N
N

N

HAL

open science

DISTRIBUTION OF FROBENIUS ELEMENTS IN
FAMILIES OF GALOIS EXTENSIONS

Daniel Fiorilli, Florent Jouve

» To cite this version:

Daniel Fiorilli, Florent Jouve. DISTRIBUTION OF FROBENIUS ELEMENTS IN FAMILIES OF
GALOIS EXTENSIONS. 2022. hal-02464349v2

HAL Id: hal-02464349
https://hal.science/hal-02464349v2

Preprint submitted on 24 Mar 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02464349v2
https://hal.archives-ouvertes.fr

DISTRIBUTION OF FROBENIUS ELEMENTS
IN FAMILIES OF GALOIS EXTENSIONS

DANIEL FIORILLI AND FLORENT JOUVE

Hamsmu Aaexces Bvikuna u Tamvanve Maxaposoti

ABSTRACT. Given a Galois extension L/K of number fields, we describe fine distribution
properties of Frobenius elements via invariants from representations of finite Galois groups
and ramification theory. We exhibit explicit families of extensions in which we evaluate these
invariants, and deduce a detailed understanding and a precise description of the possible
asymmetries. We establish a general bound on the generic fluctuations of the error term
in the Chebotarev density theorem which under GRH is sharper than the Murty-Murty—
Saradha and Bellaiche refinements of the Lagarias—Odlyzko and Serre bounds, and which we
believe is best possible (assuming simplicity, it is of the quality of Montgomery’s conjecture
on primes in arithmetic progressions). Under GRH and a hypothesis on the multiplicities
of zeros up to a certain height, we show that in certain families these fluctuations are
dominated by a constant lower order term. As an application of our ideas we refine and
generalize results of K. Murty and of J. Bellaiche and we answer a question of N. Ng. In
particular, in the case where L/Q is Galois and supersolvable, we prove a strong form of a
conjecture of K. Murty on the unramified prime ideal of least norm in a given Frobenius set.
The tools we use include the Rubinstein—Sarnak machinery based on limiting distributions
and a blend of algebraic, analytic, representation theoretic, probabilistic and combinatorial
techniques.
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1. INTRODUCTION

1.1. Background and perspective. The Chebotarev density theorem, one of the major
number theoretic achievements of the early 20th century, has been proven to be of crucial
importance in a variety of problems. Beyond knowing the exact asymptotic densities of
primes in Frobenius sets, one often needs to understand the dependence of the involved
error term as a function of the invariants of the associated field extension. In this direction,
Lagarias and Odlyzko [[.O| established an effective Chebotarev density theorem. Letting
L/K be a Galois extension of number fields and assuming GRH for (;(s) (an assumption
sometimes called “ERH for L"), they showed that for any conjugacy class C' C Gal(L/K),
the function

n(z; L/K,C) := #{p C Ok unram. in L/K : N'p < z, Frob, = C'}, (1)

where Frob, (resp. N'p) denotes the Frobenius conjugacy class (resp. the cardinality of the
residue field Ok /p) corresponding to a prime ideal p of Ok, satisfies the estimate [Se3, Th.
4]

m(z; L/K,C) — %Li(m) < %xé log(dpztd) | (2)
where Li(z) := [, (logt)~*dt, dy is the absolute value of the discriminant of L/Q and the
implied constant is absolute (unless otherwise specified, all implied constants in this paper
will be absolute). This estimate was a cornerstone in Serre’s seminal work [Se3] with appli-
cations for example to the Lang—Trotter conjecture and the open image theorem for elliptic
curves. Effective Chebotarev estimates also led Murty [Mul] and later Bucur-Kedlaya [B]
to develop applications to effective Sato—Tate distributions in a general context.

Subsequently, the GRH result of Lagarias—Odlyzko was refined under Artin’s Conjecture
(AC) by Murty—Murty—Saradha [V M5, and more recently by Bellaiche [3¢1] who adopted a
new representation theoretic point of view and used extra inputs from Kowalski’s axiomatic
large sieve. It is now known that under GRH and AC, the right hand side of (2) can be
replaced with Ag(C)z2 log(x|G|d%[K@]RL)7 where Ry, is the product of the prime numbers
ramified in L/Q, and where the “Littlewood norm” A\g(C) := |C||G|™* > yem(a) X(O)x(1)
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is < |C|2 (which is the bound that | | relies on), and can be significantly smaller in some
families (see [Bel, §2.3]). These and further refinements were shown to have applications to
the arithmetic of elliptic curves and bounds on the size of the least prime in a Frobenius set
(see | , Za, , |, see also | , , , , |). Along these lines we
mention the work of Cho—Kim [C'[{1] and of Pierce-Turnage-Butterbaugh—Wood | | (see
also [173]) who managed to further refine the estimates of Lagarias-Odlyzko in families and
to deduce bounds on exponents and ¢-torsion of class groups of number fields. Remarkably,
important applications of effective Chebotarev have also been obtained outside the realm
of number theory. Indeed, Kuperberg | | solved an important computability problem in
knot theory, under the GRH for Artin L-functions.

In this paper we investigate asymptotic properties of the limiting distribution of a suitable
normalization of the error term

m(x; L/K,C) — %Li(w) (3)
in families of Galois extensions of number fields. In some of the families of number field
extensions that we shall consider, we will show that for most values of z, the error term (3)
is dominated by a lower order term of constant size.

To illustrate our results, we consider the family { K} of Hilbert class fields of Q(\/a), with
d running over negative fundamental discriminants. A general unconditional version of the
following result will be stated in Theorem 2.1.

Theorem 1.1. Let d < —4 be a fundamental discriminant, let Ky be the Hilbert Class Field
of Q(V/d), and write G4 = Gal(K4/Q). Assuming the Riemann Hypothesis for Cx,(s) (i.e.
ERH for Kg), the limiting distribution of

Bly: Ko/ Q. {id}) 1= o™ (m(e%s Ko/ Q. {id}) - Lféj))

exists, has mean < —1 and variance < h(d) 'mglog|d|, where mq is the mazimal' order of
vanishing of Cr,(s) in the region {s € C : 0 < J(s) < h(d)(log|d|)*}, and h(d) is the class
number of Q(\/E) Assuming in addition that mg is bounded by an absolute constant, the
variance is < h(d)"*log|d|, and we have that

meas{y <V : E(y; Ko/Q, {id}) <0} O<10g |d] log log |d|) (4)

Vdl

lim inf
Y >0 Y

where meas is the Lebesque measure.

The mean and variance calculations in Theorem 1.1 imply that under ERH for K, and for
most values of log z,

|Gq|m(x; K4/Q,{id}) — Li(z) = x%(log 2) "N (—cqh(d) + O(\/h(d)mglog |d|)),

INote that mgq < h(d)log|d|. One even expects mgq = 2 for large enough |d|, since x(1) < 2 for all
irreducible characters y of G4 and since the zeros of L(s, K4/Q(v/d), x) are expected to be simple.
3



where $ < ¢y <1+ h(d)_lords:%QKd(s) < 1. By means of comparison, (2) (as well as the
further refinements mentioned above) yield the error term O(h(d) log(x|d|)logz). Our im-
proved error term allows us to deduce that if d is such that® m, = o(1/|d|/(log |d| log log |d|))
then the error term in the Chebotarev density theorem is dominated by a significant lower
order term. Moreover, the lower bound (4) can be interpreted by saying that when |d| is
large, m(e¥; K3/Q, {id}) < Li(e?)/|G4| for most values of y.

Theorem 1.1 is a manifestation of an extreme Chebyshev bias, which generalizes his ob-
servation made back in 1853 that in “most intervals” [2, z|, primes are more abundant in the
residue class 3 than in the class 1, modulo 4. The literature on this question is rich, and
much progress has been made in the recent years. We mention the works | , , ,

, , , | on the Shanks-Rényi problem, as well as generalizations over number
fields | , , Fi2, De, , , , Me] and over function fields [Cha, (', , |.
For an exhaustive list of the numerous papers on the subject, see | , , |.

Following a suggestion made by Rubinstein and Sarnak, Ng [N¢| generalized the framework
of [RbS5] to the context of Galois extensions L/K of number fields and performed extensive
numerical computations. As isillustrated in Theorem 1.1, the present work also considers the
setting of Galois extensions of number fields. The more general context of Artin L-functions
differs from the classical study of discrepancies in the distribution of primes in arithmetic
progressions in several aspects. Notably, there are examples of Artin L-functions which
vanish at 3 (see [Ar] and Example 1.3). Artin L-functions associated to irreducible repre-
sentations of Gal(L/K) might also have non-simple complex zeros. This can substantially
influence fine properties of the distribution of prime ideals in Frobenius sets (the influence
of real zeros was predicted in [RbS] and further explored in [Ng]). This makes the obvious
extension of the linear independence assumption in [RbS] (used to evaluate densities of sub-
sets of primes) trivially false. Consequently, the notion of primitive L-function, highlighted
by Rudnick—Sarnak in [RdS], will be central in our analysis. The Artin L-function of an irre-
ducible representation of Gal(L/K) will typically factorize as a product (with multiplicities)
of primitive L-functions.

By introducing a reduction of prime ideal counting functions in the relative extension L/K
to prime counting functions in L/Q, we will express the former in terms of sums of zeros of
L-functions that are expected to be primitive. This is the key observation that will allow
us to refine K. Murty’s bound on the unramified prime ideal of least norm (as well as the
Bellaiche improvements) in a given Frobenius set. We will then apply the Rubinstein—Sarnak
machinery involving limiting distributions arising from Besicovitch B? almost-periodic func-
tions. Finally, after translating the problem to a probabilistic setting, we will establish
central limit and large deviation type results in various families of Galois extensions. This
will allow us to understand the distribution of the error term in the Chebotarev density
theorem, and in turn to deduce precise asymptotic estimates on Chebyshev’s bias.

In our first main result (see Theorem 2.1), we prove new estimates on the mean and
variance of the limiting distribution of (3) in terms of the ramification data of L/K as well
as representation theoretic invariants of Gal(L/K’). Secondly, in Theorems 2.3 and 2.6 we
settle and refine a conjecture of K. Murty on the unramified prime ideal of least norm in
a given Frobenius set (this takes into account Bellaiche’s improvements), and we refine the

2See Footnote 1, and recall that the bounds +/[d[(loglog|d|)~' < h(d) < +/|d|loglog|d| hold for any
fundamental discriminant d < —4, under ERH for K.
4



bounds of Murty-Murty—Saradha and Bellaiche on the error term in the Chebotarev density
theorem. Thirdly, under suitable hypotheses such as the Artin holomorphicity conjecture
and the Riemann hypothesis, we apply our limiting distribution estimates to provide an
asymptotic description of Chebyshev’s bias in terms of the characters of Gal(L/K) and the
discriminant of L/Q, reducing the question to an effective inverse Galois problem. We tackle
these invariants in several important families that are well studied in the literature, and
deduce asymptotic estimates on this bias. In the generic case where Gal(L/K) = S, we
are able to apply powerful combinatorial estimates such as Roichman’s bound [RRo] in order
to deduce a precise asymptotic formula for the bias which we show is best possible (see
Theorem 2.15); this settles quantitatively a question of Ng.

The paper is organized as follows. In §2 we state our main results, which are of two distinct
types. On one hand we obtain general information on the limiting distribution of (3) and
we give an asymptotic description of the densities in terms of invariants of the extension
L/K. On the other hand we establish precise estimates on the mean and variance of this
limiting distribution in the case of specific families of Galois extensions: abelian, dihedral,
radical, and S,, extensions, as well as Hilbert class fields of quadratic fields. We devote §3 to
explicit formulas and their translation into the probabilistic setting that is well suited to our
approach. The arithmetic core of our method is described in §4 where we relate the mean
and the variance of the limiting distribution of (3) to sums of characters of Gal(L/K) and
Artin conductors, and prove our unconditional results (see Theorem 2.6) as well as Murty’s
conjecture in any Galois number field extension for which Artin’s conjecture is known to
hold (see Theorem 2.3). Our main probabilistic results, effective central limit theorems and
large deviation estimates, are then stated and proved in §5. In §6 we conclude the proofs
of our general results. We devote §7 to the case of extensions L/K for which L/Q is Galois
of group Gal(L/Q) = S,. We establish precise estimates on the mean and variance by
exploiting the description of the irreducible representations in terms of Young tabloids and
the associated combinatorial formulas for character values (chiefly the hook-length formula).
In §8 we prove the statements relative to some families of abelian extensions, including the
case of the Hilbert class field of a quadratic field K;/Q(v/d). Finally, in §9, we focus on
three specific families of supersolvable extensions of Q. First, we investigate a family of
dihedral extensions with controlled discriminant that was constructed by Kliiners. Second,
in the case of the Hilbert class field of a quadratic field Q(v/d) seen as an extension of the
rationals, we apply bounds on class numbers of (real and imaginary) quadratic fields due
to Montgomery—Weinberger and Chowla. Third, we study radical extensions Q((,, a*/?)/Q,
where a, p are distinct odd primes such that p is not Wieferich to base a, making heavy use
of Viviani’s explicit computation [Vi| of the filtration of inertia at a and p.

1.2. Statement of assumptions. We now state the hypotheses which will be used in this
paper. We stress that some of our results are unconditional, and some depend on one or
more of the hypotheses below (see for example Theorem 2.1). In fact, much of our work is
done without assuming GRH or LI.

We fix an absolute positive constant My (say My = 10°). We let L/K be an extension of
number fields for which L # Q is Galois over Q, and define G = Gal(L/K), GT = Gal(L/Q).
For a finite group I', we denote by Irr(I") the set of irreducible characters and by I'* the set of
conjugacy classes. For any number field M we denote by d;; the absolute value of its absolute

discriminant. The hypotheses below will depend on the extension L/Q rather than on L/K;
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as mentioned earlier (see also Example 1.3), the Artin L-functions associated to irreducible
characters of Gal(L/K) are not primitive in general. For y € Irr(G), we will denote by
L(s,L/K,x) the associated Artin L-function (see [Mar, Chapter 1, §4| for a definition).

(AC) We assume Artin’s holomorphicity conjecture which states that for every nontrivial
x € Irr(G™), the associated Artin L-function L(s, L/Q, x) is entire’.
(GRH™) We assume that for every x € Irr(G™), sup{R(p) : L(p,L/Q,x) = 0} < 1, and
moreover L(s, L/Q, x) has a zero on the line R(s) = sup{R(p) : L(p, L/Q, x) = 0}.
(GRH) We assume the Riemann Hypothesis for the extension L/Q, that is every nontrivial
zero of L(s, L/Q, x) lies on the line R(s) = 3, for every x € Irr(G™).
(BM) We assume that every nonreal zero of

II (s 2/Q.x)

X€EIrr(GT)

up to height (logdy loglogdy)? has multiplicity at most M. Moreover, for each
x € Irr(GT),
ordS:%L(s,L/Q,X) < M.

The following generalizes a classical and widely used hypothesis of Wintner | | on the
diophantine properties of the zeros of the Riemann zeta function. As discussed in | ,
Section 5|, in the case of Artin L-functions it is quite delicate to state. First, it is believed
that L(s, L/Q, x) is primitive whenever y is irreducible. Second, we need to take into account
the potential existence of real zeros. This is strongly linked to the Frobenius—Schur indicator
of the corresponding character x and the Artin root number of L(s, L/Q, x). As illustrated
in Example 1.3 below, those two properties do not necessarily hold for L(s, L/ K, x).

(LI~) We assume that the multiset of positive imaginary parts of the zeros of all Artin
L-functions L(s, L/Q, x) in the region {s € C : R(s) > i}, with xy € Irr(G™), are
linearly independent over the rationals.

LI) We assume LI~. Moreover, we assume that L(1, L/Q, 0 if x is an orthogonal or
2 X X g

unitary irreducible character of G, and that for any symplectic irreducible character

x of G one has the uniform bound ord,_1 L(s, L/Q, x) < My (see Theorem 3.3 for

the definition of orthogonal, unitary, and symplectic character). Finally, we assume
that for every 5 € (0,1)\ {3} and x € Irr(G"), L(B, L/Q, x) # 0.

Remark 1.2. We actually believe that a stronger statement holds (say LIT), that is in
addition to LI, for any symplectic character x € Irr(G™), we have that

L(s, L/Q,x) = =X

ord,_
2

1
2

31t should be noted that Artin’s holomorphicity conjecture is known for extensions whose Galois group is
supersolvable, that is, when the Galois group G admits a sequence of normal subgroups of G

{(id}=HyCH C---CH,=G

with cyclic successive quotients H;/H;_1. The irreducible representations of such groups are all monomial
so that Brauer’s Theorem implies that Artin’s conjecture holds in this case (we refer the reader e.g. to | ,
Chap. 2| for further details). By the structure theorem for finite abelian groups we see in particular that
any semi-direct product of an abelian group by a cyclic group is supersolvable. The examples we study in §8
and §9 are all instances of supersolvable extensions and thus Artin’s conjecture is known to hold for such
examples.
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(in other words, L(3, L/Q, x) = 0 may only occur as a consequence of W (x) = —1). Hypoth-
esis LIT generalizes its counterpart for Dirichlet L-functions. In this case there is theoretical

progress in | | and [L1}] (see also the very interesting discussions therein on linear in-
dependence properties of L-function zeros in general) as well as computational verification
up to a fixed height (see [B'T, ). In the general case, the reason why Hypothesis LI

includes a statement about vanishing at s = % comes from the existence of Galois extensions
L/Q with Galois group admitting a symplectic irreducible character y of Artin root number
W(x) = —1 (see e.g. [Mar, Chapter 1, §4(ii)] for the definition), so that* L(3, L/Q, x) = 0. Tt
is known ['()] that in the general case of a Galois extension of number fields L/K the Artin
root number of an orthogonal irreducible representation is 1. LI asserts that for unitary
characters associated to L/Q, one has W (x) # —1 (this is not necessarily true for relative
extensions L/K; see Example 1.3).

We now give an explicit example to illustrate that Artin L-functions attached to irreducible
characters x of relative extensions are not primitive in general, and might vanish at s = %
for reasons independent of their root number.

Example 1.3 (Serre, see e.g. [Ng, §5.3.3]). Let L = Q(#) where 6 is a root of the Q-
irreducible polynomial 2% — 2052° + 13 940x* — 378 22522 + 3404 025. Serre shows that L/Q
is Galois of group isomorphic to the quaternion group Hg of order 8 and moreover that the
only non-abelian irreducible character (denoted x5 in loc. cit.) of G = Gal(L/Q) ~ Hyg is
symplectic of degree 2 and satisfies W (xs) = —1 so that L(3, L/Q, x2) = 0. There are 5
irreducible characters of Hyg all real valued; 4 of them have degree 1 and thus correspond
to the Kronecker symbol attached to a fundamental discriminant computed by Ng. Artin’s

factorisation property gives rise to the following decomposition of the Dedekind zeta function
of L:

Gu(s)= [[ L(siL/Q )

el (@)
—con(sz/e () ) (s e () )e(spe () ) ps L

Ng numerically checks the nonvanishing at % of the three Dirichlet L-functions of quadratic
characters appearing above so that L(s, L/Q, x5) is entirely responsible for the vanishing
of (1 at % There are 3 quadratic subextensions of L/Q with respective discriminant 5, 41
and 205; if we fix one such discriminant D then the corresponding subfield Kp of L has the
property that G = Gal(L/Kp) is cyclic of order 4. Thus G has 4 irreducible representations
of degree 1; two of them are orthogonal (the trivial representation and a character of order
2), and two of them (denoted v» and ) are unitary. A straightforward group theoretic
computation shows that
Indﬂésw = Indgszﬂ =X5.

By properties of Artin root numbers and Artin L-functions (see e.g. [Mar, §4]) we have
W(e) = W) = W(xs) = —1 and L(}, L/ Kp, $) = L(, L/Kp, ) = L(}, L/ Kp, x5) = 0.
Therefore Serre’s example shows that in the case of a relative extension of number fields L/ K
one may have L(%, L/K,x) = 0 for a unitary representation of Gal(L/K). What assumption
LI asserts in this case is that vanishing at 1 for L(s, L/K, x) is explained by the symplectic

4The first examples exhibiting such a real zero were found by Armitage [A1] and Serre (see [Ng, §5.3.3]).
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irreducible representation of root number —1 that appears in the character induced by y on
the Galois group of the normal closure of L (in the example, it is L itself) over Q.

Another interesting phenomenon that the same example illustrates is the potential multi-
plicity of L-factors in a relative extension, for a given L-function. Indeed, let Z = {+1} be
the center of Hg and consider this time the quadratic extension L/LZ. Let & be the nontrivial
character of Gal(L/L#). This gives rise to a new factorization of (;(s):

cuts) = (s, 2/@ (2) )2 (s.pre (B) e sz () ) oo Ly

= L(s,L/L? 1)L(s,L/L?¢).

The factor L(s, L/L?,1) is the Dedekind zeta function of LZ, an abelian extension of Q of
degree 4. Therefore

Lis, L/L7,1) = <<s>L(s,L/@, (5))L(S7L/@7 (£>) ( L/Q <205>)

and in turn
L(s,L/L? ) = L(s,L/Q, x5) .

We deduce the existence of orthogonal representations with associated L-function vanishing
at %, and we also see that the multi-set of critical zeros of L(s, L/L?, €) has repeated elements.
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2. STATEMENT OF RESULTS

We consider a Galois extension L/K of number fields, and set G = Gal(L/K). If L/Q is
also Galois, then we write Gt = Gal(L/Q). We let G* denote the set of conjugacy classes of
G, and Irr(G) denote its set of irreducible characters. Given x € Irr(G) and a class function
t: G — C, we define the Fourier transform

Hx) = (x.t = @ Zx

geG
8



its support supp(;f\) ={x € Irr(G): (x,t)g # 0}, as well as the norms
1 1
2]l = €] > lt9)l; 1413 := (t,t)e = €] > ltg)P. (5)
geG gelG
Note that for class functions t1,t, : G — C, Parseval’s identity reads
(i, to)e = (b, o)y = >, h(0)B(X); (6)
Xx€lrr(G)

in particular ||t]|, = ||t||2. We also consider the Littlewood norm [Bel, §1.2, (1)]

At =Y xR

x€lrr(G)

In the case where L/Q is Galois, we extend ¢ to the well defined class function ¢+ = Ind$’ (t) :
G+ — C that satisfies for all g € G,

t'g)= D taga). (7)

aGeGT /G
a"lgacG

We also extend conjugacy classes C' € G* to well-defined® conjugacy classes of G* by setting
ct .= U aCa™". (8)
aGeGH /G
We consider the Frobenius counting function
mlw; L/Kt) == Y t(Froby),

p<O g unram.
Np<z

as well as its normalization®
E(y; L/ K, t) := ye % (n(e¥; L/ K, t) — (1)Li(e")), (9)
where, for t Z 0,

= sup{R(p) : L(p, L/Q, x) = 0;x € supp(t*)}  if AC holds for L/Q; (10)
L sup{R(p) : (L(p) =0} otherwise.
(If t = 0, we set 35 = 1.) If t is real-valued, then we also define the densities
- — <Y :E(yL/K,t
(L)1) =B, O S VB LID 2 0 (1)

which will measure to which extent a constant lower order term is dominating the fluctuations
of the error term in the Chebotarev density theorem. If the upper and lower limits coincide,
their common value are denoted by 6(L/K;t).

