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In [Sco77], P. Scott studied decompositions of open 3-manifolds as (possibly infinite)
connected sums of prime manifolds which may or may not be compact. He gave exam-
ples of open 3-manifolds that do not have such decompositions. By contrast, in [BBM11]
the authors proved that open 3-manifolds which carry certain Riemannian metrics of pos-

itive scalar curvature do admit such decompositions, and in addition all summands are
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Throughout the paper, we work in the category of smooth, oriented 3-manifolds. We
say that two oriented 3-manifolds M, M, are isomorphic if there exists an orientation-
preserving diffeomorphism from M/, to M,. For convenience we say that a 3-manifold
N has spherical boundary if every component of N (if any) is a 2-sphere. Then there
is a unique manifold, up to isomorphism, obtained by gluing a 3-ball to every boundary
component of V. This operation is called capping-off. The capped-off manifold is denoted
by N.

Definition 1.1. Let X be a class of connected oriented 3-manifolds without boundary. An
oriented 3-manifold M is said to be decomposable over X’ if M contains a locally finite
collection of pairwise disjoint embedded 2-spheres {S;} such that for every connected
component C' of M split along {S;}, the capped-off manifold C is isomorphic to some
member of X or to S°.

The main result of [BBM11] can be formulated as follows: if M is an open 3-manifold
which admits a complete Riemannian metric of bounded geometry and uniformly positive
scalar curvature, then there exists a finite familly F of spherical manifolds such that M is
decomposable over FU{S? x S'}. This begs the question of whether such manifolds, and
more generally 3-manifolds which are decomposable over some finite collection of closed
3-manifolds, can be classified. In this paper we show that this is the case, using a set of
invariants inspired by the work of Kerékjarté [Ker23] and Richards [Ric63] to classify
open surfaces:? the space of ends of M together with a colouring depending on whether
a given closed prime 3-manifold appears infinitely many times in any neighbourhood of
this end or not.

Recall that a closed 3-manifold K is prime if it is connected, not diffeomorphic to S3,
and whenever K is diffeomorphic to M;# M, one of the M;’s is diffeomorphic to S3. In
this paper we shall use the word ‘prime’ only for c/osed manifolds. The class of oriented
prime 3-manifolds will be denoted by P.

Let K be a (possibly disconnected) compact oriented 3-manifold with spherical bound-
ary. For each P € P, we denote by np(K) the sum over all connected components L of K
of the number of summands isomorphic to P in the Kneser-Milnor decomposition of the
capped-off manifold L. Thus the Kneser-Milnor theorem implies: every closed oriented
3-manifold is decomposable over some finite collection of prime oriented 3-manifolds,
and two closed, connected, oriented 3-manifolds K, K, are isomorphic if and only if
np(K1) = np(Ks) for every P € P.

We now come to the definition of our invariants. Let P be an oriented prime 3-
manifold. Let U be an open oriented 3-manifold.Then we define np(U) € N U {oco}

3While the Kerékjart6-Richards theorem also applies to nonorientable surfaces, in this paper we restrict
attention to orientable manifolds for simplicity.
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as the supremum of the numbers np(K) where K ranges over all compact submanifolds
of U with spherical boundary. Let M be an open connected oriented 3-manifold. An end
e of M has colour P if for every neighbourhood U of e, with compact boundary, the
number np(U) is nonzero. (Then it is actually infinite, see below.) The set of ends of M
of colour P is denoted by Ep(M). By Lemma 3.2 below, it is a closed subset of E(M).
Note that an end may have several colours, i.e. Ep(M) N Ep/(M) can be nonempty for
P, P" € P. In fact, the closed subsets Ep(M) can be quite arbitrary by our realisation
theorem, Theorem 2.5 below.

Let M, M’ be open connected oriented 3-manifolds. A map ¢ : E(M) — E(M’) is
called colour-preserving if for every P € P, we have ¢(Ep(M)) = Ep(M’).

Theorem 1.2 (Main theorem). Let X be a finite collection of prime oriented 3-manifolds.
Let M, M' be open connected oriented 3-manifolds which are decomposable over X.
Then M is isomorphic to M' if and only if the following conditions hold:

(1) Forevery P € P, the numbers np(M) and np(M') are equal.
(2) There is a colour-preserving homeomorphism ¢ : E(M) — E(M').

Remark 1.3. 1. By Thereom 2.3 and Proposition 2.4 below, it suffices in Condi-
tion (1) to assume this for all P € X U {S? x S'}, since all the other numbers

vanish.
2. Example 1 below shows that the finiteness assumption on X is necessary.

3. In the case where np(M) < oo for all P € P, the manifold is determined, up to
isomorphism, by £(M ) and the numbers np(M).

To conclude this introduction, let us mention that the notion of infinite connected sum
is also useful in large dimensions, see e.g. [WhyOl].

