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GAP OPENING IN THE SPECTRUM OF SOME DIRAC-LIKE
PSEUDO-DIFFERENTIAL OPERATORS

J.-M. BARBAROUX, H.D. CORNEAN, AND S. ZALCZER

ABSTRACT. In this paper, we study the opening of a spectral gap for a class
of 2-dimensional periodic Hamiltonians which include those modelling multilayer
graphene. The kinetic part of the Hamiltonian is given by o - F/(—iV), where o
denotes the Pauli matrices and F is a sufficiently regular vector-valued function
which equals 0 at the origin and grows at infinity. Its spectrum is the whole real
line. We prove that a gap appears for perturbations in a certain class of periodic
matrix-valued potentials depending on F', and we study how this gap depends
on different parameters.

1. INTRODUCTION, MODEL AND MAIN RESULT

Graphene is a two-dimensional material made of carbon atoms on a honey-
comb lattice. Among its remarkable properties is its energy band structure,
with two bands crossing at the Fermi level [4]. This particular structure has
suggested to model the dynamics of one electron in a graphene sheet by the
free massless two-dimensional Dirac operator.

An interesting problem is to study the electronic properties of a material
which is not a single sheet of graphene but several stacked layers of graphene.
In this case, the dynamics of the electron can be approximated by an effective
Hamiltonian which typically is a Nth order Dirac-like operator, N being the
number of layers (see [7] and references therein).

One of the major problems linked with graphene is to tune an energy
bandgap at the Fermi level, making graphene a semiconductor. To realize
this, one of the possibilities is to use the so-called graphene antidot lattices,
which consist of a sheet of graphene periodically patterned with obstacles such
as holes. In the case of single-layer graphene antidot lattices, the gap opening
has been numerically achieved in [5] and was proved in [I] with a mathematical
approach. See also [2, [3] and references therein for rigorous studies of spectral
properties of Dirac operators modelling graphene antidot lattices.

The goal of this article is to generalize such gap opening results to higher-
order Hamiltonians, including the ones for multilayer graphene.

Namely, we want to study gap opening in the spectrum under periodic per-
tubations of the Hamiltonian

Hy =0 - F(—iV)
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on L?(R% C?), where o = (01, 02, 03) denotes the usual Pauli matrices

01 0 —z 1 0
01:<1 0)7 0-2:<Z' 0)7 0—3:<0_1>7

and F : R? — R3. More precisely, this means that for any ¢ € Dom(Hy)
Hop(x) = (F~' o F(-)Fy]) (%),

where F denotes the Fourier transform on L?(R?, C?)

! /R2 e~ P (x)dx.

F(p) = o
T
We suppose that the function F' fulfils the following assumptions.

Hypothesis 1. (i) F belongs to C3(R?, R3).
(ii) There exist constants K, K; > 0 such that for all p € R?,

Kilp|* < |F(p)| < Kolp|*,

(1) i d—1il
|D'F(p)| < K; <p >

for some d > 0 and any multi-index ¢ such that 1 < [|i| < 3. Here
< p >= /1 +|p|? and D’ denotes the multi-index partial derivative
operator.

(iii) There exists a 2 x 3 rank 2 matrix A such that in a neighbourhood of 0,

F(p) = [p|" ' Ap + O(|p|**?).

PROPOSITION 1. The operator Hy is unitarily equivalent to a multiplication
operator by o3|F|. It is then self-adjoint on Dom(Hy) = F~*(Dom(|F(-)]))
and its spectrum is given by the essential range of +|F|, which is R under

Hypothesis[1] (i) and (ii).

Proof. The proof, identical to the one for the free Dirac operator, comes di-
rectly from the definition of Hy through the Fourier transform which is unitary

(ct. [11]). 0

In order to open a gap around the zero energy, we will perturb Hy with a
periodic potential defined as follows. Let

X = (X17X27X3) : Rz - Rd

where each y; is a bounded function with compact support included in the set
0]} 3"
Let 5> 0 and « €]0,1]. The perturbed Hamiltonian is

H(a,ﬁ)=H0+ﬁZx<X;7>.a.

~€Z?

The operator H (v, 3) is Z?-periodic and self-adjoint on Dom(Hy).