5See Remark 3.12. Note that we may not apply this definition to G itself, since it is not a conjugacy class
(unless |G| = 1).
6The reason why we work on the logarithmic scale is explained in | ]
9



The prime example of class function we will consider is

G| G|
t = —1 —1
C1,C2 \le Ci — ‘02’ Cas

where C, Cy € G* are distinct and for any conjugacy invariant set D C G, 1p is the indicator
function of D. By convention, we will allow C5 to be equal to 0, in which case we define
teyo := |G||C1| ¢y, and we write Cy = 0,|Cy |7t + |C5 |71 == |Cf |71

In [RbS], it is noted that there are discrepancies in the distribution of primes in residue
classes a mod ¢ towards values of a that are quadratic nonresidues. Accordingly, the authors
considered the distribution of the natural counting function

#{p <z :p#0Omod ¢} —#{p <z :p=0Dmodq} (12)

for moduli ¢ for which there exists a primitive root modulo ¢. For general moduli one
should add a weight [Iil]|, e.g. if ¢ = 15 one should consider m(x;15,2) + m(x;15,7) +
m(x;15,8) + m(x; 15,11) + m(x; 15,13) + mw(x; 15,14) — 37 (x; 15,1) — 3w (x; 15,4); note that
-3 =1—-F#{zmod 15: 22 = 1} = 1 — #{z mod 15: 22 = 4}. We generalize this by
considering the class function

r(9) =rc(g) == #{h € G: h* = g}. (13)

Then, m(z; L/K,1 — r) is the natural generalization of the counting function (11). For the
concrete example of the different possible values of the weight 1—r(Frob,) in the case G = Sg,
we refer the reader to Table 7.1.

In the following table we highlight three important particular cases of class functionﬁ,
where C,C,Cy € G* and C; # C,. Here, we compute t* : G — C using (56), and t+
using Frobenius reciprocity and Lemma 3.2 (the case k = 2 of (45) gives the definition
of the Frobenius-Schur indicator ;). Note also that for any C' € G* and y € Irr(G1),

X(CT) = xla(C).

t m(z: L/ K, t) t+ t+(x)
tco | e L/K,C) - Li(x) toro X(CF)
toncs | 1Shm(aiL/K,Cr) — (Shn(a; L/K, C) tor of x(C7) = x(Cy)
+
L—r m(z; L/ K, 1 =) B Y Fhlps —rt | ¥ BIx(DY) — ealxlo)
DeGH DeGH

We also compute the corresponding inner products and norms which will appear later.

t | e | ||t+||2 I |aa [P
_ IGﬂ?
tao ’I"(C) |C+\? 1
Gt Gt
tCl,CQ T(CQ) — T’(Cl) (:CH + IC+:) 2

Finally, in the case K = Q, we have that” —(1—r,7)¢ = |Greal = 1, |1 =72 = (|G rea| — 1)2,
and |1 — ||y =2 — 2|G|'#{g € G : 7(g9) > 1}. Note that if |G| is odd, then 1 —r = 0.

"Here, G real denotes the set of real irreducible characters of G.
10



2.1. General Galois extensions. As mentioned in the introduction, we will translate fine
distribution properties of Frobenius elements in terms of the representation theory of G =
Gal(L/K) and the ramification data of L/K. In this section we state the precise results
spelling out this idea. We refer the reader to [LLO, (5.2)] for the definition of the Artin
conductor A(y). Moreover, we let rd;, be the root discriminant of L, that is

rd, = df? (14)

where we recall that dj, is the absolute value of the absolute discriminant of L. For conve-
nience, we associate to any class function t : G — C a formal object L(s, L/K,t) for which
we define the log derivative by extending the case of Artin L-functions:

L'(s,L/K,t =—L'(s,L/K,x
L((s L//K t)) = 2 i L((s L//K x))' (15)
) ) xelr(GQ) ) )
Accordingly, we define the order of vanishing at some sq € C as follows:
ordy_g, L(s, L/K,t) == > #(x) - ords_s,L(s, L/ K, x) . (16)
x€Irr(G)

Our first main result is the following. We say that the function £ : R, — C admits
the limiting distribution v if v is a probability measure on C such that for any bounded
continuous function f: C — R,

The mean and variance of the associated random variable Z,, are defined by
EZ,] = ER(Z,)] +iE[S(Z,)];  Var[Z,] =E[Z, —E[Z,]]].
Theorem 2.1. Let L/K be a Galois extension of number fields, and fix a class function

t: G — C. Recall that 8% is defined by (9) and that the class function r is defined by (12).
Then, E(y; L/K,t) admits a limiting distribution whose mean is

1
HL/kt = _<t7 T)GéﬁfL:% - B_tords:ﬁtLL(S7 L/Ka t)?
L

where § is Kronecker’s delta, and whose variance is

0 sice < |Itll1 log(dy + 2) min(My, log(dy, + 2)), (17)

where My, := max {ord,_,(r(s) : R(p) = 81,0 < |S(p)| < log(dr + 2)(loglog(dy, + 2))*}. In
other words, for generic values of y we have the estimate

E(y; LK) = pryics + O([[t]1 (log(dr, + 2)) min(My, log(dy, +2))?). (18)
Assuming that L/Q is Galois and that AC holds, we have the more precise® bound
0 i < (mp)?log(rdp +2) Y x(D]EF()[- (19)
x€Irr(GT)

8Keeping in mind that BM implies the bounds m; < 1, M < max, eqr(g+) X(1), compare this bound
with (20). Note also that the sum over characters in (18) is < [|t7|3 max, epr(c+) x(1)-
11



Here, denoting Ty, :=log(rdp +2) 3_ 1o+ X(1),
— . _Qt Cx 2
mp, = max{ordszp( H L(s,L/Q,X)> :R(p) = 61,0 <|S(p)| < (T 1logTy) }

x€supp(tt)
Assuming moreover GRH and’ LI, we have the lower bound
OF e > Z D[ (x (20)
x€EIrr(GT)
Finally, assuming in addition that each irreducible representation of G = Gal(L/Q) of
dimension > ||[tT]|2|[t7]|7 (241 (GT)) "2 satisfies the bound max;zoee+)y [X(C)] < (1 —
n)x(1) for some real number 0 < n < 1 which depends on t and G, then we have that

of e > nlog(rd, +2) Y (D)0 (21)
xEIrr(GT)

Ift # 0, then the character sum in (20) satisfies the general bounds

e+ 1 5 )
L < Y IFOP < (G

||t+||1(#supp(t+))§ x€lrr(GT)

Remark 2.2. The error term in (17) is significantly sharper than that in (2) as well as the
further refinements of Murty-Murty—Saradha and Bellaiche. As a matter of comparison,
taking ¢ > 3, L = Q((,), K = Q, t = ¢(q)1, for some a € (Z/qZ)* and assuming BM, (17)
translates to

E(y; Q(C,)/Q,t) = pig(ey/ae + O(qlog q)7),

which under GRH is of the strength of Montgomery’s Conjecture on primes in arithmetic
progressions (since E(y; Q(¢,)/Q,t) = ye2d(q)(m(e¥; q,a) — ¢(q)~'Li(e?))). This answers a
question of Murty—Murty—Saradha | , §3.13] about the “true size” of this error term, at
least for generic and large enough values of y. A detailed generalization of Montgomery’s
conjecture with a range of validity and various applications will appear in a forthcoming
paper joint with Morrison and Thorner. Comparing this with [Bel, Théoréme 1| (which
holds for all y), we see that for an extension L/Q with G = Gal(L/Q), the bound on
E(y; L/Q,t) in loc. cit. is

>y log(eyrdL) ZxEIrr(G) X(l)ﬁ\<X)’ s
1 1°L/Qyt »
log(rdy, +2))2 ~ 2
OB+ 2 (57 ety X(DIFOR)

where s,/g; is the bound on the typical size of the error term of E(y; L/Q,t) in Theorem 2.1.
One can do a similar comparison with | | for relative extensions.

As for our similar looking estimates (16) and (18), we see that for the extension Q(¢,)/Q,
they are of the same quality, since x(1) = 1. However, if for example we work with the
class function t¢, ¢, in a family where Gal(L/Q) = S,,, then the ratio between (16) and (18)
is > min(|C}],|Cs|). As a more extreme example, we will see in Theorem 2.19 that there
exist extensions for which the upper bound in (18) is identically zero. As this suggests,
to fully understand the fluctuations of E(y; L/K,t), it is not sufficient to decompose it

9n the particular case (Cy,Cy) = (1,0), we do not need LI here.
12



using the characters of the group G — zeros that are either multiple or common to different
characters significantly affect the formula for the variance. To take this into account, we will
formulate a transfer principle relating E(y; L/K,t) to E(y; L/Q,t") in Proposition 3.11 and
Corollary 3.17 (see also Remark 3.19).

An interesting consequence of Theorem 2.1 (more precisely of Proposition 3.18, combined
with (59) and Lemma 3.2) is that under AC and GRH, the limiting distributions of the
functions ye ¥/2(|G*|r(e¥; L/Q, {id}) —Li(e¥)) and ye ¥/%(|G|r(e¥; L/ K, {id}) — Li(e¥)) have
the same variance, however the mean of the first is always less than or equal to that of the
second.

We now discuss applications of our ideas. We first focus on Linnik type problems for
Frobenius sets. Lagarias, Montgomery and Odlyzko | | showed that under GRH and for
a given extension of number fields L/K and for any conjugacy class C' C Gal(L/K), there
exists an unramified prime ideal p < Ok of norm < (log(d, + 2))* for which Frob, = C.
Bellaiche [Be2, Proposition 1] has shown that in the case C' = {id}, the exponent 2 in this

bound is best possible (see also [Fi0]). However, K. Murty conjectured | , Conjecture 2.2]
that under GRH, we have the general bound < (log(d;, + 2))?/|C|, which decreases when
|C'| grows. This conjecture was motivated by | , Theorem 3.1|, which shows that under

the Riemann Hypothesis and Artin’s Conjecture for every L(s, L/ K, x) with x € Irr(G), we
have the bound < [K : QJ*([L : K]log[L : K]+ log(dr, + 2))?/|C| (the additional factors
here come in part from the contribution of ramified prime ideals). In the case where K = Q
and the condition that p <Ok is unramified is dropped, Bellaiche [Bel, Théoréme 3| showed
that under AC and GRH, one can obtain sharper results in several important families. More
precisely, one can obtain a bound in terms of the invariant

va(C) = inf{% ’ t:G—>R;t1)>0;t(g) >0=>g € C’} < G| : (22)

[eik:

(the bound follows from taking ¢ = 1¢ and applying Cauchy—Schwarz.) We are now ready
to state our bounds on the least unramified prime ideal in a given Frobenius set.

Theorem 2.3. Let L/ K be a Galois extension of number fields and assume that the Riemann
Hypothesis and Artin’s Conjecture hold for each L(s, L/ K, x) with x € Irr(Gal(L/K)). Then,
Murty’s conjecture holds. In other words, for any conjugacy class C° C G there exists an
unramified prime ideal p < O for which Frob, = C' and

(log(dr, + 2))2'

Np <
C|

(23)

More precisely, taking into account Bellaiche’s refinement'®, for any class functiont : G — R

such that 2\(1) > 0, there exists an unramified prime ideal p <Ok for which t(Frob,) > 0 and

Np < (% log(rdy, + 2)[K : @])2. (24)

101y particular, one can apply this bound to the class functions described in [Bel, Definition 1].
13



If in addition L/Q is Galois and AC holds, then there ezists an unramified prime ideal p<Q
for which Frob, = C' and

(log(dr, +2))*  (log(dx +2))3|G|5
|CH| lel

(Note that the second term in (24) is < (log(dy, + 2))3|C|75 < (log(dy + 2))2(|GT||C])75.)
Finally, under the same hypotheses and incorporating Bellaiche’s refinement, we obtain that
for any class function t : G — R such that 1(1) > |G|7'P sup |t|, there ezists an unramified
prime ideal p <« Ok for which t(Frob,) > 0 and

Np <«

(25)

Np < (/\t(( )) log(rdy, + 2 )2 + (1;[ : Q) log(rdy, + 2)

" Z <<| WG|>“ (%bg(rdwm)ﬂl)- (26)

Example 2.4. As an example in which (25) and (24) are significantly sharper than (22)
and (23), consider any S, extension L/Q and K = L{(12*™)_ Clearly for o = (12---n), one
has |[{o}*]| = (n — 1)!, and likewise for any k coprime to n, taking C' = {o*} we have that
|C] =1 and |C*| = (n — 1)!. Thus our bound on the unramified prime ideal p of least norm
for which Frob, = C' is Np < (log(d, + 2))2/n!5. In comparison, the bounds (22) and (23)
are both = (log(dr + 2))? (see [Bel, Proposition 17]).

More generally, considering the extension L/L where H <.S,, is a subgroup containing an
element h of cycle type A = (A, ... A\x) F n, the bound (24) is

en JYay! 1
< (log(dL+2))2(Hl<j<—]+ )

where a; = #{i < k: )\ =j}.

Remark 2.5. One can give a simple heuristic argument that shows why we expect the
bound (24) rather than (22). If L and K are both Galois over Q and p is a prime number
that splits completely in K and for which Frob, = C, then for any prime ideal p <O above
p, we have that Frob, = C.

Using similar arguments as in Theorem 2.3, we obtain a refinement of the Lagarias—
Odlyzko—Serre, Murty—Murty—Saradha and Bellaiche bounds on the error term in Cheb-
otarev’s density theorem.

Theorem 2.6. Let L/K be a Galois extension of number fields for which L/Q is Galois,
and assume AC and GRH. Then for all x > 2 we have the bound

m(z: L/ K, t) — {(1)Li(z) < A(tT)z? log(rdz) log
+ Y (@t el + 2 A((E(1))T) log(rdpz) log ). (27)

2</<2logx
p*(0)=1
Moreover, the quantity N((t(-%))%) can be replaced by [K : QIN(t(-Y)). In the particular

case t = |G||C| 1 where C C G is a conjugacy class, the right hand side of (26) is
14



< (|GH||CF 222 + |GT|G|2|C| a1) log(rd z) log z. Here, G := Gal(L/Q) and C* is
defined by (7).

Next we turn to applications of our results to discrepancies in the distribution of Frobenius
elements in conjugacy classes. We will combine Theorem 2.1 with estimates on Artin con-
ductors (see Lemma 4.1) and probabilistic bounds on large deviations of random variables
to detect when 0(L/K;t) (see (10)) is very close to 1, conditionally on AC, GRH and BM.

Theorem 2.7. Let L/K be an extension of number fields such that L/Q is Galois, and fix
t: G — R a class function such that'' (t,r)q < 0 and t* # 0. Assume that AC, GRH, and
BM hold. If for some small enough € > 0 the inequality?

— e — 200,y Lis, L/K.1) > (7 log(ed, +2) Y0 x(DIF(0P)
el (G)
holds, then the fluctuations of E(y; L/K,t) are dominated by a constant term, that is
O(L/K;t) >1—ce.

Under the additional assumption LI, we have the refined bound
S(L/K;t) > 1 —exp(—coe™ ).

Finally, if K = Q and [t(x)| € {0,1} for all x € Irx(G), then we also have the upper bound
S(L/Q;t) < 1 —exp(—c3e™).

Here, ¢q,co,c3 > 0 are absolute constants.

1
2

(28)

As a partial converse to Theorem 2.7, we show using an effective central limit theorem
that up to the factor log(rdy, +2), the condition (27) is also sufficient. Here, the condition LI
is required since we need a lower bound on the variance and an estimate on higher moments.

Theorem 2.8. Let L/K be an extension of number fields such that L/Q is Galois, and for

which AC, GRH~, and LI hold. Fiz a class function t : G — R such that £+ Z 0, and let
e > 0 be small enough. If the condition

Lis LKD) <2 3 xOIF ()P (29)

x€lrr(GT)

(@ €2)In(c) + 20rd,_1
is satisfied, then
1 ]y (#Ier(GH))s
S/ — 2 et “1(#+”( )| (30)
2 [#+1]2
Assuming further that |(t, €2)1er(G) + QOTdS:%L(S, L/K t)| > e~ 2, then the second error term
on the right hand side of (29) can be deleted.

Remark 2.9. The reason why the factor log(rd; + 2) appearing in Theorem 2.7 does not
appear in Theorem 2.8 is because of our lower bound for the Artin conductor in Lemma 4.1.
If the trivial bound |x(g)| < x(1) can be improved to a bound of the form |x(g)| < (1—n)x(1)
for some fixed n > 0, for many characters x of G and for every g # 1, then we can deduce

UTf (t,7)¢ > 0, then we may apply the theorem to —t and deduce that §(L/K;t) is close to 0.
1286e (45) and Theorem 3.3 for the definition and properties of the Frobenius-Schur indicator 5.
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a sharper lower bound for the Artin conductor of these characters (see Lemma 4.2). Such is
the case for G = S,, thanks to Roichman’s bound (see (124) and Proposition 7.6), and this
allows for a more precise evaluation of 6(L/K;t) (see Theorem 2.15).

Example 2.10. Take K = Q and L/Q of even degree (so that there is at least one nontrivial
real character) and t = 1 —r, so that t(y) = 1,1 —e2(x). Assuming BM, we have the upper
bound -

[(1 =7, e2)m(c) + 20rd,_

L(s,L/Q,1—7)| < (My+1) Y 1,

1#x€lrr(G)

x real

1
2

and hence (28) holds whenever

) OREEIESIEE G SRR (31

1#x€elr(Q) 1#£x€lrr(G)
X real x real

If this is the case, then thanks to (115) we conclude under AC, GRH™ and LI that (see the
proof of Theorem 5.10 in which E[X(L/Q;1 —1r)] € Z)

O(L/Q;1—1)— % < e.

Moreover, we have the lower bound

(T=7 e +2 Y, T—r(x)ord,_iL(s, L/Q,X)
xEIrr(G@)
> #{1 # x € Irr(G) : x real} — Mo#{x € Irr(G) : ea2(x) = =1}, (32)
and hence, if"® 2My#{x € Irr(G) : e2(x) = —1} < #{1 # x € Irr(G) : xreal}, then the
condition (27) holds whenever

Yo1se: <log(rdL +2) Y X(l)) . (33)

1#x€Irr(G) 1#x€lrr(G)
x real X real

=

We expect the condition (30) to hold for many extensions, and hence under AC, GRH™
and LI, 0(L/Q;1—r) is often close to % Precisely, this holds if G = G has a real irreducible

representation of degree d and admits o(v/d) irreducible real representations. In the generic

case G = S, there exists exactly p(n) ~ ™V B /(4n~/3) (the number of partitions of n) real
irreducible representations, one of which has degree nlz—o) (see Theorem 2.15).

Example 2.11. Take L = Q((,) with ¢ > 3 odd and squarefree in Example 2.10. Then, the
inequality (32) holds provided

290 > e~log g, (34)
which already appeared in [I'il]. For general finite abelian groups, the number of real
characters is equal to the number of elements of order at most two, hence the inequality (32)
translates to

Hl1#geG:g* =1} > ¢ log(rdy +2).

13This mild condition is satisfied by most of the extensions mentioned in this paper. However, we will see
in Remark 2.25 that it is essential.
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As a consequence, for 6(L/Q;1 — ) to be close to 1, it is sufficient that Gal(L/Q) contains
a substantial 2-torsion subgroup and that dj, is of controlled size. A good example of such

an extension is Q(/p1, /P2, ---, v/Pk)/Q (where the p;’s are pairwise distinct primes). In this
case (32) holds provided
k
2F > o7t Z log p;.

i=1
Interestingly, if we put ¢ := Hle pi, then this is exactly (33). We will see that the inequal-
ity (33) plays an explicit role in the statement of Theorem 2.21 and Theorem 2.24 (see also
Remark 2.23 that discusses the density of integers ¢ such that (33) holds).

We now derive group theoretic criteria that ensure that (29) holds.

Corollary 2.12. Let L/K be an extension of number fields that are both Galois over Q for

which AC, GRH™, and LI hold. Fix a class function t : G — R such that tT # 0, and fix
e > 0 small enough. Then (29) holds, provided either of the following conditions' holds:

@) N 1F el + ||t+||2)(#1£r(G+))5 H(#{x € Iir(G) U Lee(GF) = x real))} < ]}t*3,
(2) [t )] + 3 xeme) [EF0O] < el I3[0 * (supp(F)) 7.

X symplectic
So far we have shown that the limiting values 1 or 3 are expected for the density 6(L/K;t)
in many natural examples. Taking ¢ = 1—r and K = Q, one could ask whether §(L/Q;1—r)
can plainly equal those limiting values. The following general result gives an effective negative
answer to this question.

Theorem 2.13. Let L/Q be a Galois extension for which AC, GRH, and LI hold, and let
dy, be the absolute discriminant of L.

(1) We have the bound

I(L/Q;1 —1) <1—crexp(—ca#t{x € Irr(G) : xreal})
with positive absolute constants cy, co.
(2) Assuming moreover GRH, recalling that My > 0 is a fized absolute constant, and
assuming that there is a constant k € (0,1) satisfying:
o #{x € Irr(G): x real} > 2r71,
o #{x € Irr(G): x symplectic} < ﬁ#{x € Irr(G): x real},
then for max(dr, Y enr(e) X(1)) large enough we have:

x real

N[
=
—~

—_
~—
[N}
N—
NG

(L@ 1= 7) = 5 = clog(rd +2)) 7 (

x€Irr(G)
X real

where ¢ > 0 is absolute.

These bounds are essentially optimal. The first one is sharp (up to a log factor in the
exponent) in the following cases:

e the dihedral extensions considered in Theorem 2.17,

1 The notion of symplectic character is defined in Theorem 3.3.
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e the extension K,;/Q where K, is the Hilbert class field of a quadratic field Q(v/d)
(see Theorems 1.1 and 2.18),

e the abelian extension Q(y/p1,- .., /Pm)/Q (see Theorem 2.21).

As for (2) of Theorem 2.13, it is sharp in the case of p-cyclotomic extensions (where p is a
prime number) as shown in ['); (3.20)]. There are also cases where the value of §(L/Q;1—1)
differs significantly from this bound, notably:

e the case of the radical extensions considered in Theorem 2.19,
e the case of S,-extensions (see Theorem 2.15).

The representation theoretic assumptions in Theorem 2.13(2) are essential since in the
case where G is a generalized quaternion group (see [Ba]) or G = SLy(F3) one can have
6(L/Q;1 —r) =1 (see Remark 2.25).

Remark 2.14. Note that even in the case where G admits no symplectic character, it would
still be possible to have §(L/Q;t) = 5. However, if one moreover assumes that (t,7)q # 0
(recall (12)), then a lower bound on |6(L/Q;t) — 1| could be deduced from an estimate on

log(rd, +2) Y XD
xEIrr(G)

This could be done by following the lines of the proof of Theorem 2.13.

In the following sections we focus on the cases where the class function ¢ considered is
either t =1 — 7 (see (46)) or t = tc,.c, = |G||C1| e, — |G||C2] 1, for distinct conjugacy
classes (4, Cy of G.

2.2. Generic case: S,-extensions. The case where Gal(L/Q) = S,, is “generic” in the
sense that according to many orderings of number fields (see e.g. [Ga, |), Sy is the most
common Galois group. In this case our results rely on the rich and beautiful representation
theory of the symmetric group that involves the combinatorics of partitions and tabloids. As
an application we answer positively and quantitatively a question of Ng [Ng, Section 5.3.5]
about whether for any conjugacy class C' # {id} we have r({id}) > r(C), and as a result
S(L/Q;tcia) > & (see (35) below). The exact bound we obtain in (131) is

r({id}) = r(C) = nl2;

one can deduce sharper bounds for specific conjugacy classes using bounds on the characters
of S,,. Such bounds have been established in the important papers of Roichman [R0], Larsen—
Shalev [1.5] and Féray—Sniady [I'cS]. In our context we are able to apply Roichman’s bound
to obtain estimates for §(L/Q;tc, c,) that take into account the ramification data. This

is specific to S, since the factor (log(rd,))~2 appearing in (34) is not present in Theorem
2.8. This leads to an estimate for Chebyshev’s bias that is superior to that following from
Theorem 2.8. The resulting bound shows that the Chebyshev bias dissolves both in the
horizontal (i.e. as the size of the root discriminant increases) and the vertical (i.e. as the
size of the Galois group increases) limits.

