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Switching problems with controlled randomisation and
associated obliquely reflected BSDEs

Cyril Bénézet? Jean-Francois Chassagneux! Adrien Richou!

January 30, 2020

Abstract

We introduce and study a new class of optimal switching problems, namely
switching problem with controlled randomisation, where some extra-randomness
impacts the choice of switching modes and associated costs. We show that the
optimal value of the switching problem is related to a new class of multidimen-
sional obliquely reflected BSDEs. These BSDEs allow as well to construct an
optimal strategy and thus to solve completely the initial problem. The other main
contribution of our work is to prove new existence and uniqueness results for these
obliquely reflected BSDEs. This is achieved by a careful study of the domain of re-
flection and the construction of an appropriate oblique reflection operator in order
to invoke results from [7].

1 Introduction

In this work, we introduce and study a new class of optimal switching problems in
stochastic control theory. The interest in switching problems comes mainly from their
connections to financial and economic problems, like the pricing of real options [4]. In a
celebrated article [14], Hamadéne and Jeanblanc study the fair valuation of a company
producing electricity. In their work, the company management can choose between two
modes of production for their power plant —operating or close— and a time of switch-
ing from one state to another, in order to maximise its expected return. Typically,
the company will buy electricity on the market if the power station is not operating.
The company receives a profit for delivering electricity in each regime. The main point
here is that a fixed cost penalizes the profit upon switching. This switching problem
has been generalized to more than two modes of production [10]. Let us now discuss
this switching problem with d > 2 modes in more details. The costs to switch from

*Centre de Mathématiques Appliquées (CMAP), Ecole Polytechnique and CNRS, Université Paris-
Saclay, Route de Saclay, 91128 Palaiseau Cedex, France (cyril.benezet@polytechnique.edu)

TUFR de Mathématiques & LPSM, Université de Paris, Batiment Sophie Germain, 8 place Aurélie
Nemours, 75013 Paris, France (chassagneux@lpsm.paris)

UMR 5251 & IMB, Université de Bordeaux, F-33400 Talence, France

(adrien.richou@math.u-bordeaux.fr)



one state to another are given by a matrix (¢;j)1<ij<a- The management optimises
the expected company profits by choosing switching strategies which are sequences of
stopping times (7,,)n>0 and modes ((,)n=0. The current state of the strategy is given
by a; = 3% Celfry e (), t € [0,T] , where T is a terminal time. To formalise
the problem, we assume that we are working on a complete probability space (€2, A, P)
supporting a Brownian Motion W. The stopping times are defined with respect to the
filtration (Ft)¢>0 generated by this Brownian motion. Denoting by f(¢,4) the instan-
taneous profit received at time ¢ in mode 4, the time cumulated profit associated to a
switching strategy is given by Sg f(t,a)dt —2,2% CCoCor1 L1 <taTy- The management
solves then at the initial time the following control problem

Vo = SUEE[J f(t,a,)dt — Z C¢y, Ck+11{7'k+1 T} | > (1.1)
acg

where o is a set of admissible strategies that will be precisely described below (see
Section . We shall refer to problems of the form under the name of classical
switching problems. These problems have received a lot of interest and are now quite
well understood [14, 10}, 17, B]. In our work, we introduce a new kind of switching
problem, to model more realistic situations, by taking into account uncertainties that
are encountered in practice. Coming back to the simple but enlightning example of
an electricity producer described in [14], we introduce some extra-randomness in the
production process. Namely, when switching to the operating mode, it may happen
with —hopefully— a small probability that the station will have some dysfunction. This
can be represented by a new mode of “production” with a greater switching cost than
the business as usual one. To capture this phenomenon in our mathematical model, we
introduce a randomisation procedure: the management decides the time of switching but
the mode is chosen randomly according to some extra noise source. We shall refer to this
kind of problem by randomised switching problem. However, we do not limit our study
to this framework. Indeed, we allow some control by the agent on this randomisation.
Namely, the agent can chose optimally a probability distributions P* on the modes
space given some parameter u € C, in the control space. The new mode (i1 is then
drawn, independently of everything up to now, according to this distribution P* and a
specific switching cost cgk7<k+1 is applied. The management strategy is thus given now
by the sequence (7%, ug) x>0 of switching times and controls. The maximisation problem

is still given by (L.1)). Let us observe however that E[Cg:,cm] = }E[ZK i<d ng i g: ]]

thanks to the tower property of conditional expectation. In particular, we will only
work with the mean switching costs ¢;* := 37, ;4 Pi"f¢;% in (L.1). We name this kind
of control problem switching problem with controlled mndomisation. Although their
apparent modeling power, this kind of control problem has not been considered in the
literature before, to the best of our knowledge. In particular, we will show that the
classical or randomised switching problem are just special instances of this more generic
problem. The switching problem with controlled randomisation is introduced rigorously
in Section 2.1] below.

A key point in our work is to relate the control problem under consideration to a



new class of obliquely reflected Backward Stochastic Differential Equations (BSDEs).
In the first part, following the approach of [14} 10} [I7], we completely solve the switching
problem with controlled randomisation by providing an optimal strategy. The optimal
strategy is built by using the solution to a well chosen obliquely reflected BSDE. Al-
though this approach is not new, the link between the obliquely reflected BSDE and the
switching problem is more subtle than in the classical case due to the state uncertainty.
In particular, some care must be taken when defining the adaptedness property of the
strategy and associated quantities. Indeed, a tailor-made filtration, studied in details
in Appendix A.2, is associated to each admissible strategy. The state and cumulative
cost processes are adapted to this filtration, and the associated reward process is defined
as the Y-component of the solution to some “switched” BSDE in this filtration. The
classical estimates used to identify an optimal strategy have to be adapted to take into
account the extra orthogonal martingale arising when solving this “switched” BSDE in
a non Brownian filtration.

In the second part of our work, we study the auxiliary obliquely reflected BSDE, which
is written in the Brownian filtration and represents the optimal value in all the possible
starting modes. Reflected BSDEs were first considered by Gegout-Petit and Pardoux
[13], in a multidimensional setting of normal reflections. In one dimension, they have also
been studied in [11] in the so called simply reflected case, and in [§] in the doubly reflected
case. The multidimensional RBSDE associated to the classical switching problem is
reflected in a specific convex domain and involves oblique directions of reflection. Due
to the controlled randomisation, the domain in which the Y-component of the auxiliary
RBSDE is constrained is different from the classical switching problem domain and its
shape varies a lot from one model specification to another. The existence of a solution
to the obliquely reflected BSDE has thus to be studied carefully. We do so by relying
on the article [7], that studies, in a generic way, the obliquely reflected BSDE in a
fixed convex domain in both Markovian and non-Markovian setting. The main step
for us here is to exhibit an oblique reflection operator, with the good properties to use
the results in [7]. We are able to obtain new existence results for this class of obliquely
reflected BSDEs. Because we are primarily interested in solving the control problem, we
derive the uniqueness of the obliquely reflected BSDEs in the Hu and Tang specification
for the driver [17], namely f'(t,y,z) := fi(t,y%, 2%) for i € {1,...,d}. But our results
can be easily generalized to the specification fi(t,y,z) := fi(t,y, 2%) by using similar
arguments as in [6].

The rest of the paper is organised as follows. In Section [2] we introduce the switching
problem with controlled randomisation. We prove that, if there exists a solution to
the associated BSDE with oblique reflections, then its Y-component coincides with
the value of the switching problem. A verification argument allows then to deduce
uniqueness of the solution of the obliquely reflected BSDE. In Section [3] we show that
there exists indeed a solution to the obliquely reflected BSDE under some conditions
on the parameters of the switching problem and its randomisation. We also prove
uniqueness of the solution under some structural condition on the driver f. Finally, we
gather in the Appendix section some technical results.



Notations If n > 1, we let B" be the Borelian sigma-algebra on R".
For any filtered probability space (2, G, F,P) and constants T' > 0 and p > 1, we define
the following spaces:

o L5 (G) is the set of G-measurable random variables X valued in R" satisfying
H|X[P] < +oo,

P(IF) is the predictable sigma-algebra on Q x [0, 7],

HY, () is the set of predictable processes ¢ valued in R™ such that

T
EU |¢t|pdt} < 4o, (1.2)
0
e SK(IF) is the set of cadlag processes ¢ valued in R™ such that
E[ sup |¢t|p} < 400, (1.3)
0<t<T

Al (IF) is the set of continuous processes ¢ valued in R™ such that ¢ € L§(Fr)
and ¢’ is nondecreasing for all i = 1,...,n.

If n = 1, we omit the subscript n in previous notations.

For d > 1, we denote by (e;)%_; the canonical basis of R? and Sy(R) the set of symmetric
matrices of size d x d with real coefficients.

If D is a convex subset of R? (d > 1) and y € D, we denote by C(y) the outward normal
cone at y, defined by

C(y):=={veR¥:v"(z —y) <0 for all z€ D}. (1.4)

We also set n(y) := C(y) n {veRe: |v| = 1}.

If X is a matrix of size n x m, Z < {1,...,n} and J < {1,...,m}, we set X©J) the
matrix of size (n — |Z|) x (m —|J|) obtained from X by deleting rows with index i € Z
and columns with index j € J. If T = {i} we set X7 := X&) and similarly if
7 = ().

If v is a vector of size n and 1 < i < n, we set v the vector of size n — 1 obtained from
v by deleting coefficient 1.

For (i,4) € {1,...,d}, we define i0) := i — gy €{l,...,d =1} ,ford > 2.

We denote by > the component by component partial ordering relation on vectors and
matrices.



2 Switching problem with controlled randomisation

We introduce here a new kind of stochastic control problem that we name switching
problem with controlled randomisation. In contrast with the usual switching problems
[14] 16] [17], the agent cannot choose directly the new state, but chooses a probability
distribution under which the new state will be determined. In this section, we assume
the existence of a solution to some auxiliary obliquely reflected BSDE to characterize
the value process and an optimal strategy for the problem, see Assumption below.

Let (Q2,G,P) be a probability space. We fix a finite time horizon 7" > 0 and x >
1,d = 2 two integers. We assume that there exists a x-dimensional Brownian motion W
and a sequence (i,),>1 of independent random variables, independent of W, uniformly
distributed on [0,1]. We also assume that G is generated by the Brownian motion W
and the family (4,),>1. We define F¥ = (F);>0 as the augmented Brownian filtration,
which satisfies the usual conditions.

Let C be an ordered compact metric space and F : C x {1,...,d} x [0,1] — {1,...,d}
a measurable map. To each w € C is associated a transition probability function on the
state space {1,...,d}, given by Pl = P(F(u,i,4) = j) for 4 uniformly distributed on
[0,1]. We assume that for all (i,5) € {1,...,d}?, the map u > P}, is continuous.

Let ¢ : {1,...,d} xC - Ry, (i,u) — ¢ a map such that u — ¢} is continuous for all
i=1,...,d. We denote sup;e(; . ayuec G = ¢ and infieq1 . a3 uec G = C.

Let & = (¢1,...,&%) e L3(FP) and f:Q x [0,T] x R? x R¥* — R? a map satisfying

o fis P(FY) ® BY® B4**-measurable and f(-,0,0) € H2(F°).

e There exists L > 0 such that, for all (¢,y,/, 2, 2') € [0, T] x R? x R% x RE** x RI**%
|ty 2) = fty, 2 < Lly —y| + 12 = 2')).

These assumptions will be in force throughout our work. We shall also use, in this
section only, the following additional assumptions.

Assumption 2.1. i) Switching costs are assumed to be positive, i.e. ¢ > 0.

i) For all (t,y,2) € [0,T] x R? x R¥** it holds almost surely,

f(t7yaz) = (fi(ta yi7zi))1<i<d' (21)

Remark 2.1. i) It is usual to assume positive costs in the litterature on switching prob-
lem. In particular, the cumulative cost process, see , 1s non decreasing. Introducing
signed costs adds extra technical difficulties in the proof of the representation theorem
(see e.g. [19] and references therein). We postpone the adaptation of our results in this
more general framework to future works.

i1) Assumption is also classical since it allows to get a comparison result for BS-
DEs which is key to obtain the representation theorem. Note however than our results
can be generalized to the case fi(t,y,z) = fi(t,y,2") for i € {1,...,d} by using similar
arguments as in [5].



