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Variational models for color image correction inspired by
visual perception and neuroscience

Thomas Batard - Johannes Hertrich - Gabriele Steidl

Abstract Reproducing the perception of a real-world
scene on a display device is a very challenging task
which requires the understanding of the camera pro-
cessing pipeline, the display process, and the way the
human visual system processes the light it captures.
Mathematical models based on psychophysical and phys-
iological laws on color vision, named Retinex, provide
efficient tools to handle degradations produced during
the camera processing pipeline like the reduction of the
contrast. In particular, Batard and Bertalmio [J Math.
Imag. Vis. 60(6), 849-881 (2018)] described some psy-
chophysical laws on brightness perception as covariant
derivatives, included them into a variational model, and
observed that the quality of the color image correction
is correlated with the accuracy of the vision model it
includes.

Based on this observation, we postulate that this
model can be improved by including more accurate
data on vision with a special attention on visual neuro-
science here. Then, inspired by the presence of neurons
responding to different visual attributes in the area V1
of the visual cortex as orientation, color or movement,
to name a few, and horizontal connections modeling
the interactions between those neurons, we construct
two variational models to process both local (edges,
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textures) and global (contrast) features. This is an im-
provement with respect to the model of Batard and
Bertalmio as the latter can not process local and global
features independently and simultaneously. Finally, we
conduct experiments on color images which corroborate
the improvement provided by the new models.

Keywords Variational model - Differential geometry -
Color image processing - Convex/nonconvex analysis -
Visual neuroscience - Visual perception.

1 Introduction

1.1 On existing models aiming to reproduce the
perception of real-world scenes on standard monitors
and their limits

Due to physical and technological limitations of the ac-
quisition process of a real-world scene by a digital cam-
era and its reproduction on a display device, the image
perceived on a monitor appears as a degraded version
of the original scene. The degradations observed are,
for instance, the presence of noise, mismatch of colors,
and loss of details and contrast to name only a few [11].
Moreover, as the dynamic range of a real-world scene is
much higher than the one of a standard display device,
processing the camera output image so that it repro-
duces the appearance of the original real-world scene is
even more challenging than recovering its light inten-
sity.

One way to tackle the problem is to make use of
knowledge about the functioning of the human visual
system (HVS). The seminal model based on this ap-
proach, named Retinex, aimed to reproduce the per-
ception of scenes using psychophysical laws on color
perception [27]. The proposed formulation turned out
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to perform color cast removal and contrast enhance-
ment, turning it into an image processing model which
improves the visual quality of the images. However, it
suffers from drawbacks, like the generation of noise and
the systematic increase of the intensity values of the
image. Since then, many models inspired by Retinex
have been developed, trying to improve the results of
the original formulation, see e.g. [10],[39] and references
therein. These models are commonly also called Retinex
models.

A connection between Retinex models and visual
neuroscience has been established for the first time by
Cowan and Bressloff [16] through the Wilson-Cowan
(W-C) equations [37],[38], a system of ODEs describ-
ing the temporal evolution of the activity of a popu-
lation of neurons responding to some visual attributes
and located in the area V1 of the visual cortex. Later
on, Bertalmio et al. [8] proposed a variational model
for color image correction improving the result of the
original Retinex formulation, and they showed that this
model is related to the W-C equations by showing that
the gradient descent of a differentiable approximation
of the model can be identified with a simplified version
of the W-C equations. Then, Bertalmio and Cowan [9]
connected the variational model for color image cor-
rection [8], the so-called kernel-based Retinex [10], and
the simplified W-C equations, establishing a connection
between image processing, visual perception and visual
neuroscience.

More recently, Batard and Bertalmio [6] proposed
a variational model on vector bundles for color image
correction which extends the model of Bertalmio et al.
[8] in the sense that the latter can be viewed as the Eu-
clidean restriction of the former. In this context, a color
image is considered as a section of a vector bundle of
rank 3 over the image domain, and the image gradient
is encoded into a covariant derivative. This approach
is consistent with Georgiev’s approach of color percep-
tion [21] in which he suggests that the color constancy
property of the HVS is due to the equivariance property
of the perceived gradient of the observed scene with re-
spect to lighting changes, and which turns the perceived
gradient of an image into a covariant derivative. More-
over, it has been shown in [6] that some psychophys-
ical laws like Weber’s and Weber-Fechner’s laws, and
the Helmholtz-Kohlrausch effect arise from connection
1-forms which are solutions of some variational models
constructed in [4]. This suggests that the HVS processes
the light in an optimal manner.

Despite the fact that the image processing models
of Bertalmio et al. [8] and Batard and Bertalmio [6] are
connected to visual perception and visual neuroscience,
they still suffer from many limitations when trying to

reproduce the perception of real-world scenes as the fol-
lowing two ones.

1. The models only deal with very few perceptual at-
tributes, i.e. the contrast (global feature) and edges, tex-
tures, noise (local features) and they are not able to
process global and local features both independently and
simultaneously. Whereas the parameters chosen in the
model of Bertalmio et al. make the model only process
the contrast, Batard and Bertalmio use a parameter
which controls the locality of the features that are pro-
cessed, where a large value implies a processing of the
contrast, a small one a processing of the local features,
and a medium value provides a trade-off between local
and global features.

2. The models systematically enhance the perceptual at-
tributes. Whereas an enhancing behavior can be desir-
able when the image to be processed is of low-resolution,
e.g. it is the output image of a low-resolution camera,
recent progresses in technology and imaging, e.g. High
Dynamic Range (HDR) imaging [31], can provide im-
ages of great quality (high contrast, saturated colors,
etc). It can even occur that these images, when dis-
played on standard monitors, have higher contrast than
the original real-world scenes, for instance if the tone
mapping method which enables the HDR image to be
displayed on a standard monitor is not well adjusted
[17],[19]. In such a case, an accurate color image cor-
rection model should be able to regularize the image
features in order to match the perception of the real-
world scene.

1.2 Using neuroscience to overcome drawbacks of color
image correction models

The two limits of the variational models aforementioned
can be overcome by making use of some properties of
the functional architecture of the HVS related to the
W-C equations.

1. The W-C equations can describe the temporal activ-
ity of neurons responding to various visual attributes.
Whereas the original W-C equations deal with neurons
responding to local orientations, it has been suggested
in [15] resp. [34] that the activities of neurons respond-
ing to local features (edges and textures) resp. colors
evolve according to W-C equations as well.

Indeed, in the area V1 of the visual cortex, the presence
of neurons responding to visual attributes, like color,
orientation, movement, etc, and arranged in a hyper-
columnar structure has been discovered by Hubel and
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Wiesel [23],][24]. As a consequence, the set of neurons
responding to such a visual attribute can be represented
as a fiber bundle 2x F — (2, where {2 denotes the cor-
tical plane and F a set representing the visual attribute
(e.g. F is an opponent space if the visual attribute con-
sidered are the colors). Then, according to the W-C
equations, the activities a(z, f,t) and a(y, f’,t) at the
time t of the neurons of coordinates (x, f) and (y, f’)
in {2 x F are connected through a term of the form

w(z, f,y, ) o [s(alx, f,1),aly, [, 1))], (1)

where w(z, f,y, f') is called the synaptic weight be-
tween the neurons (z, f) and (y, f’), o is an activation
function such that ¢(0) = 0, and s measures a differ-
ence.

