedrich’s mollifier to these
extensions. Both lemmas mainly serve to introduce notation and collect obvious facts
which constitute the basis for the rest of this section.

Lemma 5.1 Fiz some q € (1,00) with

g <min({qo, q1, 5/4} U{a : 1 <1 <mo}U{p; : 1 <1 <ng}).
Then the function u|Qr x (0,00) belongs to L}, ([0,00), L9(Qr)*) and u|Ag.g, x [0,00)
to C’O( [0, 00), Lq(AR,SO)S), for R € [Sp, o0).

Choose functions (. for € € (0 00) as in Lemma 4.9 For s, e € (0,00), define ue(s) =
Ce(s)u(s), f(s) = Cels) fD(5) (1 < j < mo) and G (s) 1= Cc(s) GW(s) (1 < 1 < my),

pros1 = g, F = CUs) xag, ul(9), Proriar = o1, TV (s) = (Us) GO(s) for
1 < 1 < mg, where GO denotes the zero extension of G : Big,oc x [0,00) = R3 to
Q°x[0,00). Then f5n0+k € L} (]0,00), LPro+5(Q)3) for 1 < k < mo+1, and !(s) u(s) =

v FT(s) (5 € (0,00)).

The functions ue(t), E(j)(t), Gg)(t), égl)(t) (t € (0,00)) are extended by zero to the
real axis R (1 < j < ng+mo+1, 1 <1 < my), without change of notation. Then
& e LL (R, LP(Q°)3) for j € {1, .yng +mo + 1}, G € CO(R, L%(Bs,")?) and
G e C°(R, L2(Q 93 ) for 1 <1 < mg. In addition u|Qr x R € L} (R, L1(Qg)?)
and uc|Aps, X R € C’O(R, Lq(ARSO) ) for R € [Sp,00), ue = = XQg, e + Zmo G()
and u€|BisoC xR = Y1 GE’), u(s) € VVlf)cl( ) for s € R, divzue = 0, Viue €
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L, (R, L9 (7)),
/ / )9 +(t) [ Vaue(t) - VI + 7 0z1uc(t) - ¥ (5.1)
no+mo+1 A o
3 fy)(t)-ﬁ])dxdt:o for v € CF(R), 9 € C55, (7).
We remark that the functions fe("OH), s fe(”°+m0+1) are perturbation terms which arise in

(5.1) due to the cut-off function (. and the decomposition of u(s) into the sum xqo4, u(s)+

o GO. In the ensuing lemma, we use Friedrich’s mollifier with respect to the time
variable, as defined in the passage preceding Theorem 2.5. This mollifier is applied to
functions with domain R and values in Banach spaces, in this context spaces L"(A)3, for
certain 7 € (1,00) and certain open subsets A of R3. The functions with index € are those
introduced in Lemma 5.1.

Concerning u., there is no Banach space B which we deem useful and which is such that
uc € L}, (R, B). So we cannot directly apply our definition of Friedrich’s mollifier to u..
Instead we use the equation u, = XQs, e + Zmo G(l) in order to define a more regular
version of u., denoted by u. 5. Note that due to the relation V,u, € L}OC(R, L% (ﬁc)?’),
no such problem arises with V  ue.

Lemma 5.2 Let €, § € (0,00). Put fe(i;) = (fe(j))(; (1 <j<nyg+my+1), Gg% =
(GE”)(;, égg = (ég))(; (1 <1 < mg). Then, for j, 1 as before, the relations fg(J(;) €
C=(R, L (), GU} € C(R, L#(Bs,")?) and G'') € C>(R, L#(Q°)?) hold. De-
fine uc s = (XQSO Ue)s + Y Elg Then ues|Qr x R = (uc|r xR);5 € COO(R LQ(QR)S)
for R € [Sp,0), and u575|BSOC xR = Y Gg()s Moreover u.5(t) € I/Vllocl( V3 for

t e R, Ozpucs = (Oxpuc)s € COO( La(Q) ) ) for 1 <k <3, and divyucs = 0.

no+mo+2) _ no+mo+2+1) |

Define so :=no+2mo + 2, f; = —(xqg, Ue)§, Protmo+2 = G fe((; =
—(Gg()s) and Prg+mo+2+1 = o1 for 1 < 1 < mg. Then fﬁ(] € C’OO(R LPi(Q )3 ) for
no+mo+2 <75 < sp.

For t € R, the function ucs(t) satisfies (3.1) with A, U, F replaced by Q°, ues(t) and
> fe(i;) (t), respectively, and with A = 0.

The last statement of the lemma is the crucial one. It means that e ;(¢) is a weak solution

in Q° of the stationary Oseen system, with right-hand side F' as indicated.

Proof of Lemma 5.2: The regularity properties of f 6135, éil(); and ue 5|Qp xR follow

with Theorem 2.5 from the properties of fej ), Gel), Ggl) and u¢|Qpr x R, respectively, as
stated in Lemma 5.1 (1 < j <59, 1 <1 < mg and R € [Sp,0)). Lemma 2.2 and the

equation u[Bg,” x R = 37" e (t) (Lemma 5.1) yield that (u|Qr x R)s = ucs|Qr x R
for R € [Sp,00) and u, 5|Bs,” x R =39 G(l)

Due to Theorem 2.3 and because the operator A,y : V = [qet - Vdz (V € Lp(ﬁc)3)
is linear and bounded if p € (1,00) and ¥ € C§(Q°)?, it is not hard to show that
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ues(t) € W 1(Q )3 for t € R and Ozpues = (Ozrue)s for 1 < k < 3. It follows with

loc

Theorem 2.5 and Lemma 5.1 that Ozjucs € COO(R, La (ﬁc)S) and divyucs = 0. In
particular equation (3.1)2 holds.

Put K1) .= XQs, *Ues KO .= éﬁ” for 2 <1 < mg+1. Using the equation u. = Zﬁoﬁl KO
(Lemma 5.1), the linearity and boundedness of the operators A, , defined above, as well
as Theorem 2.3, we obtain

// p5t—8)ue() ddxds = — mifl// Pt —s) K )( s) - 0(x) de ds
mo+1

— Z / meo+"0+1+J Q)3 — /R ps(t —s) KO (s) ds) dz.

But by Theorem 2.5 and the definition of f(j) for mg +np + 2 < j < sp, the right-
hand side of the preceding equation equals Y %° i mo+no+2 Ja¢ 1 )( t) - 9dx. This explains

the appearance of the terms fe,5( ) with mo +ng + 2 < j < s¢ on the right-hand side of
(3.1)1 with the replacements indicated in the lemma. All the other terms, on the left- and
right-hand side, arise from (5.1) in an obvious way, due to Theorem 2.3, the linearity and
boundedness of the operators A, 4, and because of the equation Ozpucs = (Oxpuc)s. O

Now we are in a position to deal with the main difficulty of this section, that is, to show
that ucs satisfies the representation formula (4.13). The notation from Lemma 5.1 and
5.2 will be used without further notice.