Theorem 2.15. Let L/K be an extension of number fields for which L is Galois over Q.
Assume that GT = Gal(L/Q) = S,, with n > 2, and that AC, GRH and LI hold. Fize > 0

and let Cy,Cy be distinct elements of G* U {0} for which Cf # C5 and min(|C}], |C5]) <
18



!l legn Then, the functions E(y; L/ K, tc, c,), E(y; L/Q,1—r) admit limiting distributions
whose respective means are"”

nlp(n) 3 B
|)> ; =p(n) — 1,

<min(|C’1+|, |C5F
and whose respective variances are
n!s log(rdy) .
min(|Cy |, |C5])’
Moreover, the variance of the limiting distribution of E(y; L/ K, tc, c,) s
log min(|Cy [, |C5 ) n!2 log(rdy)
B log n! > min(|C [, [Cy [)2p(n)?
and as a consequence we have the upper bound
log min(|C|, |CF )\~ nl~7p(n)1 min(|CY, |C5|)3
: ) (log(rd1))? |

This estimate is essentially best possible in the sense that specializing to K = Q and Cy =
{id}, we have, for any conjugacy class Cy, the lower bound

= log(rdy)(n/e)"%evV™ .

>>(1

Y

1
L/K;te, o) — = < (1

: (3)

log n!

1 nl—i
> C————7
(log(rdyr))>

S(L/Qstey fiay) — 5 ) (36)

where ¢ > 0 1s absolute. Finally,

0l

1 nl=ip(n)e 2 ns
S(L)Q1—7)— ~= 7P . (37)
2 (log(rd.))
As a consequence we can quantify the idea that a “random” Galois extension of the rationals
rarely produces a high Chebyshev bias. This is the purpose of the following statement.

(NI

Corollary 2.16. For a polynomial f € Z[T], let Ky C C denote its splitting field over Q.
For fized integers n, N > 2 set:

E,.(N)={f € Z[T]: f monic of degree n with all its coefficients in [—N, N|}.

The proportion n, n of polynomials f € E,(N) such that

n!_%p(n)e_@n

ool

Uy /@1 =) 5 =

satisfies, under AC, GRH and LI for every K;/Q,
slog N )
~ )

I5Note that the number of partitions p(n) of n satisfies the Hardy-Ramanujan asymptotic p(n) ~

eV 27”/(471\/3) Moreover, if C1 and Cy are both composed of only odd cycles, then the mean of
E(y; L/K,tc,,c,) vanishes. Finally, see [Ng, Section 5.3.5] for a combinatorial formula for this mean in
some cases.

Tin,N Z 1 _O<n
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For the lower bound of the corollary to make sense, one should first pick a large value of
n so that (37) implies that the density 6(L/Q;1 —r) is close to 3. Then one selects a large
value of N (explicitly, N of size n®™ suffices) so that the upper bound of the corollary is
small, that is the proportion of admissible polynomials is close to 1.

The proof of the corollary follows easily from combining Theorem 2.15 with Gallagher’s
Theorem (see e.g. [[Kow, Th. 4.2]) that quantifies the fact that generically the splitting field
over Q of a random monic integral polynomial of degree n has Galois group isomorphic to
Sn. Note that Gallagher’s bound has been improved (see e.g. [Di]) and therefore the lower
bound in Corollary 2.16 is not best possible (one conjectures that 1 —mn, y =<, N71); we will
still apply Gallagher’s bound because of its uniformity with respect to n.

2.3. Explicit families. In this section we discuss our results for some families of supersolv-
able extensions of number fields (we recall that AC is known for such extensions).

2.3.1. Dihedral extensions. Recall that for n > 1 the dihedral group D,, is defined by
D,:={(o,7:0"=7"=1, 10T =0"). (39)

Dihedral groups have a substantial proportion of elements of order 2 and this translates into
the existence of many real irreducible characters (set h = 1 in (44) and note that D,, only
has irreducible representations of degree bounded by 2 and admits no symplectic character).
As a consequence, dihedral Galois extensions are natural candidates for extensions that
may exhibit extreme biases in the distribution of Frobenius elements. The following result
confirms this intuition by using a construction due to Kliiners [I<]].

Theorem 2.17. There exists a sequence (K;/Q)p>7 of dihedral extensions indezed by prime
numbers ¢ > T such that Gal(K,/Q) ~ D, and such that, conditionally on GRH and
BM for K;/Q and for the choice (Cy,Cy) = ({ra*: 0 < k < ¢ — 1},{id}), the functions
E(y; Ki/Q, te, qiay), E(y; K¢/Q, 1—7) admit limiting distributions whose means are both > (,
and whose variances are both < €logl. As a result, the fluctuations of these functions are
dominated by a constant term, and one has that
. log ¢
min ((K/Qitey c2), 8(Ke/ Qi1 = 1)) = 1 0(25).

If one additionally assumes LI for K,/Q then both 6(K,/Q;1 —1) and 6(K,/Q;tc, ¢,) exist

and one has the refined bounds

/ l
B <{_ ) < LR Y . > 1_ —Ca—
exp(—cil) < 1—-0(K,/Q;1—r) < exp < CQIOgE), 0(Ke/Qiteyc,) = 1—exp ( 0310g£>;

where the constants ¢y, co, c3 > 0 are absolute.

2.3.2. Hilbert Class Fields of quadratic extensions: the absolute case. From the group theo-
retic point of view, this section is a slight generalization of the previous one. We consider the
extensions K;/Q, where K, is the Hilbert class field of the quadratic extension Q(v/d)/Q.
The relative Galois extension K;/Q(v/d) is abelian and will be considered in §2.3.5. As in
the case of dihedral extensions there are many elements of order 2 in Gal(K,;/Q); this results

in estimates similar to those stated in Theorem 2.17.
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Theorem 2.18. Let d # 1 be a fundamental discriminant and let Ky be the Hilbert Class
Field of Q(\/E) Then K4/Q is Galois; fix a representative 1o of the nontrivial left coset of
Cal(K4/Q) modulo Gal(K4/Q(vd)) and assume GRH and BM for K;/Q. Fiz an element
o € Gal(K;/Q(v/d)) and let Cy, Cy be the conjugacy classes of oo and 1, respectively. Then
the functions E(y; Kq/Q, tc, tay), E(y; Kq/Q, 1—7) admit limiting distributions whose means
are both > h(d), and whose variances are both < h(d)log|d|. As a result, the following holds.

(1) For every fundamental discriminant d < —4 we have the bound

min (8(K4/Q;tey0y),0(Ka/Q; 1 —1)) > 1~ O(log |d|loglog ]d|)

Vid

(2) There exists an unbounded family of fundamental discriminants d > 5 such that

. . 1l —7r — (log |d|>2
min (é(Kd/QvtCLCQ)?é(Kd/Q’ 1 )) 210 (\/Wloglog |d|> '

(3) If one additionally assumes LI for each extension K;/Q then both the densities
0(Kq/Q;1 —1) and 6(Kq/Q;tey o) exist and one has the refined bounds:

exp (—clﬂ) 1 —0(Kq/Q;1—7) <exp <_CQ VId] > (d < 0);

loglog |d| log |d|loglog |d|

\/dl log |d \/ d|loglog |d

exp d]log Oiﬂ'(d)' < 1-6(Ky/Q:1—7) < exp d]1og O§J<d)| (d as in (2).
(logld|)2+ (1og|d|)

Here, the constants c¢; > 0 are absolute. Both upper bounds also hold for 1 —

0(Ka/Qstey c,)-

2.3.3. Radical extensions. In contrast with the two previous families, we now consider ex-
tensions of number fields exhibiting this time a moderate Chebyshev bias. We will consider
splitting fields K, ,/Q of polynomials f(X) = X? — a, where p and a are distinct odd prime
numbers. To simplify the analysis we make the extra assumption that a?~! # 1(mod p?), in
other words “p is not a Wieferich prime to base a” (see e.g. [[<at, §1-3] for a nice account
on the theory of such prime numbers). Let G = Gal(K,,/Q). We have the following group

isomorphism:
c d .
G:{(O 1>:ce]Fp7deIFp}. (40)

In particular G is supersolvable (consider the cyclic maximal unipotent subgroup H of G)
so that Artin’s conjecture holds for K,,/Q. In this case, we apply the work of [Vi| and
explicitly compute the filtration of inertia and in particular obtain an exact formula for the
Artin conductor of each irreducible character of G.

Theorem 2.19. Let a,p be primes such that a?~' # 1(mod p?), and assume GRH and LI
for the extension K,,/Q. Let Cy, Cy be distinct conjugacy classes of G. Then the functions
E(y; Kop/Q,tey 0,), E(y; Kap/Q,1 — 1) admit limiting distributions and if Cy,Cy # {id},
then the means are both < 1, and the variances are both < plog(ap) and > plogp. If one
of Cy or Cy (say Cy) is the trivial conjugacy class, then the mean of E(y; K.,/Q, tc, fia}) is

= p and the variance < p3log(ap). As a result, we have the following estimates.
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(1) For the class functiont =1 —r,

1 1
S(K,y Qi1 — ) — = — o 41
(2) For c € T3\ {1} let c* be the conjugacy class of G (recall (39)) consisting of all
matrices with first row (c,d) where d runs over F,. If Cy and Cy are not both of type
ct, then'®
5(K /Q'tcc)—EX;
a,p ) 1,02 2 \/m
(3) If Cy = a™ and Cy = y* for distinct v,y € F \ {1}, then 0(K,p/Q;to+ y+) =
§(p;x,y), which denotes the density of the classical Chebyshev bias'” for the couple
of residue classes (x,y) modulo p.
Finally, in the relative case K = Q((,) (where Gal(K, ,/K) ~ Z/pZ is the mazimal unipotent
subgroup of G), for any distinct dy,dy € Z/pZ, the function E(y; Kop/K, ta,}{d}) admits
a limiting distribution. The mean is always 0, and the variance is < p>log(ap) in the case
didy = 0, and 0 otherwise. If didy = 0, then we have 0(K,p/ Kt} (o)) = % (If ddy # 0,
then we have no result on 6(Kqp/Kitiay (ds})-)

By estimating the density of the couples of primes (a,p) such that p is not Wieferich to
base a, we deduce the following statement.

Corollary 2.20. Assume GRH and LI for every K, , with a,p running over all primes. The
proportion of couples of primes (a,p) with a < A and p < P such that (40) holds is
log P(log Aloglog A)% N Plog A)
P A
in the range A, P >3, Plog P < A < /(g P)*,

1-0(

We proceed by considering abelian extensions of number fields.

2.3.4. Iterated quadratic extensions. We first describe the case of a Galois group with a “big”
2-torsion subgroup. We see that if the product of ramified primes belongs to a certain subset
of N of density 0 (see Remark 2.23) then we obtain an extreme Chebyshev bias.

Theorem 2.21. Let L = Q(\/p1, ..., \/Dm), where p; < py < ... < py, are distinct odd primes.
Let G = Gal(L/Q) ~ {£1}™ and q := [, pi- Assume'® GRH and LI and let € > 0 be small
enough. Then for any a,b € G, the functions E(y; L/Q,t.p) and E(y; L/Q,1 — 1) admit
limiting distributions of respective means |G|(dp=1 — da=1) (where 1 = (1,...,1)) and |G|,
and both of variance < |G|logq. As a result, for any a € G\ {1}, we have that

5(L/Q:t 1 — O(exp(—c2“@/logq)) if 2@ logq < ¢
(L/Q;tan) = %JFO( /Qw(q)/k)gq) if 27D ]og g > !

where ¢ is some positive absolute constant. The same estimate holds for 6(L/Q;1 —r).

16See (139) for an exact determination of the sign of §(K, ,/Q;tc,.c,) — 3 (which coincides with that of
E[X(K,,/Q;tc,,c,)] in the notation of Proposition 3.18 and Lemma 3.20).
7see ['\M, Theorem 1.1] for a precise estimation of this bias.
1811 the case 27« log g < €, assumption LI can be replaced with BM at the cost of a weaker lower bound
onl—06(L/Qstg 1)
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Remark 2.22. The reason we chose b = 1 in the second part of the statement is because
one can show that 6(L/Q;t,,) = £ as soon as a # 1 and b # 1.

Remark 2.23. It follows from Theorem 2.21 and [Te, Chap. 2, Th. 6.4| (summing over
integers exceeding log log x/log 2 in the equality stated in loc. cit.) that there exists a subset
S C N such that for any nontrivial a € Gal(Q(/p1, - - ., /Pm)/Q)

#5N1[1,X] =

1+loglog?2 +0(1) ?

(log X)'™ os2
0(Ka/Q(Vd);a,1) = 1= 0450(1) (g€ 5).

2.3.5. Hilbert class fields of quadratic extensions: the relative case. In this section the setting
is as in §2.3.2: d is a fundamental discriminant satisfying |d| > 1 and K, denotes the Hilbert
class field of the quadratic field Q(v/d), therefore K;/Q(v/d) is Galois with group G =~ Clg.
In [Ng, §6.2], Ng studies discrepancies in the distribution of prime ideals according to their
class in Cly being either trivial or any fixed nontrivial class. In the next result, we consider

two possible choices for (Cy,Cy); in the case (Cy,Cy) = ({a}, {1}) we recover pre(:lsely Ng’s
Theorem [Ng, Th. 6.2.1].

Theorem 2.24. Let d be a fundamental discriminant and assume that h(d) > 1. Let Ky
be the Hilbert class field of Q(v/d) and assume that GRH holds for the extension K4/Q.
We identify Gal(Kq/Q(vd)) with the class group Cly and we let @ be a nontrivial ideal
class. Choosing (C1,Cs) to be either ({a},{1}) or ({1},0), the Frobenius counting function

E(y; Kq/Q(Wd), te, o) defined in (8) admz'ts a limiting distribution of mean and variance
respectively denoted jiy, oz (C1, C2), and o? (Cl,Cg) satisfying

Kq/Q(Vd
ko (CrCo) <290 44 Y~ ord, 1 L(s, K4/Q(Vd), X) ,

1#x€lrr(Cly)

Ui /Q(f)(CLCQ) > h(d) (only for the choice (Cy,Cs) = ({1} 0)).

Under the extra assumption LI, one has that |p, o/a(C1, Ca)| < 24 gnd o2 o >

h(d) for both choices of (C1,C5). In particular, for d running over any family of funda-
mental discriminants such that 274 /h(d) — oo (e.g the set of all negative fundamental
discriminants, or the family of positive discriminants in Lemma 9.5), one has

w(d)
S(KafQUVA), to,0,)) — 5 € ——

h(d)
Remark 2.25. Number field extensions with Galois group G = SLy(IF,) have the peculiarity
that many representations of G are symplectic, and hence there is potentially a large supply
of real zeros. There exists extensions L/Q for which the existence of real zeros has the
dramatic effect that 6(L/Q;1 —r) =  (the details will appear in future work; see also [3a]
for the impact on the bias of central zeros in the case of generalized quaternion extensions).
This is in total contradiction with the usual Chebyshev bias philosophy which says that
“primes congruent to quadratic nonresidues are more abundant than primes congruent to
quadratic residues”. For SLy(FF,)-extensions L/Q, one can show' that §(L/Q;1 — r) takes

19By Propositions 3.18 and 4.6, and Lemma 4.1, one can show using | , Table 5, Appendix C] that
E[X(L/Q;1—7)] < p and Var[X(L/Q;1 —r)] > p?. Then this should be combined with Theorem 5.10.
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values between £ and 7 for some absolute 7 < 1, and one expects that 3 < §(L/Q;1 —7) <

T+ c(log(rdy,))~2 for some absolute ¢ > 0. The case 6(L/Q;1 —r) = 1 is achieved”” with

extensions for which the Artin root number of every symplectic character is —1 (see |34
where the case of generalized quaternion extensions of number fields is studied).

3. DISTRIBUTION OF FROBENIUS ELEMENTS via ARTIN L-FUNCTIONS

3.1. Representation theory of finite groups. For completeness and because of its crucial
importance in our work, let us first recall some basic representation theory of finite groups.
We let Irr(G) and G* denote respectively the set of irreducible characters and the set of
conjugacy classes of the group G. Keeping the notation of Bellaiche [Bel], for a class
function ¢ : G — C and a character x € Irr(G), we define the Fourier transform

- C
) = (e = g @) = 3 (€

geG CeGﬁ

Note that if 1p is the characteristic function of a given conjugacy-invariant set D C G, then

1n(x) a)|Cl.
“i1 2
CCD

Lemma 3.1 (Orthogonality Relations). Let G be a finite group. If g1, g2 € G, then

> xlg0)x(g2) =

Xx€lrr(G)

Moreover, if x,1 € Irr(G), then

I%I > x(9)¥(g) = {1 Tx=9, (43)

(42)

% if g1 and go are both in the same conj. class C,
0 otherwise.

0  otherwise.

t= Y ix (44)

x€lrr(G)

We will often count elements of order 2 with characters, using the following Lemma.

Lemma 3.2. Let G be a finite group and k € N. Then for any h € G we have the identity

#geG:gt=ht= > al)xh), (45)
x€lrr(G)
where k() = €] gze(:;x (46)

20This is because there are exactly 241 H

(%) symplectic and p—;?’ + (%) orthogonal representations,
hence by Proposition 3.18, E[X(L/Q,1 —r)] =

24



Proof. Since r(h) := #{g € G : g* = h} defines a class function on G, we have
#HoeG:g"=n}= > Al)xMh).

x€lrr(GQ)

The proof follows by definition of Fourier coefficients. U

The number ]
2200 = a7 > x(¢?)
geG
is called the Frobenius—Schur indicator of x and is central in our analysis. If y is irreducible,
then eo(x) = 7(x) € {—1,0,1} (see [HHu, Th. 8.7]), and moreover each of these three
possible values has a precise meaning in terms of the R-rationality of y and of the underlying
representation p.

Theorem 3.3 (Frobenius, Schur). Let G be a finite group, and let x € Irr(G) be the character
of an irreducible complex representation p: G — GL(V).

(1) If ea(x) = 0, then x # X, X is not the character of an R[|G]-module, and there does not
exist a G-invariant, C-bilinear form # 0 on V. We say that p is a unitary representation.

(2) If ea(x) = 1, then x = X is the character of some R|G|-module, and there exists a
G-invariant, C-bilinear form which s symmetric and nonsingular, unique up to factors in
C. We say that p is an orthogonal representation.

(3) If ea(x) = —1, then x =X is not the character of any R|G|-module, and there exists a
G-invariant, C-bilinear form which is skew-symmetric and nonsingular, unique up to factors
in C. We say that p is a symplectic (or quaternionic) representation.

Proof. See for instance [Hu, Th. 13.1]. O

A direct consequence of Lemma 3.2 and Theorem 3.3 is the following formula for the class
function r introduced in (12):

r= ) =(x (47)

x€lrr(GQ)
x real

Lemma 3.4. Let G be a finite group, and let t : G — C be a class function. We have the
identity

~ ]
5= D [flr= > @H(C)IQ = |Itl3- (48)
xE€Irr(G) CceGt
In particular, if Cy,...,Cy € G* are disctinct and o, ...,y € C, then

¢ C
S Jax(Cr) + - + (GO = oA - g P
XEI(G) G| G|
Proof. This is Parseval’s identity (6). 0O

We will also need a pointwise bound on the Fourier coefficients ().

Lemma 3.5. Let G be a finite group, t : G — C be a class function and x € Irr(G). Then
we have the bound

1001 < x(D)[E]h-
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Proof. This follows directly from the definition of Fourier transform. O

From the definition ¢ := Indg+(t)7 one easily sees that
=) H0mdg (x). (49)
x€Irr(G)

Applying Frobenius reciprocity, we can compute the Fourier transform of ¢+ in terms of that
of t.

Lemma 3.6. Let G be a finite group, let G be subgroup, and let t: G — C be a class
function on G. Then, for any x € Irr(G™), we have the formula

tt(x) = (Xleit)a - (50)
Proof. Frobenius reciprocity gives that
o)=Y tnIdg (er= Y {n)xlene = (et
nelrr(G) nelrr(G)

O
Under certain assumptions we can also compare the 2-norm of ¢+ in terms of that of ¢.

Lemma 3.7. Let G be a finite group, let G be subgroup of GT and and let t: G — C be a
class function on G. We have the following.
(1) If G is a normal subgroup of G*, then
ez < e
1715 < al 1213
(2) If t only takes nonnegative values, then

1702 = [Itl2 -

Remark 3.8. The upper bound is attained by the function ¢ = |G||C| '1¢, where C' € G* is
such that |C| = |CT| (for example when G* is abelian). As for the lower bound, it requires
a condition since for example we could take t = |G||Cy| 1, — |G||Ca] ¢, for distinct

C1,Cy € G for which Cf7 = C5, and as a result t* = 0.
Proof of Lemma 3.7. We first expand the norm of ¢*:

= X | ¥ et = X Y| Y et )

9eGt aGeGT/G bGeGT /G geG  aGeGT /G
a"lgacG a"'bgacG

Now we prove (1). Using Cauchy—Schwarz, we deduce from (50) that

”“”5—,@\ XX (X lHaTga)P).
bGeGT /G geG  aGeGT/G aGeGT /G
a"lbgacG a~lbgacG

We bound the first sum in parentheses trivially, and we exploit the fact that bg € aGa™" is

equivalent to bg € G for any a € G, since G is a normal subgroup. Therefore the condition
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on the left coset bG in the second sum in parentheses imposes bG to be the trivial left coset
G. We conclude that

< > X a0l = it 61 Y o)l
gEG aGeGt /G 9eG

using the fact that conjugation by any a € G* induces a bijection of G. The claimed upper
bound follows.
For the lower bound (2), we apply positivity in (50) and deduce that

13 > G+| SO Y e bga)P

bGEGT /G geG aGeG+/G
a~lbgacG

R Sl SR S
9€G aGeGT /G bG=aGa™!
U

We finish this section by computing r* (recall (46)) and by deducing a consequence which
will be useful in showing that up to ramified primes, m(x; L/K,t) is determined by ¢*.

Lemma 3.9. Let Gt be a finite group, and let G be a normal subgroup. For any k € N and
for any class function t: Gt — C, we define the class function ri;: G — C by setting

rralg) = ) t(h)

hk=g
Then we have the following equality of class functions:
Tkt‘(; [GT: G Tt
Proof. First note that if for some ¢g,h € G and a € GT we have that h* = a~'ga, then

(aha™')* = g. In other words, since for each fixed value of a we have aG = Ga, there is a
bijection between the sets {h € G : h* = a"lga} and {h € G : h* = g}. Hence, for any

g €G,
CARUIN SEEVORIES SRS SR T i St Rl
aGEGT /G heq aGEGT /G aGEGY /G heG
a"lgacG a"lga=hF =9
The claim follows since t is a class function on G™. [l

Corollary 3.10. Let G* be a finite group and G a normal subgroup. If t: G — C is a class
function such that t* = 0, then for any k > 1, one has (t,ry)g = 0. Here, r,: G — C is
defined by r.(g) = [{h € G: h* = g}|, i.e. Tp = 1p1.

