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The principle of rewriting comes from combinatorial algebra. It was introduced by Thue when he
considered systems of transformation rules on combinatorial objects such as strings, trees or graphs in
order to solve the word problem, [Thul4]. Given a collection of objects and a system of transformation
rules on these objects, the word problem is

INSTANCE: given two objects,

QUESTION: can one of these objects be transformed to the other by means of a finite number
of applications of the transformation rules?

Dehn described the word problem for finitely presented groups, [Deh10] and Thue studied this problems
for strings, which correspond to the word problem for finitely presented monoids, [[Thul4]. Note that it
was only much later, that the problem was shown to be undecidable, independently by Post [Pos47]] and
Markov [Mar47a, Mar47b]. Afterwards, the word problem have been considered in many contexts in
algebra and in computer science.

Far beyond the precursor works on this decidabilty problem on strings, rewriting theory has been
mainly developed in theoretical computer science, producing numerous variants corresponding to differ-
ent syntaxes of the formulas being transformed: strings in a monoid, [BO93| (GM18§]], paths in a graph,



1.1. Abstract Rewriting Systems

terms in an algebraic theory, [BN98| [K1092] [Ter03], terms modulo, A-terms, trees, Boolean circuits,
[LafO3], graph grammars, etc. Rewriting appears also on various forms in algebra, for commutative
algebras, [Buc6), Buc87|], Lie algebras, [Shi62], with the notion of Grobner-Shirshov bases, or asso-
ciative algebras, [Bok76, Ber78, Mor94, [Utn95, IGHM19] and operads, [DK10], as well as on topolog-
ical objects, such as Reidemeister moves, knots or braids, [BurOl1l], or in higher-dimensional categories,
[GMO09, IGM12a, Mim10, Mim14].

Many of the basic definitions and fundamental properties of these forms of rewriting can be stated on
the most abstract version of rewriting that is given by a binary relation on set. In this chapter, we present
the notion of abstract rewriting system and the main abstract rewriting properties used in these lectures.
We refer the reader to [BN98| IK1092, [TerO3]] for a complete account on the abstract rewriting theory.

1.1. ABSTRACT REWRITING SYSTEMS

1.1.1. Abstract Rewriting Systems. An abstract rewriting system, ARS for short, is a data (A, —1)
made of a set A and a sequence —7 of binary relations on A indexed by a set I, that is,

—1= (Da)acr, and —,C A XA.

The relation is called reduction or rewrite relation on A. An element (a,b) in the relation — will
be denoted by a — b, and we said that b is a one-step reduct of a, and that a is a one-step expansion
of b. An element of — is called a reduction step. In most cases the elements of A have a syntactic
or graphical nature (string, term, tree, graph, polynomial...). We will denoted by = the syntactical or
graphical identity.

1.1.2. Reduction sequence. A reduction sequence, or rewriting sequence, with respect to a reduction
relation — is a finite or infinite sequence of reduction steps

apy—ay —a — ...
If we have a reduction sequence
a=aq—a —a—... 4] 2 ap=Db

we say that a reduces to b. The length of a finite reduction sequence is the number of its reduction steps.

1.1.3. Composition. Given two reduction relations —1 and —; on A, their composition is denoted by
—1 - — and defined by

a—-—nb if a—7c—yb, forsomecinA.
1.1.4. Notations. The identity relation is denoted by

9 — {(a,a) | a € AL



1.1.5. Branchings and confluence pairs

The inverse relation of — is denoted by <, or by —, and defined by:
—={(b,a) | a — b}

. ... 0 e . .
A relation is reflexive if —C— and fransitive if — - —C—. The reflexive closure of — is denoted by

= and defined by

= 0
S== U —.

The symmetric closure of — is denoted by - and defined by
o=— U .
The transitive closure of — is denoted by = and defined by
e U,
i>0
where &3 = % . — forall i > 0. The reflexive and transitive closure of — is denoted by —, or by —*,

and defined by

+ 0
—»=—U —.

The reflexive, transitive and symmetric closure of — is denoted by < and defined by
*

o= ()"

In particular, we have a — b is there is a rewriting sequence from a to b and we have a < b if and
only if there is a zig-zag of rewriting sequence from a to b:

Aa=qyeo e ae ..o a &rag =b.

The relation ¢ is equal to the equivalence relation generated by —.

1.1.5. Branchings and confluence pairs. A branching (resp. local branching) of the relation — is
an element of the composition «- - —» (resp. « - —). It is defined by a triple a «- ¢ — b (resp.
a < ¢ — b) as pictured by the following diagram:

c c
/ \y (resp. / \ )
a b a b

A confluence pair (resp. local confluence pair) of the relation — is an element of the composition
—» -« «— (resp. — - «). It is defined by a triple a — d « b as pictured by the following diagram:

a b a b
\d/ (resp. \d/ )

Note that the relations < - — and « - — are symmetric.



1.2. Confluence

1.1.6. Commutation. Two relations —; and —; on A commute if

14 - o C =) g,

1.2. CONFLUENCE

1.2.1. Diamond property. A relation — has the diamond property if it commutes with itself. This
means that for any local branching a «+— ¢ — b there exists a local confluence:

a/C\b
\d/

This property is hard to obtain in general. Let us give the main confluence patterns used in rewriting.

1.2.2. Confluence patterns. A reduction relation — is called
i) Church-Rosser if & C —» - «.
ii) confluent if the relation — commutes, that is «— - — C —» - «—.
iii) semi-confluent if «— - - C —» - «.
iv) strongly-confluent if — - — C — - &
v) locally confluent if — - — C — - «—.

vi) has the diamond property if the relation — commutes, thatis ¢ - — C — - .

< >

s

i) ii) iii)
iv) V) vi)



1.2.3. Remark

1.2.3. Remark. The diamond property implies the Church-Rosser property, [New42, Theorem 1]. Note
that in [New42] Newman called confluence the Church-Rosser property defined above. He showed
that these properties coincide. Obviously, any Church-Rosser property is confluent, and the reverse
implication is shown by the following diagram:

1.2.4. Proposition. For an abstract rewriting system (A, —) the following conditions are equivalent
i) — is confluent,
ii) — is semi-confluent,

ili) — has the Church-Rosser property.

Proof. Prove that iii) implies i). Suppose that — is Church-Rosser. Given a branching a «- ¢ — b, we
have a < b. Hence by the Church-Rosser property, there is a confluence pair a — d « b, hence — is
confluent. Obviously i) implies ii). Prove that ii) implies iii). Suppose that — is semi-confluent and let
a & b. Prove by induction on the length of the sequence of reductions between a and b, that there is a
confluence pair a — d « b. This is obvious when the sequence is of length 0, that is a = b, or when the

. . . . —1 1
sequence is of length 1, that is a — b or a + b. Let consider a sequence of reductions a S b e b
By induction hypothesis, there is a confluence pair a — d «- b’. If b — b’, that is

a n—1 b’ b

Induction

d

by induction, this gives a confluence pair a — d « b. In the other case, if b’ — b, by semi-confluence,



1.3. Normalisation

there is a confluence pair d — d’ « b:

a n- b/ L b
. Semi-
Induction Confluence
d

~__,

hence, by induction we have a confluence pair a — d’ « b. It follows that the relation — is Church-
Rosser. O

1.2.5. Exercise. Prove that strong confluence implies confluence.

1.2.6. Exercise. Let A be a set and let —7 and —; be two reduction relations on A.
1. Prove that the confluence of —; and —; does not imply the confluence of —1 U —,.

2. Prove that
—1 C =) C = implies —»1 = -—») .
3. Prove that if —1 C —, C —»7 and — is strongly confluent, then —1 is confluent.

4. Prove that if —; and — are confluent and commute, then the relation —1 U —; is also confluent.

1.3. NORMALISATION

Let (A, —) be an abstract rewriting system.

1.3.1. Normal form. An element a in A is in normal form, or irreductible, with respect to — if there
isno b in A such that a — b. It is reductible if it is no irreductible. We denote by NF(—) the set of
normal forms in A with respect to —.

1.3.2. Normalizing. An element a in A is (weakly) normalizing if a — b for some b in NF(—). Then
we say that a has a normal form b and b is called a normal form of a. The relation — is (weakly)
normalizing if every element a in A is normalizing.

1.3.3. Termination. An element a in A is strongly normalizing if every reduction sequence starting
from a is finite. The relation — is strongly normalizing, or terminating, or noetherian if every a in A is



1.3.4. Convergence

strongly normalizing. Any terminating relation is normalizing. Note that the converse is false as shown
by the following abstract rewriting system

ao aj az as aq as
b

1.3.4. Convergence. We say that — is convergent, or complete, canonical, uniquely terminating, it —
is confluent and terminating.

1.3.5. Normal form property. The relation — has the normal form property if for any a in A and any
normal form b in A
a&booimpliess a—b.

The relation — has the unique normal form property if for all normal forms a and b in A

a& b oimpliess a=h.

1.3.6. Semi-convergence. We say that — is semi-convergent, or semi-complete, if — has the unique
normal form property and is normalizing. If (A, —) is semi-convergent, then every element a in A
reduces to a unique normal form denoted by a.

1.3.7. Confluence and unicity of the normal form. If — is confluent, every element has at most one
normal form. As an immediate consequence of the equivalence of the Church-Rosser property and the
confluence property, Proposition [I.2.4] we have

1.3.8. Theorem. For an abstract rewriting system (A, —) the following implications hold.:

i) The normal form property implies the unique normal form property.
ii) If — is confluent then — has the normal form property.

iii) If — is semi-convergent then it is confluent.

For a confluent abstract rewriting system (A, —), two elements a and b in A are equivalent if there
are joignable: a « - — b. The test of joignability may be not possible when the relation is not
terminating. For example, how to test the joignability of —n and n in the following example:

— 22— —1—0>01—02—--.

Let us show that normalisation suffices to determine joignability.
If — is normalizing and confluent, every element a in A has a unique normal form denoted by @.

1.3.9. Theorem. If — is normalizing and confluent then we have

asb if and only if a=b.

As a consequence of the previous result, for a normalizing and confluent abstract rewriting system

(A, —) an equivalence test of two elements a and b in A is to check the syntactical equality of their

normal forms @ and b. If the normal forms are computable and the syntactic identity is decidable then
the equivalence is decidable.



1.3. Normalisation

1.3.10. Exercise. Prove Theorem and Theorem

1.3.11. Examples. The abstract rewriting system

is confluent, not terminating and admits a unique normal form. The abstract rewriting system

T /
c—b—a a

~_

is not confluent, not terminating and admits a unique normal form.

1.3.12. Example. Let A = N — {0, 1}. Consider the relation on A defined by the
{{myn)|m>mn and n divides m }.

Then m is in NF(—) if and only if m is prime. An element p is a normal form of m if and only if
p is a prime factor of m. We have m — - «— n if and only if m and n are note relatively prime. The
transitive closure of — coincide woth — because > and divide relations are already transitive. We have
&= A x A and — terminates and it is not confluent.

1.3.13. Example. Let A = {a, b}* be the free monoid on {a, b}. We consider the relation — defined by
the set
{(ubav,uabv) | u,v € A}.

Then an element of A is in normal form if and only if it is of the form a™b™ for n, m € N. Not that the
relation — terminates and its confluent. Thus every element of A has a unique normal form and we have
W — - «= W' if and only if w < W' if and only if w and w’ contain the same number of as and bs. We
will see in the next chapter on string rewriting that such an abstract rewriting system can be specified by
only one rewriting rule ba — ab.

1.3.14. Exercise, [Jan88]]. Consider the set N x N with the reduction relation —; defined by (x,y) —
(x'yy’)if
(x'=x—2) and (y'=y=1)) or ((xX'=x+2) and (y'=y—1)).
1. Show that — is terminating.
2. Show that — is not confluent.

3. Define a reduction relation —; on N x N that is terminating, confluent and equivalent to —1, that
is the relations é1 and Qz are equal.



1.3.15. Well-founded induction

1.3.15. Well-founded induction. The principle of induction for natural numbers ensures that a property
P(n) holds for all natural numbers n if we can show that P(n) holds under the hypothesis that P(m)
holds for all m < n. The principle is a consequence of the fact that there is no infinitely descending
chain of natural numbers.

The well-founded induction principle for an abstract rewriting system (A, —) can be stated as fol-
lows. Given a property P on elements of A, then

VacA, (VbeA, a5b implies P(b)) implies P(a)
implies
Vae A, P(a).

With this principle, the property P(a) is proved for all elements a in A by proving that the property
P(b) holds for any element b in A such that there is a rewriting sequence a — b.

1.3.16. Theorem. If — terminates then the principle of noetherian induction holds

Proof. Suppose that the principle of induction does not hold, that is
VacA, (VbeA, a5b implies P(b)) implies P(a)

holds and that there exist an element ¢ in A such that P(c) does not hold. Then there exists ¢’ such that

¢ 5 ¢’ and P(c’) does not hold. In this way, we construct an infinite reduction sequence starting on c.
Hence, the reduction relation — does not terminate. O

Conversely, if the noetherian induction principe holds for an abstract rewriting system (A, —), then
it terminates. It suffices to apply the induction principle to the property:

P(a) = (there is no infinite reduction sequence starting on a) .

1.3.17. Exercise. Let (A, —) be an abstract rewriting system. The relation — is called finitely branch-
ing if each element a of A has only finitely many direct successors, that is elements b such that a — b.

The relation is called globally finite if the relation 5 is finitely branching, that is each element a in A
has only finitely many successors.

1. Suppose that the relation — is terminating and finitely branching. Prove that it is globally finite.

2. Show that it is not true that a finitely branching relation is terminating if it is globally finite.

A relation is acyclic if there is no element a in A such that a 5
3. Show that any acyclic relation is terminating if it is globally finite.

4. Show that a finitely branching and acyclic relation is terminating if and only if it is globally finite.

1.3.18. Exercise. Let (A, —) be an abstract rewriting system such that every element a in A has a
unique irreducible descendant. Prove that the relation — is confluent.



1.4. From local to global confluence

1.4. FROM LOCAL TO GLOBAL CONFLUENCE

The local confluence does not generally imply confluence, however these properties are equivalent for
terminating rewriting systems. This result is also due to Newman.

1.4.1. Theorem (Newman’s lemma, [New42, Theorem 3]). A terminating relation is confluent if it is
locally confluent.

A short proof by Noetherian induction is given by Huet in [Hue80]. Due to this proof, Newman’s
Lemma is also called the diamond lemma.

Proof. Suppose that — is locally confluent and terminating. We prove its confluence by Noetherian
induction. Given ag in A, we suppose that for all a with ap — a and for all branching

/» aj
a
\» az
there exists a confluence

t

Let us consider a branching

The cases a’ = ap or a” = ag are obvious. In the other case, the length of the reductions ag — a’ and
ap — a’ are greater than 1:

We conclude using the induction hypothesis and local confluence. O

10



1.4.2. Example, [Hue80]

1.4.2. Example, [Hue80]. The following examples illustrate that the requirement of noetherianity is
necessary to prove confluence from local confluence. The following abstract rewriting system is locally
confluent but not confluent

be————a a’'— b’
N

The following abstract rewriting system with2n — a,2n+1 — bandn - n+ 1forallnin N
without cycle is local confluent but not confluent:

LA

2

It is locally confluent but not confluent.

11



1.4. From local to global confluence
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A string rewriting system, SRS for short, historically called a semi-Thue system, is a rewriting system
over a set of strings on an alphabet. String rewriting systems are Turing complete in the sense that
they give a calculus that is equivalent to that of the Turing machine. String rewriting system appear in
the formal language theory. They are also used in combinatorial algebra as a tool for presentation of
semigroups, groups or monoids. For a fuller treatment on string rewriting systems we refer the reader to
[BO93]] and [Jan88].

In this chapter, string rewriting system will be describe in the categorical language of 2-polygraphs
as in [GM18]] and [GM12bl Section 4]. A 2-polygraph is a rewriting system over a set of paths of a
given directed graph. String rewriting system is the particular case when the directed graph has only one

vertex.

2.1.

PRELIMINARIES: ONE AND TWO-DIMENSIONAL CATEGORIES

13



2.1. Preliminaries: one and two-dimensional categories

2.1.1. Categories. A (small) category (or 1-category) is a data C made of
i) aset Cp, whose elements are called the O-cells of C,
ii) for every O-cells x and y of C, a set C(x,y), whose elements are called the 1-cells from x to y of C,
iii) for every O-cells x, y and z of C, a map
* V% 1 Clx,y) x Cly,z) — C(x,2z),
called the composition (or O-composition) of C,

iv) for every O-cell x, a specified element 1, of C(x, x), called the identity of x.

The following relations are required to hold

v) the composition is associative, i.e., for every O-cells x, y, z and t and for every 1-cells u € C(x,y),
v e C(y,z) andw € C(z,1),

*S’Z)t (*Z)c,y,Z(u) V)) w) = *Z)(’th (LL, *})J‘Z’t (V) w) ))

vi) the identities are local units for the composition, i.e., for every O-cells x and y and for every 1-cell
u € C(x,y),
* Y (Tu) = uw = xy¥Y(u, 1y).

We write u : x — y to mean that u is in C(x,y). The O-cell x is the source of u denoted by sp(u)
X’U)Z

and the O-cell y is the farget of u denoted by to(u). The composition xy*"(u,v) will be denoted by
U *q v, or simply by juxtaposition uv.

2.1.2. Monoids. A monoid M with product - and identity element Tp; corresponds to a category M
with only one 0-cell, denoted by e, and the 1-cells of M(e, @) are the elements of the monoid M. The
identity arrow 1, of M is the identity element Ty, and the composition of u xo v of 1-cells in M(e, ) if
the product u - v in the monoid M. The associativity and unitary properties of the composition, making
M into a category, are induced by the corresponding properties of the product -. In this way, any monoid
can be thought of as a one-O-cell category and a category can be thought of as a "monoid with several
O-cells".

2.1.3. Internal definition. A category C can also be defined as an internal category in the category Set
of sets. Explicitly, it is defined by a diagram in Set:

to

*0
Co_ 850 [ Cre——Cixe G
1

14



2.1.4. Product of categories

where Cy X ¢, Cy is defined by the following pullback diagram in the category Set:
C] XCo C] EE— C]

!
| .
C — Co
0
Elements of C; x ¢, C; are pairs (u, V) of O-composable 1-cells u and v, that is satisfying to(u) = so(v).

The maps sg, to and %o satisfy the axioms in such a way that the diagram above defines a category.
Explicitly, the following diagrams commute in the category Set:

i] i] *0 *0
Co 4>C1 Co 4)(:1 C] XCo C] —>C] C] XCo C] 4>C1
S t S t
RN N O I S
0
*0 XCp id i] XCy id id Xy i]

C] XCo C] XCo C] 4)(:1 XCo C] Co XCo C] —>C1 XCo C] — C] XCo Co

e *0‘ ‘*0 X ‘*O U

Ci x¢cy G ” C; Co

where 711 and 71 denote respectively first and second projection.

2.1.4. Product of categories. Given two categories C and D, the product category C x D is defined as
follows

i) the O-cells are the pairs (x,y), where x is a O-cell of C and y is a O-cell of D,
ii) the T-cells are the pairs (u,v) where w is a 1-cell of C and v is a 1-cell of D,
iii) the composition is component-wise: (u,v)(u’,v’) = (uu/,w’),

iv) the identities are the pairs of identities: 1(y) = (1x, 1y)-

2.1.5. Functors. Let C and D be categories. A functor F : C — D is a data made of
i) amap Fy: Cy — Dy,
ii) for every O-cells x and y of C, a map

Fry @ C(x,y) — D(F(x),F(y)),

such that the following relations are satisfied:

15



2.1. Preliminaries: one and two-dimensional categories

iii) for every O-cells x, y and z and every 1-cellsu:x - yandv:y — zof C,

Fx,z(u *0V) = Fx,y () %o Fy,z(\))a

iv) for every O-cell x of C,
Fx,x(]x) = ]F(x)-

We will write F(x) for Fo(x) and F(u) for Fyy(u). A functor F is a monomorphism (resp. an
epimorphism, resp. an isomorphism) if the map Fo and each map F, y is an injection (resp. a surjection,
resp. a bijection).

2.1.6. Functors as morphisms of graphs. A functor F: C — D can be seen as a morphism of graphs

where, for every 1-cell u: x — y of C, the 1-cell Fy(u) is defined as Fy ().

2.1.7. Onme-dimensional polygraphs. A 1-polygraph is a directed graph X, i.e., a diagram of sets and
maps

So
Zo ﬁ: Z] .
to
The elements of £y and X are called the O-cells and the 1-cells of X, respectively. If there is no confusion,

we just write £ = (X, Z;). Note that the notion of 1-polygraph is equivalent to the notion of abstract
rewriting system given in (I.1.1). A T-polygraph is finite if it has finitely many O-cells and 1-cells.

2.1.8. Free categories. If X is a 1-polygraph, the free category over L is the category denoted by 17
and defined as follows:

i) the O-cells of X] are the ones of Z,
i) the 1-cells of X7 from x to y are the finite paths of Z, i.e., the finite sequences

w uz us Un—1 Un
X X1 X2 e Xn—1 Y

of 1-cells of X,
iii) the composition is given by concatenation,
iv) the identities are the empty paths.

If X has only one O-cell, then the 1-cells of the free category X} form the free monoid over the set X;.
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2.1.9. Generating 1-polygraph

2.1.9. Generating 1-polygraph. Let C be a category. A T-polygraph X generates C if there exists an
epimorphism
n:X — C
that is the identity on O-cells. In that case, the 1-polygraph X has the same O-cells as C and, for every
0-cells x and y of C, the map
A ZT(X,U) — C(X)U)

is surjective. A category is finitely generated if it admits a finite generating 1-polygraph.

2.1.10. Spheres and cellular extensions of categories. A sphere of a category C is a pair y = (u, V)
of parallel 1-cells of C, that is, with the same source, so(1t) = so(v), and the same target, to(u) = to(v).
The T-cell u is the source of y and v is its target. A cellular extension of C is a set I" equipped with a
map from I" to the set of spheres of C. It is equivalent to the data of a set I' with two maps

$1
C—T
t
satisfying the following gobular relations:
soS1 = soty, tos1 = tots.

An element of I" will be graphically represented by a 2-cell with the following globular shape

that relates parallel 1-cells u and v in C, also denoted by u = vor by oc:u = v.

2.1.11. Congruences. A congruence on a category C is an equivalence relation = on the parallel 1-cells
of C that is compatible with the composition of C, that is, for every 1-cells

u
X——Y z——t
7
v

of C such that u = v, we have wuw’ = wvw’. If T is a cellular extension of C, the (Thue) congruence
generated by T is denoted by =r and defined as the smallest congruence relation such that, if y is in T,

then s1(y) =r t1(y).
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2.1. Preliminaries: one and two-dimensional categories

2.1.12. Quotient categories. If C is a category and I' is a cellular extension of C, the quotient of C by
I" is the category denoted by C/I" and defined as follows:

i) the O-cells of C/T are the ones of C,

ii) for every O-cells x and y of C, the set C/T"(x,y) of 1-cell with source x and target y is the quotient
of C(x,y) by the restriction of =r.

We will denote by
VAY C—C / I
the canonical projection. We will denote by ' for the image through 7ir of a T-cell u in C. The

superscript I' in W will be omitted whenever ambiguity is not introduced.

2.1.13. Two-dimensional categories. A (strict) 2-category is a category enriched over the cartesian
monoidal category Cat of categories. Explicitly, is a data C made of a set Cy, whose elements are called
the 0-cells of C, and, for every O-cells x and y of C, a category C(x,y), whose O-cells and 1-cells are
respectively called the 1-cells and the 2-cells from x to y of C. This data is equipped with the following
algebraic structure:

i) for every O-cells x, y and z of C, a functor

* V% 0 Clx,y) x Cly,z) — C(x,z),
ii) for every O-cell x, a specified O-cell 1 of the category C(x, x).
The following relations are required to hold:

iii) the composition is associative, i.e., for every O-cells x, y, z and t,

szvt XY,z — X)U)t U)th
*0 0 (%" X Ide(z) = %97 o (Ide(xy) X% ),

iv) the identities are local units for the composition, i.e., for every O-cells x and y,

*0" 0 (T x Tdepy)) = depgy) = #0™ © (epgy), Ty)-

2.1.14. Globular definition. A 2-category can, equivalently, be defined as a 2-graph

S0 S1

Col—C——(C

to 4
equipped with an additional algebraic structure. The definition of 2-graph requires that the source and
target maps satisfy the globular relations:

Sp08] = Spoty and thosy = thoty.