Theorem 5.1 Let €, 6 € (0,00). Then, for any t € (0,00), there is a set Ny C BROC of
measure zero such that equation (4.13) holds for x € BROC\Nt, with Ty = oo, A = Bg,
and u, f replaced by ucs|Bs, x (0,00) and Z"O+m°+1 (’]5)|B750c x (0,00), respectively.

Proof: Since Q C Bg, by the choice of Sy at the beginning of Section 2, we may fix
Sy € (0,80) with Q@ C Ss,. Let t € R. For brevity, we set U := us(t), FU) := fe(is)(t)
for 1 < j < sp. Due to the choice of ¢ in Lemma 5.1 and by the properties of u.s and
fe(i;) (Lemma 5.2), we have U € Wl})g(Q )3, VU € Lu(Q°)°, FU) € LT (Q°)3 N LPs(QF)3
for 1 < j < 59, and the function U satisfies (3.1) with A = 0 and with A, F' replaced by
Q° and Zj‘o:l FU) | respectively. Thus, by Theorem 3.4, there is II € . c(ﬁc)?’ such that
(3.2) holds with A = Q°, A =0 and F = PR FU), Since the latter equation remains
valid when we replace II by Il + ¢, for any number ¢ € R, we may assume in addition that
1) Asy.s, IIdz = 0. Equation (3.2) is valid in particular for ¥ € C§°(Ag,.s,)3. Therefore,

according to Theorem 3.4, this function II satisfies the estimate
50
11 Asy,511lq < C(a. S0, 51) (IVU[Asy,s1llg + 11D F9As,s1lq)- (5.2)
j=1

Due to (3.2) and the regularity properties indicated above for U, F (@) and II, Theorem
3.5 now yields that U € W/li’g(ﬁc)?’, IT € T/Vllog(ﬁc) and the pair (U, II) solves (3.4) in Q°
with A = 0 and F = >7%, FU), We may choose a function & € C*°(R?) with 0 < @ <
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1, SE‘BSI*F(SO*SI)/ZL =0, @‘Bgl“r(so—sl)/Q = 1. Since Q) C Bg, and supp(9*p) C Ag,.s, for
o € N} with a # 0, and by the regularity properties of U and II just derived, the function

F:=—-ApU —2(V@-VUj)i<jc3 + 71U +TIVE (5.3)

belongs to W4(R3), as does V@ - U. In addition supp(F) U supp(Vg -U) C Ag,.s,. Put
W =M% (Vg - U); see Theorem 3.1. Since ¢ < 3/2 by the choice of ¢ in Lemma 5.1, we
know by Theorem 3.1 that W is well defined and

W e WEI(R?), VIV € LWa=1/3 7 (R3)3 | 9,0,,W € WH(R?)?, (5.4)
AW = -VG-U, [060:0mW ||y + 1060 [y < C(q) [VE-Ullrg (1< k,l,m <3).

We put

ﬁ::@U—i-VW,ﬁ::(EH, FU .= 3 FU for 1 < j < s, (5.5)
Dso+1 := 4, FGotD) .= F_ AVW + 70, VW.

Note that divVW = AW = —V¢ - U, hence divU = 0. As a consequence of these
observations and definitions, we have U € W24(R3)3, Tl € WLU(R3), FU) € LPi(R3)? for
1<j<so+1, §U|BE, =U|BE, I|BS, = II|BE,, and the pair (U, II) solves (3.4) in R?
with A = 0 (stationary Oseen system) and with F' = Z‘;Sl FU). Since FU) e LPi(R3)?
for 1 < j < sg 4 1, Theorem 3.7 yields functions W) ¢ W22’pj (R3)3, TIY) ¢ Wll’pj (R3)
such that 81~W(j) € LPi(R3)3, equation (3.4) is satisfied in R3 with U, II, F replaced by
W, 10, FU) respectively, and the inequality

1000 W, + D1,

1 gy < COp) [FOl, (1 <1m <3, 1<j<s0+1) (5.6)

holds. Then U = U — Y5 WU € WAI(R?)3, 10 = I — 3500 TI0) € W,09(R?), and
—AU +70,U + VII =0, divU = 0 in R3. It follows with Theorem 3.6 that II is a C'>°-
function. Let us specify in which way the function U satisfies the assumptions of Theorem
3.8. Put ¢;(0) := ¢;j(1) := p;j for j € {1, ..., sp + 1}. Then the definition of the space
W5 (R?) implies that [y (10°W O (@)| [(1+ a2 (2 + faf)] )1 do < o0 for

a € N} with o] <land 1<j <syp+1. Put
g:=max({p; : 1<j<no}U{(1/qg—1/3)" Y Umax({g : 1 <1< mp}) (5.7)
and €y := 1/(2q). By the choice of ppy+1, .-y Psy+1 (Lemma 5.1, 5.2, (5.5)), this means in

particular that ¢ > p; for 1 < j < 59+ 1, and ¢ > ¢. Obviously 1 + |z| < C(Ryp) |z| and
In(2 + |z[) < C(Ro, €o) |z|® for z € By . Thus we may conclude for 1 < j < so + 1 that

/ (|8°‘W(j)(x)\ || 270 )qj(‘aD dr < oo for a € N with |a] < 1. (5.8)
B

C
Ro

Next we put Wot2) .— _YW, qso+2(0) == (1/q¢ — 1/3)71, gs,12(1) := g. Then, due
to (5.4), the relation in (5.8) is valid for j = so + 2 as well. Since VU € L% (Q°)? as
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mentioned above, p|BS, =1 and Ry > So, we get foa (IV(@U) ()] |z|72 )" dz < oo.
0

We further note that by the definition of U (see (5.5)), U and W (0+2) the equation VU =
V(ipU)— ZjO:JEQ VW) holds. Thus, if in Theorem 3.8 we replace U, my, (V(m) )1<m<mo

by U, so+3, ((0u[?Us])1<p, 0<3, (auwél))lgu,ag?n . (%Wgsow))gu,agza), respectively,
the assumptions on VU are satisfied with r = 2 + ¢y. Concerning those on U, we recall

that by the definition of U and u, s, we have oU = — Zjotgigno W), with W(50+3) =

—& (X, Ue)s(t), W o3+l . — —@églg(t) for 1 <1 < mg. Lemma 5.2 yields WU ¢
ij(o)(R3)3 for so +3 < j < so 4+ 3 + mg, with psy43(0) = ¢, psy+3+1(0) := g for
1 <1 < my. It follows the relation in (5.8) holds for so +3 < j < so + 3 + mg with a = 0.
Moreover, with the definition of U and W(0+2) we get that U = — Zjotg’Jrg”o W), Now
the definition of U yields that U = — Zj‘zmﬁg W@ . Therefore the assumptions on U
in Theorem 3.8 are satisfied with U, sg + mg + 3, (—W(k))1§k§50+m0+3 in the role of
U, ko, (U(k))lgkgkm respectively, and with r = 2 4 €. At this point Theorem 3.8 yields
that U is a polynomial. By the definitions in (5.7) and the choice of the exponents g;(0),
we have ¢ = max{q;(0) : 1 < j < s9+3+mg} and ¢ € (0, 1/q). Thus it follows from
(5.8) with a = 0, 1 < j < 59+ mg + 3 and from Lemma 3.2 that the degree of U cannot
exceed 1. As a first consequence of this result, we get 9°U = 0 for o € N3 with |a| = 2.