When establishing a connection between their image
processing model and the W-C equations, Bertalmio et
al. [8] deal with a simplified version of the term (1)
by removing its dependency with respect to the visual
attribute, yielding a term of the form

w(@,y)o [s(a(z,1),a(y, )] (2)

under the identification between the cortical plane and
the image domain. Then, in order for the term (2) to
characterize a visual attribute, the couple of parameters
(w, o) has to be carefully chosen.

In [5], it has been shown that, there exists a choice
(w1,01) which makes the term (2) characterize edges
and textures (local features). On the other hand, it has
been shown in [7] that there exists a choice (wa,02)
which makes the term (2) characterize the contrast
(global feature), such that we # wy and oy # o;. Based
on this, we propose to combine these two terms in order
to process independently and simultaneously the local
and global features. Note that it has been shown in
[6] that a well-chosen difference measure s can describe
some psychophysical laws.

2. Horizontal connections between columns can have ei-
ther excitatory or inhibitory effect. In the W-C equa-
tions, the synaptic weight (1) is decomposed as

’U_)(.T,f,y7f/) :wver(fv f/)(S(ZL' - y)
+ 'Ywhor(xvay’f/) (1 - (5(1‘ - y))7

where § is the Dirac delta function, v € R, wye, is
called vertical connection and wy,,, horizontal connec-
tion, see [37,38,15,34] for more details about the shape
of the vertical and horizontal connections. The sign of
~ determines the effect of the horizontal connection, ex-
citatory or inhibitory, and which actually depends on

the contrast in the input signal [13]. Under the simpli-
fication aforementioned, the term (2) takes the form

"Ywhor(xay)o— [S (a(z,t),a(y,t))] ) (3)

and the sign of v determines whether the term (3) has
a regularizing or enhancing effect in the subsequent im-
age processing models. Hence, attaching a parameter
1 to the term describing the local features and a pa-
rameter 7, to the term describing the global features
makes the proposed models regularize or enhance the
local features and regularize or enhance the global fea-
tures depending on the signs of v; and ~s.

1.3 Contribution of the paper: construction and
analysis of two models processing the local and global
features independently and simultaneously

Because the way the visual input is processed in V1 is
very complex and still not fully understood, we present
in this paper two models for color image correction
based on two different hypothesis. The first model relies
on the idea that chromatic and achromatic information
interact as early as V1 [26], leading to a variational
model composed of three terms: a data term, a term
characterizing edges and textures, and a term charac-
terizing the contrast. The second model is based on
the idea that achromatic and chromatic components are
processed separately and independently in early vision
and only interact at some high perceptual level beyond
V1, as it has been originally proposed by Hering [25]
in the 19th century. Together with the idea that neu-
rons responding to local features are activated by the
achromatic information and neurons responding to col-
ors are activated by the chromatic information of the
visual input, we are led to consider as a second model
a system of two variational models: one similar to the
model in [7] to process the contrast of the chrominance
component, and one similar to the model in [6] to pro-
cess the local features of the achromatic component of
a color image.

The outline of the paper is the following. In section
2, we establish a connection between the image pro-
cessing model [6] and the W-C equations for neurons
responding to edges and textures [15], and between the
model in [7] and the W-C equations for neurons re-
sponding to colors [34]. In section 3, we introduce the
new models, from which we derive new forms of the
W-C equations. Then, we study their properties and
propose a numerical scheme to reach their solutions.
Finally, experiments are conducted in section 4, where
we show the capability of the proposed models to cor-
rect different degradations on color images.
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2 Connection of W-C equations to vision and
image processing

2.1 Mathematical setting

In order to analyze the variational models we introduce
later on, we first need to remind some mathematical
concepts.

Let E be a vector bundle over a manifold M with tan-
gent bundle TM and cotangent bundle T*M. By I'(E)
we denote the set of continuous sections of E and by
pr; (E) the vector bundle over M x M induced by the
projection

pry: M x M — M, (z,y) — =z,

pry(E) ={(2,y,p) E M x M x E:x =7(p)},

where 7 stands for the projection from the fibers to the
base manifold.

Let V be a covariant derivative on E and w the cor-
responding connection 1-form, i.e. V = d + w, where d
stands for the standard differential operator and w €
I'(T*M ® End(FE)). By 7 we denote the parallel trans-
port map induced by V.

A nonlocal covariant derivative induced by V is an
operator VNI I'(E) — I'(pry(F)) defined by

ViEa: (z,y) — w(x,y) (Ty.0,.0) —a(z))

where w is a smooth, positive, symmetric and normal-
ized kernel as in (8), and 7, -, , stands for the parallel
transport along the path v, , joining y and z.

A positive definite metric A on E induces an L?
scalar product and an L? norm on I'(E), given by

(a1, az) 12y = /M<a1<x>,a2<x>>h(m> dz,

1/p
Jelirier = ([ Natolf,yde)

The space LP(F) is defined as the completion of I'(E)
with respect to | . || zr(g)-

Moreover, h induces an L? scalar product and a LP
norm on I'(pr; (E)) given by

and

(€1, C2) L2 (pry (B)) = /M2 (Ci(z,y), C2(2,Y)) n(z) dzdy,

and

1/p
€llzm, e = ([ IeC )l dody)

The space LP(prq(F)) is defined as the completion of
I'(pry(E)) with respect to ||. || e (pr, (2))-

The adjoint of the operator VN is defined as the

w

operator VNI™: I'(pr,(E)) — I'(E) satisfying

(VNET¢, X)r2(E) = (G V" X) L2 (pry (B))

for all ¢ € I'(pr,(E)),x € I'(E). In particular, if V is
compatible with h, i.e. if it satisfies

dyh(ai,az) = (Vyar,az)r2(g) + (a1, Voa2) 12 (m),
for all v € I'(T'M), then we have

UNEC s / W(@,y) [Fyamy (0 2) — C(2,9)] dy,
M

see [5] for details of the computation.
Finally, by [5], it holds

”vz]XLaHLl(E) = Sup <a’7<>L2(E)7 (4)
(EK:

where K1: =

{VNn:ne I(pr(E)), In(z,y)|lhm <1 Vo,y € M}.

From now on, we consider the image domain, which
we identify to the cortical plane in this paper, as a com-
pact subset {2 of R?, and we denote by E the vector
bundle 2 x R? — 2. Moreover, we assume that F
is equipped with a positive definite metric A and a co-
variant derivative compatible with h. A color image is
considered as an element of the space I'(E)NL?(E). For
shortness, we will write L2(E) instead of I'(E)N L%(E).

2.2 W-C equations and visual perception

The W-C equations describe the temporal evolution of
the mean activity a(z, f,t) of a population of neurons
of cortical coordinates z € 2 and feature preference
f € F with the following integro-differential equation

ule 10 _ iy afa, £,1) + aola, £,1)

Sule. 1.0
voo | [ule g0 1) o ls 0l 0,000 7'0) dya’
)

where ay,as > 0 and ag is the visual input. The other
terms have already been described in sect.1.2. In the
case where the visual attribute corresponds to the lo-
cal features (edges and textures), Chossat and Faugeras
[15] proposed to encode the features space F with the
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set of structure tensors 7 € SPD(2,R), see [20]. Here,
SPD(2,R) denotes the cone of symmetric positive defi-
nite matrices equipped with the affine invariant metric
and corresponding distance function dspp(or). In the
case where the visual attribute is the colors, Song et al.
[34] proposed to encode F with some color opponent
space €,,, C R3.