2.1 Solving the control problem using obliquely reflected BSDEs

We define in this section the stochastic optimal control problem. We first introduce the
strategies available to the agent and related processes. The definition of the strategy
is more involved than in the usual switching problem setting since its adaptiveness
property is understood with respect to a filtration built recursively.

A strategy is thus given by ¢ = (o, (Tn)n>0, (n)n=1) where {y € {1,...,d}, (Tn)n>0
is a nondecreasing sequence of random times and (ay)p>1 is a sequence of C-valued
random variables, which satisfy:

o 1€ [0,7] and (o € {1,...,d} are deterministic.

e For all n > 0, 75,41 1s a F"-stopping time and ay41 is 7 -measurable (recall
that FO is the augmented Brownian filtration). We then set F*+1 = (F/"1)50

with ]-'Z”l =Frv U(un+11{7n+1<t})'

Lastly, we define F* = (F{®)i=0 with 7 :=\/, 5o Fi',t = 0.
For a strategy ¢ = (CO» (Tn)nZOa (O‘n)nzl)a we set, forn = 0,

+0

<7’L+]. = F(an+l’<—n7u'ﬂ+1) a‘nd ag 1= Z Ckl[Tk,Tk+1)(t)7 t 2 O 9
k=0

which represents the state after a switch and the state process respectively. We also
introduce two processes, for t = 0,

+o0
AY = 2 e ey and NP 2= D Ly (2:2)
k=0 k=0

The random variable Af is the cumulative cost up to time ¢ and thb is the number of
switches before time t. Notice that the processes (a, A?, N?) are adapted to F® and
that A? is a non decreasing process.

We say that a strategy ¢ = (Co, (Tn)n=0, (n)n>1) is an admissible strategy if the cumu-
lative cost process satisfies

2
AD — A% € L*(FE) and E{ (Afzo) ‘]—“QO} < +00 a.s. (2.3)

We denote by o the set of admissible strategies, and for ¢ € [0,T] and i € {1,...,d},
we denote by & the subset of admissible strategies satisfying (o = i and 79 = t.

Remark 2.2. i) The definition of an admissible strategy is slightly weaker than usual
[17], which requires the stronger property A? € L*(F¥). But, importantly, the
above definition 1s enough to define the switched BSDE associated to an admissible
control, see below. Moreover, we observe in the next section that optimal strategies
are admissible with respect to our definition, but not necessarily with the usual one,
due to possible simultaneous jumps at the initial time.



i) For technical reasons involving possible simultaneous jumps, we cannot consider the
generated filtration associated to a, which is contained in F®.

We are now in position to introduce the reward associated to an admissible strategy. If
¢ = (o, (Tn)n=0, (n)n=1) € &, the reward is defined as the value E[ U — A .7720],
where (U?,V? M?) ¢ S}(F®) x H2(F®) x H?(F®) is the solution of the following
“switched” BSDE [I7] on the filtered probability space (2, G, F*, P):

T T T T
U, = ¢or +J F92(s, Uy, Vs )ds — J VidW, — f dM, — J dA?, te[n,T]. (2.4)
t t t

¢
Remark 2.3. This switched BSDE rewrites as a classical BSDE in F*, and since
A — Af € S2(F®), the terminal condition and the driver are standard parameters, there
exists a unique solution to (2.4) for all ¢ € o/. We refer to Section for more
details.

Forte [0,T] and i€ {1,...,d}, the agent aims thus to solve the following maximisation
problem:
V; = esssup E[ Ut‘b - Af‘ fto] . (2.5)
ped)

We first remark that this control problem corresponds to (1.1} as soon as f does not
depend on y and z. Moreover, the term E[ Af‘ ]:to] is non zero if and only if we have at

least one instantaneous switch at initial time t.
The main result of this section is the next theorem that relates the value process V to the
solution of an obliquely reflected BSDEs, that is introduced in the following assumption:

Assumption 2.2. i) There exists a solution (Y, Z,K) € S3(F°) x H?

2 (FY) x AZ(FY)
to the following obliquely reflected BSDE:

T T
§+J fi(s, Y, ZY) ds—f Z;’dWS+J dK!, tel0,T],ieZ, (2.6)
t

) S
t

YieD, tel0,T], (2.7)

J (YZ — sup {Z PLY] - 5;‘}) dK; =0, iel, (2.8)
0 ueC

where T :={1,...,d} and D is the following conver subset of R%:

d
D= {yeRd:yi/sup{ZP”yj ,},iez}. (2.9)

ueC j=1

i) For allueC and i€ {1,...,d}, we have P}, # 1.



Let us observe that the positive costs assumption implies that D has a non-empty
interior. Except for Section [2.2] this is the main setting for this part, recall Remark

In Section |3 the system (£2.6)-(2.7)-(2.8)) is studied in details in a general costs setting.
An important step is then to understand when D has non-empty interior.

Theorem 2.1. Assume that Assumptions and 2.9 are satisfied.
Z_WrMMe{LuqutemJﬂmm¢eﬂﬁuwhwenﬁquf—Aﬂfﬂ.

2. We have Y} = E[ Ugb* - Af*‘f?], where ¢* = (i, (T )n=0, () n=1) € &} is defined
in @27)- @),

The proof is given at the end of Section[2.3] It will use several lemmata that we introduce
below. We first remark, that as an immediate consequence, we obtain the uniqueness of
the BSDE used to characterize the value process of the control problem.

Corollary 2.1. Under Assumptions cmd there exists a unique solution (Y, Z, K) €
SZ(F%) x HZ  (F°) x AZ(FO) to the obliquely reflected BSDE ([2.6)-[2.7)-2.8).

Remark 2.4. The classical switching problem is an example of switching problem with
controlled randomisation. Indeed, we just have to consider C = {1,...,d — 1},

1 ifj—i=umodd
P“—{ fimi=umodd, 6y gy

Wi 0 otherwise.
and o
a ' difi>i
Cij = EZ_”d ifj<i YueC,1<i,j<d.
0 if j =1.

We observe that, in this specific case, there is no extra-randomness introduced ot each
switching time and so there is no need to consider an enlarged filtration. In this setting,

Theorem s already known and Assumption is fulfilled, see e.g. [16, [17].

2.2 Uniqueness of solutions to reflected BSDEs with general costs

In this section, we extend the uniqueness result of Corollary 2.1 Namely, we consider
the case where infi<j<quec C;' = € can be nonpositive, meaning that only Assumptions
ii) and hold here. Assuming that D has a non empty interior, we are then able

to show uniqueness to (2.6)-(2.7)-(2.8) in Proposition below.

Fix 3" in the interior of D. It is clear that for all 1 <

<d
d
0 0 —
v > sup{Z Pl —czf‘}-
j=1

7

ueC



We set, for all 1 < i < dand ueC,
- 2 Pyl + ¢ >0,

so that ¢ := infi<;<auec ¢ > 0 by compactness of C. We also consider the following set

D= {yeR Ui = sup{Z Jyj—c}1<i<d}.

ueC
Lemma 2.1. Assume that D has a non empty interior. Then,
D = {y—yO:yED}.
Proof. IfyeD, let §:=y—1° For1l<i<danduceC, we have

d d
g 2 ,jy] i 2 - y] (Eg + y? - Z P,]yj)
j=1

7j=1

d
2 15— Ci'

hence § € D. 3
Conversely, let §j € D and let y := § +1°. We can show by the same kind of calculation
that y € D. H

Proposition 2.1. Assume that D has a non empty interior. Under Assumptions|[2.1}-4i)

and ii), there exists at most one solution to (2.6)-2.7)-.8) in S3(F°) x HZ, (F°) x
A2(FY).

Proof. Let us assume that (Y'!, Z! Kl) and (Y2, Z2%, K?) are two solutions to
- . We set Y1 := Y1 — yo and Y2 .= Y2 — yo- Then one checks easily that
(Y1 Z' K') and (Y2 Z2 , K?) are solutions to (2.6)-([2.7)-(2.8) with terminal condition
€ =& — vy, driver f given by

fl(t7g’uzl) = fz(t7gl + y?7zi)7 I<i< d7 te [OvT]7 g € Rd7 z € Rdx,{7

and domain D. This domain is associated to a randomised switching problem with
¢ > 0, hence Corollary gives that (Y1, Z!, K') = (Y2, Z2, K?) which implies the
uniqueness. O]



2.3 Proof of the representation result

We prove here our main result for this part, namely Theorem [2.1] It is divided in several
steps.
2.3.1 Preliminary estimates

We first introduce auxiliary processes associated to an admissible strategy and prove
some key integrability properties.

Let i€ {1,...,d} and t € [0,T]. We set, for g € & and t < s < T,

V¢ = ) Y o (), (2.10)
k>0

28 = > Z¥ 1y 1 )(9), (2.11)
k>0

IC? = Z ngl[m,m_,_ﬂ(s)a (2.12)
k=0

M= (ygﬁl _[E[Yék;rll ;ckaD Ltcrss st (2.13)
k=0

A= 3 (v, —H | 7]+ ) enzar (2.14)
k=0

Remark 2.5. For all k = 0, since ag,1 € ka“, we have
C d . d .
v |75, = S (G =17 ) YA, = D POV, (215)
Jj=1 j=1

Lemma 2.2. Assume that assumption (2.2)) is satisfied. For any admissible strategy
b€ o, M? is a square integrable martingale with M? = 0. Moreover, A? is increasing
and satisfies A;{ € L*(F¥). In addition,

(5 05

k=0

2
F‘f]?k+1]) 1{Tk+1<t}> tho < +00 a.s. (2.16)

Proof. Let ¢ € &' Using ([2.14) and [2.15)), we have, for all s € [¢,T],

d
A? - Z (Yék‘i'l B Z Pg:;lygk+l + E?:+1> 1{t<7'k+1<8}7 (217)
k=0 j=1

which is increasing since each summand is positive as Y € D.
We have, for t < s < T,

Ck
y;b - :)}t(ZS = Z (Y‘Fi.k_'_l AS YT%/\S) + Z (Yv’flck-rl1 - Yfik+1) 1{t<‘rk+1<s}' (218)
k=0 k=0

10



Using ([2.6), we get, for all & > 0,

Yrckk_,_l AS T Yrik/\s
Tk+1 NS Tk+1 /NS Th+1 NS

= — J foF (u, Y.S%, ZS)du + J Z5k AW, — dKSF,
TEAS T AS T AS

Recalling (j, is F, -measurable. We also have, using (2.15)), for all k£ > 0,

YCk+1 . YCk

Th+1 Th+1

— <Y<k+1 _ ]E|:Y<k+1

Tk+1 Tk+1

d
k ¢ Ak +1y/] Ok 41 Q41
‘FTk+1]> o (YTkk+l B Z PC;mj YTk+1 + <, > + € -
Jj=1

Plugging the two previous equalities into (2.18)), we get:

Tk4+1AS Tk+1ANS Tk4+1AS
ye-yp=>3 (_ J F (u, Y+, ZSk)du + J Z§-dW,, — dK5k>

k=0 TEAS TEAS TLAS
+ Z (YT%++11 _ E[Yé’ﬂ:ll ffk“]) 1{t<ﬂ€+1<5} + A? — Af

k>0

d
(63 ] —

o Z (YTCk’k-%—l o Z PCk’f}—lY'Tgk+1 T CC:+1> Lit<n sy (2.19)

k=0 j=1

By definition of Y?, 2 K¢ M?, A?, we obtain, for all s € [t, T],

T T T T
Vg =€ + f Fo(u, Vg, 28)du — f Z9dW, — f dM?¢ — f dA?

S S

+ (A7 +k7) - (A2 + k)] (2.20)

For any n > 1, we consider the admissible strategy ¢, = (Co, (77))k=0, (@} )r=1) defined
by (¢ =t = (o, 7 = Tk, = ap for k < n,and 7' = T + 1 for all & > n. We set
yn o= y%, Z = Z‘ﬁ", and so on.