Remark 1. In [I], the authors treated the particular case corresponding to the
free massless Dirac operator where F'(p) = (p1, p2, 0) and x1 = x2 = 0.
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Let us denote ®; = fQ xi(x)dx, 1 < i < 3, and let us introduce the three-
dimensional vector

P = (q)i)lgig?, S RB.
We denote by @, the projection of ® on Ran(A) and by @, the projection on
Ran(A)+
Here is the main result of our paper.

THEOREM 2. Suppose that ®; # 0. Let d = min(d,2). There exist some
constants \g,C' > 0 and § €0, 1] with Cé < |<1>L| such that for any o €]0,1/2]
and B > 0 satisfying 2B < Ao, a¥ B < § we have that the interval

[ 5(!%! Cad’ﬁ) 6(!%! Cadfﬁﬂ

belongs to the resolvent set p(H (a, f3)).

Remark 3. In [I], this condition is achieved since the kinetic part is in the
subspace spanned by o7 and o9 and the potential is in Span(os).

As in [I], we use the Floquet-Bloch transformation to come to a problem
on the unit square, where the gradient has a well-known eigenbasis. Then, we
use a Feshbach map argument, separating the problem between constant and
non-constant modes. While the estimate on the constant subspace is direct, we
need to use decay of the resolvent of the free operator and repeated applications
of the resolvent equation to prove the invertibility on the orthogonal.

The paper is organized as follows. In Section 2 we perform a detailed analysis
of the integral kernel of the free resolvent, including its local singularities and
off-diagonal decay. In Section 3 we give the proof of the main theorem, while
in the Appendix we summarize the results we need from the Bloch-Floquet
transformation.

2. RESOLVENT DECAY AND INTEGRAL KERNEL

In this chapter, we study the behaviour of the integral kernel for the free
resolvent. Due to the expression of the kinetic energy, we do not have an
explicit formula for this integral kernel. Nevertheless, we can prove that the
integral kernel exists, it has integrable local singularities and has a sufficiently
fast off-diagonal polynomial decay.

The result states as follows.

PROPOSITION 2. Let My be the function defined on R? x R? by:
— 41 if |x—x|<1 andd#2;

x—x'|
My(x,x')=<{ —loglx —x'|+1 if |x—x|<1andd=2;
The operator (Ho — i)' has an integral kernel, denoted by (Ho — i)~ (x,x'),
such that

(2) |(Ho — )7 (x,x")| < Ma(x,x').

The proof of this Proposition is based on the following Lemma, and is post-
poned to the end of this section.
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LEMMA 1. There exists some C > 0 such that for all f and g € L*(R?,C?)
we have

B W)l <0 [ [ R0 ) lgl) dxas.

Remark 4.1f d > 2 then My is bounded while if d < 2, My has a local
singularity of the type m. This is why we denote d’ = min(d, 2); we can

then write if d # 2 My <

2

|x7x/|2_d/ '

Proof of Lemmal[l]. For p € R?, we define the 2 x 2 matrix
G(p) = (o- F(p) —i)".

The operator of multiplication by G is bounded on L?(R2, C?).
Remind that < p >= /1 + |p|?. We define, for € > 0, the regularized kernel

1 . /
K.(x,x) = o /R2 P (x—x )G(p)efe<p>dp = ]-"71(G676<'>)(x -x).

The estimates of Hypothesis (ii) implies that for any multi-index N
such that |N| < 3 there exists Cy > 0 such that

C
N <N
For x = (z1,z2) and x’ = (2,2}), choose | € {1,2} such that |x — x| <

V2|z; — x}|. By repeated integrations by part, we find that for any integer
M < 3 we have :

(5) (21 — TE;)MKg(x,x') = Z'Ml/ eip(x—x')
271' R2

aM
W (G(p)€76<p>) dp

Hence we have

1 oM
M —€
© o) < 5 [ (@) dp
Pick M = 3. We have then, by product rule and denoting E(p) = e~ “<P~,
3 &G (p) 9*G(p) 9E(p)
—(G(p)E = E(p)+3
S G Ew) = p(p) + 5P 2
9G(p) 0E(p)* OE(p)®
+3 G .
oy Op? ®) op}
Furthermore, we have:
9E(p) _ E(p)
op <p>’
E(p) _ L) o E) | s Ep)
ap? <p> PopssTel e
@ p; p P p
PE(p) _ E(p) 2 E(p) 5 E(p)
5 =3dep___5 +3€p 2 VP 5
Ip; <p> <p> <p>
E(p) E(p)
2.3 3,3
_3€pl<p>4—€ l<p>3'
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Moreover, since zFe™® is bounded on R* for all k, there exist some constants
¢, such that for all € > 0 and p € R?
(8) e P> Lop<p>TF.

