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Abstract

We initiate a quantitative study of measure equivalence (and orbit equivalence) between finitely
generated groups that extends the classical setting of L” measure equivalence. In particular we
investigate quantitative versions of Orstein Weiss’ theorem. Our first main result is a very general
monotonicity property satisfied by the isoperimetric profile, which provides a “lower bound” on how
integrable a measure coupling between Z and an amenable group I' can be. As another application
we get that the isoperimetric profile is invariant under L! measure equivalence and monotonous
under coarse embedding among amenable groups. On the other hand, we introduce a notion
of Fglner tiling, which we use to construct explicit orbit equivalences between amenable groups
satisfying certain integrability conditions. We show in a number of instances that the bound given
by the isoperimetric profile are sharp up to a logarithmic error. In the context of non-amenable
groups, we study the stability of hyperbolicity: Shalom proved that Gromov hyperbolicity is not
invariant under L measure equivalence. Actually his proof yields a stronger statement, which
we prove to be optimal in some sense. As a by-product, we show that if I' and A admit an orbit
equivalence coupling satisfying a certain integrability condition, and if I is hyperbolic, then so is A.
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1 Introduction

Gromov introduced measure equivalence between countable groups as a measured analogue of quasi-
isometry. A classical instance of a pair of measure equivalent groups is given by lattices in a common
locally compact group. Another source of examples is given by orbit equivalent groups, i.e. groups
which admit free measure-preserving actions on a standard probability space which share the same
orbits.

The notion of measure equivalence has been extensively studied over the past 20 years, and we refer
the reader to [Gab05, Sec. 2] for an overview of its main properties as well as its tight connections with
invariants such as cost or £2 Betti numbers. Various rigidity phenomenons have also been uncovered. A
famous example is Furman’s superrigidity results for lattices in higher rank semi-simple Lie groups
[Fur99], which implies for instance that any countable group which is measure-equivalent to a lattice
in PSL3(R) is commensurable up to finite kernel to another lattice in PSL3(R). Another very nice
example is provided by Kida’s work on mapping class groups of surfaces: he showed that most surfaces
can be reconstructed from the measure equivalence class of their mapping class group [Kid08], and that
every group which is measure equivalent to a mapping class group must actually be commensurable up
to finite kernel to it [Kid10].

In the opposite direction of flexibility, a celebrated result of Ornstein and Weiss implies that all
infinite countable amenable groups are orbit equivalent and hence measure equivalent [OW80]. So
most coarse geometric invariants (such as volume growth) are not preserved under orbit equivalence.
Also, it is known that the class of groups measure equivalent to lattices in PSLy(R) is very diverse and
contains groups that are not virtually isomorphic to lattices of the latter (for instance, all free products
of infinite amenable groups belong to this class). But as we will now see, measure equivalence admits



natural refinements which capture meaningful coarse geometric invariants and for which similar rigidity
phenomenons hold.

Assume for simplicity that we are given an orbit equivalence coupling of two finitely generated
groups I' = (St) and A = (S4) over a probability space (X, u1), i.e. two measure-preserving free actions
of T and A on (X, ) which share the same orbits. Then we can equip the space (X, u) with the Schreier
graph metrics dg,. and dg,, and consider for each v € I and each A € A the following distance maps

= dg, (z,7-x) and x — dg,.(z, X - x).

The fact that the two actions share the same orbits means that these functions do not take the value
+00, in other words they belong to L°(X, u, R). We then say that I' and A are LP orbit equivalent
when all these functions are in LP (X, u;R). A similar definition can be given for measure equivalence,
yielding the notion of LP measure equivalence (see Section 2.3).

In the past ten years, L' measure equivalence has been intensely investigated. In the context of
non-amenable groups, Bader, Furman and Sauer showed that any group that is L' measure equivalent
to a lattice in SO(n, 1) for a given n > 2 must be virtually isomorphic to another such lattice [BFS13].
In particular, there is a L'-measure equivalence rigidity phenomenon for lattices in PSLy(R), as opposed
to the pure measure equivalence case. Somewhat more surprising is a result of Austin in the context of
amenable groups: he showed that L' measure equivalent virtually nilpotent groups have bi-Lipschitz
asymptotic cones [Aus16]. Another important result is due to Bowen, who showed in the appendix of
Austin’s aforementioned paper that volume growth is invariant under L' measure equivalence.

This paper is in the direct continuation of such results, but we also aim at a deeper understanding by
going in two new directions: finer integrability notions and asymmetric versions of measure equivalence.
For this introduction, let us however only give the definitions in the context of orbit equivalence (see
Sec. 2.3 for the measure equivalence versions and its asymmetric counterparts).

Assume again that we are given two orbit equivalent actions of two finitely generated groups
I' = (St) and A = (S)). Given an two unbounded increasing positive function ¢, : (0,00) — (0, 00),
we say that that we have a (p,1) integrable orbit equivalence coupling if for each v € T" and each
A € A, there are constants ¢, cy > 0 such that the associated distance functions satisfy the following

conditions:
/ ” (ds@w) d(z) < 00 and / " (ds@M)> du(z) < oo.
X Cy X A

Two remarks are in order: since the fundamental domains have finite measures, the p-integrability
of the distance functions is only sensitive to the speed at which ¢ tends to infinity. On the other hand,
the constants ¢, > 0 are partly motivated by the fact that we want our notion of ¢-integrability to be
independent of the choice of generating subset. We address these technical points in Section 2.3.

For consistency with the literature, we write L” to replace the map ¢ — tP for p € (0,00) and L if
the distance maps are essentially bounded. If no assumption is made on the distance maps we shall
write L°. Also we won’t always use the adjective integrable for the sake of brevity.

Saying that two groups are LP orbit equivalent for some p > 1 means in our terminology that
there exists an (LP,LP) orbit equivalence coupling between them, and the same is true for measure
equivalence. Note that for p < 1, what one would like to call L? orbit equivalence fails to be a transitive
relation, so we will refrain from using such a terminology. Nevertheless, such a notion actually defines
a very natural pseudo-distance on the space of all finitely generated groups (see Sec. 1.4), and we will
see for instance that the Heisenberg group and Z* are at distance zero, while the distance between Z"
and Z™ is equal to [log(n) — log(m)].

The rest of this introduction contains a summarized description of our main results, and is organized
in four subsections. The first two ones are about amenable groups: §1.1 contains a general rigidity
result related to the isoperimetric profile, while §1.2 has a flexibility flavor as it deals with constructions



of concrete orbit equivalences. In §1.3, we state a rigidity result for hyperbolic groups. Finally, in 1.4
we briefly discuss a point of view that emerges from the notion of (¢, 1)-integrable coupling (this can
be seen as an introduction to the results of Section 2).

1.1 Isoperimetric profile

Since finitely generated solvable groups that are not virtually nilpotent are amenable of exponential
growth, it turns out that none of the known results distinguishes them up to L' measure equivalence. By
contrast the isoperimetric profile and the probability of return of random walks have been thoroughly
investigated and their asymptotic behaviors are known for a wide class of solvable groups. Let I be
a finitely generated group, and let Sp be a finite generating subset. Given a function f: I' = R and
p > 0 we define the LP-norm of its left gradient by the equation

Vs £l =S 1£(s9) = F(9)I-

gel,ses

Given a non-empty finite subset A C I, we define

. IV P
Jp(A) = inf —=2— |
! Il
where the infimum is taken over non-zero functions supported on A. When there is no ambiguity, we
shall simply denote Vfgr f=Vf. Forevery 0 < p < 0o, the ¢P-isoperimetric profile is the non-increasing
function

I,r(n) = inf j,(A).

lAl<n
Of course this quantity depends on a choice of generating subset, but we will be interested in the
asymptotic behavior of I, r which does not.

Given two monotonous real-valued functions f and g we say that f is asymptotically less than g and
write f < ¢ if there exists a positive constant C' such that f(n) = O(g(Cn)) as n — co. We say that f
and g are asymptotically equivalent and write f < g if f < g and g < f. The asymptotic behavior of f
is its equivalence class modulo =.

Recall that for p = 1, the isoperimetric profile has the following geometric interpretation [CS93]:

14
Lr(n) = inf "7

where 0A = STA A A.

For p = 2, the asymptotic behavior of I 1 is intimately related to the probability of return of the
simple random walks on the Cayley graph (T', St) as described in[CS93].

Our first main contribution is to prove the following theorem.

Theorem 1. Assume that the finitely generated groups I' and A admit a (o, L°) measure equivalence
coupling. Then

e if p(t) =tP for somep > 1, then
Ip,F =< Ip,A;

e if o and t — t/p(t) are increasing then

I < #
MU (U Ta)



In particular, the ¢P-isoperimetric profile is stable under LP? measure equivalence for all p > 1.
We deduce for instance that ZZ is not L! measure equivalence to the lamplighter groups, nor to
any polycyclic group. In a recent groundbreaking work, Brieussel and Zheng managed to construct
amenable groups with a prescribed isoperimetric profile [BZ15]. In particular, they show that for
every increasing unbounded function ¢, there exists an amenable group whose isoperimetric profile
does not dominate . In combination with the previous theorem, we deduce that Orstein-Weiss’ orbit
equivalence coupling between amenable groups can be as poorly integrable as possible. More precisely,
we obtain the following corollary.

Corollary 2. For every amenable finitely generated group I' and every increasing unbounded function
o, there exists an amenable finitely generated group A such that there are no (p,L°) measure equivalence
coupling between them.

This corollary triggers the question whether for all amenable finitely generated groups I' there
always exists a (p, LY) integrable orbit equivalence coupling from I' to Z such that ¢(I1 r(1/n)) < 1/n.
We shall see in the next subsection that this holds up to a logarithmic error in various examples.

The following result turns out to be a special case of a more general monotonicity property of
the ¢P-isoperimetric profile (Theorems 4.1 and 4.2) which encompasses its well-known monotonicity
under subgroups and quotients. Writing down this statement motivated us to introduce and study
natural “measured generalizations” of the notions of subgroup, quotient, subgroup of a quotient. Let us
only mention here a striking application of this monotonicity result. Recall that a regular embedding
f:T — A is a Lipschitz map whose pre-images have cardinality bounded by some m € N. Particular
cases of regular embeddings are Lipchitz injective embeddings and coarse embeddings. Combining
Theorem 4.1 with a trick essentially due to Shalom, we obtain the following rather unexpected fact.

Theorem 3 (see Cor. 5.6). For every 1 < p < 0o, the (P-isoperimetric profile is monotonous under
reqular embedding between amenable groups.

The mere monotonicity under coarse embedding is already very surprising and actually false if the
embedded group is not assumed to be amenable: for instance the lamplighter group Z/27Z 1 Z admits a
quasi-isometrically embedded 4-regular tree. Hence, the free group on 2 generators quasi-isometrically
(and hence coarsely) embeds into the lamplighter group. But the free group is non-amenable and
therefore its isoperimetric profile is bounded below, while the isoperimetric profile of the lamplighter,
which is amenable, tends to zero.

Very few geometric invariants are known to be monotonous under coarse embedding: the only
known examples being the volume growth, the asymptotic dimension, the separation profile [BST12],
and more recently the Poincaré profiles [HMT19]. All of these turn out to be monotonous under
regular embedding as well (see [BST12] for the case of asymptotic dimension). For solvable groups
of exponential growth, the asymptotic dimension is generally infinite, and the Poincaré profiles have
only been computed in very specific examples. By contrast, our theorem provides us with a powerful
obstruction. As a concrete application, it prevents the existence of a regular embedding from Z @ Z* to
77" as soon as a > b (note that these groups have infinite asymptotic dimension). On the other hand,
combining it with a construction of Erschler and Zheng [EZ17, Cor. 3.3] (see also [BZ15, Thm. 1.1])
we obtain the following result.

Theorem 4 (see Cor. 5.8). There exists an uncountable family of 3-step solvable groups T'; that do not
pairwise reqularly embed into one another, and that are pairwise non L' measure equivalent. Moreover,
one can assume that these groups all have asymptotic dimension one.

Using a monotonicity property of the volume growth essentially due to Bowen (see Theorem 3.2),
one can similarly produce uncountable families of groups (of intermediate growth) that do not pairwise
coarsely embed into one another, and that are pairwise non L' measure equivalent. Other examples of
uncountable families of groups that pairwise do not coarsely embed into one another are due to Hume
[Hum17, Thm. 1.2]: they involve (non-amenable) groups that contain isometrically embedded families
of expanders.



1.2 Construction of measure couplings between amenable groups

Most of the known examples of LP measure equivalence couplings come from lattices in semi-simple
Lie groups. Here we introduce a general method for constructing orbit equivalent couplings with
prescribed integrability conditions between amenable groups. Our main tool is a notion of Fglner tiling,
developed in §6.1. A Fglner tiling sequence in a group I' is a sequence of finite subsets T,, satisfying
three conditions:

(i) (T},) is a left Fglner sequence for T',
(ii) each T;, is obtained as a union of right translates of T,,_1.

We note that Fglner sequences T;, such that I' can be obtained as a disjoint union of right translates of
T, do exist in all elementary amenable groups and all residually finite amenable groups thanks to the
work of Weiss [Wei01]. Our second condition appears to be new, and is crucial in our construction. An
easy example of a Fglner tiling sequence is provided by T,, = {1, ...,2"} in Z.

Starting from a Fglner tiling sequence for a group I', we construct a p.m.p. action of I" on a
certain infinite product space such that the equivalence relation generated by the action is the co-finite
equivalence relation (in the above example the action is given by the dyadic odometer). It follows
from our construction that if another group A admits a Fglner tiling sequence whose basic tiles T},
satisfy |T,,| = |T}|, then the corresponding action of A is orbit equivalent to that of I', and the degree
of integrability of this orbit equivalence is controlled by the properties of the two Fglner sequences
(T,,) and (T)). In all cases considered in this paper, the actions constructed by means of Fglner tiling
sequences are profinite actions but it seems likely that non profinite actions can be built in this manner
as well. To the best of our knowledge, this way to produce orbit equivalences between amenable groups
is new, and quite different from the quasi-tiling machinery of Ornstein and Weiss [OW87]. Indeed, the
latter allows one to prove that all measure-preserving ergodic actions of all amenable groups are orbit
equivalent.

Theorem 3 provided us with an obstruction for finding y-integrable couplings with certain functions
© between two amenable groups. We will now show that in many cases of interest (and especially in
the case of couplings from certain amenable groups to Z) this obstruction is close to being optimal.

Let us start with the case of groups with polynomial growth. We deduce from a straightforward
extension of Bowen’s theorem on volume growth (see Corollary 3.4), or alternatively from the monotonic-
ity of the isoperimetric profile (Corollary 4.4), that Z™ and Z™ do not admit LP measure equivalence
couplings for p > m/n if n < m. We show that this threshold is sharp:

Theorem 5 (see Thm. 6.9). For every positive integers n < m, there exists an orbil equivalence
coupling between Z™ and Z™ that is LP for every p < n/m.

To be more precise the proof gives an orbit equivalence from Z™ to Z"™ which is (L?, LY P) for all
p < n/m. This asymmetry is not surprising given that Bowen’s obstruction only concerns the cocycle
from the large group to the smaller one. Note that this leaves open the following question (see also
Question 6.11).

Question 1.1. Let n < m, do Z™ and Z™ admit an (L"/m, L%) measure equivalence coupling?

Regarding groups with same degree of growth, Austin has proved that L! measure equivalent groups
of polynomial growth have bi-Lipschitz asymptotic cones [Aus16]. Combined with a famous theorem of
Pansu [Pan89, Thm. 3], this implies for instance that a non-virtually abelian nilpotent group cannot
be L! measure equivalent to an abelian group. By contrast we show the following surprising converse
for the Heisenberg group (see Theorem 6.13).

Theorem 6. There exists an orbit equivalent coupling between Z* and H(Z) that is LP for every p < 1.

Let us now turn to groups with exponential growth. First, by a straightforward application of
Corollary 7.4, we obtain the following theorem.



Theorem 7. For every n < m, and every non-trivial finite group F there exists an (Lp,Ll/”) orbit
equivalence coupling from F 1 Z™ to FUZL™ for every p < n/m.

On the other hand, we deduce from the monotocity of the isoperimetric profile that there exists no
(LP, L%) measure equivalence coupling from F{Z™ to F{Z" for p>1—1/n+ 1/m. Note that this is
sharp for n = 1.

We now focus on the existence of couplings with Z. We first consider coupling between Z with the
lamplighter group. Since the isoperimetric profile of the lamplighter group decays like 1/logn, we know
that a (¢, L°) coupling from the latter to Z must satisfy o(t) < logt. This turns out to be sharp up to
a logarithmic error.

Theorem 8. For every finite group F, there exits an orbit equivalence coupling from FZ to Z which

is (e, exp)-integrable for every e > 0, where . (x) = %.

Once again, we observe that this rather asymmetric condition is coherent with the fact that the
main restriction should lie on the cocycle from the large group to the smaller one.

More generally, one can consider iterated wreath products as follows. Let Gy = Z, and for all n > 1,
G, = F1G,—_1. By [Ers03], we know that the isoperimetric profile of G is asymptotically equivalent
to log™™, namely the n-times iteration of log with itself. Similarly we show that this is almost sharp:
see Corollary 7.6.

We end this subsection considering groups that have very similar geometric properties. The
lamplighter group (Z/kZ)17Z and the Baumslag-Solitar group BS(1, k) have isometric asymptotic cones,
and same isoperimetric profile. We therefore expect to be able to produce a “good” coupling between
them.

Theorem 9. For every k > 2, there exists an (L, exp)-integrable orbit equivalence coupling from
(Z/KZ)VZ to BS(1, k).

The asymmetry is not an artifact of the proof: indeed we could not have an (L, exp)-orbit
equivalence coupling from BS(1, k) to (Z/kZ) 1 Z as the asymptotic dimension is monotonous under
(L°°, L%) orbit equivalence (Corollary 5.5), and BS(1, k) has asymptotic dimension 2, while (Z/kZ) 1 Z
has asymptotic dimension 1. Moreover, this shows that the asymptotic dimension is not preserved under
LP orbit equivalence for all p < co. Considering slightly more sophisticated examples, we similarly show
that the finiteness of the asymptotic dimension is not preserved either. Finally, observe that BS(1, k) is
finitely presented while (Z/kZ) ! Z is not, hence finite presentability is also unstable.

1.3 Rigidity of hyperbolicity

Shalom proved that any two lattices in SO(n, 1) are LP measure equivalent for all p < n — 1. More
precisely, let n > 2, and let T’ (resp. A) be a uniform (resp. non-uniform) lattice in SO(n,1). We
consider the coupling associated to the action of A and I' respectively by left and right-translations
on the measure space SO(n, 1) equipped with an invariant Haar measure. Shalom showed that for
a suitable fundamental domain X, for A and any relatively compact fundamental domain Xt for T,
the resulting coupling is an (L?, L°°) measure equivalence coupling from I" to A for all p <n — 1. An
additional property of this coupling is what we call coboundedness': there is a finite subset F C A such
that Xp C FX,. Here we show that this strong formulation of Shalom’s result is in some sense sharp.

Theorem 10. Let I be a finitely generated §-hyperbolic group. There exists p only depending® on §
and Ent(T") such that if there exists a cobounded (LP,L°°) measure equivalence coupling from T to a
finitely generated group A, then A is also hyperbolic.

We immediately deduce the following corollary.

LObserve that every orbit equivalence coupling is cobounded.
2More precisely p > 756 Ent(T) suffices although we did not try to get the best possible bound.



Corollary 11. Assume that T is a uniform lattice in center-free, real rank 1 simple Lie group G and
A is another lattice of G. There exists p only depending on G such that if there exists a cobounded
(LP,L°°) coupling from T to A, then A must be uniform as well.

Actually, Theorem 10 is a special case of a more general statement where the two integrability
conditions are linked via a complicated condition that we shall not state here. Let us only mention
another application of this result.

Theorem 12. Let I' be a finitely generated hyperbolic group. For every p > q > 0 such that if there is
a cobounded (p, 1)) integrable measure equivalence coupling from T to any finitely generated group A
where o(t) = exp(t?) and 1 (t) = t'T1/9, then A is also hyperbolic.

Note that this implies in particular that hyperbolicity is preserved under exponential orbit equiva-
lence couplings (as the exponential integrability is much stronger than the one in Theorem 10, and
coboundedness is implied by orbit equivalence). Both theorems should be compared with of a theorem
of Bowen saying that if there exists an (L, L°) measure equivalence coupling from a finitely generated
accessible group A to a virtually free group such that the cocycle from A to I' is at most m-to-one? for
some integer m, then A is virtually free.

Once again we deduce the following corollary for Lattices in rank 1 simple Lie groups.

Corollary 13. Assume that ' is a uniform lattice in a center-free, real rank 1 simple Lie group G and
A is another lattice of G. For every nn > 0 such that if there is a cobounded (¢,v) coupling from T" to A,
where p(t) = exp(t") and (t) = '~/ then T is uniform as well.