The 2-graph is equipped with two compositions, the 0-composition %y and the 1-composition *1, re-
spectively defined on 0-composable 1-cells and 2-cells, and on 1-composable 2-cells. We also have an
inclusion of Cy into C; given by the identities of the 2-category, and an inclusion of C; into C; induced
by the identities of the hom-categories. Explicitly, we have the following operations:
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2.1.14. Globular definition

i) for every 1-cells x X y Y, z, a 0-composite 1-cell
Uk V:IX — Z,
u Vv

/\@

ii) for every 2-cells x f

\ﬂ//y\/

z, a0-composite 2-cell

V/

u

I
iii) for every 2-cells x —v———y, a l-composite 2-cell

u
SN
X \Hf*]g y,
\ﬂ;/

iv) for every O-cell x, an identity 1-cell
Ty :x — X,

v) for every 1-cell x X Yy, an identity 2-cell

To:u—u.

The 0-composition and the T1-composition satisfy the following relations:
u v w
— forevery 1-cellsx — y —z —t, (WkoV)*xoW =wxp (Vo W),
— for every 1-cell x , Y, Ixkou=u=1uxoly,

— for every 1-cells x N y 5 z, Ty = Tuko 1y,

f g h
— forevery 2-cellsu = v = w = x, (f*1g)x1h="Fx (gx h),
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2.1. Preliminaries: one and two-dimensional categories

u v w
— for every 2-cells x/ij\ /ﬂg\ /ﬂh\t, (fxog)*xoh="Fxo(g*oh),

\/g \/\/

O

for every 2-cell x f oy, ILhxof=~F=1x01y,

v

f
forevery 2-cellu = v, Tyxf=~1f=~1x1,,

u
/IO /ﬂh
— forevery 2-cells x ———=y—~/'————z, (fx1f )% (g*1g’) = (fxog)*1 (f' %0 g’).

The last relation is usually called the exchange relation or the interchange law for the compositions x
and *1. This globular definition of 2-categories is equivalent to the enriched one.
The 0-composition of 2-cells with identity 1-cells defines the whiskering operations:

W ko U
— forevery x —>y ﬂf z , the left whiskering is x ﬂw *xf z,
W kg V
U *p W

u
— forevery x ﬂf Yy Wz, the right whiskering is x ﬂf oW Z.

e

v Vxo W

The left and right whiskering operations satisfy the following relations:

b

— forevery x Z, Wik (fx ') = (wxo f) %1 (W f'),
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2.2. String rewriting systems

u
U2 VI
— for every Xm,lL—HJ ——z, (fx1f)*v=_(fxV)* (f'x0V),
_f/

"

u
— for every XLHJ Yz ﬂf t, (WkoV)*o T =1uxky (V*oT),
w'
— for every X*)U ﬂf 2zt (Wwxg f) kg W = WK (fxo W),
v/
u
— for every x f y—)z—m (f %o V) %o W =T xg (Vro W),

u’
As for categories, we usually write uv and fg instead of u xp v and f x¢ g.

2.2. STRING REWRITING SYSTEMS

2.2.1. Two-dimensional polygraphs. A 2-polygraphisatriple L = (L, L1, Z,) made of a 1-polygraph
(Zo,Z1), often simply denoted by 2, and a cellular extension X, of the free category Xj. In other terms,
a 2-polygraph X is a 2-graph

SO S1
PID e I m— 2
to t

whose 0-cells and 1-cells form a free category. The elements of X are called the k-cells of £ and X is
finite if it has finitely many cells in every dimension.

2.2.2. Example. The string rewriting system on the alphabet {a} with only one rewriting rule aa — a
is described by the 2-polygraph X, where

Lo = {e}, Iy ={al}, %) ={aa > al

The rule aa — a corresponds to the following globular 2-cell
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2.2, String rewriting systems

2.2.3. Presentations of categories. If X is a 2-polygraph, the category presented by ¥ is the category

denoted by £ and defined by
T = 5I7/5,.

If C is a category, a presentation of C is a 2-polygraph L such that C is isomorphic to Z. In that case, the
1-cells of X are the generators of C, and the 2-cells of X are the relations of C.

Two 2-polygraphs X and Y are said to be Tietze-equivalent if they present isomorphic categories, that
is there exists an isomorphism of categories £ ~ Y.

2.2.4. Free 2-categories. Let X be a 2-polygraph. The free 2-category over X is the 2-category denoted
by 23 and defined as follows:
i) the O-cells of 13 are the ones of X,

ii) for every O-cells x and y of L, the category X5 (x,y) is defined as

— the free category over the 1-polygraph
— whose 0O-cells are the T-cells in X (x,y),
— whose 1-cells are the

w/

u
W /\
X———Y ﬂcx z——t
\/‘
v

with & : u = vin X; and w and w’ in X%,

— quotiented by the congruence generated by the cellular extension made of all the possible
ooy *1 WWB = uwp x awv’,

foro:u=u"andB:v=v'inX; and win Xj:

iii) for every O-cells x, y and z of X the composition functor is given by the concatenation on 1-cells
and, on 2-cells, as follows:

(W o Uy *7 -+ %1 Wnmity) *o (VIB1V] *7 -+« %1 VnBnvy,)
= woquivis(B1)Vv] *1 -+ * Ui V1s(B1)v]
*1 W t(m ) U VI B1V] *1 - %1 Umt(0tm ) Uy Vi PV,
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2.2.5. Rewriting sequences

w % u vi os(B1) vy
2
*1
!
wy @ u Vi @ Vi .
*1 *1 Unm /ﬂtx\m‘ uly vi o s(B1) Vi
.
*0 = *1
*1 *1 un  tlam) U v /ﬂﬁ\l Vi
! ! \_/\
. \} 1

*1

iv) for every O-cell x, the identity 1-cell 14 is the one of Z].

By definition of the 2-category X3, for every 1-cells u and v of X}, we have U = V in the quotient
category X if, and only if, there exists a “zig-zag” sequence of 2-cells of 25 between them:

f f n f n
U= &w :2>u2<:("'):>un71%:1vn71 %unév.

2.2.5. Rewriting sequences. A rewriting step of a 2-polygraph X is a 2-cell of the free 2-category 23
with shape

L
u /\ v
X—y \M,(p z———t
\/\
T

where @ : 1 = 7is a generating 2-cell in £ and u and v are 1-cells of 7. Such a rewriting step will be
denoted by ulv =5, urv. The subscript 2, will be omitted whenever ambiguity is not introduced.
A rewriting sequence of L is a finite or infinite sequence

w =z, W =5, ... =35, Unp =5, ...
of rewriting steps. If X has a non-empty rewriting sequence from w to w’, we say that w rewrites into w’.

Let us note that every 2-cell f of the 2-category X; decomposes into a finite rewriting sequence of X, this
decomposition being unique up to exchange relations.
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2.2, String rewriting systems

2.2.6. Leftmost reduction. Let ¥ be a 2-polygraph. A reduction step w = w’ is leftmost, and we
denote w = w’, if the two following conditions are satisfied

i) if w = ulv and w’ = urv for some 1 = rin X, with wand v in X,

ii) for any factorisation w = u’l’r’ for some I’ = 1/ in L,, then ul is a proper prefix of u’l’ or
ul =u'l’" and u is a prefix of u’.

2.2.7. Rewriting properties of 2-polygraphs. To any 2-polygraph X, we associate an abstract rewriting
system whose elements are 1-cells in 7 and the reduction relations is the relation =y,. We say that a 2-
polygraph has a rewriting property P, such as normalisation, termination or confluence, if the associated
abstract rewriting system (X}, =5, ) has the property P. In particular, a 2-polygraph is confluent if and
only if it is Church-Rosser and by Newman’s lemma, Theorem for a terminating 2-polygraph,
local confluence and confluence are equivalent properties.

We will denote by Z‘]‘f the set of 1-cells of 27 in normal form with respect to ;.

2.2.8. Theorem. Let ¥ be a terminating 2-polygraph. Then X is confluent if and only if the restriction
of the canonical projection
m:X] — X

to the irreducible 1-cells induces a bijection for any 0-cells x and y:

iy : Zﬁ’f(x,y) — I(x,y).
2.2.9. Exercise. Prove Theoremm

2.2.10. Termination order. A termination order on X is an order relation < on parallel 1-cells of X7
such that the following three conditions are satisfied:

i) the composition of 1-cells of X is strictly monotone in both arguments, i.e., u’ < uimplies vu'w <
vuw for all composable 1-cells u, u’, vand w in I},

i) the relation is wellfounded, i.e., every decreasing family (1 )nen of parallel 1-cells of Z7 is station-
ary,

iii) for every 2-cell « of Z,, the strict inequality t(c) < s(o) holds.

As a direct consequence of the definition, if a 2-polygraph admits a termination order, then it terminates.

2.2.11. Lexicographic order. A useful example of termination order is the left degree-wise lexico-
graphic order (or deglex for short) generated by a given order on the 1-cells of X. It is defined by the
following strict inequalities, where each x; and yj is a 1-cell of .

X]"'X'p<y1"'yq> lfP<q»

X7 Xk 1Xk Xp < XT ot Xk—1Yk -ttt Ypy if xi < yx.

The deglex order is total if and only if the original order on the set X is total.
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2.2.12. Reduced 2-polygraph

2.2.12. Reduced 2-polygraph. A 2-polygraph X is
i) left-reduced if for any 1 = 1 in L, then 1 is irreducible with respect to £, \ {1l = 1},

ii) right-reduced if for any 1 = 1 in X; then r is irreducible with respect to X,

iii) reduced if it is left-reduced and right-reduced.

2.2.13. Exercise [Mét83], [Squ87, Theorem 2.4]. Show that every finite convergent 2-polygraph is
Tietze equivalent to a finite reduced convergent 2-polygraph.

2.3. THE WORD PROBLEM

2.3.1. The word problem. The word problem for a 2-polygraph X is the following decision problem

INSTANCE: two I-cellsuand vin X7.

QUESTION: Does u &=y, v ?

There are finite string rewriting systems for which the word problem is algorithmically unsolvable.
Hence, the word problem for finite string rewriting systems is undecidable in general. When a string
rewriting system is finite and convergent, then its word problem is decidable by the normal form proce-
dure.

2.3.2. Normal form procedure. Given a convergent 2-polygraph X, every 1-cell u of ] has a unique
normal form, denoted by i, so that we have U = v in Z if, and only if, T = v holds in X3. This defines a
section

T
of the canonical projection 27 —» %, mapping a T-cell u of Z to the unique normal form of its represen-
tative T-cells in X, still denoted by 1i. As a consequence, a finite and convergent 2-polygraph X yields a
decision procedure for the word problem of the category X it presents: the normal-form procedure:

Input: u, v two 1-cells of £7.
begin
reduce u to its normal form U with respect to £ ;
reduce v to its normal form V with respect to 25 ;
if L =V then
| Accept
else
| Reject
end

end

Algorithm 1: Normal form procedure

Note that finiteness is used to test whether a given 1-cell u is a normal form or not, by examination
of all the relations and their possible applications on w. Then, the equality it = v holds in X if, and only
if, the equality i = V holds in X].
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2.4. Branchings

2.3.3. Complexity of the word problem for a finite 2-polygraph. For a finite convergent 2-polygraph
Y, consider a function fs : N — N such that for any 1-cell uwin X7, the leftmost reduction sequence from
u to its normal form contains at most fy({(u)) many steps. In [Boo82], Book proves that for a finite
convergent and reduced 2-polygraph Z, the normal form for a 1-cell u in X7 can be computed in time
O(€(u)+fx(£(u)). As a consequence, if a 2-polygraph X is length-reducing and confluent, then its word
problem is decidable in linear time.

2.3.4. Decidability of the word problem and Tietze invariance. Itis well-known that the decidability
of the word problem is an invariant property of finite presentations of monoids:

2.3.5. Proposition. Let & and Y two finite Tietze-equivalent 2-polygraphs. Then the word problem for
Y is decidable if and only if the word problem for Y is decidable.

We can thus talk about the decidability of the word problem in a finitely generated monoid. Fi-
nally, let us mention the following result obtained by Avenhaus and Madlener in [AM78al, /AM78b] for
presentations of groups, but the proof can be applied to presentation of monoids.

2.3.6. Theorem. Let X and Y be two Tietze-equivalent finite 2-polygraphs. If the word problem can be
decided for X~ in time O(f(n)), then the word problem for Y can be solved in time O(f(c.n)) for some
constant natural number ¢ > 0.

2.4. BRANCHINGS

2.4.1. Branchings. Recall from |i that a branching of L is a pair (f, g) of 2-cells of L} with a
common source, as in the following diagram

The 1-cell u is the source of this branching and the pair (v, w) is its target. A branching (f, g) is local if
f and g are rewriting steps. A branching
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2.4.2. Local branchings

2.4.2. Local branchings. Local branchings belong to one of the three following families. The aspher-
ical branchings have shape

where f is a rewriting step. The orthogonal branchings, also called Peiffer branchings, have shape
uv
k w’

where f : w = u’ and g : v = Vv’ are rewriting steps. The overlapping branchings are the remaining
local branchings.

2.4.3. Critical branchings. Local branchings are compared by the order C generated by the relations
(f,g) T (ufv,ugv)

given for any local branching (f,g) and any possible 1-cells u and v of 7. An overlapping local

branching that is minimal for the order C is called a critical branching, or a critical pair. Note that

a 2-polygraph has two kinds of critical branchings, namely inclusion ones and overlapping ones, respec-
tively corresponding to the two situations pictured on Figure

RN N
N\ %

Figure 2.4.3: Critical branchings by inclusion and overlapping

2.4.4. Theorem (Critical pair theorem). A 2-polygraph is locally confluent if, and only if, all its criti-
cal branchings are confluent.

Proof. Every aspherical branching is confluent:
f/ v &
u v
N=v—t
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2.4. Branchings

We also have confluence of every Peiffer local branching:

/
.y

\

Finally, in the case of an overlapping but not minimal local branching (f, g), there exist factorisations

f =uhv and g = ukv with
h/) w1
w
k\> w

a critical branching of L. By hypothesis, the branching (h, k) is confluent:

then so is (f, g):

O]

2.4.5. Example. Consider the 2-polygraph X, with 1 = {a,b} and X; = {& : aba = 1}. The 2-
polygraph I is terminating since {(u) > £(v) whenever u = v. The polygraphs admits one critical
branching and this branching is not confluent:

It follows that the 2-polygraph X is not confluent.
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2.4.6. Example

2.4.6. Example. Consider the 2-polygraph X, with £; = {a, b, c} and
Yo ={x:ab=ca, f:bc= ab, y:ca= bc}

The 2-polygraph X is not terminating and local confluent with three confluent critical branchings:

cy
%aabﬁacaﬁ %ccaécbc\di{
abc cab cab
x‘cacébcc% yb\bcbﬁabb4
bp

by/ibbc =2 bab
\ aba==caa= Y@

2.4.7. Example: reduced standard presentation. Given a category C, we call reduced standard poly-
graphic presentation of C, the 2-polygraph X~ defined as follows:

i) it has one O-cell for each 0-cell of C and one 1-cell U : x — y for every non-identity T-cellu : x — y
of C,

ii) it has one 2-cell
~ y ~
u v
7N
X Z
wv
for every non-identity T-cells u: x — y and v : y — z of C such that uv is not an identity,

~ Yy ~
u A%
7N
XX

Tx

iii) it has one 2-cell

for every non-identity T-cellsu: x — y and v : y — x of C such that uv = 1.

The 2-polygraph L is reduced and convergent. It has one critical branching (i, W, UL, ) for every
triple (u, v, w) of non-identity composable 1-cells in C. Each of these critical branchings is confluent,
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2.5. Completion

with four possible cases, depending on whether uv or vw is an identity or not:

uvw ww www Huvw
% W 4\; uu¥ avw

Following Theorem [2.4.4] one can decide whether a finite string rewriting system is convergent by
checking confluence of critical branchings. If the set of rules is finite, there are only finitely many critical
branchings. It thus can be tested whether every such branching is confluent. The result follows because,
the rewriting system is locally confluent if and only if every critical branching is confluent.

2.4.8. Theorem ([Niv73]). Let X be a finite terminating string rewriting system. Then, whether or not
Y is locally confluent, is decidable. Hence, it is decidable whether or not ¥ is confluent.

2.5. COMPLETION

2.5.1. Knuth-Bendix’s completion procedure. Let X be a terminating 2-polygraph, equipped with a
total termination order <. A Knuth-Bendix’s completion of L is a 2-polygraph KB(X) obtained by the
following procedure.
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2.5.1. Knuth-Bendix’s completion procedure

Input: X be a terminating 2-polygraph with a total termination order <.
KB(X)«Z
Cb «{ critical branchings of L}

while Cb # () do
Picks a branching in Cb:

end

Cb

.
ug&y\)

— Cb\ {(f,g)}

Reduce v to a normal form V with respect to KB(Z),
Reduce w to a normal form w with respect to B(Z);

ifv

end
Cb

fsy—uv
u/:>
¥$W:>Vv

# w then
if v > w then
KB(Z); « KB(Z);U{ax:v=w}h

{)\

S=v—
uw [0 8
S wv—

<

end
if W > v then
KB(X); « KB(Z)U{o:w=7V}

%v:%@\

x

u
¥$W:>Vv

end

 Cb U/{critical branching created by o }

Algorithm 2: Knuth-Bendix completion procedure

If the procedure stops, it returns the 2-polygraph CB(Z). Otherwise, it builds an increasing sequence
of 2-polygraphs, whose limit is denoted by KB(X). Note that, if the starting 2-polygraph X is already
convergent, then the Knuth-Bendix’s completion of X is X.
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2.6. Existence of finite convergent presentations

2.5.2. Theorem ([KB70]). The Knuth-Bendix’s completion KB (X) of a 2-polygraph ¥ is a convergent
presentation of the category L. Moreover, the 2-polygraph KCIB(X) is finite if, and only if, the 2-polygraph
Y is finite and if the Knuth-Bendix’s completion procedure halts.

2.5.3. Exercice. Find a finite convergent presentation of the monoid generated by two generators a
and b and submitted to the relation aba = 1.

2.6. EXISTENCE OF FINITE CONVERGENT PRESENTATIONS

When a string rewriting system is not convergent, one wishes to determine whether there exists a Tietze
equivalent convergent string rewriting system. We can formulate the two following problems of existence
of finite convergent presentations.

2.6.1. Problem.
INSTANCE: A finite string rewriting system (X1, X;).

QUESTION: Does (X1, X,) is Tietze equivalent to a finite convergent string rewriting system (X1,7Y3) ?

2.6.2. Problem.
INSTANCE: A finite string rewriting system (X, ).

QUESTION: Does (X1, X,) is Tietze equivalent to a finite convergent string rewriting system ?

2.6.3. Theorem ([BO84]). The problems[2.6.1and are undecidable.

2.6.4. Existence of finite convergent presentations. The normal form procedure proves that, if a
monoid admits a finite convergent presentation, then it has a decidable word problem. The converse
implication was still an open problem in the middle of the eighties. Jantzen in [Jan82, Jan85]] asked the
following question.

2.6.5. Question. Does every finitely presented monoid with a decidable word problem admit a finite
convergent presentation?

2.6.6. Example. In [KN85||], Kapur and Narendran consider Artin’s presentation of the monoid Bgr of
positive braids on three strands:
Y = (st | sts=tst).

The generators s and t correspond to the following braids

s=p< | and t=| X

and the rule sts = tst corresponds to the Yang-Baxter relation:
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2.6.9. Question

They proved that the word problem for B;’ is decidable and that this monoid admits no finite convergent
presentation on the two generators s and t. However, Bauer and Otto, [BO84], have found a finite
convergent presentation of the monoid B;r by adjunction of a new generator a standing for the product st:

M= (stya | a:ta=as, p:st=a).

Indeed, this rewriting system can be completed by applying the Knuth-Bendix completion procedure,
[KB70], into the following convergent presentation

KB(T) = (s,t,a | «:ta= as, B:st=a, y:sas = aa, §:saa = aat) (2.6.7)

with the following four critical branchings:

aaaf
ﬁa/> aa % aat V% aaas ¢ aac V% aaaa <aaast
sta Y sast ) sasas aata sasaa Waaoct
% sas % saa 5% saaa % sk saaatﬁtaatat
a

(2.6.8)
As a consequence, the word problem for B;r is solvable by the normal form algorithm. The result of
Kapur and Narendran shows that the existence of a finite convergent presentation depends on the specific
presentation of the monoid, in particular on the chosen generators. In their example, by adding new
letters in the alphabet it is possible to obtain a finite convergent string rewriting system. However, is it
always possible to obtain such Tietze equivalent system by adding a finite set of letters? Thus, to provide
the awaited negative answer to the open question, one would have to exhibit a monoid with a decidable
word problem but with no finite convergent presentation on any possible set of generators.

2.6.9. Question. Which condition a monoid need to satisfy to admit a presentation by a finite conver-
gent rewriting system?

Diekert solved the problem for the case of abelian groups. He derived a whole class of finite string
rewriting systems presenting abelian groups with a decidable word problem which are not Tietze equiva-
lent to finite convergent string rewriting systems on the same alphabet, [Die86]. Moreover, he constructed
a necessary and sufficient conditions for the existence of convergent presentation for finitely generated
abelian groups. However, the problem for general monoids was still open. At this point, new methods
had to be introduced for a problem which seems to concern intrinsic properties of the presented monoid.

2.6.10. Exercise. Compute a convergent presentation of the monoid B;r with two generating 1-cells.

2.6.11. Exercise, [KN85]. Consider the monoid B;r of positive braids on three strands and the Artin’s
presentation £ = (s,t | v :sts = tst).
1. Show that the word problem is decidable for B;.

2. Show that for any i > 0 and any j > 0, the words s'"'t/*2st and tst'*2s/*! are equals in BJ .
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2.6. Existence of finite convergent presentations

3. Denote by [w] the equivalence class modulo the relation y containing the word w. Prove that for
any n > 0 the two following equalities hold

[thst] = {t"istst | 0
0

<
[tst™] = {tst™T |0 <

4. Show that there does not exist any finite convergent presentation of the monoid B;’ with two
generators s and t.

2.6.12. Example: plactic monoid. The structure of plactic monoids appeared in the combinatorial
study of Young tableaux by Schensted [Sch61]] and Knuth [Knu70]. The plactic monoid of rank n > 0,
denoted by Py, is generated by the set {1, ..., n} and subject to the Knuth relations:

zxy =xzy for T<x<y<z<n, yzx =yxz for 1<x<y<z<n

For instance, the monoid P, is generated by {1, 2} and submitted to the relations 211 = 121 and 221 =
212. These relations can be oriented with respect to the lexicographic order as follows

1’]1’]’2:2]1 = 121 61’2,2:22] = 212.
In this way, the Knuth presentation of the monoid P; is convergent with a unique critical branching:

11,2
2211 2121.
v

€121

With respect to the lexicographic order, the Knuth presentation of the monoid P3 is not convergent,
but it can be completed by adding 3 relations to get a convergent presentation with 27 critical branch-
ings. For the monoid P4 we have 4 generators and 20 relations, and its completion is infinite. More
generally, Kubat and Okninski showed in [KO14] that for rank n > 3, a finite convergent presentation
of the monoid P;, cannot be obtained by completion of the Knuth presentation with the degree lexico-
graphic order. Bokut, Chen, Chen and Li in [BCCL15]], Cain, Gray and Malheiro in [CGM15]], and Hage
in [Hag135] for type C, constructed with independent methods a finite convergent presentation by adding
column generators to the Knuth presentation.
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Coherent presentations and syzygies
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The notion of coherent presentation extends those of presentation of a category by globular homotopy
generators taking into account the relations amongst the relations. In this chapter we show how to
compute a coherent presentation for a category using the completion procedure introduced in the previous
chapter. The method follows a construction introduced by Squier in [SOK94] in his homotopical and
homological study of finiteness conditions for finite convergence of finitely presented monoids. Many
constructions presented in this chapter come from [GM18]].

3.1. INTRODUCTION
3.1.1. Syzygies of Knuth’s relations. Recall from (2.6.12), that for n > 0, the plactic monoid P, is
generated by the set {1,...,n} and subject to the Knuth relations:
zxy =xzy for 1T<x<y<z<n, yzx =yxz for 1<x<y<z<n

We consider the problem of finding all independent irreducible algebraic relations amongst these rela-
tions. Such a relation is called a 2-syzygy, and we aim to to give an algorithmic method that computes all
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3.1. Introduction

2-syzygies of the presentation, and in particular a family of generators for these syzygies. For instance,
the monoid P; is generated by {1, 2} and submitted to the relations

1’]],1,2:2” = 121, 81’272:22] = 212.