Proof. By Frobenius reciprocity and Lemma 3.9, we have that

(t,re)e - [GT:G] = (t,r,ﬂG>G =" rHer =0.
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3.2. Explicit formulas and limiting distributions. We fix a Galois extension of number
fields L/K and let G = Gal(L/K). For a class function t: G — C, we define the following
prime ideal counting function:

U@ LK ) = Yty log(Np),
p<Ok
m>1
Npm<zx
where ¢, is shorthand for Frob,, the conjugacy class of a lift (defined up to inertia) of the
Frobenius automorphism on the residue field Oy, /B for some (any) P <Oy above p, and

o) = T ). (52)
Plicr,

where I, is the inertia group attached to p and any P < Oy, above p. If D C G is conjugacy

invariant, then we define ¢(z; L/ K, D) := ¢ (x; L/ K, 1p), where 1p is the indicator function

of D. We also recall the definition (1) of the prime ideal counting function attached to a

conjugacy class C' of G which we extend in the obvious way to conjugacy invariant sets

D cCG.

Our goal is to express m(x; L/ K, t) in terms of the zeros of primitive Artin L-functions; this
will prevent arithmetic multiplicities from occuring in our formulas. To do so, we will first
relate the prime ideal counting functions ¢ (z; L/ K, t) and ¢ (z; L/Q,t") using the induction
property for Artin L-functions.

Proposition 3.11. Let L/K/M be a tower of number fields for which L/M is Galois, let
G = Gal(L/K) and G* = Gal(L/M). For any class functiont: G — C, we have the identity

U(x; L/ K, ) = (x; L/ M, t7), (53)
As a consequence, if D C G is conjugacy invariant, then
G C

\C+|
CeG!t:
ccD

x; L/M,CH), (54)

where CT is defined by (7).

Remark 3.12. Note that if C' € G*, then C* € (G*) Indeed, C'" is clearly closed under
conjugation. Moreover if k, ko € C+ say k = alcl then smce ¢; € C, there exists g € G
for which ¢y = ge;g™'. Hence, ky = asga; *(ajciar’ )alg ay' = (apga;? )kl(&QQCLl )~1, that
is ki, ko are G+—conjugates.

Proof of Proposition 3.11. For any x € Irr(G), we have the identity (see e.g. [Mar, §4|)
L(s, L/ K, x) = L(s, L/M,Indg" (x)), (55)

and hence
L) =k [ ECLEOS e

As a consequence,

Y LK) = Y 0w L/K,x) = Y t00w(e; L/M, Indg " x) = v(z; LIM, 7).
Xx€E€Irr(G) x€lrr(G)
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Now, if D C G is conjugacy invariant and x € Irr(G+) then by Lemma 3.6,

15(x) = 1p(xle) = E x(ch)\cy,
CGG“
ccD

since x|g(C) = x(CT). It follows that

o el
1o+
=2 g 2 XCNx= D (gete (57)
CeGﬁ x€lrr(GT) CeGH:
ccD

The proof of (53) follows from combining this with (52) in the form
Y(x; L/K, 1p) = (z; L/M, 1}).
U

In the next lemma we show that up to ramified primes, the counting function 7(x; L/ K, t)
is determined by ¢*, rather than by ¢. Note however that 7(x; L/K,t) and m(x; L/Q,t") are
not equal in general.

Lemma 3.13. Let L/ K be an extension of number fields such that L/Q and K/Q are Galois.
Ift,ty : G — C are class functions such that t{ = t3, then

|m(x; L/ K, ty) — 7(x; L/ K, to)| < sup(|t; — ta]) - #{p < Ok ramified in L/K}.

Proof. We let t := t; — t3, so that t¥ = 0. For any x € Irr(G") and ¢ € N, Lemma 3.9
implies that

TZX|G =[G : G| 1y
Hence,

(D00 = (DN = (e t(D))e = (rexas e = (rex e,
which by the class function equality above equals

[GT: Gl rf e the = [GT: Gl Hrf 1 )er = 0.
We deduce that (¢(-*))" = 0, and as such, denoting by Dy, the relative discriminant of

L/K and applying inclusion-exclusion,

O@; L/ 1) = 3 He)h(Np/2) logWp) = 3 u(@)uat, L/ K (1))

paOK >1
=" wO)(at, L)Q, (1)) =0,
>1

by Proposition 3.11. Applying summation by parts, we deduce that

TdO(u; L/K,t
m LK)+ 3 ta) = [ WL
1 gu
p|Dr/ Kk
Np<z
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In Proposition 3.11 we reduced our counting problem to one which will involve zeros of
primitive L-functions, at the cost of working in a larger Galois group. In some of our results
we will circumvent AC by doing the exact opposite (as is done classically): we will work in
an abelian Galois group, and allow imprimitive L-functions. This will be done using a result
of Serre which goes back to Deuring and is in the spirit of Chebotarev’s original reduction.

Lemma 3.14 ([S¢3, Section 2.7]|). Let L/K be a Galois extension with Galois group G, and

let C' C G be a conjugacy class. For any g € C, let ord(g) denote the order of the subgroup

(g9) generated by g. We have the equality

|Clord(g )
|G|

This identity follows again from Artin induction in the form
161, 1o) =
IC]

which holds since Indgﬁ (ord(9)1ge) = |G||C| '1¢ (recall (56)).
We will also need the following consequence of Proposition 3.11 and Lemma 3.14.

V(LK 1¢) = Yz L)LY 1,).

L(s, L/ K, L(s, L/L'9, ord(gc) Ligey), (58)

Lemma 3.15. Let L/K be a Galois extension of number fields, and let C € G*. For any
so € C and g € C, we have that

Z X(C™ords—g L(s, L/ K, x) = Z (g~ )ords—y, L(s, L)L, X). (59)
x€Irr(G) x€lrr((g))

Assuming moreover that L/Q is Galois, for any class function t : G — C and sq € C we
have that

== —~

> tordems L(s, L/K, x) = Yt (x)ords=y, L(s, L/Q, x)- (60)
X€Elrr(G) XEIrr(GT)
Proof. The first claimed identity clearly follows from the following:
W L(s,L/K,x) W L'(s,L/LY9 )
_ 1 ) ) — 1 ) )
2 MO TRy T 2 Moy

x€lrr(G) x€lrr({g))

which we will establish for s > 1 using the induction property for Artin L-functions. By
uniqueness of analytic continuation, this is sufficient.

The summatory function of the coefficients of the Dirichlet series on the left hand side is
given by

S MO X ) lonN) = Gy O elelosWek (o)

x€lrr(G) p<aO p<Ox
Npm<z Np™m <z
m>1 m>1

the same holds for the coefficients of the Dirichlet series on the right hand side of the equality

to be established, by virtue of Lemma 3.14. This concludes the proof of (58). The proof

of (59) is similar using Proposition 3.11. O
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We are now ready to relate ¢)(z; L/ K, t) and w(x; L/ K, t) (resp. ¢(x; L/K,C) and w(z; L/ K, C))

with the zeros of Artin L-functions associated to the extension L/Q (resp. L/L‘9, for any
g € C), which ultimately will allow us to use the language of random variables. Under AC,
the calculation of the mean and variance in Proposition 3.18 below can be deduced from
combining [De, Theorem 2.1| (see also [Ii2]) with induction properties of Artin L-functions.
For the sake of completeness and in order to provide a full decomposition into sums of inde-
pendent random variables, we decided to give further details while trying to stay brief. This
closely follows [De, Theorem 2.1], [Fi2] and [Ng, §5.1].

Lemma 3.16. Let L/K be a Galois extension of number fields for which AC holds. If x is
an irreducible character of G = Gal(L/K) and C C G is a conjugacy class, then for any
x, X > 2,

xPx

Y(z; LK, x) = dy=12 — Z —+ OLK<log$ + X(log(:EX)) ) (62)

Px Px
[S(px)I<X

C C _ xPx
U(z; L/K,C) = ;Glx—% Z x(C™) Z +OLK<loga:—|—X(log(xX)) )
x€lrr(G) Px X

[S(px)|<X

(63)

where 0,—1 1s 1 when x is the trivial character and 0 otherwise. In both formulas the sum s
over the zeros p, of the Artin L-function L(s, L/K, x) in the critical strip R(s) € (0,1).

Proof. See for instance [Ng, (5.8)]. O

Corollary 3.17. Let L/K be a Galois extension of number fields, let C C Gal(L/K) be a
conjugacy class and let go be any representative of C'. For x, X > 2 we have the estimate

logz /|G : 1 -
§ ('-'m;L/K, C) = Li(2)) = =05 _37(C) = = > X(C)ord,gy Lis, L/K,x)
L |C| : L x€lrr(G)

mprﬁtL xlfﬁtL
- Y we) Y + Ok (o + - loB@X)) . (64)

x€lrr({go))

Px
0<]yx <X

where p, runs through the nontrivial zeros of L(s, L/K,x). If in addition we assume that
L/Q is Galois and that AC holds, then for any class function t : G — C,

]_ - 1 P
ﬁj‘(w(z;L/K,t)_ (1)Li(x)>:_5ﬁt e — = > i (x)ord,_s L(s, L/ K, X)
xPr 2 ﬁz L
xEIrr (@)
xpx_ﬁtL 1 1-8],

X
Opk(— log(zX))*). (65
> Ok (g + T (oaleX)) - (69)
0<]yy|<X

SIS
XEIrr(GT)
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Proof. We first establish (64). Arguing as in [Ng, §5.1] and [De, §4.3], we see that

log =

= (i L/ K1) — H)Li(w))

xPr

- p—

= o (o LK) = T = €)1 ) + Opc

By Proposition 3.11, this is

= P (a L/Q, ) -

=

(1) 1= ﬁL—(Sﬁt

1
2

1
{t,rye + OL’K<10g$>
o 3 B0 L/Q x) — TL)a P — 8y s {t,r)6 + OLK<@>‘

1
2
x€lrr(GT)

The estimate (64) then follows from applying Lemma 3.16. The proof of (63) is similar (note

that Ind<GgC>(ord(gc)1g )= }c} lo). O

To state the next Proposition we first define the following multisets of zeros of Artin

L-functions, where S, and 3 L“ﬁl( are defined in Theorem 2.1:

Zr i ={y € Ry : (u(Br +1y) = 0}; (67)
Zy = U {veRoo: L(B, +iv,x) =0} (68)
XEIr/rEGal(L/@))
t+(x)#0

Recall also the definition (15).

Proposition 3.18. Let L/K be a Galois extension of number fields, let G = Gal(L/K), and
fixt : G — C a class function. The function E(y; L/K,t) admits a limiting distribution.
Moreover, the associated random variable X (L/K;t) is such that

E[X(L/K;t)] = =05 _1(t,1)c — —ord —pt L(s, L/ K, t)
3
= —05t 1 (f, €2)1er(c) — BLords g L(s, L/K, t). (69)
Furthermore, we have that
|01"d3 ,Bt +z'y (S L/K t)|
Var[X(L/K;t)] =2 , 70
(X (L/ > —— (10)

YEZ]L

where the starred sum means a sum without multiplicities. If L/Q is Galois, then we have
the alternative’’ formula

. +
Var[ L/K t _22 |Ords =B7 +z’y (ii/@t )| (71>

yezt

21The advantage of this formula is that under BM, we have that lordg—pt yir L(s, L/ K, t)| < Mo sup |t/;(x)|
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Assuming in addition that LI~ holds, we have the simplified formula

Var[X(L/K;t)) =2 > [tH(x \Z

X€E€Irr(GT) Yx 750

Remark 3.19. If L/Q is Galois and ¢t = 0, then L(s,L/Q,t") = 1 and consequently
Var[X (L/K;t)] = 0. In this case, by Corollary 3.10 we also have E[X (L/K;t)] = 0, and the
measure associated to X (L/K;t) is just a Dirac delta centered at 0. This holds for example
with the class function t = |C}| 11¢, — |Ca| ¢, where Oy, Cy € G* are distinet and such
that Cf = €5 (as in Theorem 2.19).

2492

Proof of Proposition 3.18. We will combine the arguments in [Ng, §5.1|, [Fi2, Lemma 2.6],
[De, Th. 2.1], and | , Theorem 1.2] (one cannot apply those results directly, since we are
not assuming GRH and moreover ¢ is complex-valued). For any T > 1, we define

sup{R(p) : [S(p)| < T, L(p, L/Q, x) = 0; x € supp(t¥)}  if AC holds for L/Q;

= cup (s £ 19(0)] <7,Co(o) = 0} otherise,
(72)
so that, using the definition (9), one has i = ff(o0). Using the decomposition ¢ =

Y cea: t(C)1e and letting go be any element of C', we deduce from Corollary 3.17 that
forx >2and X >T > 2,

IZ%(W(JU; L/K,t)— tA(l)Ll(a;)) = —(5ﬁt %<t,r>g = ﬁ—lzordszﬁtLL(s,L/K, t)
IR DR S] (D DI D ke
Ceqt x€lrr({gc)) px=BL+ivx  px=BL+ivx Px
O0<IixIST  T<In|<X
+0; K(L L (log(2X))? + 2L M=% (log X)2> . (73)
" \logx X
Taking X = 2 = €Y, we see that
/ Z Z (g0) Z e¥Px 2dy <ix (Y+logT)7§10g(dLT))2’
CeaH 1¢X€Irr(<gc>) T i< X
and we deduce as in [Ng, §5.1], [I'i2, Lemma 2.6], [Dec, Th. 2.1], and | , Theorem 1.2]

that the function

E(y) = 2 (R(x(e%; L/K. 1) ~ (Li(x)), S(r(e%; L/K. ) ~ (1)Li(x)))

ePL

is B? almost-periodic. In particular, this function admits a limiting distribution.
To compute the first two moments of this distribution, we deduce using the arguments in
the proofs of [Ii2, Lemma 2.5, 2.6] (see also | , Theorem 1.14] and [De, Th. 2.1]) that

B = tim 3 [ <7r<ey; L/, ) — T(1)Li(e"))dy

= _55t < >G OI"ds =Bt L(S L/K t)

=1
2

bL
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Similarly,

2
Var[X 22 Bt ‘ Z Y(gc)ordszﬁthL(s, L/L<9c)’X) (74)

CeGt x€lrr({gc))
|Ords—,8t +iy (S L/K t)|2

_ 2 * =P, b b) :
Z (BL)2 +2

YEZL

by (57). Moreover, if L/Q is Galois, then by (54) this is

_22 51& ‘Ords =Bt +iy ($>L/Q>t+)|2'

O

Under AC, GRH and LI~ and for real-valued class functions ¢, we give an explicit expres-
sion for the random variables in Proposition 3.18. We stress that in order for the random
variables appearing in this expression to be independent, it is crucial to express m(z; L/ K, C')
in terms of zeros of L(s, L/Q, x) (rather than L(s, L/K,x)) associated to irreducible char-
acters of Gal(L/Q); indeed these L-functions are believed to be primitive.

Lemma 3.20. Let L/K be an extension of number fields such that L/Q is Galois, and for
which AC, GRH and LI~ hold. Let G = Gal(L/K), Gt = Gal(L/Q), and fiz a class function
t: G — R. Then, we have the following equality (in distribution) of random variables:

X(L/K;t) & —(t,r)e — 200d, 1 L(s, L/K, )+ > [#F(x yz (75)

1
1#x€elr(GT) ’Yx>0 + /YX) :

Here, the random variables X, are defined by X, = R(Z,) where the Z., are i.i.d. random
variables uniformly distributed on the unit circle in C.

Sketch of proof. This is an extension of the random variable approach for the classical Cheby-
shev bias (where only Dirichlet L-functions are needed) explained in [\, §2.1]. Part of the
connection with the independent random variables Z., uniformly distributed on the unit cir-
cle in C comes from applying the Kronecker-Weyl Theorem in (72) (the details for Dirichlet
L-functions are in loc. cit. and in the general case of Artin L-functions they will appear in
A. Bailleul’s forthcoming PhD Thesis). Observe that to go from (64) to (74), one uses the
functional equation for Artin L-functions (see e.g. [V, Chap. 2 §2|) to pair up conjugate
critical zeros. We can actually compute all the cumulants of X (L/Q;¢) in this way, and thus
recover its characteristic function. This will be useful in Section 5. U

Remark 3.21. As mentioned above the importance of having linearly independent imag-
inary parts of L-function zeros goes back to Wintner | | and is explained by the role
played by the Kronecker-Weyl Theorem in our analysis. Remarkably, recent work of Martin—
Ng | | and Devin [De] manages to show absolute continuity of limiting logarithmic dis-
tributions under weaker assumptions via the introduction of the notion of self-sufficient

Zero.
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4. ARTIN CONDUCTORS

4.1. Link with ramification and representation theory. In this section we analyze the
ramification data of a given Galois extension L/K. This data is related with the expressions
obtained for the variance of the random variable X (L/K;t) in Proposition 3.18.

Let us first review the definition of the Artin conductor A(x), following || (this is a quite
standard invariant to consider; see e.g. | , Chap. 2, §2] or [LO, (5.2)]). Consider a finite
Galois extension of number fields L/K with Galois group G. For p a prime ideal of O
and B a prime ideal of Oy, lying above p, the higher ramification groups form a sequence
(Gi(B/p))i>o of subgroups of G (called filtration of the inertia group I(B/p)) defined as
follows:

Gi(B/p) ={c € G :Vz€ Oy, (02— 2) € P}
Each G;(/p) only depends on p up to conjugation and Go(B/p) = I(B/p). For clarity
let us fix prime ideals p and B as above and write G; for G;(*B/p). Given a representation
p: G — GL(V) on a complex vector space V', the subgroups G; act on V' through p and we
will denote by V% C V the subspace of Gj-invariant vectors. Let y be the character of p
and
—codimVY, 76
e &
which was shown by Artin to be an integer (see e.g. [Sel, Chap. 6, Th. 1’]). The Artin
conductor of x is the ideal

HL/K,X) - Hp e

Note that the set indexing the above product is ﬁmte since only finitely many prime ideals
p of Ok ramify in L/K. We set

A(x) = i Nigsa((L/ K, X)) (77)
where dx is the absolute value of the absolute discriminant of the number field K and

Nk g is the relative ideal norm with respect to K /Q (we will use the slight abuse of notation
that identifies the value taken by this relative norm map with the positive generator of the

corresponding ideal). One can show (see e.g. [Sel, Chap. 6, consequences of Prop. 6]) the
following equalities of ideals in O (known as the conductor—discriminant formula):
HL/K Xee) =[] F(L/K )™ =Dy, (78)
x€Irr(GQ)

where Dy i is the relative discriminant of L/K and xe is the character of the regular
representation of G. In particular, by |75, Chap. 5, Th. 31| we have the identity

dic Nicjo(Diyx) = Alxees) = di- (79)
We now estimate A(x) for irreducible characters x € Irr(G).

Lemma 4.1. Let L/K be a finite Galois extension. Let x be an irreducible character of
G = Gal(L/K), and assume that either K # Q, or that x is non-trivial. Then, one has the
bounds

max(1, [K : Q]/2)x(1 )<log£(x) < 2x(1)[K : Q]log(rdy,),



where the root discriminant vdy, is defined by (13). The upper bound, due to [NMM], is un-
conditional. The lower bound is unconditional’® if K # Q, and holds assuming L(s, L/Q, x)
can be extended to an entire function otherwise.

Proof. In Lemma 4.2 we will reproduce the proof of the upper bound found in [MM].

For the lower bound we consider two cases. Suppose first that [K : Q] > 2. Then we use
the lower bound for the absolute discriminant of a number field obtained e.g. in [BD, Th.
2.4(1)] (noting that the sum over B on the right hand side of their formula is positive) and
which holds for any y > 0:

log dc > ri(1— L(y)) + [K : Q)(y + log(47) — Ly)) — —2~

VY
where 7y is the Euler constant, r; is the number of real embeddings of K/Q, and

f@%=ci®ﬂﬂ—xwd@02,

23
1~ f(z/7) /°° L — f(zy/y)
Li(y) = ——=———dz, L(y) = — - —dz.
1) /0 2 cosh?(z/2) ! 2(y) 0 sinh(x) v
Setting y = 20 and using the numerical integration method implemented in SageMath ([Sagc])

we obtain that 1;(20) < 0.08 and I3(20) < 1.73. In particular the quantity y—1/24log(4m)—
I5(20) is positive and we deduce from (79) that

(K- Q
2

(80)

o6

- QU — -+ n) - ) - 2

o
5V

IOg dK —

1
>2(y - 3 + log(4m) — 15(20)) —
> 0.07.

Moreover, Ng/o(f(x)) > 1 so that one trivially deduces log A(x) > x(1)logdx > x(1)[K :
Q]/2. If K = Q the lower bound is a consequence of Odlyzko type lower bounds on Artin con-
ductors (see e.g. [I’i, Th. 3.2] where the author proves f(y) > 2.91X())_ that are conditional
on Artin’s conjecture. 0

It is known (see [?]|) that the lower bound in Lemma 4.1 is optimal. Nevertheless, will
show in the next lemma that if one has good estimates on character values, then it is
possible to improve both bounds in Lemma 4.1, and in some cases to deduce the exact order
of magnitude of log A(x) (for instance in the case of G = S,,; see Lemma 7.4).

Lemma 4.2. Let L/K be a finite Galois extension. For any character x of G = Gal(L/K),
we define”

M, = max ’X(U)’

<1.
1#0€G X(l) -

Then we have the bounds
(1 = M)x(D[K : Qllog(rdr) <log A(x) < (1+ M )x(1)[K : Q]log(rdy) .

221t actually also holds for the trivial character in this case.
23The inequality M, < 1 is a straightforward consequence of the standard fact according to which a
complex linear representation of a finite group can always be considered as a unitary representation with
respect to some inner product on the representation space. Moreover, if L = K, then we set M, := 0.
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Proof. The proof is inspired by | , Proof of Prop. 7.4]. Let p: G — GL(V) be a complex
representation with character 7, let p be a prime ideal of Ok and let (G;) be the attached
filtration of inertia (defined up to conjugation in G). We start with the following identity:

codim V% = 7(1) —dim V% = 7(1) — (r,1)g, =

> (r(1) = 7(a)), (81)

where (, )¢, is defined as in §3.1 and 1 is the trivial representation. If 7 = Xy is the
character of the regular representation of G then for any a € G \ {id},

Xeeg(a) = Y @(L)p(a) =0

pelr(G)
by the orthogonality relation (41). Hence, combining (75) with (80), we obtain that
1 |G|
n(Xregap) = m Z Z Xreg(l) = @ Z(|Gz| - 1) (82)
01'i>0 1£aeG; 0l >0
Similarly, setting 7 = y in (80), we have that

1 a
n(x.p) = j‘é—f S (1 - 18) | (83)

>0 1#£a€qG;

Combining our expressions for n(xreg, ) and n(x, p) yields the bound

n(x.p) — %mxmg,p)' < Mx%fmxmg,p) | (34)

We now establish the claimed bound on log A(x). Let 14, denote the p-adic valuation on
Ok, and observe that (83) implies the bound

n(x.p) = (LK, X)) < %(1 M) P)

x(1
— %(1 —+ Mx)Vp(DL/K) .
We deduce that

log Nijo(F(L/K, x)) < %(1 + My)log N /o(Dr/x) -

By adding x(1)log(d) on both sides we obtain the bound

g () < (11 + M) (log(d) + log (Wil D1) ) )
< x()(1 + M,) log(d[)
< \()(1+ MK : Qlog(xdy).

The lower bound of the lemma is deduced from (83) in an analogous fashion. O
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4.2. Variance associated to the limiting distribution. We now consider a Galois ex-
tension of number fields L/ K of group G and estimate various sums indexed by zeros of the
associated Artin L-functions. For class functions t: G — C these sums are related to the
variance and fourth moment of the random variable X (L/K;t) defined in Proposition 3.18.