The paper is organized as follows: in Section 2, we recall, in a slight more precise
form, the notion of connected sum of closed manifolds along a possibly infinite graph,
discussed in [BBM11, BBMM], and explain the relationship between this notion and de-
composability. We state Theorem 2.3, which allows to turn the graph into a tree, possibly
at the expense of adding S? x S! summands. We also state Proposition 2.4 and Theo-
rem 2.5, and give Example 1 mentioned above. In Section 3, we discuss the properties
of special exhaustions of decomposable 3-manifolds called spherical exhaustions, which
play an important role in all the subsequent proofs. Proposition 2.4 and Theorem 2.5 are
proved there. Section 4 is devoted to the proof of Theorem 2.3. Section 5 is dedicated to
the proof of Theorem 1.2. Some concluding remarks are gathered in Section 6. We finish
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with an appendix reviewing the theory of spaces of ends.

Acknowledgment: this work began during ANR project GTO ANR-12-BS01-0004
and completed during ANR project CCEM ANR-17-CE40-0034.

2 Connected sums along graphs

In this section we reformulate our notion of decomposable manifolds in terms of perform-
ing connected sums of possibly infinitely many closed oriented manifolds along some
locally finite graph. This was discussed in previous articles of the authors and F. C. Mar-
ques [BBM11, BBMM] (cf. [Sco77].) Here though, we need to be more precise regarding
orientations, and fix some notation for future use.

Let / be a subset of N and X = { X} },c; be a family of closed connected oriented
3-manifolds. By convention we assume henceforth that 0 € I and X, = S®. A coloured
graph is a pair (G, f) where G is a locally finite connected graph, possibly with loops,
with vertex set V(G) and f is a map from V(G) to I.

Construction. For each vertex v € V(G), let Y, be a copy of X, with d(v) disjoint
open 3-balls removed, where d(v) is the degree of v. Thus Y, is a compact manifold
with spherical boundary. Let Y be the disjoint union of all Y,’s. Then glue the Y,’s to
each other along the edges of (7, using an orientation-reversing diffeomorphism. We de-
note by M (G, f) the resulting oriented 3-manifold; it is well-defined up to isomorphism
(see [BBMM], Section 2.1). For each edge a of G there is an embedded 2-sphere S, in
M (G, f) along which the gluing has been done.

Definition 2.1. Let X, G and f be as above. The oriented manifold M (G, f) is called the
manifold obtained by connected sum along the coloured graph (G, f).

Remark 2.2. 1. The manifold M (G, f) is connected and without boundary. It is closed
if and only if G is finite.

2. If there is a loop in G at the vertex v, then the natural map from Y,, to M (G, f) is

not injective. If there is none, then Y,, can be identified with its image in M.

3. The family {S,} is a locally finite family of embedded, pairwise disjoint 2-spheres
in M (G, f) whose dual graph is isomorphic to G. It follows that M (G, f) is decom-
posable over X'. Conversely, if M is decomposable over X, then M is isomorphic
to the connected sum along the dual graph G of the splitting collection of 2-spheres
with appropriate colouring.
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In the compact case this definition is slightly nonstandard in the sense that in the usual
definition the graph is a tree. It is well-known, however, that a connected sum along a
finite graph can be made into a connected sum along a tree at the expense of adding
vertices with S? x S* factors. This is also true in the infinite case:

Theorem 2.3. Let X = { X} be a (possibly infinite) family of closed connected oriented
manifolds with X, = S3. Let M be a connected open oriented 3-manifold. If M is de-

composable over X, then it is isomorphic to a connected sum along a coloured tree of
members of X U {S? x S1}.

Our next task is to define combinatorial invariants of coloured trees and explain the
relationship between these invariants and the topological invariants of decomposable 3-
manifolds introduced earlier. In particular, Proposition 2.4 below shows that the latter can
be effectively calculated.

Let X = {Py}res be a family of pairwise non-isomorphic closed oriented manifolds
such that X, = S® and P, is a prime manifold for all & > 0. Let (7, f) be a coloured tree
and let M = M(T, f). For every k € I\ {0}, we denote by ng(7, f) € NU {oco} the
number of vertices v of T such that f(v) = k. For every pre-end e = Uy D Uy D -+ of
T we let ni(e) be the limit as n goes to oo of the number of vertices v in U,, such that
f(v) = k. This passes to a well-defined invariant ny(e*) for ends of 7. We let £ (7T, f)
denote the set of ends e* of T" such that ny(e*) = cc.

Proposition 2.4. Let X be as above. Let (T, f) be a coloured tree and M = M (T, f).

Then the following assertions hold:

1. Foreveryk € I\ {0} we have np (M) = ng(T, f).

2. There is a homeomorphism ¢ : E(M) — E(T) such that for every k € I\ {0}, we
have Ey(T, f) = ¢(Ep, (M)).

3. For every prime oriented manifold P which is not isomorphic to a member of X,
we have np(M) = 0 and Ep(M) = .

Example 1. Let (P,),cn be a sequence of pairwise non isomorphic oriented 3-manifolds,
such that Py = S® and P, is prime for all n > 0. Let Z be the Cayley graph of Z with
standard generators. We define two colourings f1, f> on G by setting f1(n) = 0ifn < 0,
filn) =nifn >0, fo(n) = —2nifn < 0and fo(n) =2n+ 1ifn > 0.