In Corollaries 11 and 13, the case of SL(2,R) was already known and actually a much stronger
conclusion holds in that case: Bader, Furman and Sauer have proved that non-uniform lattices and
uniform ones are not L' measure equivalent.

As observed by Mikael de la Salle, Corollaries 11 and 13 are in sharp contrast with what happens
for lattices in higher rank simple Lie groups: indeed if I' and A are lattices in a simple Lie group I' of
rank > 2, then if X, and Xr are Dirichlet fundamental domains for A and I', the resulting cocycles are
exponentially integrable [d1S19, Lemme 5.6]. Hence if T' is assumed to be uniform, this provides us
with a (¢, L) measure equivalence coupling from I’ to A, where ¢(t) = exp(ct) for some ¢ > 0.

Question 1.2. Assume n > 3, and let I" (resp. A) be a uniform (resp. non-uniform) lattice in SO(n, 1).
Are I' and A LP measure equivalent for all p < co? Or at the opposite are they not LP-measure
equivalent as soon as p > n — 1 (or maybe even p =n — 1)?

The coboundedness condition seems to plays a crucial role in the proof of Theorem 10 as it enables
us to combine the two cocycles together.

Remark 1.3. We pause here to mention that coboundedness was considered by Sauer in his PhD
thesis [Sau02]. He proved that two amenable finitely generated groups are quasi-isometric if and only
if they admit an L*>° coupling such which is cobounded in both directions: namely there exist finite
subsets FA C A and Fr C I' such that Xt C Fy XA and Xz C FrXr. While the L condition implies
that both associated cocycle a(-, ) and S(-, z) are almost surely C-Lipschitz (with C' independent of
x), this additional conditions implies that both cocycle (-, ) and §(-, z) are a.e. quasi-isometries (with
constants that are uniform with respect to ).

This leads us to the following maybe surprising question.

Question 1.4. Is hyperbolicity invariant under L>° measure equivalence?

3This condition turns out to be weaker than coboundedness.



1.4 Remarks on the “space” of finitely generated groups

We may view the functions ¢ and v for which there exists a (¢, ¢) measurable coupling from a group T
to a group A as an asymmetric way of quantifying how geometrically close these groups are from one
another. This is of course only interesting within a class of groups that are measure equivalent, such as
lattices (uniform and non-uniform ones) in a given locally compact group, or among amenable groups.

Let us illustrate this point of view in the following special case: given two finitely generated groups I
and A, let a(T, A) be the infimum of —log p over all p < 1 such that there exists an (L?,L?) integrable
measure equivalence coupling between I" and A. It follows from Proposition 2.27 that « satisfies the
triangle inequality. Therefore, this can be viewed as a pseudo-distance between finitely generated
groups. Note that Theorem 6 yields a(Z*, Heis(Z)) = 0, while Theorem 5 and the remark that precedes
it yield a(Z"™,Z™) = |logn — logm)|.

It is interesting to note that for p > 1 (and more generally for convex functions ¢), things behave
differently, as admitting an (L, L?) integrable measure equivalence coupling becomes an equivalence
relation. This means that balls of radius 0 for & can be equipped with an ultrametric distance G(T", A)
defined for instance by the infimum of 1/p over all p > 1 such that the groups are LP measure equivalent.
In other words, we can distinguish two scales: a “large” scale measured by the pseudo distance «, and
a finer scale, measured the ultrametric pseudo-distance (.

More generally, we will see in §2.3.2 that if the functions ¢ and 1 are concave, then (¢, 1)-integrable
measurable equivalence couplings satisfy a natural composition rule, which we may view as analogous
to a “triangular inequality”. Moreover, as for the case of LP integrability, we shall see that for functions
that grow faster than linear, e.g. t — tP for p > 1, or t — exp(t*) for a > 0, one has to adopt a different
point of view. Indeed, a stronger version of the integrability condition is required (which is automatic
for L?) in order for them to be well-behaved under composition. Actually under this stronger condition,
we also get a stronger conclusion, which is analogous to an ultrametric property.

As a matter of fact, these composition rules are better stated in an even more asymmetric situation,
where the measure coupling is no longer a measure equivalence coupling. If we drop on one side
the finiteness of the measure of the fundamental domain, we obtain a natural notion of measured
subgroup, while if we drop the freeness for one of the actions, we obtain a measurable notion of quotient.
Combining them, we get a measurable notion of subquotient. In these situations, an integrability
condition only makes sense in one direction, so that we obtain notions of y-integrable measurable
subgroups, quotients or subquotients, which we develop in the next section. To see how these notions
can be useful, note that Theorem 3 is a corollary of the monotonicity of the isoperimetric profile under
L' measure subquotient.

Acknowledgments. We thank Matthieu Joseph for many helpful conversations around this project,
and Yves Cornulier for his remarks on a preliminary version of this work.

2 Variations on measure equivalence

Convention. Throughout the paper, we allow metrics and pseudo-metrics to take the value +oo.

2.1 Smooth actions and fundamental domains

A standard Borel measure space (), 1) is a Borel space (Q,B(Q)), frequently also known as a
measurable space, equipped with a o-finite measure p on the o-algebra B(f2) consisting of the the Borel
subsets of some Polish (separable and completely metrizable) topology on Q. The elements of B(Q2) are
called Borel. A Borel subset £ C  is said to be conull or of full measure if (2 Qp) =0 and a
property that holds for all w € Q is said to hold almost surely or for almost every w € . The
space (€2, i) is said to be a standard Borel probability space if u(€2) = 1.

A measure-preserving action of a discrete countable group I' on (2, 1), for short I' ~ (Q, p), is
a [-action on  such that the action map (y,z) — v -« is Borel and that u(y- FE) = u(E) for all y € T



and all Borel E C 2. A measure-preserving action on a standard Borel probability space is said to be
probability measure-preserving.

Since the groups that we are dealing with are countable, if we are given T' ~ (Q, ), then every full
measure Borel subset A C ) contains a T-invariant full measure Borel subset, namely the set [ yer VA
Moreover, since any full measure Borel subset of a standard Borel measure space is a standard Borel
measure space, there will be no harm in considering that some properties that hold almost everywhere
actually hold everywhere, so we will often do so without explicitly restricting to a full measure Borel
subset. For instance, one says that a measure-preserving I'-action on (€, i) is free if for almost every
x € €, we have v - x = x if and only if v = er, but we may as well assume that the latter implication
holds for every x € €1 since this becomes true once we restrict the action to a full measure I'-invariant
Borel set.

Finally, given I' ~ (2, 1), the full pseudo-group of the action I' ~ Q is the set of all partially
defined Borel bijections ¢ : A — B, where A and B are Borel subsets of {2, such that for all x € A, we
have p(x) € T' - 2. Every such element is measure-preserving, see [KM04, Prop. 2.1].

Definition 2.1. A fundamental domain for I' ~ (Q, ) is a Borel set Xr C Q which intersects
almost every I'-orbit at exactly one point: there is a full measure I'-invariant Borel set ¢ C €2 such
that for all z € Qy we have that the intersection of the I'-orbit of z with X is a singleton

Equivalently, a Borel set Xr C € is a fundamental domain if and only if the quotient map
7 : Xr — Q/T is a bijection. Note that since a fundamental domain intersects almost every orbit, the
union of its translates has full measure, so every fundamental domain must have positive measure. Also
note that since a fundamental domain for I' ~ (£2, 1) intersects almost every orbit, the union of its
translates has full measure, so every fundamental domain must have strictly positive measure whenever
this is the case with (.

Moreover, after possibly passing to a I'-invariant Borel subset of full measure, the existence of a
Borel set Xp C ) that intersects every I'-orbit exactly once is equivalent with the fact that Q/T" is
standard Borel, or in other words that the quotient map 7 : Xpr — Q/I' is a Borel bijection between
standard Borel spaces. In this case, the orbit equivalence relation is said to be smooth, and we make
the following definition.

Definition 2.2. A measure-preserving action of a countable group I' on a standard measured space
(Q, 1) is smooth if it admits a fundamental domain.

Given a smooth action T' ~ (Q, ), if X is a fundamental domain for the T'-action, we denote by 7x
the map which takes (almost) every w € ) to the unique element of the I’-orbit of w which belongs to X.
Observe that by definition, if X; and X5 are two measure-fundamental domains, then the restriction of
mx, to Xs is an element of the full pseudo-group of the I'-action whose inverse is the restriction of 7x,
to X1 .

In particular, X; and X3 have the same measure, and so given any smooth action I' ~ (92, 1), we
can unambiguously endow the quotient space Q/T" with the measure obtained by identifying it with
one of the fundamental domains. We will still denote this measure by .

Finally, given a fundamental domain X, we denote by ¢x the inverse of the projection map X — Q/T".

Convention. We shall use the notation “yx*x” instead of “y-z” for smooth I'-actions. This distinction
will prove useful later on since we will also have induced actions on fundamental domains, which we
will denote by -.

2.2 Asymmetric couplings

We begin by introducing an asymmetric variation of what has been called a coupling by various authors.

Definition 2.3. Let I' and A be countable groups, a measure subquotient coupling from I' to
A is a triple (Q, Xa, 1), where (£2, 1) is a standard Borel measure space equipped with commuting
measure-preserving smooth I' and A actions such that
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(i) the I' action is free;
(ii) X4 is a fixed fundamental domain for the A-action;
(iii) X has finite measure.
We say that I' is a measure subquotient of A when there exists a subquotient coupling from I" to A.

Note that the definition is asymmetric since we only specify the A fundamental domain and only
require I' to be acting freely. This definition is motivated by the following situation: if N is a normal
subgroup of A and T is a a subgroup of A/N, then (A/N,{N},¢) is a measure subquotient coupling
from I' to A, where c is the counting measure, A acts by right-translation and I" by left translation.

Given a measure subquotient coupling (€2, X, ) from I' to A, we denote their two commuting
actions by x, and then we have a natural action of T on £2/A which we call the induced action and
denote by -. Through the natural identification of /A to X, this induced action is given by: for all
x e Xy, vel,

{v-z}=Axy*xznX,.

Note that the induced I'-action defines elements of the pseudo full group of the A-action on €2, so it is a
measure-preserving action. We can now present measure equivalence as follows.

Definition 2.4. Let I" and A be countable groups, a measure equivalence coupling from I" to A is
a quadruple (Q, Xp, X, u), where (9, u) is a standard Borel measure space equipped with commuting
measure-preserving smooth I' and A actions such that (2, X, ) is a measure subquotient coupling
from T" to A and (2, Xr, 1) is a measure subquotient coupling from A to I'. When there exists such a
coupling, we say that I" and A are measure equivalent.

Remark 2.5. Although the above definition is symmetric, we still talk about measure equivalence
coupling from a group to another one because we will soon put some asymmetric restrictions on the
two corresponding measure subquotient couplings.

We finally introduce two natural intermediate notions.

Definition 2.6. A group I' is a measure subgroup of A if there is a measure subquotient coupling
(Q, X, pn) from I’ to A such that the A-actions is also free. Such a coupling is called a measure
subgroup coupling from I" to A.

Note that every measure equivalence coupling is actually a measure subgroup coupling in both
directions.

Definition 2.7. A group I' is a measure quotient of A if there is a measure subquotient coupling
(€, Xa,p) from T to A such that the T'-action also admits a fundamental domain of finite measure.
Such a coupling is called a measure quotient coupling.

We now recall how to compose couplings; for this to work, we need the middle group to act freely
in both couplings. Let us first give the definition and then check that it actually makes sense.

Definition 2.8. Let I', A and ¥ be three countable groups let (€21, X3 A, 1) be a subgroup coupling
from I' to A and let (Q2, X2 5, pt2) be a measure subquotient coupling from A to . The composition
of these two couplings (€23, X3 5, p3) is the measure subquotient coupling from I' to ¥ obtained as
follows: we consider the diagonal action A ~ (21 X Qa, 1 ® p2) which is smooth and commutes with
the T'-action on the first coordinate and the A-action on the second coordinate. Then the measured
space of our new coupling is Q3 := (21 X Q2)/A equipped with the measure pz obtained by identifying
it with a A-fundamental domain, and equipped with the induced I" and A actions, which are both
smooth, and we let X35 = mo, (X1.4 X X2,5).
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Similarly, when we are given two measure equivalence or measure quotient couplings (21, X1 r, X1, pt1)
and (Qg2, Xo A, X2 5, p2), their composition (Qs, X3, X3 5, 3) is obtained by the same construction
as above, letting furthermore X5 = mq, (X1,r X X2.4).

Proposition 2.9. Let I', A and X be three countable groups, let (Q1, X1, 1) be a measure subgroup
coupling from T to A and let (2, X2 5, 12) be a measure subquotient coupling from A to . The
composition of these two couplings is a measure subquotient coupling from I' to 3.

If both couplings are measure subgroup (resp. measure equivalence) couplings, then their composition
is also a measure subgroup (resp. measure equivalence) coupling.

Finally if the coupling from T" to A is a measure equivalence coupling and the coupling from A to X
18 a measure quotient coupling, then their composition is a measure quotient coupling.

Proof. We first check that the diagonal A-action on €2 x {2 is smooth: indeed X7 A x5 is a fundamental
domains for it. In particular, it induces the measure puz on 23. We denote by + the induced I'-actions on
Q3 := (1 x Q2)/A. at most m-to-one Through the identification of 23 with the fundamental domain
Xi1,a X Qo we see that the induced ¥-action is given by : for all (z,w) € X4 x Q2 and all 0 € X,
o*(x,w) = (v,0 *w). In particular, we see that X3 5 := mq,(X1,A X X2 3) is a measured fundamental
domain for it, that the X-action on )5 is free then so is the ¥-action on 23, and that X3 s, has finite
measure because X 5; does. Finally, if we fix a fundamental domain X5 o for the A-action on {2, then
we also have a natural identification of Q03 with {21 x X3 5 through which we see that the I'-action on
()3 is free.

Now all the properties stated in the proposition can directly be inferred from the two previous
paragraphs. O

Remark 2.10. Keeping the notation of the proof, we can also describe the I'-action on 3 when
the latter is identified with X; o x €2 using the cocycle a: I' x X; o — A given by the equation
a(y,x) xy*x =-x as follows

’Y*(‘T7w) = (’7'1‘704(’)/,51,‘) *w)>

where - denotes the induced I'-action on X; 5. Note that the induced I'-action (denoted by e) on the
fundamental domain X3 5, identified to X; 4 x X5 5, is then given by:

yeo(z,y)= (v z,aly,x) y)

This point of view will be useful when we explore how composition of couplings behaves when we put
integrability conditions.

Definition 2.11. Given m € N, we say that a measure subquotient coupling (Q, X, p) from T" to A is
at most m-to-one if for every x € X, the map v+ v~ ! % (y-x) € A x x has pre-images of size at
most m.

When m = 1, we also say that we have an injective measure subquotient coupling. Such couplings
can also be characterized as follows.

Proposition 2.12. A measure subquotient coupling (2, Xp, p) from I' to A is injective if and only if
X intersects every I'-orbit at most once.

Proof. Suppose first that X intersects each I'-orbit at most once. Let x € Xy, suppose that v, Ley o =
Yo L%~y - x. Then 7, - & and 75 - & are two elements of the same T-orbit which belong to X, so by our
assumption they are equal. Since the I'-action on € is free, we conclude that v; = v, as wanted.
Conversely, suppose that the coupling is injective. Let © € X, suppose that v * x € X for some
v€T. Then y-x =v%*xz,50 v ' xv-2 =2z, and so by injectivity v = ep. We conclude that v * x = x,
so X intersects each I'-orbit at most once as announced. O
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An important example of injective coupling will be provided by the notion of orbit subquotient
couplings (see Section 2.4). In fact, we will see that every injective measure subquotient coupling can
be turned into such a coupling after making the induced action free (see Prop. 2.42).

Remark 2.13. When the A-action is free, the map v+~ v~! % (y-x) € A * z is at most m-to-one if
and only if the cocycle a: T' x Xy — A defined by a(v,z) * (v * x) € X, satisfies that for all z € X,
the map v — a(y,x) is at most m-to-one.

Definition 2.14. A measure equivalence coupling (2, X1, X, ) from I' to A is called cobounded
when there is a finite subset F' C A such that Xr C F'X,.

Example 2.15. We will see in Section 2.4 that every orbit equivalence coupling is cobounded.

2.3 Integrability conditions

In all that follows, we only deal with finitely generated groups, and if A is such a group, we will
systematically denote by Sj one of its finite symmetric generating sets.

2.3.1 p-equivalence between fundamental domains

Let us introduce a family of natural equivalence relations on fundamental domains of measure-preserving
actions of a finitely generated group.

Definition 2.16. Given a finitely generated group A acting smoothly on a standard measured space
(Q, 1) and a finite symmetric generating set Sy for A, we denote by dg, the Schreier graph metric
on the A-orbits, namely for y € A *x x, we let

ds, (z,y) = min{n € N: 3s1,...,8, € SA,y =81+ Sp *T}.
Observe that if we are given A ~ (2, 1) and two finite generating sets S7 and S for A, then there
is C' > 0 such that for all x € Q and all y € A x x,
1
C

In the following definition, we recall that given a smooth action A ~ (Q,u) and a measure
fundamental domain X, the map ¢x is the inverse of the (bijective) projection mq /5 : X — Q/A.

dsl (xvy) < dSz (x7y) < CdSl (x,y) (1)

Definition 2.17. Given any non-decreasing map ¢: RT™ — R* and two fundamental domains X; and
X5 of a smooth A-action on (€2, 1), we say that they are @p-equivalent if there is ¢ > 0 such that

/Q/Aw (dsA(bxl(xc),sz(x))) du(z) < +o0.

Note that this does not depend on the choice of the symmetric generating set S by virtue of
inequation (1).

Remark 2.18. If ¢ satisfies that for every ¢ > 0, there is a constant C' > 0 such that for all x > 0,
p(cx) < Cp(z), then Xy and X, are p-equivalent if and only if

/ o (ds, (132 (@), x5 (2))) dpl) < +0o,
Q/A

which is then also equivalent to: for every ¢ > 0 we have

/Q/A‘P (dsA(Lxl(x)abxz(x))) du(z) < +oo.

Cc

This is the case if p(z) = aP for some p > 0, or if ¢ is concave, or more generally subadditive. A
motivating example where this is not true is when ¢ is the exponential map.
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In order to show that yp-equivalence is indeed an equivalence relation, we introduce the following
quantity: given a smooth A action and two fundamental domains X; and X5, we let

Cp,5 (X1, X2) = inf {c > 0: /Q/Aga <dSA(LX1 (z)7LX2(I))> du(z) < —l—oo} )

c

Proposition 2.19. The map c, s, is a pseudo-metric on the set of fundamental domains up to measure
zero, except of course it can take the value +oo.

The proof relies on the following elementary observation.

Lemma 2.20. Let ¢ : RT — R be a non-decreasing function, let a,b > 0 and c,d > 0. Then

o(ira) <o (D +e ()

b . +b
Proof. By symmetry, we may as well assume that ¢ > 7, in which case ¢ > 57, so we have

P (£8) <p () <w (@) +e(b). 0

Proof of Proposition 2.19. The map c, g, is clearly symmetric and satisfies ¢, g, (X, X) = 0 for every
fundamental domain X, so we only need to check that it satisfies the triangle inequality.

To this end, let X;, Xy and X3 be fundamental domains, let ¢ > ¢, 5, (X1, X2) and ¢ >
Cp,54 (X2, X3). We have for every x € Q/A that

ds (tx,(2), tx,5 (7)) < dsy (tx,(2), x5 (7)) + dsy (1, (2), x5 (7))
c1+ co c1+c2

By the previous lemma, we thus have

; (dsA(Lx1 (), bxg(af)))

c1 + Co

S

s, (x,(2). o, () _ (A5, (xa(0). e ()|
(Pt o ()

By integrating and using our assumptions on ¢; and ¢z, we then deduce that the integral [, /AP (W) du(x)

is finite, and so ¢, g, (X1, X3) < ¢p,5, (X1, X2) + ¢4,5, (X2, X3) as wanted. O
Corollary 2.21. The notion of p-equivalence is an equivalence relation between fundamental domains.

Proof. Observe that two fundamental domains X and X, are g-equivalent if and only if ¢, g, (X1, X2) <
400, so the fact that p-equivalence is an equivalence relation is a direct consequence of the previous
result. O

Definition 2.22. Let ¢, : RT — R* be non-decreasing maps.

A measure subquotient coupling (€2, X, ©) from I" to A is a called op-integrable if for every v € T’
we have that X, and v x X are p-equivalent as fundamental domains of the A-action.

A measure equivalence coupling (2, Xt, X, ) from T to A is called (¢,2)-integrable when the
coupling (2, Xa, i) from T to A is p-integrable and the coupling (2, Xr, 1) from A to T' is ¢-integrable.