Since U = U — ngﬁ W), [ﬁ\Bgo =1 and W(0t2) = —VW, we thus find
—_—~ S 1 .
O°U|BS, = ~0* (VW) + > 0°WUO|BS, for a €N} withla|=2  (5.9)
j:

It further follows there is ¢; € R with 8;U = ¢;. Again we recall that (Z\Bgo =1, So < Ry
and VU € L1(Q°)?, so 01(p U)|Bg, € L"(Bg, )3. Moreover ;W (02 = 9 VW €
LI(R3)? (see (5.4)), and 9, WU) € LPs (R3)3 for 1 < j < s+ 1 because W) € W, 2P (R3)3.
It follows from Lemma 3.3 and the equation U = ¢U — Zs(”LQ W) that ¢; vanishes.
Recalling that —AU + 70U + VII = 0, we thus obtain VII = 0. Since I € C*°(R3), as
shown above, we may conclude there is ¢ € R with II = ¢. But Il = @11 — ngl 1Y) by
the definition of II, so we arrive at the equation

_ 1.
- ¢|Bg, = Zjil 10 By, . (5.10)

We have ||[TI)|Ag, s,ll1 < C(Ro, So, pj) ||H(j)|ARO750Hpj by Holder’s inequality, and obvi-
ously

ITTD | ARy 50|l < C(Ro, So,p;) (/ (D (@) [(1 + |2)) m2+ |z)] ") da ) /pg

ARQ,SO

so ||TIU ]ARO Solli < C(Ro, So, pj) |16 for 1 < j < sg+ 1. Similarly

s ey
IV AR, 5,11 < C(Ro, S0, p5) VTP ARy s, llp, < C(Ro, So,p;) VI,

hence ||VIIV)| AR, s0ll1 < C(Ro, So,p;) [ITTV)| Wi (R ) (1 < j < sp+1). These estimates

and (5.6) yield ||[TIV)|Ag, s, /11,1 < C(So, Ro,pj, )||F ||p for j as before. Due to (5.10),
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we thus get

+1
HH - C|AR0750||1,1 < C(SO7R07p1> "'7p80+1?7-) Z v HF(] HP] (511)

In the rest of this proof, the constants denoted by € only depend on S1, Sy, Ro, q, q1, p1,
.., Dso Or T. Once more starting with Holder’s inequality, then using (5.4) and the relations
q < ¢ (Lemma 5.1) and QU = (0zjue)s(t) (Lemma 5.2), we get

19500 W | ARy 50|11 < €||04010mW | ARy 50llg < €040, Wqunva Ulg (5.12)
< €|U|Asy8 1.0 < €U0 [l + VU l01) < € (U285 14 + Z (@211 )5 ()|l gr)-

Obviously with (5.6), [0*WW|Ag, soll1 < €[|0°WWD|ARy sollp, < C|FD||,, for 1 < j <
so+1, a € N}, |a] = 2. Now we may conclude with (5.9) that

3 so+1  ~,.
10°U ARy 5l < €U0 ]l + D N@ue)s®llg + > [FD|p,)  (5.13)
=1 j=1

for v as before. As in the last two inequalities in (5.12), we obtain that ||U|ARg,,s,
bounded by the right-hand side of (5.12). This observation, (5.13) and (5.11) yield

1UIARy,s0ll2,0 4 T = ¢| ARq,s01l1,1 (5.14)
so+1

3
S C(Ta SOv R07Q7Q17P17 "'7p50) (HU‘QSOHC] + Z ”(81’1%)5(0”!]1 + Z HF(])HPJ)
=1 j=

Let us estimate || F'(s0+1) [psgs1- (See (5.5) for the definition of F(sotD) and py,41.) By (5.4)
and the last four inequalities in (5.12), we get

AV ||y + 01 VW |, < C(q) V@ - U

3
10 < €U llg + D 1(0zue)s(t)g,)- (5.15)
=1

With F defined in (5.3), we further find that ||F|, < €(||U|Asy.s, 1.4 + T Asy.s, llq)-
The quantity ||II|Ag,.s, || was evaluated in (5.2). In view of the right-hand side of this
inequality, and by an estimate of ||U|Ag,,s, |1, as in the last two inequalities in (5.12), we
may conclude that || Flg < € ([U[9s,]lq + >0 l(zrue)s(Dllgy + 3752, 19 Asy,s, [lg)- Tt
follows with the preceding inequality, (5.15), (5.5) and the choice of ¢ in Lemma 5.1 that

3
I 0 = IFCD g < €(1U1R85llg + Y 1(Oruae) 5 (8) ]y + Z 1FD|,,)- (5.16)
=1
Since 0 < @ < 1, we deduce from the definition of F4) in (5.5) that ||ﬁ(j)||pj < HFU)Hpj
for 1 < j < s9. Returning to the notation wu, s(t) and fe(,Jd) (t) introduced at the beginning
of this proof to replace U and F9), respectively (1 <j < sp), and putting 7 5(t) := I —c,
we thus obtain from (5.16) and (5.14) that

(5.17)

[e,6(8) [ ARo 50121 + [[7e.6 (¢) [ ARo,s50

3
< 0(77517507R07Q7q17p17"‘7p80)(Hue,ls(t)‘QRqu+Z”(axlu6 HQ1 +2er Hpg
=1
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In addition, equation (5.10) takes the form 7 s(t)|Bs, = Zj():tl 1Y) Bg,*. Since TIV) €

W1 (R3), we have in particular that J5: (IO + |y)) In(2 + ]y\)rl )Wy <
0

o0 (1 <j < 8o+ 1). By what was shown for U and II at the beginning of this proof, the

relations wu, 5(t) € W21(Q°)3 and Tes(t) € VVlicq(Qc) hold, and the pair (ucs(t), mes(t))

loc

solves (3.4) in Q°, with A\ = 0 (stationary Oseen system) and F = Py fe(i;) (t).