Then for every i € N \ {0} we have n;(Z, fi) = n;(Z, fo) = 1, and the subsets
Ei(Z, f;) are empty for all i > 0, j € {1,2}. It follows from Proposition 2.4 that the
manifolds M (Z, f1) and M(Z, f5) have the same invariants. However, M; and M, are not
isomorphic. Indeed, M; has an end that has a neighbourhood diffeomorphic to S? x R,
while no end of M, has this property.
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Finally, we state our realisation theorem.

Theorem 2.5. Let ' be a compact, metrisable, totally disconnected space. Consider a
collection E, . .., E}, of closed subsets of E. Let ny, . ..,n; be nonnegative integers. Let
X =A{P,...,P,Q1,...,Q¢} be a family of prime manifolds. Then there exists a con-
nected oriented 3-manifold M which is a connected sum along a tree of members of
X U {S3} with the following properties:

e Foreveryi € {1,... 0} we have ny(Q;) = n;.

o There exists a homeomorphism ¢ : E(M) — E such that ¢(Ep,(M)) = E; for
everyi € {1,...,k}.

3 Preliminaries

3.1 Spherical exhaustions

Recall that an exhaustion of an open manifold M is a sequence (/) of compact con-

nected submanifolds of M such that M =, K,,, and }O( nt+1 O K, for every n. We may
assume that for each n, every component of M \ K, is unbounded, i.e. not contained in
any compact subset. A spherical exhaustion is an exhaustion (K,) where each K, has
spherical boundary.

Let P € P. Let M be an open connected oriented 3-manifold. Lete =U; D Uy D ...
be a pre-end of M. Then the sequence (np(U;)) is non increasing. Let np(e) denote the

limit of this sequence.
Lemma 3.1. The number np(e) is either 0 or +00.

Proof. If np(U;) = oo for every i, then np(e) = oo. Otherwise, there exists ¢ such
that np(U;) is finite. Thus there exists a compact submanifold X C U; with spherical
boundary such that np(K) = np(U;). By definition of a pre-end, there exists j > ¢ such
that K N U; = . Then np(U;) = 0, otherwise U; would contain some compact K’
with nonzero np(K') and we would have np(K U K') = np(K) + np(K’) > np(K),
contradicting the choice of K. ]

Furthermore, if e, ¢’ are equivalent pre-ends, then it is readily checked that np(e) =
np(e’). Thus we have a well-defined invariant np(e*) € {0, 0o} for each end e* of M. We
remark that the previously defined set of ends of M of colour P is the set of ¢* € E(M)

such that np(e*) = oo.

Lemma 3.2. The set Ep(M) is a closed subset of E(M).
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Proof. Let e* € E(M)\ Ep(M) and let e = U; D Uy D ... representing e*. Then
np(U;) = 0 for all 7 large enough, which implies that all ends e € U;* satisfy np(e*) =
0. Therefore U; is an open neighbourhood of e* disjoint from Ep(M), proving that
E(M)\ Ep(M) is open. O

3.2 Proof of Proposition 2.4

Let X = { Py }res be a family of pairwise non-isomorphic closed oriented manifolds such
that Xy = S® and P, is prime for all £ > 0. Let (7, f) be a coloured tree and let M =
M(T, f). Recall from Remark 2.2 that for every vertex v in 7" we have a submanifold Y,
of M and for every edge a of T there is an embedded 2-sphere .S, in M.

We construct a proper continuous map F' : M — T which naturally induces a
homeomorphism ¢ : E(M) — E(T'). We recall that T" is endowed with the topology
given by the length distance for which the edges are isometric to the interval [0, 1]. For
each edge a of T, let Z, C M be a tubular neighbourhood of S, whose size is chosen so
that Z, N Z,, = 0 if a # a’. We also choose a parametrisation Z, ~ S, x (—1, 1) with
Sa = S, x {0}. For each vertex v € T we define C,, = Y,,\ |, Z,, which we call the core
of Y,,. Notice that C), is homeomorphic to Y,. We then define F': M — T by

1. F(C,) = v for each vertex v € T
2. F(Z,) = a for each edge a € T. More precisely,
F:Z,~8, x(-1,1) — (=1,1) ~ (0,1) ~a\ da
is obtained by composing the projection on the second factor of the parametrisation
of Z, with the map s — %s + %

We notice that F~!(F'(Y,,)) = Y,, that F'(.S,) is the middle point of a and that '~ (F'(S,))
Sq. Let ¢ : E(M) — E(T') be the continuous map induced by F'.

Lemma 3.3. The map ¢ is a homeomorphism.

Proof. Let us choose a point x, € C, for each vertex v and, for every edge a joining
v to v/, an embedded path v, C C, U Z, U C, joining x, to z,, in such a way that
Yo N Zy >~ {0,} x (—1,1) for some 6§, € S,. We then define a continuous proper map
F' . T — M so that, for every edge a € T, it is a homeomorphism between a and 7,
and F’(v) = x,. The map F” satisfy the following two properties:

U'. FoF'(v)=wvforevery vertex v € T.