By applied to the strategy ¢", we get, recalling that A} = 0,

Tn AT ” Tn AT
AT VR YT J £ (5,97, Z20)ds + f Zraw,
t t
Tn AT Tn AT Tn AT
+ J dM? + J dAY — J dKcs. (2.21)
t t t
We obtain, for a constant A > 0,
Tn AT n
1AL o) < (B PP+ e [ 1 02 2 P (222)
t

Tn AT Tn AT
+J |Z7|2ds + J A[M™]s + (AS — A9)? + (/cgk)QD .
t t

11



We have
d
7P < 3P = o) < B sup V2] = 1Yy

Tn AT )
B [ 12eras] <12l o,

Tn AT
B [ 157, 32 20| < ALY By, + AL 2l + 2100 g,
and

B (k7)*] < B |Kr ]

Thus, by these estimates and the fact that A? — Af € L*(F¥) as ¢ is admissible, there
exists a constant A; > 0 such that

A" ] <A+ AEU
t

Using (2.20) applied to ¢™ and Ito’s formula between t and 7, A T, since M" is a
square integrable martingale orthogonal to W and A™, A", K™ are nondecreasing and
nonnegative, we get

T AT Tn AT
sl p o+ [ zzpas s [ apen,)
t t

Tn AT Tn AT
_ E[| iz [ v znas -2 [ vraa
t t

T AT

d[/\/l”]s} . (2.23)

Tn AT Tn AT
+2J YrAAT + 2J ygd;cg}
t t

Tn AT

Tn AT
<HD" o] + 2E[ [ e, z:>|ds] s 2E[ | |y:|dAg}
t t

T AT 7 Tn AT
+ QE{J | Ve |dAY | + 2E{J |V AT | . (2.24)
t | t

We have, using Young’s inequality, for some ¢ > 0, and (2.23)),

2

T n pa’ n n | 1 T n |2 | 1 T a” n ny |2
E |ysfs(svys>zs)|ds SfE |ys| ds +§E |fs(5,yS,Zs)| ds
t | t | t
< T(1 + 2L2)|Y |22 goy + 2L%| Z g2 g0y + /(-5 0,0)]F
= 2 Sfl(IFO) Hd(]FO) » Y Hg(IFO)’
A i an] o 1 Loload _ 49
B [ rlass| < GIv i, + E[a% - a72].

T AT . . 1 1
f [ ez < 3 e, + SRR,

12



and

Tn AT
[ | < o1y, + SEAL

Ly (o oag] [ e
\QH |\g3(y0)+§ 1+ ) [M"]s| ) -

Using these estimates together with (2.24) gives, for a constant C. > 0 independent of
n?

Tn AT
- [ M| < € (Wi + 121 oy + 1100y + Bl F]).
(2.25)

and chosing € = 2A gives that IE[ AT g [M”]S] is upper bounded independently of n.
We also get an upper bound independent of n for E[( r AT ] by -

Since ST"AT d[M"]s (resp. |AZ  ;|?) is nondecreasing to St M¢] (resp. to |AS[2),
we obtain by monotone convergence the first part of Lemma . It is also clear that
M? is a martingale satisfying Mf = 0.

We now prove . Using that IE[ (Ntd) )2‘ ]-'to] is almost-surely finite as ¢ is admissible
and ¢ > 0, we compute,

E (2 (v — B vy

k>0

2
‘7:7]?“1]) l{Tk+1<t}> "tto

2
0
1{Tk+1<t}> Fi

<E (Z

k=0

d
W R]
j =1

< 4|}Q|2E[(Nf))2‘f?] <40 as. (2.26)

2.3.2 An optimal strategy

We now introduce a strategy, which turns out to be optimal for the control problem.
This strategy is the natural extension to our setting of the optimal one for classical
swilching problem, see e.g. [17]. The first key step is to prove that this strategy is
admissible, which is more involved than in the classical case due to the randomisation.

Let ¢* = (¢35, (75 )n=0, (04 )n=1) defined by 77 =t and ¢ = ¢ and inductively by:

d
Tho1 = inf {7’]: <s<T: Y = maxgec {Z ng’ng — E?};}} A(T+1), (2.27)

j=1

d
aj,q = min {04 € arg max {2 ng,jYTJ;H — Egk}} , (2.28)
j=1

ueC

13



recall that C is ordered.

In the following lemma, we show that, since D has non-empty interior, the number of
switch (hence the cost) required to leave any point on the boundary of D is square
integrable, following the strategy ¢*. This result will be used to prove that the cost

o\ 2
associated to ¢* satisfies E{ (Af ) ‘]_-to} is almost surely finite.

Lemma 2.3. Let Assumption ii) hold. For y € D, we define

d
j=1

and (ui)ies(y) the family of elements of C given by

d
u; = min arg max { Z Py — E;‘} .
ueC j=1
Consider the homogeneous Markov Chain X on S(y) u {0} defined by, for k = 0 and
. . 2
i,j €S(y)7,
P(Xks1 = j| X = 1) = P,
P(Xpy1 = 0| X =i) =1— > P",
JeS(y)
P(Xk11 = 0] Xy =0) =1,
P(Xg41 = i| Xy = 0) = 0.

Then 0 is accessible from every i € S(y), meaning that X is an absorbing Markov Chain.
Moreover, let N(y) = inf{n > 0: X,, = 0}. Then N(y) € L*(P?) for all i € S(y), where
P is the probability satisfying P*(Xo = 1) = 1.

Proof. Assume that there exists i € S(y) from which 0 is not accessible. Then every
communicating class accessible from i is included in S(y). In particular, there exists a
recurrent class S’ < S(y). For all i € 5, we have Pt = 0if j ¢ S’ since S’ is recurrent.
Moreover, since S’ < S(y), we obtain, for all 7 € S/, by definition of S(y),

vi= Y, Py — e (2.30)
jes’

Since S is a recurrent class, the matrix P = (qu;)ues’ is stochastic and irreducible.
By definition of D, we have

! i .. _|qr
DRV WIx{ze Rz = Y Pz —cie s p =RV« D',

1
i,J
jes’

14



With a slight abuse of notation, we do not renumber coordinates of vectors in D'.

Let ip € S’ and let us restrict ourself to the domain D’. According to Lemma [3.1] D’ is
invariant by translation along the vector (1, ...,1) of RI¥'l. Moreover, Assumption is
fulfilled since P is irreducible and controls (ui)ieS(y) are set. So, Proposition gives
us that D' n {z € RIS |zi, = 0} is a compact convexe polytope. Recalling (2.30)), we see
that (y; — ¥i, )iesr is a point of D’ M {z € RI¥'l|z;, = 0} that saturates all the inequalities.
So, (i — iy )ies' i an extreme points of D' A {z € RI¥l|z;, = 0} and all extreme points
are given by

E:=<z¢€ ]R'S/Hzi = Z Pg;z] —cie Sz, =0
jes’

Recalling that D’ is compact, £ is a nonempty bounded affine subspace of R‘S/‘, so it is
a singleton. Since D' n {z;, = 0} is a compact convex polytope, it is the convex hull of
£ and so it is also a singleton. Hence D’ is a line in RI%'l. Moreover, |S’| > 2 as P #1
for all u e C and i € {1,...,d}. Thus D c RISl x D’ gives a contradiction with the
fact that D has non-empty interior and the first part of the lemma is proved.

Finally, we have N(y) € L?(P?) for all i € S(y) thanks to Theorem 3.3.5 in [I8]. O

Lemma 2.4. Assume that assumption (2.2) is satisfied. The strategy ¢* is admissible.

Proof. For n > 1, we consider the admissible strategy ¢, = (o, (7] k=0, (O} )k=1)
defined by ¢ =i = (5,7 = 7,0} = af for k <n,and 77 =T + 1 for all £ > n. We
set Y = ?“,Zg = Z¢" and so on, for all s € [¢,T7.

By definition of 7*, a*, recall ([2:27)-(228), it is clear that A, ., = 0 and that §+""" dKy* =

0 for all £ < n and s € [t,T]. The identity (2.20]) for the admissible strategy ¢™ gives

* * *
T AT T AT T AT

T AT
V=Yoot J Zrdw, — f dM? — f dA”,
t t

t

1% (5,7, 2M)ds —f

t
Using similar arguments and estimates as in the precedent proof, we get

*
T AT

IE[|A25AT . A;ﬂ <A+ AEUt d[/\/l“]s] , (2.31)

and, for € > 0,
Th AT ) )
(1- cM)E J M, | < Ce (1Y sy + 120z qooy + 1£(-0,0) ooy ) - (2:32)

Choosing € = 3¢ gives that E[ ZT*LAT d[M”]s] and IE[|AZ*AT - Af|2] are upper bounded
uniformly in n, hence by monotone convergence, we get that A?* — Af e LX(F).

It remains to prove that A?* e L*(F?). We have Af’* < éNf)*, and E[(Nf*)Q‘}"P] <
+00 a.s. is immediate from Lemma , since E[ (Nt‘z)*)Q‘]-"tO] = U(Y;) with ¥(y) =

E?! [(N(y))Q] ,y € D, where E’ is the expectation under the probability P* defined in
Lemma [2.3] O

15



2.3.3 Proof of Theorem

We now have all the key ingredients to conclude the proof of Theorem [2.1]

1. Let ¢ € &, and consider the identity . Since M? is a square integrable
martingale, orthogonal to W, and since A? + IC? € L?(F¥) and the process A? + K¢
is nonnegative and nondecreasing, the comparison Theorem gives yf’ = Ut‘z) , recall

2.

Now, we have

V=Y Y (YY) ey

k=0
j Ck ¢
=Y+ Z (Y;f - E[Yl-t o ffk+1:|> 1{Tk+1<t}
k=0
d
(67 ] —
— Z (Yf’“ _ Z Pk’fflyfjkﬂ + 64:“) Vo<t T Af. (2.33)
k=0 Jj=1

Since Uf < Y¢ and ¥, (Yfk DD i) AN 5?{““) 1 < = 0, we get

k

'F"]fk+1:|> Lrpr <ty

k>0
d
_ Ck _ Ak+1v77 _Q 41
2 (Y; Z Pk,j Y‘fk+1 + Cen ) 1{Tk+1<t}
k>0 =1

g }/;Z + Z (Y'tCk-H _ ]EI:}/tCk+l

=

ka+1:|> Lty (2.34)

Using (2.16), we can take conditional expectation on both side with respect to Fy to
obtain the result.

2. Lemma [2.4/shows that the strategy ¢* is admissible. Using (2.20)), since A?" = 0 and
T T *
{45 A = 0 for all k> 0, we obtain

* * T * * * T * T * T *
V¢ = ¢or +f [ (u, Yo", 28 )du—J Z9"aw, —J dm¢ —J dA?" . (2.35)

S S

By uniqueness Theorem , we get that yf’* = Utd)*7 recall (2.4).
We also have

* . C* C*
o = 5 (5 )
k=0

_ v ¢ o
=Y+ M; +A7,

thus Uf)* — Af* = yf* — Af* =Y+ Mf*, and taking conditional expectation gives the
result. ]
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3 Obliquely Reflected BSDEs associated to randomised switch-
ing problems

In this section, we study the Obliquely Reflected BSDE —— associated to
the switching problem with controlled randomisation. We address the question of exis-
tence of such BSDEs. Indeed, as observed in the previous section, under appropriate
assumptions, uniqueness follows directly from the control problem representation, see
Corollary and Proposition [2.1] We first give some general properties of the domain
D and identify necessary and sufficient conditions linked to the non-emptiness of its
interior. The non-empty interior property is key for our existence result and is not
trivially obtained in the setting of signed costs. This is mainly the purpose of Section
Then, we prove existence results for the associated BSDE in the Markovian frame-
work, in Section and in the non-Markovian framework, in Section [3.3] relying on
the approach in [7]. Existence results in [7] are obtained for general obliquely reflected
BSDEs where the oblique reflection is specified through an operator H that transforms,
on the boundary of the domain, the normal cone into the oblique direction of reflection.
Thus, the main difficulty is to construct this operator H with some specific properties
needed to apply the existence theorems of [7]. This task is carried out successfully for
the randomised switching problem in the Markovian framework. We also consider an
example of switching problem with controlled randomisation in this framework. In the
non-Markovian framework, which is more challenging as more properties are required on
H, we prove the well-posedness of the BSDE for some examples of randomised switching
problem.

