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A NOTE ON LIMIT LAWS FOR MINIMAL CANTOR SYSTEMS WITHINFINITE PERIODIC SPECTRUMFABIEN DURAND AND ALEJANDRO MAASSAbstrat. Reently in [L℄ the author proves that any distribution funtion an be obtainedas a limit law of return time for any ergodi aperiodi system. In this note we providean alternative onstrution, based on Bratteli-Vershik representations of systems, whihworks for any minimal Cantor system having an in�nite periodi spetrum. In partiular, itprovides a very simple onstrution for odometers.1. PreliminariesThe study of limit laws of entrane and return times for di�erent dynamial systems has beenundertaken in several works in the last deade, see for example [C℄, [HSV℄ and the referenestherein. In most of these works exponential limit laws or pieewise linear funtions are obtained.Reently Y. Laroix in [L℄ proved that for any ergodi aperiodi system, every distributionfuntion is a limit law of return times. The purpose of this paper is to show the same kind ofresults but based on the representation of Cantor minimal systems by Bratteli-Vershik systemsfollowing the same lines as [DM℄. We would like to understand how \natural" limit laws dependon the partiular representation of the system. For minimal Cantor systems with an in�niteperiodi spetrum we obtain arbitrary limit laws of return time. Our proof is based on a simpleand expliit representation of the system from whih we an see limit laws. In some ases it isvery simple and expliit like odometers.We reall (X;T ) is a Cantor dynamial system if X is a Cantor set, that is, it has a ountablebasis of open and losed sets (lopen sets) and no isolated points, and T : X ! X is anhomeomorphism.The representation of Cantor minimal systems by means of ordered Bratteli diagrams hasbeen introdued in [HPS℄. It is a very nie way to desribe sequenes of nested Kakutani-Rokhlin partitions whih provides a very eÆient study of return time in terms of matriesand ombinatoris of graphs. A Bratteli diagram is an in�nite graph (V;E) whih onsists ofa vertex set V and an edge set E, both of whih are divided into levels V = V0 [ V1 [ � � � ,E = E1 [ E2 [ � � � and all levels are pairwise disjoint. The set V0 is a singleton fv0g, and fork � 1, Ek is the set of edges joining verties in Vk�1 to verties in Vk. It is also required thatevery vertex in Vk is the \end-point" of some edge in Ek for k � 1, and an \initial-point" ofsome edge in Ek+1 for k � 0. By level k we will mean the subgraph onsisting of the vertiesin Vk [ Vk+1 and the edges Ek+1 between these verties. For every e 2 Ek, s(e) 2 Vk�1 andt(e) 2 Vk are the starting and terminal verties of e respetively.1991 Mathematis Subjet Classi�ation. Primary: 54H20; Seondary:37B20 .Key words and phrases. limit laws, Bratteli diagrams, minimal Cantor systems.1