Ignoring the dependence of the neuron activity with
respect to the feature, the term (1) is reduced to (3),
and assuming that the input ag is constant in time, the
W-C equation (5) is reduced to

Oa(x,t)

5 = a(x,t) + ap(x) (6)

+ agv/gwhm(x,y)o [s (a(z,t),a(y,t))] dy.

It turns out that there is a strong analogy between the
integral term in (6) and the Retinex theory of visual
perception (see Appendix A.1l). Moreover, the percep-
tual difference (with respect to some psychophysical
law) between the pixels z and y can be written as

a(z)

for a well-chosen metric h and a covariant derivative
compatible with h (see Appendices A.2 and A.3). As a
consequence, the notion of perceptual difference can be
inserted into the simplified W-C equation (6) under the
identification

s(a(z, ),

- Ty,x,'yy,za(y)a

a(y, 1)) = a(@,t) = Tyu,.a(y,1)- (7)

2.3 W-C equations and image processing

From now on, we assume that o; = ag = 1 in (6),
that the difference function s is the perceptual distance
(7), and that wp,, is smooth, positive, symmetric, and
normalized as

[;%wuwmyzzg%wuwmx=l (8)

for all z,y € 2. In this paper, we assume that color
images are expressed in the CIE L*a*b* color space.
In [8], the authors relate their image processing model

to the original W-C equations, i.e. equation (5) where
the features space F is the set of local orientations.
However, this model processes the contrast of the im-
age and not its local orientations. Hence, we claim that
it would be more accurate to relate this image process-
ing model to the W-C equations describing the activity
of neurons responding to colors, i.e. equation (5) with
F being an opponent color space €.

2.3.1 Image processing model related to the W-C
equations for neurons responding to edges and textures

Assuming that the activation function ¢ in (6) is non-

linear of the form
z

V=G +e

the evolution equation (6) corresponds to the gradient
descent equation of a differentiable approximation of
the variational problem

arg min f/ la(z) — ao( )H,%(w) dzx 9)
a€L?(E)

3] nare D 7, 0(0) = ) o) d

o(z) = e>0,

The term

17y, 0(y) = ()| n(2)
can be considered as the perceptual distance between
the pixels x and y. Note that by compatibility of the
covariant derivative with h, we have

I 7y.2.7, 2 0(Y) = al@)ln@) = | T2.y.7. , @(2) = a(¥)Iney)

Model (9) has been first studied in [5], where the unique-
ness of the solution has been proved for v < 0 and the
existence of solutions for v > 0 and {2 discrete. More-

over, it has been shown that the solutions a can be
written as
2
arg min (|ag — a* if v<0,
a*€K_y )9 2(E)
o 2
@ =ao arg max ao—a*H if v>0
a*EK.Y/z LQ(E)

and (2 is discrete.

In particular, taking wp., as the kernel (here discrete)

I
m if Yy S Q/($)7

Whor (T,Y) = (10)

0 otherwise,

where 2'(z) is a medium-sized window centered at x,
the model (9) processes the local features of ag. For an
example, see Fig. 1(center), where the model has been
applied with h given by the identity matrix and w =0
in the frame L*a*b*. As parameters v = 10, and 2" of
size 41 x 41 were chosen.

Hence, by its property of processing the local features of
images, together with the observation described in the
paragraph following formula (8), model (9) with wper
of the form (10) can be related to the W-C equations
describing the activity of neurons responding to the lo-
cal features of the visual input, i.e. equation (5) with
F=SPD(2,R).
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Fig. 1 Different activations and kernels imply the processing of different features. Left: Original image - Middle: Solution of
the model (9) (non-linear activation) with the kernel wp,, taken as a constant kernel of medium-size support - Right: Solution
of the model (11) (linear activation) with the kernel wy,, taken as a Gaussian kernel of large variance.

2.8.2 Image processing model related to the W-C
equations for neurons responding to colors

Assuming that the activation function o is the Iden-

tity map, the evolution equation (6) corresponds to the
gradient descent equation of the variational model

arg min —/ la(x
a€L?(E)

=1 [ @l T, 00) = a@) ey o

0(@) 52 dz (11)

which has been introduced in [7], but not studied, and
we propose in what follows to analyze it. We obtain the
following result.

Proposition 1 Let 2 = T?, where T denotes the 1-
torus, i.e., we assume periodic boundary conditions. The
energy in (11) is strictly convex for v < 1/2. Moreover,
for whor(x,y) = Whor(xz —y), if the covariant derivative
18 flat and if we denote by P a moving frame in which
the corresponding connection 1-form vanishes, then the
unique solution of the problem (11) is given by

P (= )

where F is the Fourier transform on L*(T?), and F~!
1ts inverse.

(12)

Proof Denoting by X the functional in (11), we have

2

d
X+t = [ 6@ do (13

i
=3 [ @l 00) = @) oy

If v < 0, then we observe that the expression (13) is
positive Vi and vanishes if and only if ¢ = 0.
Let us assume that v > 0. From the triangle inequality

and the compatibility of the covariant derivative with
h, we have

1Ty, (W) = V(@) 13y <@ 150y + 1))

+ 2/ () Ia@) W) | h ) -

Moreover, using Fubini’s theorem and the fact that
Wher 18 normalized, we have

| hor e (@)
_ / Whor (@, ) [ (W) 2, dwdy

~ [ 9@

Hence,

/ Whor (2, 9) [Ty g 0) — (@)1 0y dy

<2 [ W@ o

42 har e D6 o [0y dody.

Applying the Cauchy-Schwarz inequality yields
/m Whor (2, Y) [ (@) [n(@) 1 () | n(y) drdy

(14)

1/2
S </QQ whor(may)”w(x)”i(z)dl'dy>

1/2
X (/92 whor(xay)Hw(y)HiQL(y)dxdy)
< / Whor (@ ) [() |20y dly

< [ 1@ .

Together with (14), it gives

/ Whor (@, 9) Ty g s V(1) — ()2 0y dy

<4 / (@) |12 @) da
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from which we deduce that

2

Xt o= 1= 2) [ ol
which means that X is strictly convex if v < 1/2.

The critical points of X are the solutions of the fol-
lowing gradient equation in the L? sense

a—ap—"7 (a - / whor<xv y)Ty,x,’Yy,za(y) dy) = 0. (16)
2

Assume that wper(2,y) = Whor(z — y). In particular, if
the covariant derivative is flat, and denoting by P the
moving frame in which the corresponding connection 1-
form vanishes, equation (16) is expressed in the frame
P as

a— P lay— v(a — whor xa) =0,

where * denotes the cyclic convolution and

a(z) = P(z)a(x). The unique solution of the above
equation is given by

a:rl( F(P~ap) )

(1 - ’Y) + Vf(whor)

Finally, the solution is expressed in the original frame
by (12). O

Taking wper as a (periodized) Gaussian kernel of
large variance, model (11) processes the contrast of ag
(see Fig. 1(right), where the model has been applied
with h given by the identity matrix I3 and w = 0 in
the frame L*a*b*, and with the parameters v = 0.25
and variance of the Gaussian 2000). In particular, we
observe that only the colors of the original image are
processed and not its local features. Hence, the model
(11) with wpe,- being a Gaussian kernel of large variance
can be related to the W-C equation (5) with F being
an opponent color space €,,,, as the model in [8].