In the sequel, denoting by C' a generic constant independent of €, we obtain
from (7)), the above bound (), and the fact that |E(p)| < 1 and <|pr‘> < 1,
that for j € {1, 2,3},

I E(p C
o) P
op <p>
From and @ we obtain for j € {0,1,2,3},
o 03I
—CG —F dp < C
/RQ pi (p) lapjg_] (p)’ p

Hence, according to (), we have |K,(x,x’)| < ﬁ and thus
l

C

_X/’3'

(10) |K(x,x)| <

~X
|x
This estimate is only useful if [x — x/| > 1.
Let us now study the case |x — x’| < 1. We write

21 K (x,x') :/ eip'(x_x’)G(p)e_E<p>dp
IpI<1
() + [ PO G p)e P dp
1<|pl<|x—x/|~1

+ / eip~(x—x’)G(p)e—e<p> dp.
[x=x'|~1<[p|

We simply bound the first term in the right hand side of by

(12)

/ ez‘p~(x—x’)G(p)€—e<p> dp
lpl<1

< / |G(p)|dp,
Ip|<1

which is finite and independent of e.
To bound the second term in the right hand side of , we use from
Hypothesis (ii) that |G(p)| < ﬁ which yields

|71

|x—x' C
<27 / —rdr
1

(13 -

/ ez‘p(x—x’) G(p)e—e<p> dp
1<|pl<fx—x/|1

which is bounded by C (W - 1) for d # 2 and by C'log (|x — x'|71) for
d=2.
To estimate the third term in the right hand side of , we need some
more care. We choose [ € {1,2} as before such that |x — x'| < v/2|z; — ).
Let us calculate

/ (a1 2P Gp)e P dp,
Ip|=x—x'|~!

which corresponds to the integral that we want to estimate multiplied by —(z;—
z})%. For 6 € [0, 27) we define the vector p() = (|x—x'|! cos 6, |x—x'| 7! sin )
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and we denote by p;(0) its I-th component. Then, integrating by part with
respect to the p; variable and applying Gauss divergence theorem, we have

/ (a1 = 2))?eP G (p)e <P dp
Ip|=x—x'|~!

27
(14) - _ / e~ PO>j(3 — 2))ePO XD G(p(0))py (0)dO
0

. n 0
- i(x; — )P xX)  (G(p)e™“<P>) dp.
/|p|>|x—x'|1 : Ip1 ( )
Using the estimate , we get that the first term is bounded by
C() _ d

To estimate the second term in the right hand side of , we use a new
integration by parts:

- n 0
— i(x; — 2))eP X)) _Z_ (G(p)e <P>) ¢
[0 S (Gl ) dp

27
16 = [0 (G (p(o)l6) s

~ N 02
—i—/ P (x—x) Z__ (G(p)e_6<p>) dp.
[pI>Ix—x'| 1 op}

Using again that

0 C 0? C
. G e—e<p> < - . G e—e<p> < —_—
oy (BT S a4 [z (GBS e
we can bound the first term in the right hand side of (16| by

¢
|x — x/|~(d+1)

and ‘

(17) 2rr|x — x/|7? = 27Cx — x'|*

and the second one by

C 2nC
1 dp = - x|
(e /|p|>|xx/|-1 2" d ol

Putting together the estimates , and , we find that

(19) < Olx — x'|972,

/ N . 6'L'p-(xfx/)G(p)676<1)>dp
pI>[x—x'|~

Adding the estimates , and , we find that there exists a constant
C > 0 such that uniformly in €