Recall that G} € O (R, L%(Bg,)®) for 1 < 1 < mo, ucs/Bs,” x R = Y7 G¢) and

€,

f({;) € C=(R, LPi(Q)3) for 1 < j < ng+mo+1 (Lemma 5.2). Since f€(75°+m0+2) (t)|Bs,” =

€,

0 and fG(ZOerOHH) (t)|Bs,” = —(Gg();)’(t) for 1 <1< mgp, t € R (Lemma 5.2), we obtain

that (ucs|Bs, x R)/(t) = — E?ﬂ:g?ﬁ%iz fe({;) (t)|Bs,. This equation, the relation sy =

no + 2mo + 2 and the fact that the pair (ucs(t), mes(t)) solves (3.4) in Q° with A =0
and F: Z;OZI fg(fé) (t) aﬂ with ¢ arbitrary in R, allow us to conclude that the pair
(uey(;]BSOc x (0, 00), 7r€75\Bgoc x (0, oo)) solves the time-dependent Oseen system (4.12)
with A = Bg, and f = Z?i‘fmo‘*'l fﬁ(]é) |Bs,” x (0,00), without any exceptional values of
t. In particular the equation div,u(t) = 0 holds for any ¢ € (0,00), without exceptional
values.

Lemma 5.2 states in particular that the function V, u.s belongs to C’OO(R, L (56)9)
and ues/Qg, x R to C*°(R, LY(Qg,)*). Thus the right-hand side of (5.17) is integrable
with respect to ¢ € J for any bounded interval J C R. Therefore we may conclude from
(5.17) that ues|Agy,s, x (0,00) € L. ([0,00), W*'(AR,.s,)%) and me 5| ARy,s, X (0,00) €
Llloc( [0’ OO), WlJ(ARo,So) )

Thus all assumptions of Theorem 4.5 are verified with obvious replacements, in particular
with Bg, in the role of A. The theorem now follows from Theorem 4.5. O

Next we show that (4.13) remains valid when 0 tends to zero.

Lemma 5.3 Let ¢, t € (0,00). Then there is a set Ny C Br,  of measure zero such that
equation (4.13) holds for x € BiROC\Ntve, with Ty = oo, A = Bg, and u, f replaced by
uc|Bs,” x (0,00) and Z?f{mOH E(j)|Bigoc x (0,00), respectively.

Proof: Abbreviate & := &R, g,,00, With Bry s, ,, defined in Theorem 4.2. Recall that
Ry := (S0 + Rp)/2, as defined at the beginning of Section 2. Let [ € {1, ..., mg}, k €
{1,2,3}, je{l,..,np+my+ 1}, v € {Ggl), 0T Ue, E(j)}. Put p := g, A = Bigoc
if v = Gg), pi=q, A:=Q if v = dxpu, and p = pj, A = Q ifv = E(j). Due
to this choice of p and A, and by Lemma 5.1, the relation v € L}OC(R, Lp(A)3) holds.
As a consequence (i 141)V € Ll(R, Lp(A)3). Therefore we get by Theorem 2.5 that
IX(=1,t41) v = (X(=1,441) V)éllpr — 0 (6 | 0). But for 6 € (0,1], s € (0,¢), we have
(X(=1,t41) v)s(8) = v5(5), s0 [lvs — v[A x (0,%)|lp1,t — 0 (6 | 0). Thus we have shown that

1GY), — GO B, % (0, )l gt = 0, 1(@zue)s — dzgaeeQ° x (0,8)gy,1:0 — O, (5.18)
1FY) — FOR % (0,8)p;16 = 0 (6 1.0) for 1 <U<mg, 1<k <3, 1<j<ng+mg+1.

In particular, since Oxgucs = (0xkue)s according to Lemma 5.2, we deduce from (5.18)
that [|0zgucs — Orguc|Q° X (0,8)|g.14 — 0 (51 0) for 1 < k < 3. At this point, recall that
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uc|Bg,” xR =37 c (Lemma 5.1), and u, s/ Bg,” xR = 39 Gil(); (Lemma 5.2). Using
the parameter ¢ introduced in Lemma 5.1, and observing that ¢ < g; for 1 <1 < mg, we
may thus further conclude from (5.18) that |Ju.s — uec|Ar,s, % (0,%)| g1 — 0 (6 | 0) for

(

any R € [Sp,00). For | € {1, ..., mo}, since é(l)( t) = uc(0) = 0if t € (—o0, €], we have
GU3 (1) = (xag, uels(t) = 0 for ¢ € (=00, ¢/2), 3 € (0, /2], hence (e - ag — 0, and
thus 3(7)((u65 —u)(0 )]BSOC) =0, for 0 € (0, ¢/2]. Since elONS CO(R, LQZ(BSOC)S’), the
last statement in Theorem 2.5 yields that ||(G l?; Ggl))(t)Hgl —0(040) for 1 <1< my.
Again because ¢ < g, it follows that ||[(G 2; el))(t)]ARvgqu —0(J0)forl<I<
mo, R € [Sp,00), and thus with Lemma 5.2 ||(ues — uc|Ar,s, X (0,00))(t)|lg = 0 (6 1 0)
for the same range of R.

Let * € Bf . By Theorem 4.2, the function y — &(z,y,0) (y € Bg,) belongs to
Lq,(BRl)g, so we may conclude that fAR < &(x,y,0) - (ues — ue)(y,t)dy — 0 for § | 0.

1-50 .
Since |lues — ue|Qr % (0,t)]|g1; — 0 and ||Oyrucs — OyrueQ x (0,t)|/g,,16 — O for
0L 0ifl <k <3, R € [Sy,x), as shown above, inequality (4.3) in Theorem 4.2
yields that fot Jan s OO & (z,y, t — 5) - (Oyhucs — Oyhue)(y, s)dyds — 0 (5 | 0) for
1:°0
o, 1 € {0, 1}, k € {1, 2, 3}. Altogether we arrive at the relation R(ue¢s — uc)(x,t) —
0 (6 4 0), with R(ue,s — ue) = RRo,S0,00,B5,.T0 (Ue,s — Ue) defined in (4.4). Recall that
(ues — ue)(0) = 0 for 6 € (0,€/2], so fAR s &(x,y,t) - (tes — ue)(y,0)dy — 0 (6 | 0).
. . 1
Since ||f6(’]5) — fe(])Hpj,l;t — 0 (0 4 0) (see above), we may apply (4.3) again, to obtain that

Jo o Byt = s) - (9 — f)(y,s)dyds — 0 (5 L 0) (j € {1, .., np + mo + 1}).
Using the function ¢y € C§°(Bg,) fixed at the beginning of this section, we set €(y) :=
(—=(0;9)(z — y) Orpo(y) + (00;M) (z — y) po(y) )1<j7k<3 for y € Bp,. Since z € Bf , this
function & is well defined and belongs to 01(3731)3&3 . Hence, by the Divergence theorem
and because divy(ues — uc) =0,

/ (V) (z—y) - (S5 'y (ues — ue)(y,t)) doy = / E(y) - (ues — ue)(y, t) dy.
9So ARy, 5,

Again referring to the relation ||(ues — uelAr,.s, x (0,00))(t)|lg = 0 (6 | 0), it follows
that faSO(V‘)T)(x —y)- (So_l Y- (ues — ue)(y,t) ) doy — 0 (6 1 0). By Lemma 4.7, we find

3
= ‘Z 5331%(77350)(7%(350) (s — ue) ) (z, t)’
1=1

<€ (ues — uelAry,s0 % (0,8)]lg1se + [ Vy(ues — ue)|Ary 5o X (0,8)]lg,15¢ )

for § € (0,00), with the constant € independent of u (and also of z and ¢, but this is not
relevant here). Hence K5 — 0 (d | 0) by what we have proved above for the convergence
of ue 5 — ue and Vg (ues — uc), and because g < ¢i.