3 Variational models to process local and global
features simultaneously and independently

3.1 Different hypothesis on the processing of the visual
input in V1 yield different variational problems

Based on the results shown in Fig. 1, we propose to
combine the models (9) and (11) in order to process
local and global features simultaneously and indepen-
dently.

8.1.1 Achromatic and chromatic components interact
m V1

Under this hypothesis, we propose the following varia-
tional model

arg min f/ dx
P, 5 H )Hh(ac)
— ? 2’11}1(1' y HTyx'yyza(y)_a x)Hh(r) dz dy
Y2 2
— Z ) wg(x,y) ||Tyvﬂ7»7ym a(y) —a :E)Hh(x) dz dy’
(17)

where w; is of the form (10), ws is a normalized Gaus-
sian kernel, and v;,72 € R.

Following the connection between the W-C equa-
tions and image processing models established in sect. 2,
model (17) can be associated to a new form of the
W-C equations combining the activity of neurons re-
sponding to edges/textures and colors, which we write
a(z, T,ct), for x € 2,7 € SPD(2,R), ¢ € €,pp, and
t € RT. It gives the following integro-differential equa-
tion
da(z, T,c,t)

ot

+042/ (/ w2(17707yacl)‘72
(9] [

opp

=—ara(z,T,ct)+ao(z, T,c,t)

[s(a(z, T, e, t),

+ / wi (e, Ty, T')
S

PD(2,R)

where the synaptic weights wi,ws are of the form

w1($7T7y7TI) = ver(T T) ( ) (18)
+ 71 wlhw(x, Ta Y, T/) (1 - 5(£E - y))a

and

wg(l‘, GY, Cl) =W2,,, (C, C/)(S(J) - y) (19)

+ 72 W2y, (1’, Y, C/) (1 - §($ - y))

3.1.2 Achromatic and chromatic components are
processed separately and independently in V1

Under this hypothesis, and together with the idea that
neurons responding to local features are related to the
achromatic component L* and neurons responding to
colors to the chrominance component C* = (a*,b*),
we decompose the vector bundle E = 2 x R? — 2
as ' = E| @ E, with E; is the vector bundle {2 x
R — {2 equipped with a definite positive metric hy

a(y, T',c,t))] dd

o1 [s(a(z, T, c,t),aly, T', ¢, 1))] dT’) dy,
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and a covariant derivative Vi compatible with hq, and
Es is the vector bundle 2 x R? — 2 equipped with a
definite positive metric hy and a covariant derivative Vg
compatible with ho. Then, denoting by Lg resp. C§ the
achromatic resp. chromatic component of the image ay,
we propose the following system of variational model

arg min
L*€L2($2;Ey)

arg min
C*€L2(2;Es)

(20)

where w is of the form (10), wsy is a normalized Gaus-
sian kernel, and v1,v2 € R.

The system (20) can be associated to the following sys-
tem of W-C equations

aal (fE, 7-7 t)
ot

+ oz / / wy(z, Ty, T') o1 [s1(ar (z, T 1),
2 JSPD(2,R)
al(yaTlvt))} dy dT/

= — allal(x, T, t) —+ aol(LE, T, t)

Oaz(z,c,t)

ot
—|—a22//
278

az(y,c,t))] dydc,

= — oy as(x, ¢, t) + aga(x, ¢, t)

wy(z, ¢,y,c) og [sa(az(z, ¢, 1),

with a; denoting the activity of the neurons responding
to edges and textures, and ay the activity of the neurons
responding to colors. The weights w; and ws are given
by (18) and (19).

3.2 On the existence and uniqueness of the solutions
of model (17)

In this section, we assume that the vector bundle in the
model (17) is of any rank n. In this context, the vari-
ational models in the system (20) correspond to par-
ticular cases of the variational model (17) for v2 = 0
(first model) or 73 = 0 (second model). Hence, it suf-
fices to study model (17) in what follows. We obtain
the following result.

Proposition 2 The functional in (17) is coercive and
bounded from below for vo < 1/2.

1 * 2 Y2 *
5”0 (z) - C§(I)||L2(E2) _ZHVQJX)fO H%2(E2)7

Proof Let us denote by X = X7 + X5 the functional in
(17), where

1
Xi(a) =§H@ — aoll32 (g

1 * * et *
SIL* (@) — Lo (@)1 22 (my) — §||V1]XfL lL1(Ey)s

,
—5 | wi@nlityan,. o) = o)l dody,
22
72
Xo@) = = | 0s(@ )l Ty, .aly)=a(@) ) dady.

We have
1 2 1 2
5”‘1 — aollz2(p) = §Ha||L2(E) = llallz2mllaoll L2z (21)
1
+ §Ha0||%2(E)

from Cauchy-Schwarz inequality.
We deduce that

1 1
X1(0) 2 S lal3am) + 5l )32 — lallzzce)llaollza(ey
(22)

if 71 < 0 as the second term of X; is positive for all
a € L?(E). Tt follows from (22) that X; is coercive and
bounded from below if v; < 0.

Let us now assume that 73 > 0. From the triangle
inequality and the fact that the covariant derivative is
compatible with h, we have

1Ty.2.3,. 0(4) = &(@)|[n(e) < (@) [n(@) + l6(®)lln)-

Then, from Fubini’s theorem and the fact that w; is
normalized, we have

| e lete)ndedy = [ i)l dedy

- / (@) e de-
(9]

Hence, if v; > 0, we have

gi!
-5 /92 wy(z,y)| Ty,x,yyywa(y)—a(a:)||h(w) dxdy > _71||a||L1(E)7

and together with (21) further

1 1
Xi(a) Z§Ha||%2(E) + §||O’OH%2(E) = llallz2ce) laoll L2 (k)

*71Ha||L1(E)~
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Then, using Holder’s inequality, we have

lallzr ey < V/192] llall L2z,

which gives

1 1
X1(0) 2 Sllalage + 5 llolae -

-1y I192llall L2z (23)

We deduce from (23) that X is coercive and bounded
from below for v; > 0 as well.

If 75 < 0, the functional X is coercive and bounded
from below as the sum of the coercive and bounded
from below functional X; and the positive functional
Xo.

Finally, let us assume that v, > 0. Then, inequality
(23) together with (15) gives

||a||L2(E)HaO||L2(E)

1 1
X(a) Z§||a||%2(E) + 5”00”%2(15) —llallzze) llaoll L2 ()

— /192l llall 22y = rllallZ (g,

which ensures that X is coercive and bounded from
below if o < 1/2. O

Under the assumption that vo < 1/2, the functional in
(17) is continuous, coercive and bounded from below,
which guarantees the existence of a solution of the vari-
ational problem (17).

Moreover, assuming in addition that «; < 0, the func-
tional is strictly convex as the sum of a strictly con-
vex functional (see Prop. 1) and a convex functional
(the term (4) is convex as the sup of linear functions),
which guarantees the uniqueness of the solution of the
variational problem (17).

3.3 Numerical solution schemes

In this section, we suggest numerical schemes for finding
a minimizer of (17) for v, < %, where we distinguish
the cases 1 < 0, where the functional is strictly convex
and 7; > 0, where the functional is the difference of

two convex functions.