3.1 Properties of the domain of reflection

In this section, we study the domain where the solution of the reflected BSDEs is
constrained to take its values. The first result shows that the domain D defined in (2.9)

is invariant by translation along the vector (1,...,1) and deduces some property for its
normal cone. Most of the time, we will thus be able to limit our study to
D, =Dn{yeR? |y, =0}. (3.1)

Lemma 3.1. For all x € D, we have
1. =+ hZ?zl e; €D, for all he R,

2. there is a unique decomposition x = y* + z* with y* € D, and z* e R (Zle ei>,

3. if x € D, we have C(x) c {ve Re: Zle v; = 0},
4. C(z) = C(yy), where yy is from the above decomposition.
Proof. 1. Ifie{l,...,d}, we have

d d
7~ h = > max (Z R—’%%-#) ~h = ma <Z Pl >—c%) ,
J=1 j=1
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and thus = + hZ?:l e;i € D.

2. We set y* = & — 2% with 2* = x4 2?21 e;. It is clear that yj = 0, and y* € D thanks
to the first point. The uniqueness is clear since we have necessarily z* = x4 2?21 €;.

3. Point 1. shows that = + Z‘f:l ei € D. Let v e C(x). Then we have, by definition,

d d d
OZUT(xiZei—x) = ivTZei = ini7
i=1 i=1 i=1
and thus, ch‘l=1 v; = 0.
4. Let x € D. Since x = y* + x4 Zgzl e;, it is enough to show that for all w € D and all
aeR,C(w)cClw+ QZ?=1 €i)-
Let v € C(w). We have, for all z € D, since Z?Zl vi=0and v’ (z —w) <0,

d d
vl (z— (w—i—aZei)) ZUT(z—w)—chZei =0 (z—w) <0,
i=1 i=1
and thus v € C(w + aZ?Zl €i)- 0

Before studying the domain of reflection, we introduce three examples in dimension 3
of switching problems. On Figure [ we draw the domain D, for these three different
switching problems to illustrate the impact of the various controlled randomisations on
the shape of the reflecting domain.

Example 1: Classical switching problem with a constant cost 1, i.e. C = {1, 2},

010 0 01 1 1
Pt=lo0oo01]|,PP=l100],8d=|11})adc=]1
100 010 1 1
Example 2: Randomised switching problem with C = {0},
0 1/2 1/2 1
PP=1|1/2 0 1/2 | and &= 1
1/2 1/2 0 1

Example 3: Switching problem with controlled randomisation where C = [0, 1],

0 u l—wu 1—u(l —u)
P'=11-u 0 u and & = | 1—u(l—u) Yu € [0,1].
u l—u 0 1—u(l —u)

(3.2)
In this example, the transitions matrix are given by convex combinations of tran-
sitions matrix of Example 1.

18



—— Example 1
—— Example 2

Example 3

,\,-
i
N,

Figure 1: Domaine D, for three examples of switching problems with or without con-
trolled randomisation.

Remark 3.1. For the randomised switching problem, in any dimension, we can replace

(Pij)i<j<d by (%1#]‘) . and ¢; by % as soon as P;; < 1, without changing
1,1 1<]< 1,1

D. The factor (1 — PM)*l in the cost has to be seen as the expectation of the geometric

law of the number of trials needed to exit state i. So assuming that diagonal terms are

zero 1s equivalent to assume that P;; <1, for all 1 <i < d.

3.1.1 The uncontrolled case

In this part, we study the domain D for a fixed control, which is fixed to be 0, without
loss of generality. The properties of the domain are closely linked in this case to the
homogeneous Markov chain, denoted X, associated to the stochastic matrix P. For this
part, we thus work with the following assumption.

Assumption 3.1. The set of control is reduced to C = {0}. The Markov chain X with

stochastic matriz P = (P j)1<ij<d = (Pi?j)lgidgd is irreducible.

Our main goal is to find necessary and sufficient conditions to characterize the non-
emptiness of the domain D. To this end, we will introduce some quantities related to
the Markov Chain X and the costs vector ¢ := é.

For 1 < 4,5 < d, we consider the expected cost along an “excursion” from state ¢ to j:

=1 =1
Cyj o= E[ 3 EXH‘XO - z] - E[ 3 ex, x| Xo = z] (3.3)

n=0 n=0
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where
7= inf{t > 1| X; = j}.
We also define
Cj;j=0and C;;=Ci;for 1<i#j<d. (3.4)

We observe that, introducing 7; := inf{t > 0| X; = j}, the cost C rewrites as C:

7
Cij:=E 2 Ean{Xn;éj}‘X(] =4, forl1<i,j<d.

n=0

Let us remark that F[7 4+ 7] < +00 and so C' and C are finite since the Markov chain is
irreducible recurrent.
Setting @ = I; — P, the domain D, defined in (2.9)), rewrites:

D={zeR:Qz+c>0}. (3.5)

Since P is irreducible, it is well known (see for example [3], Section 2.5) that for all
1 <i,j < d, the matrix Q@9 is invertible, and that we have

fii == det QWY = (=1)" det QU > 0. (3.6)

ii
Zle /Jz
measure for the Markov chain with transition matrix P.

We now obtain some necessary conditions for the domain to be non-empty. Let us first

observe that

Moreover, iQ = 0 with i = (fi;)%_,, i.e. p:= is the unique invariant probability

Lemma 3.2. The mean costs C are given for 1 < i # j <d by

Cij = ((Q(j,j))—lé(j)> , (3.7)

i—1is 5

Proof. 1. We first show that for 1 <i4,j < d:

C’m’ =¢ + z C’g,jPM . (3.8)

L#j
From (3.3), we have
Xo- ] .

+a0
Xo = Z] =c + E[Z Ean{n<Tj}
n=1

Then, since for all n > 1, {X; = j} n {n < 7;} = &, we get

_ +0
Oi,j = E[Z Ean{n<Tj}
n=0

+00

Cij=c¢+E Z 2 cxnlix, =03 Lin<r;}
n=1/0#j

Xo=1

20



We compute that, for £ # j,

+o0 1+
E[Z Ean{Xlzf}l{n<Tj} X = Z] = E[Z Ean{n<T].}
n=1

n=1

X = E] Py
The proof of (3.8)) is then concluded observing that from the Markov property,

=Cy -

+0
E[Z EXn]-{n<Tj} X, =/
n=1

2. From (3.8), we deduce, recall Definition (3.4), that, for i # j,

Cij=¢+ Z CeiPis - (3.9)
4
This equality simply rewrites Q(j’j)C.J = &), which concludes the proof. ]

Proposition 3.1. Assume D is non-empty. Then,

1. the mean cost with respect to the invariant measure is non-negative, namely:

c = 0. 3.10
I

2. Forall1 <i,j <d,

min (Ci,j + Cjﬂ') = 0. (3.11)

1<i,j<d

3. The set D, is compact in {y € RYyq = 0}.

Moreover, if D has non-empty interior, then

c>0 and in (Ci:i+Ci;)>0. 3.12
e an Krgglgd( i+ Cii) (3.12)

Proof. 1.a We first show the key relation:

—Ci’j <z — Zj < Cjﬂ‘ s for 1 < i,j <d. (3.13)
For j € {1,...,d} and z € R?, we introduce 7/ (z) € R¥"!, given by,
Fj(m)k:$k+1{k>j}_$jy ke{l,...,d—l}.

Let x € D and j € {1,...,d}. Forallie {1,...,d},i # j, we have, by definition of D
and since ZZ:1 Pip=1,

d
Ti— T = Z P@k (xk — :Uj) — G-
k=1
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Thus 7;(z) satisfies to
QU7 () 3 —el).
Since (Q(j’j))_l = > k>0 (P(j’j))k > 0, we obtain, using inequality
, N ,
w(z) ¥ — (Qm) & = Y, (3.14)

which means x; —x; > —C; ; for all @ # j.
Let 1 <1 # j < d. The precedent reasoning gives x; — z; = —C; ; and x; — z; = —Cj;,

thus (3.13) is proved.
From (3.13)), we straightforwardly obtain (3.11) and the fact that D, is compact in

{y e Ry, = 0}.
1.b Since D is non empty, the following holds for some x € R?, recalling (3.5)),

Qr+c>0

Multiplying by p the previous inequality, we obtain (3.10]), since pu@ = 0.

2. Assume now that D has non-empty interior and consider x € D. Then, for all
1 <7 < d, we have that  — ee; belongs to D for € > 0 small enough. Thus, we get

d
T; — €= Z P yxy—€P;; — ¢
-1

and then

d
G > i P .
Qr+cre 121;26[(1 P;;) ;1 es
Since P is irreducible, minj<;<4(1 — P;;) > 0, and multiplying by p both sides of the
previous inequality we obtain uc > 0.

For any j # i, since z — ee; € D, we deduce from (3.13), —C;; + € < z; — z;. Using
again (3.13), we get —Cj; + € < Cj;. This proves the right hand side of ([3.12)). O

The next lemma, whose proof is postponed to Appendix , links the condition ([3.10)
to costly round-trip.

Lemma 3.3. The followings hold, for 1 < j < d,

_ /’Lé
C.,="", 3.15
= (3.15)
and, for 1 <1i# j <d,
¢ -1
Cij+Cji=" ([Q(J’J)] ) . (3.16)
Hi i) ;)
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We are now going to show that previous necessary conditions are also sufficient. The
main result of this section is thus the following.

Theorem 3.1. The following conditions are equivalent:

i) The domain D is non-empty (resp. has non-empty interior).

i) There exists 1 <1i # j < d such that C;; +C;; =0 (resp. C;; +Cj; > 0).
ii1) The inequality uc = 0 (resp. pc > 0) is satisfied.

i) Forall1<i#j<d, Cij+Cj; =0 (resp. Cj; +Cj; >0).

Proof. 1 We first note that in Proposition we have proved i) = iv). We also
remark that iv) = ii) trivially, and i) = mz) in a straightforward way from

equality (3.16)), recalling that (Q ) =D k>0 ( )k > 0.
2. We now study iii) = 1).

2.a Assume that pé > 0. For 1 < j < d, we denote 2/ := —C. ;. Then from (3.9)), we
straightforwardly observe that, for all 1% 7,

d
2= 2Py—¢. (3.17)
/=1

We now take care of the case ¢ = j by computing, recall zg =0,

QL

d
o= D bt =) CoiPiu+¢ =Gy (3.18)
=1 (=1

where we used with @ = j. Then, combining (3.15]) and the assumption pé > 0 for
this step, we obtaln that 2/ € D and so D is non emptyi
2.b We assume that uc > 0 which implies that Cj; = ’;—Jc > 0 for all 1 < j < d recalling

(3:15). Set any j € {1,...,d} and consider 2/ := —C. ; introduced in the previous step.
We then set

z:i=2 + 2(d1—1) Z(zk — ). (3.19)
#j

Next, we compute, for i # j, recalling (3.17)) and (3.18)),

(Qr +¢), = (Q7 +E)i+2(d1_1)2(622’“—622j)i
k#j
1 ; N B A —
=0+ 5(Q2' = Q)i = m((@z )i + &) = Cii > 0.
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For i = j, we compute, recalling (3.17) and (3.18)),

(Qu+e);=(Q +7); + 2(611—1) D UQF — @),
k#j
~ 1 _ c. .

Combining the two previous inequalities, we obtain that
__0 : A :
Qr+c > 51 with 0 = min{C};;|1 <1i < d}.

From this, we easily deduce that x + B(0
non-empty interior.