There are two ways to prove the equality 2211 = 2121 in the monoid P,, either by applying the first
relation or the second relation. This two equalities are related by a syzygy:

21,2
Z
2211 2121

N A

€121
We will prove that this syzygy generates all the syzygies of the above presentation. The proof is based
on a categorical description of syzygies of such a presentation, and an extension of the Knuth-Bendix
completion procedure given in (2.5.1)), by keeping track of syzygies created when adding rules during
the completion. The correctness of the procedure follows the coherent Squier theorem, [SOK94], which

states that a convergent presentation of a monoid extended by the homotopy generators defined by the
confluence diagrams induced by critical branchings forms a coherent convergent presentation.

3.1.2. Positive braid monoids. Let us illustrate the notion of syzygy on the presentation of the braid
monoid BJ studied in (2.6.6):

<s,t ‘ oc:sts:>tst>.

One proves that there is no nontrivial syzygy amongst the relations induce by the rule . Now consider
the braid monoid BI on four strands with the following presentation:

(rys,t|rsr=srs, sts =tst, rt =1tr).
The generators corresponds to the following generating braids on four strands:
r=x I, s=les |y, t=l ] es

so that the relations read as follows:

S o R R IVEVES

In that case, one proves [Del97, [IGGM13l], that all the syzygies are generated by the following

)
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3.2. Categorical preliminaries

Zamolodchikov relation:

gt i i

Bl

3.2. CATEGORICAL PRELIMINARIES

In this section, we recall the notion of 2-functor, (2, T)-category, and 3-category used in this chapter.

3.2.1. Two-dimensional functors. In , we have introduced the notion of 2-category as a cat-
egory enriched over the cartesian monoidal category Cat of categories. A (strict) 2-functor between
2-categories is a functor enriched in categories. Explicitly, given two 2-categories C and D. A 2-functor
F: C — D is a data made of

i) amap Fy: Cy — Dy,
ii) for every O-cells x and y of Cy, a functor

Fx,y : C(X)y) - D(FO(X))FO(U))>

such that the following diagrams commute in the category Cat, for every O-cells x, y, z in Cy

XYyYZ
*0

C(x,y) x C(y,z) C(x,z)

vay X FUVZJ J{FX,Z

D(Fo(x), Fo(y)) x D(Fo(y), Fo(z))

*go (%),Fo(y),Fo(z)
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3.2. Categorical preliminaries

where 1 denotes the terminal category:

)

with a single O-cell and a single 1-cell, and the downward arrows map the single 0-cell on identities
1-cells.

If there is no possible confusion, we will write F(x) for Fo(x) and F(u) (resp. F(a)) for Fyy (1) (resp.
Fyx,y(a)), where u and o are 1-cells and 2-cells of C respectively.
The 2-categories and their 2-functors form a category that we will denote by 2Cat.

3.2.2. (2,1)-categories. A (small) groupoid, or (1,0)-category, is a 1-category C in which all 1-cells
are isomorphisms, that is there is an inverse map (—)~' : C; — Cj such that for any 1-cell win Cy, the
following conditions hold:

uu =1

so(u)y uu= ]to(u)'

A (2,1)-category is a category enriched over the cartesian monoidal category Gpd of groupoids. That
is, it is a 2-category C;, whose 2-cells are invertible for the 1-composition: for any 2-cell f : u = v,
there exists a 2-cell f~! : v = 1, such that

fx 7 =1y, fTxf=1,.

3.2.3. Free (2, 1)-category. Given a 2-polygraph £, the free (2, 1)-category over £ is denoted by £
and defined as the free 2-category generated by X, and whose every 2-cell is invertible. Explicitly, its set
of O-cells is £y and, for all 0-cells x and y, the groupoid ZZT(X, y) is given as the quotient

% (hy) = (ZHI7)(x,y)/Tv(L),

where:

i) the 2-polygraph X~ is defined from X by reversing its 2-cells, that is

L, ={tile) = si(a) | x € I},
ii) the cellular extension Inv(X;) contains the following two relations for every 2-cell o« of X and all
possible T-cells u and v of Zj such that s(u) = x and t(v) =y:
uovxpue v = gy and uo varuay = 1oy

By definition of the (2, 1)-category L7, for all 1-cells w and v of £, we have L = V in the quotient
category X if, and only if, there exists a 2-cell f : uw = v in the (2, 1)-category Z;.

3.2.4. Lemma. Let C be a category and let £ and Y be two 2-polygraphs that present C. There exist
two 2-functors
F:2) =Y, and G:YV; -1,

and, there exist two families of 2-cells

(0w : GF(u) = u) and (tv: FG(v) = v)

uer; Ve

in ZZT and TZT respectively, such that the following conditions are satisfied:
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3.2.5. 3-categories

i) the 2-functors F and G induce the identity through the canonical projections onto C, that is the two
following diagrams commute

5T ™, ¢ 5T ™ c
F| Jldc q| %dc
T T

ii) the 2-cells oy and T, are functorial in u and v, that is
Ouu/ = OuOu/, o1, = I,
for any 1-cells w and \' and 0-cell x and
Twv = TyTy/, le = 119)
for any 1-cells v and v' and O-cell y.

Proof. We prove the existence of the functor F. The proof of the existence of the functor G is similar.
For a O-cell x, we set F(x) = x. If a : x — y is a 1-cell of £, we choose, in an arbitrary way, a 1-cell
F(a) :x — yin Y7 such that 7ty F(a) = 7z (a). Then, we extend F to every 1-cell of L] by functoriality.
Let oc : u = u’ be a 2-cell of ;. Since X is a presentation of the category C, we have 7ty (1) = 7ty (u/),
so that 7ty F(u) = 7y F(u') holds. Using the fact that Y is a presentation of the category C, we arbitrarily
choose a 2-cell F(«) : F(u) = F(u’) in the (2, 1)-category TZT. Then, we extend F to every 2-cell of ZZT
by functoriality.

Now, let us define o, the case of T being symmetric. Let a be a 1-cell of X. By construction of F
and G, we have:

nyGF(a) = myF(a) = ng(a).

Since X is a presentation of C, there exists a 2-cell 04 : GF(a) = ain ZZT. We extend o to every 1-cell u

of Z; by functoriality. O

3.2.5. 3-categories. The notion of 3-category is defined as the one of 2-category but by replacement
of the hom-categories and the composition functors by hom-2-categories and composition 2-functors.
A (strict) 3-category is a category enriched in the category 2Cat of 2-categories. In particular, in a
3-category, the 3-cells can be composed in three different ways:

i) by %o, along their O-dimensional boundary:

u v uv

u A% uv
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3.3. Coherent presentation of categories

ii) by %1, along their 1-dimensional boundary:

— x fxigl| = |[f'x19 v

The compositions in a 3-category satisty the exchange relation, for every 0 < i< j < 2:

(A*i B) *j (A,*iB/) = (A*] A,) *i (B *j B/)

3.2.6. (3, 1)-categories. A (3, 1)-category is a 3-category whose 2-cells are invertible for the composi-
tion x; and whose 3-cells are invertible for the composition *;.

3.2.7. Exercise. Show that in a (3, 1)-category, all the 3-cells are invertible for the composition *.

3.3. COHERENT PRESENTATION OF CATEGORIES

3.3.1. Cellular extension of 2-categories. Let C be a 2-category. A 2-sphere of C is a pair (f, g) of
parallel 2-cells of C, that is such that s1(f) = s1(g) and t;(f) = t;(g):

.f

an
NS

g

A cellular extension of the 2-category C is a set ' equipped with a map from I" to the set of 2-spheres
of C. It is equivalent to the data of a set I' with two maps

$2
Cz §: I
t2
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3.3.2. Acyclicity

satisfying the globular relations s1s; = s1t; and t;s; = tt,. A congruence on the 2-category C is an
equivalence relation = on the parallel 2-cells of C such that, for every cells

of C, if f = g, then
Wo (hxy Fx1 k) koW = Wkg (hxg g*y k) %o w'.

If T is a cellular extension of C, the congruence generated by I' is denoted by = and defined as the
smallest congruence such that, if I' contains a 3-cell y : f = g, then f =r g. The quotient 2-category of
a 2-category C by a congruence relation = is the 2-category, denoted by C/ =, whose 0O-cells and 1-cells
are those of C and the 2-cells are the equivalence classes of 2-cells of C modulo the congruence =.

3.3.2. Acyclicity. A cellular extension I" of a 2-category C is called acyclic if for every parallel 2-cells
f and g of C, we have f =p g, that is, the equality f = g holds in the quotient 2-category C/ =r. For
instance, the set of 2-spheres of C forms an acyclic extension of C. In the literature, an acyclic extension
of C is also called an homotopy basis of C.

3.3.3. (3, 1)-polygraphs. A (3,1)-polygraphisadata (Xy, X, X,,X3) made of a 2-polygraph (Xo, X1, X;)
and a cellular extension X3 of the free (2, 1)-category ZZT over X, as summarised in the following dia-
gram:

So S1 S2
o8 P bl I3
to 4 t

3.3.4. Coherent presentations. A coherent presentation of a 1-category C is a (3,1)-polygraph
(Zo, Z1, L2, L3) such that the 2-polygraph (Zo, £, X,) is a presentation of C and X3 is an acyclic cellular
extension of the (2, 1)-category I, .

3.3.5. Free (3, 1)-categories. Given a (3, 1)-polygraph X, the free (3, 1)-category over L is denoted
by Z3T and defined as follows:

i) its underlying 2-category is the free (2, 1)-category L/,

ii) its 3-cells are all the formal compositions by *g, x; and %, of 3-cells of X3, of their inverses and of
identities of 2-cells, up to associativity, identity, exchange and inverse relations.

In particular, we get that X3 is an acyclic extension of ZZT if, and only if, for every pair (f, g) of parallel
2-cells of ZZT, there exists a 3-cell A : f = gin Z3T.
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3.4. Finite derivation type

3.4. FINITE DERIVATION TYPE

3.4.1. 2-polygraphs of finite derivation type. A 2-polygraph X is of finite derivation type, FDT for
short, if it is finite and if the free (2, 1)-category ZZT admits a finite acyclic cellular extension. A category
C is said to be of finite derivation type if it admits a finite coherent presentation. Let us prove now that
this property does not depend on this presentation provide is finite. The proof is based on the following
theorem, that allows transfers of acyclic cellular extensions of two (2, 1)-categories that present the same
category.

3.4.2. Homotopy bases transfer theorem. Given a category C a category, we consider two presenta-
tions £ and Y of C. By Lemma (3.2.4] there exist 2-functors

F:2) —»Y, and G:Y, -2,

and for every 1-cell v of Y3, there exists a 2-cell T, : FG(v) = vin Y; that satisfy the conditions given
in Lemma[3.2.4

Let define the cellular extension Ty of the (2, 1)-category Y; that contains one 3-cell

F% FG(v) X

for every 2-cell o :u = vof ;.

Given a cellular extension T of the (2, 1)-category £, , we denote by F(T") the cellular extension of
ZZT that contains one 3-cell

for every 3-cell y : f = g of I'.

Using these notations, we can formulate the following result, called the acyclicity transfer theorem
in [GM18§].

3.4.3. Theorem. If T is an acyclic cellular extension of the (2,1)-category L, , then the cellular exten-
sion

A=TFTI Uty

is an acyclic cellular extension of the (2, 1)-category YZT.
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3.4.2. Homotopy bases transfer theorem

Proof. Let us define, for every 2-cell f : u = v of Y;, a 3-cell ¢ of the free (3, T)-category A; with the

following shape:
F% FG(v) T
v

FG(u) M’ff

We extend the notation T, where « is a 2-cell of Y, in a functorial way, according to the following
formulas:
T, = lo, Trg = TfTg, T = FG(f)” % 1 *1 7,

Trag = (FG(f) %1 1) %2 (T %1 g).
One checks that the 3-cells T are well-defined, i.e., that their definition is compatible with the relations
on 2-cells, such as the exchange relation:
Tfgrihk = T(fxrh)(gxk)-

Now, let us consider parallel 2-cells f,g : u = v of TZT. The 2-cells G(f) and G(g) are parallel in ZZT
so that, since I" is an acyclic cellular extension of ZZT, there exists a 3-cell

in FST . An application of F to A gives the 3-cell

FG(f)

T\

FG(u) MF(A) FG(v)

N A

FG(g)

which, by definition of the cellular extension A and functoriality of F, is in AZT. Using the 3-cells F(A),
T¢ and T4, we get the following 3-cell from f to g in A;r:
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3.5. Coherence from convergence

This concludes the proof that A = F(I') II Ty is an acyclic cellular extension of the (2, 1)-category
Y. O]

We deduce from Theorem [3.4.3] that the finite derivation type property is Tietze invariant for finite 2-
polygraphs:

3.4.4. Theorem ([SOK94, Theorem 4.3]). Let £ and Y be two Tietze-equivalent finite 2-polygraphs.
Then X is of finite derivation type if and only if Y is of finite derivation type.

The result of the following exercise is useful to prove that a presentation admits no finite acyclic
cellular extensions.

3.4.5. Exercise. Let X be a 2-polygraph and let " be an acyclic cellular extension of the free (2,1)-
category Z;. Show that if ZZT admits a finite acyclic cellular extension, then there exists a finite subset
of " that is an acyclic cellular extension of I, .

3.5. COHERENCE FROM CONVERGENCE

3.5.1. Generating confluences. Squier’s completion procedure provides a way to extend a convergent
presentation of a 1-category C into a coherent presentation of C. We fix a convergent 2-polygraph X. A
family of generating confluences of L is a cellular extension of the free (2, 1)-category ZZT that contains

exactly one 3-cell
/

R
N

for every critical branching (f, g) of Z.

Note that, if X is confluent, it always admits a family of generating confluences. However, such a
family is not necessarily unique, since the 3-cell A¢ 4 can be directed in the reverse way and, for a given
branching (f, g), we can have several possible 2-cells ' and g’ with the required shape. Later, we will
define the notion of normalisation strategies that provide a deterministic way to construct a family of
generating confluences.

3.5.2. Squier’s completion for convergent presentations. A Squier’s completion of a convergent 2-
polygraph X is the (3, 1)-polygraph denoted by §(Z) and defined by S(X) = (X,T’), where I is a chosen
family of generating confluences of X. The first proof of the following result is due to Squier, [SOK94]],
in the case where the category C is a monoid. We present the proof given in [GM18]] in the language of

polygraphs.

3.5.3. Theorem ([SOK94, Theorem 5.2]). For every convergent presentation ¥ of a category C, Squier’s
completion of L is coherent presentation of C.

Proof. We proceed in three steps.
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3.54. Step 1

3.5.4. Step 1. We prove that, for every local branching (f,g) : u = ( w) of X, there exist 2-cells
f':v=u'andg :w = u'inIianda3-cell A: fx f' = g* g’ inS(X)], as in the following

diagram:

/ v f/

A

\ w
As we have seen in the study of confluence of local branchings, in the case of an aspherical or Peiffer
branching, we can choose " and g’ such that f x; ' = g x; g’: an identity 3-cell is enough to link them.
Moreover, if we have an overlapping branching (f, g) that is not critical, we have (f, g) = (uhv, ukv)
with (h, k) critical. We consider the 3-cell & : hx; h/ = k%7 k/ of §(Z) corresponding to the critical
branching (h, k) and we conclude that the following 2-cells f’ and g’ and 3-cell A satisfy the required

conditions:
f' =uh’v g =uk'v A = uxv.

3.5.5. Step 2. We prove that, for every parallel 2-cells f and g of £ whose common target is a normal
form, there exists a 3-cell from f to g in S(Z);. We proceed by noetherian induction on the common
source u of f and g, using the termination of X. Let us assume that u is a normal form: then, by definition,
both 2-cells f and g must be equal to the identity of u, so that 17, : 1,, = 1y, is a 3-cell of S(}.'_);.r from f
to g.

Now, let us fix a 1-cell u with the following property: for any 1-cell v such that u rewrites into v
and for any parallel 2-cells f,g : v = V = U of L}, there exists a 3-cell from f to g in S(Z); Let
us consider parallel 2-cells f,g : w = U and let us prove the result by progressively constructing the
following composite 3-cell from f to g in 8(X); :

Since u is not a normal form, we can decompose f = f1 %1 f; and g = g7 %1 g2 so that f; and gy are
rewriting steps. They form a local branching (f7, g1) and we build the 2-cells f] and g, together with
the 3-cell A as in the first part of the proof. Then, we consider a 2-cell h from u’ to U in Z%, that must
exist by confluence of Z and since U is a normal form. We apply the induction hypothesis to the parallel
2-cells f; and f{ x; hin order to get B and, symmetrically, to the parallel 2-cells g 1 h and g; to get C.
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3.5. Coherence from convergence

3.5.6. Step 3. We prove that every 2-sphere of Z; is the boundary of a 3-cell of S(Z);. First, let us
consider a 2-cell f : u = v in XJ. Using the confluence of L, we choose 2-cells

oy :u = U and oy :V=>v=1u

in j. By construction, the 2-cells f x; o, and oy, are parallel and their common target 1l is a normal
form. Thus by Step 2, there exists a 3-cell in 5(2)3T from f %1 0y, to oy, or, equivalently, a 3-cell o¢ from
f to oy %1 05, in 8(X)7, as in the following diagram:

f

/—_\

Q
IS

o) =
V4
e)
Q\

|

Moreover, the free (3, 1)-category 'S(}:);r contains a 3-cell oy- from f~ to oy,%7 07, given as the following
composite:

Now, let us consider a general 2-cell f : u = v of ZZT. By construction of the free (2, 1)-category Z;,
the 2-cell f can be decomposed into a “zig-zag”, that is non-unique in general,

fy 97 f In—1 fn In
u Vi u () Un Vn v

where each f; and g; is a 2-cell of 5. We define oy as the following composite 3-cell of S(Z);, with
source f and target oy, %1 0

fy 97
u % (--+) Vn \

T N A
of o, = Oy 91 0y, e o, = Oy 9n
\Mﬁ ~ \Mﬁ 7 | \MA 7 \M oo

(- -- m m

We proceed similarly for any other 2-cell g : u = v of Z;, to get a 3-cell o4 from g to oy % 0, in S(Z);.
Thus, the composite of x; 0y is a 3-cell of the free (3, 1)-category 5(2)3T from f to g, concluding the
proof. 0

Theorem [3.5.3]is extended to higher-dimensional polygraphs in [GMO09, Proposition 4.3.4].

3.5.7. Theorem ([SOK94, Theorem 5.3]). If a monoid admits a finite convergent presentation, then it
is of finite derivation type.
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3.5.8. Example. Consider the convergent presentation JCB(T") of the braid monoid B;r given in (2.6.7).
It has four critical branchings given in (2.6.8). We deduce an acyclic extension of the (2, 1)-category
KCB(TI) T, with the following 3-cells:

aaafp

[30/> aa vt aat %\i aaas < _aao V% aaaa &< aaast
sta MA )Y sast m ) sasas M aata sasaa MD waaoct

sas saa SaY ™ saaa” da sad saaatéﬁ‘taatat
(3.5.9)
3.5.10. Example [LP91]. Consider the following 2-polygraph:
L=(ab,c,d | a:ab=a, p:da= ac).
The 2-polygraph X is not convergent and can be completed into the following infinite but convergent

polygraph
KB(£)=(a,b,c,d | on:ac™ = ac™, neN,p:da= ac),

with an infinity of confluent critical branchings:

By Theorem 3.5.3} the 2-polygraph CB(Z) can be extended into a coherent presentation of the monoid
presented by £ with infinitely many 3-cells A, for n in N.
Now, consider the following 2-polygraph

F:<a,b,c,d } oc:ab:>a,y:aC:>da>.

It presents the monoid Z and it is convergent with no critical branching. It follows that it forms a coherent
presentation of the monoid X with no 3-cell.

3.5.11. Exercise. The standard presentation of a category C is the 2-polygraph Std;(C) defined as
follows. The 0-cells and 1-cells of Std,(C) are the ones of C, with 1t denoting a 1-cell u of C when seen
as a 1-cell of Std;(C). The 2-polygraph Std;(C) contains a 2-cell

Y -
u A%
N

X 1z
i
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3.5. Coherence from convergence

forall 1-cellsu:x —yandv:y — zof C, and a 2-cell

for every O-cell x of C.
Extend this 2-polygraph into a coherent presentation of the category C.

3.5.12. Exercise. Let us consider the monoid M presented by the 2-polygraph

L =(xy | a:xyx=yy).
1. Prove that X terminates.

2. Complete X into a coherent presentation of the monoid M.

3.5.13. Squier’s example. In [Squ87|, Squier defines, for every k > 1, the monoid Sy presented by the
2-polygraph

(@, byty X1y, X Yty ooy Yk | (0m)dnen, (Bii<icio (Yi)i<ickr (8i)1<iciy (€i)1<ick )
with
On B Yi o &
at"b = 1, xja = atxy, xit = tx;, xb = bxy, xyp — 1.

In [SOK94], Squier proves the following finiteness properties for the monoid Sq. With similar arguments,
the result extends to every monoid Sy, for k > 1.

3.5.14. Theorem ([SOK94, Theorem 6.7, Corollary 6.8]). For every k > 1, the monoid Sy satisfies
the following properties:

i) it is finitely presented,
ii) it has a decidable word problem,
iii) if is not of finite derivation type,
iv) it admits no finite convergent presentation.

This result shows in particular, that the property of being decidable is not sufficient for finitely pre-
sented monoids to have a finite convergent presentation or to have finite derivation type. Let us prove the
result in the case of the monoid S, with the following infinite presentation:

Sa = (a,b,t,x,y ‘ (ctn)nen, By v, 6, €>
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3.5.15. Exercise

whose rules are defined by

&n B Y 5 £
at"b = 1, xa = atx, xt = tx, xb = bx, xy = 1.

We will denote by vy, : xt™ = t™x the 2-cell of (£ ); defined by induction on 1 as follows:
Yo = 1« and  ynpp1 = Yt" g tyn.

For every n, we write f, : xat® = at™'bx the 2-cell of (31 ); defined as the following composite:

t"b atynb n+
xat"b B:> atxt™b % at™'xb % at™bx.

3.5.15. Exercise.

1. Show that the monoid S admits the following finite presentation:
<a»b»t»X,y | “O)B)Y>6>E>'
2. Show that the monoid Sy has a decidable word problem.

3.5.16. Exercise, [GM18§].

1. Show that the 2-polygraph Z591 is convergent and Squier’s completion of £391 contains a 3-cell A,
for every natural number n with the following shape:

tn+1 bx

/’ MA&X

xat"b §:% X

2. Show that the monoid S; is not of finite derivation type.
3.5.17. Exercise, [LP91,Laf95]. Consider the monoid M presented by the following 2-polygraph:
(a,b,c,d,d" | xp:ab=a, p:da= ac, y:d'a= ac).

Show that the monoid M admits a finite presentation, it has a decidable word problem, yet it is not of
finite derivation type and, as a consequence, it does not admit a finite convergent presentation.
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4

Two-dimensional homological syzygies
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In this chapter we present the result obtained by Squier relating the finite-convergence of a string
rewriting system with the homotopical type left-FP3, [Squ87|]. The constructions developed in this chap-
ter come from [GM18§]].

4.1. PRELIMINARIES ON MODULES

In this section, we fix a ring R. We will say “R-module” of “module” for “left R-module”. All the
notions presented are defined in the same manner for right R-modules since every right R-module is a
left R°P-module, where R°P is the opposite ring. We will say “homomorphism” for a homomorphism of
left R-modules. We refer the reader to [Lan02] or to [Rot09]] for a deeper presentation and the proofs of
the results given in this preliminary part on modules.

4.1.1. Exact sequences. Two homomorphisms of modules

Mm% M
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4.1. Preliminaries on modules

are exact at M if Im f = ker g. A sequence of homomorphisms

d
M M, Iy M,

is exact if each adjacent pair of homomorphisms is exact.

4.1.2. Examples. If0 - M 5 M is exact, then the map f is injective. If M £ M’ = 0is exact, then
the map f is surjective. If the sequence 0 — M LM = 0is exact, then the map f is an isomorphism.
If the sequence M’ 5 M 2 M” is exact with f surjective and g injective, then M = 0.