Up to this point,  was arbitrary but fixed in Bf . Since er(](';) - fe(j)@C X (0,)|lp;1:6 = 0
for § | 0 by (5.18), Lemma 4.4 yields R (fY% — f9) @), = 0 (5 L 0), for 1 <

j < ng + mo + 1. Recalling that [|(ucs — ue|Agr,s, % (0,00))(t)]lq = 0 (6 L 0) for R €
[Sp,00), we see there is a zero-measure set M;. C R3 and a sequence (d,) in (0, 00) with
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6n — 0 such that RO(FY) — fD)(@,4) = 0 (n - c0) and (ues — ue)(z,t) — 0 for
T € Bigoc\Mt,E, 1 <j<mng+my+ 1. By Theorem 5.1, for any n € N, there is a set
Niy C BROc of measure zero such that equation (4.13) holds for = € BiROC\Nt,n, with
A = Bg,, with ug, |B750C x (0, 00), 7r€75n|3750C x (0,00) in the role of u and m, respectively,
with ng replaced by ng 4+ mg + 1, and the functions f¢) (1 < j < ng) by fe(jé)n ]Bigoc X
(0,00) (1 <7 <ng+mp+1). (The function 7 only appears in the assumptions of equation
(4.13), not in the equation itself.) Letting n tend to zero in that equation, we may conclude
by the preceding convergence results that (4.13) is satisfied by u., e, 6(] ) as well, in the
way stated in the lemma. O

Finally we let € tend to zero in (4.13).

Corollary 5.1 Let t € (0,00). Then there is a zero-measure set Ny C Bigoc such that
equation (4.13) holds for x € BiROC\Nt, with Ty = 0o, A = Bg,, and with u, f replaced by
u|Bs,” x (0,00), f = >y f9)|Bs, x (0,00), respectively,

Proof: By definitions in Lemma 5.1, the equation ¢/ u(s)[Bg, = Z;ﬁzgfﬁfl gj)(s)]?%c
holds for s € (0,00). (Actually fg(nOH)|BigoC x R = 0, but this does not matter here.)
Therefore Lemma 5.3 implies that for any € € (0,00), there is a set Ny C BiROC of
measure zero such that equation (4.13) holds for = € BiROC\NuE with Tp = oo, A = Bg,
and with u, f replaced by u¢|Bg, x (0,00) and g, respectively, where the function g, is
defined by ge(s) := >0, fe(])(s) + ¢(s)u(s)|Bs, for s € (0,00). We recall that G ¢
C°([0,00), L2 (Bisoc)?’) for 1 <1< mg and u(s)|Bs,” = 3179 GU(s) for s € (0,00). Thus
we see that all assumptions of Lemma 4.9 are valid with A, u, fU) (1 < j < np) replaced
by Bs,, u|Bs,  x (0,00) and f0)|Bg,“ x (0,00) (1 < j < ng), respectively, with mq in the
role of kg and GO (1 <1< myg) in that of u® (1 <1< kpy). Lemma 4.9 implies that there
is a measurable set Ny C BiROC with properties as stated in the corollary. O

Up to now, we considered the case Ty = oo in our assumptions at the beginning of this
section. But in the present context, the transition from this case to the case Ty < oo is
easy to perform:

Corollary 5.2 Suppose that Ty < oo. Then, for t € (0,Ty), there is a zero-measure
set Ny C %C such that equation (4.13) holds for x € BROC\Nt, with A = Bg,, f =
> f9)|Bs, x (0,Tp), and with u replaced by u|Bs," x (0, Tp).

Proof: Let 77 € (0,7p), and choose a function ¢ € C*°(R) such that ¢ equals 1 on the
interval (—oo, T" + (Top — T")/4 ) and vanishes on (1" + (Tp — T")/2, 00 ). Define u(s) :=
C(s)uls), [O(s) = C(s) fO(s), GO(s) = ((5)GO(s), ForD(s) = ('(s) xa, uls)
and fot14)(g) = CI(S)GU)(S), for 1 < j <mng, 1<1<ky se(0,Tp), where rex
denotes the zero extension of G to @ x (0,Ty). On [Ty, 00), the value zero is assigned
to these functions. Then all assumptions listed at the beginning of this section are valid
with Tp, ng replaced by co and ng 4+ mg + 1, respectively, and with @, fU) (1<j5<
no+mo +1), GO (1 <1< my) in the role of u, f&) (1 <j < ng), GV (1 <1< my),
respectively. Now Corollary 5.1 yields Corollary 5.2 with 7" in the place of Tj. Since T’
was taken arbitrarily in (0,7p), the proof is complete. (]
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Let us consider the relationship between Uy and u(0).

Corollary 5.3 For x € BROC, t € (0,00), the equation

30 (w(0) — Ul Bs,") (1) + / S(z,y.t) - (Uo(y) —u(y,0))dy=0  (5.19)

ARy,50

and the inequality

|02 (37 (Vo —ul0)[Bs, ) | (z,t) | < €[|Us — w(0)| ARy 5o lminggia} (|2]¥(2))

hold, with the parameter q defined in Lemma 5.1, and with p introduced at the beginning
of this section in the assumption Uy € Lp(ﬁc)?’. The constant € is independent of u, Uy, x
and t. There is a function IL € W21 (Bs,*) such that Uy — u(0)|Bg,” = VIL.

loc

Proof: Let ¥ € C§%(Bs, ). We show that Js Vo 0dx = f—cu(0) - O du. Take T €
(0,Tp). Since Vyu is in Llloc( [0,Tp), LT (ﬁc) ) and f9 in L} ([0, Tp), LPi(Q°)%) for 1 <
J < ng, the function K (s fB o(Vau(s) VO+70z1u(s) -9 — f(s)-9) dx (s € (0,Tp) ),
with f = 3770, o), belongs to L}OC([O To)), in particular K|(0,T) € L'((0,T)). On
the other hand, since u|Bg,* x (0 Ty) = Zmo G® and GV ¢ C°(10,Tp), L (Bisoc)g) for
1 <1 < my, the function H(s) := fB cu(s) - ¥dr with s € [0,7p) is in CO([O,TO))S.