, m) c D, which proves that D has a

O

We now give some extra conditions that are linked to the non-emptiness of the domain
D

Proposition 3.2. The following assertions are equivalent:
i) D is non-empty,
ii) For all 1 <i,j,k < d, the following holds
Cir < Cji + Cig, (3.20)

iit) For any round trip of length less than d, i.e. 1 <n <d, 1 <iy # ... #ip < d, we
have

n—1
Z Cikﬂ'kﬂ + Cin7i1 = 0. (3.21)
k=1

Proof. 1. i) = 4i). From Theorem 3.1} we know that —C.; € Dforallk € {1,...,d}.
Using then (3.13]), we have

—Ci)+Cjp <Cj;, foralll <i,j<d,

which concludes the proof for this step.
2. i) = i) directly since Cj; = 0 for all 1 <4 < d. Finally i) = i) is already
proved in Theorem [3.1] for 2-state round trip. O

Proposition 3.3. Let us assume that D has a non empty interior. Define 0. ; = C. ; —
Caj1, forall1 < j < d. Then (—0.;)i1<j<a are affinely independent and D, is the convex
hull of these points.
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Proof. We know from Step 2.a in the proof of Theorem that —C.; € D for all
1 £ j < d. The invariance by translation along 1 of the domain proves that —6. ; are in
D,. More precisely, we obtain from (3.9)) that,

d
Oij— > 00Py=06, forl<i#j<d. (3.22)

1. We now prove that (6. ;)1<j<q are affinely independent. We consider thus o € R
such that

d d
Z =0 and z:Z (3.23)

and we aim to prove that a; = 0, for j € {1,...,d}. To this end, we compute, for
ie{l,...,d},
d
Z; 1= Z a;b; ; = Z a;0; ; + ;i Z%Cz + Z Zajﬁg] 0 — 0;Ca
J=1 J# J#i 0=1j#i
=D, a¢; +Zzzpzz—04229u it — @iCai
J#i

= —04(G + Z 00iP; 0+ Cai) = —04(C + Z CpiPiy) = —a;Ci.
=1 =1

We thus deduce that o; = 0 since C;; = ZC > 0, which concludes the proof for this step.
2. We now show that D, is the convex hull of points (—6. j)1<j<q4, which are affinely
independent from the previous step. For y € R% n {yg = 0}, there exists thus a unique
(M, ..., Aa—1) € R such that y = Z?Zl —Aj0. 5, with A\g = 1 — Z?: Aj. Assuming
that y € D, we have that

d d
vi= Z jFe= Y NQ(=0.;) +¢e =0.
: j:l

Since [Q(—0.;) + ¢]; = 0 for all i # j, we get, for all 1 <i < d,

v; = )\Z([Q(—GJ)], + EZ') > 0.
Recalling that [Q(—6 ;)]; + & = 0 we obtain \; > 0 which concludes the proof. O

3.1.2 The setting of controlled randomisation

In this part we adapt Assumption in the following natural way.

Assumption 3.2. For all uw € C, the Markov chain with stochastic matriz P% .=
(P;fj)lgmgd 1s irreducible.
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We then consider the matrix C defined by, for all (i,j5) € {1,...,d}

Cij = minC}'

3.24
min C;; (3.24)

recall the Definition of C“J for a fixed control in - Let us note that Clj is well
defined in R under Assumption since C is compact.

The following result is similar as Proposmon [3.1] but in the context of switching with
controlled randomisation.

Proposition 3.4. Assume D is non-empty (resp. has non-empty interior). Then,

Cuu : ALY >
min et > 0 (resp. >0) and 1<Iin¢1§1<d (Cm + C’]7Z> >0 (resp. > 0) . (3.25)

Moreover, the set D, is compact in {y € R?: yq = 0}.

Proof. 1. Let x € D. From (3.13), we have for each u € C, —C}!; < x; —x; < C}; .
Minimizing on u € C, we then obtain

_ai,j Sx—xj < éjz . (3.26)

From this, we deduce that D, is compact in {y € R? : y; = 0} and we get the right

handside of (3.25)).

We also have that, for all u e C,
Q'z+c" =0,

then multiplying by p* we obtain p*c* = 0. This leads to min, pu*“c* = 0.
2. Then, results concerning the non-empty interior framework can be obtained as in the
proof of Proposition [3.1]

The case of controlled costs only. Let us first start by introducing the minimal
controlled mean cost:

¢i:=ming¢;, forl<i<d.
ueC

In this setting, we have that
D :={xeR?: (Qx);

éfz ,forallueC 1<i<d}
:{ac € Rd : (Q.%‘)Z ¢ =0

Jforall 1< d}

Using the result of Proposition with the new costs ¢, we know that a necessary and
sufficient condition is ué = 0. Moreover, the matrix C' is defined here by

Cij = ((Q(jJ))_lé(j)) . 1<i#j<d, (3.27)
’ L5
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and C;; = 0, for 1 <7 < d. Comparing the above expression with the definition of Cin
(3.24), we observe that C; ; < C;j, 1 <i,j < d. The following example confirms that

min (C@j + C’Z) =0,
1<izj<d

recall Proposition [3.4] is not a sufficient condition in this context for non-emptiness of
the domain.

Example 3.1. Set C = {0, 1},

0 05 05 —0.5 1.5
P=[o05 0 05 ],8=| 12 and & =] 0.2
0.5 05 0 0.7 0.2

Observe that = (3,3, %) and é = (—0.5,0.2,0.2)". Then, one computes that

min (3+(3) >0 but ué<o0.
1<i¢j<d< I b #

3.2 The Markovian framework

We now introduce a Markovian framework, and prove that a solution to ——
(2.8]) exists for the randomised switching problem under Assumption and a technical
copositivity hypothesis, see Assumption below. We also investigate an example of
switching problem with controlled randomisation, see (3.2).

To this effect, we rely on the existence theorem obtained in [7], which we recall next.
For all (t,z) € [0,T] x RY, let X% be the solution to the following SDE:

dXs = b(s, Xs)ds + o(s, Xs)dWs, s € [t, T, (3.28)
X, = . (3.29)

We are interested in the solutions (Y%, Z4% K%%) € S2(FY) xH3,, (F%) x A2(F°) of (2.6)-
2-7)-(2-8), where the terminal condition satisfies € = g(X%"), and the driver satisfies

flw,s,y,2) = ¢(8,X§’x(w), y, z) for some deterministic measurable functions g,. We
next give the precise set of assumptions we need to obtain our results.
For sake of completeness, we recall here the existence result proved in [7], see also [9].

Assumption 3.3. There exist p = 0 and L = 0 such that
i)
[t 2y, 2)| < L1+ [z + |y| + |2]).

Moreover, (t,x,-,) is continuous on R x R** for all (t,z) € [0,T] x RY.
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i) (b,0) : [0, T] xR? - RIx R?** 4s a measurable function satisfying, for all (t,z,y) €
[0, 7] x R? x RY,
b(t, )| + |o(t, z)

| < L(1+ [z),
[bt, ) = bt y)| + |o(t, 2) — o (t, y)|

<
< Lz —yl.

i) g :RI — R is measurable and for all (t,z) € [0,T] x RY, we have
lg(t, )| < L1 + [[").

w) Let X = {u(t,z;s,dy),r € R and 0 < t < s < T} be the family of laws of X“® on

RY, i.e., the measures such that YA € B(RY), u(t,z;s, A) = P(Xt" € A). For any

€ [0,T), for any (0, a;t,dy)-almost every x € R, and any § €]0,T — t], there
exists an application ¢y 5 : [t,T] x R? — R, such that:

(a) Yk =1, ¢rp € L2([t +6,T] x [k, k]% (0, a; 5, dy)ds),
(b) p(t, x;s,dy)ds = dra(s, y)p(0, a;s,dy)ds on [t +6,T] x RY.

v) H : R - R¥>? s q measurable function, and there exists 1 > 0 such that, for all
(y,y') € D x R? and v € n(P(y)), where R is the projection on D, we have

v H(y)v
|H(y')

//\ \V

Moreover, H is continuous on D.
Remark 3.2. Assumption iv) is true as soon as o is uniformly elliptic, see [1]].
The existence result in the Markovian setting reads as follows.

Theorem 3.2 ([7], Theorem 4.1). Under Assumption[3., there exists a solution (Y%, Zb% Whe) e
SZ(F%) x H2 _(F°) x H(F°) of the following system

dX K

T T
Ys = g(X tI Jw ijxa Yo, Zy)du — J ZydW,, — JH(Yu)‘I/ud% s€[t,T], (3.30)

Y,eD, U,eC(Ys), t <s<T, (3.31)
T

J 1{YS¢5D}|\I’S|dS = 0. (332)
t

The main point to invoke Theoremis then to construct a function H : R4 — R¥xd
which satisfies Assumption v) and such that

H(y)v e Coly), (3.33)
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for all y € D and v € C(y), where C,(y) is the cone of directions of reflection, given here
by

d
Co(y) = Z R+ei1{yi:m3«quC{Z?:1 Pfijjfézt‘t}}.
=1

If Assumption i), ii), iii), iv) are also satisfied, we obtain the existence of a solution
to (3.30)-(3-31)-(B-32). Setting Ko := —§ H(Y, ") Wy"du for t < s < T shows that
(Ybr zte K4 is a solution to (2.6)-(2.7)-(2.8)).

3.2.1 Well-posedness result in the uncontrolled case

We assume here Assumption [3.1} In addition, we need to introduce the following tech-
nical assumption in order to construct H satisfying Assumption v) and (3.33).

Assumption 3.4. For all 1 < i < d, the matriz QU9 is strictly copositive, meaning
that for all 0 < x e R¥1 z # 0, we have

2TQU g > 0. (3.34)
Our main result for this section is the following theorem.

Theorem 3.3. Suppose that Assumption i), 1), ii1), i), Assumption and As-
sumption |3.4] are satisfied and that D has non-empty interior.
Then, there exists H : R — R4*d Satisfying v). Consequently, there ezists a solution

to [2.6)-R.7)-@-8) with & = g(X7) and f(w,s,y,z) = (s, Xe™ (W), y, 2). Moreover this
solution is unique if we assume also Assumption Z'z').

Proof. We first observe that uniqueness follows from Proposition We now focus on
proving existence of solution which amounts to exhibit a convenient H function. The
general idea is to start by constructing H on the points (y%)1<i<d, given by

y' = (Cai — Cji)1<j<ds (3.35)

then, using Proposition [3.3] we can extend it on the whole D, by linear combination,
and finally we extend H on all R¢ by using the geometry of D.
The proof is then divided into several steps.

1. We start by computing the outward normal cone C(y) for all y € D,. Let us set
y € D,. Thanks to Proposition there exists a unique (\;)1<i<a € [0, 1]¢ such that

d d
yzZ)\iy’, Z)‘izl'
i=1 i=1
Let us denote £, = {1 <i < d|\; > 0}. We will show that

Cly) = > Rin;. (3.36)
J¢Ey
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where n; := (—Qj ;)1<j<d,and with the convention C(y) = & when &, = {1,...,d}. Let
us remark that the result is obvious when C(y) = ¢, since, in this case, y is in the
interior of D. So we will assume in the following that C(y) # &.

L.a. First, let us show that for any 1 < i < d, (n;);x is a basis of {y € RY| 22:1 v = 0}.
Let 1 <i# j <d. Itisclearthatn;je {ve R? : ZZ=1 vr = 0}. Since it is a hyperplan of

R? and that the family (nj)j=i has d — 1 elements, it is enough to show that the vectors
()

are linearly independent. We observe that the matrix whose lines are the n;o,J # i, 1s

—QU4). Since P is irreducible, Q") is invertible. The vectors ng ),] # 4 form a basis

of R4 hence the vectors (n;);.; form a basis of {v € RY| Zzzl v = 0}.
1.b. We set now j ¢ &, and we will show that n; € C(y). For any z € D, by definition of
D, we have

- T
cj = Z Pjkzr — 25 = nj z,
k=1

and for all 7 € &, by definition of y', we have

Z kY — Y =y

This gives n]T(z —y) = anz — Dlieg, Nim;j Ty? <0, hence nj € C(y).

l.c. We now set i = min&,. Conversely, since (n;);»; is a basis of {v € R? : Zle v; =
0} 3 C(y), see Lemma for v € C(y) there exists a unique a = (a;)j; € R¥! such
that v = > ., a;jn; = (n;)jzi. We will show here that ay = 0 for all £ € £\{i} and
ag=0forall 0¢&,.