Proposition 2.23. A measure subquotient coupling (€, Xa, p) from T' = (St) to A is p-integrable if
and only if for every s € St we have that X5 and s X are p-equivalent.

Proof. Since the I" action commutes with the A action, it must preserve the equivalence relation of
p-equivalence, so for every v € I and every s € Sp we have that v * X, and vs % X, are g-equivalent.
From there, using the assumption of the proposition, an easy recurrence yields that (Q, Xr, Xx, u) is
indeed a ¢-coupling from I" to A. O
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We then say that I' is a ¢- (resp. (¢, %)-) measure subquotient, subgroup or quotient of A
if the corresponding coupling is p-integrable (resp. (p,)-integrable). When dealing with measure
equivalence, since our definition is asymmetric in nature and often non transitive, we will always talk
about -integrable (resp. (p,)-integrable) measure equivalence couplings from I' to A.

It is not hard to see that being a ¢-integrable measure subquotient coupling only depends on the
asymptotic behavior of ¢. More precisely, if ¢ < 1, then every i-integrable measure subquotient
coupling is also a yp-integrable.

Remark 2.24. By spelling out what ¢-equivalence means, we see that a measure subquotient coupling
(Q, Xr, Xa, p) from I" to A is ¢-integrable if and only if for every v € T', there is ¢, > 0 such that

/XAw(dsA(v ~Cx,7*w))du(x)<+oo7

~

where * denotes the I'-action on 2 and - denotes the induced I'-action on Xj.

We deduce from the above remark that a measure subgroup coupling from I' to A is a ¢-coupling if
and only if the cocycle a : I' x X5 — A defined by the equation a(vy,x) * v * x = -y - = satisfies that for
all v € I, there exists a ¢, > 0 such that the map Xy — R: z = ¢(|a(y,7)|g, /cy) is integrable.

For easy notation and consistency with the literature, for p € (0,00) we talk about L? couplings
instead of z +— aP-integrable couplings. We also say that we have an L°° measure subquotient cou-
pling from I" to A when the I'-action satisfies for every v € I" that the map Q/A — A: x — dg, (y-x,y*x)
is essentially bounded. Note that every L°>° measure subquotient coupling is -integrable for any in-
creasing map ¢: RT — RT.

Let us now explain how various established notions fit into our asymmetric framework.

e Two finitely generated groups I and A are LP measure equivalent in the sense of [BFS13] when
there is an (L?,L?) measure equivalence coupling from I" to A.

e Two finitely generated groups I" and A are uniform measure equivalent in the sense of [Sha04]
when there is an (L°°,L°°) measure equivalence coupling between I' and A.

e Two finitely generated groups I and A are bounded measure equivalent in the sense of [Sau02]
when there is an (L°°, L°°) measure equivalence coupling from I" to A which is cobounded in both
directions.

2.3.2 Composition of p-integrable couplings

Next we look at the integrability of the composition of coupling as presented in Definition 2.8. First
we consider the case where ¢ : RT — R™T is subadditive, e.g. when ¢ is concave. Our arguments will
follow closely those from [BFS13, Sec. A.2].

Lemma 2.25. Let I' and A be two finitely generated groups, let o: RT™ — RT be a non-decreasing
subadditive maps and let (2, Xr, Xa, 1) be a p-measure subquotient coupling from I' to A. Then there
is a constant C' > 0 such that for every v € T’

/X o (dsp (v - 2,7 % 2)) du(z) < C g, -

Proof. Assume (Q, X1, Xa, ) is a p-measure subquotient coupling from I' to A. Given two fundamental
domains X; and X5 two fundamental domains for the A-action, we define their ¢-distance dy, g, (X1, X2)
by

Ay 5y (X1, X2) = /Q s o3, (), 3, 00) i)

15



Note that this distance is symmetric and satisfies the triangle inequality, so it is a pseudometric as
soon as (0) = 0. Moreover, using Remark 2.18, we have for every v € T" that

dtp,SA (XA7 Yok XA) < +007

while by Remark 2.24 we have dy, s, (Xa, 7 * Xa) = [y ¢ (dsp (v 2,7 * x)) du(z).

Let C' = maxyegs.. dy 5, (Xa,7 * Xa). The I'-action on the set of A-fundamental domains preserves
dy,,s, because it commutes with the A-action, so for every si,...,s, € St we have by the triangle
inequality

n
dyp sy (81 8p x X, Xp) < Zdw,SA(Sl o8 % XA, 8100 Sim1 % X))
i=1

<Y dys,(six Xa, Xp)
=1
< Cn,

which yields the desired result.

Remark 2.26. Note that when ¢ is subadditive and non-decreasing, we always have p(z) < zp(1) +
©(1), in particular every L' measure subquotient coupling is ¢-integrable.

Let us now study how couplings compose in the subadditive regime.

Proposition 2.27. Let p,: RT — R be a non-decreasing subadditive maps with o moreover concave
and let T', A and X be three finitely generated groups. Let (01, X1, X1,4, 1) be a p-integrable measure
subgroup coupling from T to A and let (a2, Xo o, Xo 5, pt2) be a ¥-integrable measure subquotient coupling
from A to 3. Then the composition of these two couplings is a ¢ o W-integrable measure subquotient
coupling from T" to X.

Proof. Thanks to Lemma 2.25 we find C > 0 such that

Y (dgg (A -2, A% 2)))du(z) < C|A|g, for every A € A. (2)
Xo.»

By scaling the measure ps we may assume that ps(Xszx) = 1. Denote by o : I' x X7 o — A the cocycle
defined by the equation a(v,z) *y*x =~ -z. By Remark 2.10 and the definition of the composition of
our two couplings, we need to show that the following quantity is finite:

/ / o0t (dsy (a(,2) - 1, (. 2) * ) dsa(y)dpur ().
X4 /X2

Now by Jensen’s inequality, this is at most

/ ® ( Y (dsy (a(y,2) -y, ay,z) xy)) duz(y)> dp (),
X1,A Xow

which by inequation (2) is bounded above by le L #(Cla(y,)g, ). The latter is indeed finite by our
assumption on the first coupling and Remark 2.18. O

The above result can be combined with Proposition 2.9 to obtain a ¢ o ¥-measure subgroup,
© o ¢-measure quotient or (i, 1)-measure equivalence coupling by composition.
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Remark 2.28. Given two finitely generated groups I'" and A, one could define
a(l,A) = —log (sup{p < 1:T and A are L? measure equivalent})

The previous proposition implies that this is a pseudo-metric on the space of isomorphism classes
of finitely generated groups. It would be interesting to understand this pseudo-metric further. For
instance, Theorem 6.9 implies that d(Z™,Z™) = |logn — log m|.

For non subadditive maps ¢, we need a stronger notion of ¢-integrability so that it behaves well
with respect to composition.

Definition 2.29. Let ¢: RT — RT be an increasing map. We say that a coupling (2, X, X4, ) from
I' to A is strongly p-integrable or p°-integrable if for every € > 0 there are § > 0 and C' > 0 such
that for every v € T,

/X o (Fdsy (v 7,7 2)) du(z) < Cp (ehlsy)

Note again that thanks to inequation (1) strong integrability does not depend on the choice of the
finite generating set Sr. However, the above condition has to be checked on every element of I'.

Proposition 2.30. Let o: Rt — R* be an increasing map and let T'; A and X be three finitely
generated groups. Let (1, X110, X1, p1) be an strongly @-integrable measure subgroup coupling from T
to A and let (Qa, Xo a, Xo5, o) be a strongly p-integrable measure subquotient coupling from A to X.
Then the composition of these two couplings is a strongly p-integrable measure subquotient coupling
from T to X.

Proof. Let € > 0. As (Q1, X1, X1 A, p1) is strongly p-integrable, there are 65 > 0 and Ct > 0 such
that

[ e adsy (0 a)) din@) < Crop (el ) for every 7 € T 3)
X1,A

and as (Q2, X2 A, X2 5, p) is strongly @-integrable, there exist ds; > 0 and Cy > 0 such that
/ ¢ (0ndgg (N -2, A xx)) duz(x) < Ca ¢ (d5]A]) for every A € A. 4)
Xo.x

By Remark 2.10 and the definition of the composition of our two couplings, we need to estimate the
following quantity:

/ / o (Buds, (a(y,2) -y, aly,2) * ) dpa(y)dpus ().
XiaJXo s

By inequation (4), this is bounded above by

i Cap(Oa [y, 7)]g,) < CACT ¢ (€]v]sy)
1,A

as wanted, where the last inequation is a consequence of inequation (3), and the fact that by definition
la(y,7)|g, = dsy (v @,7* ). -

For some maps ¢ we can weaken the strong integrability condition. Most notably for EP couplings,
where p > 1.

Proposition 2.31. Let p > 1. FEvery LP measure subquotient coupling from T' to A is actually a
strongly LP measure subquotient coupling.
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Proof. We follow an approach similar to that of Lemma 2.25. For two fundamental domains X; and
X, for the A-action, we define their LP distance by

1/p
dLPuSA(XhXQ) = ([)/F 12 (dSF (LX1 ($)7LX2 (LU))) du(l’))

It is not hard to check that di» g, is a metric, and since the I'-action commutes with the A-action,
the group I' acts on the set of A-fundamental domains by isometries. In particular, as in the proof
of Lemma 2.25 we find Cr > 0 such that for every v € I' and every A-fundamental domain X}y,
drr,sy (Xa,7* Xa) < Cr |7]g.- This means that for all v € T, we have

dsy (v - @,y * 2)Pdu(z) < ORI IS,
XA

from which the result easily follows: given e > 0 we take d = ¢, C' = CT. and note that [y (dds, (- z,v * )" du(z) =
oP fXA ds, (v - z,v*x)Pdp(z) < CR(e|y|sp)? as wanted. O

Say for p > 1 that two finitely generated groups are LP measure equivalent when there is an
(LP,LP) measure equivalence coupling from I' to A. The we deduce from the two previous results that
LP? measure equivalence is an equivalence relation between finitely generated groups, as proven by Bader,
Furman and Sauer in [BFS13]. Note however that this is not true anymore for p < 1; counter-examples
are provided by Theorem 6.9.

We can also weaken the condition for strongly exponential-integrable couplings.

Proposition 2.32. Let T' and A be two finitely generated groups and let (2, Xx,p) be a measure
subquotient coupling from T to A. If there are & >0, 8’ > 0 and C' > 0 such that

/ exp (8" ds, (z,mx, (7)) du(x) < C"exp (€'|y]s;) for everyy €T,
Fx XA

then the coupling is strongly exp-integrable.

Proof. Let e > 0. If e > ¢/, then take C' = C” and ¢§ = ¢’. Then we have that

/ exp (8 ds, (2, 7x, (2))) du(z) < C'exp (£']7]) < Cexp (ely]) for every € T.
Y XA

If e < &/, then take C' = C'% and 6 = 2. Then we have for every v € ' that

e/

/ exp (6 dsy (¢, mx, (2)) dulz) = / exp (&' ds, (z, mx, ()7 du(z)
yxX A Y*XA

"o

< ([ oo as e, @) i)
yx XA
< (Cexp(e’y]) ¥
= Cexp(ely]).
Thus, the coupling is strongly exp-integrable as wanted O

Interesting examples of strongly (exp, exp)-integrable measure equivalence couplings will be provided
in Section 8.
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2.4 Variations on orbit equivalence

We now turn our attention to orbit equivalence of groups, which implies measure equivalence. To make
the connection, we need to introduce measure-preserving equivalence relations.

Definition 2.33. Given a measure-preserving action of a countable group A on a standard probability
space (X, 1), we associate to it a measure-preserving equivalence relation R, defined by

Ra:={(x, - z): z€ X, € A}.

A key property of measure-preserving equivalence relations is that they can be endowed with a
natural o-finite measure M. Namely, for R a measure-preserving equivalence relation, and A a Borel
subset of R, we let

M(4) = /X A, dp(z),

where A, = {y € X : (z,y) € A}. Such a measure is invariant under the flip map (z,y) — (y,z) (see
[KMO04, p. 34]), which means that we also have M(A) = [, |A*|du(x), where A* = {y € X : (z,y) €
A}

Definition 2.34. Let I' and A be two finitely generated groups. An orbit subquotient coupling
from T to A is a triple (X,Y, u) where (Y, ) is a standard o-finite space equipped with a measure-
preserving A-action, X is a Borel subset of Y of measure 1 equipped with a free measure-preserving
I'-action and finally for almost every x € X we have that I' -z C A - z.

Every orbit subquotient coupling is a measure subquotient coupling as follows: given a subquotient
coupling (X,Y, ) from I" to A, our coupling space is 2 := Rp N (X x Y) equipped with the measure
induced by M, acted upon as follows: for every I' € T, every A € A and every (z,y) € Ra,

v (2,y) = (v-2,y) and A (z,y) = (z,A - y).

Note that the I'-action is measure-preserving as a direct consequence of the definition of M and of the
fact that its action on (X, u) is measure-preserving, while the A-action is also measure-preserving because
M is flip-invariant. Finally, the chosen A-fundamental domain is the diagonal: X5 = {(z,z): z € X},
and the fact that the I'-action is smooth follows from the fact that a Borel fundamental domain can be
obtained as the intersection with X x Y of a disjoint reunion of graphs of Borel choice functions for
the subequivalence relation (Rr U Ay) < Ra (see [IKTO09, Sec. 2.(A)]).

Note furthermore that (X, M) is naturally isomorphic to (X, ) via ¢ — (x,z), and that the
induced action on Xy is conjugate via the inverse of this map to the original action on (X, p).

Definition 2.35. An orbit subquotient coupling from I" to A is p-integrable when it is @-integrable as
a measure subquotient coupling.

Note that -integrability for an orbit subquotient coupling as above means that for all v € I", there

is ¢, > 0 such that
d .
[ o(ftera) o
X Cy
Remark 2.36. When ¢(z) = 2P for some p > 1, this means that I" is contained in the L? full group of
the A-action, as defined in [LM18].
Definition 2.37. Let (X,Y, ) be an orbit subquotient coupling from T' to A.
e If the A-action is also free, we say that (X,Y, i) is an orbit subgroup coupling of I with A.

e If X =Y and for almost every € X we have that I' -z = A - x, we say that (X,Y] ) is an orbit
quotient coupling, which we then simply write as (X, ).
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e Finally, (X, 1) is an orbit equivalence coupling of T" with A if it is both an orbit quotient and
an orbit subgroup coupling.

Remark 2.38. When (X,Y, ) is an orbit subquotient coupling from I" to A such that for almost
every x € X we have that I'- & = A - z, the set X is also A-invariant and so (X, ) is an orbit quotient
coupling.

We note that admitting an orbit equivalence coupling agrees with the definitions of orbit equivalence
between countable groups in the literature, and that every orbit equivalence (resp. quotient) coupling
is a measure equivalence (resp. quotient) coupling. Also, every orbit subgroup coupling is a measure
subgroup coupling. We can thus define (i, ¢)-integrable orbit equivalence/quotient couplings as well as
p-integrable subgroup couplings. Finally, we can also define strong ¢-integrability conditions for orbit
couplings.

It is well known that orbit equivalence couplings are exactly those of the form (Q, Xr, X, u) with
Xr = X := X of measure 1 and both induced actions on X are free. The freeness hypothesis is not a
restriction, as we will see now.

Proposition 2.39. Let (0, Xa,pu) be a measure subquotient coupling from T to A, let (Y,v) be a
standard probability space equipped with a free T-action. Then (2 x Y, XA x Y, u® A) is a measure
subquotient coupling from T' to A, where I' acts diagonally and A acts on the first coordinate. Moreover,
the induced T-action on Xx X Y is free, the coupling (2 X Y, Xa X Y, u® X) is p-integrable if and only
if (Q,Xa,p) was, and if Xr was a fundamental domain for T' ~ Q, then Xr XY is a fundamental
domain forT' ~ Q x Y.

Proof. It is clear that X, x Y is a fundamental domain for the A-action, and since the I'-action on
Q was free, if X1 was a fundamental domain for it, then Xt x Y is a fundamental domain for the
new diagonal action. Moreover, the induced I'-action on X, X Y is the diagonal action obtained from
its induced action on X, and its action on Y, in particular it is free. Finally, the statement about
p-integrability follows directly from the fact that for every y € Y and every w,w’ € Q, we have by
construction dg, ((w,y), (W, y)) = ds, (w,w’). O

Remark 2.40. Note that the above lemma can be applied to any countable group I': if I" is infinite,
one can take (Y, v) as a Bernoulli shift of I', and if I is finite, one can take Y = I' acted upon by left
translation, equipped with the normalized counting measure.

Proposition 2.41. Let ' and A be countable groups. If there is a (p, 1) measure equivalence (resp.
measure quotient) coupling from I' to A where the two fundamental domains coincide, then there is a
(p, ) orbit equivalence (resp. orbit quotient) coupling from T to A.

Proof. Let (Q, X1, Xx, 1) be a (¢, 1)-integrable measure equivalence coupling from T" to A, and denote
by X = Xr = X, the common fundamental domain. Up to rescaling the measure (which does not
impact the integrability conditions), we may as well assume that X has measure 1. Using the previous
remark, we can apply the above proposition twice and see that without loss of generality, we can also
assume that the induced I'- and A-actions on X are free. We denote them by -.

Now observe that for every v € I' and every x € X, we have v-x € A x v x x so there is A € A such
that v-2 = Axy*x2 = vx Axx. In particular A -z = v - z, so we conclude that I'- = C A -z. By
the symmetry, we also have A -z C T -z, so we conclude that (X, i) is an orbit equivalence coupling.
Finally, the map (y-x,2) — v *x is a I' x A-equivariant bijection from Rr = R to Q which takes
{(z,z): x € X} to X, and thus the (i, 1)-integrability of the orbit coupling (X, u) follows from that of

(92, Xr, XA, ).
The statement for orbit quotient couplings follows from the same argument, except we apply the
above proposition only once so as to make the induced I'-action free. O

Similar comparisons can be made for orbit subgroup and subquotient couplings. Observe that in
this situation there is no canonical choice for a I' fundamental domain X, but X, intersects every
I'-orbit at most once.
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Proposition 2.42. Let I' and A be two finitely generated groups. If there is a p-integrable measure
subquotient (resp. measure subgroup) coupling (2, Xa, p) from T' to A such that X intersects every
I-orbit at most once, then there is a @-integrable orbilt subquotient (resp. orbit subgroup) coupling from
I to A.

Proof. We first assume that (2, Xa, p) is a ¢-integrable measure subquotient coupling from I' to A
such that X, intersects every I'-orbit at most once. Up to scaling the measure and using Proposition
2.39, we may as well assume that p(X,) =1 and that the induced I'-action on X, is free.

By assumption the restriction of 7o/ to X, is injective, so we may as well view X, as a subset
of Q/T. Consider the induced A-action on Y := /I', the induced I'-action on X := X, C Y and
denote them by -. For every v € I and © € X, there is A € A such that v-x = A*xvyxx € Xj. Then
yx(Axx) € Xp,s0 -z =v*x(Axx) =7 -2 Thus, -2 C A-x, and (X,Y,u) is indeed an orbit
subquotient coupling.

We now check that the map Az +— (z, A z) from Q to Ry N X x Y is well-defined and bijective.
First, if A« x = X x 2’ for some z,2’ € X, and A\, ) € A, we have x = 2’ since X, is a fundamental
domain, and then by definition of the induced action we must have A-z = X -2’: our map is well-defined.
In order to show it is injective, assume that A-x = A" -z, then A™' )\ - 2 = 2, so there is v € T" such
that A™'N * 2 =y *x, so v -2 = z. By freeness of the induced I'-action, we deduce that v = er, and
so Axx = X x z as wanted. Finally, surjectivity is clear from the definition, and since this map is
I' x A-equivariant, we conclude that the orbit subquotient coupling that we obtained is y-integrable if
and only if our original coupling was.

For the orbit subgroup case we proceed as before, except we first make sure that both induced
actions are free by using Proposition 2.39 twice. O

Remark 2.43. The two previous propositions show that orbit couplings can be composed as in
Proposition 2.9. This is shown by combining Proposition 2.9 with Proposition 2.41 and Proposition 2.42.
The integrability of this composition coupling satisfies the same result as in Proposition 2.27 and
Proposition 2.30.

3 Revisiting Bowen’s monotonicity theorem of the volume growth

Following the original proof of Bowen in [Ausl6, Theorem B2], we can deduce a stronger conclusion.
Towards this, we recall the following lemma [Ausl6, Lemma B.11] by Bowen:

Lemma 3.1 (Bowen). Let I' be a finitely generated group. Let I' ~ (X, u) be an measure-preserving
action, and Xo C X a set with positive measure, and Rx,(x): = {g € I': g.x € Xo} its associated
return time set. Then, for every n € N we have

/ [ Bx,(x) N Br(er,n)|
Xo |Br(er;n)

du(z) = 2u(Xo) — p(X).