2 FABIEN DURAND AND ALEJANDRO MAASSAn ordered Bratteli diagram B = (V;E;�) is a Bratteli diagram (V;E) together with a partialordering � on E. Edges e and e0 are omparable if and only if they have the same end-point.We all su(e) the suessor of e with respet to this partial order when e is not a maximaledge.Let k < l in N n f0g and let E(k; l) be the set of all paths in the graph joining vertiesof Vk�1 with verties of Vl. The partial ordering of E indues another in E(k; l) given by(ek; : : : ; el) � (fk; : : : ; fl) if and only if there is k � i � l suh that ej = fj for i < j � l andei � fi (this is the lexiographial order).Given a stritly inreasing sequene of integers (mn)n�0 with m0 = 0 we de�ne the ontrationof B = (V;E;�) (with respet to (mn)n�0) as�(Vmn)n�0 ; (E(mn + 1;mn+1))n�0 ;�� ;where � is the order indued in eah set of edges E(mn + 1;mn+1). The inverse operation ofontrating is mirosoping (see [HPS℄).Given an ordered Bratteli diagram B = (V;E;�) we de�ne XB as the set of in�nite paths(e1; e2; � � � ) starting in v0 suh that for all i � 1 the end-point of ei 2 Ei is the initial-point of ei+1 2 Ei+1. We topologize XB by postulating a basis of open sets, namely thefamily of ylinder sets [e1; e2; : : : ; ek℄ = f(f1; f2; : : :) 2 XB : fi = ei; for 1 � i � k g : Eah[e1; e2; : : : ; ek℄ is also losed, as is easily seen, and so we observe that XB is a ompat, totallydisonneted metrizable spae.When there is a unique x = (x1; x2; : : :) 2 XB suh that xi is maximal for any i � 1 anda unique y = (y1; y2; : : :) 2 XB suh that yi is minimal for any i � 1, we say that B =(V;E;�) is a properly ordered Bratteli diagram. Call these partiular points xmax and xminrespetively. In this ase we an de�ne a dynami VB over XB alled Vershik map. Themap VB is de�ned as follows: let (e1; e2; : : :) 2 XB n fxmaxg and let k � 1 be the smallestinteger so that ek is not a maximal edge. Let fk be the suessor of ek and (f1; : : : ; fk�1)be the unique minimal path in E1;k�1 onneting v0 with the initial point of fk. We setVB (x) = (f1; : : : ; fk�1; fk; ek+1; : : :) and VB (xmax) = xmin. The dynamial system (XB ; VB)is alled Bratteli-Vershik system generated by B = (V;E;�). The dynamial system induedby any ontration of B is topologially onjugate to (XB ; VB). In [HPS℄ it is proved that anyminimal Cantor system (X;T ) is topologially onjugate to a Bratteli-Vershik system (XB ; VB).We say that (XB ; VB) is a Bratteli-Vershik representation of (X;T ).Let (pk : k 2 N) be a sequene of positive integers. The inverse limit of the sequene of groups(Z=p1 � � � pkZ : k 2 N) endowed with the addition of 1 is alled odometer with base (pk : k 2 N).These systems are minimal and uniquely ergodi. We say it is of onstant base if the sequene(pk : k 2 N) is ultimately onstant. The lassial representation by Bratteli{Vershik systemsis given in left part of �gure 2.In this paper we will onsider the following onditions over the order of a Bratteli{Vershiksystem whih will be appropriate for our purpose,
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Figure 1. a � 1, t1; :::; tk � 2, �1; :::; �k � 1.(H1) for every vertex i 2 V1 there is a unique edge from v0 to i;(H2) 8n 2 N n f0g, 8i 2 Vn = f1; :::; jVnjg, e = minff 2 En : t(f) = ig ) s(e) = 1.Given a Bratteli{Vershik system, there is a always a sequene of ontations suh that theresulting (onjugate system) veri�es these onditions. So we will always assume that theseonditions are veri�ed.For a topologial Cantor dynamial system (X;T ) the periodi spetrum of T is the set ofintegers p for whih there is a lopen set A � X suh that X = [p�1i=0 T iA and the setsT iA; i 2 f0; :::; p� 1g are pairwise disjoints.2. ResultsGiven a Cantor minimal system (X;T ), � a T -invariant probability measure and U a lopen(losed and open) subset of X , we de�ne for t � 0, GU (t) = �(fx 2 U : �(U)�U (x) � tg)=�(U),where �U (x) = infft > 0 : T t(x) 2 Ug. Sine the system is minimal and U is lopen thereexists a �nite number of return times to U , t̂1; :::; t̂k, andGU (t) = kXi=1 �(U \ f�U = t̂ig)�(U) 1ft��(U)t̂ig:In the �gure, the numbers inside squares mean the number of paths joining the orrespondingverties. The following lemma shows our fundamental onstrution.Lemma 2.1. Let (XB ; VB) be a Bratteli-Vershik system where the diagram is given by �gure1 and the order satis�es onditions (H1-H2), and let � be a VB-invariant probability measureon XB. Consider G : [0;+1)! [0; 1℄ the funtion de�ned by G(t) =Pki=1 �i1ft�dig, where(1) �1; :::; �k 2 Q \ [0; 1℄ and Pki=1 �i = 1,(2) d1 < ::: < dk in Q+ and Pki=1 di�i = 1,