1

if [x —x'| < 1, which together with the result which holds for [x —x/| > 1
allows us to conclude that uniformly in € we have
| Ke(x,x")] < CMy(x,x'),

where My is the function defined in the statement of the Lemma.
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We are now ready to prove the estimate for (Hy —4)~!. Let f and g be
in the Schwartz space . (R?, (CQ) Then,

(.m0 =i)7'g) = [ Fo)cwar)p
by Parseval’s identity. By dominated convergence, we have
e [ Fwecwawip = lm [ Fe)cweawp

and, by Parseval’s identity again and denoting by * the convolution product
between L!'(R?, My(C)) and L?(R?,C?),

| 76w P gw)ip = | FRIEK.(0) *g)(x)ix
]R2 ]R2
:/ (x)Kc(x,x")g(x")dxdx'.
R2 JR2

Ve >0, |K(x,x')] < My(x,x'),
we get, using , that

(o= ) "g) < [ FO01Matx X)lg o) e

This concludes the proof of Lemma [I] O

Knowing that

We are now ready to give the proof of Proposition [2}

Proof of Proposition[4 By equation , we know that for x # x/,

i 1 » n 03
K (x,x)= ————— [ P& __(G(p)e *<P>) dp.
( ) (2 — )3 2m /R2 Opf’ ( (p) ) p
The integrand converges pointwise to P (x=x") 8?%9)). Moreover, using , it is
l

dominated by some integrable function independent of €. Then, by dominated

convergence, K, converges pointwise to some function of x and x’ which will

be denoted by (Hg —i)~!(-,-) and which trivially satisfies Inequality @).
Then, by dominated convergence, we have that for all f and g € L?(R?,C?)

(f, (Ho — i)~ /R2 R?f x)(Hy — i) 71 (x,x)g(x")dxdx’

and
|(Hyp — i)*l(x,x’)| < My(x,x).

3. PROOF OF THE MAIN THEOREM

Let . (R2,C) be the Schwartz space of test functions, and let us fix Q =

(—5, 5] We define the Bloch-Floquet transformation by the map
U: 7R%C)c L*(R? C) — L*(Q?)
(21) U)(x,k) = > e Ee(x 4 ),

~YEZ?
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extended by density to L?(R? C). It is possible to show (cf. [§]) that U is a
unitary operator and that for f € L%(Q?), x € Q and ~ € Z2,

(U*f)(x + '7) _ / e—2i7rk'(x+’7)f(x’k)dk‘
Q

We then define the Bloch-Floquet transformation componentwise on L?(R?, C?)
which will be abusively again denoted by U.
Applying this tranformation (see Proposition |4]in the appendix), we find
S

UH (0, U = / hic(cr, B)dk,

Q
hx(a, B) = o - F(—iVper — 27k) + X (%) - 0,

where for each k the fiber Hamiltonian hy(«, ) is an operator defined on
L?(Q2,C?). Similarly, we wil denote
WY =6 F(~iVpe — 27k).

The operator Vpe; means here the gradient on L?(€2, C?) with periodic bound-
ary conditions and x,(x) = (x1,a(X), X2,a(X), X3,0(X)) == x(x/®).

The spectra of H(«a, ) and hy(a, 3) are related through (see [10, Theo-
rem XIII.85])

(23) Spec(H(a, 8)) = | J Spec(hu(, B)).

keQ

(22)

Picking Uy, = €™ X for m € Z? and x € Q, we get that the family of
vectors W, is a basis of eigenvectors of F(—iVye) satisfying if we denote
F = (Fy, Py, F3)

Fi(=iVper)¥m = F;(2mm) ¥y, for i = 1,2, 3.
We then define, for m € Z2, the projections
Po = U0) (U @12 and Qo =1d — Py.

We will use the Feshbach map method (see for example Lemma 6.1 of [9])
to reduce the spectral problem to problems on PoL?(£2,C?) and QoL?(92, C?).
This method claims that z € p(hk(a, 5)) if Qo(hk(e, B) — 2)Qo is invertible on
QoL*(Q,C?) and the operator Fp,(z) defined on PyL?(£2, C?) and given by
(24)

Fro(2) = Po(hxc(a, B)—2)Po—B*Pox -0 Qo(Qo(hxc(ax, B)—2)Qo) "' Qoxa-0 Fo
is also invertible.