In what follows, we denote by Vi the growth function of a finitely generated group I', more precisely
the asymptotic equivalence class of the volume growth given by Vr(n) = |B(er,n)| with respect to
some (any) finite generating set and its associated word metric.

Theorem 3.2. Let ¢ be a positive, increasing, concave function such that p(0) =0 and let T' and A be
finitely generated groups. If T is an LP measured subquotient of A, then

Vr(n) < Ve~ (n)),

where p~! denotes the generalized inverse of .
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Proof. Let (Q, Xr, X, pt) be a coupling of I and A such that X, has finite measure, the I'-action is
free and such that for all s € Sp,

/ o(dsy (s % 2, 2)))du(x) < oo
XA

As p(Xy) is finite and T * X1 = Q we can take R > 0 and Xy = X, N Br(er, R) * Xr such that
1(Xo) = T5p(Xn).

Claim 3.3. Given A € A and = € X}, the cardinality of the set of g € Rx,(x) such that A(g*x) € X
is at most C' = |Br(er, R)|.

Proof of the claim. Let g and ¢’ be in that set. We deduce from the fact that ¢’g~! * (g - z) € X, and
the freeness of the I'-action that |g'g| < R. So we are done. Oelaim

We deduce from the triangular inequality and the properties of ¢ that there exists £ > 0 such that

/ ldsy (g % 7,2)))dp(x) < klgls,
Xu

for every g € G. Next fix n € N and define

X1 = XA5 Z w(dSA(g*x,x))) < 10H|BF(61—"”)|

o Brlonm) gl (Xa)

Note that
(&

U(Xl) < N(XA) @(dSA (g * xax)))d

1
< — 28 p(r) < —u(Xa)-
10| Br(ero)] Jx, 9l () < qgrEn)

10

g€Br(er,n)

Next for every x € Xp take I'y; = {g € Br(er,n): p(ds, (g * x,2))) < 60k|g|}. Note that if z € X,
then |Tz| > 2|Br(eq,n)|. Finally take X2 = X1 N Xo. Then p(X3) > $%5u(X4) and by Lemma 3.1 we
6

have that Ry, (2) 1 Br( )
x,(x) N Br(er,n

2 ! > 2u(Xs) — w(Xg) > —u(Xg).

[ e H(Xe) — (Xir) > Sp(Xi)

As T, C Br(er,n) we have that

/Isz(x)ﬂFx\du(xD/ (|Rx,(z) N Br(er,n)| + |Tx| — |Br(er,n)|)du(z)
Xo X2

> S pX) Br(er,m)] + 21Br(er, m) u(Xa) — [ Br(er, m) u(X2)

6 5
Z 1M Xa)Br(er, n) + 151 Br(er, n)|u(Xa) = [Br(er, n)|u(Xa)

1
> 10 (Xa)|Br(er,n)|.

On the other hand

/ Ry, (2) N T |dp(z) < / {9 € Ry, (2): plds, (g% 7,2))) < 60mn}|du(z)
Xo Xo

< 3 / {g € Ry (2): Mg * 2) € Xa} ().
AEBA (en,p~1(60kn)) X2

Since Xo C Xg, we deduce from Claim 3.3 that

RO Brer,m)] < [Ba (ea, 07 (60km) | Opu(Xa)

which concludes the proof of the theorem. O
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Corollary 3.4. Assume that two groups I' and A have polynomial growth with respective growth
exponents m and n satisfying m > n. Then T is not an LP measured subquotient of A if p > n/m.

4 Monotonicity of the isoperimetric profile

In this section we state and prove a general monotonicity result satisfied by the isoperimetric profile.
We obtain two different conclusions depending on whether the coupling is L? for some p > 1, or if it is
p-integrable for a sublinear function ¢. However the first statement for p = 1 and the second one for
(t) = t have the same content.

Theorem 4.1. Let p > 1, and assume that we are in one of the following situations.
(i) T is an LP measure quotient of A;
(i) T is a at most m-to-one LP measure subquotient of A.

Then
IpF ﬁ,L%A.

Theorem 4.2. Let ¢ : (0,00) = (0,00) be a function such that ¢ and t — t/p(t) are non-decreasing.
Assume that we are in one of the following situations.

(i) T is a p-integrable measure quotient of A;

(i) T is an at most m-to-one p-integrable measure subquotient of A

Then
L= 1
I~
YT (/T
Corollary 4.3. Ifp <1 and T is an L' orbit subgroup of A, orp > 1 and T is an LP orbit subquotient
of A, then I,r < Ipa. O

We illustrate this by the following corollary.

Corollary 4.4. Assume that T and A have polynomial growth of growth exponents m and n respectively,
with m > n, and let F' and K be non-trivial finite groups.

e then T' is not an LP measured quotient (nor an finite-to-one LP measured subquotient) of A if
p>n/m.

e T is not an LP measured quotient (nor an finite-to-one LP measured subquotient) of FV A if
p>1—1/n+1/m.

Remark 4.5. The first item is slightly weaker than the conclusion of Corollary 3.4 obtained by
comparing the volume growths (as the latter does not require the finite-to-one assumption).

4.1 TI'-gradients on ['-spaces

It will be convenient to define a notion of gradient on functions defined on measure spaces equipped
with a measure-preserving group action.

Definition 4.6. Let I' be a finitely generated group equipped with a finite symmetric generating set
Sr. Given any standard measured T'-space (€2, ;1) and any function f € LP(Q, ), define the L? norm of
its Sp-gradient by the formula

IVsefllb=> " IIf = sxfIL,

SEST
where s * f(z) = f(s™! x ).
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Remark 4.7. Note that by the linearity of the integral and the symmetry of S, we have
Vsl = [ 3 17(6) = f(s w0 due)
SEST

There are two natural ways to view I" as a I'-space (action by left or right multiplication), so we
define the LP-norm of the left Sp-gradient f on I' by

IV flly =2 > 1F) e IPICIEFICaill
s€Sr yel' seSr yel
and the LP-norm of the right Sp-gradient f on I' by
Vs flo =" D 1) = fes)P = > > |f () = flas™h]"
seSt yel seSr yel

The following lemma shows how the right-gradient can be used to control what happens when we
push forward functions on I' to a I'-space using different basepoints. It is reminiscent of the fact that
right Reiter functions on a group I' can be pushed to Reiter functions on any equivalence relation
induced by a I'-action (see e.g. [KM04, Prop. 9.2]).

Lemma 4.8. Let X be a transitive I'-set and let xo € X. Let p > 1. The map RY — RX which
associates to every f € RU the function f., given by

1/p
faco(y) = < Z |f(g>|p>

Yy To=y

satisfies HfroHp = ||pr Moreover, if St is a finite generating set for T' and if f € ¢P(T") then for all
kel,and 1 =k - zg,

||fwo - fm” < dsr(‘rO’ml) va'Fpr (5)

Proof. Now assume that p > 1. The verification that [|f[|, = [ f[[, is immediate. To obtain the
inequality (5), note that for each s € Sr and zp € X, we have by the triangle difference inequality

1/p 1/p|P
| fro = Fomolll =D ( > |f(v>|P> —( > |f(v>|P>

yeX | \V:v-To=y ViYSTo=Y

_y ( > |f(7)|p>1/p< > If(vsl)l”>1/pp

yeX YV ZTo=Y Y To=Y

<> Y fes™HP

yeX vy To=y

<) = FsHIP

~yel

so by the definition of the gradient we have || fz, — fs.zoll, < [[Vsp fll,- The conclusion now follows
using the triangle inequality for the LP-norm and the fact that I" is acting by isometries on /(X). O

We now state a variant of that lemma that will serve in the proof of Theorem 4.2.

Lemma 4.9. Let ¢ : (0,00) — (0,00) be a function such that both ¢ and t — t/p(t) are non-decreasing.
Given a transitive T-set X and a point o € X, the map RY — RX which associates to every f € RT
the function f, given by

Faly) = Y 1F()]

Yy T=y
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satisfies || fuoll; = I flly. Moreover, if St a a finite generating set for I', if zg,x1 € X and if f is a
finitely supported function on I" such that HVng1 =1, then
Hfro - fI1||1 < 2(,0(d5r($0,1‘1))
114 e(ll£1)

Proof. The main observation is that by triangular inequality

(6)

Fao = ferlly < 2ma [ £ = 21111,
Using the monotonicity of ¢/¢(t) we obtain
Hfro_fm”l 2”le
[fzo = fuully = ol foo = fuull)—rir—F 115 < Ul fao — farllh) =i
oo © T o fao = faully) © T eI f1l)
Now, since ||V f||; =1, by applying Lemma 4.8 for p = 1 and using the monotonicity of ¢ we get
Ifzo  Faully < 20(dsy (o, e1)
e(llf11)
So the lemma follows. O

4.2 The induction technique

In this section, we shall prove that if p > 1 and T is an LP measure subquotient of A, then every (P
function on A induces a function on Q whose Sp-gradient is well behaved (and a similar statement for
 measure subquotient). To deal with subquotients, we need a non-free analogue of the fact that if A is
acting freely on Q and X, is a fundamental domain, the map (z,A) — A x = is a measure-preserving
bijection between X, x A and Q.

Lemma 4.10. Suppose X, is a fundamental domain for a measure-preserving A-action on a standard
measured space (2, ). Then for every Borel A C Q, we have

u(A) = /X (A 2) N A du(z).

In particular, for every measurable function f: Q1 — R, we have
/ fdp = / > fy) du().
Q2 X yEA*x

Proof. Since every subset of €2 can be written as a disjoint union of A-translates of Borel subsets of Xy,
it suffices to show that the right term defines a Borel measure on {2 which is A-invariant and coincides
with p when restricted to Xs. The fact that the formula

m(A)z/X [(Axx)N Al dp(z).

defines a Borel measure follows from the fact that the map x — |[(A * z) N A| is Borel. A-invariance is
clear, and the fact that the two measures coincide when restricted on X, is also straightforward to
check. 0

Proposition 4.11. (Monotonicity of the ¢P-gradient under LP measured subquotient) Let p > 1. If T’
is an LP measure subquotient of A via a coupling (0, Xr, Xa, ), and if f € (P(A), then the induced

function | on Q defined by F(w) = (Syr 1uwex, [FON)7 satisfies || FIE = 7115 u(Xa) and

|vs.7] < v, sl

where C' = | S| max/ ds, (s-x,s*x)Pdu(z).
S

€Sr X
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Proof. As in the previous lemma, we think of € as a fibered space over X whose fibers are A-orbits.
We may then view f as a function of two variables F'(z,y) where z € X and y € A x x given by

Flz,y)= Y V.
At Axxr=y
For each s € Sp, the function ™! % f : w f(s * w) then corresponds to the function
(z,y) = F(s-z,s*y),

by the definitions of our identifications. Now note that s induces an A-equivariant bijection between
h*x and h * (s * x) which takes = to s x x, the latter being at distance dg, (s-x, s *x x) from s-x € Xj,
so by Lemma 4.8(i) and our definition of F' we have

|F(s-xz,s%-)— F(x, )Hg <ds,(s-xz,s*x) vaeri

We can now use Lemma 4.10 to compute for all s € Sp

p:/XA Y [F(x,y) = F(s-a,s %)l

yeEN-z

</X dsy (s w5+ 2) |V f|!

s

1P
The desired inequality now follows by the definition of HVSF f ‘ and the symmetry of Sp. O
P

Proposition 4.12. (Monotonicity of the {*-gradient under ¢ measured subquotient) Let o : (0,00) —
(0,00) be a function such that ¢ and t/p(t) are non-decreasing. If T is an ¢ measure subquotient of A
via a coupling (0, Xr, Xa, p), and if f is a finitely supported function on A such that HVgAfH1 =1,

then the induced function f on Q defined by f(w) = Y nih-1swex, f (1) satisfies

||Vs~rf||1< 2C
Ifl  ellfly)’

|Sr| /
where C' = max ds,(s-x,s*xx))dp(zx).
Lo e [ el ))dn(z)

Proof. We view f as a function of two variables F(z,y) where € X and y € A *x x given by

Fla,y)= Y /O]
A dxx=y
The proof is then similar to the previous case: using Lemma 4.9, we obtain
[E(s- x5 %) = F(z,)|1 _ 2¢p(dsy(s -z, 5% 7))
/114 e(llf11) ’

which together with Lemma 4.10 and the fact that || f|j1 = u(X4) || f||, yields the desired inequality. [

Remark 4.13. Using Fubini’s theorem and the natural identification of Xr x I' with Q given by

(z,9) — g * x, we may rewrite Hvsrf ’Z as
[vse ][ :/ S S |fGee) - fsy x| duta)
P Xr seSpyer
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Now for each # € Xr, the function f defines a function f* on I' given by fEv) = f(’y x x), and the
previous equality may thus be rewritten as

9l = [ 195 s o

So the conclusion of the two previous propositions is that under the right assumption, any function
f on A of small right ¢P-gradient induces functions f* on I' which have on average a small left ¢?
gradient. From there on, as we will see in the next section, it is not hard to conclude the proof that the
isoperimetric profile goes down for p > 1 under the assumption that the coupling is finite-to-one.

But without the finite-to-one assumption, we lose the uniform control on the size of the support.
We will circumvent this by simultaneously controlling the size of the support of f* and bounding its
norm from below on a large portion of the fundamental domain of I'. This will be done in Section 4.4.

A similar comment holds for p < 1 except that the behavior under quotient (even group quotient)
of the LP-isoperimetric profile is unclear. Besides, we need an Ll-integrability condition to induce it
(see Proposition 4.2).

4.3 Monotonicity under at most m-to-one measure subquotients

In this section we shall prove the second items of Theorem 4.1 and Theorem 4.2.
The common feature between these statements is that the coupling is supposed to be at most
m-to-one. This has the following consequence.

Lemma 4.14. Let (Q, X1, Xa, i) be an at most m-to-one measure subquotient coupling between T and
A. Let f be a function on A whose support has cardinality at most K, and let (f*)zex, be the family

of functions on I' defined by
1/p

fr) = >ooorwr)
Ak (yxaz) EX A
for some p > 0. Then for each x € Xr, the function f* has support of cardinality at most mK.
Proof. Let x € X1, let A\g € A such that A\g x x € X. By definition for every v € I and A € A we have

Ak (y*x) € X if and only if A (y*x) = v+ (Ao * ), which since the T and A-actions on 2 commute
is in turn equivalent to A x & =y~ 1 % (- (Ag * z)). So we have

() = > F(h)-
Adkz=7y~Lx(y-(Ao*x))

The conclusion now follows from our assumption that the map v + v~ % (7 - (Mg x x)) is at most
m-to-one. O

Proof of Theorem 4.1(ii). We start with a function f that realize the LP-isoperimetric profile of A, and
we consider the function f on € defined in Proposition 4.2. By Proposition 4.2, there exists C’ only
depending on the coupling such that

19seFl _ 1V 71,

i I1£11;
This implies that on a set of positive measure, the function f* on I' satisfies
rooe||P
19 715 _ o V5T,
[ I£1I;
On the other hand, by Lemma 4.14, the support of f* is almost surely less than m|supp(f)|. Hence we
deduce that I, p(mn) < 2C"I, x(n), so we are done. O
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Proof of Theorem 4.2(ii). As before we start with a function f that realize the Ll—isgperimetric profile
of A. We then normalize f such that ||VgAf||1 = 1 and consider the function f on  defined in
Proposition 4.2. We deduce from Proposition 4.2 that

||Vs~rf||1< c’
Ifl  ellfly)’

and the rest of the proof is identical. O

4.4 Monotonicity under measure quotients

In this section we prove the first items of Theorem 4.1 and Theorem 4.2. We start by fixing a symmetric
generating subset W of A so that Z := W.X, N Xr has measure at least 3/4.

We are then given a function f; which realizes the isoperimetric profile of A which we first change
as follows. We define a function fo on A by fa(h) = max,ew |f1(wh)|. The important fact is that fo
“almost” realizes the isoperimetric profile of A: the support of f5 has size at most |W| times the support

of f1, [f2llp = [l f1llp, and

IVl < KV AD, (7)
where K = |[W|?(2max,ew |w|s, + 1)?. Indeed,
IVl < > [F1(sw'A) = fr(wA)[”

w,w EW,NEAN,SESA

= > | fi(w ™ sw'A) = fL(V)[?

w,w EW,NEAN,SESA

< Y (s, F s, F 1P Y AN — AP
w,w' €W AEA,s’ESp
< WPEmaxlwls, + 17 S AN - AP,
weW
AEA,s'€Sp

1

where the third inequality follows by triangular inequality, after writing w™!sw’ as a word in Sy.

For all p > 0, we set
1/p
Fy(w) = < Z f2()\)p> .
AhxweE XA
As in the previous section, this provides a random function f, (x,-) on T for x € X1 given by
1/p

fo(w,7) = Fa(y+x) = > RO

A \kykz € X A

If the A-action is assumed to be free, then

Bw) = Y f\.

A AxweXp

Therefore, under the assumption that p > 1 (item (i)) or that the A action is free (item (iii)), Proposition
4.2 implies that we find V and V' of X1 of measure 9/10, such that for all z € V|

|Vs: ol )HZ <10C |V, foll?,

and for all z € V' .
| supp(fa(z, )| < 10p(Xa)| supp(f2)]-
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For the proof of Theorem 4.2, we normalize f5 such that ||Vg. f2||; = 1. Using Proposition 4.2 instead
of Proposition 4.2, we find V and V' of X1 of measure 9/10, such that for all x € V|

Hvsrfz(%')ul __1oc
[1f2]ly S el

and for all z € V' }
| supp(fa(z,-)| < 10u(Xa)| supp(f2)]-

We now need to find a subset of large measure on which the £-norm of fo(z,-) satisfies a uniform
lower bound. This is where we use that W is a symmetric generating subset so that Z := W %« X, N Xp
has measure at least 3/4. Items (i) of Theorem 4.1 and Theorem 4.2 result from the following lemma,
whose proof occupies the rest of the section.

Lemma 4.15. There exists a measurable subset Y C Xr of measure > 1/2 such that for ally €Y,

> A > gl

yel’

Proof. We start with the following observation.

Claim 4.16. For all z € X1 and A € A such that A-z € Z, there is v € I" such that Axy*xx € W X,.

Proof of the claim. This follows by inspection of the definitions: A -x € Z means that there exists
v € I such that A x vy xx € Z, and therefore that Axyxx € W x X,. Uelaim

We now have the following crude inequality from the claim, which we then rewrite by exchanging
orders of summation:

Z |f1()\)|p<2 Z FFIeN

AX\ze”Z A yihxgxreW X

<Z Z |FL (V[P

Y AARyxx €W X

We can rewrite the above sum as

2.2 2 lar=33 X [AwThf

v weW AiwAxyxreX) v weW A:dsxyxx€Xp

< Z Z Z J2a(A)P

¥ weW XidxyxreXp

~ p
<

where we used that fa(\) = maxyew |fi(wA)| to go from the first to the second line. Putting this
together with the previous inequation, we obtain that

)

> AP < wi| Ao

M\z€Z

which we finally rewrite as

>|hen > w3 nor. )

~eT MA-z€Z
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On the other hand, we have

> 1 d
/szﬂm (@) > /X”ezim )P Lyr.z(@)du(e)
> AP —1.7(x)du(z
> AGZ%W ) /Xru 2(@)du(z)
= Al w2)
> SIAlk.

We will now use this towards the following claim from which the result easily follows.

Claim 4.17. There is a subset Y C X1 of measure at least 1/2 such that for all z € Y,
p 1 p
Z |fi(NP > 1 I f1ll5 -
AAx€Z
Proof. Indeed, assume by contradiction that
> AP < {IAR
1 7 Il
ANAzxeZ
for all z in a set V' C Xr of measure > 1/2. Then by the inequation just before this claim, we have

2lalk < / > AW dute)+ [ S 1AW duta)

A zEZ A\zeZ
< 1 ||f1||§ T3 ||f1||§
3

< TRl

which is a contradiction. O
Putting the above claim together with inequation (8) we deduce that for all x € Y,
~ P 1 »

Slhe@n 2 o S AN > e 1AL
y€eT W] AA-a€Z | |

as wanted. O

4.5 A quantitative version of the Ornstein-Weiss theorem

In this section, we first observe that any two amenable groups admit a (g, ¢)-integrable orbit equivalence
coupling for some ¢ which grows slower than the logarithm, and then that there cannot be a universal
such ¢, thus proving Corollary 2 from the introduction.