Moreover, due to equation (1. 3) we get

—3/2—|al/2

/ (—9'(s) H(s) +~(s) K(s) ) ds = 7(0) Up-Vdx forye C5°([0,Tp)). (5.20)
0 Bs,"

This equation for v € C§°((0,7)) and the relations H|[0,T] € C°([0,T]) and K|(0,T) €
L'((0,T)) yield that H|(0,T) € Wh((0,T) ) and H'(s) = —K(s) fora. e. s € (0,T). Let
v € Cg°([0,T)). It follows that v H € C°([0, T))nWH((0,T) ) and (yH) = —y K+~ H,
hence fOT (vK -+ H ) ds = ~(0) H(0). Comparing this equation with (5.20) and recalling
that H (0 fB cu(0) - ¥ dw, we arrive at the result [5— < Up - ﬁdx—fB cu(0) - Jdx
we Wanted to show Accordmg to [29, Lemma III.1.1], the preceding equatlon implies
existence of a function II with properties as stated at the end of the corollary.

Now let ¢ € (0,00) and « € Bg, , and put Y (y) := A(z—y,t)—&(z,y,t) fory € Bg,. Recall
that &(x,-,t) € C°(Bg,)**3, &(z,y,t) = Az — y,t) for y € Bsyt(Ry—50)/4 (Theorem
4.2), and AR? x (0,00) € C>(R? x (O,oo))gX?’ (Lemma 4.1). Thus we get supp(Y) C
B§O+(R0750)/4 and Y € C®(R3)3*3. Moreover Eizl OyYik(y) =0fory e R}, 1< <3
(Lemma 4.1, Theorem 4.2), and Y € WH"(R3)3*3 for r € (1,00) by Lemma 4.1 and
because &(z,-,t) € C$(Bg,)**3. Therefore, for 1 < u < 3, Theorem 2.1 provides a
sequence (ﬁ%“))nzl in 08?0(37&) ) such that in particular ||(Y,x)1<k<3—0n ) |l = 0 (n — o0)
forr=pandr € {onm : 1 <m < mg}. But fBSOcﬂn) -U@Z stocﬁn) ~u(0)dr (1 <
1t < 3, n € N) by what has already been proved, and u(0)|Bs,” = 31" G (0), GV(0) €
L2%(Bs,)® (1 <1 < myg) by our assumptions. Hence, by letting n tend to infinity, we
obtain fﬁc Y -Updy = st <Y - u(0) dy. Due to the definition of Y, this implies (5.19).
0 0

The estimate stated in the corollary follows from (5.19) and (4.2). O

Corollary 5.1, 5.2 and 5.3 yield the final form of our representation formula:
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Corollary 5.4 Lett € (0,Ty). Then there is a zero-measure set Ny C BSOC such that

u(z,t) = RO (f) (2, t) + 37 (Uo[Bs, ) (, 1) (5.21)

3
— 20T Bs0) (n%0) ) (2, 4) — x — n(50) (y) - u o
>~ om0 0 (et /8350<vm>< ) (n(y) - u(y 1)) do,

t
TRz, 1) - /A (.. 1) - Up(y) dy — /0 /A B(z,y,t — 5) - f(y,s) dyds

for x € Br, \Ny, with f = Py fU9)Bs,” x (0,Tp), where & = B gy 595, was introduced
in Theorem 4.2, and R(u) = RRy,80,00,B5,,T (W) 1 (4-4)-
Let us consider the relation between Uy and u(0).
Corollary 5.5 Suppose that fﬁc Up -V =0 for o € C(Bs, ). Then Uy — u(0)|Bs,*
- C 0 - C
belongs to C*°(Bg,")?, and the inequality | 9% ( Uy —u(0)|Bs, )(z) | < € 2| =271l holds for
x € Bg,*, a € N} with |a| < 1. IffaBR(UQ($) —u(z,0)) -z doy =0 for some R € (Sp, 0),
the factor (|z|v(z) )_2_|a‘ may be replaced by (|z|v(z) )_3_|a|.
Proof: Since divyu = 0, we have fﬁc u(t) - Vodr = 0 for t € (0,Tp), p € C(Bs,").
0 - C
By the assumptions on Up, the continuity of the functions G : [0,Tp) — L2 (Bg,")* and
because u|Bg,  x [0,Ty) = > G®, we may conclude that fﬁc (Uo—u(0)) -Veodz =0
for ¢ as before. It further follows that Uy — u(0)|Bs, = Uy — > 7% G®(0). Choose
II as in Corollary 5.3. Then fﬁc ITApdx = 0 for ¢ as before, so Theorem 3.2 yields
0
I € C®(Bs,") and ATl = 0. As a consequence ;11 = (U — > GW(0) )j, o;Il €
COO(Bigoc) and Ag;IT = 0 for 1 < j < 3. Due to Lemma 3.1 with S, ]Eé, R, v, V replaced
by So, So + (Ro — So0)/4, Ri1, vo, 0511, respectively, where Ry, R1, po were introduced at
the beginning of Section 2, we may conclude that VII|Bg, € LP(Bg, ) for p € (3,00).
Since II is a C*°-function, it follows with the abbreviation B := BSO+(R0—SO)/SC that
VII|B € L?(B)? for p > 3.

At this point we may apply Theorem 3.3 to obtain II|B € LP(B) for p > 3, possibly
after subtraction of a constant from Il. Again by Lemma 3.1, this time with S, R, R, ¢, V
replaced by So+ (Ro— So)/8, So+ (Ro— So)/4, R1, ¢o, I, respectively, we may conclude
that T1|Bg,” = (M * F)|Bg, , where F := —2V(1 — ¢g) - VII — A(1 — @) II. Note that
F € C§°(Bp,). By the properties of ¢y and because of the equations AIl = 0, AN =0
and TI|Bg,” = (M % F)|Bg, , some integrations by parts on Bg,\Bs, yield that II(z) =
faRl (20 4+2@)(2,y) doy, with 21 (z,y) := —N(z—y) VII(y)-R; ' y do, and 23 (z,y) :=
VyN(x — ) R Yy T(y) for a € B, y € OBR,. Since Uy — u(0)|Bg,” = VII, we thus get
02 (Uy — u(0) ) () = Jopn, 95Val 2ZM 4 2™)(z,y) dy. On the other hand,

100V, 20 (2, y)| < C(Ro, Ry) || 7271 |VIL(2)), (5.22)
100V, 2@ (2,y)| < C(Ro, Ry) |x| 71 II(z)| fora € Bg,", y € 0Br, a € N, |a] < L.

Thus |82 (Uo — u(0) ) (z)| < ¢lz|~27lel for z, a as in (5.22). Suppose there is some R €
(S, 00) such that faB (Uo(z) — u(z,0)) - & do, vanishes. Since div (Uy — u(O))|BigoC =
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ATl = 0, we see that Uy — u(0) has zero flux also on 0Bpg,. Thus, referring to Lemma 4.8

with g, V' replaced by min{q,p}, Up — u(0)|Bsy+3(ry—50)/4\Br, (¢ chosen in Lemma 5.1),

and recalling that VII = Uy — u(0)|Bg, , we obtain that }faBR 20V 20 (2, %) doy| <
1

¢ |z|~371ol for x, o as in (5.22). Due to the second inequality in (5.22), the preceding
estimate also holds with Z® in the role of Z(1). Thus the last claim of the corollary
follows from the equation for 02 ( Uy — u(0) )(z) in the line preceding (5.22). O

In Section 1 we indicated that the equation u(0) = Uy need not hold in general. This may
be seen by the ensuing lemma.