3.8.1 The case v1 <0 and o < 1/2

Problem (17) is of the form

G F(K 24
Bin {G(a) + F(Ka)} (24)
where

V2
G(a) = ——Ha a0HL2(E) o ||V ||L2(pr (E))’

Pl = V82 22 oy () (25)

Here K: L?(E) — L%(pr,(E)) is the nonlocal covari-
ant derivative operator VIZ. Recall that by Proposi-
tion 1 the function G is strictly convex. Let

F(n) = Slip{@,n) — F(z)}

denote the (convex) Fenchel conjugate of F'. The dual

formulation of problem (24) is

— G* + F* , 26
i (G (=K ) + FY(0) (26)

i.e., (24) and (26) have the same value. The function
F* is the indicator function of the set

Hi: = {C € I'(pr(B)), ¢(z,y)lln@) <1 Yo,y € 2}

Let us now assume that {2 is a discrete grid. In this
context, the spaces L*(E) and L?(pr,(FE)) are finite-
dimensional real vector spaces equipped with an in-
ner product. Moreover, the properties of F,G, K hold
in the discrete case well, i.e. the map K: L*(E) —
L?(pry(E)) is a continuous linear operator possessing
an adjoint K*, and the maps G, F' are proper, convex,
lower semi-continuous.

As a consequence, problem (24) can be solved by the
primal-dual hybrid algorithm of Chambolle and Pock
[14] described in Algorithm 1. In our numerical exam-
ples we choose 6 = 1. Since F'* is the indicator function
of the convex set Hi, the proximal operator of o F'* is
given by
¢
max(L, [[C][n)”

By definition, the proximal operator of 7G is given by

ProX, (C) = (27)

prox,

1 2
o(f) = argmin v — aoll ()

-
— fII? T
arg min 2y = 2

7_')/2 NL 2

Hv 2 U||L2(pr1(E))'
In particular, assuming that the covariant derivative is
flat and denoting by P the moving frame in which the
corresponding connection 1-form vanishes, we have

(a0 21

1—72—%-1-72}"(102)

in the frame P, and the iterative procedure in Algo-
rithm 1 reads

F (Pflao _n (a"
ntl _ -1 27

o(f)=F!

prox,

- TV’LZIY1L* T}n>)

a T )
1=y — o~ + 72 F(w2)
27
an _ an+1 + e(an-‘rl _ an)7
n NL a”
,’771+1 — n'+ oV

max (1, 7" + UVNL a[l2)
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Algorithm 1 Primal-Dual Algorithm for the Sum of Convex Functions

1: Initialization: Choose 7,0 > 0 with o7 < 1/||K |2 and (a®,7°) € L2(E) x L?(pr,(E)), 6 € (0, 1]

2: TIterations: For n =0,1,...
a"t1 = prox, o (a™ — TK*n")
at = an-l—l + e(an-i-l _ an)

0"+ = prox, . (1" + oK a")

until a stopping criterion is reached

Finally, denoting by (a,7n) the limit point of the iter-
ation, the solution of the primal problem (24) in the
original frame is Pa.

3.8.2 The case y1 > 0 and o < 1/2

Problem (17) is of the form

min {G(a) ~ F(Ka)} (28)

where

1 2 V2 \oNL 2
G(a) = %Ha - a0||L2(E) - EHVW a”Lz( (29)

pri(E))’
and F o K is defined in (25). Again, by Proposition
1, the function G is strictly convex. Thus, we have to
handle a difference of convex function (DC) problem.
Due to Toland [36], the dual formulation of problem
(28) reads as

min F*(n) — G*(K*n)}. 30
min{F ) = G (K ) (30)
It has the same solution as the primal problem and
coincides moreover with the solution of

®(a,n) = {G(a) + F*(n) - (Ka,n)}

(31)

min
a€L?(E)neL?(pry(E))

see, e.g., [2, Proposition 1]. We call (G, 7) a critical point
of & if
K*i € 8G(@) and Ka € OF*(i). (32)

Since G and F are proper, convex and lower semi-
continuous, this implies by Fenchel duality that

a € 0G*"(K*n) and 1€ 0F(Ka),
so that actually
K7 e 0G(a) N K*OF (Ka)

and

Ka € OF* () N KOG* (K*7)).
As in [35], we call a point & a critical point of the primal
problem (28) if

K € 0G(a) N K*0F (Ka) # 0,

and 7 a critical point of the dual problem (30) if
Ka € OF*(7) N KOG* (K*7) # 0.

Indeed, we see that if (a,7) is a critical point of @, then
a is a critical point of the primal problem and 7 of the
dual problem.

A classical approach to iteratively find local extrema
of DC problems was described in [35] and certain accel-
erations and specifications thereof were suggested later.
These algorithms assume that either the convex or the
concave part, or both, are evaluated by one of their sub-
gradients. Recently, a primal-dual proximal algorithm
for a special DC problem which includes our setting
was suggested in [2]. It turns out that this algorithm
is a reinvention of the PALM algorithm [12]. For our
setting, the algorithm in [2] coincides with Algorithm
2 below without extrapolation step 2, i.e., with § = 0.
In [33] an acceleration of the PALM algorithm, called
iPALM was suggested which uses certain extrapolation
steps. For another algorithm in this direction see [3].
Our Algorithm 2 also employs an extrapolation step
similar to the Chambolle-Pock algorithm which cannot
be deduced as a special case of iPALM.

In our numerical experiments we choose § = 1. The
proximal operator of o F™* is given by formula (27), and
the proximal operator of 7G is, by definition,

1 2 T 2
prox,¢(f) = argmin oo — fllza g + ——llv — aoll2(m)
veL2(E) Y1

— T'}/Q

T2 g NL
271 H w2

2
VUl or, ()

Assuming that the covariant derivative is flat and de-
noting by P the moving frame in which the correspond-
ing connection 1-form vanishes, we have

F (P*1a0 + ;%_f)

pI‘OXT(;(f) = ‘7:_1
1—72+%+’72}_(w2)
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Algorithm 2 Primal-Dual Algorithm for the Difference of Convex Functions

1: Initialization: Choose 7,0 > 0 with o7 < 4/(0||K||2)? and (a®,n°) € L2(E) x L?(pr,(E)), 6 >0

2: Iterations: For n =0,1,...

a"t1 = prox g (a™ + T7K* n")

at = an-l—l + e(an-i-l _ an)

0"+ = prox, . (1" + oK a")

until a stopping criterion is reached

in the frame P, and the iterative procedure in Algo-
rithm 2 reads

-1 71 NL* n
]:(P ao—l—E(a”—i—val n ))
Y

21 + 2 F (w2)
-

an+1 _ ‘/—_-71

=7+

a" =a"" 0" —a"),
nn +O_v]u\]flLan

max (L, [|n* + o ViEa"|l2)’

n+1 _

Ui

The following convergence result is based on the
fact that the functions G and F™* satisfy the Kurdyka-
Lojasiewicz (KL) property.

Theorem 1 Let @ be defined by (31) with G, F and K
as in (29) and (25). Choose 6 > 0 and 7,0 > 0 with
or < 4/(0||K|]2)?. Then the sequence {(a™,n"™)}nen
generated by Algorithm 2 converges to a critical point of
@, and consequently, the sequence {a™},en converges to
a critical point of the primal problem (28) and {n"}nen
to a critical point of the dual problem (30).