For all z € D, previous calculations give us:
02 al [(n)je]’ (z=y) = =aTQUI(z = X Myf) = —aT | QU2 = > AQUy*
leg,y Le&y

Let us recall that for any j # i, by definition of 3/, one gets QU)yl 4 &) = ; e], and
QU)yt + & = (. Thus, previous inequality becomes

0< al Q(i")z — Z Ay (Mceg — E(i)) + )\ié(i)
ey N
—a' Q)4 &) — 2 )\g—eg . (3.37)
| ey M

By taking z = 3/ in (3.37), with j € &,\{i}, we get

0<al | Ee— 3 A, (3.38)
Hioeeiy M
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and so, we can sum, over j, previous inequality with positive weights «;, to obtain

01— Z Aj a’ Z )\deg
JeEy\i} Cegy\{i}

Then0 < o' [Z.gegy\{i} )\g’;—feg] since \; > 0. Moreover, we have also0 > o' [degy\{i} Agﬁ—feg]
by taking z = y" in (3.37)), which gives us that

a7 Y A | =0 (3.39)
ey M

We recall that u¢ > 0 since D has non-empty interior (see Theorem . Pluging
in gives us that a; > 0 for all j € £,\{i}, which, combined with allows to
conclude to o; = 0 for all j € &,\{i}.

Now we apply with z = g/ for j ¢ &y: hence 0 < ajﬁ—f for all j ¢ &,, which

concludes the proof of (3.36]).
2. Then, we construct H(y). Let us start by H(y') for any 1 <i < d. Fix 1 <i < d,

and let B' € R(@=1)*(@=1) be the base change matrix from (—ng-i))#i to the canonical
basis of R¥"1. We set H(y') := I'B*P?, with I’ : R - R? and P’ : R - R the
linear maps defined by

Ii(IEl, “. ,$d_1) = (:L‘l, ey Lj—1, O, Ly e ,:Ed_l), (340)

P21, mq) = (T1,. 0 Ty 1, Tig1s - - Ta).- (3.41)

Now we set H(y) := Y. MiH(y'). Let us take v € C(y). Thanks to (3.36]), we know

that v = Z;-lzl a;n; for some (aj)1<j<a € (RT)? and such that aj = 0 when j € &,.

Since ny = —Qg, for all 1 < k < d, we have v = —Q" . By construction, we get that

€&y

H(y)v = — Z ajej = —a € Co(y).
JEEy

It remains to check that Assumption v) is fulfilled. If v # 0, which is equivalent to
a # 0, we have, for i € &,

v H{y)v = a' Qo = (o) TQEDal) > 0,

due to Assumption [3.4] and the fact that a; = 0.

3. We have constructed H on D, with needed properties. Finally, we set H(x) =
H(x — de?ZI e;) for all z € D and H(z) = H(P(z)) for 2 € R? and the proof is
finished. |

Remark 3.3. i) Assumption 1s satisfied as soon as P is symmetric and irreducible.
Indeed, QUD is then nonsingular, symmetric and diagonally dominant, hence positive
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definite, for all i€ {1,...,d}.
i1) In dimension 3, if P is irreducible, then Assumption 1s automatically satisfied.
Indeed, we have

0O p 1-p

P={g¢ 0 1-—gq (3.42)
r 1l—r 0

for some p,q,r € |0,1] satisfying to 0 < p+q,1+r—p,2—(q+7) <2 by irreducibility.
Thus, for i =1 for example,

Qb & <Q(1,1))T _ < _(p2+ 2 —(p2+ q) ) (3.43)

is nonsingular, symmetric and diagonally dominant, hence positive definite. Thus z' QD =
T

%SL‘T (Q(l’l) + (Q(l’l)) ) x>0 for all x # 0.

i11) Howewver, in dimension greater than 3, it is not always possible to construct a func-

tion H satisfying to Assumption[3.3 For example in dimension 4, consider the following
matriz:

0o XL 0 1-¥

2
V3 V3
po| 1-% 0 V3-11-% [ (3.44)
0 1 0 0
1 1 1
3 3 3 0

together with positive costs c to ensure that the domain has non-empty interior.
It is an irreducible stochastic matriz, and let’s consider the extremal point y* such that

V3
yi = 7y§1 —C1, (3.46)
V3
ya = (1= =)yt + (V3= 1)y — ez, (3.47)
Y3 = ys — C3. (3.48)

We have C(y*) = Ry (=1, %2,0, 1= ¥ T4R (1-¥2, —1,4/3-1,1-%3)T+R,(0,1,—1,0)T =:
Y1 Ryni.

If H(y*) satisfies H(y*)ny = (—1,0,0,0), H(y*)nz = (0,—1,0,0) and H(y*)n3 = (0,0, —1,0),
consider v = %nl +ng + @ng € C(y*). Then it is easy to compute v Hv = 0, hence it

is not possible to construct H(y*) at this point satisfying Assumption .

3.2.2 An example of switching problem with controlled randomization

We assume here that C = [0, 1] and we consider the example of switching problem with
controlled randomisation given by (3.2). Since the cost functions are positive, D has a
non-empty interior.
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Theorem 3.4. There ezists a function H : R? — R3*3 that satisfies Assumption v)
and such that

H(y)veCyly), YyeD,vel(y).

Consequently, if we assume that Assumption|3.3(i)-(w) is fulfilled, there exists a solution

to [2.8)-@7)-F) with € = g(Xr) and f(w,5,y,2) = (s, X, (), , 2). Moreover this
solution is unique if we assume also Assumption iz'),

Proof. We first observe that uniqueness follows once again from Proposition
1. We start by constructing H on the boundary of D. Recalling Lemma 3.1 it is enough
to construct it on its intersection with D, which is made up of 3 vertices

yt =(1,0,0), 3?>=1(0,1,0), ¥°>=(0,-1,-1)

and three edges that are smooth curves. We denote &£ (respectively & and &) the
curve between y' and y? (respectively between 32 and y3 and between y® and y'). Let
us construct H(y') and H(y?): we must have

11 0 0 -1 0 —c 0
HyHY|{ 0 -1 |={ 0 —bv |, H)l 1 1 = 0 o0 |,
-1 0 —a 0 0 -1 0 —d

with a,b,¢c,d > 0. Let usset a =b=c=d = 1. Then we can take
1 11 2 11

HyY)Y=|12 1], Hy)=[1 11

1 1 2 11 2

We define now H on & . We denote (z5)se[o,1] @ continuous parametrization of & such
that xop = y' and 21 = y2. For all s € [0, 1], we also denote R, the matrix that send the
standard basis on a local basis at point x; with the standard orientation and such that:
the two first vectors are in the plane {z = 0}, the first one is orthogonal to & while the
second one is tangent to & and the third one is es. We have in particular, Qg = Id.
Then we just have to set

H(zy) = Ry[sH(y") + (1 - )R, H(y)Ri]R, "

We can check that, by construction, Assumption [3.3}v) and (3.33)) are fulfilled for points
on &£;. Moreover, we are able to construct by the same method H on 33, and then on

&y and &, satisfying Assumption v) and (3.33).
2. By using Lemma we can extend H on all the boundary of D. Finally, we can
extend H by continuity on the whole space R? by following Remark 2.1 in [7]. O

33



3.3 The non-Markovian framework

We now switch to the non-Markovian case, which is more challenging. We prove the
well-posedness of the RBSDE in the uncontrolled setting for two cases: Problems in
dimension 3 and the example of a symmetric transition matrix P, in any dimension.
We first recall Proposition 3.1 in [7] that gives an existence result for non-Markovian
obliquely reflected BSDEs and the corresponding assumptions, see Assumption be-
low. Let us remark that the non-Markovian case is more challenging for our approach
as it requires more structure condition on H, which must be symmetric and smooth in
this case.

Assumption 3.5. There exists L > 0 such that

i) & = g((Xt)seo,r)) with g = C([0,T],RY) — D a bounded uniformly continuous
function and X solution of the SDE (3.28)) where (b,0) : [0,T] x R? — R? x R7**
is a measurable function satisfying, for all (t,z,y) € [0,T] x R? x RY,

o(t,z)| < L,
b(t,2) — b(t, )| + o (t,2) — o(t, )| < Ll — yl.
i) f:Qx[0,T] x R x R¥>* - R? js a P @ B(RY x R**)-measurable function such
that, for all (t,y,y,2,2") € [0,T] x R% x R? x R*% x RI*X~

[f(ty,2) = fty' ) < L(ly—y'I+] =) .

Moreover we have

T
esssup E {J |f(s,0,0)|2ds‘ft} < L.
we,te[0,T] t

i) H : R — R4 js yalued in the set of symmetric matrices Q satisfying
0l<L, LP>=0TQus %W, vo e RY. (3.49)
H is a C'-function and H' is a C? function satlisfying
0, H| + |H™'| +|0,H | + |6}, H™'| < L.

From this assumption, follows the following general existence result in the non-Markovian
setting.

Theorem 3.5 ([7], Proposition 3.1). We assume that D has non-empty interior. Under
Assumption there exists a solution (Y, Z, W) € S3(F°) x H2_ (F°) x HA(F%) of the
following system

T T T
Y, =¢ +J flu, Yy, Z,)du — f ZudW,, — f H(Y,)¥,du,s € [0,T], (3.50)
Y,eD, U,eC(Y,), 0<s<T, (3.51)
T
L 1{Y5¢6D}|\Ijs|d3 = 0. (352)
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Remark 3.4. i) The assumption on the terminal condition is slightly less general
than the one needed in [1] (see Assumption SB(i) and Corollary 2.2 in [1]). One
could get a more general result by assuming that E[&|F.| is a BMO martingale such
that its bracket has sufficiently large exponential moment.

ii) We do not use Theorem 3.1 in [ since the domain D is not smooth enough to
apply it (see Assumption SB(iw) in [7f). Consequently, we have to assume the
extra assumption that & is bounded.

i11) The uniqueness result for this part is obtain also by invoking Corollary ,

3.3.1 Existence of solutions in dimension 3

We focus in this part on the uncontrolled case ¥ = {0}, in dimension d = 3. Thus,
there is a unique transition matrix given by

0O p 1-p
P=P'=|q¢q 0 1-q |, (3.53)
r 1—r 0

for some p,q,r € [0, 1].

Theorem 3.6. Let us assume that 0 < p,q,r < 1 and that D has non-empty interior.
Then there exists a function H : R? — R3*3 that satisfies Assumption (iiz') and such
that

H(y)veCyly), YyeD,veCl(y). (3.54)

Consequently, if we assume that Assumption [3.5](1)-(ii) is fulfilled, then there ezists a
solution to the Obliquely Reflected BSDE (2.6)-(2.7)-(2.8]). Moreover this solution is
unique if we assume also Assumption ii).

Proof. Once again we exhibit a convenient H. Thanks to Lemma [3.1] it is enough to
construct H only on R3 n {(x,y,2) € R3|z = 0}. we start by D, which isa triangle with
three vertices v* = (z;,v;, 2;),7 = 1,2, 3 given by:

vy =py1 + (1 —p)z1 — e, 22 = py2 + (1 —p)za —c1,y3 = qr3 + (1 — q)23 — c2, (3.55)
y1 =qxr1 + (1 —q)z1 —co, 2o =raxa + (1 —71)y2 — 3,23 = raxs + (1 —r)ys — c3, (3.56)
21 =0,29 =0,23 =0. (3.57)

We first observe that uniqueness follows once again from Proposition Let us now
construct H on each vertex. We consider first the point v!'. It is easy to compute its
outward normal cone, which is given by

C(v') =R"(~1,p,1 —p)T +R7(¢,~1,1—¢q)". (3.58)
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The matrix H(v') must satisfy

-1 q —a 0
H(vh) p -1 = 0 -b (3.59)
1-p 1—-¢q 0 0
for some a,b > 0. Takingaz%,bz%, we consider, for any a > 0,
1 0 - 1 00 a o o
Hov')=-| 0 1 ( qfq) 010 |+ a aa (3.60)
0o /\NP1 7P 000 a a a
1 a+p oa+pg «
=@ g | @FP ata @ (3.61)
pq o o o

It is easy to check that this matrix H(v') is symmetric and positive definite for any

a > 0, so we can set a = 1 in the following. Similarly, we construct H on vertices v2, v3,

1+(1-=p) 1 1+r(1-p)

o0 1
H(v") = r(1—p)(1—7r(1-p)) 1+ 7'(11 - D) 1 1 j— r ’ 0
X 1 1 1 1
=g gana-—a-aa-m ;g al,, TRy

We can extend H on all D, by convex combination, i.e. linear interpolation. By this way,
H stays valued in the set of positive definite symmetric matrices and is smooth enough.
We could also define H outside D n {(z,y, z) € R®|z = 0} by linear interpolation but we
will lose the boundedness and the positivity of H. Nevertheless we can find a bounded
and convex, C2 open neighborhood V of D, small enough, such that H (still defined
by linear interpolation) stays valued in the set of positive definite symmetric matrices
on V. Then we define H(y) for y ¢ V by H(P(y)) where P stands for the projection
onto V. By this way, H is a bounded function with values in the set of positive definite
symmetric matrices, that satisfies (3.49)), and that is C°(R?) nC?(R?\8V) smooth,
with 0V the boundary of V. Finally, we just have to mollify H in a neighborhood of oV,
small enough to stay outside D n {z = 0}. O

Remark 3.5. When pgr(1—p)(1—q)(1—r) = 0 then we can show that it is not possible
to construct a function H that satisfies Assumption (fiii) and (3.54)).