Lemma 5.4 Let o, q, p, u, f and Uy be given as in (1.3). Suppose in addition that o >
3/2. Then there is function v having exactly the same properties as u — in particular
satisfying (1.8) with Uy unchanged —, but with v(0) # u(0).

Proof: Take p € C5°(Q2) with ¢ # 0, ¢ > 0. Put ¢ := Mx*¢p; see Theorem 3.1. That latter
theorem yields that ¢ € C®(R3), —Av¢ = ¢, 0% € LP(R3) for p € (3,00) if a = (0,0,0),
for p € (3/2, 00) in the case a € N3, || = 1, and for p € (1,00) if « € N3, |a| = 2. Put
v(z,t) == u(z,t) + Vip(z) for z € Q°, t € (0,Tp), and note that Jge 07V - %9 dx = 0 for
v € Oy QY, a, B e N§. The lemma follows from this observation. O

In order to exploit our representation formula (5.21) for the purpose of decay estimates,
we need somewhat stronger assumptions on u. The ensuing theorem gives the details.

Theorem 5.2 Abbreviate 2 := Ag, 5, x (0,Tp), [ = >21% f9|Bg,” x (0,Tp). In ad-
dition to the assumptions at the beginning of this section, suppose that the function u|2
belongs to LOO(O,TO, Lq(ARhSO)?’) and to L'“((),Tg, Lq(ARO’SO)S), the function YV u|d
to L"2(0,To, L9(AR, s,)" ), and f|A is in the space L7 (0, Ty, LI(Ag, s,)%), for certain
parameters y1, Y2, 3 € [1,00], with q chosen in Lemma 5.1. Then there is a zero-measure
set &1, C (0,Tp) such that

109 [u— RO (f|Bs,” x (0,T) ) — 37 (Us| Bs,") ] (2, 1)] (5.23)
< (‘l(Hu]QlquO;TO + Hu’m”qm;TO + ”Vmu’Q[Hqﬁz;To + Hf‘muqﬂa;To + HUO‘ARLSOHﬁ)
(( |l‘| V(I’) )—3/2—\04/2"‘1/(2mln{’Yiv’YéfYé}) + |$|—7—\a|))

fort € (0,79)\S1,, = € BROC\Nt with some set Ny C BROC of measure zero, and for
a € N3 with |a| < 1, where v = 3 if condition (1.7) is valid, and v = 2 else. If v = 3, the
last line in (5.23) may be replaced by (|z|v(z) )73/27‘04/2“/(2mm{%’%’%}). The constant

¢ in (5.23) is independent of u, f, Uy, z, t and a.

Proof: Since ¢ < min{g : 1 <1 < mg}, u|Bs, x (0,Tp) = Y74 GY and GO ¢
CO([0,Ty), Le(Bs,")?) for 1 < 1 < myg, we have u[2 € C°([0,Tp), LY(Ag, 5,)%). As a
consequence, we get ||u(t)[Ar,,sllq < ||u|A]|g,00:m, for t € [0,Tp). Thus inequality (5.23)
follows from Corollary 5.4, 4.1, (4.2), (4.3), Corollary 4.2, Lemma 4.7 and 4.8. Note that
since u(t)|Qs, € W14(Qg,)3 for t € (0,Ty) and div, = 0, condition (1.7) holds if and only
faBsO u(t) - nY do, = 0 for such t. Obviously |z| > C(R) v(x) for z € B, R € (0,00), so

in the case v = 3, inequality (5.23) holds without the term |z|~7~1%l in the last line. [

We note that if Ty < oo, the parameters v1, v2 and 3 may be taken equal to 1. Thus, if
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~v = 3, we obtain the optimal decay bound —3/2 — |a|/2.

6 Some applications

In this section we use Theorem 5.2 in order to determine the spatial asymptotics of L2-
weak solutions to the Oseen system (1.1) under Dirichlet boundary conditions. This type
of solutions are studied in [13], so the results in this section may be compared with what is
obtained in this reference. Let us first consider the case f = 0, Uy = 0 (boundary-driven
flow).

Theorem 6.1 For ¢ € C5°(R*)3 with g0|R3 X (—00,0] = 0, define the fractional derivative

81/2 by (0, 1/2 ©)(z,t) =712 9, (fo 12 p(x, s)ds) fort € (0,00), x € R3.

Put St, := 0% (0,Tp). Let b € L*(St,) with [, b(t n do, = 0 fort € (0,Tp). Suppose
there is a sequence () in CS°(RY)? such that gon|]R3 ( 00,0l =0 forn € N, |[b—py|2 —
0 (n = 00) and [ [[(pn — @m) (DO 21 s dt = 0, [y 10,7 (0n — o) (D1OQY dt —

0, fOTO 10 (n — pm) (1) - n(Q)H?{l(am, dt — 0 for m, n — oo. Here the space H'(09) is to
be defined in the usual way, and the symbol || || g1 (oq)s denotes the usual norm of H*(0%2)*
with respect to some local coordinates (see [28, Section II1.6.7] for example). The symbol
| |1 o) stands for the canonical norm of the dual space of H'(9%2).

Then there is a unique function u € L} ([0,Tp), Hl(ﬁc)3) such that divyu(t) = 0 and

u(t)|02 = b(t) for t € (0,Ty), and such that equation (1.3) is satisfied with f = 0 and
Up = 0. Moreover u € L>=(0, T, LZ(ﬁC)?’) and Vyu € L*(0,Ty, LQ(ﬁc)g). In addition
|0%u(z, )] < € (|z|v(z) )_5/4_‘04/2 fort, z, a as in (5.23).

Proof: The uniqueness statement follows as in the Stokes case; see [11, Theorem 3.7]
and its proof. For the existence result we refer to [13, Theorem 2.26], which yields a
function u € L} _([0,Ty), Hl(ﬁc)3) such that divu(t) = 0, u(t)|02 = b(t) for t €
(0,Tp) and equation (1.3) is valid with f = 0, Uy = 0. According to [13, (2.13)] and [8,
Theorem 2.3], this function u additionally belongs to LOO(O,TQ, L? (ﬁc)?’ ), and Vg u €
L*(0,To, L2(Q°)? ). Reference [13] reduces its existence result to a solution theory for a
boundary integral equation related to the time-dependent Stokes system. The key point
of this theory, which is due to Shen [44], states that for any b € L?(S7,)? satisfying the
conditions in Theorem 6 1, the integral equation in question admits a unique solution in
the space {¢ € L*(57,)* : [50¢ n do, =0 for a. e. t € (0,Tp)} ([44, p. 365]). This
explains the choice of assumptlons 1mposed on b in Theorem 6.1.