4.1.3. Free modules. A R-module M is free if it is a direct sum of copies of R. If M = ] [;; Rx;, with
R =~ Rx;y, the the set {x; |1 € I} is called a basis of M. It follows that each element x in M has a unique

decomposition
X = Z }\ixi)
iel
where A; € R and almost all A; are zero.

4.1.4. Proposition. Let X = {x; |1 € I} be a basis of a free module M. For any module N and any map
f: X — N, there is a unique map f : M — N extending f, i.e., such that the following diagram
commutes:

M

N % X
4.1.5. Proposition. Let X be a set. There exists a free R-module having X as a basis.

4.1.6. Proposition. Every R-module is a quotient of a free R-module.

Proposition says that any R-module M may be described by generators and relations in the
following way. Given a free R-module F with basis X and given

f:F—M

be a surjective homomorphism of R-modules, we say that X is a set of generators of M and the kernel
ker f is called its submodule of relations.

4.1.7. Finitely generated modules. A R-module M is finitely generated if there is a finite subset
{x1,%2, ...y xn} of M such that for all x in M, there exist v, T2, ..., Ty in R with x = 11X7+12X2+...4+ T Xn.
Then the set {x1, X7, ..., xn} is referred to as a generating set for M. The finite generators need not be
a basis, since they need not be linearly independent over R. A R-module M is finitely generated if and
only if there is a surjective homomorphism:

R" — M

for some n. That is, M is a quotient of a free module of finite rank.
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4.1.9. Projective modules

4.1.8. Proposition. Let F, M and N be left R-modules. If F is free, ¢ : M — N is a surjective
homomorphism and f : F — N is any homomorphism, then there exists a homomorphism f : F — M
such that following diagram commutes

-

f

M————N 0

As a consequence of Proposition |4.1.8] for any free R-module, the functor Homg (F, —) is exact.

4.1.9. Projective modules. A projective module is a module which behaves as the free module F in
Proposition More explicitly, a R-module P is projective if whenever ¢ : M — N is a surjective
homomorphism and f : P — N is any homomorphism, there exists a homomorphism f : P — M
making the following diagram commutative:

In particular, any free module is projective.
The following result gives several ways to characterise projective modules.

4.1.10. Proposition. The following conditions are equivalent for a R-module P:

i) P is projective,

ii) if f : M — P is a surjective homomorphism, then there exists h : P — M such that fh = Idp,
iii) if f : M — P is a surjective homomorphism, then M ~ P @ ker f,

iv) the functor Homg (P, —) is exact, that is for any exact sequence 0 — M’ — M — M” — 0, the
induced sequence 0 — Homg (P, M') — Homg (P, M) — Homg (P, M”) — 0 is exact,

v) P is a summand of a free module, that is there exists a free R-module F such that F ~ P & Q, for
some R-module Q]

4.1.11. Proposition (Schanuel’s Lemma). Given exact sequences of R-modules
0— Ky — P — M —0,

0—Ky,—P,— M —0,

where Py and P, are projective. Then K1 & P, ~ K; & Py.

by the equivalence, the R-module Q is necessarily projective.
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4.1. Preliminaries on modules

4.1.12. Exercise. Prove Proposition4.1.11

4.1.13. Proposition (Generalised Schanuel’s Lemma). Given exact sequences of R-modules
0—K—Pk—Prq1— -+ — P —P)— M —0,

0—L—Qk —Q1— -+ —m Q1 — Qo — M —0,

where all the P; and Q; are projective. Let

Poda = D Pi, Peven = @ Py,
i odd

i even

and
Qodd = .EB Qi) Qeven = S2] Qi-
i odd i

even
Then the following properties hold

i) Ifkis even, then K @ Qeven @ Podd ~ L & Qodad @ Peven,

ii) Ifkis odd then K ® Qoda ® Peven ~ L @ Qeven @ Poda-

Let us mention a consequence of the Proposition 4.1.13]
4.1.14. Corollary. Given exact sequences of R-modules
0 —K—Pk—Pr 14— -+ —P1—P)— M —0,
0 —L—>Qxk — Q1 — -+ —m Q1 — Qo — M —0,

where all the Py and Q; are finitely generated and projective, then the R-module K is finitely generated if
and only if L is finitely generated.

4.1.15. Exercise. Prove Proposition|4.1.13

4.1.16. Chain’s complex. A (chain) complex of R-modules is a sequence (M )nen of R-modules,
together with a sequence (dn )nen of homomorphisms

%Mn&)Mnf]% Mz dz M] d] M()

such that we have the inclusion
Imdy Ckerdy,

for all n, or equivalently, the relation d,d,,+1 = O holds for all n. The map d,, are called boundary
maps.
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4.1.17. Resolutions

4.1.17. Resolutions. A resolution of a R-module M is an exact sequence of R-modules

d d
%MnLan Mz 2 M] ! Mo =

M 0
From the definition, the homomorphism ¢ is surjective and
Imd; =kere, and Imd,,; =kerd,, forallm.

Such a resolution is called projective (resp. free) if all the modules M,, are projective (resp. free).
Given a natural number n, a partial resolution of length n of M is defined in a similar way but with a
bounded sequence (My)o<k<n of R-modules:

Mo -3 M, My -2, - My —E M 0
4.1.18. Proposition. Every R-module M has a free resolution.
4.1.19. Exercise. Prove Proposition
4.1.20. Contracting homotopies. Given a complex of R-modules
—)MnHMMH&)Mn_] My~ My —£5 M 0

(4.1.21)
a method to prove that such a complex is a resolution of M is to construct a contracting homotopy, that
is a sequence of homomorphisms of Z-modules

i i i i
M &M, M My My e M

satisfying the following equalities
810 = IdM,
diy + e = Idm,,
dnt1int1 +indn = Idy,,, foralln e N.
Indeed, in that case, the first equality proves that the homomorphism ¢ is surjective. Moreover, for
every natural number n and every x in ker d,, the equality d,11in41(x) = X holds, proving that x is

in Im d;, 41, so that ker d;, C Im d,,;1 holds. As a consequence, the complex (4.1.21)) is a resolution of
the R-module M.

4.2. MONOIDS OF FINITE HOMOLOGICAL TYPE

Let M be a monoid. We denote by ZM the ring generated by M, that is, the free abelian group over M,
equipped with the canonical extension of the product of M:

(D AW (D Aw) = D> Adw = Y > ANAw,
ueM veM u,veM wEM uw=w

with Ay, Ay in Z. The trivial ZM-module is the abelian group Z equipped with the trivial action un = n,
for every uin M and n in Z.
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4.2. Monoids of finite homological type

4.2.1. Homological type left-FP,,. A monoid M is of homological type left-FP;,, for a natural num-
ber n, if there exists a partial resolution of length n of the trivial ZM-module Z by projective, finitely
generated ZM-modules:

dn d d d
ppdnp, St B2 A do g 0.

A monoid M is of homological type left-FP, if there exists a resolution of Z by projective, finitely
generated ZM-modules.

4.2.2. Proposition. Let M be a monoid and let n be a natural number. The following assertions are
equivalent:

i) The monoid M is of homological type left-FP;,.
ii) There exists a free, finitely generated partial resolution of the trivial ZM-module 7 of length n

Fn Fr1 L Fo Z 0.

iii) For every 0 < k < m and every projective, finitely generated partial resolution of the trivial ZM-
module 7. of length k

d di d
P, —X P L Py —1 7, 0,

the ZM-module ker dy is finitely generated.

4.2.3. Exercise. Show Proposition using Proposition4.1.14

4.2.4. Homological type FPy. The augmentation map of a monoid M is the ring homomorphism
€:ZM — Z

defined by

e Z i) = Z Au-

ueM ueM

The ring homomorphism ¢ is extended to a homomorphism of ZM-modules in the obvious way. If we
consider the homomorphism of Z-modules iy : Z — ZM defined by ip(1) = 1, we have eiy = Idy.
Hence the homomorphism ¢ is surjective. It follows that

4.2.5. Proposition. Every monoid M is of homological type FPy.
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4.2.6. Remark

4.2.6. Remark. Every R-module admits a free resolution. In particular, given a monoid M, there exists
a resolution

d d d
Fop St g L IS L. I

of the trivial ZM-module Z by free ZM-modules. We can build such a resolution by setting Fy =
ZM and dy = €. Let F; be the free ZM-module generated by kere, and let d; : Fy — ZM be the
canonical homomorphism induced by the homomorphism ker ¢ — Fy. Then, for any n > 2, F,, is the
free ZM-module generated by ker d,,_, and the homomorphism d,, : F, — F,,_1 is induced by the
homomorphism ker d,, 1 — F_1.

Note that in this way, the obtained resolution is too big in general. In the rest of this section, we show
how to construct a partial resolution which is more “economic” in the sense that the free modules are
generated by a reduced number of generators.

4.2.7. Normalisation strategies. Given a monoid M, we consider a presentation of M by a 2-polygraph
Z with a single O-cell » . Let 7t : £ — M be the canonical projection. We will write 1t instead of 7r(w).
We consider a section

M— X

of 7, i.e., we choose, for every 1-cell wof M, a 1-cell U of 27 such that 7t(U) = u. In general, we cannot
assume that the chosen section is functorial, that is v = Uv holds in 2]. However, we will assume

that T. = 1, holds. Given a 1-cell u of L], we simply write 1 for 1.
Such a section being fixed, a normalisation strategy for ¥ is a map

c:XF 1)
that sends every 1-cell u of ] to a 2-cell
ou:u=1u

of the free (2, 1)-category L, , such that og = 15 holds for every 1-cell u of 7.

4.2.8. Left and right normalisation strategies. Let X be a 2-polygraph, with a chosen section. A
normalisation strategy o for X is a left one (resp. a right one) if it satisfies

Ow = (0w *0 V) *1 Oy (resp. Ouy = (W 0y) *1 O ). (4.2.9)
That is
u . . v
Ow = A N[ein (resp. Ouwy = ilb )
iv v

4.2.10. Proposition. Any 2-polygraph admits a left (resp. right) normalisation strategy.
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4.2. Monoids of finite homological type

Proof. Let L be a 2-polygraph with a chosen section. Prove that £ admits a left normalisation strategy
o : L% — ). The proof of the existence of a right normalisation strategies is similar.

Let us arbitrarily choose a 2-cell 05, : la = ua in ZZT, for every 1-cell u of 27 and every 1-cell a
of X1, such that ta # Ua. Then, we extend o into a left normalisation strategy for X by setting og = 1g,
for any w in X%, and for u # U by setting

Oy = 0yQA %7 O3q

ifu=vawithvinXjand ain X;:

v L]
N4 ¢
/v \U/ Gﬁa
va
The relations o7, = 17, and (4.2.9) are immediate consequences of the definition of the map o. Ul

4.2.11. Leftmost and rightmost normalisation strategies. If X is a reduced 2-polygraph, then, for
every 1-cell u of L7, the set of rewriting steps with source u can be ordered from left to right: for two
rewriting steps f = vav’ and g = wBw’ with source u, we have f < g if the length of v is strictly smaller
than the length of w. If X is finite, then the order < is total and the set of rewriting steps of source u is
finite. Hence, this set contains a smallest element A, and a greatest element p,,, respectively called the
leftmost and the rightmost rewriting steps on u. If, moreover, the 2-polygraph X terminates, the iteration
of A (resp. p) yields a normalisation strategy o called the leftmost (resp. rightmost) normalisation strategy
of L:
Ou = Au*1 Ot(py) (resp. oy = Pu *1 O(p,))-

The leftmost and rightmost normalisation strategies give a way to make constructive some of the
results we present here. For example, when X is convergent they provide a deterministic choice of a

confluence diagram
Pl
u u
9\’ w /G

w

for every branching (f, g) of .

4.2.12. Exercice. Prove (by noetherian induction) that the leftmost (resp. rightmost) normalisation
strategy of X is a left (resp. right) normalisation strategy.

4.2.13. Presentations and partial resolutions of length 2. Let M be a monoid and let £ be a presen-
tation of M. Let us define a partial resolution of length 2 of Z by free ZM-modules

d

ZM[Z,] 4, ZMI[%4]
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4.2.13. Presentations and partial resolutions of length 2

The ZM-modules ZM[Z;] and ZM][X,] are the free ZM-modules over X; and X, respectively: they
contain the formal sums of elements denoted by w[x], where u is an element of M and x is a 1-cell of &
or a 2-cell of Z. Let us note that ZM is isomorphic to the free ZM-module over the singleton Xy. The
map ¢ is the augmentation map defined in (4.2.4) and the boundary maps are defined, on generators, by

di([x]) =x—1 da([ax]) = [s1(e0)] — [t1(ex)].

The map d; is called the Reidemester-Fox Jacobian of ¥. In the definition of d;, the bracket [-] is
extended to the 1-cells of L] thanks to the relation

] =0 and [w] = [u] +uvl, (4.2.14)
for all T-cells u and v of X;.

4.2.15. Lemma. For any win X%, we have d;(u) =t — 1.

Proof. We prove the relation by induction on the length of w. For the unit, we have d;[1] = d;(0) =0
and T — 1 = 0. Then, for a composite 1-cell uv such that the result holds for both 1t and v, we get

difw] = 1 +udiv] =u—-1+ww—1u = w-—1.
O

4.2.16. Proposition. Let M be a monoid and let L be a presentation of M. The sequence of ZM-modules

d

d
ZMIZ,] —2 ZMIZ4] ™M .7 0 4.2.17)

is a partial free resolution of length 2 of 7Z.

Proof. We first note that the sequence is a chain complex. Indeed, the augmentation map is surjective by
definition. Moreover, we have

edilx] = e(X)—¢(1) =1—-1 =0,

for every 1-cell x of X4. The relation d;d; = 0 is consequence of Lemma4.2.15| Indeed, we have

didzlod = dils(e)] — dit(a)] = s(a) —t(x) = 0,

for every 2-cell « of X, where the last equality comes from s(x) = t(«), that holds since L is a
presentation of the monoid M.
The rest of the proof consists in defining contracting homotopies 1y, 11, 1i2:

d, d; €
IM[L) ——— ZM[%)]| —— ZM —— 7

%) 14 io

We choose a representative 1 in X7 for every element u of M, with TX = 14 for every O-cell x of £, and
we fix a normalisation strategy o for X. Then we define the homomorphisms of Z-modules iy, 1; and i,
by setting

(1) =1, (u) = [ul, ulx]) = [ogd, (4.2.18)
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4.2. Monoids of finite homological type

for any uin M and x in X;.
In (4.2.18), the element [0g,] is defined using an extension of the bracket notation [-] on 2-cells of £,
into a map
[]:Z] — ZM[Z,]

thanks to the relations
1. =0, ufv] = ulf] and [fx gl = [f] + [g],

for all 1-cells u and v and 2-cells f and g of ZZT such that the composites ufv and f x g are defined.
First, we have iy = Idz. Next, for every u in M, we have ipe(u) = 1 and

diti(u) = 1] =u—1.
Thus dyi1 + ipe = Idzm. Finally, we have, on the one hand,
hdi(ulx) = Hi(ux—u) = [ux] — 1]
and, on the other hand,
driz(ulx]) = dalog] = [x] — [Ux] = ulx] + [U] — [Ux].

For this equality, we check that d;[f] = [s(f)] — [t(f)] holds for every 2-cell f of £, by induction on the
size of f. Hence we have d;i; + 11dy = Idzwmz,), thus concluding the proof. O

From Proposition 4.2.16] we deduce the following result:
4.2.19. Theorem. The following properties hold.
i) Every monoid is of homological type left-FPy.
ii) Every finitely generated monoid is of homological type left-FP1.

iii) Every finitely presented monoid is of homological type left-FP;.

4.2.20. Examples. Let us consider the monoid M presented by the 2-polygraph
I={(act | ap:at"™ sct", neN).

The monoid M is finitely generated and, thus, it is of homological type left-FP;. However, for every
natural number n, we have

dalotni1] = [at™™?] — [et™],
= [at™"] + atFT1[t] — [ct™] — ct™[t],
= dofon] + (at™! — ct™)[t].

The equality at™*! = ct™ holds in M by definition, yielding d;[oty. 1] = dalom]. As a consequence,
the ZM-module ker d; is generated by the elements [c,,] — [¢o]. Since the ZM-module ker d; is equal
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to Im d;, hence isomorphic to ZM[X;]/ ker d;, it follows that ker d; is generated by [x] only, so that,
by Lemma the monoid M is of homological type left-FP,. This can also be obtained by simply
observing that M admits the finite presentation (a,c,t | xg).

Now, let us consider the monoid M presented by the 2-polygraph

r = <a,b,t ‘ ocn:at“bé1,n€N>.

The monoid M is of homological type left-FP4, but not left-FP,. This is proved by showing that ker d,
is not finitely generated as a ZM-module, which is tedious by direct computation in this case. Another
way to conclude is to extend the partial resolution of Proposition by one dimension: it will then
be sufficient to compute Im d3, which is trivial in this case because X has no critical branching, so that
ker d; = 0 and, as a consequence, ker d; is isomorphic to ZM[Z;]. Convergent presentations provide a
method to obtain such a length-three partial resolution.

4.3. SQUIER’S HOMOLOGICAL THEOREM

4.3.1. Coherent presentations and partial resolutions of length 3. Let M be a monoid and let X be a
coherent presentation of M. Let us extend the partial resolution (4.2.17) into the resolution of length 3

d
7Mizs) — 8 zmisy] — 92 amis) Y zm €

Z 0,

where the ZM-module ZM|[X3] is the free ZM-module over X3, formed by the linear combination of
elements uly], with uin M and y a 3-cell of £3. The boundary map d3 is defined, for every 3-cell y
of X3, by

dslyl = [s2(v)] = [ta(v)].
The bracket notation [-] defined on 3-cells of X3 can be extended into a map
[]: 2] — ZM[Z;]
thanks to the relations
[uAV] = TlA], [Ax1 B] = [A] + [B], [A %2 B] = [A] + [B],

for all 1-cells u and v and 3-cells A and B of Z3T such that the composites are defined. In particular,
the latter relation implies [1¢] = O for every 2-cell f of Z;—. We check, by induction on the size, that
d3[A] = [s2(A)] — [t2(A)] holds for every 3-cell A of £].

4.3.2. Proposition. Let M be a monoid and let & be a coherent presentation of M. The sequence of
ZM-modules

7Mizs) — % zmis, — 2 amis) - zm €

is a partial free resolution of length 3 of Z.
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4.3. Squier’s homological theorem

Proof. We proceed with the same notations as the ones of the proof of Proposition with the extra
hypothesis that o is a left normalisation strategy for £. This implies that i, (u[v]) = [og,] holds for all u
in M and v in X], by induction on the length of v.

We have d,d; = 0 because s1s; = st and tysy = tyt,. Then, we define the following homomor-
phism of Z-modules

ZMIE,] 25 ZM(z5]
ulo] — [0gy)]

where o5, is a 3-cell of Z3T with the following shape, with v = s(«) and w = t(«x):

R Taw
V &w
WOt

a\)v@

Ohv

Let us note that such a 3-cell necessarily exists in Z; because X3 is an acyclic extension of the free
(2,1)-category £, . Then we have, on the one hand,

dy(uled) = L(up] —uwl) = log,] — logy]
and, on the other hand,

dziz(ulad) = [UWax1 o] — log],

= ulod + [og] — [og].

Hence d3iz + 12d; = Idzws,), concluding the proof. O

4.3.3. Remark. The proof of Proposition uses the fact that X3 is an acyclic extension to produce,
for every 2-cell x of X, and every u in M, a 3-cell oy, with the required shape. The hypothesis on X3
could thus be modified to only require the existence of such a 3-cell in Z;—. It is proved in [GM12b] that
this implies that £3 is an acyclic extension of the free (2, 1)-category %, .

From Proposition[4.3.2] we deduce

4.3.4. Theorem ([CO94, Theorem 3.2], [Laf95, Theorem 3], [Pri95]). Let M be a finitely presented
monoid. If M is of finite derivation type, then it is of homological type left-FP3.

By Theorem [3.5.7] this implies

4.3.5. Theorem ([Squ87, Theorem 4.1]). If a monoid admits a finite convergent presentation, then it is
of homological type left-FP3.
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4.3.6. Example

4.3.6. Example. Let us consider the monoid M with the convergent presentation
(alp:aa= a).
With the leftmost normalisation strategy o, we get, writing the 2-cell u as a string diagram ‘¥:
0 = la  Oaa =W  Ogaa = HAX | = w

The presentation has exactly one critical branching, whose corresponding generating confluence can be
written in the two equivalent ways

el
\Mv/v LR g ZF

The ZM-module ker d; is generated by

(& 1- %)
1wl + ] = [wl] - [V
= a[¥] - [v].

4.4, HOMOLOGY OF MONOIDS WITH INTEGRAL COEFFICIENTS

4.4.1. Morphism of resolutions. Let M be a monoid. Consider two free resolutions of the trivial ZM-
module Z by ZM-modules

d d d
Fooo Frot —o Fy — o Fg —— - Fl— 5 Fy—57 0
!/ ! !/
d d /
T [Apian s R S TR F— -tz 0

A homomorphism of resolutions f : § — F' is a family of homomorphisms f = (f,, : Fy — F/ Jnen
making the following diagrams commutative

d d d
Frat — 3 Fy — 5 Fy Fl— 1 S F— 7
frnt1 fn fn1 fi fo Idz
drll+] d/ d1/ E/
el F,———F e Fi Fo Z

63



4.4. Homology of monoids with integral coefficients

4.4.2. Homotopy of resolutions. Given two homomorphisms of resolutions f, g : ¥ — F' given by

dn_+] dn d‘]

Frot Fn Fro1 . Fi Fo—"—Z
In+1 fayr 9n fn 9n—1 1 g1 f go fo 1dy
/ / !
d d /
LI T S T R T

We say that f is homotopic to g if there exists a family of homomorphisms h = (hy : Fy — F/ | )nez
such that

fo — go = djho,
fn —On = d7/1+1hn + hnf1 dn)

forall n > 1. It is easy to see that homotopy is an equivalence relation on the set of homomorphisms of
resolutions from JF to F'.

4.4.3. Proposition. Between two free resolutions, there exists a homomorphism. Moreover, two such
homomorphisms are homotopic.

4.4.4. Exercise. Prove Propositionm

4.4.5. Homology with integral coefficients. Let M be a monoid. To a free resolution of the trivial
ZM-module Z by left ZM-modules

d d d
Frpt — Fn " Fyy R bR Z——0

we associate the following complex of Z-modules

dn+1 dn d
— L gm by — Zgm P —Z @zgm 1 — - — Z@zm P — Z ®zMm Fo

where En = Id ®d;,. Note that the Z-module Z ®7zn Fr, is obtained from F;, by trivialising the action of
M, that is F, quotiented by all relations ux = x for u € M and x € F,,. In particular, if F, = ZM[X],
then Z Qzm Fn = Z[X] is the free Z-module on X. We obtain a chain complex, because d,,dn,1 = 0
induces that En&nﬂ =0.

We define the n-th homology group of M with integral coefficient Z as the quotient Z-module:

Hu(M, Z) = ker(dn)/Im (dns1),
with the convention that dy = 0. For any monoid M, we have Hy(M, Z) ~ Z.

4.4.6. Proposition. For n > 0, the group H,(M, Z) does not depend on a particular choice of a free
resolution, but only on the monoid M itself.
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4.4.7. Exercise

4.4.7. Exercise. Prove the Propositionm

4.4.8. Proposition. If a monoid M is of homological type left-FPy, for all n > 0, then the groups
H. (M, Z) are all finitely generated.

In particular, we have the following consequence that gives a necessary condition for a monoid to
have a finite convergent presentation.

4.4.9. Corollary. If a monoid admits a finite convergent presentation, then the group Hz(M, Z.) is finitely
generated.

4.4.10. Exercise. Consider the monoid M presented by the following 2-polygraph:
(a,b,c|an:ac™ =1, neN).

1. Compute homology groups H; (M, Z) and Hy (M, Z).

2. Show that M is a finitely generated monoid which cannot be finitely presented.

4.4.11. Exercise. Consider the monoid M presented by the following 2-polygraph:
(a,b,c,d| ab = a, da = ac).

Compute the homology groups H, (M, Z), forn = 1,2, 3.

4.4.12. Exercise. Consider the monoid M presented by the following 2-polygraph:
(a,b,c,d,d"| ab= a, da = ac, d’a = ac).

Compute the homology groups H (M, Z), forn = 1,2, 3.