We will first prove that Pohy (o, 3) P has a spectral gap of order a3 near
0 and then that the second term in the right hand side of is small enough
not to close the gap provided that z is in the interval given in the theorem.
To show the invertibility of Pp(hk(c, 5) — 2) Py, we have to bound from below

|F'(p) + A®|, where we remind that we have denoted ® = (®;)1<i<3, ®|| the

projection of ® on Ran(A) and &, its projection on Ran(A)*.

LEMMA 2. Let a €]0,1[ and > 0. Then, for every k € Q and ¥ €
PoL%(Q,C?), we have for o3 small enough.:
[P |

| Poluc(er, ) Pow]| > “H a5
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Proof. We have, for k € § :
Pohy (o, B)Py = (o - F(=27k) + o?3® - o) Py.
Let us denote A = a?B. For ¥ € PyL*(Q,C?),
| ol B) PoW||? = [l - (F(~27K) + A®) P2
inf, |F(p) + A® 7|2,

The lower bound in the lemma would follow if we can prove the following
statement: there exists Ay > 0 such that

. D]
f|F AB| > =N,
plgRQI (p) + 22> —

for 0 < A < XN

In order to prove this, pick M such that K(’)Md —|®| = @ where K| is
the constant appearing in the first inequality in of Hypothesis (ii).

For |p| > MAY¢ we have by the first 1nequahty in

P
(25)  |F(p)+ 2| > Kylpl” ~ A!<I>|>(K51\4d—|«1>\)x>yzﬂA

For |p| < M\, by Hypothesis (iii), we have for some K > 0 and A small
enough:

[F(p) + A®| = |Ip|" ' Ap + Ay + A0 | + O(Ip|"*!) > N | - K]p|*!
> A|<I>l| _KMd-‘rl)\(d-l-l)/d'
Define Ay such that

@, — Kt = 2]
L

For A < \g, the above estimate implies
A
(26) P(p) + 8] > 5@, |,

for all p € R2.
Equations and together conclude the proof. O

The invertibility of Qo(hx (e, 8) — 2)Qo on QoL?*(2, C?) will require more
technicality. We begin with the following estimates. Recall that d’ = min(d, 2).

LEMMA 3. There exists C' such that for |a| < 5 and Vk € Q we have
(27) IV 1Xal Poll < o

(28) lixal 2 — ) 1|xa|1/2|| < Ca’;

(29) lIxal 2 = i) 7H < CVad,

where hl((o) has been defined in Equation ,

Proof. As in [1], in order to show we compute for f,g € L?*(Q,C?):

(o VIXal Pog)| < 1(F: VIXal o) (%0, 9)] < Xl [ £ll2llgllz < @l £ll2llg]lo-
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For the next two inequalities, we need some notation: given an integral
operator T', we denote its integral kernel by T'(x, x"). We now use the following
identity proved in Proposition |[3|in the appendix:

(hY — )7 x,x) = 3 AT (Hy i) (x4, %),
~€z?

In the following, we will denote by C' any constant independent of o and
k. Assume first that d # 2. Let Y, ¥ € L?*(Q,C?) with Y with support in

Qa =[-%,%)% According to Lemmaand Propomtlonl we have:
RAUCENRL DS // Y GRIIHo — )+ 7, %) B ()
~ez?
Z// ¢ R AC x')|dxdx’
707 Jaaxe |X+7 \

// ¢ | U (x)|dxdx .
QXQ X X"2 d

In order to bound the first term, we see that there exists a constant C' such
that for all |a| < £, x € Qq, X' € Q and v € Z2 \ {0}, we have

1 < C
x+y =X |y
Thus the first term is bounded by
ClIX | o[ ] 21

For the second term, we have to bound

1
U (x)|dxdx’.
//Q %Q ’X X/’Q d/’ (X)’ XAX

Hardy-Littlewood-Sobolev inequality (cf. [0, Theorem 4.3]) gives that there
exists C such that:

1 / /
<
//Q o ’X PR T [P (X)|dxdx \C\m\ﬁuqf e

By Hoélder’s inequality,
2 4
— ([ ol 1117
Q

2 4
< (a7 e 1171797

- |||xa|\|1/2||f|!2-

A simple change of variable gives us that |||x,|ll2 = o |||x|2 < a|l|x]/lsc-
d’ d’

2+d’

I1xa]

2+d’

Hence, picking ¥ = ¥ = |x,|"/2f in the above estimates yields

0 N — ’
(Foxal 2 £ )7 xal 20| < Cllxa FI + Ca 1 £115.
An application of Cauchy-Schwarz inequality gives that
1ol Fllt < lxall 2 [ Fll2 < V3al| £l2.
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This concludes the proof of .