For x € Irr(Gal(L/K)), we define

B =Y 1m0 B)=Y s B0=Y e (%)

1, .2 27 1 2)2
o 4 + ’}/X Yx#0 4 + ’}/X Yx#0 (4 + /YX)

where the sums are indexed by the imaginary parts of the ordinates of the non-trivial zeros
of L(s,L/K, x), counted with multiplicities. In the next lemma we will determine the order
of magnitude of B(x), Bo(x) and By(x). Note that under GRH, every non-trivial zero of
L(s,L/K, x) is of the form p, =  +iv, with 3, € R, and thus § +~2 = [p,|>. However, the
constant ;11 in (84) could be replaced by any fixed real number 3? € [%, 1], and that would
not change the orders of magnitude of B(y), Bo(x) and Bz(x) (with constants independent
of B). Indeed, for v € R we have that (3 4+ 2) < (82 4+ 12) < 4(3 + 7).

Lemma 4.3. Let L/K be a finite Galois extension for which AC holds. For any character
X of G = Gal(L/K), we have the estimates

B(x) = Bo(x) = Ba(x) < log(A(x) +2).

Proof. We begin with the Riemann—von Mangoldt formula [II<, Th. 5.8] which we combine
with the bound on the analytic conductor given in [II<, §5.13]. In the notation of loc. cit.
the degree d of the L-function L(s, L/ K, x) is relative to Q and thus equals [K : Q]x(1). For
T > 1 we obtain the estimate

T (A(X)T[K:Q]x(l)

N(T,x) =l Ind < TH = —log W) +O(log((A(x) + 2)(T + 4)@xWy).

(86)
It follows that

T Alx QT)[K:Q]X(I)
N(2T,x) - N(T,x) = p log < (;i)[K:Q}X(l)

) + Ollog((A(x) +2)(2T + 8)KUxV)) .

It is easy to see that for 7' larger than an absolute constant the main term is at least twice

as big as the error term (e.g. if we let Cy be the implied constant in the error term above,

it suffices to take 7" larger than 27Cj and such that T'log(27/me) > 27Cylog(2T + 8)).
Therefore there exists an absolute constant Ty > 4me such that

2To ) [K:@]X(1)> T

N2y, x) — N(To, ) 2 52 1os (A0 > “Clog(A(x) +2),

Te
and hence
9 log(A(x) +2) > log(A(x) +2).
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A(X)T[K:@]x(l) £

For the upper bound, one easily deduces from (85) that N(7T,x) < Tlogm

T > 4me, and hence summation by parts yields that

Bo(x) <B(X) =) 1 ! ~ < AN(2,x) +/2°o dN(t x)

T4
< log(A(x) +2) + [K : Qlx(1) + /200 t*(log A(x) + [K : QJx(1)log?)
< log(A(x) +2) + [K : Qx(1).

(1/4 4 t2)?
Since we are assuming AC, we can apply Lemma 4.1 to deduce that By(x), B(x) =< log(A(x)+
2). The proof is similar for By(x). O

dt

Remark 4.4. If x is a Dirichlet character of conductor ¢* > 3, then under GRH we can
give an exact formula for B(x) and Bs(x), and deduce the more precise estimate

B(x) =logq" + O(loglog q).

(This is achieved e.g. by applying Littlewood’s conditional bound on g((ll ’)’(‘)) to [MV, (10.39)].)
Such an estimate is harder to establish for a general extension L/K. We have by [LO, (5.11)]
that (1) 1)
g L'(L, x
2B(x) = log A(x) + 25— + 2R ,
( RREENGY L(1,x)

where the gamma factor is given by

Y (8) == (w—sélr(%)y(") (W_;F(%)y(x)

for some nonnegative integers a(x), b(x) such that a(x) + b(x) = x(1). It follows that

()
= x(1).
(1)
As for the “analytic term”, we could either use the following bound (see [Ng, Prop. 2.4.2.3])
L'(1, x)
< x(1)loglog(A(x) + 2),
T < (1) loglog(400) +
or an estimate for its average as in [\, Theorem 1.7|. The problem with this individual

bound for a given x is that it seems hard in general to improve the bound x(1) < log A(x)
(one can however do this in the specific case G = S,, and we put this to use in Proposition 7.6).
As for the bound on average, it works quite well for some abelian extensions (see [F)M]),
however there are examples such as Theorem 2.19 in which there is a unique non-abelian
character of degree comparable to |G|, hence the averaging will not succeed in this case.

4.3. Proofs of Theorems 2.1 and 2.3. We first state and prove Proposition 4.6, which
implies Theorem 2.1. This will require the following lemma.

Lemma 4.5. Let L/K be a finite Galois extension for which AC holds, and let x be an
irreducible character of G = Gal(L/K). For T > 1, B € [3,1] and j € Z>¢ we have the

estimate Z (log (7| +4)) < (log(T + 4))7 log (A(x)(T + 4)1ex(M)

B+2 ’ T ’
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where the sum on the left hand side is over imaginary parts of zeros of L(s,L/K,x) and
where the implied constant is independent of 5.

Proof. By (85), we have that
N(T.x) = {1l € TH < Tlog(A(x)(T + 4)F ),
With a summation by parts we obtain that for 7 > 1,

T (log (Il +4)) _ 3 (log(lyl +4)) _ /°° (log(t +4))7dN (¢, x)
2 = 2 2
Iy | >T /8 + ’YX ryX T t
(log(T" + 4))’N(T, x) / > (og(t+4))~t (log(t+4))
= | ( pirn " o )N (Ex)dt
00 J [K:QIx(1)
< / (log(t +4)) log(f;(x)(H‘l) ) 4
T
. (og(T"+ 4))7 log(A(x) (T + 4)F:ex(M)
T )

The proof follows, and is similar in the case 7 = 0. 0

[vx|>T

In Proposition 4.6 we will use the bound [¢(x)| < x(1)||t||1, which follows from the triangle
inequality.
Proposition 4.6. Let L/K be a Galois extension of number fields and let G = Gal(L/K).
Then for any class function t: G — C, we have the upper bound

Var[X (L/K;t)] < ||t]|3 log(d, + 2) min(My, log(dy, + 2)), (87)

where
My = max {ord,,Gu(s) : R(p) = 5.0 < [3(p)] < log(dy, + 2)(loglog(dy, + 2))?}.
If L/Q is Galois and AC holds, then we have the bound

Var[X(L/K;t)] < (mh)? > [t ()] log(A(x) +2). (88)
x€EIrr(G+)
where
ml;; = max {Ords:p< H L(Sv L/Q7 X)) : §R(p) - ﬁtL? 0< |%(p)| < (TL log(TL))2}7
xEsupp(tT)

with Ty, := log(rd 4 2) max, ey, g+ X(1). Assuming moreover that 5 = 3, and”* ﬁ(x) £ 0,
we have, under LI, the lower bound
VarlX(L/K:0] > Y0 [0 log(A(x) +2). (89)
X€EIrr(GT)
In the particular case t = |G|1gay, the lower bound Var[X (L/K;|G|1say)] > log(dr + 2)
holds assuming only the Riemann Hypothesis for (1(s) (without requiring L/Q to be Galois).

We recall that if L/Q is Galois and under AC and LI™, m}, < 1 and My < max, epp gty X(1).

24We have already seen in Remark 3.19 that ¢+ = 0 implies that Var[X(L/K;t)] = 0.
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Proof of Proposition 4.6. We start by establishing (86). Note that for any s, € C, C' € G*
and go € C,

Z X(go)ordSZSOL(s,L/L<gc>,x)’ < ord—s,CL(s).
x€lrr((gc))
We have used the crucial fact that ord,_,, L(s, L/L9¢, x) > 0 (since AC holds for the abelian
extension L/L%9¢)). Hence, (73) implies that

s BL—HvCL( ))2
(ﬂt) ’

Var[X (L/K;t)] < 2||t|)? Z

YEZL

where Z is defined in (66). Now, we have the classical unconditional upper bound
ord,—, 1 (s) < log(dr(1S(p)| + 4)Y) (90)
(see |11, (5.27)]); we deduce that
Var[X (L/K; )] < [[t][i(log(dz +2))* + [[t][{|G | log(dz + 2) < [[¢][¥(log(dL, +2))*,

by Lemma 4.1. To prove (86), we apply Lemma 4.5 to the trivial extension L/L; this takes
the form
* Ords:5E+i7<L(S> lOg(dL(T + 4)[L5@])
> e < -
(BL)? 4+ T

YEZL
[>T

We deduce that for any 7' > 1,

Z* (ords—gy +ivCe(5))* < Z log(dr(|7] + )" %)ord,_s 1 (i (s)

w4 EREE
Iy[>T Iv[>T
log(dp (T + 4)!FQ))2
 (og(di (T + 4=y

T

Moreover, by Lemma 4.3 (see the comments before this lemma about replacing i by (8%)% €
[i, 1]), taking T' = log(dr, + 2)(loglog(dy, + 2))? and applying Lemma 4.1,

Z* (Ordszﬁz-i—i'yCL(s)y

< M log(dy + 2).
<5E>2+72 LOg<L )

YEZL
IyI<T

The upper bound (86) follows. Also, under GRH, Proposition 3.18 reads

« (ordy_gt ;- Cr(5))? 1
Var[X (L/K: |GlLgay)] =2y (Ordepp e Gl 3 s > logldu +2),

1 2
YEZL 4 T veZL 4
We now move to (87). We enumerate the characters x € Irr(G") = {x1, X2, "+ , Xx} In

such a way that for each 1 < j <k —1, \t*(xj)] > ‘t+<X]+l)’ Then, by Proposition 3.18, we
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have that
Var[X (L/K;t)] —22 /3 ]ords gt iy L(s, L/Q, )
L

"/GZ

= 22 Z ﬁ( Z |t/J\r(X)‘0rds:BtL+i'yL<SaL/@vX)>2

YEZL xEIrr(GT)
L(Br+4v,x5)=0
L(Br+iv,xe)7#0 for £<j

= VST +Vor
where Ver denotes the sum over v < T and Vip that over v > T. Now, if L(L +
i, L/Q, x;) = 0 and L(3% + iy, L/Q, x¢) # 0 for £ < j, then
> 1 O)lordemgs i, L(s, L/Q, ) < [ (x5)[mi (81 + i),
xEIrr(Gt)

where m' (p) is the order of vanishing of ] L(s,L/Q,x) at s = p. Hence, for any

T > 1 and denoting
mt (T) := max{ords:p< H L(S,L/@,X)> R(p) =4L0<[S(p)| < T,

XxEsupp(t)

xesupp(i+)
we have that
k . 1
V<T<< mL Z + Xj Z (Bt)2+")/2
J=1 YEZL L
L(B% +iv,x;5)=0
L(B% +iv,x¢)#0 for £<j
~v<T
< (my(M)y D [P Z Bt "
x€lrr(GT) /YX
< (my(1)* > |t+(x)|210g(14(x)+2)-
xEIrr(GT)

In a similar fashion and by applying (89) and Lemma 4.5 (with j = 0,2), we see that
1 o 2
Vr <z Y xlosd +2) 3 (0P los(AR) +2),
x€lrr(GT) x€lrr(GT)

and (87) follows from taking

T = <<log(rdL +2) max X(l)) -log <log(rdL +2) max X(1)>>2.

x€lrr(GT) x€lr(GT)

Coming back to the general case and assuming 5} = % and LI7, we see that for x; # x2 €
Irr(GT), the sets of nonreal zeros of L(s, x1) and L(s, x2) are disjoint. Hence, Proposition
3.18 takes the form

~ 1
Var[X(L/K:t)] = > [P T,
x€Irr(GT) Yy #0 4 Tx
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The lower bound (88) follows once more from applying Lemma 4.3. O

Combining Proposition 4.6 and Lemma 4.2 will allow us in some cases to determine the
exact order of magnitude of the variance of the random variable X (L/Q;t) in terms of the
absolute discriminant of the number field L, independently of the individual Artin con-
ductors. For this to be possible, the characters of the associated Galois group of high
degree must have the property that |x(C)| is significantly smaller than y(1) for all con-
jugacy classes C' # {id}. We illustrate this with the following proposition. Recalling the
definition (5), we note that |[t7]; < ||tT|l2, by Cauchy-Schwarz. However, in the case
tt =3 |GH|C| " s where CF, ..., CF € (G*)? are distinct, we have that [[¢t*]|; = 1
and [[t7]13 = |G| >0, 1CF 71 > |GFmin(]C;7]) 7, that is ||t7]|, is significantly larger than
I+ .

Proposition 4.7. Let L/K be an extension of number fields such that L/Q is Galois, and
for which AC, GRH and LI~ hold. Then we have the bound

Var[X(L/K; )] > nyica[ K : Qlog(rd, +2) Y x(DJEX)I,

X€E€Irr(GT)
where
x(9)]
+:=1— max max >0,
/Kt X€CL, i id2geG X (1) —
with

Cryen = {X € supp(t+) : x(1) > 7 o] |7 (4tsupp(iF)) "),

Proof. We first establish a preliminary bound. Defining N := ||t+|l2|[¢7]|7 " (2#supp(i+)) 2
and applying Lemmas 3.4 and 3.5, we see that

S xFQEEN( Y FRP- Y IFP)

x€lrr(GT) x€lrr(GT) x€lrr(GT)
x()>N x(1)<N

> N(|[tH]|2 — N2[|t* | 24supp (i)
= N3t [3tsupp(th) > Y (D () (91)

x€lrr(GT)
x(1)<N

Hence, applying Proposition 4.6 and Lemma 4.2%°,
Var[X (L/K; )] > n il K Qllog(rdr +2) Y x(DIF (0

x€lrr(GT)
x(1)>N

> Mol K Q];Og(rdL +2) S xIt ()P

x€lrr(GT)

by (90). 0

Z5Note that this lemma implies the bounds (1 — M,)[K : Q]x(1)log(rdy, + 2) < log(A(x) +2) < (1 +
M,y )[K = Qx(1)log(rd, + 2)
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Proof of Theorem 2.1. Combine Propositions 3.18, 4.6 and 4.7. The lower bound on the
character sum will be proven in Lemma 6.1, and the upper bound follows from the bound
X(1) < |GH2. O

Proofs of Theorem 2.3 and 2.6. We begin by proving (23). Consider the following weighted
variant of Qp(x L/K,t), where h is a nonnegative, not identically zero smooth function sup-

ported in [1, 3] and ¢ : G — R is a class function:

Un(z L/K ) = > t(eh)h(Np*/2) log(Np),

p<O0x
E>1

which decomposes as

Un(a; LK, 1) Z (@5 L/ K, X)-

€lrr

Integration by parts shows that for |s| > 2, the Mellin transform

Mb(s) = /0 T h(a)da

satisfies the bound

Mh(s) < # /000 RO () |da <, # (92)
It follows from [[IX, Theorem 5.11] that for any irreducible character y € Irr(G) and for
x> 1,
Un(w; L/ K, x) = 2 Mh(1)8y21 < cnlog(A(x) +2) + enz2x (1) + Y [Mh(py)2*|
Px
< cpry(1)[K : Q]log(xdy, +2),

by Lemma 4.1 and Stirling’s formula, where ¢;, := 1 + sup(|h| + |h"]). We deduce that

Un(x; L/K t) = e Mh(1 )tA(_) + O(cpA\(t)[K - Q]x% log(rdy, + 2)). (93)

Applying inclusion-exclusion, we see that

(e LK 1) = 3 1) h(Np/2)log(Np) = 3 (Ot L/ (). (94)

p<aO g >1
For the terms with ¢ > 2, we use the Fourier decomposition of ¢t and deduce that
[Uney (275 LK H(1))| = ‘ > tA(XWh(-@)(iU%;L/K,X('Z))’ < MO (7 L/K, 1), (95)

X€Elrr(G)
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Now, the explicit formula for (x(s) (see for instance [II{, Theorem 5.11|) implies that for
x> 1,

Uneoy (@t LIK, 1) = Y h((Np* /7)) log Np*

p<Ox
k>1

= M{R()}(1) - 2t +Zx EM{B() M px) + On([K = Qla2 + log(dx + 2))

<p T+ x%ﬁlog(d;{ + 2),

by the identity M{h(-*)}(s) = $MAh(2) and the bound (91). Hence, noting that the support
condition on A implies that wh(,e)(x%; L/K,1) =0 for £ > 3logx, we obtain the estimate

On(w; L/ K, ) = by (w; LK, 1) + O(A(£) (27 + 27 log(dx +2))). (96)
Combining this identity with (92) and (78), we deduce that

On(z; L/ K, t) — xMh(1)t ( ) < epA ()22 [K : Q] log(rdy, + 2).

Generalizing [Se3, Proposition 6], we see that

2
> log(Np) < € log Nicjo(Dr/i) < 2[K : Q]log(rdy, +2),
p|Dr/ Kk
where the first inequality follows from combining (77) with (81) in which for each p | Dy /k,
> isollGil = 1) > |Gol/2, and the second follows from (78). Hence, the contribution of
ramified primes in 0y, (z; L/ K, t) is

K At) Y h(Np/2)log(Np) < cpA(t)[K : Q]log(rdy, + 2),
p|Dr, Kk

since fOI' any g € G, |t(g>| S erlrr(G) X(l)l ( | =

At
Y )N ) log(Np) = 2 MA(1)E(1) + Op(A(t)z

p<Ox
p unram.

). We conclude that

[K :Q]log(rd, +2)).  (97)

M\H

Taking

log(rdy + 2)A(t)[K : @])2
(1)

for a large enough positive constant Kj, in (96) (recall that t is real valued and #(1) > 0;
note also that \(¢) > |t(1)], so that x > Kj), we deduce that

Y tpp)h(Np/x)log(Np) > 0.

p<O0gk

p unram.

.Z':Kh<

Since h is supported in [1, %], it follows that there exists a prime ideal p < Ok of norm < %a:
and such that ¢(p,) > 0, that is (23) holds.
We now move to the bound (24). Arguing as in Proposition 3.11, we have that

Un(z; LK ) = (2 L/Q 1) = > £ (x)n(e; L/Q, ). (98)
x€lrr(GT)
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It follows from [IIX, Theorem 5.11] that for any irreducible character x € Irr(G*) and for
x> 1,

Yn(r; L/Q,x) — eMh(1)6,—1 < i log A(x) + cra2x (1) + Y [Mh(py)a™]
Px

< cprry(1)log(rdy + 2). (99)

~

We deduce that (note that (1) = ¢+(1))

Un(a; L)Q, 1) = aMA(1)EF (1) + O(cpA(t)x2 log(rdy, + 2)). (100)
Now, we may combine this with (95) and (97), resulting in the bound
On(z; L/ K, t) — aMR(1)i+(1) < epA(tH)z2 log(rdy, 4 2) + OA(t) (22 + x4 log(dg + 2))).

The ramified primes are bounded in the same way as bgfore, and contribute an error term
< AMt)[K : Q]log(rdy, +2). We deduce that as soon as t+(1) > 0 and

A(tT) log(rflL +2)+ )\(t))Q K <)\(t) log(dK + 2)>§

v Ko (1) (1)

(note once more that « > Kj,) for some large enough K, > 0, there exists an unramified
prime ideal p < Ok such that ¢(Frob,) > 0 and N'p < x. Taking t = |G||C| '1¢, we recall

that t+ = |G||CT|1e+ and £+(1) = 1, thus

+
_ o]

¢l .
At) < A T
) )< o

— 1
Cl2

The claimed bound (23) follows from noting that |G|/|C|2 < |G*|/|CT]z.
To prove (25), we apply (97) to (93) and deduce that

(LK. 1) = 3 (Ot L/, (1)), (101)
Note moreover that
H)H (1) = 1 3N (9) = S Haga)!) = (tri)e
|G | geGt |G | aGeGt /G gcaGa~t

Hence, (98) implies that

O (z; L/ K, t) — Mh(1)i+(1)
< opAt)zrlogld, +2) +en Y (@ |{t el + A T)2 log(rdy +2)),

2<t<4logx
p?(0)=1
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Taking

A(tT) 2
T = Kh< o log(rdy, + 2)) + K,

At

S

)

[K = Q]log(rdy, +2)

‘"‘)
—
—_

2/

)
w5 () (U ) ™)

2<£<<log 1og dr,
12 (0=

for a large enough constant K, in (96), we see that logx < loglog(dy, + 2) (recall that ¢ is
real valued and ¢(1) > |G|7'®sup|t|), and the conclusion follows. The proof of (26) goes
along similar lines. Finally, we note that (6) implies that,

[t o)l = 1{E o) | < A,

and moreover by the Cauchy—Schwarz inequality we obtain the bound

) < [GIE D] = G 2 < |GI# sup .

5. PROBABILISTIC BOUNDS

In this section we fix a Galois extension of number fields L/K, define G := Gal(L/K)
(as well as GT := Gal(L/Q) in the case where L/Q is Galois), and study the distribution
of the random variable X (L/K;t) attached to a real-valued class function t: G — R (see
Proposition 3.18 and Lemma 3.20), using probabilistic tools. Our main goal is to estimate
d(L/K;t), which measures to which extent the error term in the Chebotarev density theorem
is biased by a lower-order term of constant sign. We first consider the conditions under which
d(L/K;t) (see (10)) is close to 1. This leads to estimates for the bias under AC, GRH and
BM. Stronger bounds can be derived under LI: as we will see, large deviations results of
Montgomery—QOdlyzko can then be applied to this context. Next we establish a central limit
Theorem from which we obtain (conditionally on LI; here BM does not suffice) conditions
under which 6(L/K’;t) are close to 1. In both cases we highlight the importance of the
ratio?

EX(L/K;t)]

B = G X (w0

(102)

This parameter governs the behaviour of the corresponding random variable according to
the following philosophy: if it is small, then the random variable is only moderately biased,
whereas if it is large, then the random variable is highly biased.

26This is the inverse of the so-called coefficient of variation. When Var[X(L/K;t)] = 0 and
sen(E[X (L/K;t)]) = £1, we define B(L/K;t) to be too; we do not define it when E[X(L/K;t)] =
Var[X(L/K;t)] = 0. Note also that if L/Q is Galois and assuming GRH™, LI, the condition t Z0
(recall (48)), implies that Var[X(L/K;t)] > 0. Moreover, by Proposition 3.18 and Corollary 3.10, GRH™
and LI~ imply that if Var[X(L/K;t)] = 0 and K/Q is Galois, then we also have E[X(L/K;t)] = 0.
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5.1. Large deviations. We first establish bounds on 6(L/K;t) in terms of the bias factors
which hold under AC and GRH. These bounds will later be applied in conjunction with
upper bounds on the bias factors holding under BM. Note that AC, GRH and BM do not
suffice to prove the existence of the density §(L/K;t) and thus the statement only gives
information about the lower densities. Under the additional assumption LI the densities
exist and sharper bounds can be deduced, as we will see in Proposition 5.3.

Proposition 5.1. Let L/K be an extension of number fields for which L/Q is Galois, and
for which AC, GRH and BM hold. Lett: Gal(L/K) — R be a class function. If B(L/K;t)
is positive and large enough and BE[X (L/K;t)] > 4, then

ML/K;t) >1—-2B(L/K;t)2

Proof. The proof is very similar to that of [Fi2, Lemma 2.7] and uses Chebyshev’s inequality
(see also |De, Corollary 5.8]). O

The key to a more precise estimation of the bias under LI will be the following theorem
of Montgomery and Odlyzko on large deviations of sums of independent random variables.

Theorem 5.2 (|[MO, Theorem 2|). Forn € Zsy let W,, be independent real valued random
variables such that E[W,] = 0 and |W,| < 1; let also r, be a decreasing sequence of real
numbers tending to zero. Suppose that there is a constant ¢ > 0 such that E[W?] > ¢ for all
n. Put W =>_r,W, where Y. 12 < co. Let V be a nonnegative real number.

If 3250 [Tnl S V/2 then

P[W > V] < exp ( - %VQ( > rg) 1). (103)

[rn|<a

If 3250 ITnl = 2V then

P[W > V] > ajexp < - a2V2< > rg) _1>. (104)

[rnl<a

Here a; > 0 and as > 0 depend only on c.