4.5. HISTORICAL NOTES

4.5.1. Homological finiteness condition. Jantzen in [Jan82,|Jan85] asked the following question: does
every finitely presented monoid with a decidable word problem admit a finite convergent presentation?
At the end of the eighties, using a homological argument Squier answered the Jantzen question negatively
by showing that there are finitely presented monoids with a decidable word problem which do not have a
finite convergent presentation, [SO87,[Squ87|]. He linked the existence of a finite convergent presentation
for a finitely presented monoid to the homological type left-FP3; property, Theorem He showed
that a monoid needs to satisfy this invariant to have a finite convergent presentation. Giving examples,
recalled in Example[3.5.13] of finitely presented monoids that have a decidable word problem and that do
not have homological type left-FP3, he proved that there are finitely presented monoids with a decidable
word problem that cannot be presented by a finite convergent string rewriting system. However, it still
remains open to characterize the class of monoids with a decidable word problem and having a finite
convergent presentation. Squier result leads to the following question: is the homological finiteness
condition left-FP3 sufficient for a finitely presented monoid with a decidable word problem to admit a
finite convergent presentation?
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4.5. Historical notes

4.5.2. Homotopical finiteness condition. Squier answered this question negatively in an another arti-
cle. In [SOK94], he related the existence of a finite convergent presentation to a new finiteness condition
of finitely presented monoids, called finite derivation type, Definition This property is a natural
extension of the properties of being finitely generated and finitely presented. Squier defined the finite
derivation type for a monoid as a finiteness property on a 2-dimensional combinatorial complex associ-
ated to a presentation of the monoid. Note that this complex was defined independently by Kilibarda,
[Kil97], and Pride, [Pri95]. Squier proved that the finite derivation type property is an invariant property
for finitely presented monoids, Theorem [3.4.4] As a consequence, the property finite derivation type
can be defined for monoids independently of a considered presentation: a monoid is of finite derivation
type if its finite presentations are of finite derivation type. The proof given by Squier is based on Tietze
transformations. Finally, Squier proved that, if a monoid admits a finite convergent presentation, then it
is of finite derivation type, Theorem [3.5.7] This result corresponds to a “homotopical” version of New-
man’s Lemma[5.5.12] for string rewriting systems. Squier used this result to give another proof that there
exist finitely presented monoids with a decidable word problem that do not admit a finite convergent
presentation. Moreover, he showed that the homological finiteness condition left-FP3 is not sufficient
for a finitely presented monoid with a decidable word problem to admit a finite convergent presentation.
Indeed, he showed that the finitely presented monoid S; given in Example has a decidable word
problem and is of homological type left-FP3, but it is not of finite derivation type, and, thus, it does not
admit a finite convergent presentation.

The article [SOK94]| concludes with the following question: for finitely presented monoids does the
property of having finite derivation type implies the existence of a finite convergent presentation? The
answer is negative, indeed there exist finitely presented groups of homological type left-FP; that have
undecidable word problems, [Mil92]]. Since for finitely presented groups the property of having finite
derivation type is equivalent to the homological type left-FP3, [[CO96], it follows that a finitely presented
group can have an undecidable word problem even if it has finite derivation type. Hence in general the
finite derivation property is not sufficient for the existence of a finite convergent presentation.

4.5.3. Extensions of Squier’s finiteness conditions. By his results, Squier has opened a homological
direction and a homotopical one, in the quest for a complete characterisation of the existence of finite
convergent presentations of monoids. In the homological direction, it has been shown that a finitely
presented monoid admitting a finite convergent presentation satisfies the more restrictive condition ho-
mological type left-FPo,, Definition 4.2.1] Further proofs of the following result can be found in the
literature.

4.5.4. Theorem ([Ani86), Kob90, Gro90, Bro92]). If a monoid admits a finite convergent presentation,
then it is of homological type left-FP ..

The proofs are based on distinct ways to describe the n-fold critical branchings of a convergent rewriting
system. Note that the converse implication of this result is false in general. By this fact, there were
numerous finiteness conditions introduced with the goal to have a sufficient condition for the finite-
convergence, [WP00, KOO1, [KO02, [KOO03|, [PO04, MPP0OS5, |IGM13]. However, all these conditions were
necessarily but not sufficient. The characterization of the class of finitely presented monoids having a
presentation by a finite convergent rewriting system is still an open problem.

Beyond this problem, the methods initiated by Squier have opened the way to homotopical and
homological analysis of rewriting systems. Moreover, it was shown in [Ani86, [Kob90), |Gro90), [Bro92,
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4.5.5. Question ([LM09, LMW10])

Mal03, | GHM19] that this methods highlight the way to compute “effectively” free resolutions for groups,
monoids, associative algebras or small categories using rewriting.

Finally, the question of putting all this work in a higher-categorical framework was posed by Lafont
and Métayer, [Laf95l Mét03, [LMQ9|]. In particular, is it possible to describe in the higher-categorical
framework the constructions developed in [Ani86, [ Kob90), (Gro90, Bro92]:

4.5.5. Question (JLMO09, LMW10]). Is it true that a monoid presented by a finite convergent rewriting
system always has a finite cofibrant approximation in the folk model structure on co-categories?

We will see that in fact the higher-dimensional strict categories constitute a natural setting for the
analysis of rewriting systems.
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Linear rewriting
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We must be careful when we rewrite in a linear structure defined over a field. For example, consider
a rewriting system over a ring or an algebra. We expect that the rewriting rules are compatible with the

linear structure in the following way. For a rewriting rule

f—g

relating two elements of an algebra on a ground field K, then for any scalar A in K we would like the

reduction:
A — Ag,

and for any other element h of the algebra, we would like the following reduction:

f+h—=g+h.
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5.1. Linear 2-polygraphs

Taken together, these two reductions lead to losing termination of rewriting. Indeed, in that case from
the rule f — g, we deduce the reductions —f — —g and —f + (f + g) — —g + (f + g). Finally, we
deduce the following reduction

g—f.

As a consequence, the system will never terminate. Further to this remark, it is necessary to adapt the no-
tion of rewriting system to linear situations. In the example presented above the reduction
—f+ (f+g) — —g+ (f + g) appears as the source of the nontermination problem.

There are two ways to solve this problem. The most well-known method is to choose an orientation
of the rules induced by a monomial order, which is well-founded by definition, see[5.4.1] This approach
is used in various paradigms of linear rewriting as recalled in Chapter [6] In this chapter, we present the
categorical description of linear rewriting that extends to associative algebras the notion of 2-polygraph,
with an appropriated notion of reduction. The constructions given in this chapter come from [GHM19].

The ground field will be denoted by K. We denote by Vect the category of vector spaces over K
and linear maps. This category is a monoidal category with the tensor product over K of vector spaces,
denoted by ®. We will denote by Alg the category of (unital associative) algebras over K.

5.1. LINEAR 2-POLYGRAPHS

We have seen in (2.1.2) that a category can be thought of as a "monoid with several O-cells". Similarly,
the notion of 1-algebroid describes the concept of associative algebra with several O-cells.

5.1.1. Algebroids. A 1-algebroid over a ground field K is a category enriched over the monoidal cate-
gory Vect. Explicitly, a 1-algebroid A is specified by the following data:

i) aset A of O-cells, that we will denote by p, q...

ii) for every O-cells p and g, a vector space A(p, q), whose elements are the 1-cells of A, with source p
and target q, that we will denote by f, g...

iii) for every O-cells p, q and 7, a linear map
*0 - A(P» q) ® A(q) T) — A(Pﬂ’)

called the 0-composition of A and whose image on f® g is denoted by f g g or fg. This composition
is associative, that is the relation:

(%o g) %0 h = fxo (g0 h),

holds for any O-composable 1-cells f, g and h, and unitary, that is, for any O-cell p, there is a
1-cell 1,, such that for any 1-cell f in A(p, q), the following relation holds

]p*()f:f*o]q =f.
A T-cell f with source p and target q will be graphically represented by

f
P——q
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5.1.2. Remarks

5.1.2. Remarks. A 1-algebra is a 1-algebroid with a single one O-cell, that can be identified to an
algebras over K. The notion of 1-algebroid was first introduced by Mitchell as ring with several objects
called K-category in [Mit72], terminology linear category appear also in the literature. A small Z-
category is called a ringoid and a one-0-cell ringoid is a ring.

5.1.3. Free 1-algebroid. The free 1-algebroid on a 1-polygraph A = (Ay, A1) is the 1-algebroid, de-
noted by A!, whose set of O-cells is Ay, and for any O-cells p and q, /\% (p, q) is the free vector space
on Aj(p, q). In other words, any 1-cell in the space /\% (p, q) is a linear combination of paths from p to
g generated by the 1-polygraph A. If Ay has only one O-cell, /\% is the free algebra with basis Ay. The
source and target maps s and to of the 1-polygraph A are extended into maps on A!, denoted by 5 and
to, in a natural way making the following two diagrams commutative:

S0 i to ¢

/\() S — /\] /\0 - /\]
U U

/\1 /\1

where 11 denotes the inclusion of 1-cells of Ay in the free algebroid /\%.

5.1.4. Two-dimensional linear polygraphs. A cellular extension of the 1-algebroid /\’% is a set Ay
equipped with two maps

S1
/\% ét: Ay
1

such that, for every « in A, the pair (s1(x),t;(ct)) is a 1-sphere in A!, that is, the following globular
relations hold sps1(a) = soti(a) and tos1(x) = toti(x). As in the non linear situation of ,
an element of the cellular extension A; will be graphically represented by a 2-cell with the following
globular shape

that relates parallel 1-cells f and g in /\%, also denoted by f = gorby o : f = g.
We define a linear 2-polygraph as a triple (Ag, A, A2), where (Ao, A1) is a 1-polygraph and A; is
a cellular extension of the free 1-algebroid /\% :

S0 0
/\0 — /\]
to
So |y $1
to A 8] A

The elements of A, are called the 2-cells of A, or the rewriting rules of A.
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5.1. Linear 2-polygraphs

In the sequel, we will consider polygraphs with one O-cell denoted e.

5.1.5. The ideal of a linear 2-polygraph. Given a linear 2-polygraph A. We denote by I(A) the two-
sided ideal of the free algebra /\g generated by the following set of 1-cells

{s1(ax) —ty(ct) | x € A2}

The ideal I(A) is made of the linear combinations

P
Z Aiui(s1(og) — t1 (o) )vi,

i=1

. . . . . e
for pairwise distinct 2-monomials uj vy, ..., up&pVp of Aj, and nonzero scalars Aq, ..., Ap.

5.1.6. Presentations of algebras. The algebra presented by a linear 2-polygraph A, and denoted by A,
is the quotient of the free algebra /\% by the two-sided ideal I(A). We denote by f the image of a T-cell
of /\% through the canonical projection

w: Al —A
We say that a linear 2-polygraph A is a presentation of an algebra A if the algebra presented by A

is isomorphic to A. Two linear 2-polygraphs are said to be Tietze equivalent if they present isomorphic
algebras.

5.1.7. First toy example. Here our first toy example that we will use through this chapter:

A=(x1y,z|xyz >3 +y3+2°).

The free 1-algebroid generated by A; = {x,y, z} is the free algebra K(x,y, z). The algebra presented by
the linear 2-polygraph A is the quotient of the algebra K(x,y, z) by the two-sided ideal generated by the
T-cell xyz — x> —y® — 23,

5.1.8. Other toy examples. We will consider the two following Tietze equivalent linear 2-polygraphs:

(Yl =yx),  (xylyx=x*).

5.1.9. 2-algebras. We define a 2-algebra A as an internal 1-category in the category Alg. Explicitly, it
is defined by a diagram
t
O — *1
A] ?1 Az%Az XA Az (5.1
i

where A; XA, A; is the algebra defined by the following pullback diagram in the category Alg:

Az XAq A24>A2

I

Azt—>A1 .
1
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5.1.10. Notations

Elements of the algebra A, x5, A; are pairs (a, a’) of 1-composable 2-cells a and a’, that is satisfying
t1(a) = s1(a’). We denote by ab the product of two 2-cells a and b in the algebra A;. The linear
structure and the product in the algebra A, XA, A; are given by setting

((1, CL/) + (b)b/) = (Cl + b) a’ + b/))
)\(Cl, (1/) = (}\(1,)\(1/),
(Cl, a/)(b>b/) = (Clb, a/b/))

for all pair of 1-composable 2-cells (a,a’) and (b, b’) and scalar A in K.
The morphisms of algebras s1, t; and 7 satisfy the axioms in such a way that Diagram (5.1)) defines
a 1-category. Explicitly, the following diagrams commute in the category Alg:

iy i) *1 *1
A]4)A2 A]4>A2 AzXA1A24>A2 AzXA1A24>A2
S t Tt S s t
k’w k’h‘ 1J J‘ ZJ J‘
A] A] AZS—]>A] Azt—>A]
1

*1 XA, id iz XAq id id XA iz
Az XA Az XA A2—>A2 XA Az A] XAq A24)A2 XAq Az%Az XAq A]

id X4, *1‘ hh X‘ ‘*1 sl

Az XA, A2 - A, A;

where 711 and 71, denote respectively first and second projection.

5.1.10. Notations. For a 1-cell f, the identity 2-cell i,(f) is denoted by 1¢, or f if there is no possible
confusion. The 1-composite x1(a, a’) of T-composable 2-cells a and a’, will be denoted by a x; a’.
Elements of the algebra Ay, called 1-cells of A, are graphically pictured as follows

g
N
.

The elements of A, called 2-cells of A are graphically represented by
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5.1. Linear 2-polygraphs

Given 2-cells

P -
f/ g’

the source and target maps s7 and t; being morphisms of algebras, we have
sifab) =si(a)si(b),  and  ti(ab) =ti(a)ti(b),
and for any scalars A and p in K, we have

s1(Aa + ub) = Asy(a) + usq(b), and t1(Aa + ub) = Aty (a) + puti(b).

Hence
fg A+ g
./@. .W.
\/ \_/
f/g/ ?\f/‘i_ug/

Given 1-cells h, f, ' and k in A7 and a 2-cell a in A, such that

f

h \H/ k
e— e a e———e

f/
we will denote by hak : hfk = hf’k the O-composite Ty, *o a xo 1.

5.1.11. Properties of 1-composition. Given 1-composable 2-cells:

f 9
f/l g//

in Ay %5, A2, the 1-composition *; being linear, a x; a’ + b *; b’ is a 2-cell from f + g to f' + g’ and
we have

(a+b)x (a'+b") =%(a+b,a’+1b),
:*1(0—’ (.1,) + *1 (b)b/))
= ax a'+b*1 b’.

Furthermore, for any scalar A in K, A(a x; a’) is a 2-cell from Af to Af” and we have

(Aa) x1 (Aa’) =A(a*; a’).
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5.1.12. Remarkable identities in a 2-algebra

Finally, the compatibility with the product induces that x1((a,a’)(b,b’)) = x1(ab, a’b’). Hence, we
have
(a*;a’)(bxb’) =abx; a’b’. (5.2)

Relation (5.2)) corresponds to the exchange law in the 2-algebra A between the 1-composition and the
product.

5.1.12. Remarkable identities in a 2-algebra. The following properties hold in a 2-algebra A

i) for any 1-composable 2-cells a and a’ in A, we have

ax;a’ =a+a —ti(a), (5.3)
ii) any 2-cell a in A is invertible for the x;-composition, and its inverse is given by

a =—a+si(a)+t(a). (5.4)
iii) for any 2-cells a and b in A, we have

ab = as;(b) +t1(a)b —ti(a)s;(b) = s1(a)b + aty(b) — s7(a)t;(b). (5.5)

Relation (5.3) is a consequence of the linearity of the 1-composition x1. Indeed, for any (a,a’)
in Ay XA, Az, we have

axa’'=(a—si(a’)+si(a’))* (tila) —ti(a) +a’),
=ax ti(a) —si(a’) x ti(a) +si(a’) x o,
=a—t(a)+a.

5.1.13. Exercice. Show identities li and li

5.1.14. The free 2-algebra on a linear 2-polygraph. The free 2-algebra over a linear 2-polygraph A\
is the 2-algebra, denoted by A, defined as follows. In dimension 1, it is the free 1-algebra /\% over Aj.
For dimension 2, we consider the following diagram in the category of /\% -bimodule

t
S
_41>

1

Af A,

where A! is seen as Al-bimodule, A} is the A{-bimodule (A{ ® KA, ® AY) & A{ and where the linear
maps s1, t; and i, are defined by:
s1(fag) = fs1(eg, ti(fag) =fti(a)g  and  sy(h) =t1(h) =iz(h) =h,

for all 2-cell « in A, and T-cells f, g, h in /\’%. The quotient of the /\g -bimodule /\%V[ by the equivalence
relation generated by

as(b) +ti(a)b —ti(a)si(b) ~ sy(a)b + aty(b) — s1(a)ts(b),

75



5.1. Linear 2-polygraphs

for all a and b in /\g KA, ® /\%, has a structure of algebra, denoted by /\g, and whose product is given
by
ab = asi(b) + t1(a)b — t;(a)s;(b).

One proves that the source and target maps are compatible with this quotient, so giving a structure of
2-algebra:

t
AS é:m AS .

1

5.1.15. Exercise. Let A be a linear 2-polygraph. Given 1-cells f and g in A!, show that the 1-cell f — g
belongs to I(A) if and only if there exists a 2-cell a : f = g in /\g. As a consequence, the algebra
presented by A is obtained by identifying in /\‘1" all the 1-cells s(a) and t;(a), for every 2-cell a in /\g.

5.1.16. Monomials. A monomial in the free 2-algebra /\g is a 1-cell of the free monoid Aj over A;.
The set monomials of /\g, also denoted by A7, forms a linear basis of the free algebra /\‘1". As a conse-
quence, every nonzero 1-cell f of /\% can be uniquely written as a linear combination of pairwise distinct
monomials Uy, ..., Up:

f=AMw —f—...-i—?\pup
with A; € K\ {0}, foralli=1,...,p. The set of monomials {uy, ..., u,} will be called the support of
and denoted by Supp(f).

5.1.17. 2-monomials. A 2-monomial of a free 2-algebra AS is a 2-cell of A} with shape wov, where o
is a 2-cell in A, and u and v are monomials in Aj:

s1(«x)
\_/
ty (o)

By construction of the free 2-algebra /\g, and by freeness of /\g, every non-identity 2-cell a of /\g can
be written as a linear combination of pairwise distinct 2-monomials aj, ..., a, and of an 1-cell h of A{:

a=A1aj +...+Apap + h. (5.6)

5.1.18. Exercise. Prove that the decomposition in li is unique up to the following relations
as1(b) + t1(a)b—ti(a)s1(b) = s1(a)b + aty(b) — s1(a)t; (b), (5.7

for all 2-monomials a and b in AS.
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5.1.19. Monomial linear 2-polygraphs

5.1.19. Monomial linear 2-polygraphs. A linear 2-polygraph A is left-monomial if, for every 2-cell «
of A, the source s7(x) is a monomial in A} \ Supp(ti(x)). Note that a non-left monomial linear
2-polygraph would produce useless ambiguity only due to the linear structure.

A linear 2-polygraph A is monomial if it is left-monomial and for every 2-cell « of A, t1(x) =0
holds. A monomial algebra is an algebra admitting a presentation by a monomial linear 2-polygraph.

5.1.20. Exercise. Show that any linear 2-polygraph is Tietze equivalent to a left-monomial linear 2-
polygraph.

5.1.21. Examples. The linear 2-polygraph A given in Example is left-monomial. The linear 2-
polygraph ( x,y | x* +y?> = 2xy ) is not left-monomial, but it is Tietze equivalent to the following
left-monomial 2-polygraph:
1
A=y lIxy S S0 +17).
The linear 2-polygraphs (x | x> = 0) and (x,y | xy = 0) are monomials.

5.1.22. Degrees and length. For monomials uand v in AJ, we denote by deg,, u the number of different
occurrences of the monomial v in the monomial u. For instance deg, . x* = 3 and deg, x* = 0. Fora
subset M of monomials in A, we denote

degyu = Z deg, u.
veM

The length of a monomial w in A7, denoted by £(u), is equal to deg, | u.

5.2. LINEAR REWRITING STEPS

5.2.1. Elementary 2-cells. Let A be a linear 2-polygraph. An elementary 2-cell of the free 2-algebra
/\g is a 2-cell of /\g with shape

7N 9

Ae Jla & + e———e

ti(a)

where a is a 2-monomial, g is a 1-cell of /\'% and A is a nonzero scalar in K.

5.2.2. Example. With the polygraph A’ of Example|5.1.21} the 2-cell

xa'y + 1y 22Xyt = Py +xyd -y

is elementary and the 2-cell
1
xo' + o'y Xty +xy? = E(x3 +xy* +x*y +y°)
is not elementary.
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5.2. Linear rewriting steps

5.2.3. Exercise. Show that any 2-cell in a free 2-algebra /\g can be decomposed into a 1-composition
of elementary 2-cells of A§

5.2.4. Rewriting steps. Let A be a left-monomial linear 2-polygraph. A rewriting step of /A is an
elementary 2-cell

u
A o/\U,—a\/o + .L).
\/
f

of /\g such that A is a nonzero scalar and u is not in the support of g.

5.2.5. Examples. For the linear 2-polygraph given in Example the 2-cell
3xy —3x2% : 3xPyz — 3x2d — 3t +3xy?
is a rewriting step. For a linear 2-polygraph having a rule « : uw = f, the 2-cell
—ox+(u+f):—ut+(u+f) = —f+ (u+f)

is not a rewriting step because the monomial u appears in the context u + f.

5.2.6. Exercise. Let A be a left-monomial linear 2-polygraph and let a be an elementary 2-cell of the
2-algebra /\5. Show that a can be factorised in the 2-algebra /\g into

where b and c are either identities of rewriting steps.

5.2.7. Example. Let A be a linear 2-polygraph and let « : w = v be a 2-cell of A;. The 2-cell
—o+ (w+v) and & + (5u + 4v) are not rewriting steps of A. They can be decomposed respectively as
follows:

—x+ (u+v) o+ (5u+4v)
—ut (V)T v+ (u+v) ut BGu+d) T v+ Bu+4v)

N % 6cx+N %(4—5\)
1T—Tu+v 10v
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5.2.8. Rewriting sequences

5.2.8. Rewriting sequences. A 2-cell a of /\g is positive, or a rewriting sequence, if it is an identity or
a 1-composite
fo = f1 = = fiel = fi

of rewriting steps of A.

5.2.9. Reduced cells. A 1-cell f of /\% is called reduced, or irreducible, with respect to /\;, if there is
no rewriting step of A with source f. As a consequence, a 1-cell is reduced if and only if it is the zero
1-cell of /\g, or a linear combination of reduced monomials in Aj. The reduced 1-cells of /\g form a
vector subspace of A!, denoted by /\?f. Since A is left-monomial, the set of reduced monomials of AT,
denoted by /\%Tm, forms a basis of the vector space /\?f.

We denote by s1(A) the set of redex of a reduced left-monomial linear 2-polygraph A defined by

s1(A) ={s1(«) [ xin Az}
In [Ani86], a redex is called an obstruction. The number of possible application of rules of A; to a

monomial u is degg, (A W

5.2.10. Reduced linear 2-polygraphs. We say that a linear 2-polygraph A is left-reduced if, for every
2-cell & in Ay, the T-cell sy() is reduced with respect to Ay \ {o}. We say that A is right-reduced
if, for every 2-cell « of A, the 1-cell t;(«) is reduced. The linear polygraph A is reduced if it is both
left-reduced and right-reduced.

5.2.11. Exercise. Show that any left-monomial linear 2-polygraph is Tietze equivalent to a reduced
left-monomial linear 2-polygraph.

5.2.12. Normal forms. If fisa T-cell of /\g, a normal form for f with respect to /\; is areduced 1-cell g
of /\% such that there exists a positive 2-cell a: f = g in /\g.

5.3. TERMINATION FOR LINEAR 2-POLYGRAPHS

We recall the notion of rewrite relation for linear 2-polygraphs from [GHM19]. Let us fix a left-monomial
linear 2-polygraph A.

5.3.1. Termination. The rewrite relation of /A is the binary relation, denoted by <A on the set of
monomial A} defined by

i) w < uforevery 2-cell & : u = f of A, and every monomial w in Supp(f),
ii) u’ <A wimplies vu'w < vuw for all monomials u, u’, v and w of Aj.