The proof of is similar: we have to take ¥ = |x,|f and ¥ = f. We do
not give further details.

If d = 2, we can prove these inequalities for any d < 2 and then take the
supremum. O

LEMMA 4. For f € QoDom(hﬁ))), we have ||hl(<0)Q0fH > K| £l

Proof. As we show in Proposition 4| in the appendix, we have, for m € Z? and
ke,

Pnh\”) Py = - F(27(m — K)) Py.
Hence, according to inequality of Hypothesis (ii), we have for f €
QODom(hl((O)) :

1 Qofl2 =" o F2r(m — k) Puf|? > K2 (2r/m — k|)*|| P f|?

m%#0 m##0

/2 r2d Z HPm-fH2

m#0
0

For a self-adjoint operator T and an orthogonal projection @), we define the
resolvent set

pq(T) :={z € C such that Q(T — 2)Q : RanQ) — Ran@ is invertible} .
We set
-1
Ro(z) :== (Qo(hﬁ(o) —2)Qo fRanQo) L 2 € pgo(),

R(2) == (Qo(hic(, ) = 2)QolRan@e) "+ 2 € P (hic(c, B))-

For i € {1,2,3}, we define the operators U; : L*(Q,C?) — RanQp and
W; : RanQqo — L?(£2,C?) by:

Wi = V/B(y/IXial0)Qo and U; = v/BQosegn(Xia)\/ [Xial-

LEMMA 5. There exists C > 0 independent of a €]0,1/2] and B > 0 such that
for any |z| < Khn?/2 and any j,1

IWiRo(2)Ui]| < Cadlﬁ
Proof. Due to Lemma 4] we have for |z| < Kjn?/2,

2
(30) [Ro(2)] < Kird

Using the first resolvent identity, we get for 5,1 =1,2,3:
W;Ro(2)U; = W;Ro(i)U; + (2 — i)W Ro(i)*Up
+(z — i) W;Ro (i) Ro(2) Ro(i) Uy
We shall separately estimate each term on the right hand side of .

(31)

Since hl({o) commutes with the projections Py, we have

(32) Ro(i) = (b — i)™ — (Po(hY — i) Polranro) ™"
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Note that due to the definition of U; and W for any z such that |z| < Kj7?/2
(33) W;(Po(hy” — 2)Polranrs) U = 0.
The identity together with inequality and imply that there
exists ¢ > 0, such that for || < 1/2 and all k € Q
[WiRo(i)Uil| = ||W( — i)~

< cﬁa .
This bounds the first term on the right hand side of .
To estimate the second one we first notice that
0)  — 0 . _ 0 . _
(Y = )72 = (Qo(h” — i)QolRanqo) 2+ (Po(hf’ — i) Polranry)
It is easy to see that the equation remains true with a power -2. Then,

1(z — )W, Ro()2U3 ]| = [|(= — z)thff” — )2y

(35) <\ﬁ BIVXal (b = D)k = )7V xal

< Cpa,

for some C' > 0 independent of o and 3, where we used in the last
inequality.

Finally, we bound the last term on the right hand side of . Observe that
from inequalities and we obtain that there exists ¢, C' > 0 such that
for all a < 1/2

IVIXal Bo@l < IV xal (bl = )71+ v/ Ixa Po(Po(hc — i) Po) |
< eVad + ca < < <ovad.
Therefore, using and
1z = )*W;Ro(i) Ro(2) Ro () Ui |
< Bz = i1V [xal Ro(@)] | Ro(2)]| | Ro(D) v/ Xall
< CBlz — z|2ad .