2'. F o F' globally preserves each edge a € T'.
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Let ¢’ : E(T') — E(M) be the continuous map induced by F".

By compactness of the spaces of ends it suffices to show that ¢ is bijective. By con-
struction ¢ o ¢ = id, hence ¢ is surjective. Let e* # ¢ € FE(M) be two ends of M
respectively represented by the pre-ends e = Uy D Us D ... ande = U] DU D ...
We can choose the U;’s and the U]’s so that they are bounded by spheres in the family
{S.}. Hence they satisfy, for all i, F~*(F(U;)) = U; and F~Y(F(U})) = U/. Since e % ¢
there exist two indices i and j such that U; N U} = (). Consequently, F'(U;) N F(U) = 0.
It follows that ¢(e*) # ¢(e™*). Hence ¢ is injective. O

Proof of Proposition 2.4, assertion 1. Let us assume that ny, = ny (7T, f) is finite. There
exists ny vertices v of T such that ffv ~ P.. Let K be the union of these Y,. Then
np,(K) = ny and therefore np, (M) > ny. Let us assume that np, (M) > ny. This
means, by definition, that there exists a compact submanifold with spherical boundary
L C M such that ng (L) > ng. We may assume that L is connected and a union of Y, ’s.
Consequently, L can be written as a connected sum of these }Afv along a subtree 7" of
T using the restriction f’ of f to 7”. By Milnor’s uniqueness there are exactly np, (L)
components Y, such that }Afv ~ Py. Then ny (1", f') > np, (L), and

ng = (T, f) > ngp (T, ') > np, (L) > ny,

a contradiction.

Now, if ny = ng(T, f) = +oc, for all n € N there exists some L,, C M a union of
Y,’s such that np, (L,,) = n. This shows np, (M) > n for all n, and hence that np, (M) =
+00. O

Proof of Proposition 2.4, assertion 2.
There remains to prove that ¢(Ep, (M)) = Ex(T, f), which is equivalent to

ng(e*) = +oo <= ng(p(e*)) = +oo.

We have:
ng(e*) = +oo <= ny(e) = +oo <= n(U;) = +oo Vi,

where e = U; D U, ... is a pre-end defining ¢*. We may choose the U; saturated by F’,
i.e. satisfying F'~*(F(U;)) = U;. Then we set V; = F(U;). This is a connected set whose
boundary is a finite union of points which are midpoints of edges and images by F' of the
boundary of U;, which is a finite union of spheres S,.

Let (K,,) be an exhaustion of M by compact sets which are saturated by F',i.e. F~1(F(K,)) =
K,. For n € N, by definition of a pre-end, there exists 7 € N such that U; N K,, = ().
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By the choice of saturated sets we have V; N F(K,,) = (). By definition of ¢ the family
Vi D V4 D ... is a pre-end representing ¢(e*).

For i € N let T; be the subtree of 1" whose vertices are the v’s such that Y,, C U;. The
same argument as in the proof of assertion 1 yields

np, (U;) = 400 <= ni(T;) = +o00.

Therefore, by definition of V;, the vertices of 7" included in V; are those of 7; and conse-
quently, for all = € N,

np, (U;) = +00 <= n(T;) = 400 <= [{v € V}; f(v) = k}| = 40,

which shows that ny(¢(e*)) = +oc. O

Proof of Proposition 2.4, assertion 3. If the assertion is not true then there exists a prime
manifold P ¢ X and a compact submanifold K of M with spherical boundary such that
np(K) > 1. Let L C M be a compact connected submanifold with spherical boundary
such that K C L. We may assume that L is a union of Y,’s. We have that L is homeo-

morphic to a connected sum of X and L \ K. Hence we have np(K) < np(L) = 0. The
last equality comes from the hypothesis, the fact that L is a union of Y,,’s and thus Lisa
connected sum of prime manifolds in X and Milnor’s uniqueness theorem.

[]

It follows immediately that ¢ is colour-preserving and that for every k& the numbers
ni(T, f) and np (M) coincide.

3.3 Proof of Theorem 2.5

Proof. Tt suffices to prove the case when X = { Py, ..., P}, the general case following
easily by adding a finite connected sum of the ();’s. In order to follow our convention we
add S to the family X by setting Py = S°.

Let C be the Cantor set which we can identify, by abuse of language, to {0, 1}N. Let
To be the regular dyadic rooted tree with E(T") = C. The vertices of Tj are parametrised
by finite sequences of 0’s and 1’s.

We identify £ with a closed subset of C and let 7" be the subtree of 7, whose vertices
are finite prefixes of elements of £. To each vertex v of 1" we associate a finite set of
integers F,, which is the set of i € {1,...,k} such that v is a prefix of some element of
E;.
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Form a tree 7" by attaching to each vertex v of 7" a finite tree 7., with as many vertices
as elements of F,. Observe that the obvious retraction from 7” to 7" induces a homeomor-
phism between E(T') and E(T"), so that we can identify these two spaces.