The proof is given in the Appendix B.

4 Application to color image correction

4.1 Processing the local features of the achromatic
component and the contrast of the chromatic
component

As we will see in the experiments, the above processing
seems to be a good strategy to process landscape pho-
tographies. As mentioned in the introduction, standard
digital cameras and display devices have much smaller
dynamic ranges than real-world scenes, meaning that
an image seen on a standard monitor appears a de-
graded version of the original scene. In particular, a
loss of details and contrast can be observed. Hence, en-
hancing the local features and contrast of the image is
desirable in order to make it perceptually closer to the
original scene. It is also well-known that humans have
the tendency to prefer enhanced images.

However, the enhancement model must be carefully
selected. Indeed, in many cases, the range of values of
the achromatic component (lightness, luminance, etc)
of the image is widely spread, with the darkest col-
ors of the scene appearing black and the brightest ones
appearing white. As a consequence, enhancing the con-
trast with a standard model will increase the areas of
black and white regions of the image. As an example
see the top-right image in Fig. 2, where the model (17)
has been applied to the top-left image with h = I3 and
w = 0 in the L*a*b* frame and with the parameters
Y1 = O, Yo = 0.45.

On the other hand, the range of values of the chro-
matic components is usually small. Indeed, one degra-
dation generated during the acquisition process and re-
lated to the loss of contrast and details is the loss of
colorfulness (saturation, chroma, etc), which makes the
image aesthetically unpleasing.

Then, we propose to address these problems by en-
hancing the local features of the achromatic component
and the contrast of the chromatic components of the
image, as it is done at the bottom right image in Fig. 2,
where the model (20) has been applied to the top-left
image with 73 = 10,v2 = 0.55, hy = [}, w; = 0 in frame
L*, and hy = I3, ws = 0 in the a*b* frame. Compare to
the bottom-left image in Fig. 2, where only the contrast
of the chrominance components has been enhanced, i.e.
the model (20) has been applied to the top-left image,
with v4 = 0,7 = 0.55, and hs = Is,ws = 0 in the
a*b* frame. In Fig. 3, we show more examples of this
approach, where the same parameters have been taken.

4.2 A covariant derivative to process images contrast
while preserving their aspects

4.2.1 A covariant derivative for image processing
inspired by visual perception

Given a color image ag, let us consider the connection 1-
form wg, (36) for & = 0 and h = I3 in the L*a*b* frame,
which vanishes in moving frames of the form (37).

In this context, and assuming that v; = 0, the model
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Fig. 2 Landscape photographies enhancement with the models (17) and (20). Top-left: image obtained with a standard camera.
Top-right: Enhancement of the contrast of both the chromatic and achromatic components of the top-left image (model (17)).
Bottom-left: Enhancement of the contrast of the chromatic components of the top-left image (model (20)). Bottom-right:
Enhancement of the contrast of the chromatic components and the local features of the achromatic component of the top-left

image (model (20)).

(17) consists in processing the norm rq of ag

ro = llaoll2 = V/(L*(a0)” + (a*(a0))” + (b*(a0))*, (33)

as P7lag = (r0,0,0), and the solution in the frame
P is then of the form (Arg,0,0), for some real-valued
function A, which means that the solution in the L*a*b*
frame is of the form a = Aag. Then, this model has the
property of preserving the hue of a¢ as the hue of a
color is invariant with respect to homotheties.

Finally, let us point out to that the quantity (33)
is perceptually more accurate than the CIE Lightness
L* to describe the brightness of a color in the sense
that it encodes one of the properties described by the
Helmholtz-Kohlrausch (H-K) effect [18], which states
that chromatic colors appear brighter than achromatic
colors. Note that it would be perceptually even more
accurate to consider also the second property of the H-K
effect, which states that the brightness is hue dependent
as well (38), but it would make the contrast processing
model lose its hue preserving property. Here we like
to mention that there exist other hue preserving color
enhancement methods based on variational models as
[22,28-30].

4.2.2 Reducing the contrast of (tone-mapped) high
dynamic range images

As mentioned in the introduction, if the tone map-
ping method is not well adjusted, its output image can
look over-enhanced and unrealistic when displayed on
a standard monitor. Then, we claim that reducing the
contrast of the image in an accurate manner can be a
good strategy to overcome those problems. In Fig. 4,
we test this approach on the two left images, available
at

https://unsplash.com/images/stock/hdr. We apply
the model (17) with 73 = 0 and v, = —0.55 for two dif-
ferent covariant derivatives compatible with the metric
h =13 in the L*a*b* frame: the one given by w = 0 (see
Fig. 4(center)), and the one described in sect. 4.2.1 (see
Fig. 4(right)). We observe that both covariant deriva-
tives make the model remove or at least reduce the de-
fects produced by the tone-mapping. However, whereas
the first covariant derivative tends to produce results
with unsaturated colors, the second one produces re-
sults whose colors are more faithful to the colors of the
original image.
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Fig. 3 Landscape photographies enhancement with the model (20). Left: images obtained with a standard camera. Center:
Enhancement of the contrast of the chromatic components of the left images. Right: Enhancement of the contrast of the
chromatic components and the local features of the achromatic component of the left images.

4.2.3 Enhancing the contrast of low dynamic range
mages

The degradations generated during the camera acquisi-
tion process also affect the hue, i.e. it produces an im-
age whose hue is not necessarily the one of the original
scene. Hence, if one wants to reproduce the perception
of the real-world scene, it can be desirable that the en-
hancement model modifies the hue of the image.
However, in some situations, the non preservation
of the hue can generate color distortions. For instance,
by applying the model (17) with v; = 0,2 = 0.45 and
h =1I3,w =0 in the L*a*b* frame, we observe that the
white tablecloth in Fig. 5(e) turns blue in Fig. 5(g) and
the orange geometric figure in the cubist style portrait
at the top-right part in Fig. 5(a) turns red in Fig. 5(c).
Moreover, the chosen value of the enhancement pa-
rameter v, provides a good lightness contrast but the
chroma contrast is too high, producing over-saturated

colors, e.g. saturated blue at the bottom-right corner
and under-saturated colors, e.g. the words at the bottom-
center dark region are barely readable in Fig. 5(c).

The straightforward way to preserve the hue of the
input image and avoid an over-enhancement of the
chroma contrast consists in processing only the light-
ness of the image but it can produce results with a
lack of colorfulness, see Fig. 5 (b-f) where the model
(17) has been only applied to the L* component for
v1 = 0,2 = 0.45. This could also be solved by process-
ing separately the lightness and the chroma and keep
the hue unchanged but it would require the tuning of
two parameters, one for the enhancement of the light-
ness and the other for the enhancement of the chroma.

It turns out that there exists a way to overcome
those issues, which is by considering the model (17)
with the covariant derivative described in sect. 4.2.1,
see Fig. 5 (d-h) where it has been applied with the pa-
rameters y; = 0,72 = 0.45.
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Fig. 4 Contrast reduction of tone-mapped high dynamic range images. Left: output of a tone-mapping method. Center:
Contrast reduction model (17) induced by the connection 1-form vanishing in the L*a*b* frame. Right: Contrast reduction
model (17) induced by the“perceptual” connection 1-form described in sect. 4.2.1.