We say that A ferminates if its rewrite relation <, is wellfounded, that is, there is no infinite de-
scending chains in A7:

UL AU >A U3 >A oo A Up A Upg] >A ...
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5.4. Monomial orders

5.3.2. Example. Consider the linear 2-polygraph A = (x,y | xy X2 y2). We have x2 < xy and
y? <A xy. It follows that
X2y = xy? = Xy

Hence the relation < is not a wellfounded and the polygraph is not terminating. Note that, we have an
infinite sequence of rewriting steps:

X 4 ay
yELC+xy? = iy =

5.3.3. The rewrite relation on 1-cells. The rewrite relation <4 is extended to the T-cells of A} by
setting, for any T-cells f and g, g <x f if the following two conditions hold

i) there exists a monomial w in Supp(f) which is not in Supp(g),

ii) for any monomial v in Supp(g)\ Supp(f), there exists a monomial u in Supp(f)\ Supp(g), such
thatv <A u

5.3.4. Proposition. The rewrite relation < is wellfounded on 1-cells if and only if it is wellfounded on
monomials.

If A terminates, then for every rewriting step a of A, we have t;(a) <A si(a). This implies that the
2-algebra /\5 contains no infinite sequence of pairwise 1-composable rewriting steps

fofr= - =fi Sfi=

so that every 1-cell of /\s admits at least one normal form with respect to A;.

5.4. MONOMIAL ORDERS

5.4.1. Monomial orders. A total order < on the set of monomials A] is a monomial order if the
following conditions are satisfied

i) <is a well-order, that is, there is no infinite descending chains in A7.

W >uUy>us > ...>Up > Upy1 > ...

ii) < is compatible with the multiplicative structure on monomials, that is
u=<1u' implies vuw <vu'w,
for all monomials u, u’, v and w in Aj.
5.4.2. Example. Given a total order relation < on A;, we define the left degree-wise lexicographic

order generated by <, or deglex order generated by <, as the order <geglex On /A7 that compare two
monomials first by degree and then lexicographically. It is defined by

i) Y1 -+ Yp =deglex X1 ...Xq,ifp <d,

i) Yy1...Yj1Yj .- - Yp <deglex Y1 ---Yj—1%j ... Xp, if Y5 < ;.
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5.4.3. Exercise

5.4.3. Exercise. Show that the order <geglex is @ monomial order.

5.4.4. Exercise. Explain why the pure lexicographic order is not a monomial order. Show that it is
neither a well-order nor compatible with the product of monomials.

5.4.5. Polygraph compatible with a monomial order. A linear 2-polygraph A is say to be compatible
with a monomial order < if for every 2-cell « : u = f of A, then w < u for any monomial w in the
support of f. The monomial order < is thus a well-founded rewrite relation for A. It follows that any
linear 2-polygraph compatible with a monomial order is terminating. The converse is false in general as
we will see in Exercise

5.4.6. Example. Consider the linear 2-polygraph A = (x,y | x* = xy —y?). It is Tietze equivalent
to the linear 2-polygraph of Example but it is terminating. Indeed, having xy < x* and y? < x?,
the linear 2-polygraph A is compatible with the deglex order <geglex induced by y < x, hence it is
terminating. An other way to prove that A is terminating, is to count the number of occurrence of x in
monomials. For any u in A%, let denote by A(u) the number of occurrence of x in u. To prove that the
linear 2-polygraph A terminates, it is sufficient to check that, for every rewriting step a : s1(a) = f, we
have A(s1(a)) > A(v), for any monomial v in Supp(f).

5.4.7. Exercise. Show that the linear 2-polygraph A given in Example is terminating. Show that
/A is not compatible with a monomial order.

5.4.8. Exercise, [Ber78, Exercice 5.2.1.]. Examine termination of the linear 2-polygraph (x,y | &) in
each of the following situations

¥ySyx,  yx3xty, Xy Suyx, yx S Xyl

5.4.9. Noetherian induction. Let us recall the principle of noetherian induction for terminating rewrit-
ing systems, see [Hue80] for more details. Let A be a left-monomial terminating linear 2-polygraph.
Given a property P(f) of the 1-cells f of /\g. In order to show that P(f) holds for any 1-cell f of Af, it
suffices to show that

i) P(f) holds for f reduced with respect to Ay,

ii) P(f) holds under the assumption that P(g) is hold for every g <x f.

5.4.10. Leading terms. Let /\g be a free algebra over a set A and let < be a monomial order on /\‘1".
For a nonzero 1-cell f of /\%, the leading monomial of f with respect to < is the monomial of f, denoted
by Im(f), such that w < Im(f), for any monomial w in the support of f. The leading coefficient of f is
the coefficient Ic(f) of Im(f) in f, and the leading term of f is the 1-cell It(f) = lc(f) Im(f) of /\%. We
also define 1t(0) = 1c(0) = Im(0) = 0.

Note that for any T-cells f and g in /\%, we have f < g if and only if either Im(f) < Im(g) or
(Im(f) =1m(g) and f — It(f) < g —It(g)). The following property

It(fg) = 1t(f) It(g),
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5.5. Confluence and convergence

for any T-cells f and g is also useful.

5.4.11. Leading polygraph. Given a monomial order < on /\% and a nonzero 1-cell g in AY, we define
the 2-cell:

og,< :Im(g) = 1Im(g) g.

-~ Ie(g)

For any set G of nonzero 1-cells in AY, the leading 2-polygraph associated to G with respect to < is the
linear 2-polygraph A (G, <) whose set of 1-cells is Ay and

AG, <)z ={xg< | g€ G}

By definition, the leading polygraph A(G <) is compatible with the monomial order <.

A monomial w in AJ is G-reduced with respect to the monomial order < if it reduced with respect
to A(G, <)y, that is, there is no factorisation w = ulm(g)v, with u and v monomials in Aj and g in G.
A set G of 1-cells is reduced with respect to the monomial order < if for any 1-cell g in G, any monomial
in the support of g is (G \ {g})-reduced.

5.5. CONFLUENCE AND CONVERGENCE

5.5.1. Suppose that A is a terminating left-monomial linear 2-polygraph. Every 1-cell f of /\% admits

at least a normal form f. That is, f is reduced and there exists a positive 2-cell a : f = f in /\g. As a
consequence, we have a decomposition

f=f+(f—1),

with f in /\’1lf and f—f in I(A) by Exercice|5.1.15] It follows that the vector space /\% admits the following
decomposition

AL = AT+ T(A). (5.8)

In this section we show that the decomposition (5.8) is direct if and only if the polygraph A is

confluent.

5.5.2. Example. Note that the decomposition 1| is not direct in general. Indeed, consider the linear

2-polygraph A = ( x,y | x* :[3> xy ). It is terminating thanks to the deglex order generated by x > y.
Consider the two following reduction sequences reducing the 1-cell x>

Bx_ xyx
3 /
% Xy =—=xy’

X
By
Thus the 1-cell
xyx — xy? = —(x* — xy)x + x(x* —xy) + (x* —xy)y
is both in /\ﬁlf and I(A). It follows that the sum /\‘1lf + I(A) is not direct.

82



5.5.3. Branchings and confluence

5.5.3. Branchings and confluence. Let A be a left-monomial linear 2-polygraph. A branching of A
is a non-ordered pair (a, b) of positive 2-cells of /\g with a common source s1(a) = s1(b). A branch-
ing (a,b) is local if both a and b are rewriting steps of A. A branching (a, b) of A is confluent if there
exist positive 2-cells a’ and b’ of A as in the following diagram

fa/@\a’(f/
Nonet

We say that A is confluent (resp. locally confluent) if every branching (resp. local branching) of A is
confluent. An immediate consequence of the confluence property is that every 1-cell of /\% admits at
most one normal form.

5.5.4. Proposition. Let A be a terminating left-monomial linear 2-polygraph. The following conditions
are equivalent.

i) A is confluent.
ii) Every 1-cell of I(A) admits O as a normal form with respect to \;.
iii) The vector space /\% admits the direct decomposition /\‘1}' = /\'1”1 @ I(A).

Proof. i) = ii). Let f be a 1-cell in the ideal I(A), then there exists a 2-cell a : f = 0 in /\g. The
polygraph A being confluent, the 1-cells f and 0 have the same normal form. Finally, O beaing reduced,
this implies that O is a normal form for f.

ii) = iii). Prove that /\ﬁlf NI(A) =0. If fis in /\?f, then f is reduced and, thus, admits itself as
normal form. If f is in I[(A), then f admits 0 as a normal form by ii). Hence /\ﬁlf NI(A)=0.

iii) = i). Consider a branching (a,b) of A witha: f = gand b : f = h. Since A terminates, each
of g and h admits at least one normal form. Hence, there exist positive 2-cells a; and by in /\g:

aj

a =g > g1
f/
b\>h “ > hy

1

with g1 and hy reduced. It follows that g1 —h; is also reduced. Moreover, the 2-cell (a*j a;)” 1 (bxb1)
has g; as source and hy as target. This implies that g1 — hy is also in I(A). As A N I(A) = 0, we
have g1 — h; = 0, hence the branching (a, b) is confluent. O

5.5.5. Convergence. We say that a left-monomial linear 2-polygraph A is convergent if it terminates
and it is confluent. In that case, every 1-cell f of /\% has a unique normal form, denoted by 1?, such
that f = g holds in A if and only if f = g holds in Al

As a consequence, if /A is a convergent presentation of an algebra A, the assignment of every 1-cell f
of A to the normal form f, defines a section L : A — /\g of the canonical projection 7t : AY — A. The

section t is a linear map, i.e., it satisfies Af + ng = Af + ug, and it preserves the identities because A
terminates.
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5.5. Confluence and convergence

5.5.6. Exercise. Show that the section t is not a morphism of algebras in general.

5.5.7. Theorem. Let A be an algebra and /\ be a convergent presentation of A. The set /\%Tm of reduced
monomials is a linear basis of A. Moreover, the vector space A?'f equipped with the product defined by
f.g = fg, for any 1-cells f and g in A?f is an algebra isomorphic to A.

Proof. Suppose that A is a convergent linear 2-polygraph. By Proposition the following sequence
of vector spaces is exact:

0 — I(A) — A} — AT — 0

The vector space A} admits A™ as a basis, hence A™ forms a basis of the vector space underlying
the quotient algebra /\‘1)' /I(A), that is the algebra A. The polygraph A being convergent, any 1-cell of /\%
has a unique normal form, hence the product defined by f- g = ng is associative. Indeed, for any 1-cells
f, g and h, we have

(f-g)-h=fg-h=fgh=fgh=f-gh=F-(g-h).

It follows that this product equips /\‘1lf with a structure of algebra in such a way that /\‘1nc is isomorphic to
the algebra A. O

5.5.8. Exercise. Compute a linear basis of the algebra presented by (x,y | xy = x2>.
5.5.9. Exercise. Compute a linear basis for the symmetric algebra on k variables presented by
(X150 ey Xi | X9 T:iixjxi [1T<i<j<k)
and for the skew-polynomial algebra on k variables presented by
(X150 ey Xi | XX T:‘} q{xjxi |1 <i<j<k),
where the qi are scalars in K.

5.5.10. Exercise: Poincaré-Birkhoff-Witt theorem, [Bok76, §1.], [Ber78, Theorem 3.1]. Consider
an ordered bases x; < x < ... < xi of a Lie algebra g. Consider the following ideals of the free tensor
algebra T(g) over g:

I=<XjX1—Xin | 1 <i<j <k>,
J = (xx —xix5 + [xi, x50 [ 1 <i<j < k).

Show that the symmetric algebra Sg = T(g)/I and the enveloping algebra Ug = T(g)/] are isomorphic
as vector spaces.
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5.5.11. From local to global confluence

5.5.11. From local to global confluence. The Newman lemma, also called the diamond lemma, states
that for terminating rewriting systems local confluence and confluence are equivalent properties. This
result was proved by Newman in [New4?2|| for abstract rewriting systems. A short and simple proof of
this result was given by Huet in [Hue80|| using the principle of noetherian induction. Let us recall the
arguments of this proof for linear 2-polygraphs.

5.5.12. Theorem (Newman’s Lemma). Let A be a terminating left-monomial linear 2-polygraph. Then
N is confluent if and only if it is locally confluent.

Proof. One implication is trivial. Suppose A locally confluent and prove that it is confluent at every 1-
cell f of /\%. We proceed by noetherian induction on f. If f is reduced, the only branching with source f
is (1¢, 1¢) which is confluent.

Suppose that f is a nonreduced 1-cell of /\% and such that A is confluent at every 1-cell g < f. Con-
sider a branching (a, b) of A with source f. If a or b is an identity, then (a, b) is confluent. Otherwise,
we prove that the branching (a, b) is confluent by induction. Since a and b are not identities, they admit
decompositions a = aj x1 az and b = by x; b, where a; and by are rewriting steps, and a,; and b, are
positive 2-cells. By local confluence, the local branching (a;, by) is confluent. Hence there exist positive

2-cells aj and b as indicated in the following diagram

Local

/ 91 confluence \/2
/

Inductlon h

\ g’ Inductmn/

We have g; <A fand hy <A f. Then we apply the induction hypothesis on the branching (a,, aj) to get
positive 2-cells a; and ¢, and, then, to the branching (bj %7 ¢, bz) to get positive 2-cells d and bj, which
complete the proof. O

\

/

/\

5.6. THE CRITICAL BRANCHINGS THEOREM

5.6.1. Local branchings. A case analysis leads to a partition of the local branchings of a left-monomial
linear 2-polygraph A into the following four families:

i) Aspherical branchings, for all 2-monomial a : u = f of AL, nonzero scalar A, and 1-cell h of /\%
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5.6. The Critical Branchings Theorem

such that the monomial u is not in the support of h:

Aa+h

Au+h AMf+h

NS

Aa+h

ii) Additive branchings, for all 2-monomials a: uw = fand b :v = g of /\g, nonzero scalars A and p,
and 1-cell h of /\g such that the monomials u and v are not in the support of h:

Aatwth Af+uv+h

AM+uv+h

A+ pub+h Autug+h

iii) Peiffer branchings, for all 2-monomials a : w = fand b : v = g of A!, nonzero scalar A, and
1-cell h of /\% such that the monomial uv is not in the support of h:

AavER i
Auv + h

\7\ h

Ab R e

iv) Overlapping branchings, for all 2-monomials a : w = fand b : u = g of /\g such that the
branching (a, b) is neither aspherical nor Peiffer, and all nonzero scalar A and T-cell h of A such
that the monomial u is not in the support of h:

Aa+h
At fih
A+ h
\)\ +h
Ab+h Y

5.6.2. Critical branchings. A critical branching of a left-monomial linear 2-polygraph A is an over-
lapping branchings, as defined in with A = 1 and h = 0, and that is minimal for the relation on
branchings defined by

(a,b) C (waw’,wbw’) for any w and w’ in A].
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5.6.3. Exercise

By case analysis on the source of critical branchings, they must have one of the following two shapes
P I
% NS

with «, (3 in A;. When the linear 2-polygraph A is reduced, the first case cannot occur since, otherwise,
the monomial s7 () would be reducible by f3.

5.6.3. Exercise. Let A be a reduced linear 2-polygraph. Show that for any critical branching

R
uW

the monomial u, v and w are reduced and cannot be identities or null.

5.6.4. Critical branching lemma. By the Newman lemma for terminating rewriting systems,
local confluence and confluence are equivalent properties. It turns out that one can decide whether a
rewriting system is convergent by checking local confluence. For string rewriting systems, that is 2-
polygraphs, the critical branching lemma states that local confluence is equivalent to the confluence of
all critical branching, see [GM18], 3.1.5] for details. For linear 2-polygraphs the critical branching lemma
given in [GHM19] differs from the case of 2-polygraphs. Indeed, in the linear setting the termination
hypothesis is required. Moreover, nonoverlapping branchings may be non confluent as illustrated by the
following example in which an additive branching is nonconfluent.

5.6.5. Example. Some local branchings can be nonconfluent without termination, even if critical con-
fluence holds. Indeed, consider for instance the following linear 2-polygraph

(%Y, z,t | xy = xz, zt:ﬁ>2yt>

has no critical branching, but it has a nonconfluent additive branching:

4oct 4xp
%4xyt:>4xztﬁ e
ot +xzt s 2xzt i xzt +xB
xyt + xzt = xzt + 2xyt
=
Xyt +xB > 3xyt T ot 2xyt
%3xzt:>6xyt#---
3xPp 6ot
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5.6. The Critical Branchings Theorem

5.6.6. If a linear 2-polygraph A is terminating and with any critical branching confluent, we can show
that such an additive branching is confluent by noetherian induction on the sources of the branchings.
Let consider an additive branching (Au+ pv+h, Au+pg—+h) asin ( and suppose that A is locally
confluent at every g <A Au + pv + h. By linearity of the 1 composmon, the following equation

Aa+w+h)x (AMf+ub+h) =(Au+ub+h) x; (Aa+ png +h)
holds in the free 2-algebra /\5:

/

Aa+puv+h _
/ 7\f—|—ub+h
Y

A+ pv+h = Af+ pg Induction k

7
Aa—i—ug—l—h B d /
Au—l—ub—i—\\h‘ - N b;

by

/3\

Note that the dotted 2-cells Aa + png + h and Af + pb + h may be not positive in general. Indeed, the
monomial u can be in the support of g or the monomial v can be in the support of f, as illustrated in
Example [5.6.5] However, those 2-cells are elementary, hence there exist, see Exercise [5.2.6] positive
2-cells aj, bj, c and d that satisfy

=(AM+ub+h)xc and bi = (Aa+png +h) x d.

We have f <A uwand g <o v, hence Af + ug + h <A Au+ pv + h. Thus, the branching (c, d) is
confluent by induction hypothesis, yielding the positive 2-cells a} and bj.

In this way, one shows that under terminating hypothesis, all local branching given in are
confluent if all critical branching are confluent.

5.6.7. Theorem (Critical branching lemma). A terminating left-monomial linear 2-polygraph is lo-
cally confluent if and only if all its critical branchings are confluent.

As consequence of the critical branching lemma and of the Newman lemma [5.5.12] a terminating
left-monomial linear 2-polygraph is confluent if all its critical branchings are confluent. In particular a
terminating left-monomial 2-polygraph with no critical branching is convergent.

5.6.8. Example. The linear 2-polygraph given in Example is terminating, see Exercise
Moreover, it does not have critical branching, hence it is convergent.

5.6.9. The Knuth Bendix completion procedure. The completion procedure for terminating 2-polygraphs
given in can be adapted to linear 2-polygraphs as follows. Let A be a left-monomial linear 2-
polygraph compatlble with a monomial order < on A}. A Knuth-Bendix completion of /A is a linear
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5.6.10. Exercice

2-polygraph KB(/A) obtained by the following procedure that examines the confluence of the set of
critical branchings.

Input: A be a left-monomial linear 2-polygraph compatible with a monomial order < on A7.
KB(A):=A
Cb:={ critical branchings with respect to A; }

while Cb # () do
Picks a branching in Cb:

/}ZM}
u
%W
Cb :=Cb\{(f, g)}

Reduce v to a normal form V with respect to KB(A);
Reduce w to a normal form w with respect to JCB(A ),

f N
u/:>
%:}w:w/@

g=v—w

if g # 0 then
KB(A)y i= KB(A)2 U{ag < :Im(g) = lm(g) — {59}
Cb = Cb U{critical branching created by ot < }

end

end

If the procedure stops, it returns a finite convergent left-monomial linear 2-polygraph XC3(A). Other-
wise, it builds an increasing sequence of left-monomial linear 2-polygraphs, whose limit is also denoted
by KB(A). Note that, if the starting linear 2-polygraph A is convergent, then the Knuth-Bendix comple-
tion of A is A itself. The linear 2-polygraph KB(/) obtained by this procedure depends on the order of
examination of the critical branchings. Finally, since all the operations of adding new rules performed
by the procedure are Tietze transformations, the linear 2-polygraph CB(A) is Tietze-equivalent to A.

5.6.10. Exercice. Prove that the following linear 2-polygraph has a nonconfluent Peiffer branching
(.2 xy S 2x, yz & 2),

5.6.11. Weyl algebras. Let K be a field of characteristic zero. The Weyl algebra of dimension n over K
is the algebra presented by the linear 2-polygraph whose 1-cells are

x])...,Xn)a])...,an
and with the following 2-cells:

XiXj = XjXi, aiaj = ajai, ain = Xjai, forany 1 <i<j<n,
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5.7. Coherent presentations of algebras

0ixi = x10; + 1, forany 1 < i< n.

This polygraph is convergent with the following six families of confluent critical branchings:

/ XjXiXyk = XjXkXi \ / ajaiak = ajakai \

XiXjXk XKXjX 010;0x 0100

\ XiXkX) = XkXiX) / \\ 00105 = 01010 /
/) X] iXk = x]xkal / aJ aiXk = ankai \/

1X]Xk ]al aiajxk Xkaj ai

\ aIXkX] = xkalx] / \ aixkaj = Xkaiaj /
/ Xiain + X; = XiXj 0; + Xj \ / a'ain — anjai \

01k Xxi0i + %) 010X ;001 + 0
\\ainXi:>XjaiXi/ \ 0ix;0j + 0; = xj0;0j + 0; /

where 1 <1i<j <

x
2
x

5.6.12. Exercice. In his seminal paper on the diamond lemma, Bergman point out that he was first led
to the ideas of his paper with the following American Mathematical Monthly Advanced Problem 5082,
[Ber78l 2.1.].

Let R be a ring in which, if either x +x = 0 or x +x+x = 0, it follows that x = 0. Suppose
that a,b,c and a + b + c are all idempotents in R. Does it follows that ab = 0?

Solve this problem. [Hints. Consider the following linear 2-polygraph:
A=(ab,cla?=a, b?=b, c?=c, ba= —ab—bc—cb—ac—ca).

1/ List all critical branchings of A. 2/ Compute a convergent left-monomial linear 2-polygraph ICB(A)
by applying the Knuth-Bendix completion procedure to A. 3/ List all irreducible monomials with respect
to KKB(A);. 4/ Conclude that ab # 0. |

5.7. COHERENT PRESENTATIONS OF ALGEBRAS

In this last section, we recall from [GHM19] the notion of coherent presentation for an algebra as a
presentation of the algebra extended by a family of generating syzygies. We explain how to generate
syzygies when the presentation is convergent.
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5.7.1. Linear 3-polygraph

5.7.1. Linear 3-polygraph. Let A be alinear 2-polygraph. A cellular extension of the free 2-algebroid /\g
is a set A3z equipped with maps

S2
/\g it: A3
2

such that, for every F in A3, the pair (s;(F), t2(F)) is a 2-sphere in /\g, that is, sys2(F) = s1tz(F) and
t182(F) = t1t2(F) hold in /\g. The elements of A3 are the 3-cells of the cellular extension and graphically
represented by

s2(F)

(
A linear 3-polygraph is a data (Ao, Ay, A2, A3), where (Ag, A1, /Az) is a linear 2-polygraph and A3
is a cellular extension of the free 2-algebroid /\g:

S0 ¢, S ¢
/\O ) — /\] 2 — /\2
to t
So |1 S1 | S2
t t t
O A, " A, 2N

5.7.2. Three-dimensional algebras. We define a 3-algebra as an internal 2-category in the category Alg:

S1 S2
Ay A Az
t t

In particular, the algebras A7 and A, with composition x7 : Ay x4, A, — A, form a 2-algebra. The
3-cells can be composed in two different ways:

*1:A3XA1A3—>A3 *2:A3><A2A3HA3

by %1 along their 1-dimensional boundary, and by *; along their 2-dimensional boundary as pictured
in (3.2.5). The source and target maps sj, s and t, t, being morphisms of algebras, the product of
3-cells F and G satisfies:

—

(a}
—

a}

f/ g / flg /
These compositions and the product satisfy remarkable properties similar to those given in (5.1.12)) for
2-algebras.



5.7. Coherent presentations of algebras

5.7.3. Free 3-algebras. The free 3-algebra over a linear 3-polygraph A is constructed similarly to the
free 2-algebra given in (5.1.14). It is the 3-algebra, denoted by A%, whose underlying 2-algebra is the
free 2-algebra A, and its 3-cells are all the formal 1-composition, 2-composition and product of 3-cells
of A3, of identities of 2-cells, up to associativity, identity, exchange and inverse relations, see [GHM19]
for more details.

5.7.4. Coherent presentations of algebras. A coherent presentation of an algebra A is a linear 3-
polygraph A such that

i) the linear 2-polygraph (Ao, A1, /A\2) is a presentation of A,

ii) A3z is a homotopy basis of the free 2-algebra AL, that is, a cellular extension
(. 52
A5 ét: ARG
2

such that for every 2-sphere (a,b) of the free 2-algebra A, there exists a 3-cell A in the free
3-algebra /\g such that s,(A) = aand t,(A) = b.