3.3.2 Existence of solutions for a symmetric multidimensional example

We focus in this part on the uncontrolled case ¥ = {0}, in dimension d > 3 with a
unique transition matrix P given by

1
Pij= 7Lz
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Theorem 3.7. Assume that D has non-empty interior. There exists a function H :
R? — R4 that satisfies Assumption (iiz') and such that

H(y)veCyly), YyeD,vel(y).

Consequently, if we assume that Assumption [3.5](1)-(ii) is fulfilled, then there ezists a
solution to the Obliquely Reflected BSDE (2.6)-(2.7)-(2.8)). Moreover this solution is
unique if we assume also Assumption iz'),

Proof. The proof follows exactly the same lines as the proof of Theorem D, is a
convex polytope with d vertices (y')1<i<q satisfying: for all 1 <i < d,

. 1 A
Yy = Z djyg — ¢, VYi#/l, and y;=0.
J#i

Let us construct H on vertex y?. It is easy to compute its outward normal cone, which
is positively generated by vectors f1, ..., f4 where

1
fF= 1ok + 1 Lirk

For any 1 < k < d — 1, we impose H(y?) f* = —ager, with oy, > 0. We can check that
it is true with ap, =1 for all 1 < k < d — 1, if we set, for any a > 0,

H(y") =
a—d%dl a

d—1 d—1

Since % is an eigenvalue of H(y4) with multiplicity d—2, Det(H (y%)) = (a — 2‘%1) (d—
1) (d%dl) ~ and Tr(H (y?)) = da — 2‘%1, H(y%) is a positive definite symmetric matrix

as soon as a > 2%. Thus we can set a = 2. By simple permutations of rows and

columns in H(y?) we can construct easily H(y*) for any 1 < k < d. Then we just have
to follow the proof of Theorem to extend H from vertices of D, to the whole space.

Il
A Appendix
A.1 Proof of Lemma [3.3]
For all Z, 7 < {1,...,d}?, let ad[Q+7)] be the adjunct matrix of Q7).
For 1 < j < d, we denote, for ease of presentation, 7 := ad[QU7)], and we have
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for all (¢,i) € {1,...,d}\{j}. Forall 1 <i # j < d, we define

Ci,j = ((Q(j’j))_lé(j)) and CjJ‘ = 0.

=1y
Using 7 the adjunct matrix of QUJ), we observe then, for latter use,
1 ; _ o
Cij= o Z Qg(j)’é(j)c@ , for i # 7. (A.2)
0#]

Proof. 1. We first show that (3.3) holds true. From ({3.3)), we observe that

T7i—1
Cjj = E[ > ex,| Xo = j]
n=0
ijl d
= E[ D) alx,—gl Xo = j] :
n=0 /=1

Thus,
d ) ' 7i—1
CjJ’ = 2 ég’)/g Wlth ’)/g = E[ 2 1{Xn=é}|X0 = j]
=1 n=0

From [20, Theorem 1.7.5], we know that 'yg = z—f

2. We prove (3.16) assuming the following for the moment: for all distinct 1 <
i, J,k < d,
R o T R0 w0 = Qi jo ik = Qi) ) k- (A.3)
Let 1 < i # j < d. We have, using (A.2),
i (Qjé(j)> + i (Q%(U)

1 ; 1 )

- J = 7 1 —

y Z Qi(ﬂ'),k(j)ck + [1i EIQj(i),k(i)Ck
T k#j Ukt

Civj + C.]:Z —

J
1 1 1) o T 152
— J = = AN
- *.Qim,imci + EQ;(Z')J‘(UC]' + Z

%

j(1) f(3) _
j ) Ck“
271 ki, Hifhg

Using the previous point and the fact that Dfuxw) = Qé(i),j<i), we get

o . Q&
PG i _ oy HiCi + 15Cj 1k Ce i9),i)
C" + 07 = Qi(j),i(j) + -

i fhg oy it it
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which is the result we wanted to prove.

3. We now prove ((A.3)).
Let 4,5 € {1,...,d} and i # j. We observe first, using (A.1)), that

Q) i = det QUM =%, )
For ke {1,...,d}\{4, j}, we denote by k;; € {1,...,d—2} (resp. i, jir) the index such
that:

Qu. = QU (g @, = QUM o _ Uikl (A4)

5 ik Jiks

namely
kij = k = Yemiy — Loy Gk = 0 — Loy — Lgngy and Jig = J — Lisgy — 1y
Let o} be the permutation of {1,...,d — 2} given by

2 ... k)ij 1 k?ij-l-l . d—2
1o k=1 ki ky+1 ... d—2

which is the composition of k;; —1 transpositions. Applying O'k_I to the row of QUi 7:4})

we obtain a matrix denoted simply whose first row is , and we have

det Q({Jvl}»{]vl}) — (_1)kij*1 det Qg{:(vl)}:{]’l})

Since u@ = 0, we have Q. = — >}, L‘—ng,. and then,
QZ Qz Qj,'
{3,33,45,3}) ({3,33.44,3}) ({54,454
dot QLU 41 2 pe| Dol | _ | Qo |y | Qo
{ %}{ i}) { %}{ i}) CFEIRFELY)
Qo‘;j(d QJ) Qo‘;j(d QJ) QUZ(CI*QJ),-

Let o; (resp. oj)be constructed as oy but with i, (resp. ji;) instead of kj; then one
observes

e iz ’ 1k 3t

B )it ger QUIRL Y _ B (1)1 gep @UikNL
M Hk

We compute that

k1) @) ks 1) LB
(—1)isn 14k —1+i0) + k0 1 and (—1)7* T+kij =145 4k -1,
leading to

J — .7 )l
/‘inu),im = f‘lgim,k(j) + 15500 g -
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A.2 Enlargement of a filtration along a sequence of increasing stop-
ping times

We fix a strategy ¢ € ® and we study filtrations F?, > 0 and F® which are constructed
in subsection ({2.1)).

For each n > 0, we define a new filtration G = (GI');=0 by the relations G = F; and
forn>1,G" = F vo(X,i<n)=G""vo(Xn)

A.2.1 Representation Theorems

The goal of this section is to derive Integral Representation Theorems for filtrations
Fi.i >0 and F.
We first recall, see [I]:

Theorem A.1 (Lévy). Let (2, F,F,P) a filtered probability space with F non necessarily
right-continuous. Let £ € F and X a F—supermartingale.

1. We have H¢| Fr] — HE| Fo] a.s. and in LY, ast — 0.
2. If t,, decreases to t, we have Xy, — X4+ a.s. and in L' as n — oo.

In particular, if X¢ = HE&|Fi], we get that HE|F ] — HE| Ft] a.s. and in L' as

n — o, fort, decreasing tot.

We now recall an important notion of coincidence of filtrations between two stopping
times, introduced in [I]. This will be useful for our purpose in the sequel.
Let S,T two random times, which are stopping times for two filtrations H' = (H})¢=0
and H? = (H2);=0. We set

[S,T[:= {(w,s) e xR,y : S(w) <s<T(w)}.
We say that H! and H? coincide on [S, T if

1. for each t > 0 and each H}-measurable variable &, there exists a HZ-measurable
variable x such that élg<i<7 = Xls<i<T,

2. for each ¢ > 0 and each H?-measurable variable ¥, there exists a H}-measurable
variable € such that x1lg<i<7 = {lg<i<T-

We now study the right-continuity of the filtration G" for some n = 0. Using its
specific structure, it is easy to compute conditional expectations. Lévy’s theorem then
allows to obtain the right-continuity.

Lemma A.1. Let n > 0.

1. If¢e LMFY) and € € LY (0(X;,1 < i < n)), then fort = 0, we have F[££'|GP] =
B &l FP) g

2. G" is right-continuous.
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Proof.
1. If Fe F? and F’ € 0(X;,1 <14 < n), we have, by independence,
B prm] = HELR] HE ]
= E[E[¢| 7] 1r| B 15

= H¢H e F ] 1par].-

Since {F n F'|F € FP,F' € 0(X;,1 < i < n)} is a 7-system generating G, the
result follows by a monotone class argument.

2. Let t =2 0 and t,, decreasing to t. We have, using Lévy’s Theorem, the previous
point and the right-continuity of FY,

H¢g'| G| = imE[¢'] 6] | = lim B ¢| 7, |
= ¢H ¢ F] = Hed| 6]

By a monotone class argument, we have E[£| f’i] = H¢&|GP] for all bounded
Go -measurable £, hence it follows the right-continuity of G™.

Ol
Using the previous Lemma, we show how to compute conditional expectations in F
and F” for all n > 0, and show that these filtrations are right-continuous.

Proposition A.1. 1. For allm >n >0, F", F™ and F® coincide on [0, Ty41][.
For alln >0, F™ and G"™ coincide on [7,, +0[.

2. For allm >0 and t > 0, we have, for £ € L*(FIY):
B[] FPHY) = HE| F Liwryy + EE G 1oyt (A.5)

Let t > 0 such that 375 P(r, <t < Ty1) = 1. Then, for £ € LYFP),
+0
B FP) = ) BE F st
n=0

3. For alln =0, G™ s right-continuous.
4. The filtration G is right-continuous on [0,T].
Proof.

1. Let t > 0 be fixed. If £ is F/*-measurable, since FJ* < F/* < F* for m > n, taking
x = & gives a F;"-measurable (resp. F{°-measurable) random variable such that
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£1t<7'n+1 = X1t<‘l‘"+1'
Conversely, if x is a F}"-measurable random variable, then

X = f(j(‘axllTléta e 7Xm17'm<t)7

for a measurable f and a f?—measurable variable x. Since Xyl; <t = 0 on {t <
Tn+1} when k > n, one gets:

X1t<‘l'n,+1 = f()z, X1171<ta e ,Xn].fngt, 0, e 70)1t<7'n+1

=: §1t<7'n+1 )

where £ is F}'-measurable.

Last, let x be a F{°-measurable variable. Then y = f(x, Xj, Loy <ty s Xiy lTZ.N@)
for some random N > 0 and 1 <41 < --- <14y, and the same arguments applies.
The proof of the second claim is straightforward as one remarks that for ¢ = 0
and n = 1, the equality f(&, X1,..., X))l <t = f(&, Xailr <ty o, Xnlr <) lr <t
holds, since the random times 7;,7 > 0 are nondecreasing.

. Let n >0 and & € LY (F2H). i
Since F" and F™*1 coincide on [0, 75,41[, we have E[ | /™| 14<r,.,, = {1t ,, for
a F{'-measurable variable §~ . In particular, the left hand side is also F}*-measurable.

Hence E[§| ‘/_-tn—i_l] 1t<7—n+1 = HIE{§| ‘Ftn—i_l] 1t<7—n+1 ‘ Ftn] = ]E[£| ‘/_-.tn] 1t<7—n+1'
Similarly, since F"*! and G"*! coincide on [7,41, +o0[, we have E[ €| G 1, <t =

é’lTn <t for a ]-'f“—measurable variable é In particular, the left hand side
is F;'"*!-measurable. Hence E[¢|G]| 1., < = HE[¢ G 1, < Y] =

}E{ﬂ thn'f‘l] 1Tn+1<t'
Let t = 0 such that }}, P(7, <t < 7,41) = 1. We have, since G and G" coincide
on [0, 741, using the same arguments as before,

HE|Gi) = D HEN G rctarnyn = O HENGH Lrycien s

. We prove by induction that F" is right-continuous. Since F° is the augmented
Brownian filtration, the result is true for n = 0.