4.3 Simultaneous and independent local features and
contrast processing

We test the model (17) with the connection 1-form
described in sect. 4.2.1 for v; € {—8,0,8} and v €
{-=0.25,0,0.25}. If 1 # 0, we solve the model by the
iterative procedure described in sect. 3.3. In the ex-
periments performed in this section, the image size is
256 x 384, the window size of w; is 41 x 41, and the
variance of the Gaussian kernel ws is 1000. Finally, the
parameters 7,0 of the primal dual numerical schemes
are set to 0.1 and the stopping criteria is

MSE(a™t!, am) < 0.001.

As expected, we observe in Fig. 6 that the model does
enhance resp. regularize the local structures for y; > 0
resp. 71 < 0 and the contrast for 75 > 0 resp. 72 < 0,
providing some flexibility in the processing of image
features that the models in [6],[8] do not.

5 Conclusion

We have introduced two new models for color image cor-
rection inspired by visual perception through the notion
of perceptual gradient and visual neuroscience through
the W-C equations describing the temporal evolution
of the activity of neurons in the visual cortex. The pro-
posed models are more elaborated than existing varia-
tional models. In particular, they rely on the presence
of neurons responding to different attributes in the vi-
sual cortex: edges/textures and colors, which enabled us

to design image processing models correcting different
types of degradations on the images involving the en-
hancement /regularization of details and contrast. Fur-
ther work will be devoted to generalize our models by
including more visual attributes.

Appendix A. Covariant derivatives and visual
perception

A.1. Interpretation of the Kernel-Based Retinex model

The original Retinex formulation [27] and the Kernel-
Based-Retinex [10] can be formulated as follows: The
perceived color at a given pixel of the image results
from a weighted averaging of the perceptual difference
between the given pixel and the other pixels in the im-
age domain. This suggests that the key object in color
perception is the perceived gradient, and that the accu-
racy of the estimation of the perceived colors depends
on the accuracy of the estimation of the perceived gra-
dient.
More precisely, given an RGB color image

a = (at,a? a®): 2 C R? — R3, the perceived image
L = (L', L? L3) is, according to Kernel-Based Retinex
[10], given for k = 1,2, 3, by

ko wlo oo [ @)
L) _/y:ak<y)>ak(m> (0) {Al § <ak(y)> ! 1} “

+ / w(z,y) dy,
y:ak (y)<a*(z)
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where w is a Gaussian kernel and A is a constant, which
can be rewritten as

I*z) = / w(z, y) ¢ (logla* (z)] — logla* (1)) dy
ye

= / w(z,y) ( / dy ) log<a’“><wy,z<t>>dt> dy
yen Y

Y,

for some nonlinear function ¢, and for any path ~, .
joining y and .

Then, it turns out that the quantity Vlog(a®) =
da® /a* can be interpreted as the perceived gradient of
the image according to Weber’s law in vision and the
quantity

[ g olos@) Gyt
;

(34)

as the induced perceptual difference between x and y.
Indeed, given an uniform background of intensity Z,
Weber’s law states that the following equality holds
0T
= =
where §Z is the minimum intensity increment of Z to
which the human sensitivity distinguish Z and Z + 0Z,
and c is a constant. Hence, Weber’s law shows that the
human sensitivity to an intensity increment depends on
the intensity of the background. In particular, it shows
that human perception is more sensitive to intensity
changes in dark backgrounds than in the bright ones.

&)

A.2. Equivariance property of the perceived gradient

Based on the assumption that the color constancy prop-
erty of the HVS comes from an invariance property of
the perceived gradient with respect to lighting changes
and under the identification between these latter and
moving frame changes on a vector bundle, Georgiev
[21] suggested that a covariant derivative is a good
candidate to describe the perceived gradient, due to
the invariance of this differential operator with respect
to moving frame changes. More precisely, given a Lie
group G, a G-associated vector bundle E, and a covari-
ant derivative V: = d 4+ w on E, we have V(Ga) =
G V(a) for any G-valued moving frame G and section a
of E.

The perceptual difference formula (34) can then be
modified by means of a covariant derivative, which gives

/ V.Y;J’m(t)a(vy’w(t)) dt = Ty 2, .a(y) —a(z). (35)

Y,z

Note that the quantity (35) is independent of the path
Vy,« Provided that V is flat.

A.3. A perceptual law derived from a covariant deriva-
tive compatible with the metric: Helmholtz-Kohlrausch
effect

The Helmholtz-Kohlrausch effect is a color appearance
phenomena which states that the brightness of a color
depends not only on its achromatic component but also
on its chromatic component. More precisely, it states
that chromatic colors appear brighter than achromatic
colors, and some hues appear brighter than others.
Given a color image a = (a', a?, a®), let us consider
the SO(h)-associated vector bundle 2 x R3 — (2, for
some metric h, and the connection 1-form w, given by

alda? — a?da' alda® — aldal

0
a+ lall} a+ |all}
alda® — a?da’ 0 a?da® — adda?
a+ |all; a+ a3 ’
a'da® — a3da'  a?da® — aBda? 0

a+ llall; a+ lall;

(36)

for > 0. Having w € I'(T*f2 ® so(h)) makes the cor-
responding covariant derivative V be compatible with
h.

At the limit case o = 0, it has been shown in [6]
that the corresponding covariant derivative V is flat,
from which follows the existence of a moving frame
P in which w, vanishes. More precisely, denoting by
(rsin @ cos , rsin @ sin p, r cos ) the spherical
coordinates of a, then P is of the form (37).

Then, assuming that the coordinates (a', a2, a®) cor-
respond to the CIE L*a*b* components of a, and the
metric h is given by

100
020

00 &2

sin (H;QO)’ + 0.085) ,

for H* denoting the hue component. The quantity

r=lalln = v/(L*()? + € ((a*(a))? + (1*(a))?) (38

can be identified to the brightness defined by Fairchild
and Pirrotta [18], and which takes into account the
Helmholtz-Kohlrausch effect.

in this frame, where

€ = (2.5—0.0025L%) (0.116
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cosesin® —gi1sing — ga21 cosfcosey —gi2sing — goa cosf cos
P= singsin® g11cosp — ga1sinpcosh  gi2cosp — gao sinpcosd (37)
cos 6 g21sin 6 g22sin @
with g11, 912,921,922 € C1(£2) satisfying
ghites = 1
972 + 93, = 1
911912 + 921922 = 0
911 dg12 + g21 dg22 = cos O dyp.

As a consequence, the perceptual difference (35), which
is given here by

P~ (y)aly) — P~ (x) a(x)

in the frame P can be identified to the brightness dif-
ference between a(y) and a(zx), as P~ta = (r,0,0).

B. Proof of Theorem 1

Semi-algebraic functions are functions which graph is
a semi-algebraic set, i.e., a finite intersections of poly-
nomial sets P(z) = 0 and @Q(x) < 0 and finite unions
thereof. Recall that semi-algebraic functions fulfill the
Kurdyka-Lojasiewicz (KL) property, see [12]. In partic-
ular, the function @ in (31) satisfies the KL property.
Let us assume that after discretization @ : R4 x R% —
R U {+oo}.

The following theorem can be found in [1, Theorem
2.9].