Proposition 4.18. For every orbit equivalence coupling between two finitely generated groups I' and
A, there exists a concave increasing unbounded function ¢ with p(0) =0 and a (@, ) orbit equivalence
coupling between them. Moreover one can assume that ¢(t)/logt is non-increasing on [1,00).
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Proof. Let

Et)=pu ({x € X; max|a(s,z)|s, = t}) +u <{x € X; max|5(s,z)|sp = t}) .
seSr s€ESA

Since k tends to zero at infinity, there exists an increasing sequence of positive integers (a,) such that
ap =0, and k(a,) < 27™. Up to taking a subsequence, that we can assume that a,41 — a, and log%
are non-decreasing. Let ¢ be the continuous piecewise linear function with breakpoints a,, satisfying
©(an,) = n. Note that ¢ is increasing, concave and such that ¢(t)/logt is non-increasing on [1,00).
Moreover we have for all s € Sr,

[elats.olsydute) < 3 elan (o € Xs lals o)ls, > a.})

n=0

< Z nk(an)

n=0

< ZQ*"n < 00,

n=0

The same computation shows that for all s € Sy,

/ (18(s, 7)) () < oo.

So we are done. O
We deduce the following quantitative version of Ornstein and Weiss’s theorem.

Corollary 4.19. Let T" and A be infinite finitely generated amenable groups. There exists a concave
increasing unbounded function ¢ with ©(0) =0 and ¢(t)/logt non-increasing on [1,00) such that there
is a (p, @) orbit equivalence coupling between them.

Recall the following theorem from [BZ15].

Theorem 4.20. Let F be a decreasing function such that F(t)logt is non-decreasing on [1,00). Then
there exists o finitely generated group I' whose isoperimetric profile satisfies I; p < F'.

We deduce the following corollary, which is in sharp contrast with the previous corollary.

Corollary 4.21. For every concave increasing unbounded function v such that ¢ (t)/logt is non-
increasing on [1,00) there exists a finitely generated amenable group T' with the following property: for
every concave function ¢ such that ©(0) = 0, if T' is a @-integrable measure subquotient of Z, then

e =Y.

Proof. Consider the function F(t) = ﬁ, then F(t)logt = log(t)/¥(t), so it is non-decreasing on
[1,+00). We can then apply Theorem 4.20 and find a finitely generated group I" whose isoperimetric
profile satisfies I; r < F..

Now let ¢ be a concave non-decreasing function such that ¢(0) = 0, then by concavity we have that
t/o(t) is non-decreasing. If there is a y-integrable measure subquotient coupling from T to Z, then we
can apply Theorem 4.2, and since I; z(n) < 1/n and I p < i we get that i < %, hence ¢ < 1) as
wanted. U

It is now easy to deduce Corollary 2 from Corollary 4.21 using the composition rule for couplings
(see Proposition 2.27).
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5 L°°-measure subgroups

In this section we discuss the notion of at most m-to-one L*°-measure subgroups. We shall see that for
amenable groups this notion is equivalent to that of regular embedding, which will allow us to deduce
various results stated in the introduction.

5.1 L*-measure subgroups and regular embeddings

The following proposition can be extracted from the proof of [Sha04, Thm. 2.1.2], and provides a useful
way of building measured subgroup couplings from Borel subquotient couplings.

Proposition 5.1. Let Q be a standard Borel space, suppose that we have a I' X A-action on Q which
has a Borel A fundamental domain X, that A is acting freely and that we have a I'-invariant probability
measure (i for the induced action on Xy. Then p has a unique A-invariant extension to a o-finite
invariant measure m on § which is T'-invariant as well.

In particular, if the I'-action on Q was free and had a Borel fundamental domain, then T is a
measure subgroup of A.

Proof. Since every Borel subset of €2 is a countable disjoint union of A-translates of Borel subsets of
Xp, the A-invariant extension of p is unique. We build it by letting

m(A) =" u((Ax A) N Xy).
AEA

By definition, the measure m is A-invariant, let us show that it is I-invariant as well. Let v € T', if A is
a Borel subset of X, by the definition of the induced action on X, we have

v-A= |_|()\*’Y*A)QXA
AEA

and so m(y* A) = u(y- A) = u(4A) = m(A). Now for an arbitrary A € A and a Borel subset A C Xj,
we have
m(yx(AxA) =mAx(yxA) =m(yxA) =m(A) =m(Ax A),

and since every Borel subset of €2 is a countable disjoint union of A-translates of Borel subsets of X},
we conclude that the I'-action on ) preserves m. O

Recall the following definition from [BST12].

Definition 5.2. Let I" and A be two countable finitely generated groups, a map f : ' — A is a regular
embedding if it is Lipschitz and there exists m € N such that the preimages of f have size at most m
for some m € N. When there exists such a map, we say that I' regularly embeds in A.

Remark 5.3. Coarse embeddings are special cases of regular embeddings.

The second part of the following theorem is a slightly generalized version of [Sha04, Thm. 2.1.2]
(which was proved for coarse embeddings).

Theorem 5.4. Let T and A be finitely generated groups.
o Assume that T is an L°°-subgroup of A. Then I" reqularly embeds into A.

e Conversely, if I' regularly embeds into A and I' is amenable, then T' is an at most m-to-one L™
measure subgroup of A.

We deduce from the first statement of Theorem 5.4 and the fact that asymptotic dimension is
monotonous under regular embedding (see [BST12]) the following corollary.
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Corollary 5.5. The asymptotic dimension is monotonous under taking at most m-to-one L°° measure
subgroup. [

And from the second part of the theorem, we deduce the following result that we announced in the
introduction.

Corollary 5.6. For every 1 < p < oo, the isoperimetric profile is monotonous under reqular embedding
between amenable groups.

Proof. Let T and A be finitely generated amenable groups. By the previous theorem, the existence of a
regular embedding from I" to A implies that of an at most m-to-one > measure subgroup coupling
from I to A. Such a coupling is in particular L', so the result follows from the second item in Theorem
4.1. O

The rest of this subsection is dedicated to the proof of the theorem.

Proof of Theorem 5.4. The first statement is clear as the assumptions imply the cocycle is almost surely
Lipschitz and at most m-to-one. We now prove the second statement of the theorem. We fix K such
that there is an m-to one K-Lipschitz maps I' — A. We then let F' be a finite set of cardinality m, and
denote by mp : A X F — A the projection on the first coordinate. Our coupling space is

Q:={f:T = AxF: fisinjective and w o f is K-Lipschitz}

Note that since F' has cardinality m, every at most m-to-one map I' — A can be lifted to an
injective map I' = A X F', so € is not empty. The Lipschitz condition and the fact that balls in A
are finite ensures that Q is locally compact for the product topology. As before we have a I' x A-
action given by (v,)) - f(g) = Mf(v"!g), and a compact fundamental for the A-action is given by
Xa={feQ:m(f(1r)) = 1p}. We also have a Borel fundamental domain for the I'-action obtained
as follows: we fix a well-order < on A, and then the set of functions f which attain their <-minimum
at 1 is the desired Borel fundamental domain.

The cocycle ¢ : T' x Xy — A is given by c(v, f) = ma(f(y~1)) ™!, and the injectivity condition yields
that T acts freely. Finally for each v € T, the Lipschitz condition implies that (v, -) is bounded, and
since I' is amenable we may find a I'-invariant measure on X, which we extend via Proposition 5.1 in
order to get the desired L>° measure subgroup coupling. O

5.2 A continuum of 3-solvable groups

In this section we prove the following result, announced in the introduction.

Theorem 5.7. There exists a uncountable family of groups I';, such that
(i) T; = N; X Z, where N; is locally finite, and 2-step nilpotent;

(i) for any i # j and any m = 1, T; is not an at most m-to-one Ll-measure subquotient (nor an
L!-measure quotient) of T';.

Note that (i) implies in that I'; is 3-step solvable and has asymptotic dimension 1. We deduce the
result announced in the introduction.

Corollary 5.8. There exists a uncountable family of groups I';, such that
(i) T; = N; X Z, where N; is locally finite, and 2-step nilpotent;

(i1) for any i # j and any m > 1, T'; does not regularly embed into T';.
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Proof of Theorem 5.7. To prove the theorem, we shall use [EZ17, Corollary 3.3] which is phrased in
terms of Fglner function. Since the Fglner function is asymptotically equivalent to the generalized
inverse of the L!-isoperimetric profile (see for instance [BZ15, §4.1]), Corollary 5.6 implies that it is
monotonous under regular embedding.

Now by [EZ17, Corollary 3.3], for any non-decreasing function 7 : [1,00) — [1,00) such that
7(n+1)—7(n) < nand 7(n) > n, there exists a group as in (i) whose Fglner function is asymptotically
equivalent to exp(7(n)). Let us now explain how to get uncountably many asymptotically incomparable
such functions.

Claim 5.9. For every 1 < a < b < 2, there is a non-decreasing function 7, : N = N such that for all
n € N we have
Tap(n) 2 n and 7op(n+1) — 1 p(n) < n, (*)

and the following three conditions are met:

(1) for all but finitely many n € N we have n® < 7, 5(n) < n’;

(2) there are infinitely many n € N such that 7, (n) = n?;
(3) the set of n € N such that 7, ,(n) = n® contains arbitrarily large intervals.

Moreover, for every 1 < a’ < a < b < < 2, the functions exp(7,,) and exp(7,/ ) are asymptotically
incomparable.

Proof of the claim. Let us start by proving the existence of 7,5 as above for 1 < a < b < 2. First, we
fix N € N such that for all n > N, we have (n +1)® —n® < n, so in particular (n +1)¢ —n® < n. Since
b < 2, we may and do fix Ny > N such that

No—1

ZH>N3'

n=0

We then define 7, by induction on the interval [0, No] by 7,5(0) = 0 and for all n < Ny,
Tab(n + 1) = min(r, 4(n) + n, Ng).

Observe that by the previous inequation 7,;,(No) = N&.

Suppose now by induction 7,; has been defined on an interval [0, Ni], satisfies (*) and satisfies
Tap(NE) = N,Ij, then it suffices to explain how to extend its definition to a bigger interval [0, Ng41] so
that it still satisfies (*) and

(1°) for all n € (Ng, Ni1+1] we have n® < 7, 5(n) < nb;
(2)) Tap(Net1) = N
(37) there is an interval Ij, of size k such that for all n € I, 74(n) = n®.

In order to do so, let M}, be the first integer such that (My)* > N,S. We then let 7,5(n) = N,i) for all
n € (Nk, My), and then for all n € [My, My, + k| we let 7, ,(n) = n®, which takes care of condition (2’).
Then, since b < 2, we may and do define Ni11 as the least integer such that

Nk+171

Tap(Ne+E)+ > n>Npy,.

We now define by induction on n € [Ny, + k, Ni1+1)

Tap(n + 1) = min(n + 74 5(n), nb),
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which by the previous inequation guarantees that 7, ,(Ngy1) = NP 41, 50 (37) is satisfied. Finally, since
for all n > Ni, we have (n + 1)® — n® < n, an inspection of the definition shows that condition (*) is
still satisfied, and (1’) is clearly satisfied. This finishes the construction of the desired 7, .

We now prove the incomparability statement. First note that we cannot have exp(7,/ ) asymptoti-
cally bounded by exp(7, ) since we have 7,/ (n) = n®" for infinitely many n € N but 7, 5(n) < n® for
all but finitely many n € N and b < ¥'.

Conversely, suppose that there is C' € N such that for all n € N, we have exp(7r,(n)) <
Cexp(7y pr(Cn)). Note that the set {Cn : n € N} has to intersect infinitely many times any set
which contains arbitrarily large intervals. Since 7,/ satisfies condition (3) we thus find infinitely may
n € N such that 7,/ (Cn) = (Cn)*. On the other hand for all but finitely many n € N we have
Tab(n) = n®. We conclude that there are infinitely many n € N such that

exp(n) < Cexp((Cn)™),
a contradiction. Oclaim

We now fix for every 1 < a < b a function 7,4 as above. Then it satisfies the assumption of [EZ17,
Corollary 3.3], so there is a group Iy, satisfying (i) whose Folner function is asymptotically equivalent
to exp(7y.p)-

Now, as explained right before the previous claim, the Fglner function is monotonous under coarse
embeddings. So by the claim for all 1 < ¢’ < a < b < b < 2, the groups 'y, and 'y are not
coarsely embeddable one another. Therefore the family (I'1yc 2 )o<c<1/2 is the uncountable family we
seeked. O

6 Fglner tilings

6.1 Fglner tiling sequences and orbit equivalence

Definition 6.1. Let I" be an amenable group, given a sequence (F}) of finite subsets of I', we say that
(Fy) is a (left) Fglner tiling sequence if when we define by induction the sequence of finite subsets
(Tx) (the associated sequence of tiles) by Ty = Fy and Tgy1 = T Fi+1, then

(i) we actually can write this as a disjoint union;

Tet1 = |_| Tx;

YEFk+1

(ii) (T%) is a left Fglner sequence: for all vy € ', lim
k—+o0 |Fk|
If in addition there exists a decreasing sequence of finite index subgroups 'y such that the Fj’s are
left coset representatives of I'y,_1 modulo I'y, then we call (Fy) a profinite Fglner tiling sequence
associated to (I'y).

Remark 6.2. In some examples it will be more convenient to consider right Fglner tiling sequences
(F}), i.e. sequences such that (F, ') is a left Fglner tiling sequence. Equivalently, these are right Folner
sequences (F) such that if we define Ty, = Fy, - - - Fy then every element of T} can uniquely be written
as fi--- fo where each f; belongs to F;. Nevertheless, every Fglner tiling sequence will be a left Fglner

tiling sequence unless specified otherwise.

To every Fglner tiling sequence (F}), we associate a measure-preserving I'-action constructed as
follows. We consider the standard Borel probability space (X = [[, F, i), where each factor is equipped
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with the normalized counting measure, and g is the product measure. Each element x = (xj)gen of X
defines a sequence (gi(z))ren of elements of I' given by

gk(x):l'O"'l'kETk

Observe that by condition (i), each g is an equidistributed random element of Tj. Since (T}) is a
left Fglner sequence, we deduce that for every v € I' and almost every = € X, there is n such that
Ygn(x) € T),. We can then write uniquely g, (z) = - - - 2], where 2} € F;, and we then define

v (Th)ren = (1‘63 ey Ty T 1y Tyyg 2, oen)

Observe that this does not depend on the choice of n because we have yg,+1(x) = vgn(T)Tn+1 € Thta.
It is then not hard to check that this defines a measure-preserving free action on (a full measure subset
of) X.

Up to measure zero, this group action induces the equivalence relation of equality up to a finite set of
indices, also called the cofinite equivalence relation E..¢. Indeed, we have just seen that for almost
every z € X and all v € T',  and 7 - z are equal up to a finite set of indices. Conversely, if z and z’ are
such that z; = 2} for all j > k + 1, the element v = gi.(x)gx(2') "' € G satisfies vgr(z) = gr(z') € Ty,
and hence v -z = z'.

For instance, if ' = Z, F}, = {0,2*}, the tiles are T}, = {0, ...,2¥"1 — 1} and for this example we get
the usual odometer, up to renaming each Fj as {0,1}. More generally, when the tiles T}, are left coset
representatives for finite index subgroups I'y of I', and if Fj, C I'y_1, then we get the profinite action
I' ~ projlimI'/T';,. We deduce from this discussion the following proposition.

Proposition 6.3. Assume that (Fy) is a Folner tiling sequence for T. Then T has a measure-preserving
action on the infinite product probability space (X =[], Fi,p), which almost surely generates the
co-finite equivalence relation on this product. Moreover if (Fy) is a profinite Folner tiling sequence
associated to (T'y), then this action is isomorphic to the profinite action of T' on yLnI‘/I‘k.

Consider the following (possibly infinite) measurable distance on X given by
p(z,2") = inf{n € N: Vk > n,z), = 3.}

Observe that = and 2’ are equal up to a finite set of indices if and only if p(z,z’) < +oo. Also, by the
definition of our action, for every v € T" and almost every « € X we have that p(y - x,2) > k if and
only if ygr(z) € Tk. In particular,

T\ ' TR Tk A Ty

p{z, ply-z,z) > k}) = Tl = Tom 9)

In order to obtain quantitative statements, we introduce the following parameters.

Definition 6.4. Let () be a sequence of strictly positive numbers tending to 0, and (Ry) be a sequence
of positive reals. Say that a Fglner tiling sequence (Fy) of a finitely generated group I' equipped with a
finite generating set St is an (gx, Ri)-Folner tiling sequence when each tile T}, has dg.-diameter at
most Ry and every s € St satisfies |Tj \ sTk| < ex|Tk| (or equivalently |sTy \ Tk| < ek |Tk]).

Lemma 6.5. Let (Fy) be (ex, Ry)-Folner tiling sequence of a finitely generated group T' equipped with
a finite generating set Sp. Then

(i) for all s € Sr, we have for all k > 0 that p({x € X: p(s-x,2) > k}) < eg;

(i) for almost every x € X, if |y|s. > 2Ry, then p(vy - x,x) > k.
Proof. The first item follows from equation (9), and the second item by its first part since if |y|s. > 2Ry,
then vT, N Ty, = 0 as diam(T}) < Ry. O
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Observe that if two amenable groups I and IV admit respective Folner tiling sequences (F}) and (F})
such that |Fj| = |F}|, then there is a natural measure-preserving bijection ¥ between the corresponding
product spaces (X, ) and (X', /) that preserves the cofinite equivalence relation, and Proposition 6.3
now provides us with an explicit orbit equivalence between them. In what follows, we identify X and
X’ via ¥. The following proposition relates the parameters of the Fglner tiling sequences with the
integrability of the cocycles.

Proposition 6.6. Suppose that (Fy) is an (ei, Ri) Folner tiling sequences for I' and (F},) is an (g}, R},)
Fylner tiling sequence for T7. Then for all s € Sr and all k > 0,

1 ({x € X:ds, (2,5 1) > QR;}) < &g

In particular, the groups are orbit equivalent, and if ¢ : [0,00) — [0,00) is a non-decreasing function
such that the sequence (p(2R},)(exk—1 — €k))ken s summable, then for all s € Sy

/ p(dsy, (x5 - x))dp(r) < oo.
X

Proof. The first part follows from Lemma 6.5 as |Fj| = |F{| for all £ € N and
p({reX:ids,(x,s 2)>2R.}) < p({z e X:p(s-z,x) > k}) < e

The second part follows by noting that for s € Sp we have that

[ (s s a)dute) < o2Re) + 3 pl2Ri ({o € X2 2Riy < ds (2.5-0) < 2RL})
k=1

< @(Ry) + Y (2R (ex—1 — ex),
k=1

which is finite by assumption. O

6.2 Applications to groups with polynomial growth
We start applying Proposition 6.6 to torsion-free abelian groups.

Proposition 6.7. Let n be a positive integer. The group Z™ (equipped with its standard generating set)
admits a profinite (e, Ry )-Folner tiling sequence (Fy), with |Fy| = 2", Ry = n28! and g, = 27%~1
for any k > 0.

Proof. We let Fy, = {0,2%}" for any k > 0. One can check that T}, = {0,1,...,2*"1 — 1}" which is a
coset representative for the finite index subgroup I', = (2¥+1Z)". The diameter of T}, is bounded by
n2Ft1 and its size equals 2"*+t1_ Finally take s a generator of Z". Without loss of generality, we can
assume that s is the first basis vector in Z™. Then, we have

T \ ((1,0,...,0) + Ty) = {0} x {0,1,..., 28 — 1}~ 1
whose cardinality is 2¥*! smaller than that of T}, so we are done. O

Corollary 6.8. Let n and m be positive integers. The group Z™ (equipped with its standard generating
set) admits a (i, Ry )-Folner tiling sequence (F}), with |F}| = 2" Ry = n2™*+D) and ), = 27m(k+1)
for any k > 0.

Proof. Let (Fy)i be the Folner tilling sequence given in Proposition 6.7 and for any k > 0 let F} =
FokFmks1 - - - Frukrm—1. Note that F} = {0,2mk 2.2mk  (2m_1)2mFn and T} = {0,1,...,2mk+m_
1}

As Ty is the set Ty k4m—1 from Proposition 6.7 we have that the diameter of T}, is at most n2mktm
and the set T} \ (s + T}) has cardinality at most 2-™*~™|T7}| for any standard generator s of Z". [
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The following theorem is almost sharp since by our extensions of Bowen’s theorem (Theorem 3.2),
if n <m and p > >, then there cannot be an L” measure subquotient coupling from Z™ to Z".

Theorem 6.9. For every n and m, there exists an orbit equivalence coupling from Z™ to Z™ which is
for every e > 0 a (¢, e )-integrable coupling, where

pe(r) = l(y;(:cﬁ and Y (x) = lm;(xﬁ'

In particular if n < m,then then there is an (LP, Ll/p) orbit equivalence coupling from Z™ to Z™ for all
p< ..