We define a colouring f on 7" as follows: for each v € T, set f(v) = 0, and
send the vertices of 7! bijectively to F,. Let M be the connected sum M (T, f). From
Proposition 2.4 there exists a homeomorphism ¢ : E(M) — E(T') such that for every
ie{l,...,k} wehave ¢(Ep (M)) = E (T, f) = E. O

4 Proof of Theorem 2.3

Lemma 4.1. Let M be a connected open oriented 3-manifold which is decomposable
over the class of all closed 3-manifolds. Let A C M be a connected compact submanifold
with spherical boundary such that no component of M \ A is bounded.

Then there is a compact connected submanifold B C M with spherical boundary such
that:

1. A is contained in the interior of B.
2. Every component U of M \ B is unbounded and has connected boundary.

3. If C is the closure of a component of B\ A, then C'is a punctured 3-sphere and 0C

has exactly one component contained in 0B.

Proof. Let Uy, ..., U be the components of M \ A.

For every 1 < 7 < s we construct a submanifold C; as follows. If U; has connected
boundary, then we let C; be a closed collar neighbourhhood of QU; in U;. Otherwise,
let >, ...,%; be the components of JU;. For each 1 < 57 < ¢ — 1 pick a smooth arc
~v; properly embedded in U; and connecting >; to X;41. Choose a small closed tubular
neighbourhood C; in Uof¥U---UX, U 1 -+ Uv_1. Then C; is a punctured 3-sphere
and its boundary is the union of all 3J;’s and some 2-sphere S C U.

Doing this for every i, we set B = AU, ;. Ci. O

We can now prove Theorem 2.3.

Proof. The decomposability hypothesis implies that there exists an exhaustion (A,,) of M
by compact connected 3-submanifolds with spherical boundary, such that each capped-off
manifold En is a finite connected sum of members of X'. Without loss of generality, we
assume that for every n, each component of M \ A, is unbounded. Applying Lemma 4.1
to each A,, and possibly extracting a subsequence and reindexing, we get an exhaustion
{B,} by submanifolds with spherical boundary with the following properties:
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1. For each n, the submanifold A4,, is contained in the interior of B,,.
2. For each n, every component of M \ B,, is unbounded and has connected boundary.

3. If C is the closure of a component of B, \ A, for some n, then C' is a punctured

3-sphere and OC' has exactly one component contained in 0B,,.

It follows that for every n, the capped-off manifold §n is a connected sum of En with
a finite number of 5% x S! factors.

Let S be the collection of all components of the boundaries of all B,,’s. Then S is a
locally finite collection of pairwise disjoint, separating, embedded 2-spheres in M. The
dual graph 7" of § is therefore a tree. It is now easy to attach a finite tree to each vertex
of T and get a tree 7" such that M is isomorphic to M (7', f) for a suitable colouring f,
arguing as in the end of the proof of Theorem 2.5. ]

5 Proof of the Main Theorem

5.1 Setting up the proof

Let {P,}o<k<, be a finite family of closed oriented 3-manifolds with P, = S3, P, =
S? x S*, and all other P,’s are prime, not isomorphic to P, and pairwise nonisomorphic.
For simplicity we denote the invariants np, (M) by n, (M) and Ep, (M) by Ej (M), when
M is a 3-manifold.

Let M, M’ be two open connected oriented manifolds which are decomposable over
this family. We suppose that n, (M) = ni(M’) for all 0 < k < r, and that there is
a colour-preserving homeomorphism ¢ : E(M) — E(M’). We fix once and for all
such a homeomorphism. We want to construct an orientation-preserving diffeomorphism
(henceforth called an isomorphism) from M to M'.

Definition 5.1. Let A be a compact, connected submanifold of M with spherical bound-
ary. We say that a component U of M \ A is good if the following properties are satisfied:

1. The set U is unbounded and has connected boundary.

2. Forevery 0 < k < r, the number n(U) is either 0 or +oc.

The set A is said to be good if every component of M\ A is good and a spherical exhaustion
{A,} is good if each A, is good.

Notice that if A is good, then each component of 0A is separating. Also, for every k,
if ny (M) is finite, then ny (M \ A) = 0. In other words, every prime factor which appears
only finitely many times in the prime decomposition of M is contained in A.
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The idea is inspired by [Ric63] (cf also [Ker23]) and consists in constructing two good
exhaustions (A,,) of M and (A!)) of M’ together with isomorphisms ®,, : A, — A/,
such that ®,, 14, = ®, and satisfying the following additional property: for every n,
every component U of M \ A,, and every component U’ of M’ \ A, if ®,(0U) = oU’
then ¢(U*) = U’ It is then clear that = lim,,_,, ,, is the desired map.

5.2 Existence of a good exhaustion

Lemma 5.2. The manifold M admits a good exhaustion.

Proof. This follows by iteration from the following claim:

Claim 1. For every bounded subset A C M, there exists a good submanifold B such that
A is contained in the interior of B.