We still have to consider the estimate stated at the end of Theorem 6.1. Theorem 2.2
implies that u € L?(0,Tp, L5(€2)?). In addition, by [13, (2.17)] and Lemma 4.6 we have
u|Bg,” x (0,Tp) € C°([0,Tp), L*(Bs, )*). Therefore the estimate in question follows from
Theorem 5.2 with Uy = 0, ng = 1, pr = 2, fO =0, mg =1, o1 = 4, GV =
u|Bs,” % (0,Tp), go = q1 =p=r; =2 for j € {1, 2, 3}. O

In the situation of Theorem 6.1, and for ¢, z, a as in (5.23), reference [13] yields the
estimate |0%u(x, 1) < € (|| v(z)) "% see [13, (2.17), Lemma 3.2].
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As another application of Theorem 5.2, we consider standard L?-weak solutions to (1.1)
with homogeneous Dirichlet boundary conditions, under assumptions that are only slightly
more restrictive than the conditions needed for the usual existence result. In fact, we
suppose f € L*(0, Ty, Lg(ﬁc)) for some g € [6/5,2] instead of f € L*(0,Ty, V'), with V'
defined below. Here are the details.

Theorem 6.2 Put V = {V € W01’2(§C)3 . divV = 0}, equip V with the norm of
W2(Q%3, and let V' denote the dual space to V. Let Uy € L2(Q°) and f € L*(0, Ty, V').
Then there is a unique function u : (0,Tp) — V such that u € LOO(O,TO, L2(Q%)3 ), Vu €
L2(0,Tpy, L*(Q°)%), and equation (1.3) is fulfilled with the modification that the term f(t)-Y
is dropped, and instead the term f(t)(0) is added outside the integral over Q. This function
u is in C°([0,Tp), L*(Q%)3 ), and u(0) = Up.

If f e LQ(O,TO, L’”(ﬁc)‘g) for some r € [6/5, 2], then f € LQ(O,TO, V’), and we have for
x, t, a as in (5.23) that

|92 [u— RO (f|Bs, x (0,00) ) = 37 (Uo[Bs,) | () | < € (Jafwia) )72 (6.0)

Proof: As in the proof of the preceding theorem, we refer to [13, Theorem 3.7] and its
proof as regards uniqueness, which follows as in the Stokes case. Concerning existence,
the argument is also the same as in the Stokes case. We refer to [50, p. 171-176 and
p. 180], in particular [50, p. 175, (1.65)]. The equation [5c &V -V dx = 0 valid for
V e VVO1 ’2(50)3 is the reason why the Oseen term does not generate a major problem.
Note that according to [29, Theorem III.4.2], the space V in [50, Section3.1] (closure of
C’gf’g(ﬁc) with respect to the norm of W1H2(Q%)3) coincides with the space V defined in
the theorem. In order to show that u € C°([0,Tp), L2(Q°)3 ), we consider v as a weak
solution of the time-dependent Stokes system, in an analogous way as stated in (1.3) for
the Oseen system, but now with the right-hand side f — 7 0ziu € LQ(O, To, V’). Then [50,
Theorem 3.1.1] yields continuity of u on [0, Ty) with values in L?(Q°)3, and the equation
u(0) = Up. Suppose that f € L2(0,Ty, L"(Q°)%) for some r € [6/5, 2]. Since Theorem 2.2
with kK = ¢ = 2 implies u € LQ(O, Ty, LS (ﬁc)g), we see that all the assumptions imposed
at the beginning of Section 5 and in Theorem 5.2 are satisfied if we take ng = 1, p; =
r, fO =f mo =1, o0 =2, GV = u[Bg,  x (0,Ty), o = q1 =P =, = 2 for
1 <j <3, ¢ =min{r, 5/4}. Therefore inequality (6.1) follows from (5.23). O

In order to compare the preceding theorem with the results in [13], we indicate that
’J(T)(Uo)(m,t) = fﬁcf)(a: —y —rTter, t)Up(y)dy for Uy € Lg(ﬁc), r € R3 t € (0,00)
([17, (3.9)]). If this equation is taken into account, the theory in [13] ([13, Theorem 2.26,
Corollary 2.28, inequality (3.7)]) yields the estimate | 9% u — R () — 37 (Uy) J(z, )| <
¢ (|z]v(z) )_I_M/2 for ¢, z, a as in (5.23), under conditions on f and Uy that are more re-
strictive than those in Theorem 6.2. The preceding estimate is equivalent to the inequality
|02 [u— RO (f]Bs,” x (0,00) ) — 3D (Wo[Bsy) | (2,) | < € (|| v(@)) ™%, again for
t, x, a as in (5.23). This equivalence follows from the second estimate in Theorem 4.3 and
because |82 (Uy|Qs, ) (2, 1) ‘ < € (|| v(x) )_3/2_|a|/2 for x € B, , t € (0,00), o € N}
with |a| <1 ([17, Lemma 4.1]). So, compared to the theory in [13], Theorem 6.2 yields
stronger convergence for |z| — oo under weaker assumptions on Uy and f.
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As for 6?9‘{(7)(f\B750C x (0,00) )(,t), Theorem 4.3 improves the decay bound in [13,
Theorem 3.1] — even under slightly more general assumptions on f — to almost the same
level as that of 9%[u — SR(T)(f\BigOC x (0,00)) — 3(7)(U0]B7500)](x,t) in the preceding
theorem.

If Uy € L2(Q°), the function I (Up) maps continuously from [0, 00) into L(Q°)3, with
37(Uy)(0) = Uy ([17, Corollary 3.6]). Therefore it cannot be expected that the term
|8§3(T)(U0)(:c,t)} converges more rapidly for |z| — oo than |0“Uy(x)| does, if the con-
vergence of the former term is to be uniform with respect to ¢. In [13] it is assumed that
Uo|Bs,* € Wh(Bs,")? and there is ko € (0, 1] with [02TUp(z)| = O( [[a| w(z)] 1270

loc

for || — oo. This allows to apply [12, Theorem 1.1], which yields that |923™ (Up)(z, t) | <
¢ (|o]v(z) )_I_M/Q for z € Br, , t € (0,00), a € N3, |a| < 1. In Theorem 4.4 this result
is adapted to our situation: If |92Uy(z)| = O(|z|~3/27%0 y(z)~1-1el/2=r0) for |z| — oo,
then the term |8§‘3(7)(U0)(x,t)} is bounded by € (|z| V(x))_5/4_‘a|/2 for t, z, a as be-
fore. It seems that in the assumptions on Uy, the factor |x]*3/ 2=ro cannot be replaced by
|| ~5/4=%0 and kg cannot be taken as zero.
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