Summing the latter bound together with and (in view of (1)) con-
cludes the proof. O

LEMMA 6. Let
§ = {2 € pao(y") : sup |[W; Ro(2)Ui]| < 1/3}.
Js

(34)

Then, for every z € S, we have z € pg,(hk(a, B)).

Proof. Let z € SNR. Put z. = z +ie. The set S being open, for ¢ > 0
small enough z. € S. We denote U = (Uy,Us,Us) and W = (W, Wa, W3).
Applying the second resolvent identity several times, we find for any N > 0:

N
R(z) = Ro(z) (Z(—nn (UWTRy(2))" + TN+1>
n=0
with
Tyi1 = (—DN T (OUWTRy(2)) " UWTR(z,).



GAP OPENING FOR DIRAC PSEUDO-DIFFERENTIAL OPERATORS 13

But we have that
N
(UWTRo(2))" = Y U, Wi, Ro(2)Uiy..Wiy_, Ro(2e)Usy Wiy Ro(2c)
Bl i N

and then
N-1
|(OWTRy(z))"|| < €37 <sulp ||WjRo<zE>Ul||>
J»

which tends to 0 as N — oo since z. € S.
Then, at fixed €, we have

o0

(36) R(ze) = Ro(z0) Y _(—1)" (UWTRy(20))" .

n=0

Using the definition of S and equation , we obtain that this resolvent is
bounded uniformly in €, so we can take the limit ¢ — 0 and thus

Vz € S5z € poy(hi(a, B)).
g

We are now ready to study the invertibility of Feshbach’s operator Fp,(z)
for a® 3 small enough. To this purpose, we use the two following lemmas
(similar to Lemmas 2.2 and 2.3 of [I]):

LEMMA 7. There exists a constant 6 €]0,1[ such that, for all o €]0,1/2[ and
B > 0 satisfying a® 8 < 6, Qo(hk(a, B) — 2)Qo is invertible on the range of Qo
for all z € [-K}r?/2, K\n?/2] and k € Q.

Proof. Notice that the proof of this lemma follows from Lemma [f] since z € S
provided ad 5 is small enough, according to Lemma O

Put

Bp,(2) = B2 PoXq - 0Qo(Qo(hi(e, B) — 2)Qo) ' QoXa - o Po.

LEMMA 8. There ezist two constants 6 €]0,1[ and C > 0 such that, for all
a €]0,1/2[ and B > 0 satisfying a? B < §, we have

1Bro (2)3]| < CB%a*H |19
for all z € [-K}m?/2, K{n%/2], k € Q and 4 € L*(Q,C?).
Proof. According to equation , we have that
R(z) = Ro(2) + Ro(2) > _(—=1)" (UWTRy(2))"

n>1
= Ro(2) — Ro(2) > _(—1)"U (W' Ro(2)U)" W7 Ry(2)
n=0

= Ro(2) — Ro(2)U (I3 + WTRy(2)U) *"WTRy(2).

We remark that W7 Ry(2)U is an operator acting on (L?(Q, (CQ))?’.
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The definition of Bp, and these equalities give us 2 terms to estimate. On
the one hand,

B Poxa - o Ro(2)Xa - o Poll < Bl Polxal [ Y IIWiRo(2)Uj [ xal/* Pol
2

)

where we used Lemma [5] and (27)).
On the other hand, assuming that a? 3 is so small that | W7 Ry (2)U|| < 1/2
we have

B%|Poxy - 0 Ro(2)U (Is + WT Ry(2)U) "WT Ry (2)x,, - o Po|

< BlIPolxal 21 S IWiRo(2)U; | (s + W Ro(2)T) |
1,J
< D IWiRo (U llxal /2 Pol| < a2
Z'hj

The latter inequality together with finishes the proof of the lemma. O

Proof of Theorem[4 In view of it is enough to show the invertibility of
the Feshbach operator uniformly in k € Q. Using Lemmas [2] and [§] we get that
for any ¢ € PyL%(Q, C?)