To prove the claim, let { K, } be an ancillary spherical exhaustion of M. Without loss
of generality we assume that for every n, each component of M \ K, is unbounded, and
denote these components by U, 1, . .., U, 4n). The sets U;;i form a basis for the topology
of E(M). Any two of these sets are either disjoint or contained in one another. Every end
e* € E(M) is represented by a pre-end e = V; D V5 D ... where the V; are taken among
the U,,;’s (see Appendix A).

For any e* € E(M) withe =V} D V5 D ... there exists N € N such that for any
0 < k < r, we have either

e ny(V;) =0, Vi>N,(ife* ¢ Ep(M)), or
o n.(V;) = +oo for all i, (if e* € Ep(M)).

For every end e* we choose such a number N large enough so that VyN A = (), and set
V(e*) := V. The collection (V' (€*)*).+cp () is an open covering of the compact space
E(M). Therefore there exists a finite collection of ends €7, . . . , €5 such that V' (e})*U- - -U
V(ey)* = E(M). We set

B=M\V(e)U---UV(e)).

By construction, B is a compact, connected submanifold of M with spherical bound-
ary and contains A in its interior. Moreover, for every component U of M \ B, the open
set U is unbounded and we have ny(U) € {0,00} forall 0 < k < r.

If for some U the boundary of U is disconnected, argue as in the proof of Theorem 2.3
and add something to B to solve the problem. Then B is good. ]
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5.3 Proof of the Main Theorem

By Lemma 5.2, we have good exhaustions { B,,} of M and { B/} of M.
Our goal is to construct by induction two good exhaustions {A,} of M and {A]}
of M’ together with a sequence of isomorphisms ¢, : A, — A/ with the following

properties:

1. For every n, the isomorphism ®,,, is an extension of ®,,.

2. Forevery p < n, every component U of M\ A, and every component U’ of M'\ A/,
if ©,(0U) = 9U’ then ¢p(U*) = (U')*.

We denote by (H,,) the n-th induction step.

The first step of the induction is to show that there exist good subsets Ay C M and
Ajy C M’ which are isomorphic and satisfying assertion 2 above. Since the argument is
similar to part of the induction step, we postpone it until the end of the proof.

We do the construction for n even and for n odd we exchange the roles played by
M and M'. Therefore, for n even, we assume that the construction of A,, A/ and @,
has been done and we proceed to the next step. We set A/ ., = B, , for m large enough
so that A;: 1
satisfying properties 1 and 2. The first step is to prove that for m large enough B,, contains

D Aj,. Our goal is now to define A, together with &, : A, .1 — A

a submanifold isomorphic to A7, ;.

For a connected component S of A, we denote by Ug the component of M \ A,
bounded by S, and by U{ the component of M’ \ A/ bounded by S’ := &,(S). The
map Us — Uj is a bijection between the set of components of M \ A,, and the set of

components of M’ \ A/ . Similarly, for every m large enough so that B,,, D A,,, we denote
by C,,.s the component of B,, \ /i)n such that C,, s N A, = S, thatis C,, ¢ = Us N By,
Similarly, C is the component of A/, \ /i’n such that Ci; N A, = S, that is Cy =
Ugn Al ... The map C,, 5 — CY is again a bijection between the set of components of

B,, \ A, and the set of components of A/, \ A’,.

Lemma 5.3. There exists my € N such that for any integer m > my, forany 0 < k <,

for any connected component S of A, we have
nk(C’ms) Z nk(Cg) .

Proof. Let k and S be such that ny(C%) > 0. Using the inclusion C%y C U and the
fact that A;, is good, it follows that nyy, (P) = o0, which in turn implies that (Ug)* N
Ep(M') # 0.
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By the induction assumption (H,,), the corresponding component Ug of M \ A, sat-
isfies ¢p(US) = (UL)* and, since we also have ¢(Ex(M)) = Ex(M’'), we deduce that
Us N Ey(M) # (), which implies n,(Us) = +oo. Since C,, 5 = Us N B,,, we have
ng(Us) = lim,,_,oo nx(Cry s). Hence, for all m large enough depending on S and &, we
have ng(Ch.s) > ng(C5).

Since there are only finitely many S and k, we can choose m large enough so that this

inequality holds for all of them. L

Next, for m large enough, we will define A, ; by adding to A,, a piece of C,, ¢ for
each S. Let (U; ) be the collection of connected components of M \ B,, and (V) the

collection of connected components of A/"\ A7 ;.

Lemma 5.4. There exists m; € N such that for every integer m > m;, for each compo-
nent Uy, of M\ B,,, there exists a component Vi of M'\ A}, | such that (U},,) C V.

Proof. The collection of open sets (U, ), for m > my, is a basis for the topology of
E(M). The sets V;* form an open cover of E(M’), so the sets ¢~"'(V}*) form an open
cover of E(M). Let ¢* € E(M). There exists j such that e* € ¢~'(V}*). Since (U}, is
a basis for the topology, there exist ¢ and n > my such that

e eU, co (V).