5.7.5. Squier’s completion. Let A be a left-monomial linear 2-polygraph. Suppose that all critical
branching of A are confluent. For every critical branching (a, b) in A, we choose two positive 2-cells a’
and b’ making the branching confluent:

a_>g=.a
f/ \ (5.7.6)

Flap) f'

b h b’

For any such a confluent branching, we consider a 3-cell Flap) @ ax a’ = b x; b’. The set of such
3-cells

A3 ={ F(qp) | (a,b) is a critical branching }

forms a cellular extension of the free 2-algebra /\g. The linear 3-polygraph (Ag, Ay, A2, A3) is a Squier’s
completion of /A. When the polygraph is confluent, there exists such a Squier’s completion. However, the
cellular extension /A3 is not unique in general. Indeed, the 3-cells can be directed in the reverse way and
a branching (a, b) can have several possible positive 2-cells a’ and b’ making the branching confluent.
The following result is a formulation of the Squier Lemma, [SOK94], in the setting of linear 2-

polygraphs.

5.7.7. Theorem (JGHM19, Thm. 4.3.2]). Let A be an algebra and let /\ be a convergent left-monomial
presentation of A. Any Squier’s completion of /\ is a coherent presentation of A.
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5.7.8. Linear oriented syzygies

5.7.8. Linear oriented syzygies. Let A be presentation of an algebra A. Any nontrivial 2-sphere (a, b)
in the free 2-algebra /\g is called a linear oriented 3-syzygy of the presentation A. If A is extended into
a coherent presentation (A, A3) of the algebra A, the quotient 2-algebra /\g /A3 is aspherical, that is,
for any 2-sphere (a,b) in /\5 /A3, we have a = b. In other words, the cellular extension A3 forms a
generating set of linear 3-syzygies of the presentation A. Theorem say that, when the presentation
A is convergent the 3-cells defined by confluence diagrams of the critical branchings, as in (5.7.6), form
a family of generator for 3-syzygies.

5.7.9. Exercice. Let {Fq,...,Fy} be a generating set for linear 3-syzygies of a linear 2-polygraph A.
Prove that {F;, ..., F, }is also a generating set for linear 3-syzygies of A.

5.7.10. Example. The linear 2-polygraph ( x | x> = 0 ) has one critical branching

which is confluent. The polygraph being convergent the 3-cell F : ax = xo generates all linear 3-
syzygies of this presentation.

5.7.11. Example. Consider the algebra A presented by the linear 2-polygraph

A=(xyzlxyz 23 +yd+23)

given in Example[5.1.7} It does not have critical branching, hence any Squier’s completion of A is empty.
As a consequence, /A can be extended into a coherent presentation with an empty homotopy basis. That
is, there is no 3-syzygy for this presentation.

The linear 2-polygraph (x,y,z | o, ) considered in Example is Tietze equivalent to A,
convergent and compatible with a monomial order. It has three critical branchings, as shown in Example
It can be extended into a coherent presentation of A with three generating 3-syzygies.

5.7.12. Exercise. Give an explicit description of the 3-cells of a coherent presentation on the linear
2-polygraph A’ of Example[5.7.11

5.7.13. Exercise. Compute a coherent presentation for the algebras presented by the following linear
2-polygraphs

1) (x,y]xyx = y?).

2) (x,y,z|yz = —x?%, zy % —A~'x?), where A € K\ {0, 1}, see [PP03} 4.3].

5.7.14. Exercise. Compute a minimal coherent presentation for the algebra presented by the linear 2-
polygraph (x | x> =0).

23
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6

Paradigms of linear rewriting
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In this chapter, we survey several approaches in linear rewriting. The most well-known is given
by the Grobner basis theory for ideals in commutative polynomial rings introduced by Buchberger in
[Buc65]]. A subset G of an ideal I in the polynomial ring K[x] of commutative polynomials is a Grobner
basis of I with respect to a given monomial order <, if the leading term ideal of I is generated by the set
of leading monomials of G, that is

(1< (1)) = (1t<(G) ).

Buchberger introduced the notion of S-polynomial to describe the obstructions to local confluence and
gave an algorithm for computation of Grobner bases, [Buc63l Buc06], see also [Buc87] for an historical
account. Any ideal I of a commutative polynomial ring K[x] has a finite Grobner basis. Indeed, the
Buchberger algorithm on a finite family of generators of an ideal I always terminates and returns a
Grobner basis of the ideal I.

Shirshov introduced in [[Shi62] an algorithm to compute a linear basis of a Lie algebra defined by
generators and relations. He used the notion of composition of elements in a free Lie algebra, that corre-
sponds to the notion of S-polynomial in the work of Buchberger. He gave an algorithm to compute bases
in free algebras having the computational properties of the Grobner bases. He proved that irreducible el-
ements for such a basis forms a linear basis of the Lie algebra. This result is called now the Composition
Lemma for Lie algebras.
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6.1. Composition Lemma

Subsequently, the Grobner basis theory has been developed for other types of algebras, such as
associative algebras by Bokut in [Bok76] and by Bergman in [Ber78l]. They prove Newman’s Lemma
for rewriting systems in free associative algebras compatible with a monomial order stating that local
confluence and confluence are equivalent properties. This result was called Composition Lemma by
Bokut and Diamond Lemma for ring theory by Bergman, see also [Mor94, [Ufn95)]. In general, the
Buchberger algorithm does not terminate for ideals in a noncommutative polynomial ring K(x). Indeed,
its termination would give a decision procedure of the undecidable word problem. Even if the ideal is
finitely generated it may not have a finite Grobner basis. However, when K is a field an infinite Grobner
basis can be computed, [Mor94, [Ufn9g|].

Note that ideas in the spirit of the Grobner basis approach appear in several others works. Let us men-
tion works by Hironaka in [Hir64] and Grauert in [Gra72|] that compute bases of ideals in rings of power
series having analogous properties to Grobner bases but without a constructive method for computing
such bases. In [Coh65], Cohn gave a method to decide the word problem by a normal form algorithm
based on a confluence property. Finally, Janet [Jan20], Thomas [[Iho37] and Pommaret [Pom78]] devel-
oped the notion of involutive bases that are particular cases of Grobner bases in the context of partial
differential algebra. We refer the reader to [IM19] for an historical account on involutives bases and their
applications to algebraic analysis of linear partial differential systems. Much more recently, Grobner
basis theory was developed in various noncommutative contexts such as Weyl algebras, see [SSTOO], or
operads [DK10].

6.1. COMPOSITION LEMMA

6.1.1. Compositions in free Lie algebras. Shirshov introduced in [Shi62] an algorithm to compute
a linear basis of a Lie algebra defined by generators and relations. He used the notion of composition
of elements in a free Lie algebra, that corresponds to the notion of S-polynomial in the work of Buch-
berger, [Buc65]. This work remained unknown outside the USSR and the two theories were developed
in parallel. The algorithm completes a given set of elements in a free algebra by adding all nontrival
compositions. This algorithm corresponds to the completion algorithm given by Knuth-Bendix for term
rewriting systems, [[KB70]], and by Buchberger for commutative polynomials, [Buc65]]. The Shirshov
completion constructs a set, that may be infinite, such that every composition of its elements is trivial.
Such a subset is called a Lie Grobner-Shirshov basis. The key result in [Shi62] states that the set of
irreducible elements for a Grobner-Shirshov basis S forms a linear basis of the Lie algebra with defining
relations S. This result is called now the Composition-Diamond Lemma for Lie algebras. For a recent
account of the theory of Grobner-Shirshov we refer the reader to [BC14]].

In this subsection we summarize without proofs an analogue of Shirshov’s composition-diamond
lemma for associative algebras given by Bokut in [Bok76]].

6.1.2. Compositions. Let /\% be a free algebra over a set /A1 and let < be a monomial order on /\%.
Bokut introduced in [Bok76] the notion of composition of elements of a free associative algebra as
follows. Given two 1-cells f and g in /\$ and a monomial w in Aj. There are two kinds of compositions:

i) if w = Im(f)v = ulm(g) with {(Im(f)) + £(Im(g)) > £(w), for some monomials u and v in A7J,
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6.1.3. Grobner-Shirshov’s bases

then the 1-cell : :
f = —fv— ——
( )g)W 1C(f) AY IC(g)ug

is called the intersection composition of f and g with respect to w.
ii) if w = Im(f) = ulm(g)v, for some monomials u and v in A, then the 1-cell

1 1

Ic(f) Ic(g)

is called the inclusion composition of f and g with respect to w.

(f, 9w = ugv

A composition (f, g),, can also be called an S-polynomial of f and g with respect to w. A compo-
sition (f, g),y is either zero or satisfy (f, g)y, < w. Moreover the composition (f, g), is in the ideal
(f,g) generated by f and g. Note that a composition (f, g),, depends on the two polynomials f and g
as well as the monomial w. Indeed, in some cases two polynomials f and g may overlap with different
combinations creating several compositions.

6.1.3. Grobner-Shirshov’s bases. Let G be a set of nonzero 1-cells in A{. Given a monomial w in A7,
a 1-cell h is trivial modulo (G, w) if there exists a decomposition

h=> Awgivi,
el

with A; in K, wi, vi in A and g; in G such that u; Im(g;)vi < w.

A set G set of nonzero 1-cells in /\‘1" is a Grobner-Shirshov’s basis, GS basis for short, with respect
to the monomial ordering < if every composition (f, g),, of 1-cells in G is trivial modulo (G,w). A
GS-basis G is minimal if there is no inclusion composition with elements of G. A minimal GS-basis G is
called closed under composition in [Bok76l]. A GS-basis G is reduced if the set G is reduced with respect
to the monomial order <.

6.1.4. Exercise. Let G be a minimal Grobner-Shirshov basis in a free algebra /\%. Suppose that there
exists a decomposition
w = u; Im(g1)vi = uz Im(gz)va,

with uq,vi,u2, v € Aj and g1, g2 € G. Show that uygivi —uyg;Vv; is trivial modulo (G, w).

6.1.5. Theorem (The Composition Lemma, [Bok76, Proposition 1 & Corollary 1]). Let /\‘1)' be a free
algebra and let < be a monomial order on /\%. Let G be a set of 1-cells in /\g and let 1 be the ideal
generated by G. Denote by A the algebra given by the quotient of the free algebra /\‘1” by the ideal 1. The
following conditions are equivalent.

i) G is a GS-basis.
ii) For any f in 1, there exists a decomposition Im(f) = ulm(g)v for some w,v in A} and g in G.

iii) The set of G-reduced monomial forms a linear basis of the algebra A.
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6.2. Reduction operators

6.2. REDUCTION OPERATORS

Yet another approach of rewriting in associative algebras were developed by Bergman in [Ber78]]. With a
functional description of linear rewriting reductions he obtained an equivalent result of the composition
lemma

6.2.1. Reduction operators. Given /\‘1” a free algebra over a set /A1, he defines a reduction system as a
set S of pairs 0 = (Wyg, f5), where Wy is a monomial of /\‘1" and fy is a 1-cell of /\‘1}'. Given o in S and
two monomials u, v in AJ, he considers the linear map Ty : /\g — /\g defined by

ufev  ifw=uwgv,
Tucrv(w) = .

w otherwise.
The endomorphism 1, is called reduction by o. Note that this notion of reduction corresponds to the
notion of rewriting step given in (5.2.4).

A T-cell f in Z% is irreducible under S if every reduction by elements of S acts trivially on f, that

is UwgV is not in the support of f, for any o in S and monomials u,v in £j. As in the case of linear
2-polygraphs, we denote by /\ﬁlf the vector subspace of /\‘]Z of all irreducible 1-cells of /\g.

6.2.2. Reduction-unique. Bergman introduced the notion of confluence for reduction systems as fol-
lows. A finite sequence of reductions 11,..., 1 is final on a 1-cell f, if the 1-cell 1y, ... 17 (f) is irre-
ducible. A T-cell f of /\% is reduction-finite if for any infinite sequence (T )n>71 of reductions, r; acts
trivially on 1;_7 ... 71(f) for a sufficiently large i. A T-cell f is reduction-unique if it is reduction-finite
and if its images under all final sequences of reduction are the same. This common image is denoted
by rs(f). A reduction system S is reduction-unique if all 1-cells of /\% are reduction-unique under S.

6.2.3. Exercise, [Ber78, Lemma 1.1.].

1) Show that the set of reduction-unique 1-cells of /\‘1" forms a subspace of /\ﬁ' denoted by A" and that
s At — /\i1rr defines a linear map.

2) Given monomials w¢, wg and wy, in the support of the 1-cells f, g and h respectively, such that the
product wiwgwy, is in AJ*. Show that for any finite composition of reductions r, then fr(g)h is in
AT and that rs(fr(g)h) = rs(fgh) holds.

6.2.4. Ambiguities. A 5-tuple (o, T,u,v,w) with o, T in S and u,v, w monomials in A, such that
Wge = uv and wy = vw (resp. 0 # T, Wy = v and Wy = uvw) is an overlap ambiguity (resp. inclusion
ambiguity) of S. Such an ambiguity is resolvable if there exist compositions of reductions r and v’ that
satisfy the confluence condition:

T(fow) =1'(ufr) (resp. r(ufow) =1'(f) ).
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6.2.5. Reduction system compatible with a monomial order

6.2.5. Reduction system compatible with a monomial order. The diamond lemma obtained by
Bergman concern reduction systems compatible with a monomial order. A reduction system S is com-
patible with a monomial order <, if for any 0 = (wg, f5) in S, we have w < wy; for any monomial w in
the support of fg.

Given a reduction system compatible with a monomial order <. For a monomial w in X7, we denote
by I+, the subspace of /\% defined by

4w = Spang (u(wg — o)V | (W, f5) € S and uwgy < w).
An overlap ambiguity (resp. inclusion ambiguity) (o, T, u, v, w) is resolvable relative to < if
fow —ufe € Ioww,  (resp. ufew — fr € Iouw ).
Let G be a subset of 1-cells of /\% and let < be a monomial order on /\%. We denote by S(G, <) the

reduction system generated by G with respect to < defined by

$(G, <) = { (Im(f), Im(f) — lczﬂf) feg)

6.2.6. Theorem (The Diamond Lemma, [Ber78, Theorem 1.2]). Let S be a reduction system compat-
ible with a monomial order <. The following conditions are equivalent.

i) All the ambiguities of S are resolvable.
ii) All the ambiguities of S are resolvable relative to <.
iii) S is reduction-unique.

A fourth equivalent condition is given in [Ber78, Theorem 1.2] as follows. Consider the algebra A
given as the quotient of the free algebra /\% by the two-side ideal

I(S) ={wsg—fs |0 ESH

If the reduction system S is compatible with a monomial order <, the confluence conditions i) - iii) above
hold if and only if the set /\%rm of irreducible monomial under S is a linear basis of the algebra A. In this
case, the K-algebra A is isomorphic to the K-algebra A2, whose product is given by f - g = 15(fg), for
any 1-cells f and g in A",

6.3. NONCOMMUTATIVE GROBNER BASES

6.3.1. Noncommutative Grobner bases. Let /\% be a free algebra over a set /Ay and let < be a mono-
mial order on /\g. A (noncommutative) Grobner basis of an ideal I of /\s with respect to the monomial
order < is a subset G of I such that the ideal generated by the leading monomials of the 1-cells of I
coincides with the ideal generated by the leading monomials of the 1-cells of G:

(Im(I)) = (Im(G)).

Equivalently, for every T-cell f in I, there exists g in G with Im(f) = ulm(g)v, where u and v are
monomials of /\‘]".

The two following results show that the notion of noncommutative Grobner basis corresponds to the
notion of left-monomial convergent linear 2-polygraph compatible with a monomial order.
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6.3. Noncommutative Grobner bases

6.3.2. Proposition. Let A be a convergent left-monomial linear 2-polygraph, compatible with a mono-
mial order < on /\‘1". The set of 1-cells {s1(a) — t1 () | « € Ay} is a Grébner basis of the ideal 1(A) for
the monomial order <.

6.3.3. Exercise. Prove Proposition

6.3.4. Proposition. Let | be an ideal of a free 1-algebra /\%. Let G be a Grobner basis for 1 with respect
to a monomial order <. Then the leading 2-polygraph A\(G, <) is convergent and 1(A(G, <)) = I holds.

Proof. Suppose that G is a Grobner basis of the ideal 1 with respect to <. By definition, the ideal
I(A(G, <)) is equal to the ideal I generated by G. Prove that the linear 2-polygraph A(G, <) is conver-
gent. Its termination is a consequence of its compatibility with the monomial order <. The monomials
in Aj reduced with respect to A(G, <) are the monomials that cannot be decomposed as ulm(g)v with g
in G and u and v monomials in /\T. As a consequence, if a reduced 1-cell f of /\% is contained in the
ideal 1, its leading monomial must be 0, because G is a Grobner basis of 1. By Proposition we
deduce that the linear 2-polygraph A(G, <) is confluent. O

As a conclusion to this chapter, the following result summarizes all the characterizations of the
confluence property of linear rewriting systems. Note that some equivalences are tautological.

6.3.5. Theorem. Let /\‘1)' be a free algebra over a set \y. Let < be a monomial order on /\’%. Given an
ideal 1 of /\g and a subset G of 1, we denote by A the leading polygraph A\(G, <) and by S the reduction
system S(G, <). The following conditions are equivalent.

i) G is a Grobner basis with respect to <.

ii) A is convergent.

iii) A is confluent.

iv) A s locally confluent.

v) All the critical branchings of /\ are confluent.

vi) Every composition (f, g)w is reduced to O with respect to the division by G.
vii) All the ambiguities of S are resolvable.
viii) All the ambiguities of S are resolvable relative to <.

ix) S is reduction-unique.

) AL =AY oL

xi) Every 1-cell of 1 admits O as a normal form with respect to /\;.
xii) For any f in 1, there exists a decomposition Im(f) = ulm(g)v for some w,v in A} and g in G.

xiii) The set of G-reduced monomials forms a linear basis of the algebra A.

100



6.3.6. Exercise

6.3.6. Exercise. Prove the equivalences of Theoremm

6.3.7. Example. Consider the linear 2-polygraph A given in Example For the deglex order
= deglex induced by the alphabetic order x < y < z, the leading monomial of f = 2+ y3 +x3 — Xyz
is 23, so that

A({fh <deglex) = (%, Y,z | 22 E xyz —x* —y?)
The left-monomial linear 2-polygraph A({f}, <deglex) is compatible with the monomial order <geglex,
hence it is terminating. It is not confluent, because neither of its two critical branchings is confluent:

V xyzz —x3z— y3z
4
ﬂx ZXyz — zx® — zy3
ocfz2 xyz3 —x3z2? — y322 AL xe y3Z2 Xyxyz — xy4 - xyx3 —x32% — y3zz
ZS

2 2.3 2.3
ey

In particular, {f} does not form a Grobner basis of the ideal I(A) We add to the polygraph A({f}, <deglex)
the following 2-cell
B: zy“" = zZXyz — 23 + y3z +x3z— xyzz.

This new rule makes the two previous critical branchings confluent and create a new critical branching

2
%’ z3xyz — 23 + z2y3z + 253z — zzxyzz

Z31:13

X::;(yzy3 - x3y3 N y6
O(yS

which is also confluent. Finally, the convergent linear 2-polygraph (x,y,z | &, B ) is Tietze equivalent
to the initial linear 2-polygraph A({f}, <deglex). In particular, the set of 1-cells {f, s1() — t1(p)} forms
a Grobner basis of the ideal I(A) with respect to the order <geglex-

6.3.8. Example. The algebra presented by the following linear 2-polygraph

<X>y)Z|X2 :0) Xy :ZX>

does not have a finite Grobner bases on 3-generators x, y and z. Indeed, the first relation is oriented as
x2 = 0 and the orientation xy = zx induce the addition of the 2-cells xz"x = 0, for all integer n > 1.
Another way is to orient the relation as zx = xy. But in this case, we need to add the 2-cells xy™x = 0,
for all integern > 1.
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6.3. Noncommutative Grobner bases

6.3.9. Exercise. Show that we can compute a Grobner bases for the algebra given in Example m
with four generators. [Hint. Add a generator t and the relations xy = t and zx = t.]
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In two seminal papers, Anick introduced a method to compute a free resolution for an algebra starting
with a Grobner basis of its ideal of relations. First he gave the construction for monomial algebras
in [[Ani85] then for associative augmented algebras in [Ani86|]. For an algebra presented by a Grobner
basis, the nth chains of its Anick resolution are generated by the n-fold overlaps of the leading terms of
the Grobner basis, and the differentials are constructed by Noetherian induction. The chains defined by
Anick are recall in Subsection The construction of the resolution is given in Subsection[7.3]

Resolutions for path algebras using the same method were obtained by Anick and Green in [AG8&7]].
For a deeper discussion on the theory of Grobner bases for path algebras and how to apply this theory
to the construction of free resolutions for path algebras, we refer the reader to [Gre99|]. Let us mention
that the Anick resolution has been achieved by other methods. In particular, the Anick resolution for a
homogeneous algebra can be constructed by a deformation of the resolution computed on the associated
monomial algebra, see [DKQ9, Sec. 2.4.] for details, see also the Backelin construction in [Bac78||. The
Anick resolution can be also obtained using algebraic Morse theory with a Morse matching on the bar
resolution, see [Sko06, Sec. 3.2.] for details. Morse theory allows to construct, starting from a chain
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7.1. Homology of an algebra

complex, a new chain complex such that the homology of the two complexes coincides. This method
was also applied to the computation of minimal resolutions starting from the Anick resolution, [JWQ9].

Note also that others constructions of free resolutions using convergent rewriting systems were ob-
tained by several authors, [Bro92l [Kob90, |Gro90, [Kob05, (GM12b]. Finally, let us mention that noncom-
mutative Grobner bases where developed by Dotsenko and Khoroshkin for shuffle operads in [DK10],
giving operadic versions of Newman’s lemma and Buchberger’s algorithm. The Anick resolution for
shuffle operads was constructed by Dotsenko and Khoroshkin in [DK09, IDK12]. Using this construc-
tion, they prove that a shuffle operad with a quadratic Grobner basis is Koszul, [DK12].

7.1. HOMOLOGY OF AN ALGEBRA

In this section, we briefly recall the definition of homology of associative algebras with coefficients in
left modules. For a deeper discussion on basic notions of homological algebra we refer the reader to
[HS97, Rot09].

7.1.1. Functor Tor. Let us recall the definition of the derived functor Tor® of the tensor product of
modules over a fixed ring R. Let M be a left R-module and N be a right R-module. Given a projective
resolution P of the right R-module N:

dn— d
P P L P P —3 Py —55 N 0
we associate the deleted complex:
dn— d
(.PN . -'~*>Pngpn,1 P] 0 P() 0

obtained by suppressing the module N. Note that, we have not lost any information in the complex Py,
as N = coker(dg) by exactness of complex P. Then, applying the functor — ®g M, we form a complex
of Z-modules, denoted by PNy ®@r M:

dn d
PNERM i o Pr @R M L P @R M 3 Py @ M2 Py @x M —— 0

where d,_ denotes the map d,—1 ® Idm.
For a natural number n. > 0, we defined the Z-module Tork (M, N) as the nth homology group of
this complex:
TorE(N, M) = H,(Pn ®r M) = Kerd,_1/Im d,.
This definition is functorial in each variables, giving a bifunctor TorR from R-modules with values in the
category of Z-modules.

7.1.2. Following the definition, the functor Tory (N, —) is naturally equivalent to N ®g — and the functor
TorR (—, M) is naturally equivalent to —®g M. Indeed, we have Torg(N, M) = coker(dg). Furthermore,
the functor N @g — is right exact, hence

coker(dy) = Py ®r M/Im (dg) = Po ®r M/ ker(e @ Idpm) = N ®g M.

This proves that
Torg(N, M) =N ®r M.
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7.1.3. Contracting homotopy. Recall that a method to prove that a complex of R-modules

dn dn—1 do I3

e — Mn—H Mn Mn_1 s M] MQ N 0

is acyclic is to construct a contracting homotopy, that is a sequence of morphisms of abelian groups

i i i i
...<7Mn+1<“7+]]\/11“7“Mﬂf1 M —— Mg >N
such that
el = Idn, doyr + pe = Idpy,, dntnt+1 + tndn—1 = Idm,,,

foreveryn > 1.

7.1.4. Homology of an algebra. Let A be an associative algebra over a field K. For n > 0, the n-th
homology space of the algebra A with coefficient in a left A-module M is defined by

H,(A, M) = Tora (K, M).