Theorem 2 Let f: R? = RU{oo} fulfill the KL prop-
erty. Let {x"},en be a sequence which fulfills the fol-
lowing conditions:

i) There exists K1 > 0 such that f(z" 1) — f(a™) <

—Ki|z™tt — 2"||? for every n € N.

i1) There exists Ko > 0 such that for everyn € N there
exists wy1 € O f(x" 1) with || wpy1]] < Kallz" -
a™||, where Opf denotes the Fréchet limiting sub-
differential of f.

iii) There exists a convergent subsequence {x™ }jen with
limit & and f(z™) — f(&).

Then the whole sequence {x"}nen converges to point &

which fulfills 0 € Or f ().

In the following proof we can partially use argu-
ments from [2].

Proof of Theorem 1: We show that the func-
tion @ : R x R% — R U {oo} in (31) and the se-
quence {(a™,n™)}nen generated by Algorithm 1 fulfills

the properties i)-iii) of Theorem 2.
i) By the variational inequality of the proximal operator
it holds

1
—{a" +TK*n" —a", a" T —a)
pu

G(a"™) — G(a)

IN

FX (") = F*(n) <

— "t =)

(™ ="t gt =)
+{(1+0)Ka™ —0Ka™,n" " — ).

Q|+

Choosing a = a™ and n = ", this yields

P(a"* ") — D(a", ") = G(a"H) — G(a")

4 <K*7’] ’an _an+1>
1
< ——[la" —a™ 3.
T

Since 2uv < au? + év2 for an arbitrary o > 0, we get

P(a" ") — o(a" ")
= F*(nn-H) _ F*(nn) + <77n _ 777L+1,Ka"+1>

1
S _7Hnn _ nn-‘rl”% 4 9<Kan+1 _ K(Ln,’f]”-‘rl _ 77">

g
1

~ ~fla" — a3
1

IA

=" ="+ Ol o lla™ — @™ " =02

1 0||K||2 " n 9K2an
< (L Oy ey o Oy

_ . n+1)2
o 200 2 " z-
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Adding the two inequalities gives

(a™ ") — d(a”, ")

1 9||K||2) +12
< _ _Hn==M= ’fL_ n
< (= =+ =02 I =

Cc1

1 9Kz«
+ <_ 4 ” ”2 ) Han _ an+1||§'
T 2

(39)

c2

Setting « == /o /7 we see by o1 < 4/(0||K||2)? that
both ¢; < 0 and ¢z < 0. Thus, i) in Theorem 2 is
fulfilled with K := max {—c1, —ca}. In particular, we
obtain

P(a" ") < B(a”, "), (40)

Further, summing up (39) for n =0,..., N — 1 we get

N-—1
&(a™, ™) = d(a®n°) <er D " =13

n=0
N-1
+ep Y et — a3
n=0

Now the facts, that the left hand side is bounded from
below by inf, , ?(a,n) — P(a®,n°) and that ¢; <0, j =
1,2 yields

N-1 N-1

> ot - <o and 3 Jy < o

n=0 n=0

(41)

ii) The construction of the iterates in the algorithm
fulfill

an—l n

%(z + K*n" ' € 0G(a"),

nn—l _nn
L+ (1+0)Ka" —0Ka""" € OF*(n").
o

Consider the function d(a™,n"): R4 x R2 — R U
{400}, ®(a,n) = G(a) + F*(n). By the calculus of the
convex subdifferential and [32, Proposition 8.12] we get

AP (a™,n™) = dG(a™) x AF*(n™).
By [32, Exercise 8.8] it holds

aLd(a",n") = Opb(a™,n") — (K*n", Ka") (42)
= (0G(a") = K™n") x (9F*(n") — Ka").

Thus we have

wy

n a” " l_q" K* n—1_ . n
<w1) = (nn{ n + ("7 ”z ;) € aLé(a/n’nn)'

With (u +v)? < 2(u? + v?) and w" = (w},ws)T we
obtain

n 2 n n—
o2 < (5 + 02103 ) o — a3
2 2 n n—1(2
+ §+HK”2 n™ —n"""lz,

Hence, property ii) in Theorem 2 is fulfilled with Ky =
(max{ 2 + K3, 2 + K13},

iii) Since F™* is the indicator function of a compact set
H1, G is coercive and strictly convex and K is a linear
operator, we have that the level sets of @ at (a°,7°)
given by {(a,n) € R% x R% : &(a,n) < &(a’,n°)} are
bounded from below. By (40), every infinite sequence
{(a™,n™)}nen generated by the algorithm is bounded
such that there exists a convergent subsequence
{(a",n")};en with limit (@, 7). By Lemma 1, we know
that (a,7) is a critical point of ¢. By (42) and (32)
any critical point (&,7) of @ fulfills 0 € 9, P(a,7) and
conversely. This finishes the proof. O

Lemma 1 Let {(a™,n"™)}nen be the sequence generated
by Algorithm 1. Then we have the following:

i) Any cluster point of {(a™,n"™)}nen is a critical point
of @.

ii) (a™,n™) critical point of @ if and only if (a™,n") =
(@™t L) if and only if &(a™,n") = @(a™ L, pn ).

Proof 1) Let (a, 1) be a cluster point and {(a™,n™)};en
a subsequence converging to (a,7). By the iteration
scheme we have

a™ —a™t!

K € 0G( ),
,,7TLJ‘ _ ,’77’LJ+1
ML R (14 6)a™ Y — Ba™) € OF* (),

a

By (41), the first summands in both expressions tend to
zero as j — oo. Using the closeness of the graphs of 0G
and JF* and passing to the limit, we get K*7) € 9G(a)
and Ka € 0F*(7)). Hence (a,7) is a critical point of @.

ii) The first two statements in ii) are equivalent by
the following reason: Let (a™, ") = (a"*1,7"*1). Then
the iteration scheme implies

K*n" € 0G(a™)
and
K({(1+6)a™ —60a™) = Ka™ € OF*(n"),

so that (a™,n™) is a critical point of &. Conversely,
if (a™,n™) is a critical point of @, then if fulfills the
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above relations and together with the uniqueness of the
proximum we conclude from the iteration scheme that
(an,,r]n) — (an+17nn+1).

The second two statements in ii) are equivalent by

(39). This proves the second assertion.
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(g) Channelwise method (h) Moving frame method
Fig. 5 Comparison of three contrast enhancement methods: channelwise method (model (17) with 43 = 0 and w = 0 in the
L*a*b* frame)), chrominance preserving method (model (17) applied to the L* component with 4 =0, h =I; and w =0 in
the L* frame), and moving frame method (model (17) with v1 = 0 and with the connection 1-form described in sect. 4.2.1).
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(d)m=-8112=0 () 72=0,71=0

(8) 1 =-8,7v2=025 (h) v1 =0, y2 = 0.25

() 1 =-8,v2=-0.35 (k) m1 =0, v2 = —0.35

(In) ’71:_87 '72:0 = (O) 71:87 ’72:0

R

(p) Y1 = —8, Y2 = 0.35 (q) Y1 = 0, Y2 = 0.35 (I‘) Y1 = 8, Y2 = 0.35
Fig. 6 Local structures enhancement (y; > 0) or regularization (y1 < 0) coupled with contrast enhancement (y2 > 0) or
regularization (y2 < 0) given by the model (17).