We choose such a Uy, and call it U(e*). Since E(M) is compact, from the collection
(U(€*))ercr(ary We extract a finite covering of E (M),

EM)cCU;, U---UU;

11,11 LN

Now, we set m; = max;{n,}. For every m > my, each U, ,, is included in one U;_,,
hence, for each m > m and for each component U ,,, of M\ B,,, there exists a component
Viof M\ Aj, ., suchthat $(U;,,) C V™. O

Lemma 5.5. For each integer m > my, for every 2-sphere S, there exists a submanifold

Cg C Cy, s with spherical boundary such that the following properties hold:
(1) Each boundary sphere of 0Cs separates M.

(2) There exists an isomorphism ®,,1 s : Cs — Cg whose restriction to S coincides
with ®,,.

(3) Any component U of M \ Cgs not bounded by S is good. Furthermore, if V' is the
component of M' \ C§ bounded by ®,, 1 5(OU), then p(U*) = V",
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Once this lemma is proved, for m = max{mg, m,}, we define A,,,; = A, |J4Cs and
we extend @, into &, : A1 — A) ., by setting @, = P, 11,5 0n Cs.

Proof of Lemma 5.5. Let us consider a component S of dA,, and recall that C¥§ is the

component of A7, \/(13;1 whose intersection with A/, is the sphere S” = ®,,(.S). Thus 0CY
consists of finitely many 2-spheres 5", S}, ..., S; where S% C 0A; ,,, each separating M’
We relabel by V/ the component of M’ \ A7 ,; bounded by S’. Notice that {V/*,... V/*}
is a partition of (U§)*.

Recall that ), g is the component of B,, \ /in such that C,,, s N A,, = S, and that
o(U§) = (US)*. We partition 0C,, g into SUT'; U--- ULy where each I'; is a union of 2-
spheres of 0B,,, and label the I';’s in such a way that if OU; p C I'; for some 7 and j, then
o(U;,,) C V/* . It follows that if V; denotes the union of the U; ,,’s such that U ,, C T';,
then {V7*, ..., V;*} is a partition of Ug and ¢(V}") = V™.

We now consider the closed oriented 3-manifolds C and C’ obtained from Cy,s and
C% by gluing 3-balls to their boundary components. They both have a Kneser-Milnor

decomposition in elements of X

ni ng n

O Pt  #P # Pyt #P, . # D 4P #P,

with n; = n;(C), and

’
n Ny n;.

/\/ - % ™~ - - ™~ /_/a
O~ Pt .. P # Pt .. #P, .. 4D #D #P,.

with n, = n;(C").
From the previous arguments, n;, > n;. > 0 for each 0 < k < r. By construction Cy

is a submanifold of C" and C" \ C% is a collection of 3-balls D', D}, ..., D, bounded by

S, 81, ..., S, each sphere separating C’. Consider now the following connected sum
C'#N!# .. #N}.

where each NV J’ 1s a closed manifold chosen below and is attached to D}. We claim that we

can choose N ]’ so that
(@) C'#N!# .. . #N. ~ C,
(b) Forall 0 < k < r,if ng(Nj) > 0 then ngy (V) = oc.

The manifolds N J’ are defined as connected sums of members of X'. The fact that we

can find manifolds NV} satisfying (a) follows from the above observation that each prime
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component of the Kneser-Milnor decomposition of C’ appears at least as many times
as in the prime decomposition of C. It then suffices to divide the supernumerary prime

components of C (if any) into the V. ]’»’s. For (b) we first remark that, for 0 < k < r,
ni(C) > 0 = ng(Us) > 0 = ny(Us) = 400 = ny(U}) = +00,

the last implication following from (H,,), the previous one from goodness.
Finally,

n(Ug) = 400 = 35, ni(V}) = 400

Summarising, for any prime component P}, of C there exists j € {1,...,¢} such that
ni(V}') = 4-o0. For each supernumerary Py, we select j = j( %) such that ny(V}) = +oo0.
We define N to be the connected sum of .S 3 with the supernumerary manifolds P}, for
which j(P;) = j. It follows that the N s satisfy (b).

Letusdenote by f : C'— C'#N|# ...# N, anisomorphism. Let D, Dy, ..., D, C C
be the compact 3-balls such that C = CrnsUDUDyU---UD;and 0C,, g consists of
the boundary of these disks, where S = 0D.

The images f(D;) are disjoint compact 3-balls in 6’\’#]\7{# ... #Nj. These balls can
be isotoped anywhere in /C’\’#N 1# ... #N,. Hence, up to composing f with finitely many
diffeomorphisms we may assume that,

F(D) = D', (thus £(S) = &)

and that

Then f(C,,.s) D C§. We then define,
Cs = f1(Cs) CCns, Sj:=[f"(5) CICsC Chps.

Recall that S’ separates M’, hence also separates /C’\’#N 17 ... #N,. It follows that S;
separates C, hence also Cims = c \ Int(D U Dy U...U D). As each boundary sphere
of C,, g separates M, it follows that each S separates M, which implies property (1) of
Proposition 5.5. To verify property (2) let us notice that we may deform f|c4 near S into

a diffeomorphism ®,,;; s : Cs — CY, that satisfies
(I)n+175|5 = (Dn‘g S — 5 = Cbn(S) .