4 FABIEN DURAND AND ALEJANDRO MAASS(3) for i 2 f1; :::; k � 1g titi+1 = didi+1 ; �i�i+1 = �i�i+1 : (1)If U is any ylinder set from v0 to v1, or from v0 to v2, then GU = G.Proof. In this proof we use the notation in �gure 1. Let U be a ylinder set from v0 to v1,the other ase is analogous. Notie the return times to U are t̂i = a ti for i 2 f1; :::; kg. SineGU (t) = (1=�(U))Pki=1 �(U \ f�U = t̂ig) 1ft��(U)t̂ig, then it is enough to show di = �(U) � t̂iand �i = �(U \ f�U = t̂ig)=�(U) for i 2 f1; :::; kg.We reall that, being � VB-invariant, the measure of any ylinder set generated by a pathstarting in v0 only depends on the last vertex of suh a path. The number of paths from v1 tou1 and from v2 to u2 oinides, then�1 + �2 = 1a �Pkj=1 �jtj and �(U) = ( kXj=1 �j)(�1 + �2) = Pkj=1 �jaPkj=1 �jtj ;where �j is the measure of any path from v0 to uj , j = 1; 2.The points x 2 U suh that �U (x) = t̂i are those passing by vertex wi and u1 or u2, therefore,�(U \ f�U = t̂ig)�(U) = (�1 + �2)�i�(U) = �iPkj=1 �j :On the other handkXj=1 �j = kXj=1 �j�i �i = �i�i and kXj=1 �jtj = kXj=1 �j�i �i djdi ti = �i�i � tidi ; (2)i 2 f1; :::; kg. Hene �(U \ f�U = t̂ig)=�(U) = �i and �(U)t̂i = di. This proves the lemma. �Let F be the set of non-dereasing, right ontinuous funtions G : [0;+1) ! [0; 1℄ suh thatR +10 (1 � G(x))dx = 1. Let D � F be any dense set (for pointwise onvergene) of simplefuntions with rational oeÆients G : [0;+1) ! [0; 1℄ suh that G(t) = Pkj=1 �j1ft�djg,where d1 < ::: < dk, Pki=1 �i = 1 and Pki=1 di�i = 1. For instane, we an onsider D = D(p)to be the set of funtions suh that �1; :::; �k are in Q+(p) = f kpm : k 2 N; m 2 Ng, p � 2. Foreah G 2 D, G(t) =Pkj=1 �j1ft�djg, we hoose �1; :::; �k 2 N n f0g, t1; :::; tk 2 N n f0; 1g suhthat �i�i+1 = �i�i+1 , didi+1 = titi+1 for i 2 f1; :::; kg. It is straightforward that this eletion an bedone. Now we assoiate to G the blok BG of �gure 1.Sine D is ountable, we an write D = fGn : n 2 Ng. We denote by B(D) = (V;E;�) theordered Bratteli diagram onstruted as the onatenation of the bloks Bn = BGn (de�ned asBG but with the parameters of Gn), where the order veri�es onditions (H1-H2). Let us notiethat the system (XB(D); VB(D)) is uniquely ergodi.Corollary 2.2. If D = D(Q+(p)), then B(D) an be hosen to be an odometer in base p.Proof. We only need to prove that for eah blok Bi assoiated to Gi 2 D we an hooseparameters (�j)kj=1 and (tj)kj=1 satisfying onditions (1) for Gi and suh that qi =Pkj=1 �jtjis a power of p.Sine Gi =Pkj=1 �̂jpm 1ft�d̂j=png, where �̂j ; d̂j 2 N, then if we take �j = pl�̂j and tj = pld̂j forsome l 2 N we onlude from equalities (2) that qi is a power of p. Moreover, B is an odometer



A NOTE ON LIMIT LAWS FOR MINIMAL CANTOR SYSTEMS WITH INFINITE PERIODIC SPECTRUM5
i

q - ΣiΣ

Σ

Σ Σ

ΣΣ

q - q -Σ Σi i

q

q i+1

i i

i+1 q i+1−Σ i+1

i ii i

i+1 i+1q i+1−Σ i+1 q i+1−Σ i+1

CONTRACTION

CONTRACTION

Figure 2.in base p. This fat an be obtained by the ontration of Bratteli diagrams shown in �gure 2,where �i =Pki=1 �i. �Let (Un : n 2 N) be any dereasing family of ylinder sets in XB(D) suh that GUn = Gn givenindutively by Lemma 2.1. Let x be the intersetion point. We notie tha it an be hosen tobe xmin.Remark 2.3. Sine D is dense, given G 2 F there exist (Gni : i 2 N) in D onverging toG pointwise, and then uniformly on eah losed interval where G is ontinuous. We onludelimi!1Gni = limi!1GUni = G uniformly.The order used in the onstrution of blok BG in �gure 1 has not played any role up to now.In fat, it only satis�es the general onditions (H1-H2). When the order is hosen to be fromleft to right we obtain an odometer, where the base (qi)i2N is given by qi =Pk(i)j=1 �(i)j t(i)j suhthat the �(i)j ; t(i)j ; k(i) are taken from BGi . Other orders ould provide a Toeplitz subshift ifVB(D) is expansive sine B(D) is of Toeplitz type as an be seen from the haraterization in[GJ℄.Theorem 2.4. Let (X;T; �) be a minimal Cantor system with in�nite periodi spetrum andx 2 X. Then there exist a dereasing sequene of lopen sets (Ui : i 2 N) in X ontaining x,suh that �(\i2NUi) = 0, and for every G 2 F there is a subsequene (Vi : i 2 N) � (Ui : i 2 N)for whih GVi ! G pointwise (and uniformly on eah losed interval of ontinuity of G) asi!1. If (X;T; �) is an odometer then x = \i2NUi.Proof. From the ondition on the periodi spetrum, we dedue that (X;T ) has an odometer(Y; S) as a fator, whih base an be assumed to be (p(1)i p(2)i p(3)i : i 2 N), p(1)i p(2)i p(3)i <p(1)i+1p(2)i+1p(3)i+1 for i 2 N, and p(j)i goes to in�nity with i for eah, j = 1; 2; 3. First we onstruta Bratteli{Vershik representation of this odometer. Let R be the set of simple funtions withrational oeÆients in F . De�neDR =8<:G = kXj=1 �̂jp(1)i 1ft�d̂j=p(2)i g 2 F : i; k; �̂j ; d̂j 2 N9=; :