Proof. Due to Corollary 6.8, we can take a (e, R )-Folner tiling sequence (Fy)y for Z™ with | Fy| = 2™,
Ry = m2"#+1) and ¢, = 27D+ for any k > 0. Similarly, due to Corollary 6.8, we can take a
(¢}, R},)-Folner tiling sequence (F})y, for Z" with |F}| = 2" | R} = n2m*+1) and g = 27m(F+D+1 for
any k > 0. By Proposition 6.6 the groups are orbit equivalent. Moreover our orbit equivalence coupling
is we-integrable as

0 el 2n2m(k+1))n/m
R/ e ( 7nk:+17
kZ:l%( k)er-1 ;(log@n)—i-m(k—i—l))”f

so we are summing over k > 1 a term which is asymptotically equivalent to k~'~¢, hence the sum is
finite. By exchanging the roles of n and m, we then see that our orbit equivalence coupling is actually
(pe, e )-integrable. Finally if n < m then for all p < n/m we both have that 2 = o(p.(z)) and
a/P = o(¢.(x)) as & — 400 so our coupling is also (LP,LP). O

Remark 6.10. The expert reader will recognize in the above proof an explicit orbit equivalence
between the dyadic Z™ and Z™ odometers. Moreover, using this point of view it can be shown that
this coupling is not y-integrable, so we ask the following refinements of question 1.1.

Question 6.11. Let n < m, is there a (¢, L°°) measure equivalence coupling from Z™ to Z", where
o) = % ? What about a (¢, L?) measure equivalence coupling ?

Next we prove a similar result for the Heisenberg group, recall that the Heisenberg group is the
2-step torsion-free nilpotent group that can be defined as the group of triples (z,y, z) € Z* equipped
with the group operation

(@,y,2) (&, 2) = (@ + 2",y + ¥, 2 + 2" +y2'),
1 00
which comes from its identification with the group of matrices of the form |z 1 O0f.
z y 1
t

Proposition 6.12. The Heisenberg group admits a profinite (ex, Ri)-Folner tiling (Fy) such that
|Fi| =16, Ry, = 14 - 282 and ), = 27% for any k > 0.

Proof. For every k > 0 let
Fp = {(2%2,2Fy,4%2): 2,y € {0,1},2 € {0,1,2,3} } .

We claim that (F}y) is a profinite Fglner tiling. First note that it is profinite because for each k, the
set F}, is a right coset representative of I'y,_1 modulo I'y, where I'y_; is the (non normal) finite index
subgroup

Tpo1 = {(m,y,z): r=y=0 mod?2¥ 2=0 mod 4"'}.

Towards proving that (Fy) is a left Folner tiling, let Fy = (1,0,0) and Es = (0, 1,0) be the standard
generators of the Heisenberg group, and A = (x4,ya,24) € Ti. By our definition, we can write A as

A = (20,90, 20)(271,2y1,421) - - (2Fay, 2% yx, 4 2y,)
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with z;,y;, € {0,1}, and z; € {0, 1,2, 3}, which yields

k

k k k i—1
TA :ZQixi, ya :ZTyi, and 24 :Z4izi+z2imiz2jyj (10)
i=0 i=0 i=1 §=0

=0

We thus see that we can recover the finite sequences (z;)%_, and (y;)¥_, from the coefficients (x4, ya,z4)
of A as the binary expansions of x4 and y4 respectively, and then similarly ((zi)fzo) is also completely
determined by (z4,ya,24). Therefore the above decomposition of A as an element of Fy--- Fy is
unique for every element in Ty. Next note that diam(Fy) < 2-2% + 4. 281 5o diam(7T},) < 10 - 2F+1L.
Let us now estimate the cardinality of the set E 1T} \ Tk.

Towards this, we will estimate how many elements A € T}, decomposed as above satisfy F1A € T.
Fix m € {0,...,k}, let xp = -+ = 21 = 1, 2, = 0, and then fix arbitrary zm;m41,...,2r € {0,1},
Yo, - Yk € {0,1}. We will bound from below the number of possible parameters 2y, ..., z; € {0,1,2,3}
such that the element

A = (20,90, 20) (271, 2y1,421) - - (2%ap, 25k, 4 2) = (24,94, 24)

satisfies F1A € T,. We have F1A = (x4 + 1,ya,x4 + 24), so if the latter belongs to T}, then by
equation (10) its decomposition

E1A= (l‘é, y67 26)(233/17 2y1742/1) s (Qkxgcv Qky;wélkzllc)

is given by z} =0 for i < m, !, = 1 and z} = x; for i > m, y} = y; for all i € {0, ..., k}, and finally the
zl’s are subject to the equation

k k i-1 k k i—1
D EED SETTS PE S U o r
i=0 i=1 =0 i=0 i=1 =0
We thus have:

k k k !
S =3 a4 Y 2 —a) Y 20y,
i—0 i=0 i=1 =0

Now recall that ; =0 for ¢ < m, z,, = 1 and 2 = x; for ¢ > m, so we can rewrite the last term as

k m i—1

i—1 m—1
SRS SEID S SENRTS St
i=1 3=0 i=1  j=0 7=0
We deduce that Zi;l 2i(x; — xl) Z;;}) 2Jy; is negative, and its absolute value is strictly less than 4™.
Since

k k k i—1
oA =) Al + Y 2w — 1)) 2y,
=0 =0 =1 7=0

we see that as soon as Z:r;o 4%z; > 4™, the above equation has a solution, so that E; A € T},. Taking
complements, this yields at most 4™ possibilities for the sequence (zi)fzo so that F4 A & Ty,.

Now for a fixed m, we have 25=™ possible z 4’s, 2% possible y4’s and at most 4™+ possible z4’s
such that FyA ¢ Ty, which yields a total of 28—m2k+14m — 92k+29m pogsibilities. When x; = 1 for

every i, we never have Ey A € T}, and then this adds 2F+14F+1 = 23k+3 pogsibilities.
k

We conclude that there are at most 233 + Z 92k+29m  93k+4 (hoices of A such that E; A ¢ Ty,

m=0

which means that |E Ty \ Ti| < 23K+
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Now we estimate the cardinality of E2T} \ Tk. This time we fix m and assume that yo = -+ =
Ym—1 = 1, Yy = 0, and need to bound from below the number of A’s of the form

A = (:EOa Yo, ZO)(2I1, 23/17 421) e (Qkxlm Qkykv 4kzk) = (IA7 Yya, ZA)
such that F3A € T),. Similarly as before, if AE> € Tj, we may write it as

EZA - ($A7yA + 1a TA+ ZA) = (xé)vy(/b 26)(2.%,17 2y/17421) e (2kx;q7 2ky;€, 4kz;c)7

so by equation (10) for all ¢ € {0, ...,k} we have z} = z;, y, =---=y,,_1 =0,y,, =1l and y, = y; for
all ¢ > m. Finally the z{’s satisfy
k k i—1 k k k i—1
YDUEED DT SUVIS LTS SYSHS proh pet
i=0 i=1 §=0 i=0 i=0 i=1 §=0
We may rewrite our previous equation as
k k k i—1 k
OUEED SEED ETD SIUEARD o
i=0 i=0 i=1 §=0 i=0

We then decompose the first sum in the right term, noting that by construction of the y;’s, for all
. i—1 o /
1 > m, we have ijo 27 (y; — yj) =_1:

m i—1 k k
DA A= 2wy V- Y 2wy 2wy
i i i=1 j=0 i=0

i=m-+1

= i 202, (28 — 1) + i 20z,
i=1 =0

m
= Z 4i$i + 9
=1

< 22m+1

So for these x4 and y4 there exists at most 22! values of z4 such that E; A ¢ T}, (namely those such
that Zf:o 4iz; + 22mF1 > 4k+1) and as before we conclude that there exists at most

k
2k+14k+1 4 Z 2k‘+12k7m22m+1 < 23k+4

m=0

choices of A such that £ A ¢ Ty. Thus, altogether we have that |E; T} \ Tx| < 2344 for i € {1,2}, and
since |T},| = 2% we conclude that

|EiTe \ Ti| < 27"|T3,
so that we can pick g, = 27, O

Theorem 6.13. There erists an orbit equivalence coupling between Z* and Heis(Z) which is LP in both
directions for all p < 1.

Proof. This follows from a straightforward computation, using the Fglner tilings provided by Proposition
6.7 and Proposition 6.12. O
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Remark 6.14. As explained in the introduction, there cannot be an L! measure equivalence coupling
between Z* and Heis(Z). A finer analysis reveals that our coupling is actually ¢.-integrable for all

e > 0, where
x

pe(T) = Tog(z)+"
We thus ask the following question.

Question 6.15. Is there a pg-integrable measure equivalence coupling between Z* and Heis(Z) ?

6.3 A coupling between Z and the lamplighter groups

In what follows, recall that given two countable groups A, I and a function f : ' = A, we defined the
support of f by supp f = {y € I': f(7) # ea}. Note that Al is a group for pointwise multiplication.
We then define ®7€F A as the subgroup of Al consisting of all functions which have finite support.
Finally, we define the wreath product AT as the semi-direct product

Azrzz@/mr,

yel

where the group multiplication is given by (f,7) - (f',7") = (fv- f',vY) and v f(g) = f(y"'g). Such
groups are also referred to as lamplighter groups, especially when the acting group I' is Z and the
lamp group A is a cyclic group. In the latter case, a standard generating set is provided by the pair

1 ifn=0
{(Oa 1)7 (50’ 0)} where 50(77,) - { 0 otherwise.

Proposition 6.16. Letm > 2 be a positive integer. The group Z/mZZ (equipped with the generating set
S ={(0,1), (60,0)}) admits a (ex, Ry)-Folner tiling sequence (Fy)x, with |Fy| = 2m?, and |Fy| = 2- m?",
Ry, = (m +1)2! and 5, = 2=+ for k > 1.

Proof. In this proof we construct a right Felner tiling sequence (Fj) (recall that (F, ') is then a left
Fglner tiling sequence). We take Fy = {(f,n) € Z/mZ1Z: supp(f) C [0,1],n € [0,1]} and
F. ={(f,0) € Z/mZ1Z: supp(f) C [2",2"*! — 1]}
u{(f,2*) € Z/mZ1Z: supp(f) C [0,2* —1]}.
By induction, we show that T}, = {(f,n) € Z/mZ1Z: supp(f) C [0,25*1 —1],n € [0,28! —1]}. Indeed,
we have that
Thy1 = Frp1Ty
= {(f,n) € Z/mZ 1 Z: supp(f) C [0,28+2 —1],n € [0,2"! — 1]}
U{(f,n) € Z/mZ 1 Z: supp(f) C [0,2"2 —1],n € [2¥F1 2FF2 1]}
= {(f,n) € Z/mZ1Z: supp(f) C [0,2"7% — 1],k € [0,2572 — 1]}.

Next note that the diameter of T}, is equal to [ 2 |25 4+ 2(28+1 — 1), which is less than (m 4 1)25F1.
Finally, it suffices to show that |Tys \ Tx| < 2= *+1 |T| for all s € S. If s = (Jo,0), then Tys \ Ty = 0.
If s =(0,1), then

Tps \ T, = {(f,2""1) € Z/mZ 1 Z: supp(f) C [0,2"F —1]}.

So either way, |Tps \ Ty| < m?" ™" = 2=(*+D|T,| which concludes the proposition. O
Proposition 6.17. For any integer k > 2, there exists an orbit equivalence coupling from Z to Z/mZ1Z

log(z)

which is (exp, pe)-integrable for all € > 0, where pe(x) = To(los ()] -
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Proof. Let (F})y be the Fglner tiling sequence of Z/mZ 1 Z constructed in Proposition 6.16. And let
(F})x the Folner tiling sequence of Z defined by Fy = [0,2m? — 1] and

Fl = |Ti 1] [0,|Fi| — 1] = {0,m®" 2%, 2m 2% ... (2m*" — 1)m? 2%},

Note that T}, = [0, |Ti|—1]. So (F[)x is a (€}, R} )-Folner tiling sequence with R} = |[T}|—1 < m?"" 2k+1
and ¢}, = ﬁ = — 11— Proposition 6.6 provides us an explicit orbit equivalence coupling (X, )
between the groups IV = Z and T' = Z/mZ Z. Moreover, defining z > 1 as the solution of the equation

22 (m+1) /m = 1, we have

m2k+1 2k *

2(m+1)2%+2
ZQR’“&‘?{: < z ( ) _ (223(7”+1)/m)2k 1 _ 1
-1 m2*9k—1 9k—1 = 9k—1’

so we deduce from Proposition 6.6 that for every s € Sr,

/ 2dsr (x’s'x)du(x) < 00.
X

On the other hand, we have

26+ logm + (k + 2) log 2 i{ 1
log(2k+logm + (k + 2)log 2)1+e 2k ™ fl+e’

SDE(QR;)Ekfl <

Hence we deduce from Proposition 6.6 that that for every s € St

/ e(ds,, (z,s x))dp(z) < oo.
X

This concludes the proof of the proposition. O

7 Almost optimal couplings between Z and iterated wreath
products

In this section, we show that taking wreath products is well-behaved with respect to (-integrable orbit
equivalence, and use this to find almost optimal orbit equivalence couplings between Z and iterated
wreath products. The main construction can be understood purely in terms of measure-preserving
equivalence relations, and provides in particular a proof that if I';, I'y are orbit equivalent, and Ay, Ao
are orbit equivalent, then A1 I'; is orbit equivalent to Ag ¢ I's.

7.1 Wreath products of measure-preserving equivalence relations

Let R be a measure-preserving equivalence relation on (X, i), let S be a measure-preserving equivalence
relation on (L,v). Consider the space L™ which consists of couples (z, (I)ye[s] ) Where I, € L for
every y € [x]g. This space can be equipped with a natural standard Borel space structure which we
don’t make explicit for now since in our concrete case it will be easy to describe. Moreover, one can
endow it with the following probability measure n given by

77:/ ezleas du(z).
X

We then equip the space (L™, n) with the wreath product S!R of S by R defined by saying two
couples (7, (Iy)ye[z)) and (z', (I} )yc(2) ) are S 1 R-equivalent as soon as (z,2') € R and the following
two conditions are satisfied:
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e for all but finitely many y € [x]g, we have [, = [;
e for all y € [z]r, we have (I,,[}) € S.

One can check that SR is indeed a measure-preserving equivalence relation.

Let us make all this completely explicit in the case of interest to us: we now suppose that R comes
from a fixed free T-action. We then have a cocycle map ¢ : R — I' which takes (x,y) € R to the unique
v € T satisfying v -2 = 5. The standard Borel space structure on L™ then comes from its natural
identification to the standard Borel space X x LT given by the bijection ® : X x LT — L™ defined by

(I)(.%‘, (Z’Y)WGF) = (.’L‘, (lc(x,y))yE[w]R)'

The inverse map is given by ®~!(z, (Iy)yeu)n ) = (@, (ly-z)yer). Note that @, (u @ v®") = 1. We have a
natural I-action on L7 given by 7 - (z,1) = (7 - ,1). The corresponding action on X x L' is given by

v (2, (lg)ger) = (v, (lgy)ger)-

Finally, suppose that the equivalence relation S comes from a free A-action on L. We then also
have a natural €, A-action on X x LT given by: for all f € D, er A,

(@, (y)ver) = (@, (flg™") - lg)ger),

or from the L7 viewpoint, f - (x, (ly)yelaln) = (@, (f(c(y, ) - ly)yela)n)-
One can check that the I' and @ A-actions actually extend to a free action of AT on L given
by

yel

) (2 W)yere ) = (7 (F 07 2) - )yery ) -

The equivalence relation induced by this action is clearly SYR. Since the action is measure-preserving,
this proves that SR is measure-preserving. We have shown the following result.

Proposition 7.1. Let T' ~ (X, u) freely, let A ~ (L,v) freely, where (X,u) and (L,v) are two
standard probability spaces and the actions are measure-preserving. Denote by R and S the respective
associated equivalence relations, and by ¢ : R — T the cocycle defined by c(x,~v - x) = v. Then the
measure-preserving free T' 1 A-action on LT given by

) (2 0o ) = (-0 Wy 2) 1) ey )

induces the equivalence relation S1R. ]

Remark 7.2. One could remove the freeness assumption on the I'-action by replacing R by the action
groupoid T' x X. When X is a single point, we would then recover the well-known action of AT on LT,
which will be a crucial tool in Section 8.

7.2 Wreath products and quantitative orbit equivalence

It follows directly from the previous proposition that when I'y, I'y are orbit equivalent, and A, Ay are
orbit equivalent, then A; T is orbit equivalent to As 1 T's. We now give a quantitative version of this
fact.

For this, it is useful to identify I' and A to subgroups of I'! A as follows: first we embed A in @,Yer A
by associating to every A € A the function

A ify=er
epn  otherwise.

L()\):w—>{

Then we embed A in AT via A — (er,t()A)), and we embed T into AT via v — (7y,c(ea)). Tt is well
known that if Sr is a generating set for I" and Sy is a generating set for A, then through the above
identification Sy U Sp is a generating set for the wreath product AT
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Proposition 7.3. Let (X, ) be an orbit equivalence coupling between finitely generated groups I'y =
(Sr,) and Ty = (Sr,), and let (L,v) be an orbit equivalence coupling between Ay = (Sa,) and Ag = (Sh,).
Denote by R the equivalence relation generated by the I';-action.

Then the orbit coupling L satisfies that for every (z,1) € L®, every v1 € Ty and every \; € Ay,

dsy,usr, (@, 1), 71 - (2,1) = dsp, (2,7 - 2)
dSA2U5F2 ((:E, l)a Ap - (‘Ta l)) = dSA2 (ler7>‘ ’ ler)

Proof. By definition for all i € {1,2}, all 7; € Ty, and all (x,1) € L?, we have v; - (z,1) = (v; - x,1), so
the first equation is clear. The second equation follows similarly by noting that if \; € A;, then their
action on (z,l) only changes the value at er of [ according to the \;-action on L. O

Corollary 7.4. IfT'; and T's admit a (@, )-integrable orbit equivalence coupling, and if A1 and Ao
admit a (p,)-integrable orbit equivalence coupling, then the wreath products Ay 1Ts and Ay 1Ty also
admit a (@, )-integrable orbit equivalence couplings. O

In combination with Theorem 6.9 we find the following:

Corollary 7.5. Let n,m € N with n < m and let A be any finitely generated group, then there is an
(LP, LY?)-orbit equivalence coupling from AVZ™ to AVZ™ for every p < . O

We also obtain the following corollary by using compositions of couplings. Recall that we denote
by log*” the function log composed with itself n times. We denote L<°° the intersection of L? for all
1<p<oo.

Corollary 7.6. Let m > 0, and let G,, be defined inductively by Go = Z, and G411 = Z/mZ1G,,. For
any integer n = 1, there exists an orbit equivalence coupling from Z to G, which is (L<°°, ¢y, ¢ )-integrable

for every € > 0, where ¢, . = log™" /(log*(m+))i+e,

Proof. We first claim that for all n > 2, there exists an orbit equivalence coupling from G,,_1 to G,
which is (L=<, ¢ . )-integrable for all ¢ > 0: this follows by induction using Proposition 7.3, the case
n = 2 resulting from Proposition 6.17.

We now pass to the proof of the corollary, which we also do by induction on n. The base case n =1
follows from the claim, so we take n > 2 and assume that we have a orbit equivalence coupling from Z to
Gp—1 which is (L<°°, ¢,,_1,)-integrable for all € > 0. Using Proposition 2.27, we compose this coupling
with the coupling from the claim between G,_1 and G,,, and obtain a (¢1. © @,—1,., L<°°)-coupling
from Z to Gy,. Finally one easily shows that @10 ¢n_1, = ¢ne, S0 we are done. O

8 Unstable properties under exponential couplings

8.1 Finite presentability is unstable

In this section we prove that being finitely presented is not preserved by strongly exponentially
integrable orbit equivalence couplings (see Definition 2.29). We do this by constructing an explicit
strongly exponentially integrable orbit coupling between the wreath product Z/kZ Z (also known as a
lamplighter group) and the Baumslag-Solitar group BS(1, k), for every k > 2.

Recall from the previous section that Z/kZ17Z = @, 7Z/kZ x Z where Z acts by a shift on @, Z/kZ,
that is

((xi)i627 mx)((yi)i627 my) == ((3’]1 + yi—mx)iGZa My + my)

Also recall that BS(1,k) = Z[1/k] x Z, where Z[1/k] = {;%: ©,m € Z} and Z acts on Z[1/k] by
multiplication by 1/k, that is

@ y @ y
(kmw ”””) (kmy ”J) B (k:m t s e +"y>'
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It is well known that the second group is finitely presented, while the first one is not by a result of
Baumslag [Bau61]. In particular these groups are not quasi-isometric.

We will consider actions of these two groups on the standard Borel space X =[], Z/kZ equipped
with the measure p defined as the infinite product of the normalized counting measure. The action of
the lamplighter group Z/kZZ is the standard one, that is

((zi)icz,m) - (Wi)iez = (x5 + Yi—m)icz, m).