Note that a more precise result (in which ¢3 = ¢+ 0(1)) could possibly be obtained using
the saddle-point method as in [Mo] (see also [L.al]), however this would not affect our main
theorems since we are only able to evaluate B(L/K;t) up to a constant. We can deduce the
following result concerning high biases.

Proposition 5.3. Let L/K be an extension of number fields such that L/Q is Galois, and for
which AC, GRH and LI hold. Lett: Gal(L/K) — R be a class function, and let B(L/K;t)
be defined as in (101).
(1) IfE[X(L/K;t)] > 0, then
S(L/K;t) > 1 —exp(—c;B(L/K;t)?).
(2) If in addition K = Q (so that t = t* (recall (48)) and G = G*), t Z 0 and

o~

(x) € {0,1,—1} for every x € Irr(G), then we also have the upper bound
0(L/Qs;t) <1 —crexp(—csB(L/Q;t)%).

Here, the c; are positive absolute constants.
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Besides Theorem 5.2, the main ingredient for the proof of Proposition 5.3 is the following
estimate.

Lemma 5.4. Let L/K be a finite Galois extension for which AC holds, and let x be an
irreducible character of G = Gal(L/K). For T > 1 we have the estimate
1

1 T3 \ [K:Qlx( .
o= log <A(X) (2 > ) log T + O (log(A(x)(T + 4)F@x1))
1 2 2 s e
<t (5 +72)

Proof. We start from (85):

T A(x)THEQxA)
N(T,x) = Hx: Il < T} = — o

areymaxa T Olos((A0) +2)(T'+ P NONY
With a summation by parts we obtain that

Z;

=<t (1 +72)

1 + O(log(A(x )5[K:Q]x(1)) _
7l

1
2
1< |<T

= O(log(A(x)5!K @XMy
T
+/ dN(t,x) _ N(T,x / N t’X>dt+O(log(A(x)5[K:Q]X(1)))
1 t T 1 ¢
T log (X)t[;:@z(ll)
_ / IS At + O (log(A QO (T + 4)Ax))
1
1 T3
p log <A(X>(

[K:Q]x(1)
5 ) * > log T + O (log(A(x)(T + 4)[K:@]X(1))) .
e
The proof is complete.

Proof of Proposition 5

OJ
variable

3. Let us start with (1). We will apply Theorem 5.2 to the random
W:=X(L/K;t) —

EX(L/K;)] = > |t (x IZ

1
xesupp(i+) 7X>0 + 7x) ’
(recall Lemma 3.20). By Proposition 3.18, we have that

~ 1
ValX(L/K 0l =2 Y B0PY
xesupp(t+) w>0 4

Taking the sequence {r, }n>1 to be the values 2|+ (x NG +73)

ordered by size with v,

1
2
ranging over the imaginary parts of nonreal zeros of L(s, L/Q, x) with x € supp(t?r), we
have for o € (0, 4] that

Sl= Y Bl Y 2

;
|2 xEsupp(t+)

o L
0<7X§\/4a—27% (i + 7)2() ’

~ 4
Z ’Tn|2 = Z ‘t+(X>’2 Z 1 + 72 ’
Irn|<a x€supp(t+) >y dam? =] ! :
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We take a = 4: then we trivially have 3\~ |ro| < E[X(L/K;1)]/2 (note that E[X (L/K;t)] >
0 by our assumptions), and hence applying Proposition 3.18, (102) translates to

PW > E[X(L/K;t)]] < exp (—%]E[X(L/K;t)]2 (2Var[X(L/K;t)])_1> :

Thus (1) follows, since by symmetry of W we have that for any x € Irr(G™),
~§(L/K;t) = P[W < —E[X(L/K;1)]| = P[W > E[X(L/K;t)]).

For (2), we use the assumptions that K = Q and that for y € supp(t) # @, [t(x)| =
We let a € (0, 4] be small enough so that Ty := y/4a~2 — 1/4 has the property that for any
x € Irr(G),

1
> 6M

1
0<irl<ty (1 +72)*

(My comes from Hypothesis LI). Such a number Tj, independent of L/Q, exists in light of
Lemma 5.4 and by (89) applied with v = 0. Hence, since [t(x)| = [t(X)|, by the symmetry
of the zeros of L(s, L/Q, x) we have that

> Y ——— > 6My#supp(tt) > 2E[X(L/Q;1)],
xesupp(t+) 0<m<To ( + ’Vx)
by (68). Therefore we can apply Theorem 5.2 which gives the bound

PV > BX(L/Q:1 = )] = mesp (— B X(L/QOR(X Y =) )

X€& 1 >To 4
-1
> a1 exp ( — aE[X(L/Q; t)]2(a3var[X<L/@;t>]) )
by Proposition 3.18; this proves the desired upper bound. 0]

5.2. Effective central limit theorem. As in the previous paragraph, L/K denotes an
extension of number fields such that L/Q is Galois. Let G = Gal(L/K) and Gt = Gal(L/Q).
For any real-valued class function ¢: G — R, we first prove a preliminary result on the “fourth
moment” of X (L/K;t). We define the following useful quantity”” attached to ¢.

> et 1700 log(A(x) +2)
(2 et [ (0P 10g(A() +2)

Lemma 5.5. Let L/K be a an number field extension such that L/Q is Galois. Assume
that AC holds, and write G = Gal(L/K),G* = Gal(L/Q). Ift: G — R is a class function,
then

W(L/K;t) = (105)

W=

WL/ < IE1E (Y 0P log(A) +2) (106)

Xx€lrr(GT)

2T1f ¢+ # 0, then the denominator is clearly positive by Lemma 4.1.
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Moreover, for any finite group I' and any class function 7: I' — C,

Z Irr(I X(l)’?(X>’4 2 .
e R [ ( > x(l)lf(x)|2> . (107)
<ZX€Irr(I‘) x(D[7(x) |2) x€lrr(T)
Remark 5.6. If G™ and I are abelian, then the exponent —3% in (105) and (106) can trivially
be improved to —1. More generally, if t+ # 0, then

Wi/ < (3 1 00Plog(A00 +2)) IR max (1>

x€Irr(GT) frr(G)

=

However, in the case G* = S,,, it cannot be improved® beyond —%.

Proof of Lemma 5.5. We let M > 1 be a parameter and we split the sum appearing in the
numerator of Wy(L/K;Cy, Cs) according to the degree of x. By Lemma 4.1, one has that

Yo og(A) +2) < D [ (x ,4 (log(A(x) +2))*

x€Irr(G1) x€Irr(GT) X(l)
x(1)>M x(1)>M
1 ~ 2
< (2 Folrosan) +2))
X€E€Irr(GT)

Applying Lemma 3.5, we also have the bound

D 0 log(AC) +2) < M2[IEFIT D 1 ()P log(A(x) + 2).
xE(I{])r(<G]\;) xE€lrr(GT)
xX(1)=

Putting everything together we deduce that
M2||t7|3 1
Wi(L/K;t) < | 2”1 o
> et | (02 log(A(x) +2)
and (105) follows from taking M = ||t+||;§ ( > yenn(GH) 11+ (x)|* log(A(x) + 2))°.
The proof of (106) goes along the same lines, by replacing log(A(x) + 2) with x(1). O

In the central limit theorem (Proposition 5.8) we are about to prove, we will keep the
setting as in Lemma 5.5 and we will use estimates on the following important quantity:

Var[X (L/K:t)]2

maXyelrr(G+) |t+ (77) |

F(L/K;t) =

(108)

where t: G — C is a class function such that £+ # 0 (so that, as we have seen already,
F(L/K;t) # 0). This quantity will determine the range of validity of our bounds on the

characteristic function of X (L/Q;t).
Remark 5.7. We have the immediate bounds
1]z
— ()] < (17 ]l
‘(G+)#|2 nEIrr(G*)

28Indeed from an analysis analogous to the one developed in Section 7, one can see that selecting for
instance Cy = {id} and C5 to be the set of n-cycles, both sides of (106) are equal to pl—3+o(),
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We now state and prove estimates on the characteristic function of X (L/K;t) which can
be interpreted as effective central limit theorems via Lévy’s criterion and the Berry—Esseen
bounds. These estimates will allow us to study moderate biases. Note that to obtain a
precise estimate on the bias we will need bounds on the characteristic functions which hold
in a wide range. For any class function ¢ : G — C such that ¢+ # 0, we define the normalized
random variable
X(L/K;t) — E[X(L/K; )]

Var[X (L/K:t)]2
where X (L/K;t) satisfies (74). The corresponding characteristic function will be denoted
by Y(L/K;t).

Proposition 5.8 (Characteristic function bounds). Let L/K be an extension of number
fields such that L/Q is Galois, and for which AC and LI hold. Fiz a class functiont : G —
R. If B3, = 5 (recall (9)), then in the range |n| < 2F(L/K;t) (see (107)) we have the bounds

Y(L/K;t) :=

(109)

I Ol WA(L/K:1) < log V(LK) () <~

Proof. We first see that the characteristic function of X (L/K;t) is given by

. . . olt+
X(L/K:t)(n) = X (L/K;t)n H H Jo( | (X)|7Z>. (110)
XEIrr(Gt) 7x>0 (% + '7)%) 2
This comes from the fact that the characteristic function is multiplicative on independent

random variables, and that )?VX (t) = Jo(t) (see the proof of [N, Prop. 2.13|). From the
properties of characteristic functions, it follows that

log V(L/K; () = Y ZlogJ(V - 2“1(”1'" ) (111)

1
XELT(GH) 15 >0 X(L/K;t)]z (}l + 7>2<) 2

In the range |u| < 132, we have the following bounds on the Bessel function (see [\, §2.2]):
u? u?
e O(u*) < log Jo(u) < -7 (112)

Inserting the bounds (111) in (110), we obtain that in the range |n| < 2F(L/K;t),

ety D D I L e I R

XEIrr(G+) 7x>0 4
|2 2

1 [+ (x 1 1t ()| *n*
 Var[X(L/K;t)] 2 iy T+12 <Var[X(L/K;t)]2X 2 (i+v§)2>'

XEIrr(GT) 7x>0

Note that the upper bound in (112) is equal to —n%/2. As for the error term in the lower
bound on the right hand side, we apply (88) to conclude that it is

<<n4< 3 |t1<x>|21og<A<x>+2>>_ S PR,

XEIrr(GT) xEIrr(GT)
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Here we have used the symmetry principle already mentioned (see the proof of Corollary 3.17)
asserting that if p is a complex zero of L(s, L/ K, x) then pis a zero of L(s, L/K,X). Invoking
Lemma 4.3 we recognize the fourth moment W, (L/K;t), and the claim follows. O

From this central limit theorem we derive our general result on moderate biases. We first
state and prove the following preliminary lower bound on the size of the quantity F(L/K;t)
defined in (107).

Lemma 5.9. Let L/K be a number field extension such that L/Q is Galois. Assume AC,
GRH and LI~ hold, and fix t: G — R a class function for which t* # 0. Then we have the
bounds”’

VarlX (/KO ooy < %VM[X(L/K;@]%- (114)
It i

Proof. The upper bound follows from Remark 5.7. For the lower bound, by Proposition 4.6
we have that

maxyer(c+) [t (X)]

(S etmian IF 0P log(A() +2))°

Let 1o be an irreducible character of G having the property that |t+(1g)| = MAaXychrr(GH) I+ ().

Note that by Lemma 3.5, \ti(wo)] < h(1)||tF]]1. We deduce from Lemmas 4.1 and 4.3, and
by positivity of the summands in the denominator of (114) that

F(L/K;t)™" < min ( L @Z)O(l)"tﬂll)]l) .

F(L/K;t) ' <

(115)

-

wo(1)2 Var[X(L/K;t

Now, if ¢o(1) > Var[X(L/K; O] [EF]° then vo(1)~F < [[#§ Var[X (L/K: )]+, and if
2 1

Go(1) < Var[X (L/K; ) #4117 S then vio(1) [+ [ Var[ X (L/ K )] ~F < |61 Var[X (L/ K 0) .
We conclude that

o=

1
F(L/K;)™ < |[tF]| Var[X (L/K; £)] 5.
U
We are now ready to show that small values of B(L/Q;t) result in densities 6(L/K;t)

that are close to % In a sense this is a converse to Theorem 5.1.
Theorem 5.10. Let L/K be an extension of number fields such that L/Q is Galois, and for

which AC and LI~ hold. Fiz a class function t : G — R for which t+ # 0. Assuming that
gh = %, the following estimate holds:

S(L/K:1) = 5 + % +o(BW/K:1 + (Var[ )%”/%K; t)])Q FWAL/K:D) . (116)

(Recall the definition (104).)

Note that under the hypotheses of Theorem 5.10, we have that |¢||3Var[X(L/K;t)] ™!
< ||[¢T||3Var[X (L/K;t)]"! < 1. Note also that the exponent 2 in the second error term can
be replaced by an arbitrarily large real number, however the third summand Wy (L/K; Cy, Cs)
is expected to be the main contribution to the error term.

29The lower bound here is more convenient to work with than the upper bound in Remark 5.7.
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Remark 5.11. In the particular case where t e {0,—1,1} (for example K = Q and
t = r), we have that Wy(L/K;t) < Var[X(L/K;t)], and hence the second error term in
Theorem 5.10 can be removed.

Coming back to the general case, Theorem 5.10 implies, using Lemma 5.5, the simpler

bound:

S(L/K;t) = % + —B(L/Qi:t) +O(B(L/K; 1) + (VM&ZH;K. t)])s) .

If moreover Var[)l((L/K;t)]éHt’LH;% = o(|[E[X(L/K;t)]||lt*]|;") but yet E[X(L/K;t)] =
o(Var[X (L/K;t)]Z), then

S(LJK: 1) — % N %

Proof of Theorem 5.10. If E[X(L/K;t)] = 0, then in light of (74) and by independence, the
random variable X (L/K;t) is symmetric. We deduce that P[X(L/K;t) > 0] = 3 and so
the statement is trivial. It is also trivial when B(L/K;t) or Var[X(L/K;t)]™! is bounded
below by a positive constant. Therefore we may assume from now on that B(L/K;t) is small
enough and that Var[X(L/K;t)] is large enough.

We now use the Berry—Esseen inequality in the form given by Esseen ([IZs, Chap. 2, Th.
2a]). The statement is as follows. If we denote by Fy the cumulative density function of a
given real-valued random variable Y and by Fy that of the Gaussian distribution, then for

any 17" > 0,

M

s (o) — Foo)| < [ [P ag+

T
zeR -T
Taking Y = Y (L/K;t) (recall (108)) and setting 7" := Var[X (L/K;t)]?||t*]|;*, we have that

PIX(L/K;t) > 0] = P[Y > —B(L/K;1)]

1 /w e / Y(n) —e % [¢+]]4
= e zdt+0 ‘—dn+ . (117
V2 J_BL/K;p) ( -7 U] Var[ X (L/K; t)]2> (1)

To bound the part of the integral in the error term of (116) in which |n| < 2F(L/K;t), we
apply Proposition 5.8 which implies that for some absolute constant ¢ > 0,

2

0> V() —e % > e (e ™MK 1) > Wy (L/K; typ'e
by the convexity bound e™ > 1 — . We deduce that
F(L/K;t) ?(77) P
/F(L/K;t) n
As for the rest of the integral in the error term in (116), we will use the properties of

the Bessel function Jy, in a way analogous to ['\M, Prop. 2.14]. We have that for |n| >
%F(L/K, Cl, Cg),

N

n

dn <« W4(L/K;t)/ In)Pe™Tdn < Wi(L/K;t).
R

e+ ()| ‘(1 2)%) < J0(2_£F(L/K;t)\f+(x)| ' (411 +%2<>é>7

o( NVarX(L/KpE T 12 Var[X (LK 1))



and hence by (110), |Y(n)] < |Y(ZF(L/K;t))|. It follows that

12

2 2

n n
_n 5 _
- dn <<Y(—F(L/K;t)> logT+/
In[>F(L/K;t

=D

/ ‘W; ¢ " a
F(L/Kt)<[n|<T U 12 ) Il
<o B F(L/K)? +e—§F(L/K;t)27

, 1
by Proposition 5.8 and the bound F(L/K;t) > Var[X(L/K;t)]s|[t*]|; ® of Lemma 5.9. We
deduce that

113

PIX(L/K;t) > 0] = Var[X(L/K;t)P)’ (118)

1 /°O 2
— e‘2dt+O(W L/K:t) +
V21 J_B(L/Kt) s(L/K59)

and the claimed result follows by expanding the main term of (117) into Taylor series. [

6. GENERAL GALOIS EXTENSIONS: PROOFS OF THEOREMS 2.7, 2.8, AND 2.13

We fix the setup as before: L/K is an extension of number fields for which L/Q is Galois.
We first give general bounds on the mean, variance and bias factor (see (101), and Proposi-
tion 3.18) associated to the random variable X (L/K;t) that will also be used to prove the
statements about extensions of number fields with specific Galois groups.

Lemma 6.1. Let L/K be an extension such that L/Q is Galois, and for which AC, GRH
and LI~ hold. Fix a class functiont : G — C such that t+ # 0. We have the general bounds

o 1113
Var[X(L/K;t)] > X)) > =~ (119)
Z(G) [+ (#supp ()2
Under the additional assumption of LI,
E[X(L/K;t)] < (||t + It7|l2) (#{x € Irr(G) UTrr (G : x real})%, (120)

and as a result

t,r)qg +2ord,_1L(s,L/K,t
sy < (670 Lo LK) o

(Zretmon XDIF(OR)”
o Il + 14 12) (G ) - (H{x € Irn(G) U Tie(GH): X read)t

3
#1135

Remark 6.2. The second bounds in (118) and (120) are unconditional. Moreover, the
upper bound (120) implies that Galois groups with few irreducible characters correspond to
small values of B(L/K;t), and hence exhibit moderate discrepancies in the error term of the
Chebotarev density theorem.

Proof of Lemma 6.1. The first bound in (118) follows from combining Proposition 3.18 with

Lemmas 4.1 and 4.3. As for the second, we argue as in the proof of Lemma 5.5. Introducing
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a parameter M > 1 we see that

SoOIFQPEM S FEEM( S P - 1M supp())

x€lrr(GT) x€lrr(GT) x€lrr(GT)
x(H)=M

= M([t*]}3 = [[£F]I7 M #supp(+)).

The right most bound in (118) follows by taking M = ||t+|l2]|t+ || (2#supp(t+))z.
The bound (119) is established as follows:

EX(L/KH < Y [+ Me Y )

Xx€lrr(G) x€lrr(GT)
x real 52(X):—1

< |t (#{x € Irr(G) : x real})z + ||t ||la(#{x € Irr(G™): x real})z.

Recalling the definition (101), the first bound in (120) follows from combining (68) with the
first bound in (118). As for the second one, it follows from combining (118) and (119). O

We are now ready to prove the results of Section 2.1.

Proof of Theorem 2.8. We split the proof into two cases depending on the value taken by g%
(see (9)). First, we assume that 3f > 1. Arguing once more as in ['i2, Lemma 3.6 and [De,
Proof of Theorem 5.4 (i)], we have that

X(L/EK;1)(€) = eBx@mol T H (2It+ |§>_

xesupp () gy s,
S(px)>0

Assumption LI implies E[X(L/K;t)] = 0. For each xy € supp(tﬁf)7 the product over p,
has at least one factor (by GRH™). However, tl(x) # 0, and hence we conclude that
X (L/K;1)(€)] < (€] +1)72 and as before, 6(L/K;t) = 1 by symmetry.

We now assume § = % Recall Propositions 3.18 and 4.6; combining Lemma 6.1 and the
assumptions implies the bound B(L/K;t) < €. Theorem 5.10 (in the form of Remark 5.11)
then implies that

1  B(L/K;t)
S+ ——="+
2 V2
Using this estimate, the first statement follows from the lower bound on the variance in
Lemma 6.1. As for the second one, it follows from (121) and the fact that the additional
hypothesis in the statement implies that [E[X (L/K;t)]| > ¢ 2, and hence Var[X (L/K:t)] >
o3 U

S(L/K;t) = O(B(L/K:t)* + Var[ X (L/K:t)]"%). (122)

Proof of Corollary 2.12. For both statements, we apply LI and combine Theorem 2.8 with
(118) and (120). U

Proof of Theorem 2.7. Assume that £+ % 0, as well as AC, GRH and BM. We will combine

the expression for Var[X (L/K;t)] given in Proposition 3.18 with Lemmas 4.1 and 4.3. The
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assumption of Theorem 2.7 translates into
EX(L/K O
Var[ X (L/K;t)]

For £ small enough we can then apply Proposition 5.1 and Proposition 5.3 to conclude the
proof. [l

Proof of Theorem 2.15. We begin with part (1). As in the proof of Theorem 2.8, one shows
that if g} > %, then §(L/Q;r) = %; we can therefore assume that ] = % We will apply
Proposition 5.3 and Theorem 5.10 to evaluate the bias factors B(L/Q;1—r). By Proposition
4.6 and Lemma 4.1 we have that

B(L/Q;l—r)2<<< Z 1>2< Z log(%l(x)%—Z))1

1#£x€lrr(G) 1#x€lrr(G)
x real x real
2 —1

<( X ) X )

1#£x€lrr(G) 1#x€lrr(G)

x real x real
<y
1#x€lrr(G)

x real

For part (2) we note using (31) that the stated condition implies that
EX(L/QM > Y 1

1#x€lrr(G)
X real

and thus Var[X(L/Q,1 —r)]"! < B(L/Q;1 — r)% Moreover,

Briei-m>( Y 1) (X s +2) .

1#x€Irr(G) 1#x€Irr(G)
x real x real
2 -1
>>(log(rdL+2))_1( 3 1)( 3 X(1))
1#x€lrr(G) 1#£x€lrr(G)
x real x real
_1
> (log(dz +2)) (Y x(1?)
xE€Irr(G)
x real

by the Cauchy-Schwarz inequality and Lemma 4.1. If B(L/Q;1 — r) is small enough,
the result follows from Theorem 5.10. Otherwise, note that our hypothesis implies that
Var[X(L/Q,1 —r)] is large enough, and the result follows from (117). O

7. GENERAL S,,-EXTENSIONS

We now move to our particular results, starting with the case of a Galois extension L/K
of number fields with group G = S,,. The representation theory of the symmetric group is a

beautiful blend of combinatorics and algebra. We refer the reader e.g. to [Sag, Chap. 2| for
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TABLE 1. The conjugacy classes and irreducible characters of Sg

[ ]
A H o0 ] - | |0 | oo
[C\ | T |15 |45 [ 15 | 40 | 120 | 40 | 90 | 90 | 144 120
1-r(Cy|-75] 1T [ 3] 1 3 [ 1 | 3 [ 1 1 0 1
ROEERERE 10 | 16 | 5 | 10 | 9 5 1

the details. In the following, we will focus on the special cases t = t¢, ¢, for C1, Cy € GU{0},
andt=1-—r.

7.1. Combinatorial estimates. The conjugacy classes of S,, are determined by cycle type,
and hence are canonically indexed by the partitions A = (A1, ... A\x) of n (thatis A\;+-- -+ =
n and A\; < --- < )\g). Denoting by C) the conjugacy class associated to A, one can obtain
closed combinatorial formulas for the quantity (C)) (see [Ng, §5.3.5]).

There is also a canonical parametrisation of the irreducible representations of .S, in terms
of the partitions A = n. This is achieved via the Specht modules S*, which are generated
by linear combinations of tabloids with coefficients +1 (see [Sag]). Denoting by x, the
irreducible character associated to S?, it follows that Irr(S,) = {xx : A F n}. The number of
irreducible representations is therefore equal to p(n) the number of partitions of n, for which
we have the Hardy-Ramanujan asymptotic formula ([An, (5.1.2)]):

A/ 20

e 3
43

We can picture a partition with its associated Ferrer diagram ([Sag, Def. 2.1.1]). We denote
by 7(A) the number of rows of this diagram, and by ¢()) its number of columns. It is known
[Sag, Section 2.7| that all irreducible representations of S,, are orthogonal. In Table 7.1 we
consider the example n = 6, in which C),r(C)) are directly computed and the dimensions
xX(1) are obtained via the hook-length formula [Sag, Th. 3.10.2|.