6 FABIEN DURAND AND ALEJANDRO MAASSStandard approximation arguments show that DR is dense in R with respet to pointwiseonvergene. For eah G 2 R hoose a sequene (Gk(G) : k 2 N) � DR onverging toG. To eah Gk(G) we assoiate in the natural way a triple (p(1)i ; p(2)i ; p(3)i ). Then we haveprodued a set D = fGk(G) : k 2 N; G 2 Rg whih is dense in F with respet to pointwiseonvergene. Furthermore, we an assume that eah element of D is assoiated to a di�erenttriple (p(1)i ; p(2)i ; p(3)i ) for some i 2 N, and that all triples are used. Let Gi be the element ofD assoiated to this triple. If Gi =Pkj=1 �̂jp(1)i 1ft�d̂j=p(2)i g, then we onstrut the blok BGi bysetting �j = �̂j and tj = p(3)i d̂j for eah j 2 f1; :::; kg. Therefore, Pkj=1 �jtj = p(1)i p(2)i p(3)i .This fat proves, that the Bratteli{Vershik system obtained from D using the bloks BGi ,(XB(D); VB(D)), is topologially onjugated to the odometer (Y; S).Let (Ui : i 2 N) be the dereasing sequene of ylinder sets ontaining x. We onlude, usingRemark 2.3 and Lemma 2.1, that for every G 2 F there is a dereasing sequene of ylindersets (Vi : i 2 N) � (Ui : i 2 N) in Y suh that GVi onverges to G pointwise as i ! 1. To�nish we take the preimage of the sequene (Vi : i 2 N) with respet to the fator map. It islear that return laws oinide. �3. ConlusionsThe result presented in this paper and the artile [L℄ shows that a work must done to enlightthe notion of harateristi sequene of dereasing sequenes of sets to be onsidered in orderto obtain the good limit laws for the system. Most of the time sets are hosen to be balls in therespetive metri. A natural question is how the limit laws depend or not of the representationof the system.Aknowledgements: The authors had partial support from ECOS-Coniyt program C99E10,Fondeyt 1010447 and Fondap program in Applied Mathematis.Referenes[C℄ Z. Coelho, Asymptoti laws for symboli dynamial systems, London Mathematial Soiety, LetureNotes Series 279, Cambridge University Press (2000), 123{165.[DM℄ F. Durand, A. Maass, Limit laws of entrane times for low omplexity Cantor minimal systems, toappear Nonlinearity (2001).[GJ℄ R. Gjerde, O. Johansen, Bratteli-Vershik models for Cantor minimal systems: appliations to Toeplitzows, Bratteli-Vershik models for Cantor minimal systems: appliations to Toeplitz ows, ErgodiTheory Dynam. Systems 20 (2000), no. 6, 1687{1710.[HSV℄ M. Hirata, B. Saussol, S. Vaienti, Statistis of return times: a general framework and new appliations,Comm. Math. Phys. 206 (1999), no. 1, 33{55.[HPS℄ R. H. Herman, I. Putnam, C. F. Skau, Ordered Bratteli diagrams, dimension groups and topologialdynamis, Internat. J. of Math. 3 (1992), 827{864.[L℄ Y. Laroix, Possible limit laws for entrane times of a stritly ergodi subshift, submitted (2000).Fault�e de Math�ematiques et d'Informatique et Laboratoire Ami�enois de Math�ematiques Fondamen-tales et Appliqu�ees, CNRS-ESA 6119, Universit�e de Piardie Jules Verne, 33 rue Saint Leu, 80000Amiens, Frane, and Centro de Modelamiento Matem�atio, UMR 2071 UCHILE-CNRS, Casilla 170/3orreo3, Santiago, Chile.E-mail address: fdurand�dim.uhile.l, fdurand�u-piardie.frDepartamento de Ingenier��a Matem�atia, Universidad de Chile and Centro de Modelamiento Mate-m�atio, UMR 2071 UCHILE-CNRS, Casilla 170/3 orreo 3, Santiago, Chile.E-mail address: amaass�dim.uhile.l