For the Baumslag-Solitar group BS(1,%) we first define the action of the subgroup Z[1/k] =
((k™,0) : m € Z) as follows: for all m € Z, we decompose the space X as

X =] z/kzx [] z/kz,

<m izm

and then (K™, 0) acts trivially on the first factor, and as the k-adic odometer on the second factor. To
be completely explicit, (k™,0) - (z;)icz = (¥i)icz, where x; = y; for every i < m, yy = xn + 1 where
N > m the smallest such that xty Zk—1,y; =0form>i< Nand y; =a; fori > N. If x; =k — 1
for every i > m, then we take y; = 0 for every i > m. Note that this action is realized by letting Z[1/k]
act on Qy by addition and extending this action to the bi-infinite product X =[], Z/kZ. Also note
that the equivalence relation generated by the action of Z[1/k] is the cofinite relation up to measure
zero.

As with the lamplighter group we then let Z act by (0,1) - (#;)icz = (zi—1)icz. This defines a
free pmp action of the group Z[1/k] x Z on X. Since the natural action of @zZ/kZ is the cofinite
one, we deduce that the two actions we have build yield an orbit equivalence coupling (X, i) from the
lamplighter group Z/kZ Z to the Baumslag-Solitar group BS(1, k).

Theorem 8.1. The orbit equivalence coupling (X, u) we just constructed is an (L°°,exp®) orbit
equivalence coupling from Z/kZ 17 to BS(1,k).

Proof. We equip Z/kZ Z with the generating subset S = {d¢, 1z} and BS(1, k) with the generating
subset T' = {171 /%), 1z}. We denote by S* =8US~tand T+ = TUT~! the corresponding symmetric
generating sets.

Note that the generator of the Z copy in the two groups acts exactly the same. Moreover, the two
subgroups @, Z/kZ and Z[1/k| have the same orbits.

Let us start by showing that our orbit equivalence coupling is L°° as a coupling from the lamplighter
group to the Baumslag-Solitar group. For this, we only need to check that dp=+ (s - x, x) is uniformly
bounded for all s € S. Note that the generator of the Z copy in the two groups acts exactly the
same. So for s = 1z, we have dr+(s-xz,z) = 1. Then observe that the generator §y changes only xq,
which is achieved by the action of s™ for some m € {—k+1,--- ,k — 1}, where s = 1z}; /). Hence
dp+ (0o - x,2) < k — 1, which proves that our coupling is L> in one direction.

To prove that the coupling is strongly exponential in the other direction, we need to obtain estimates
for every g € BS(1,k). So let g € BS(1,k) , we will show that ¢ satisfies the following estimate: for all
M >0,

u({:v € X:dge(g-a,x) > (k+1)(2|glp +2M + 3)}) L kM (11)

Let n = |g| =, write g = (2, ), with |j| < n and z € Z[1/k]. First note that by the triangle inequality
and the fact that dg+((0,7) - z,z) = j for all z € X, it suffices to show that

u({x € X:dgs(z-a,2) > k(2lglr +2M + 3)}) < kM (12)

By symmetry we may assume that z > 0. A straightforward induction on n then shows that we can
always write z as z = >~ a;k*, where a; € {0,...,k — 1}.

Let 2 € X. Observe that the coefficients of z - z that differ from those of z are contained in the
interval [—n, 00). Moreover, consider the event (z - Z)n1m+2 7 Tntm2 for some m > M, and observe
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that its occurrence forces the coefficients of x,; for i =1,2,...,m + 1 to be equal to k — 1. Therefore
this event has probability at most ngM Em oL g MAL

Now note that |f|g+ < k(2n+ M + 2) for every f € @, Z/kZ with supp(f) C [-n,n+ M + 1], so
the estimate (12) holds, and hence so does (11).

Let us finally check that this estimate yields the desired result. For a given § > 0 and g € BS(1, k),
by the integration by slices inequality and (11) we have

/ exp(ddg+(z, g - x)du(x) < Z k= MH exp (6K (2 |g| + 2M + 3))
X M3>0

=Y kexp(5k(2gly + M(2 — logk/6) + 3))
M>0

So given £ > 0, we take d such that 26k < ¢ and 2 — logk/d < 0, and then we will have a positive
constant C' > 0 such that for every g € BS(1, k),

/Xexp(ddsi (z,9-2))dp(z) < Cexp(elgly),

which finishes the proof that the coupling is strongly exp-integrable from BS(1, k) to Z/kZ 1 Z. O

Corollary 8.2. Finite presentability is unstable under the equivalence relation of strongly exponential
orbit equivalence. In particular, it is unstable under L<°° orbit equivalence.

8.2 Finite asymptotic dimension is unstable

We now consider the following group:

Ty = Pzli/k] x 22,
Z

where the first coordinate of Z? acts by shift on the direct sum @©zZ[1/k], and the second coordinate
multiplies each factor by the corresponding power of k. Recall the action of Z[1/k] on X =[], Z/k7Z as
defined in section 8.1 induces the cofinite equivalence relation up to measure zero. For every n € Z, we let
X, be a copy of X. We deduce an action of the direct sum @©pezZ[1/k] on Y =[], oy Xn =[] Z/KZ
which induces the cofinite equivalence relation up to measure zero. The cofinite equivalence relation is
also induced by the natural action of the group @z2Z/kZ on Y.

Combining these actions with the Bernoulli action of Z? produces an orbit equivalence coupling
between I'y and the wreath product

Ty =7Z/k7. 72
We equip I'y with the generating subset Sy = {171 /x), } U Sz2, and I'y with Sy = {00} U Sz2, where

Sy2 is the canonical generating set of Z2.

Theorem 8.3. The coupling we just defined is an (L™, exp)-integrable orbit equivalence coupling from
'y to T'y. Actually the exponential integrability from T’y to T's is uniform in the following sense: there
exists a constant ¢ > 0 such that for all g € Ty

/ exp(eds, (z, g - x))du(z) < cc.
X

Proof. The proof that the coupling is L*° from I's to I'y is exactly the same as in the proof of
Theorem 8.1, so we don’t write it down. Also similar to the proof of Theorem 8.1, we observe that the
two respective copies of Z? act the same. As a warm up, let us prove the exponential integrability from
I'y to I'y. Thanks to Proposition 2.23 only needs to consider the action of the generators +1z; /x),-
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Observe that the coupling induces on every X,, an orbit-equivalence coupling between Z[1/k]o and
®©zx{0}Z4/k7Z that coincides with that of section 8.1. Hence the result follows from Theorem 8.1.

The uniform exponential integrability requires a bit more work. It will result from the following
statement: given g € I'y and M > 0 we have that

n({y €Y:ds,(y.g-y) = (k+1)(2M + (2]g] + 5)(2lg] + 1)) + |g]}) </ Pl g e, (13)

t>M

where we write |g| instead of |g|s, in order to simplify notation. Indeed, this implies that
-M

p({y €Y:ds,(y,9-y) > (k+ 1)(2M + (2|g] +5)(2lg] + 1)) + 3|g| + 1}) < fogk’

and therefore
/ exp(edg, (x, g - x))du(x) < oo
s

for all ¢ < logk.
We will use the fact that the n™ copy Z[1/k] and @(,}xzZ/kZ have the same orbits. Moreover

they only act non-trivially on the n'" factor X,,, and their actions are those defined in section 8.1. Let
y = (y;,;) and g = ((z;), (m,n)). Note that |n|+ |m| < |g|. Hence

lgl
ds,(y:9-9) <lgl+ Y dr(Wimnjm)icz: @i Yimnjm)jez),

i=—|g|

where T is the generating subset of Z/kZZ from section 8.1. Now for every —|g| <14 < |g|, let M; € R
be such that

dr((Yi—n.j—m)jez, Ti - (Yi—n,j—m)jez) = (k +1)(2|g| + 2M; + 5).

We deduce that Zigzl,‘g‘ M; > M. Note that |g| > |(x;)icz|s, where S is the generating subset of

BS(1, k) from section 8.1. On the other hand, by (11) we have that for all (¢;) € Rilglﬂ,

p({y €Y dr((imnjm)jez, i Yi-nj-m)jez) > (k+1)(2lgls + 2t +5)}) < k™"

For every t > 0 and m € N, denote by v, (t) = Vol{(t;) € RT, > . t; = t}, and observe that v, (t) < t"™.
Finally, integrating over all values for ¢; = max{M;,0} for which t = )", ¢; > M, we obtain

p{y €Y:ds,(y,9-y) = (k+1)(2M + (2lg| +5)(2[g| + 1)) +1g}) < / o k™ ugyg) 41 (t)dt

=

< / 2ol =t gy
t>M

which ends the proof of (13) and therefore of the theorem. O

Observing that I'; has infinite asymptotic dimension, while T’y has asymptotic dimension 2 (e.g. as
a consequence of the results from [DS06, Sec. 3]), we deduce the following corollary.

Corollary 8.4. There exist a group with asymptotic dimension 2, and a group of infinite asymptotic
dimension that admit an exponential-integrable orbit equivalence measure coupling.
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9 Hyperbolicity

In this section we prove the results of §1.3. Our main tool will be to characterize Gromov hyperbolicity
in terms of distortion of embedded cycles. More precisely we shall confront the facts that an n-cycle in
a hyperbolic graph must have distortion in ©(n/logn) (see Proposition 9.2), while any non-hyperbolic
graph admits arbitrary large cycles with universally bounded distortion (see Proposition 9.8). A version
of the first statement for real hyperbolic spaces is proved in [VS14, Lemma 3.3] and a weaker version of
our second statement is obtained in [VS14, Theorem 4.1].

9.1 Geometric preliminaries

Let X be a graph, a discrete path in X of length [ > 1 is a map « : {0, ...,{} — X such that for all
i €{0,...,l — 1}, we have that a(i) and «(i 4+ 1) are connected by an edge. We will also say that « is a
path from «a(0) to «(l), and we will often identify a path to its range.

Every connected graph X is viewed as a metric space (X,d) equipped with the discrete path
metric, defined by setting d(x,y) as the minimum length of a path from z to y. Any discrete path
which realizes the discrete path metric between two points is called a discrete geodesic, and it is
then an isometric embedding from {0, ..., d(z,y)} to (X, d).

Another important metric space that we can get out of a connected graph X is given by the
(continuous) path metric which we define as in [Gro07, 1.15,]. We first identify each edge to the
interval [0, 1] isometrically, thus obtaining a length structure on our graph. The metric associated to
this length structure is denoted by d;, and it is by definition the continuous path metric on X. It agrees
with the discrete path metric on the vertices of X, and it is geodesic. Every geodesic between vertices
defines a discrete geodesic, and every discrete geodesic can be lifted to a geodesic between vertices.

A (geodesic) triangle in a metric space (X, d) with vertices a1, as, a3 € X is the set [a1,a9,a3] C X
obtained by taking the union of a choice of geodesics [a1, as], [az, as], and [as, a1] between it vertices. In
the same way, we define a (geodesic) n-gon with vertices ay,...,a, € X, and denote it by [a1,. .., a,].
Given an n-gon where n > 3, we will frequently call any of its defining geodesics a side.

Now, recall that a geodesic space (X, d) is J-hyperbolic in the sense of Rips if there exists a 6 > 0
such that for every geodesic triangle [a1, a2, as] and for every = € [a1, as], there exists an element y in
either [a1,as] or [ag,as] such that d(x,y) < d; or equivalently, that the side [a1, as] is contained in the
d-neighborhood of [a1, as] U [az, as]. Moreover, we say that a geodesic space (X, d) is hyperbolic if it
is 6-hyperbolic for some 4, and that a finitely generated group I" with generating set .S is hyperbolic
whenever its Cayley graph is hyperbolic when equipped with the continuous path metric.

We shall need the following well-known lemma.

Lemma 9.1. Let X be a §-hyperbolic geodesic space, let o be a path of length £ > 1 between two points
1 and x2, and let y be a vertex belonging to a geodesic from x1 to xo. Then

d(y, @) < §logy(£) + 1.

Proof. Let us prove it by induction on |£]. The case [¢] =1 is clear. So assume n > 2 and suppose
that the lemma is true for all paths of length < n. Let a be a path of length ¢ € [n,n + 1| from z;
to 2, represented as a gray path in the following figure. Let [z1,y] be a geodesic from z; to y. Let
x3 € a be such that d(y,a) = d(y,z3) and let [y, x3] be a geodesic from y to x3. By exchanging x; and
x9 if necessary, we can assume that the portion «; of o from x7 to 3 has length ¢; < ¢/2.
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Let [z1,z3] be a geodesic from z; to xz3. In the geodesic triangle [z1,y,x3], there is a point
y' € [x1,x3] such that d(y,y’) < . Now applying the induction hypothesis to the path a; and the
point ¢’ € [x1,x3], we obtain

d(y',a1) < 6logy(f1) < dlogy £+ 1 — 6.
We deduce by the triangular inequality
d(y,a) <d(y,y") + d(y', 1) < §logy(£) + 1.
So we are done. O

First we need an alternative definition of hyperbolicity in terms of embedded cycles. In what follows,
the cycle C,, of length n > 2 is the Cayley graph of Z/nZ with respect to the generating set containing
just the element 1 mod n which we view as a discrete metric space denoted by (Cy,,dc,).

Proposition 9.2. Let (X,d) be a d-hyperbolic geodesic space, let n be a positive integer. Then for
every a = 0 and every b > 1, if there is a map ¢ : Cyy, — X such that for every z,y € Cay,

adc,, (CL’, y) < d((p(l‘), <p(y)) < bde,, (:L‘, y)

then we have

o< 401og,(bn) + 4 + 2b
n

Before proving the above proposition, let us note the following straightforward corollary, using the
estimate @ < 3/2.

Corollary 9.3. Leta > 0, b > 1, and § > 1. There is an integer ng = ng(a,b) > 2 such that the
following holds. For all §-hyperbolic geodesic space X, for all n > ng, if there is a map ¢ : C,, — X
such that for all x,y € C),

adc, (z,y) < d(p(x), ¢(y)) < bde, (2,9)

then we have )
a <125 20 (14)
n

In order to prove the proposition, we need the following additional notion. Given a discrete path 3
in a graph Y and a map ¢ : Y — (X, d) where (X, d) is geodesic, we say that a continuous path « in X
is a p-direct image of 3 if it is obtained by concatenating geodesics between ¢(3(i)) and ¢(5(i + 1))
where ¢ ranges from 0 to ¢(8) — 1.

Proof of Proposition 9.2. Let aj,as € Ca, be such that dg,, (a1,a2) = n and define z; = ¢(ay),
x2 = ¢(az). Consider a geodesic [x1, z2] from x; to zo. In Cy, there are two discrete geodesic paths
from a; to ag, and they have length n. Denote by a and o’ some respective p-direct images of those
paths in X, which by assumption have length at most bn. Let y € [z1, 23], we deduce from Lemma 9.1
that

d(y, a) < dlogy((e)) + 1 < dlog, (b0) + 1,
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where {(a) is the length of «, and by the same argument d(y, ') < dlog,(b¢) + 1. If we then pick z,
and z; points in Cy, such that their p-images are in a and o respectively and minimize the distance
to y, we have

max (d(y, (), d, 9()) < Sloga(bl) + 1+ o (15)

Note that for any y € [z1,z2], any geodesic from z, to z;, must pass through z; or through w».

Moreover there are some y € [x1,x2] for which the first case occurs, and some for which the second
case occurs. For all € > 0, we may thus find y1,y2 € [21,22] such that d(y1,y2) < €, the geodesic from
zy, to zzln passes through z; and the geodesic from z,, to z.,;2 passes through .

Zyl Zyz @(zyz )
‘P(Zyl)

T2

a1 a2 -

Then we have that
d(zy,, 2y,) + d(zywz;z) + d(zéz,zél) + d(quﬂ s 2yp) = 21

Hence one of these four distances is at least 5. However, a straightforward case analysis using the
bound (15) on the lengths of the dotted geodesics, the triangle inequality and the fact that d(y1,y2) < &
shows that the distance between the corresponding images of the points in the previous inequation
is always at most 2(8log, (bn) + 14 2) +e. Using our assumption on ¢, we thus have the following
inequality: for all € > 0,

% < 26log, (bn) + 2+ b +e.

So the proposition follows. O

In what follows, given a constant a > 1, we will say that a function f: (X,dx) — (Y, dy) between
two metric spaces contracts distances by at most the factor a if for every x1,x5 € X we have

dx (z1,m2) < ady (f(z1), f(x2)).

Lemma 9.4. Let n > 4 and D > 1, let (X,d) be a geodesic metric space containing an n-gon
[a1,...,ay] such that the distance between points on non-adjacent sides is at least D. Let R > D be

the length of its longest side. Then there is a cycle C' of integer length at least % and a 1-Lipschitz
3nR

embedding p: (C,dc) — (X, d) which contracts distances by at most the factor =5*.

Proof. Our cycle will be obtained via the following claim.

Claim 9.5. There is a 2n-gon C = [by, ¢1,ba, ..., by, ¢,] such that for every i € {1,...,n},
e b; € [aj_1,a;] and ¢; € [a;, a;41], where we let ag = ay;
o d(bi,c) = %(d(bi,ai) +d(a;, ¢));

e for each pair of points « € [¢;—1,b;] and y € [c;, biy1], we have d(z,y) > &= (d(z,a;) + d(a;,y)).
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Proof of the claim. We start with the existence of b; and ¢;. Note that for all points u € [a,, a;] and

v € [a1, ag], we have d(u,a1) + d(a1,v) < 2R and so we have %(d(u,al) +d(a1,v)) < 2.

Taking u = a1 = v, we see that there are u € [a,, a1] and v € [a1, as] such that d(u,v) = &% (d(u,a1)+
d(ay,v)). Also, for u = a,, and v = az, we have d(u,v) > D and so d(u,v) > &% (d(u,a1) + d(a1,v)).

Now by continuity we can take u € [ay, a1] and v € [a1, ag] such that d(u,v) = Z(d(u, a1)+d(a1,v)),
but with d(u, a1) +d(a1, v) maximal. Then for all (uv/,v") € [an,u] X [v, az] such that (u,v) # (v/,v), we
have d(u',v") > & (d(u',a1) + d(a1,v")). Indeed if not, by continuity since d(an,a2) > &% (d(an, a1) +
d(a1,az)) we could find (u”,v") € [an,u'] x [v/,as] such that d(u”,v") = £ (d(u”,a1) + d(a1,v")),
contradicting the maximality of d(u,a1) + d(a1,v). Taking b; = v and ¢; = v, we do have the desired
properties for ¢ = 1.

Similarly, for every ¢ € {2,...,n — 1} one can find b; € [¢;—1,0a;] and ¢; € [a;,a;41] such that
d(b;,c;) = %(d(bi, a;) + d(a;, ¢;)), and such that d(b;,a;) + d(a;, ¢;) is maximal in the sense that for
every x € [a;—1,b;] and y € [¢;, a;1] we have that d(z,y) > &% (d(x, a;) + d(as,y)). This can be done

repeating the previous argument, and based on the fact that

3D
d(ci—1,ai41) = d(bi—1,ai41) — d(bi—1,¢im1) = i

Finally, we take b, € [ch—1,a,] and ¢, € [an, b1] as previously, completing the trip around [aq, ..., ay)
(this time, this relies on the fact that d(c¢,—1,b1) = D/2). Oelaim

Now note that the length ¢ of C, which is the sum of its edge lengths, lies between % > 2 and

nR since each side [c;, b;11] is of length at least % and the sides of [ay,...,a,] have length at most
R. Denote the path metric on C by d¢. Then (C,d¢) is isometric to the cycle of real length ¢, i.e. to
R/¢Z equipped with the quotient metric (for £ € N, this is isometric the continuous path metric on the
graph (). So we can find a 1-Lipschitz map (Cfg,dc,,,) — (C,dc) which contracts distances by at
most the factor 4 < % In order to prove the theorem, we will now show that the inclusion (C,d¢) in

I
(X, d) contracts distances by at most the factor 22 since by composing this will yield a 1-Lipschitz

map Cp;p — (X, d) which contracts distances by a? most the factor % and the length of the cycle is
at least %.

For each pair of points = € [¢;—1,b;] and y € [¢;, bi+1], we have d(z,y) > %(d(x,ai) + d(ai,y)),
which implies

do(x,y) < 2d(z,y). (16)

We now give a similar bound for two points on adjacent sides of C. Towards this, let z € [b;, ¢;] and
(VRS [Ci, bi+1]. Then,

d(l‘, y) > d(y7 bz) - d(i[,', bl)

D D
> ) = Ca) — . .
> SRd(y,az) + 8Rd(bz,a2) d(bi, c;) + d(z, ¢;)
D D D
= @d(y, ci) + @d(az’,%) + ﬁd(biaai) —d(bs, c;) +d(z, c;)
D
= @d(ya i) +d(z,c;)
> 2 (dly, ) + d(a, )
Z 3R Y,Ci Z,Cq
D
@dc(fay)»

so (16) is also valid for such pairs (z,y). The case where x € [b;,¢;] and y € [¢;, biy1] is analogous.
Finally, for z,y € C not in any of the previous cases, there exist two different sides S, and Sy in the
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n-gon [ay, ..., ay] such that d(x, S,) < % and d(y, Sy) < %, and hence d(z,y) > %. As the perimeter
of C' is at most nR, it follows that

2nR
The lemma now results from the combination of (16) and (17). O

Lemma 9.6. Let (X,d) be a geodesic space and let v > 0. Assume that X contains a quadrilateral
[a1, as,as, as] with the following properties:

o d(z,y) = § for every x € [az,a3] and y € [ay1, a4];
o d

4r;

7

(z,
(a1,az2) <7y
(

WV

[ ] d CL2,CL3)
e d(az,as) < 2r.