Combining (44) with the asymptotic [Wil, (2.2)] of Moser and Wyman on the number
of involutions in 5,,, we have a precise control on the sum of the degrees of irreducible
representations of S,,:

p(n) (n — 00). (123)

NG

Y al) = [{o € 5,: 0% = 1d}| ~ (@) © (124)

Arn e/ eiy2

[t turns out that most character values x,(7) with 7 # Id are of small size compared to
xXA(1). This well-known fact has applications to various problems such as mixing times of
random walks, covering by powers of conjugacy classes and probabilistic and combinatorial
properties of word maps (see [L.5]). In our case, it will allow us to obtain sharp estimates

for the Artin conductors A(x»). The bound we will apply is due to Roichman.
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Theorem 7.1 ([Ro, Theorem 1|). Let n > 4. Then for any A+ n and © € S,, we have the

bound \Q(g))’ ) (max <q7 r(n—A) | @))bsmﬂ’ (125)

where 0 < ¢ < 1 and b > 0 are absolute constants and supp(m) is the number of non-fized
points of .

There are also more recent bounds due to Féray and Sniady [FeS, Th. 1], and Larsen and
Shalev 1.5, Th. 1.1 and Th. 1.2], however Roichman’s is sufficient for our purposes. We will
need a combinatorial bound on the degree of the irreducible representation associated to S*
in terms of r(A) and ¢(\).

Lemma 7.2. For any A\ = n we have the bound

r(A)+e(N)
() = A < n-pltm etnle,

One could possibly improve this bound to one of the type

r(N)+e(N)
X/\(l) < T L

for some 6 < 1, however this would not affect Theorem 2.15.

Proof of Lemma 7.2. Applying the hook-length formula ([Sag, Th. 3.10.2]) and considering
only the hook-lengths of the first row and of the first column, we see that

P < n! <n n!
(r\) +cN) = Dr\) =Dl ecN) =D = T r(N)le(V)!
Here we have used the fact that the conditions 1 < z,y < n, r+y — 1 < n imply the bound

zy/(x+y—1) < (n+1)?/4n < n. Next we apply Stirling’s formula and obtain that

) r() c(V)
A n\"—rN=c) [ n n TERACIEZE PR
< (—) — —= Ln-nlmw ;
iy =5 V) e ¢

the last equality following from the fact that for fixed n the function ¢ — (n/t)" attains its
maximal value on (0,n] at t = n/e. O

7.2. Proof of Theorem 2.15. We first treat the easier case of §(L/Q;1 —r).

Lemma 7.3. Let n > 2 and assume that AC, GRH and LI hold for the S,-extension L/Q.
We have the following estimates (recall the definition (101)):

Var[X (L/Q; 1 — )] < log(xdy)(n/e)"/?eV™ .

B(L/Q: 1~ r) = (log(rd,)) p(n)nl te ™

(&

=
ool

ns.

Proof. We will show that
Var[X(L/Q;1 - r)] < log(rd.) Y xa(1);
An

the claimed bound on Var[X(L/Q;1 — r)] then follows from (123).
59



Proposition 4.6 implies that
Var[X (L/Q;1—7)] < > log(A(xx) + 1),
AFn

and hence from Lemma 4.1 we deduce the required upper bound. As for the lower bound,
setting M = n!%, we see that

Var[X(L/Q;1 —r)] > Z log(A(xa) + 1) > log(rdy) Z xa(1).

A-n AFn
xa(H)=M xa(1)=M
Indeed, by Lemma 7.2, the condition x,(1) > M implies that

max(7(A), c(A)) < n(l - llogM> +O< - )7

ogn! logn

which in turn by (124) and Lemma 4.2 implies that log(A(x,) + 1) > xa(1)log(rdy), for n
large enough. We deduce that for some absolute ¢ > 0,

Var[X(L/Q; 1 —7)] > clog(rdy) ( Y a) - Mp(n)).

AFn

Hence, for n large enough, (122) and (123) imply the required lower bound. For the remaining
(finite number of) values of n > 8, we can pick

N (5.5) if n is even

S I3

n—1 LN
,"5+)  otherwise;

then (124) and Lemma 4.2 imply the required bound

Var[X(L/@Q; 1 = )] > log(A(xx,) + 1) > xa, (1) log(rdy).

The same bound holds for 2 < n < 7 by inspection of the character table of S,,.

For the claimed estimate on B(L/Q;1—r), we recall that every irreducible character of .S,
is orthogonal, and hence LI implies that the Artin L-functions of irreducible representations
of Gal(L/Q) have no real zeros. Thus, Proposition 3.18 takes the form

EX(L/Q1-r)] =3 1-1=p(n) -1

AFn

and the claim is proved thanks to the estimate on the variance we just proved. O

The following lemma, which is stated for a general class functions ¢, will be applied in
Proposition 7.6 in the case t = t¢, ¢,

Lemma 7.4. Fizx e > 0, and let n be large enough in terms of e. Let L/K be an extension
of number fields for which L/Q is Galois, Gt = Gal(L/Q) = S,,, and such that AC, GRH

(2+e)n

and LI~ hold. Fix a class function t : G — C such that |[tT|| > e« |[tT||1. Then we have
the bounds

—1 n e
Var[X (L/K;1)] > (1 — max(q, BT Ty 10 (14,) S (1) (o)
AFn
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t+
1) W IF G2 < a2 (126)
1 (0 (G)
AFn

Here, b,k >0 and 0 < q <1 are absolute.

(24e)n

Remark 7.5. The condition |[t7]|; > e« [[t*]|; can be reinterpreted by saying that ¢
is far from being constant. If we normalize so that ||t+||1 = 1, then this condition holds

provided there exists C' € G* such that |t(C)| > (n'2/]C’] ) M
Proof. We will apply Proposition 4.7. Lemma 7.2 implies that for some absolute k > 1,
log () + 2
A(1)
A A < _
) +ed) <n log n!

Hence, by (124), if A - n is such that y,(1) > ||t7]|2|[t]|;", then for some absolute b > 0

and 0 < g < 1,
X () ( ( log(kn||t+][5H |t 1) + %))b
max < | max|{q, .
id#reS, xx(1) logn!

Note that for n large enough and by our assumptions, 0 < log(kn!|[t*]|5 |t7]1) + 2 <

e

logn!. (For the lower bound, note that [|t¥]]y < n!2||t*];.) The claimed lower bound on
Var[ X (L/K;t)] then follows from Proposition 4.7. The lower bound in (125) is just (118).

As for the upper bound, it follows from noting that x,(1) < nls. O
We now evaluate the bounds of Lemma 7.4 more precisely in the particular case t = t¢, c,.

Proposition 7.6. Fiz e > 0 and let n > 2. Let L/K be an extension of number fields for
which L/Q is Galois, G = Gal(L/Q) = S, and such that AC, GRH and LI~ hold. If C1,

Cy are two elements of G* U {0} for which min(|C ], |C5|) < n!l_eﬂ;n, then we have the
bounds

logmin(|C, |Cy
Var[X(L/K:to, c,)] > (1— gmin([C7], |C5]) )1og (rds) 3" (W) = xalGHP
log n! —

log min(|C} ], |C5 n!s log(rd n!s log(rd
(1_ g (| 1"7‘ 2 |)> : g( Lg) <. Var[X(L/K;tCl,CQ)] < — J%( Lz ‘
log n! min(|CT |, |C5])2p(n)2 min(|Cy ], |C5])
Proof. For n large enough, we apply Lemma 7.4 with ¢t = t¢, ¢, We see that under our
assumptions,

(Loglntlictlly et net™ /)y _ (g logk~ nlpmlict lalletly Tet/) 71 yy
log n! - log n!

<1- Cblog(k_ln!(p(n) m;(()[gci\,|cj|)e4n/e)_1)’
where ¢, > 0 depends only on b, since n is large enough (in terms of b). Hence, a straight-
forward calculation shows that both claimed lower bounds follow from Lemma 7.4. As for
the finitely many remaining values of n > 5, we note that for A ¢ {(n),(1,1,...1)}, (124)

implies that log A(x) >, xx(1)log(rdy). Hence, as before,

Var[X(L/K;te,e,)] >nlogrdr) Y ha(CF) = xa(G)I” (127)

A¢{(n),(1,1,...1)}
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This implies both claimed lower bounds since

Y ) a@HIE = S () — (G - 4

which is strictly positive given our restriction on the conjugacy classes € and C5. For
n € {3,4}, the right hand side of (126) is >, log(rdy) by inspection of the character table
of S,. Finally, the case n = 2 is immediate because then log A(x) =< log(rdy) for the unique
nontrivial character of 5.

As for the upper bound, it follows from combining Proposition 4.6 with Lemmas 4.1 and
7.4. 0

Lemma 7.7. Fize >0 and let n > 2. Let L/K be an extension of number fields for which
L/Q is Galois, Gt = Gal(L/Q) = S, and such that AC, GRH and LI hold. If Cy, Cs are
two elements of G* U {0}, then have the bound

n! n! A
T —
ICY Gy

E[X(L/K;leyc,)] < (minﬁg(ﬁcﬂ))? (128)

If moreover min(|C], |CS ) < n!l_ei)%, then
_ logmin(|C7, !@W))Qn!é min(|Cy'], |C5 |)2p(n)s
log(rdy) '

Proof. We begin with the bound (127). Recalling (12), we see that for any representative
gi € Gy,

(129)

WilX(L/K;to, 0,)] < (1 log n!

ra(C)) =#{g € G : ¢* = g} <#{g € G* : ¢ = gi} = ra+(C)).
Note that by (59),
ord,_1L(s, L/K,t) = ord,_1 L(s, L/Q,tt) =0,

since we are assuming LI and since all characters of S, are orthogonal. By Proposition 3.18,
it follows that

[EIX(L/K:te,)]] < 1o+ (CF) +16+(C5) < ) (IX(CHI + (G,

xE€Irr(GT)

and hence (127) follows after an application of the Cauchy-Schwarz inequality. As for (128),
we note that by definition of W,[X (L/K;tc, ¢,)], Lemma 4.1 and Proposition 7.6,

_ logmin(|CY|, |C§r|)>_2 Dm0 (WP (CT) = xa (G
log n! log(rdr) (3w Xa(D)IXa(CY) — xa(C3)[H)*

The desired estimate follows at once from Lemmas 5.5 and 7.4. [l

W4[X(L/K7 tC1,C’2)] < (1

We are now ready to prove Theorem 2.15.

Proof of Theorem 2.15. The mean and variance bounds follow from Proposition 7.6 and
Lemma 7.7. Moreover, those bounds imply that

~ logmin(|CY ], |02+|)>—;n!—ip<n>z min(|Cy [, |C5 )7 (130)
(log(rdy))? |

B(L/K:to, o, (1
(L/ K tenen) < log n!
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log min(|C], [C5])\ ~2n! > min(|CY], |C57)*p(n)
a log n! ) log(rdy) '

In light of Theorem 5.10, the estimate (34) on §(L/K;tc, o,) then follows from combining
these bounds with Lemma 7.7 (note that we always have n! > min(|C|, |C5])).

We now move to the second claimed estimate in which K = Q and C} # Cy = {id}. By
orthogonality, positivity of x(1) — xA(C1), and Cauchy—Schwarz:

nl =3 a)0a(l) — w(C) < (Z m(l)Q) (Z(XA(U - m(c‘l))Q)

An AFn AFn
<nl2 Y (1) = xalC).
An
We deduce that

Var[X (L/K: to, 0,)] 2 < (1 (131)

N

> (a1 =€) = ntz (132)

AFn
and hence Proposition 7.6 yields that

N

n!
(log(rd.))z

The estimate (35) is deduced from combining (128), (129), (130) and Theorem 5.10.
Finally, the estimate on 6(L/Q;1 — r) follows directly from Proposition 5.10 and Lemma
7.3. O

B(L/@7 tCl,{id}) >

8. ABELIAN EXTENSIONS

If G = Gal(L/Q) is abelian, then all its irreducible representations are one-dimensional.
In particular an irreducible character is real-valued if and only if its associated representation
is realizable over the reals, hence e5(x) # —1 for all x € Irr(G). Therefore (46) shows that
the number of real characters of GG is equal to the number of elements of GG of order at most
two.

Also, for distinct elements a,b € G we have that

Var[X(L/Kitap)] = ) |x(a) = x(0)Plog(A(x) + 1) > > |x(a) = x(0)]* = 2|G*|.

XEIrr(Gt) XEIrr(GT)

8.1. 2-elementary groups: proof of Theorem 2.21. We study the Galois extension

L = Q(\/P1, /P2, --»/Pm)/Q of group G ~ (Z/2Z)™ in the setting of Theorem 2.21, under
hypotheses GRH and LI

Proof of Theorem 2.21. We first compute the Artin conductor explicitly. Clearly, besides
p = 2 the only ramified prime in Q(,/p;)/Q is p; which factorizes as p;Or, = (,/p;)*. Hence,
the odd primes ramifying in L/Q are py,...,p, (see [Le, Prop. 2.19]|) and the ramification
is tame at each of these primes. Moreover if p; denotes a prime ideal of Oy, lying over p;, we
easily see that the corresponding inertia group is:

Go(p;/p;) = Gal(L/Q(y/p1, . VPi—1,V/Pitts -+ -3/ Pm)),



which we identify with the subgroup (e;) < {£1}™, where e; = (1,...,1,—1,1,...,1), with
the coefficient —1 in j-th position. Since the ramification at each p; is tame, we use the
following formula to compute n(x, p;) for every x € Irr(G) (see (82)):

1 — v(e,;
n(x,p;) = codim(V) = Z ﬂ.
O| a€Go 2
We deduce that o)
1—x €j
A= 11w = 11 »r
1<5<m Jix(ej)=—1
Note also that by [Le, Prop 2.19] and |25, Chap. 5, Th. 31] (see also | , Sect. 5|) we

have that

|G

@l {2G|(p1...pm)2 if pr-pm =3 mod 4

disc(L/Q) = disc(Q(v/p1 - pm)/Q) 2 = el

(p1---Dm) = otherwise.
We deduce that

Z n(x,2) < |G|.

x€Irr(G)
We turn to the evaluation of the bias factor B(L/Q;t,;) for distinct elements a,b of G. By
Proposition 4.6, the variance of the random variable X (L/Q;t,p) is

Var[X(L/Qitop)] < Y logp; Y Ix(a) = x®)P+ Y nlx.2)x(a) — x(0)?

j<m X€Irr(GQ) XEIrr(G)
< |G| Z log p;.
j<m

We also have the lower bound

' 1 —x(ey)
Var[X (L/Q; tay)] > Z logp; Y —5 (2= 2x(ab))
j<m X€rr(G)
= Z log p;|G|(1 + dap=,) ,

js<m

where d.—; is 1 if ¢ = d and 0 otherwise. We conclude that

Var[X (L/Q; tap)] < |G| ) logp;.

j<m
Also, E[X(L/Q;t.p)] = ( )— (a) = |G|(dp=1 — da=1) With notation as in Proposition 3.18.
We deduce that for a # (1,...,1) and b= (1,...,1)
|G
B(L/Q:ta)? = e —
Z logp]
i<m
In an analogous fashion we compute that
(L/@7 1- T GI
Z log pj
j<m
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Theorem 2.21 then follows from Proposition 5.3 and Theorem 5.10. O

8.2. Hilbert class fields, the relative case: Proof of Theorem 2.24. The setting for
this section is as in §2.3.5. We start by computing some useful invariants.

Lemma 8.1. Let d be a fundamental discriminant such that |d| > 1. Let K, be the Hilbert
class field of the quadratic field Q(v/d) so that Gal(K4/Q(v/d)) ~ Cly. We have that

log |d
log(rdy,) = og2| | Z x(1) € {2w(d)7172w(d)72}7
x€EIrr(Cly)
x real

where w(d) is the number of distinct prime factors of d.

Proof. Let us compute the discriminant of K;/Q. Applying [Z5, Chap. 5, Th. 31| to the
tower of extensions K;/Q(v/d)/Q we have:

[disc(Ka/Q)| = Nogyay o (dise(Ka/QVd)) |d| K20

Since K is the Hilbert Class Field of Q(v/d), the extension Kz/Q(+/d) is unramified and
the relative discriminant disc(Ky/Q(v/d)) equals the unit ideal Og(va)- Therefore the ideal
norm relative to Q(v/d)/Q of disc(K4/Q(v/d)) equals 1. The formula for log(rdg,) follows
from the fact that [K; : Q] = 2h(d).

For the second assertion, we first use the fact that Cl; is abelian and then we invoke (44)
and Theorem 3.3 following the general argument given at the beginning of §8. This yields:

Yo o x()= > 1=#{geCl:g=1}.

x€Irr(Cly) x€Irr(Cly)
x real x real

We conclude using the classical result from Gauss’ genus theory according to which the 2-
rank of the narrow class group of Q(v/d) equals w(d) — 1 (see for instance [I1a, Chapter 28
§8]). In other words the 2-torsion of the narrow class group of Q(v/d) has dimension w(d) — 1
as an [Fo-vector space. Moreover the index of the ordinary class group CIQ( va) in the narrow

class group of Q(\/;l) is either 1 or 2 depending on the sign of d and on the sign of the norm
of the fundamental unit in the real quadratic case. 0

Using this lemma we are now ready to prove Theorem 2.24.

Proof of Theorem 2.24. We identify G = Gal(K,/Q(v/d)) with the class group Clg. The
extension Ky/Q is Galois by Lemma 9.4 and we denote G = Gal(K,;/Q). We have |GT| =
2h(d). Let @ be a nontrivial ideal class of Q(v/d) and denote by T the trivial ideal class. We
apply Proposition 3.18 with ¢ = t¢, ¢, (C1,Cs) = ({a},{1}) or (C1,Cs) = ({1},0). The
mean of the limiting distribution of E(y; K4/Q(Vd), tc,.c,) satisfies:

iy owa(CnCl={ Y (X(C1) = X(Ca))(ea(x) + 20rd .l L(s, Ko/Q(Vd), 1)),

1#x€lrr(Cly)

<2 Z Z ordS:

x€Irr(Cly) 1#x€lrr(Cly)
x real

L<37 Kd/@(\/;l)a X)) )

1
2
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and the first upper bound on the mean follows by Lemma 8.1. Proposition 4.6 and Lemma 4.1
(or rather a trivial form of the lower bound where we use x(1) > 1) yield the following lower
bound on the variance, conditionally on GRH for (C},Cy) = ({1},0) and conditionally on
GRH and LI~ for (Cy,Cy) = ({a}, {1}):

r o (C1Co) > > x(CF) = x(C5)[Plog A(x)
1#£x€elrr(GT)

> Y G —x(GHP =167,

1#x€lrr(GT)

where the last step follows from (47).

Finally, LI asserts that only symplectic irreducible characters of G™ may have their L-
function vanish at 1. However, the abelian group G = Gal(K;/Q(V/d)) does not admit
such a character. As a consequence, we deduce that the second sum in the upper bound for
Porc, 1 \/3)(01, C5) vanishes. The statement on the density is then an immediate consequence
of Theorem 5.10 combined with Remark 5.6. 0J

9. SUPERSOILVABLE EXTENSIONS

We devote this section to the proofs of our results for two kinds of extensions:

e Galois extensions of number fields of group GG having an abelian subgroup of index
2,
e radical extensions which are splitting fields over Q of polynomials of type X? — a for
distinct primes a, p.
In the first case G has a quotient of order 2, and in the second case G has a normal

subgroup of order p and cyclic associated quotient (of order p — 1; see below for a quick
recollection of this fact). In particular both cases are instances of supersolvable extensions.

9.1. Galois groups with an abelian subgroup of index 2. Let G be a finite group and
assume G has an abelian subgroup A of index 2. The quotient I' = G/A ~ Z /27 acts on
the abelian group A via:

-0 =107 ", oA T'=(r),
where 7y is any fixed lift of 7 to G. For simplicity (and since it will be the case in our
applications) we assume from now on that I' acts by inversion on A i.e. 7-0 = o~ for every
o € A. Since G has an abelian subgroup of index 2, the irreducible linear representations of
G (over C) have degree 1 or 2 (|Hu, Prop. 2.6]).

We begin by computing the Frobenius-Schur indicators of these representations. If ¢ is a
one-dimensional character of G, then we have for any o € A:

Y(0) = Y(rory ') = (o),
Therefore (o) = £1. In particular if 75 has order 2, we deduce from this computation and
the fact that G = A(7) that ¢ is real hence e5(¢)) = 1 because ¢ has degree 1.
As for the irreducible representations 6, of degree 2 of G, they are all obtained (|11, §2.8])
from a given A\ € Irr(A) by setting for o € A,

Ox(0) = (A(Oa) W 0)267 Ox(70) = ((1’ é) . (133)



Our assumption 70 = o' directly implies that xg, (o) = tr(fx(c)) is real. Moreover, for
any A € Irr(A) and 0 € A, we have xg, (1p0) = 0. We deduce that xg, is a real character.
By [Hu, §13.9], it follows that e5(x) = 1 for all x € Irr(G).

The following lemma uses the information above to give a lower bound on the bias factors
B(L/K;1 —r) and B(L/K;tc, c,) defined by (101), for suitably chosen conjugacy classes
Cy, Cs.

Lemma 9.1. Let L/Q be a Galois extension for which GRH and BM hold. Assume that
G = Gal(L/Q) has an abelian subgroup A of index 2. Fix an element o € A and let C be
the conjugacy class of Too where 1y 1s a representative of the nontrivial left coset of G modulo
A. Assume also that 79 has order 2. We have the bounds

min(E(L/Q;te, ay), E(L/Q;1 — 1)) > |G|;
|G|
log(rdy)

Proof. We start with E(L/Q; 1—r). We have alrealy seen that e5(y) = 1 for every x € Irr(G),
and hence we deduce that

min(B(L/Q;tey fiay), B(L/Q; 1 —1))* >

Z 62(X)ord5:%L(s,L/Q,X) >0.

1#x€elrr(G)
X real

Therefore, the desired lower bound follows by Proposition 3.18, since all characters of GG are
real and of dimension < 2.
As for B(L/Q;1 —r), by Lemmas 4.1, and 4.6, we have that

B(L/Q;1—17)*> GF > GF > 1G] .
> itxetn(@) log(A(x) + 1) 7 log(rdr) 2 crpiey X(1) ~ log(rdy)

X real

(We have used once more the fact that x(1) < 2.)
We turn to E(L/Q; t¢, fiay). Starting from Proposition 3.18, one has for every x € Irr(G):

£2(x) + 20rd=1/2L(s, L/Q, x) > e2(x) = 1, x(1) = x(C1) > 0.
We note that by (132) and by the orthogonality relations, one has

0= > x(Mx(C)= > xMx(C)= Y x(C)

X€EIrr(G) X€lrr(G) X€EIrr(G)
x(1)=1

We deduce the following simple lower bound for the expectation of X (L/Q, C, Cy):

EX(L/Q o)) = D x()—= Y x(G)= Y x(1).

x€lrr(G) Xx€Elrr(G) x€lrr(GQ)

As for the variance, one has, using Lemma 4.1 and Proposition 4.6:
Var[X(L/Q, te, piap] < log(rdr) Y x(DIx(1) = x(C1)]* < 16log(xds) D x(1).
x€lrr(GQ) x€lrr(G)

The expected bound follows as in the previous case. 0]
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9.1.1. Dihedral extensions: proof of Theorem 2.17. Let us start by recalling some classical
facts about dihedral groups and their representations (see e.g. [S¢2, §5.3]). Consider, for an
odd integer n > 3,

2

D,={o,m:0"=7*=1,70r =0 ).