Indeed, the space of orientation-preserving diffeomorphisms of S? is path-connected and

this follows, for example, from [Sma59]. To check property (3) observe that the connected
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component U; of M \ Cg bounded by S; contains the union of connected components V
of M \ B, bounded by I'; and that U; \ V; C B,, is bounded. Therefore U;" = V",
from which we infer that ¢(U;") = ¢(V;") = V" as required. This concludes the proof
of Lemma 5.5. As explained before, extending ®, by @, ¢ in order to define P,
concludes the proof of the induction.

We only need now to explain why assertion (Hy) is true. Let us set A} := Bj. As (B,,)
is an exhaustion of M and n,(M) = ng(M’'), forall 0 < k < r, one can find my € M
such that, for all 0 < £ < r and for all m > my,

ni(Bm) > ni(Ap) -

We denote by S7, ..., 5] the components of 0A{ and by V; the components of M’ \ A
bounded by S%, for j = 1,...,l. As in Lemma 5.5, there exists m; such that, for all
m > my, if (U, ) denotes the components of M \ B,,, then, for all 7 and j,

Let us fix such m > sup{mg, m;}. We can now argue as in Lemma 5.5 with Aj instead
of C§ to define a submanifold Ay, C B,, and an isomorphism @, : A, — A{, such that
Sj =y 1(S]’-) separates )/ and such that the component U, of M \ A, bounded by S is
good and satisfies

6 Final remark

The above results exhibit a subtle interaction between the combinatorial structure of trees
and the topological structure of open decomposable 3-manifolds. It is an interesting ques-
tion to make this relation more precise and in particular to try to find the more efficient
tree representing, up to homeomorphism, a given decomposable 3-manifold. If the mani-
fold is closed, then a linear, finite tree is a good option but if it is open we do not have, at

the moment, any hint regarding an optimal description.

A Space of ends

Let X be a connected, locally compact, metrisable, separable topological space. We say

that a subset of X is bounded if it is contained in some compact subset. Otherwise it is
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unbounded. A pre-end of X is a decreasing sequence
GZUlDUQD...,

of open subsets of X such that:

1. Every U, is connected, unbounded, and has compact boundary, and

2. For every bounded A C X, the set A N Uj; is eventually empty.

Lete =U; DUy D ... and e = U] D U; D ... be pre-ends of X. We say that
e is contained in €', and write e C €' if for every n’ € N there exists n € N such that
U, C U!,. We define an equivalence relation by letting e ~ ¢’ if e C €’ and €’ C e. The
equivalence class of e is denoted by e*. We call end of X such an equivalence class, and
denote by E(X) the set of ends of X.

For every open subset U € X with compact boundary we set
U'={e"€E(X);e=U DUy D...,andU; CU Vilarge enough} .

Those sets form a basis for a topology on E(X). Hereafter the set £(X) is endowed
with this topology and called the space of ends of X. Freudenthal [Fre31] proved that this
space is compact, metrisable and totally disconnected. Hence it embeds into the Cantor
set (see e.g. [Kec95, 7.B and 7.D])).

The following technical result is well-known. Having being unable to find a reference,

we provide a proof.

Lemma A.1. Let M be a connected open manifold and (K,,) be an exhaustion of M. Let

{U,.i} be the collection of all unbounded components with compact boundary of all the
sets M\ K,. Then the topology on E(M) is generated by the (U, )’s.

Proof. First we show that any end of M can be represented by U; D U; D ... where
U; € {Un,}-

Lete = U] D U, O ... be apre-end of M. By compactness of OU, one has OU; C
K for n large enough. Fix an increasing sequence n(j) such that oU; C K n(y) for all j.
As U} is unbounded, it meets M \ K, (;), hence some component U,,;) ;- Notice that any
component U, ;) ; of M\ K,,(;) which meets U; is contained in U’: if not, there exists a path
¥ C Unj),i going from U to its complement, hence crossing OU; C Kn(j) C M\ Ungj),ir
a contradiction. Now, for each j choose m(j) large enough so that Kn(j N Um(j Q).
Then select the component U,y ;) of M \ K, ;) which meets U ! By connectedness

we have
U; 2 Ungiyity 2 U
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Setting U; := U,;),i(j), the pre-end U; D U, D ... is equivalent to e. The family
{U;,} is an open cover of E(X). Any two U,V in {U,,;} satisfy UNV = or U C V or
U D V. The same property holds for U*, V* in {U;} and implies that {U}, ;} is a basis
for some topology.

Let U* be an element of a basis for the topology of F(X), and let e* € U*. We can
represent €* by e = Uy D U, ... where U; € {U,;} and by definition there exists j such
that U D U;. Then U* D U} > e*. This shows that {U}; ,} is a basis for the topology of
E(X). O

Let e be a pre-end of X and U be an open subset of X. We say that U is a neighbour-
hood of e* if e* € U*. Thus a pre-end is a non-increasing sequence of neighbourhoods of

the associated end.
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