Then there exist a cycle C of length at least [2r]| and a 1-Lipschitz embedding ¢: (C,dc) — (X, d) that
contracts distances by at most a factor of 480 in X.

Proof. First note that by the triangular inequality, d(z,y) > r for all z € [a1,a2] and y € [as, a4).

Let us first assume that d(az,as) < 12r. We deduce that the distance between pairs of opposite
sides are at least r/2. Assume first that d(ag, a3) < 12r, in which case we deduce that the longest side
has length at most 15r. By Lemma 9.4, it now follows that there exist a cycle C of length at least
[2r] and a 1-Lipschitz embedding ¢: (C,d¢) — (X, d) that contracts distances at most by a factor of
(4-4-15r)/(r/2) = 480 in X.

Let us now suppose d(asg,as) > 12r and let m € N be such that 2mr < d(az,a3) < 2(m + 1)r and
m > 6. We will prove the claim by induction with respect to m > 6. The initial step m = 6 is taken
care of by the first part of the proof. Assume that the lemma is true for d(as, as) < 2mr. We claim that
it is then also true for d(as, az) < 2(m + 1)r which concludes the proof by induction. Note there are
two possibilities: either there exists b € [ag, as] such that d(ag,b) > 2r and d(ag, b) > 2r that satisfies
d(b,[a1,a4]) < r; or such a b does not exist. If such a b exists, fix ¢ € [a1, a4] such that d(b,c) < r.
Now, we have that d(as,b) < 2mr and d(b,a3) < 2mr, and at least of them must be more that 4r
since d(az,a3) > 12r. From this it follows that either [a;, a2, b, ] or [c, b, a3, ay] satisfies the induction
hypothesis, which concludes the proof by induction under the assumption that b exists.

If b does not exists, let by,bs € [ag,as] be such that d(as,b1) < 2r and d(as,be) < 2r where
d(b1,[a1,a4]) < 2r and d(be, [a1,a4]) < 2r, and d(z, [a1,a4]) = 7 for every x € [b1,bs]. Now, take
c1,¢2 € [ay,aq] such that d(by,c;) < 2r and d(be,c2) < 2r. Finally, we can apply the induction
hypothesis to the quadrilateral [c1, by, ba, 2], since d(by,c1) < 2r, d(b1,be) > 8r as d(ag,a3) > 12r,
d(bs, co) < 2r, and d(z, [c1,co]) = r for every x € [by, ba]. So, there exist a cycle C of length at least
[4r] and a 1-Lipschitz embedding ¢: (C,d¢) — (X, d) that contracts distances at most by a factor of
480 in X, which concludes the proof by induction. O

Corollary 9.7. Let (X,d) be a geodesic space and let R > r > 0. Assume that X contains a
quadrilateral [a1, as, ag, as] with the following properties:

o d(z,y) = § for every x € [az,a3] and y € [a1, a4];
e d(ay,az) <
o d(az,as) > max{12(R —r),4r};

L4 (a37 a4)

Then there exist a cycle C of length at least [2r] and a 1-Lipschitz-embedding ¢: (C,dc) — (X, d) that
contracts distances by at most a factor of 480 in X.
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Proof. By Lemma 9.6, the corollary is true for R < 2r, so suppose that R > 2r and let m € N be such
that 2™r < R < 2™*+r. We now prove the claim by induction with respect to m. If m = 0, then
R < 2r and the corollary is true. Next, suppose the corollary is true for R < 2"r. We claim that it is
then also true for R < 21y, which concludes the proof by induction.

Now we take b € [ag, ag] such that d(b, [a1, a4]) = r and d(ag, ) is maximal. Also take ¢ € [a1, a4)
such that d(b,c¢) = r. If d(a2,b) > 4r, then by Lemma 9.6 the quadrilateral [a;, as,b, ¢] satisfies the
claim, which concludes the proof by induction. On the other hand, if d(as,b) < 4r, then d(b,az) >
d(ag,as) —d(b,ag) > 12(R —r) — 4r = 12(R — 2r) + 8r > max{12(R — 2r), 8r}, and we can apply the
induction hypothesis to the quadrilateral [c, b, a3, a4] as d(e,b) < 2r, d(az,a4) < R and d(z, [a1,a4]) = 7
for every x € [ag,as], from which it follows that there exist a cycle C of length at least [4r] and a
1-Lipschitz embedding ¢: (C,dc) — (X, d) that contracts distances at most by a factor 480 in X,
which concludes the proof by induction. O

Proposition 9.8. Let (X,d) be a geodesic space that is not §-hyperbolic. Then, there exist a cycle C
of length at least f%} and a 1-Lipschitz embedding ¢: (C,dc) — (X, d) that contracts distances by at
most a factor of 23760 in X .

Proof. As (X,d) is not d-hyperbolic, there exists a geodesic triangle [a, b, c] such that the minimum
D > 0 such that [a,b] is contained in the D-neighborhood of the the union of [a,c] and [b, ] is > 0. Let
x € [a,b] be such that d(z, [a,c] N [b,c]) = D.

As the map y — d(y, [a, c]JUIb, ]) is continuous, there exists z, € [a,z] such that d(x,, [a, JU[D, ]) =
1%. Now, take y, € [a,c] U [b, ] such that d(zq,ys) = %. Similarly, let zp € [z, ] and yp € [a,c] U [b, ¢]
such that d(zy, [a,c] U [b,c]) = d(zy,ys) = L. Moreover, take z, and 2 above such that d(z,,z) and
d(xp, ) are minimal.

Case 1 Suppose first that y, and g, are on the same side [a, c] or [b, ¢|. To begin, note that d(x,, zp) =
d(zq,z) + d(z,zp) > % since D < d(z,y,) < d(z,z,) + 1% and D < d(z,yp) < d(z,xp) + 1—D5. Thus,
we have for [yq,Za,Zp, ys] that d(ye,z.) = % < %, d(xq,xp) = %, d(xp, yp) = % < %, and
A2’ [Ya, yp]) = %% for all 2’ € [x4,xp]. Now, by Corollary 9.7 it follows by taking r = % and R=r
that there exist a cycle C of length at least f%} and a 1-Lipschitz embedding of C' into X that
contracts distances by at most a factor of 480 in X.

Case 2 Next, suppose that y, and y, are not on the same geodesic [a, c] or [b, ¢], but that d(ya, [ys, c]) <
%. Let u € [y, ¢] be such that d(y,,u) < 32. Thus, we have for [y, xy, T4, u] that d(yy, z,) = & < 22

X 5 15 = 157
d(zp,24) > B2 > max {12(22 — 22) 4221 d(24,u) < d(2a, Ya) + d(Ya,u) < 22, and d(2’, [ys, u]) >
%% for every 2’ € [xp, x,]. Thus, by Corollary 9.7 it follows by taking r = % and R = 2r that there

exist a cycle C' of length at least [%] and a 1-Lipschitz embedding of C into X that contracts distances
by at most by a factor of 480 in X.

Case 3 Finally, suppose that y, and y; are not on the same geodesic [a, ¢ or [b, ¢], and that d(yq, [ys, c]) >
3D and d(yp, [ya,c]) > 32. Take z, € [ya,c] and 2, € [y, ¢] such that d(z,,2,) = 2 and d(z,,y,) is
minimal. Now consider the hexagon |24, Zp, Y, 2b, Za, Ya|. Recall that the sides [zq, 2], [Ya, 24] and

[ys, 2p] are %—disjoint and have length of at least %, and that the length of the other sides is 1%.

Claim 9.9. We claim that all non-adjacent sides are %—disjoint.

Proof of the claim. Suppose w and w’ are on non-adjacent sides. Recalling that the sides [z, 23], [Ya, 2a]

and [y, 2p] are %—disjoint7 we may assume without loss of generality that w is not on one of these sides,

say w € (24, 2). If w' € [z4, 23], then either d(w,w’) = d(w, [Ya, za]) — d(w, [Ya,24)) = 2 — 2 =1

or d(w,w’) = d(w', [ys, 2]) — d(w, [yy, ]) = £ — 2 = L as it can not be that both d(w, [ya, 2,]) and
d(w, [ys, 2]) are strictly greater than % because d(zq, 2p) = %. So, suppose w’ is either in [z4, y,] or in

[26, ys). Without loss of generality, we can assume that w' € [zq,Ya]. Now, if d(z,, w’) + d(zp, w) < 22,

53



then d(w,w’) > d(zp, z4) — d(xq, w') — d(w, 25) = d(2p, 24) — 22 > £ since d(zp,x,) = 22, and we are

45 ~ 45 Z 15>
done. On the other hand, if d(2q, w")+d(zp, w) > 22 then d(ya, w')+d(z,, w) < 42 since the side length
of [Za, Yo and [zq4, 23] is %, and thus d(w, w") = d(w, ys) —d(Ya, w') = d(za, Ya) — (d(w, 24) +d(ya, w")) =
d(za,Ya) — % = % — % = %, and we are done. In other words, all non-adjacent sides are %—disjoint,
which completes the proof. elaim

We can now finish the proof of the third case. By Lemma 9.4 there exist a cycle C' of length at
least [827] = [227 and a 1-Lipschitz embedding of C into X that contracts distances by at most a
factor of (4-6-22D)/(D/45) = 23760 in X. On the other hand, if at least one of the sides has length
more than 22D, take u as the midpoint of that side, and v € [a, b, ¢] such that d(u,v) < D where u
and v are not on the same side of the triangle. Then, we find two adjacent corners w, and w, in
[Tas b, Ybs 26y Za, Ya| Such that [u, v] splits this hexagon into the quadrilateral [w,, wy,u,v] and a new
hexagon, where d(w,,w,) < %, d(wey,u) > % =11D > max{lQ(D - %),4%}, d(u,v) < D and
d(2', [wy,v]) = %% for each 2’ € [w,,u]. Thus, once again by Corollary 9.7 it follows by taking r = %
and R = D that there exist a cycle C of length at least [%1 and a 1-Lipschitz embedding of C into X
that contracts distances by at most by a factor of 480 in X.

O

Corollary 9.10. Let (X,d) be a geodesic space that is not hyperbolic. Then, there exist arbitrarily
large integers n and embeddings @, : (Cp,dc, ) — (X, d) such that

I < o
23760dcﬂ (1'7y) X d(@n(l’%gpn(y)) < an (x,y%

for every x,y € C,.

9.2 Rigidity of hyperbolicity

We now prove a general rigidity result, that says that hyperbolicity is preserved under cobounded measure
equivalence couplings satisfying certain integrability conditions. The following general statements are
technical, so for that reason, we immediately provide striking corollaries.

However first we fix some notation: Given a group I' equipped with a finitely generated subset Sr,
log(Volsy. (7))

we denote the growth function Volg,.(n) = |SF| and its entropy Ent(Sr) = limsup,_, -

Theorem 9.11. Let I' and A be two finitely generated groups such that T' is §-hyperbolic. We let L > 1
and p, ¥ and r be increasing unbounded functions. Assume that the following conditions are satisfied:

lim n?r(n) Volg,.(r(n))

T (18)

and for all large enough n,

r(n) > Mlog(ny~'(3Ln)) + 8~ (3Ln), (19)

with M = 4815)6;1), Assume that (Q, 1) is a cobounded measure equivalence coupling from T' to A,

normalized so that w(Xr) =1, and such that a: T x Xy — A and B: A x Xr — T satisfy the following
properties.
(i) for all s € Sr,

/ o(la(s, 2)|s,)du(z) < oo
XA

(ii) for allt € Sy
[ sl ls)auta) < .
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Then A is hyperbolic.
Assuming that 3 is bounded, we have the following variant.

Theorem 9.12. Let ' and A be two finitely generated groups such that I is §-hyperbolic. We let L > 1
and @, ¥ and r be increasing unbounded functions. Assume that the following conditions are satisfied:

lim n?r(n) Volg,.(r(n))

T pmirm) (20)

and for all large enough n,

r(n) = 750 logn. (21)

Assume that (2, p) is a cobounded measure equivalence coupling from T' to A, normalized so that
w(Xr) =1, and such that a: T' x Xy — A and 5: A x Xp — T satisfy the following properties.

(i) for all s € Sr,
[ ellats.a)ls (o) < s
XA
(i) for allt € Sy
B¢, )]se € L(Xr).
Then A is hyperbolic.
Theorem 10 is an immediate consequence of the following corollary of Theorem 9.12.

Corollary 9.13. Let I' be a finitely generated 0-hyperbolic group and let p > 750 Ent(Sr) + 2. Assume
that there exists a cobounded (LP L°)-integrable measure equivalence coupling from T to any finitely
generated group A. Then A is hyperbolic.

Proof. We apply Theorem 9.12 with p = 75§(Ent(St) + €) + 2 for some € > 0. We let r(n) = 754 log n.
By definition of Ent(Sr), there exists have Volg,. (r(n)) = o(eEt(Sr)+e/2)r("))  Hence we deduce that

Vols;. (r(n)) = o(n™ (Pt (E)+</2),

which combined with the fact that ¢(t) = t7>(Ent(Sr)+e)+2 implies that (20) is satisfied. Thus, A is
hyperbolic. O

Corollary 9.14. Let T' be a finitely generated hyperbolic group. For every p > q > 0 such that if there
is a cobounded (¢, 1))-integrable measure equivalence coupling from T' to any finitely generated group A
where @(t) = exp(t?) and () = t'11/9, then A is also hyperbolic.

Proof. First we take the cobounded (¢, t)-integrable measure equivalence coupling (2, Xr, Xa, pt) and

normalize such that pu(Xr) = 1. We pick 7 strictly between ¢ and p, take r(n) = nﬁ, and we let L be
such that

[ wtslsoldnte) < 1.
Xr

The latter is possible because v (t) is a power of ¢, as noted in Remark 2.18. Note that ¢ ~1(¢) = T,
So (19) follows from the fact that n > ¢. Finally, take ¢ > 0 and ¢. such that . (t) = ¢(et) and

[ elats.)inte) < o
XA
for every s € Sp. One has @ (r(n)) > exp(enT7), while

/.
Vols, (r(n)) < |Sp[* "

Hence since 1 < p, we have
Volsy. (r(n)) /e (r(n)) = O(n ™)
for any k > 0. So (18) is satisfied and we conclude by Theorem 9.11 that A is hyperbolic. O
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Proof of Theorems 9.11 and 9.12. Let us start by strengthening the coboundedness condition.

Claim 9.15. On replacing M by M/2 and § + 1 by § in Theorems 9.11 and 9.12, we may assume that
Xr C X,

Proof of the claim. Since this coupling is cobounded, we can take F be a finite subset of A such that
Xr C Fx X,. Consider the new coupling space Q:=Qx F, let K be a finite group which acts simply
transitively on F, and let T =T x K act on Q by (v, k) * (w, f) = (y *w, k- f). This action is smooth,
and we take as a fundamental domain the set

)N(I: = U(erf*XA)x{f}

fer

The A-action on  is the action on the first coordinate; a fundamental domain is provided by

Xa= | | (f=Xn) x{f}.

fer

Viewing both I' and K as subgroups of I, the latter has S; = St UK as a finite generating set. In fact,
with this generating set T is (6 + 1)-hyperbolic. Observe that the volume growth of I is at least | K|
times that of T
Next note that condition (i) is still met by this new generating set. Indeed X is L°-equivalent to the
fundamental domain Xa x F, and for all y € T, z € X and f € F we have dg, (v * (z, f),v - (z, f)) =
ds, (v *x,7-x), so for all ¥ € S; we have that ¥ x X, x F'is g-equivalent to X, x F', so the same is
true of X A

For condition (ii), we have, by construction, for all z € Xt and all f, f/ € F that the distance
ds-((z, f), (z, f")) < 1, so for every A € A we have

dsf()" (xaf)a/\* (xaf)) < 1+dsr(>\~l’,>\*$) =1+ |ﬂ(/\7x)|v

hence the new coupling satisfies the same conditions on replacing (t) by ¢’(t) = ¢ (max{t — 1,0}) in
Theorem 9.11. Note that for n large enough, ¢y~ (3Ln) > 1 and ¢’ (t) = ¥ (t — 1) for ¢t > 1, from which
we easily deduce that for large enough n,

r(n) > Mg (1//;1(3Ln)n) +8¢'~1(3Ln).

Therefore it is enough to prove Theorem 9.11 with M/2 instead of M for IV. So the claim is
proved. elaim

Suppose that A is not hyperbolic. By Corollary 9.10 we can take a cycle C,, of arbitrary large length
n, and a bi-Lipschitz embedding : C),, — A that are 1-Lipschitz and contracts distances at most by a
factor 23760. In what follows we consider C,, as a subset of A.

Let M be such that [y ¢(|a(s, )]s, )du(z) < K for all s € Sp.

For every z € Xr we denote by b, : A — T' the map defined by b, (\) = B(A™1,2)~! for every A € A.

Upper estimates for the restriction of b, to C,,. In the case of Theorem 9.12, we trivially have
that b, is a.e. L-Lipschitz. Under the assumption of Theorem 9.11, we claim that with probability at
least 2/3, the restriction of b, to C,, is ¢~ (3Ln)-Lipschitz. Here we use the integrability condition
for 8. For every u and v adjacent in C), there exists an s, , € Sp such that v = us,,. Hence,
ds, (b (v), bz (u)) = |be(v) " be(u)|s, = |B(Suw,u~t - z)|. Next consider for any u € C,, the set of all
x € Xr such that ¥(|8(suw,u™t - z)|s.) = 3Ln. Recall that we assumed pu(Xr) = 1. Hence, these sets
have measure at most - and therefore the set A of all € Xt such that b, is ¢~! (3Ln)-Lipschitz in
restriction to C,, has measure at least % So our claim follows.
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Lower estimates for the restriction of b, to C,,. Providing lower estimates on the quasi-isometric
embedding constants is more involved as this requires to apply the cocycle a to C,,. We shall use the
inverse relation between o and 3: for all z € Xt and A € A

a(BN\x),z) =\ (22)
We claim that we have the following key inequality.
Claim 9.16. For every R > 0, n € N, and u and v in C), , we have
Volg,. (R)

12 ({.'L' S XF: |bw(’1})_1bw(u)‘sr < R}) < KRW’
o ()
where K = [ o(|a(s, z)|s,)dp(z).
Proof of the claim. For any n € N, a and b in C), and v € ', we define the set
A, ={z € Xr: by (v) by(u) =7}

Using (22), we have for every z € A, that |04 (7, u™t x)) }SA = [v~tulg, . Let us start giving an upper
bound of u(A,) as a function of [y|. Write v = s1...5},|5. with s; € Sp. Then there exists an ¢ such

that the set L
v U
> | |SA}
Sa |’Y|Sr

-1
{;veAy: ‘a (si,siﬂ...shbr (u m))

has measure at least ’rs’lé‘;). Therefore, for s = s;, we have that
r
[ ({y € Xa:la(s,y)ls, = CER }) > ”),
17 sr 17sr

from which we deduce the following upper bound on the measure of A:

v g
1(Ay) < [7sp ({y € Xa: la(s,y)|s, = |A}>
1V]sr
< M
(\v*lu\sA)
¥ \’Y|sr
Therefore we can conclude that for every R > 0,

p{ze Xe: b () be(u)lse SRY) = Y ul4y)
’YEBF(EF,R)
Kh/‘Sr
S Z (\v*1u|sA)
R

v€Br(er,R) ¥

So the claim is proved. Oelaim

Applying Claim 9.16 with R = W\vilubm we obtain




-1
since % < 1. As there are at most n? pairs (a,b) in C,,, we deduce that

({0 € X0 300 € G o0 s < "ol ) <

n

Kn?r(n) Volg. (r(n))
p(n/r(n))

Hence there exists ng such that for n > ng, there exists a subset B of X1 of measure at least 2/3 on
which for all u,v € Cy,

~

r{n
o) b w)lse > "o,

Finally, for all x in the subset A N B which has positive measure, we deduce for every u,v € C,, that

a|v_1u|SA < |b$(v)_lbw(u)|5r < blv_lu|sm

where in the case of Theorem 9.11, a = T(:) and b =11 (3Ln); and in the case of 9.12, a = ") and

b= L. In both cases we have "
log(bn)  8b
a>———t 14—,
en n

which contradicts Proposition 9.2 for some ¢ that only depends on §. O
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