The nontrivial conjugacy classes of D,, are
{07,077} (1<j<(n—1)/2), and {ro*:0<k<n—1}.

There are therefore (n+3)/2 isomorphy classes of irreducible representations of D,,. Exactly
two of them have degree 1: the trivial representation and the lift of the nontrivial character
of D,,/{o) which is defined by

Y(o?) =1,  U(ro*)=-1.
The remaining (n — 1)/2 irreducible representations of D,, have degree 2; the associated
characters are given by

xn(0?) = 2cos(2whj/n), xu(ro®) =0,

with h € {1,...(n —1)/2}. Clearly Lemma 9.1 holds for the dihedral group D,,. To be in a
position where Lemma 9.1 provides us with a family of unbounded bias factors, we need to
control the size of the discriminant of the extensions that we consider. For that purpose we
focus on a particular family of dihedral extensions of @ introduced by Kliiners which enjoy
useful properties stated in the following lemma (see [KX], Lemma 3.4]).

Lemma 9.2 (Kliiners). Let d # 1 be a squarefree integer and let Q(+/d)/Q be a quadratic
extension of discriminant 04 € {d,4d}. Suppose that there is an odd prime number £ and two
prime numbers p, q which are 1 modulo ¢ and which split in Q(\/E)/@ Then there exists an
extension Nypga/Q(Vd) such that Ny,,.4/Q is Galois and

Gal(Nypg4/Q) =~ Dy, \disc(Ngpq.a/Q)| < |84l (pg)2D.

Proof. For the existence of the dihedral extension Ny, ,4/Q, see [I<], Lemma 3.4]. The upper
bound for the discriminant is [I<1, (6)]. O

We now proceed to give an example of a family of dihedral extensions (/N,/Q) indexed by
prime numbers and such that the second lower bound of Lemma 9.1 approaches infinity as
{ grows.

Proposition 9.3. For each prime number ¢ > 7, there exist and extension N,/Q with Galois
group Dy such that

; 14
min(B(N;/Q;:te, iay), B(Ne/Q; 1 — r))? > gt

where Cy is as in Lemma 9.1.

Proof. A prime number p splits completely in Q(+/5) if and only if 5 is a square modulo
p. By quadratic reciprocity this is equivalent to the condition p = 4+1(mod5). Therefore
if we pick primes p, ¢ that are congruent to 1 modulo 5¢ then p, g satisfy the hypotheses of
Lemma 9.2.

By Linnik’s Theorem ([Lin, (2)], [y, Theorem 1.1]), for each fixed ¢ we can find dis-
tinct primes p, ¢ that are 1 modulo 5¢ and of size < ¢>18. The result follows by applying

Lemmas 9.1 and 9.2. O
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We are now ready to prove Theorem 2.17.

Proof of Theorem 2.17. The claimed bounds are a consequence of Propositions 5.1 and 5.3,
using as inputs Lemmas 9.1 and 9.3. The lower bound on 1 — §(K,/Q;r) is an immediate
consequence of Theorem 2.13. 0]

9.1.2. Hilbert class fields, absolute case: proof of Theorems 1.1 and 2.18. We first review
standard results on Hilbert class fields. As in the dihedral case we will see that the Galois
groups of the extensions considered in this section have an abelian subgroup of index 2. This
will once more allow us to apply Lemma 9.1.

Lemma 9.4. Let d # 1 be a fundamental discriminant and let Ky be the Hilbert Class Field
of Q(+/d) so that Gal(K;/Q(v/d)) ~ Cly, the class group of Q(\/d), of order h(d). Let T be
the generator of Cal(Q(v/d)/Q). Then K4/Q is Galois and, fiving a representative T for
the left coset of Gq = Gal(K4/Q) modulo Gal(Ky4/Q(Vd)) determined by T, we have

Gq ~ Clg % (10), =1, nor, ' =0 (Vo € Cly).

Moreover, log(rdy,) = 3 log|d|.

Proof. We have a short exact sequence

1 — Gal(K,/Q(Vd)) ~ Cly = G4 — Gal(Q(Vd)/Q) ~ Z/27 — 1.

In particular Gal(K;/Q(v/d)) is an abelian subgroup of G, of index 2, and, as explained at
the beginning of §9.1, Gal(Q(v/d)/Q) = (7) acts on it via

7’-0':7'00'7'0_1.

Moreover the short exact sequence splits since Q(v/d)/Q is cyclic (see e.g. [Go, Th. 2]) and
the above action is inversion. Indeed let p be a prime ideal of the ring of integers Og /) of
Q(+/d). The Frobenius conjugacy class at p in the (abelian, unramified) extension Ky/Q(V/d)
is an actual element Frob, of Gal(K,;/Q(v/d)) and we have the standard relation

ToFrob, 7, 1 Frob;,p) = Frob.(,) ,

where we identify the restriction of elements of G, to Q(\/E) with their image by the quotient
map Gg — Gq/Gal(Ky/Q(v/d)). If p is the prime number lying under p, we have the ideal
factorization pOg /5 = p7(p) so that in Cl, the classes of 7(p) and p~! are the same. We
conclude that oFrob,7y ! = Frob, ' and we deduce the group structure of Gy from the
Chebotarev Density Theorem. It remains to see that 7y has order 2. First the order of
7o divides 4 since 77 € Cal(K;/Q(v/d)) and therefore 73 = (797875 )72 = 1. Next for
any o € Gal(Ky/Q(Vd)), we have (1y0)? = (ro07y )1d0 = o~ '1¢0 = 72, since 73 and o
are both elements of the abelian group Gal(K;/Q(v/d)). Consequently every element of
the left coset of Gy modulo Gal(K,/Q(v/d)) determined by 7 has the same order. Assume
by contradiction that this order is 4 and consider a prime p ramified in Q(v/d)/Q; since
K4/Q(v/d) is unramified, the ramification index of 93/p (here 9 denotes any prime ideal of
Ok, lying over p) is 2 and thus the inertia subgroup of G, relative to B/p has order 2 and
therefore contains no element of the left coset of Gy modulo Gal(K;/Q(v/d)) determined by

o. Hence this inertia group is a subgroup of Gal(K;/Q(v/d)). Thus every element of the
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inertia group relative to B /p fixes Q(\/a) pointwise, contradicting the fact that p is ramified

in Q(v/d)/Q.

Finally, the assertion on the root discriminant of K; was proven in Lemma 8.1. 0

Lemma 9.1 and 9.4 suggest that a family of quadratic fields Q(v/d) with class number
h(d) significantly larger than log |d| will produce an extreme bias. In order to achieve this
we will exploit the following precise lower bound on the class group of a particular family of
quadratic fields. Note that this result plays a role analogous to Proposition 9.3 in the case
of dihedral extensions.

Lemma 9.5. Ford # 1 a fundamental discriminant, let h(d) be the class number of Q(\/d),
and let Ky be the Hilbert class field of Q(\/E) Then there exists a sequence of positive (resp.
negative) fundamental discriminants d # 1 such that one has

V/|d|loglog |d|
h(d) > @

(log |d])>
Moreover, under GRH for L(s, xq), the bounds

V1dl

< h(d) < +/|d|loglog |d|

log log |d|
hold for all d < 0. As for d > 1, under GRH for L(s, xq) we have that
Vdloglogd
h(d _—
() < —ed
Proof. The first bound is an immediate consequence of [V, (3)] (see also [L.a2, Th. 1.2(a)],
as well as results towards a conjecture of Hooley [[{o] due to Fouvry [Fo, Th. 1.1] with
subsequent improvements in [Bo, Xi|, that further address the question of the density of
values d with attached fundamental unit of prescribed size) in the case d > 1, and of
Chowla [C] (see also [Du] for generalizations to number fields of higher degree) in the case
d<0.
As for the GRH bounds, we apply the Littlewood bounds (see [Lit2])
1
— K L(1 log log |d|.
10g10g’d’<< ( 7Xd)<< 0og Og‘ |

In the case d < 0 both claimed bounds on h(d) follow directly from the class number formula.
As for the case d > 1, it is well known that the fundamental unit satisfies ¢4 > \/E/ 2, and
hence the class number formula yields that
h(d)logd
Vd

< loglogd.

O

Remark 9.6. It is expected [5a2, Conjecture 1] that for positive fundamental discriminants
d, we typically have h(d) <. d°. The construction of Montgomery and Weinberger | |
focuses on (the sparse set of) fundamental discriminants of the form d = 4n*+ 1. For such d
the fundamental unit of OQ( va) equals eg = 2n+ Vd. Such fundamental units are of minimal

order of magnitude v/d and this maximizes in turn the value of h(d).
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Remark 9.7. The extension K;/Q, where K, is the Hilbert class field of the quadratic field
@(\/3), is not abelian in general, but contrary to the case of dihedral extensions, particular
choices of d may still produce an abelian extension K;/Q. Precisely if F' denotes the max-
imal abelian subextension of K;/Q then F O Q(v/d) and Gal(F/Q(V/d)) is a quotient of
the class group Cly of Q(v/d). By the group structure of Gal(K4/Q) given in Lemma 9.4,
Cal(F/Q(+/d)) is the maximal quotient of Gal(Kz/Q(v/d)) ~ Clg on which Gal(Q(v/d)/Q)
acts trivially. Again by Lemma 9.4 we conclude that F' = Ky if and only if Cl; is an elemen-
tary 2-group (such is the case, e.g. for Q(v/—5) which has class number 2). Weinberger [\Wei,
Theorem 1| has shown that there are only finitely many negative fundamental discriminants
d such Cly is an elementary 2-group. In the real quadratic case, let us mention that Cl, for
p = 1(mod 4) prime such that h, > 1 is never an elementary 2-group™’.

We are now ready to prove Theorems 1.1 and 2.18.

Proof of Theorems 1.1 and 2.18. The mean and variance are computed under GRH and BM
in Lemma 9.1. Under GRH alone, we need to go back to Proposition 4.6 which we combine
with the representation-theoretic calculations made in Lemma 9.1. Note that our assumption
of GRH implies that the Riemann Hypothesis holds for L(s, x4). Indeed, x4 lifts to an
irreducible representation of G4, and the corresponding Artin L-functions are identical since
K4/Q(+/d) is unramified. For the computation of the densities 0(L/K;to, ¢,) and 6(L/K;1—
), we apply Proposition 5.1 and Proposition 5.3 using as inputs Lemma 9.1 and Lemma 9.5.
Finally, note that by [IIX, Proposition 5.34],

log(3]d|"®)
log log(3]]"(@)

ord,_Cicy(s) < < h(d).

O

9.2. Radical extensions: Proof of Theorem 2.19. Radical extensions of the rationals
are particularly well-suited to compute explicitly all the invariants required in our analysis.
Notably the Artin conductors of the irreducible characters of the Galois group were computed
in [Vi] in a more general setting; for the sake of completeness we will show the details of
this computation in our setting. Making precise the explicit value of such invariants is also
interesting since it is an instance of a non-abelian extension where all the computations we
need (e.g. the filtration of inertia at ramified primes) can be explicitly performed.

9.2.1. The splitting field of ¥ — a over Q. Let p,a be distinct primes with p # 2 and such
1

that a?~! # 1(mod p?). Consider K, , = Q({,,a?), the splitting field of 27 — a over Q. If o

is an element of G := Gal(K,,/Q), then we have

o(G)=¢,  olav) = (lar

with ¢ € F}, d € F,; we may identify o with

( g f) € GLy(F,).

30By contradiction if Cl, is a nontrivial elementary 2-group for some prime p = 1(mod 4) then G, =
Gal(K,/Q) is abelian and the only ramified prime (including infinite primes) in K,/Q is p and it is known
[BM, Theorem 1.1] (since G, is abelian) that this minimal number of ramified primes equals the minimal
number of generators of G,. Therefore G, is cyclic which contradicts Lemma 9.4.
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As such, we have the group isomorphisms

G ~ (Z/pZ) x (Z/pL)" ~ {< ¢ ) ceFde Fp} | (134)

In other words, G is the Frobenius group of invertible affine maps x — cx 4+ d of F,,. Artin’s
conjecture is known for such Galois extensions. Indeed we have the following sequence:

{Id}qH:{(é T)}qG,

and the groups G/H = (Z/pZ)*, H = 7 /pZ, are cyclic so G is supersolvable.
The prime numbers which ramify in K,,/Q are p and a; more precisely we have (see
e.g. | , end of the proof of the theorem| and [Wes, §3.1])

disc(K,,/Q) = pP—Q(djSC(Q(al/p)))p—l _ pp2—2a(17—1)2 ‘

We finally mention that K,,/Q enjoys the remarkable unique subfield property: for every
divisor d of the degree p(p —1) of K,,/Q there is a unique intermediate extension K, ,/L/Q
such that [L : Q] = d (see e.g. [Vi, Th. 2.2|).

9.2.2. Irreducible characters of Gal(K/Q). The group G ~ (Z/pZ) x (Z/pZ)* has p con-
jugacy classes (see e.g. [Vi, Prop. 3.6]) and thus p distinct irreducible characters. The
conjugacy classes are easily described through the isomorphism (133): besides {Id} there is
one conjugacy class of size p — 1:

and p — 2 conjugacy classes of size p:

ne (5 1) men) e

As for the characters of G, exactly p — 1 of them have degree 1: these are the lifts of
Dirichlet characters y modulo p

b {(8 Cll):cEF;,dEFp}%(Z/pZ)Xi(CX, w((g ‘f)):x(c). (135)

The Frobenius-Schur indicator of such a character v is easy to compute:

1 c d\’ 1 )
52(¢)—@Z¢<<0 1))—}: x(c”) = e2(x).
ceFy c€Fy
deF,
We deduce that (1)) equals 1 if x is real, and equals 0 otherwise.
The remaining irreducible character 1 of G can then be determined using orthogonality
relations. By the above description of the conjugacy classes of G we obtain the following
values that entirely determine n:

i=r-1. (g 7))=-1 70, o((§ 7)) =0 e#. a3



Again we easily deduce the value of the Frobenius-Schur indicator of n:

e2(n) |G|Z ((0 1)2>=|—C1;|C;177( \Glg |1?|Zn(1)_

c=1
d=0

der deF,
9.2.3. The global Artin conductor A(x) for x € Irr(G). We now compute the Artin conductor
A(x) of an irreducible representation x € Irr(G). To do so we have to understand the

ramification groups. For a prime ideal 3 of Ok lying above a prime number v, we recall
that

Gi=Gi(B/v)={0 € G:Vz € Ok,o(z) = zmod P}

defines a decreasing sequence of normal subgroups of G = Gal(K,,/Q) where Gy is the
inertia group, Gy is the wild ramification group, and G; is trivial for large enough 1.

We start with v = a. We invoke [Vi, Th. 4.3] which asserts that if 3 is a prime ideal of
Ok,, lying over a then the corresponding ramification index is e(/a) = p. In particular
ate(PB/a) so that K/Q is tamely ramified at a. By the unique subfield property mentioned
above we conclude that:

G/ ={( g | )deRf=zpE.  Gilp/a) = (10}

This will allow us to compute the local factor at v = a of the Artin conductor A(¢), which
is equal to a™®® with n(¢,a) = codim(V) = ¢(1) — ﬁ > aca, ¥(a), since a is tamely
ramified in K, ,/Q. For an irreducible character ¢ of degree 1 of G, corresponding to a
Dirichlet character xy modulo p, we obtain:

For the character n we have:
1 1 d 1
aa=u -5 5 0 ((g 1)) =p-1- 21+ OG- =p-1.

d mod p

We now take v = p. Since we assume that a?~! # 1 mod p?, the extension K, ,/Q is totally
ramified at p (see e.g. [Vi, Th. 5.5]). Let B be the unique prime ideal of Ok, , lying over
p. We have Gy(/p) = G. For i > 1 we observe that the intermediate cyclotomic extension
Q(¢y)/Q s tame at p (since pOgc,) = (1—¢,)?") and thus G;(B/p) = G;(P/(1—(p)) for any
i > 1 (here the ramification group G;(*B/(1 — (,)) is relative to the extension K,,/Q((,)).
As remarked in [Vi, Lem. 5.7], the element 7 = (1 — (,)/(a — a'/?) is a uniformizer for the
unique valuation extending to K the one attached to 1 —(, on Q((,). Moreover we have the

group isomorphism
1 d
Gal(Ka,p/Q(Gp)) ~ {( 0 1 > rd e Fp} )

since an element o, of Gal(K,,/Q((,)) is entirely determined by the residue class d modulo

p such that o4(a'/?) = Cla L/p. Therefore we can compute G;(3/(1—¢,)) (and more generally
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Gi(B/(1 — ¢,)) for all ¢ > 1) by considering the following m-adic valuation:

welon(m) =) = e (1= ) (=2 )
o, (ﬂ (%)) — oy (—ron(m)al?)

To compute this quantity we use the uniqueness of the extension of valuations to infer that
v (01(m)) = ve(m). As a consequence we have

V(o1 () — ) = 20:(7) 4 v (aP) = 2,

since p and a are coprime and so v,(a'/?) = 0. We conclude that Gi(B/(1 — (,)) ~
Gal(K,,/Q(¢,)) ~ Z/pZ and that G;(B/(1 — (,)) = {Id} for i« > 2. We have therefore
computed the higher ramification groups at p for K, ,/Q:

1 d .
G/ = G Guwln = { () de B =2, G/ = (1) (12 2),
(137)
We now deduce the value of the Artin conductor at p of each irreducible character ¢ of G.
To do so we use the following formula that generalizes the one mentioned in the tame case
(and used for v = a), namely:

n(¢,p) = o Z¢> _1 ‘G‘Z¢

aEG a€Gy

it is the specialisation of (82) in the case where the higher ramification groups at p sat-
isfy (136).

First if ¢ = 1 corresponds to a nontrivial Dirichlet character modulo p, then ¢ restricts
trivially to G; and we deduce:

n "p?p = + T A 17
(¢, p) p
while n(1,p) = 0 for the trivial character 1. If ¢ = n we have:

nn,p) =p—1+1- |é0|( —1-(p—1)=p.

Thanks to the above computations we can deduce the exact value of log A() for every
irreducible character x of the Galois group G of the splitting field of 2P — a over Q.

Proposition 9.8. Let a,p be distinct odd primes such that a?~* # 1 mod p?, and let K, be
the splitting field of P — a over Q. Let G = Gal(K,,/Q) and recall (133). Then we have
the following.

e For an irreducible character ¢ of G attached to a Dirichlet character x modulo p,

iof x is the principal character modulo p,

log A(y) = {

e For the character v = n defined in (135),

log A(n) = (p—1)loga + plogp.
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Proof. Since the base field is Q the definition of A(x) (see section 4) is the following;:

Alx) =500 = [ [ "™,

for every y € Irr(G). As already mentioned, the only ramified primes in K/Q are a and p.
From the computations of §9.2.3 we deduce that n(1,a) = n(1,p) = 0 and for a character ¢
attached to a nontrivial Dirichlet character modulo p:

A(Y) = ap' =p.
Finally for the irreducible character 7, the computations of §9.2.3 yield:
A(n) = a"'p".

O

The goal of the next lemma is to estimate the number of couples of primes (a, p) that are
admissible in Proposition 9.8.

Lemma 9.9. For A, P > 3 in the range Plog P < A < eP*/08P)* ope has the estimate
#{a < A,p < P:a,p primes,a # p,a?" # 1 mod p*} = m(A)n(P)

1 2
0455 iogp)

Proof. The cardinality we wish to compute is

SOy 1 (138)

p<P  a<A, a#p
aP~1#1 mod p?
First we apply Hensel’s Lemma: for each p < P and each a # p, the polynomial f(X) =
XP~1 — 1 € F,[X] is separable and splits completely in F,[X]. Thus any a € F) (which
is necessarily a root of f) lifts to a unique oy € Z/p*Z such that ay = amod p and
o/gfl = 1mod p? Let S, be a set of representatives for these p — 1 residue classes modulo
p?. Therefore, since A > P, (137) is equal to

3 <(7r(A) —1) =3 (A c)). (139)
p<P cESp

Now, by the Brun-Titchmarsh Theorem we have the bound

AF#S loglog A\ 3
(A p% ) < — TP < A=
Z cezS: ( ) 21: p?log(A/p?) ( log A >
p<AZ/2750P p<AZ/2

loglog A

1
(The last bound is obtained by cutting the sum over p at the point Az~ Chgh)? .) Moreover,
we trivially have

2
Z ZW(A;pz,c)<< Z #S, < lopﬁ'

1 1
A% ja<p<p ©S5p AZ J2<p<P

(Note that this last sum is empty when A > 2P?.) The result follows. 0]
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Proof of Theorem 2.19. In this proof we keep the notation as in §9.2.2.
We start with the proof of Theorem 2.19(1). The bias factor B(K,,/Q;1 —r) can be
estimated precisely since under LI, Proposition 3.18 and Proposition 4.6 yield

EX(Kip/Ql-1)= Y 1

1#y€lrr(G)
1 real

VarlX (Kup/Q: 1)) = 3 log(A(4) +2).

1#y€elrr(G)
1 real

The only real irreducible characters of GG are the trivial character, the character ¢ of degree
1 attached to the quadratic character of (Z/pZ)* and 7 (see §9.2.2). By Proposition 9.8, we
deduce that

EX(Kop/Q1=r)] =2,  Var[X(K,,/Q;1—7)] < plog(ap).
By the definition (101) of the bias factor, we obtain the bounds
v
V/plog(ap)

To conclude the proof of (40) we apply the first estimate in Theorem 5.10.
Next, we prove Theorem 2.19(2). From (46) one computes that

B(K.p/Q;1—1) <

E[X (Kap/Q;tuay)] =0 E[X (Kap/Q;tut giay)] = p — (]%)’

T
EIX (Kup/Q )] = (). (140)
Similarly, for any x € I, \ {0, 1} we obtain the estimates

Var[X (K, ,/Q; tu fiay)] =< Var[X (Ko p/Qs ot pay)] < p? log(ap);

Var[ X (K, ,/Q;ty.+)] = plog(ap).

We conclude the proof by invoking the second estimate in Theorem 5.10.

We turn to the proof of Theorem 2.19(3). If C; = 2z and Cy = y* with 2 # y elements
of F, \ {0,1} then the local factor of L(s, K,,/Q,v) and that of the associated Dirichlet
L-function L(s, x) (see (134)) are identical at every prime not equal to a or p. Thus, those
functions have the same critical zeros. From Lemma 3.20 and from the fact that n(z™) =
n(y*) = 0 we deduce that the distribution of X (K, ,/Q;t,+ ,+) is identical to that of X, ,,
the random variable associated to the classical Chebyshev bias defined in [\, Definition
2.4]. The claim follows.

Finally, in the relative case K, ,/Q((,) the Galois group H = Gal(K,,/Q((,)) has order p,
and hence has no nontrivial real irreducible character. As explained at the beginning of this
section, the group H™ = G does not have any symplectic character and therefore LI and the
induction property of Artin L-functions imply that eo(x) 4+ 20ord 1 L(s, K, ,/Q((p), x) =0

572

for every nontrivial x € Irr(H). The assertion on the mean is then immediately deduced

from (68). As for the variance, we easily notice that {d;}* = U for any nontrivial d; € H.
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Therefore the variance is 0 if both d; and dy are nontrivial elements of H, and otherwise we
have that

Var[X (Kop/Q(Cp); tay iay)] = Var[X (K p/Q; tu fay)] < p’ log(ap).

Proof of Corollary 2.20. Combine Theorem 2.19 with Lemma 9.9.
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