Assume now that F* !, n > 1, is right-continuous. Let t > 0, € LY(F2) and
(tm)m=o0 such that t,, = t,,+1 and lim,, t,,, = t. We have, using the previous point
and the right-continuity of F*~! and G™:

56 72.] - limBle| 77,
= WmE €] 7, | Lo, <r, + BEL P ] 1r 2
= im B[] F ] 1t <, + EEI G | 1r, <t
= H & F ] Lier, + HEI G st
= H ¢ 7]
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4. Let t < T,& € LYFP), (tm)m=o such that T' > t,,, > t,, 11 and lim,, t,,, = t. We
have, by Lévy’s Theorem and the first point,

+ao
E ¢ 7] = imE[¢] 77 | =lim > B[€] 77 ] Lrostycrin
n=0

+a0
= lim > B[] 7 ] Lyt <ran-
n=0

Fix w € Q. We have that ¢, < T < Tn+1{w), hence

[E{§| = hm 2 F{§| }—tm 1., (W)<tm <Tp41(w)

N( )+1
:hnIln Z ]E[ﬂ‘Ftnm](w)l‘rn(w)étm<fn+1(w)
n=0

N(w)+1

= 2 WmB[E )l @<t <)

n=0
= 2 hmIE{§| .7:t 1., (W)<tm <Tn41(w)*

Finally using the right-continuity of each F", we get

+00 s
O‘?] = 20 llT{LIlE[£| ’FZLm] 17'n<t7n<7'n+1 = ZOIE{§| ‘Fl’fn] ]‘Tn,<t<7—n+1 = ]E{é-| ‘Féx)] ?
n= n=

which proves that F® is right-continuous on [0, 7.

Lemma A.2. Letn >0 and £ € L' (F2). Let o be a F"—stopping time. We have:

H ¢l Fo] =He F (A.6)

Proqf. Assume first that o = s is deterministic.
Let & = ¢¥(x, Xnt1lr,,,<s) be a F l-measurable bounded variable, where y is F'-
measurable. We need to show

B €| - B¢ 11 €|
We have, with ¥ (y) := {4 (y, z)Px, ,, (dz),
HH¢[GY] ¢(X7Xn+11m+1<s)] = EE |G 0)Ls<r, iy | + HEHE GITY 06 Xnt1)1n, 4 <]
= E[&#(X, 0)1s<‘rn+1] + E[&/)(X) Tn+1<s] )
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and the same computation with £ instead of H | G7'] gives the same result.

Let o be a F"-stopping time, and let & = F[¢| F7'] = B[ | F2*H]. Since F* (or F* )

is right-continuous, there exists a right-continuous modification of (£5)s=0. Applying

Doob’s Theorem twice gives & = H&|F2] and & = E[¢| F2 ], hence we get the

result. ]
We are now in position to prove an Integral Representation Theorem in the filtrations

F™, for all n = 0.

Proposition A.2. Let n > 0 and £ € L*(F}). Then there exists a G"—predictable
process Y such that

T
- (35 0 B T
TATh

Proof. We prove the theorem by induction on n > 0, following ideas from [2]. The
case n = 0 is the usual Martingale Representation Theorem in the augmented Brownian
filtration FO.

Assume now that the statement is true for all £ € LQ(]-'?_I) (n > 1). Let & € L*(Fp).
Since Fit = Fpr ' v o(Xyls, <), we get that & = lim, o0 &y in L2(FR), with &, =
S X G and (X, C5) € LO(FR1) x L0 (Xl <7)) for all m = 0 and 1 < i < L.

By induction, there exist F*~!-predictable processes 9)*™ such that y!, = IE[ X:n‘ f;;iﬂil] +
S;M » YL AW,. Since 7, is a F*~l-stopping time with 7, = 7,1, we get:

Vo =l 0] [ wimaw

T ATh

Since ¢, € L®(0( X1y, <1)) © L2(FE, ), we get

TATh
. T . T . .
¢, f gimaw, = [ cgimaw,.
T AT T ATh

0
TATh

In addition, since x?, is F%fl—measurable and ¢, € L?( ), we get, by the previous

lemma,
CE G P ] = G | Frar ] = B X C ] PR ]

Summing over 1 < i < [, gives:
Im
gm = 2 X?nCrln
i=1

b b oT
= N E LG F ]+ j ¢,
=1 i=1 TATn
T

— E[ | ] + f S,

T ATn
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where ¢ := Y3 45" G

Finally, since &, — & in L*(F}), we get that B[ &, | F7, . | = B & F, | in L2(Fp),
hence S;AT” Y*dW converges to a limit ngn Y, dW for a F™-predictable process .
(]

Theorem A.2. Let 0 < T < 4w and £ € LQ(Q{,?). For all 0 < k < n, there exists
Fk-predictable processes V* such that:

n—1 ~TATpiq T
e-mg+ Y [ utaws [ uram
k=0

T ary TATn
IDNCEE N EEEE W)
k=0

— H¢] + JOT AW, + nZl (IE[«SI fé‘iﬂw] - E[5| }_%Mw]) ’
k=0

; . N1 _k
with \IJ? = Zk=0 ¢t ]-T/\Tk<t<T/\Tk+1 + ¢?1TATn<t<T'

Proof. This is an immediate consequence of the previous theorem. O

Last, we extend this theorem to obtain an Integral Representation Theorem in F®.
We now fix ¢ € L?(F¥) and consider the filtration A = (A, )nen defined by A, := F2.
We have Ay, = \/,, An, = FF. By Lévy’s Theorem, we get

H &I F7] = HE[An] = HE[Ax] = &, ass. (A7)

For all n > 0, since F7 © Fr, we can write:

T Ay T/\T"
{CIEEM RN
pry

Lemma A.3. We have "™F = ¢%F on [T A 74, T A Ty1), for alln > k.

n=1 ~TATpi1 T
He| 7] =He] + j i f W,
k=0

Proof. It follows easily by induction, comparing | ¢| 75| and EE[¢| F7]| FF] and
using Itd’s isometry.
O
For all n = 0, we define " := ¢™". Thus we have, for all n > 0,
-1

T ATk +1 T
H €G] =E{£]+2j SR, + f naw,

n
k=0 T ATE TATn

+ nf (Bla 7, | -H a7t ])
k=0
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We set, for 0 < s < T,

400
k
‘IIS = Z ws 1T/\Tk<S<T/\Tk+17
k=0

\I/? = \IlslséT/\ﬂ%q + wng/\Tn+1<57 and
k k+1 k
As = Eliﬂ ‘FS/—\"_Tk;+1:| - E[§|fs/\7'k+1:| )

so that
T n—1
BEl ) = e+ | wnaw+ Y ah.
k=0
Theorem A.3 (Integral Representation Theorem for F®). For ¢ € L?(F¥), we have

T 400
€ = H¢] +JO VAW, + > Af

k=0

Proof. By definition of N = N2, we have T < Tn4+1 on {n = N}, see Section [2 Thus,

T T ATni1 T T
1N<nJ \P?dWS - f \IjdeS + J ¢?dW3 1N§n - 1N<nj \I’SdWs.
0 0 T ATnt1 0

Moreover, if k = n, we have, since T' A 11 =T,

Miven = (BelFRiL, | B8 Fan |) e

= (Hel 7| - el Ff|) tven
Applying to x = E[§| ]-'ffl], we get

= E[X| ]:écjl] _ E[X| f;z] Iper, + E[X| gécfl] Lry, <

Since T' < Tp11 < 741 on {N < n}, we finally obtain
B €] 7] v = xlven = B 7] Tvan = [ €] 7] Lven,

which gives A[}lNgn = 0. Thus:

HE| Frl Inven =
0 k=0

T n—1
H¢] +J AW, + )’ A§> In<n

T

+00
H¢] +J U dW, + )] A?) In<n-
0 k=0

[
[
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Since 1y<n, — 1 a.s. when n — o© as N = N;f and ¢ is an admissible strategy, see
Section |2} we get, sending n to 400, recall (A.7),

T +90
¢ = H¢ +JO U dW, + > A

k=0

Remark A.1. We have:

. 400 T
U U Wy, Y AR =0, (A.8)
0

k=0 d¢

U \I/SdWs_ = f T2ds, (A.9)

0 d¢ 0

+o ]
oAk T AFP. (A.10)
k=0

1+ Trist

In particular, martingales SO U, dW, and Y, AF are orthogonal.

A.2.2 Backward Stochastic Differential Equations

We now consider Backward Stochastic Differential Equations. Let F be one of the
filtrations F?, 4 > 0 or F®. Let ¢ be a Fr-measurable variable and f : Q x [0,7] x RY x
R¥>* — RY, We assume here that £ and f are standard parameters [12]:

e {€ LZ(‘FT)a

o f(-,0,0) e Hi(F),

e There exists C > 0 such that

[F(t 515 21) = [ (892, 22)| < O (lyr — yaf + [21 + 22[) -

Under these hypothesis, since I is right-continuous, one can prove ([12], Theorem 5.1):

Theorem A.4. There exists a unique solution (Y,Z, M) € S%(F) x H2 _(F) x H2(F)
such that M is a martingale with My = 0, orthogonal to the Brownian motion, and
satisfying

T

T T
Yt=£+f f(s,n,zgds—f zsdws—f v
t t t

When d = 1, one can easily deal with linear BSDEs in F, and the specific form
of its solutions allows to prove a Comparison Theorem. The proofs follow closely [12],
Theorem 2.2.
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Theorem A.5. Let (b,c) be a bounded (R x R*)-valued predictable process and let a €
H2(F). Let & € L*(Fr) and let (Y,Z,M) € S*(F) x H3,, (F) x H3(F) be the unique
solution to

T T

(asYs + bsZs + cs)ds — J

T
ZsdWs — J dMs.
t t

Yi—g+ |
t
Let T € H%(F) the solution to

¢ t
I'i=1+ f I'sasds —l—J I'sbsdWs.

0 0
7.

Proof. We fix t € [0, 7] and we apply I[td’s formula to the process Y;I'y:

Then, for all t € [0,T], one has almost surely,

T
Y; = FtlE[FTf + f [sesds
t

d(YiT}) = Y;-dly + T,-dY; + d [Y,T], .
Since I' is continuous, we get [V, T], = (Y, T°), + >, (AY;) (ALs) = (Y, T'),, thus,
d(YiLy) = Ty (bYs + Zi) AWy + TidM; — Dycedt.
We define a martingale by N; = SS Ls(bsYs + Zs)dWs + S(t) I'sdM,, and the previous

equality gives

T
YrI'r =Y Iy — f [scsds + Ny — Ny.
t

Taking conditional expectation with respect to F; on both sides gives the result.

O

Theorem A.6. Let (&, f) and (&', f') two standard parameters. Let (Y, Z, M) € S*(F) x
H2,, (F) x H2(F) (resp. (Y',Z',M")) the solution associated with (&, f) (resp. (€', f')).

1xkK
Assume that

e (=& as.,
o f(Y,.Z M) = fI(Y,Z . M) as.
Then Yy =Y/ almost surely for all t € [0,T].

Proof. Since f is Lipschitz, we consider the bounded processes a,b and ¢ defined by:

f(ta Yy, Zt) B f(t’ }/15,7 Zt)

ap = (Y = Y/) Ly (A.11)
i ft7Y,?Z _ftvylaz, Zy — Zy

GO ARY (BT N N
c=fY" 2" M- (Y, Z' M), (A.13)
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Setting 0Y; =Y, —Y/,02, = Z; — Z] and 6M; = M; — M/, we observe that (§Y,0Z,0M)
is the solution to the following linear BSDE:

T
5Y¥=5YT+J

T T
(as8Ys + bs6 Z4 + ¢5) ds — f 5 ZydW, — J dS M. (A.14)
t t t

Using the previous Theorem, we get Y; = F;lE[ OYrT'r + StT I‘Scsds‘ .7-}]. By definition,
I is a strictly positive process, and dY; and c¢ are positive by hypothesis, hence Y; > 0.
Ll
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