1 Fpo (2)eb]l = [|(Po(hac(ev, B) — 2)Po)ep|| — [ Bpy (2)eb |

P /

> (80151 el ca? ' 52) 9]

This concludes the proof by picking a8 so small that %' > ca?B. The
theorem is then proven with C' = §. 0

APPENDIX A. BLOCH-FLOQUET TRANSFORMATION

In this appendix, we study the Bloch-Floquet transformation applied to our
operator H(a,3). Because the potential is bounded and Z2-periodic, it is
enough to study this transformation applied to Hy. Because Hy is unbounded,
we prefer to work with its resolvent and we start with the following proposition.
Recall that we have denoted by (Hy — i) ~!(x,x’) the integral kernel of (Hy —
i)~L

PROPOSITION 3. Let U be the Bloch-Floguet transformation as defined in
).

@D
Ulo - F(—iV) — i)~ U* = / gdk,
Q

where, for k € Q, the operator g : L*(Q,C%) — L?*(Q,C?) has an integral
kernel given by

gk()(7 X/) — Z 62i7r’y~k62i7TX'k(HO _ Z)—I(X + ’Y’ X/)Q_Qiﬂ—x/'k.
YEZ?
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Proof. Let f € C®(Q x R?)? such that f is Z2-periodic with respect to
the second variable and x € R?. To avoid heavy notation, we will denote
Ko(x,x') = (Ho — i)~ (x,x’). We can then write

(o P=i¥) =) U ) = [ KolxxX) 0 £

= Z /QKO(X,XI+‘y')/Qe_zm(x’+7/)'k,f(xl,k')dk'dx’.
’Y’EZQ

~

The Fourier coefficients f(x,v) = [, e 2"+ ) f(x/ k')dk' decay faster
than any polynomial in 4’ uniformly in x’. The integral kernel Ko(x++, x' ++")
has a decay like |y — 4’|~ when |y — /| is larger than 3 uniformly in x and x’.
Moreover, Ko(x + v, %’ +4') is absolutely integrable with respect to x" and

/ Ko(x + 7,5 +~)|dx’ < C
Q

uniformly in x € Q and |y —~/| < 3. These facts justify the interchange of the
various series below:

U(o - F(=iV) — i) U f)(x, k)
_ Z p2imk(x+7) Z /Ko(x+fy,x’+'y')}(x’,7')dxl
Q

Y€EZ? ' €Z?
=Y 3 e ) [ g+ (y = o) xR i
~' €72 yeZ2 Q
= Z Z e2i7rk-7762i7rk-x/ KD(X"‘"?,X/)eziﬂ-k.ﬁy/}(x/”)’/)dx/
! €72 FEL2 Q
:/ Z e?iﬂkA(x—x’)e2i7rk~'yK0<x_i_,y,X/) Z €2i7rk~('y’+x’)f(xf7Vf)dxfl
Q ’7622 ’YIEZQ

In the last line, we identify the Fourier series representation of f(x’,-) at
the point k. We finally obtain

30 Kt x| gulx) 1,
Q

yEZ?

which concludes the proof of Proposition O
PROPOSITION 4. We have

D
UHU* = / hVdk
Q

with
WY =6 F(=iVpe — 27k).

Proof. According to Theorem XIIL.85 of [10], to prove (22)), we need to show
that, for k € Q gy : L2(Q, C?) — L2(£, C?) satisfies

g = =7
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To this purpose, we will denote by (e;);=1,2 the vectors of the standard basis
in C? and Wy, = ™% We will prove that for all m € Z? and j € {1,2} we
have

9e(Um @) = () = i) (Um @ ¢)) = (o F2n(m — k) = i) (U @ ;).
Recall the notation G(p) = (o - F(p) —i)~! € B(C?). We have that

(37)
{91 (¥m @ €5) }(x)

:/gk(x,x/)(\llm(@ej)(x’)dx/
Q

) N o n 1
= \I/m(x)/ dx’ Z ik (xby =) 2imme(—x4x) —_ 7l (x — x! + Y)e;j.
Q ~ez? 2

Because both m and « are in Z2 we have €™ = 1, hence in ([37) we can
replace e2mm(=x+x') with e=2imm(x+v=x")  Thyg after a change of variables
we obtain

1

(96 Wm © )} (30) = Ul [ B YF G )y
R
=G2r(m —k)) (Vm @ e;)(x).
This ends the proof of the proposition. O
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