In practice, to compute the n-th homology spaces Hy, (A, K), for all n > 0, we construct a free resolution
of K, seen as a trivial right-A-module:

dn do €

Fg - — FL—— Fug F Fo K 0

and we compute the homology of the complex I ®a K.

7.2. ANICK’S CHAINS

In this subsection, A denotes a reduced left-monomial linear 2-polygraph. The set of sources of rules
in A, we will be denoted by s1(A) = {s1(x) € Aj |« € Ay }. For a monomial uin A}, we denote by
deg, (p) (u) the number of possible reductions on u with respect to A;.

7.2.1. Anick’s chains, [Ani86]. For an integer n > —1, the Anick n-chains of the linear 2-polygraph A
and their tails are defined by induction as follows.

- The unique (—1)-chain is the empty monomial, denoted by 1, it is its own tail.
- The 0-chains are the 1-cells in A;, and the tail of a O-chain x in A; is x itself.

- Form > 1, suppose that (n — 1)-chains and their tails constructed. An n-chain is a monomial w in Aj
of the form
u=vt

such that

i) vis (n — 1)-chain,
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7.2. Anick’s chains

ii) tis a reduced monomial with respect to A, called the tail of u,
iii) if v is the tail of v, then deg, (1) (rt) =1,

iv) the unique reduction on rt is rightmost, that is, given by a 2-cell « in A; reducing the ending of
the monomial 1t:

We will denote by Q,,(A), or by Q,, if there is no possible confusion, the set of n-chains of the
linear 2-polygraph A.

7.2.2. Anick’s chains and overlapping. The linear 2-polygraph A being reduced, we have the fol-
lowing description of Anick’s chains. We have Q;(A) = s7(A). Indeed, a 1-chain is a non reduced
monomial u written uw = xt;, where x is a 1-cell in A7 and t; is a reduced monomial:

u
X t

N4

and such that there is only one 2-cell in A, that can be applied on the monomial u. A 2-chain u is the
source of a critical branching. Indeed, uw = xtt;, where xt; is the source of a 2-cell « in A; and there
is a rightmost reduction T reducing t1t;, and thus overlapping o

Moreover, u is not the source of a critical triple branching, as we have degg, (1) u = 2. In this way, there
is a one-to-one correspondence between (/) and the set of critical branchings of the 2-polygraph A.

For n > 3, a n-chain u corresponds to a n-fold overlapping composed by (n — 1) chained critical
branchings. It is possible that degg, (1)1 > n, see Example

X t t t3 1y t5
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7.2.3. Proposition ([Ani86]). Supposen > 1. If u = Xy, ...X, is an n-chain, then there is a unique
s < tsuch that xi, ...xq, is an (n — 1)-chain. Moreover, x;_, , ...Xi, is reduced.

Indeed, suppose that there is two (n — 1)-chains x;, ..., and xi, .. X, which factorise u. By
uniqueness of the reduction on the tail, condition iii) in (7.2.1), necessarily we have s = s’

7.2.4. Notation. An n-chain u, whose (n — 1)-chain is v and tail is t, will be denoted by u = v|t.
Expanding this notation, any n-chain can be written x[t;|t3] ... [tn, where x € s7(A) and x|t1]...|t; is
an i-chain for any 0 < i < n.

7.2.5. Example, [Ani86]]. Let A be a reduced left-monomial linear 2-polygraph with A; = {x} and
s1(A) = {x3}. The 1-cell x is the unique O-chain. The monomial x> = x|x? is the unique T-chain, xx
is not a 1-chain because degg, (a) x? = 0. The monomial x* = x3[x is the unique 2-chain. Note that

x> = x3\x2 is not a 2-chain. Indeed, deg, A x* = 2, and on the monomial x° there are three possible
reductions, with the first one that intersects the last one, giving a critical triple branching:

XXXXX

The monomial x® = x*x? is the unique 3-chain. Note that x> = x*x is not a 3-chain because

degg, (A) xx = 0. Note that there are four possible reductions on the 3-chain x°:
XXXXXX

Thus we have
Qo=A1, Qi=s1(A), Q=" Q;=°.

More generally, we show that for any integer n > 0, we have

Qo1 =M, Qo = M)

7.2.6. Example, [Ani86]. Suppose that A7 = {x,y} and s7(A) = {x’yxy, xyxy?}. Then we have

Qo ={x,y}, Q1 ={xhkyxy,xlyxy®}, Qa2 = Xhxyxyly,xxyxylxy®}, Qn =0, forn>3.
7.2.7. Exercise, [Ani85]. Let A be a linear 2-polygraph such that A; = {x,y,z}. Determine Anick’s
chains in the following situations
D s1(A) = {xyzx, zxy},

2) s1(A) ={xyzx, xxy}. In this case, show that the number of n-chains equals the (n + 2)nd Fibonacci
number whenn > 1.

7.3. ANICK’S RESOLUTION

In this subsection, A denotes a convergent reduced left-monomial linear 2-polygraph, whose 2-cells are
compatible with a monomial order < defined on Aj. Let denote by A the algebra presented by A. We
define a section L : A — /\s of the canonical projection 7 : Ai — A, sending every 1-cell f of A to

the normal form f of any representative 1-cell of f in AY, as in (5.5.5).
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7.3. Anick’s resolution

7.3.1. Anick’s resolution. Let A[Q,(A)] = K[Q,(A)] ®k A be the free right A-module over the
set of n-chains Q,(A). We will identify A[Qy(A)] to A[A;] and A[Q_1(A)] to A. Anick constructs
in [Ani86] a free resolution of right A-modules defined by the complex

AA) 1 = AL A B AIQ, 1(A)] = - — A0 A)) BAATBASK 0,

whose differentials d, are constructed inductively simultaneously with the contracting homotopy
tn : Kerdn_1 — A[QR(A)].

The applications d,, are morphisms of right A-modules and the applications t,, are linear maps.

7.3.2. For the first steps of the resolution

do €
AN T AT O K——0, (73.3)

we define t_7 : K — A as the embedding of K in A, and we define the augmentation map € : A — K by
setting ¢(x) = 0, for all x € A;. Hence, we have A = K & Ker ¢, and et = Idg. Then, we set

do(x®1) =x,

for all x in Ay. By convergence hypothesis, any monomial in A admits a unique normal form in A} with
respect to A,. For a monomial u in A such that the normal form is written 1 = X1X;...Xy in A7, we
define

WITRU) =x1 ®X2...X. (7.3.4)

Then, we extend Ly to any f in A by linearity. The map y is well defined by uniqueness of the normal
form due to the convergence of the linear 2-polygraph A. The exactness of the sequence (7.3.3) in A is
a consequence of the two equalities:

edo(x ®1) =0 and dotp = idger ()-

7.3.5. Forn > 1, we define the pair (dn, 1) by induction on n.:

dn dnf1 dan
n n—1 -2

We suppose that the maps dy and v : Ker dx_1 — A[Qy(A)] are constructed such that
dk_] dk =0 and dklk = IdKer dr_1)
for all k < n — 1. We define inductively d,, on an n-chain v|t with tail t by

da(VER 1) =v @t — thqdn1 (v ). (7.3.6)
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7.3.7. In the definition of d,(v|t ® 1), the term v ® t will be the leading term with respect the well-
founded order defined on A[Q,,(A)] as follows. We extend the monomial order < on /\‘1" into a well-
founded order on A[Q, (A)] by setting

frou <fHheu if iU < fHiy,

for all 1, 5 in K[Qn (A)] and uy, u; in A.

7.3.8. Let us define recursively the map
tn : Kerdn—1 — A[Qx(A)]
as follows. Given h in Ker d, 1 C A[Qy_1(A)], we denote by u,, 1 ® t the leading term of h, that is
h =Au, 1 ®t + (lower terms),
where A in K is non-zero. The (n — 1)-chain u,_; can be uniquely decomposed in
Un_ 1 = up ot/
where u,,_; is an (n — 2)-chain and t’ is the tail of u,,_;. By induction, we have
dno1(un_1 ® 1) =un_2 ®t’ + (lower terms).
As dy_1 is a morphism of right A-modules, we have

dn_1(h) = Adn_1(un_1 ® t) + dn—1 (lower terms)
= A, ® t't + (lower terms).
Suppose now that the monomial t’t is reduced, then w,,_, ® t’t remain the leading term of d,,_;(h),
hence h cannot be in Ker d,,_; thus contradicting the hypothesis. It follows that t’t can be reduced, and

we set
t't =v/wy,

where w is the 1-source of the leftmost reduction with respect to A; that can be applied on t't:

Un—1

Un-—2 t’ t

(7.3.9)

Consider the factorization w = wywy and t = wyv as in the picture (7.3.9). It follows that u,,_,v'w =
Un_o|t/|wy forms an n-chain, and w,_,v'w ® v € A[Q,(A)]. We set

tn(h) = th(Aun_1 ® t + lower terms)
=AM VW@V + th(h = Adn (Uup_2v'w ®@Vv)).
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7.3. Anick’s resolution

This is well defined, because h — Ady, (W, _2v'Ww ® v) < h by construction. Indeed

dn(Un_2V'W ®V) = dp (Un_2vVWow; ® V) = Un_2v'Wy @ wiv + (lower terms)

= Up_1 ®t + (lower terms).

Moreover, dp—1(h — Adn (up_2v'w®v)) = 0.
From this construction, we deduce the following result:

7.3.10. Theorem ([Ani86, Theorem 1.4]). Let A be an algebra presented by a convergent reduced left-
monomial linear 2-polygraph A\, compatible with a monomial order <. The complex of right A-modules
A(A) defined by

c 5 AL (A B AL, (A = - — AL (A)] B AN BASK —0
where, for any n > 0, the morphism d,, is defined on a n-chain v|t by

dn(Vt® 1) =v®t+h,

where It(h) < V[t ® 1, if h #£ 0, is a resolution of the trivial right A-module K.
7.3.11. Example. Let consider the algebra A presented by the linear 2-polygraph
A= (X)y | x? gg 9X>)
compatible with the deglex order <geglex induced by the alphabetic order y < x. It appears one critical

branching
XOCO/; Xyx

x> y?x

(XOX yxz 40

We complete the linear 2-polygraph A with the 2-cells
o s xy™x = y™x,

for all n > 0. We note that, for any integers n, m > 0, we have a critical branching

Then the linear 2-polygraph A’, whose set of 1-cell is A and A) = {&n | n > 0} is convergent, compati-
ble with the monomial order < and Tietze equivalent to A. Equivalently, the set {xy™x —y™"'x | n > 0}
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forms a Grobner basis for the ideal I(A). Anick’s 1-chains are of the form x[y™x with n > 0 and Anick’s
2-chains are of the form x[y™x[y™x with n, m > 0. More generally, for any k > 2, we have

Qp = {xly™xly™x|...[y"™x for ny,...,ng = 0}
Let us compute the boundary maps do, di, d; and d3. We have do(x ® 1) = x, do(y ® 1) =y and

di(xly"™ @ 1) =x @ y™x — wdo(x @ y"x),
=x @Y™ — (1 @xy"x),
=x@y™ — (1 @y x),
=x®y"x—yy"x.

The last equality is consequence of the definition of the map y in (7.3.4).

da (xly™y™x @ 1) = x[y™x ® y™x — yd; (xly™x @ y™x),
=xy"™x@y"™x — y(x @y"xy™x —y @ y"xymx),
n+m—&-1x —yovy

— xlynx ® me _ Xh‘lnﬂnﬂX @1+y (X ® yn+m+1x —y® ynerHX —d; (X|yn+m+1x ® 1))’

=xly"x@y™ —y(x®y nEmtly)

)

— X|ynX ® 1me _ X|yn+m+1X ®1

+y (X ® yn+m+lx —y® yn+m+1x —Xx® yn—i-m—Hx +y® yn—&-m—HX))’

— X|ynX ® ymx _ X|yn—&-m—i-1X ® 1.

d3 (xy™xly ™y x @ 1) = Xy xly™x © y*x — uda (xly Xy ™x @ y*x),
= xy"xy™x @ y*x — 1 (xy™x @ y"xy*x — xy" M x @ y*x),

— xly“xlymx ® ka —u (XthX ® ym+k+1x _ X\ynerHX ® ykx)’

= x[y"xy™x ® y*x — xy"xy™ I x @ 1

—u (X|ynX ® ym-‘rk-HX - X|yn+m+1x ® ka _ d2 (X|ynx|ym+k+1x ® 1 )))

= xly™xly™x @ y*x — xly"xy™ M x @ 1
erkHX o

n+m+1 mktly

Xy
n+m+k+1x ® 1 )
)

x@Yy*x —xly"x @y
n+m+1

xly
= xly"xy™x @ y*x — xy"xly™ " x @ 1 — 1 (—xly

-y (X|ynX Qy n+m+k+2X ® ])

X @ y*x — xJy
= xly™xy™x @ y*x — x[y™x ™  x @ 1+ xy™ ™ Ixy*x @ 1
+ Lz(x|yn+m+1x ® ka o X|yn+m+k+lx ®1— dz(x|yn+m+1x|ykx ® ]))’

— X|ynx|ymX ® ka o X|ynx|ym+k+1X ®1+ X|yn+m+1x|ykX ®1

+0 (X|yn+m+1x ® ka o Xmn-&-m—i—k—ﬁ—lX ®1— x|yn+m+1x ® ykx o X|yn-&-m+k—&-1x ®1 )}

= xJy™xy™x @ y*x — xy™xy™  x @ 1+ xy™m™H Ixjy*x @ 1.
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7.3. Anick’s resolution

7.3.12. Example. Let consider the algebra A given in{7.3.11|with the following presentation

(xy [yx &2y,

compatible with the deglex order induced by the alphabetic order x < y. This polygraph does not have
critical branching, thus the sets of Anick’s n-chains are empty for n > 2. It follows that the associated
Anick resolution is

0 — Al B Ay BASK -0

with do(x ® 1) = x, dp(y ® 1) =y and
di(yk®@ 1) =y @x —1o(1 @yx),
=x®y— (1 ®xz),
=Xy —Xx®X.

7.3.13. Example. Consider Example with the algebra A presented by
(xy,zlxyz=2x"+y* +27).
With the Grobner basis computed in[6.3.7;

23 xyz—x3 —y3 zg3 :ﬁ> zxyz—zx3 +y3z—|—x3z—xyzz

Anick’s chains are of the form z™ and z“y3, for n > 0, so that the Anick resolution, defined in [Ani86],
is infinite.

7.3.14. Exercise, [Ani86, Section 3]. Compute the Anick resolution for the algebra presented by the
linear 2-polygraph (x,y | xyxyx = xyx).

7.3.15. Anick’s resolution for a monomial algebra. We construct the Anick resolution in the case of
a monomial algebra A. Recall from [5.1.19] that such an algebra can be presented by a monomial linear
2-polygraph A, that is, left-monomial and t;(«) = O for all & in A;. Obviously, such a presentation is
always convergent. Suppose that the polygraph A is reduced. The sets of chains for A are Qy(A) = Ay,
Q4(A) = s1(A) and for any n > 2, Q,,(A) is the set of n-overlapping x|t1]...[tn_1[t,, of branchings

of Awithx € Ay, and ty,...,t, € A, such that xtq, titiyq in s7(A) forany T <i<n — 1. We have
xt;j=0 and tiiti=0foralll1 <i<n. (7.3.16)

Consider the boundary map
dn : A[OQR(A)] — A[Qn 1 (A)]

defined by
dn(xIti].. .t altn @ 1) = x|t ] ..t @ tn — i dno1 (X[t .. [t @ ta).
By definition of d,,_, we have
dno1(xty]. . [t @ th) =%t ot @ thotn — tadn 2 (X[t ] [t @ th1tn)
Using relation in (7.3.16), we have dy— (x|t1]... [tn—1 ® tn) = 0, hence
dn(xt1]... thqlth @ 1) = x|t] .. L [t @ th.
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7.4. COMPUTING HOMOLOGY WITH ANICK’S RESOLUTION

7.4.1. Computing homology. Given an algebra A and a left A-module M. When the algebra is pre-

sented by a convergent reduced left-monomial linear 2-polygraph A, compatible with a monomial order,

the Anick resolution A(A) gives a method to compute the homology groups of A with coefficient in M.

In this section, we give several examples of computations of homology groups with coefficients in K.

From the resolution A(A), we compute the complex A(A) ®a K given by
an al a0

K[Qn(A)] — K[Qn1(A)] = -+ — K[Q1(A)] — KA — K — 0

|

where K[Q,, (7/\)7] denotes the free vector space on Q(A) and d,, denotes the map d,, ® Idg. These
maps satisfy dnd, 1 = 0, for all n > 0, and we have

Ho(A,K) =K, and Hp(A,K)=Kerd,_1/Imd,.
As a first application, we have the following finiteness properties.

7.4.2. Proposition. Let A be an algebra presented by a finite convergent left-monomial linear 2-polygraph.
The following statements hold.

i) A is of homological type right-FP, that is, there exists an infinite length free finitely generated
resolution of the trivial right A-module K.

ii) For any n > 0, the vector space Hn (A, K) is finitely generated.

iii) [Ani86, Lemma 3.1] The algebra A has a Poincaré series
o
Pa(t) =) dimg(Hn (A, K))t",
n=0

with exponential or slower growth, that is, there are constants c1,cy > 0, such that

0 < dimg (Hn (A, K)) < c2(cr)™

Note that the finiteness conditions i) and ii) were obtained by Kobayashi for monoids. A monoid
M is of homological type right-FP, over K if the monoid algebra KM is of homological type right-
FP. In [Kob90], by constructing a resolution similar to the Anick resolution, Kobayashi shows that a
monoid M having a presentation by a finite convergent rewriting system is of homological type FP.
Similar constructions of resolutions of monoids presented by convergent rewriting systems were also
obtained by Brown [Bro92] and by Groves [Gro90]. The diferent constructions are based on distinct
ways to describe the n-fold critical branchings of a convergent rewriting system.

7.4.3. Exercise. Prove the conditions i) and ii) in Proposition m
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7.4.4. Low-dimensional homology. In the first dimensions, we have the following complex

KIQ,(A)] B KO (A)] B KA 8K — 0

The map dy is zero, hence
H; (A, K) = K[A]/Im d;.

A T-cell x of A; in Im dj comes from a relation with source or target x. It follows that x is a redundant
generator in the presentation. Indeed, a term x ® 1, with x in Ay appears in Im d; if and only if x is
the source or the target of a 2-cell in A;. Let & : x = yj...yk be a 2-cell in A;, where by hypothesis
Y1 ... Yk is reduced. Thus we have

di(Mx®1)=x®1—wdo(x® 1)
=x®1T—1(1®yYr...yk)
=x®1—-Yy1®yYz...Yk.

Hence d; (x) = x. Suppose now that x7 . ..xg = y is a 2-cell in A,. We have

di(x1...%®1) =% @%2... %Xk — Lodo(X1 ® X2 ... %K)
=X ®x2...x — (1 ®Y)
=X ®%X2...X%k— Y1
Hence di(x7...xx) = —y. Thus, we have d; = 0 if and only if the number of generators is minimal.
In this way, dimg H;(A,K) is equal to the minimal number of generators for a presentation of the

algebra A. For analogous reasons, we show that dimg H; (A, K) is the minimal required number of the
defining relations.

7.4.5. Example. Consider the algebra A presented by the linear 2-polygraph (x,y | yx = x?). From
the Anick resolution computed in[7.3.12] we deduce the complex

S 0 — Ky B Kx,yl 8K — 0

whose boundary maps dy and d; are zero. We deduce

K ifn=0,2,
Ho(AK) =< K? ifn=1,
0 ifn > 3.

7.4.6. Exercise [Ani86, Theorem 3.2]. Let A be an algebra admitting a presentation by a left-monomial
reduced linear 2-polygraph compatible with a monomial order and having no critical branching. Show
that H, (A, K) = 0, for any n > 3. A presentation without critical branching is called combinatorially
free in [[Ani86].
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7.5. MINIMALITY OF ANICK’S RESOLUTION

7.5.1. Minimal complex. A complex of free right A-modules

dn g
N N =

is minimal if all induced maps d,, = dn ® Idg : Frp1 ®a K — F, ®a K are zero. A resolution is
minimal if the associated complex is minimal. Note that a minimal free resolution is one in which each
free module has the minimal number of generators as illustrated in the following example.

7.5.2. Example. Let consider the algebra A presented by the linear 2-polygraph (x,y | x = y), which
is compatible with the deglex order induced by y < x. The Anick resolution is

0 — A1 Y ARyl 9% A S K — 0

with
do(x®1) =%, doly®@1) =y, dix[T®1)=xx1-13y.

This resolution is not minimal because d; # 0. A minimal resolution for the algebra A can be constructed
from the polygraph (x | () with no 2-cell.

7.5.3. Example. Let consider the algebra A presented by the linear 2-polygraph

<X,U,Z,T‘,S | xy %S, UZZB>T>

compatible with the deglex order induced by the alphabetic order s < 1 < z <y < x . There is a critical
branching:

which is confluent by adding the rule xr X sz. The linear 2-polygraph A’ = ( Ay | o B,y ) is
compatible with the deglex order considered above, convergent and Tietze equivalent to A. The induced
the Anick resolution A(A’) is

50— Ayl 9B ARy, xm uld S Ay, 2 sl 9S A K -0
with
dixyel)=x@y—s®1, dqrel)=xr-s®z, dyzel)=yz-1a1,

and
dhxylzel)=xy®z—xre 1.
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7.5. Minimality of Anick’s resolution

This resolution is not minimal, because the maps d; and d; are non zero. Note that

K ifn=0,
Ho(AJK) =< K3 ifn=1,
0 ifn>2.

and a minimal resolution for the algebra A can be constructed from the linear 2-polygraph (x,y,z | 0)
which produces the following resolution

- — 0 — Alx,y, z] gA@K—)O
7.5.4. Exercise. Consider the linear 2-polygraph

A= (x,Y,2,1,5 | Xy = ss, yzzﬁ> sT).
1) Complete the polygraph A into a convergent polygraph A’
2) Show that the Anick resolution of A’ is not minimal.
3) Compute the homology of the algebra A presented by A.

4) Compute a minimal Anick’s resolution of the algebra A.
7.5.5. Example. Let consider the algebra
A(a,b,c,d,e| ab =-ee, bc =ed).
The alphabetic order e < d < ¢ < b < a induces the following orientation:

ab = ee, bc :‘3> ed.

There is only one critical branching:

completed by adding the rule aed % eec. The rewriting system {c, 3,7y} is convergent. Anick’s chains
are

—0-71 = {] }) QO = {(1, b) C, d) e}) —0-1 = {Cl|b, (1|€C1, b|C}, QZ = {Clb|C}, Qn = (D) forn > 3.

The Anick resolution with this oriented presentation is

0 — K{ablc} @ A B K{alb, aled,blc} ® A & K{a,b,c,d, e} 0 A BA SK -0  (7.5.6)
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7.5.8. Exercise

with do(x ® 1) = x, for any x € Q,,
di(adp®@1)=a®b—e®e, di(aed®1)=a®ed—e®ec, di(blc®1)=b®c—e®d,

and
d;(ablc®1) =ab®c—aed ® 1.

It follows that

K ifn=0,

K> ifn=1

H, (A, K) = ’
n(A,K) K2 ifn=2,
0 ifn>3.

Hence the Anick resolution with these presentation is not minimal. A minimal Anick’s resolution for the
same algebra A can be constructed with the following orientation, induced by the alphabetic order with
b<e<a:

ab = ee, ed iﬁ bc

which produces the following chains:
Q 1 ={1}, Q¢={a,b,c,d,e}, Qg ={alb,eld}, Q; =0, forn > 1.
The Anick resolution with this oriention is
0 — K{ab,eld} ® A & K{a,b,c,d,e} A BA SK —0 (7.5.7)
with dp(x ® 1) = x, for any x € Qg and

di(adp®@1)=a®b—e®e,
difeld®1)=e®d—b®ec.

This resolution is minimal.

7.5.8. Exercise. Let consider the algebra presented by
<X>va»r)S | xy =ss, yz = TT‘>.

Show that there is no orientation of rules of this presentation giving a convergent linear 2-polygraph, and
thus there is no minimal Anick’s resolution for this algebra.

7.5.9. Proposition. Let A be a monomial linear 2-polygraph. Let A be the monomial algebra presented
by A\. The following statements hold.

i) The Anick resolution A(\) defined in is a minimal resolution.

ii) There is an isomorphism Tor® (K, K) ~ KQ 1, for alln > 0.
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7.5. Minimality of Anick’s resolution

Let us mention another consequence for quadratic algebras. Given a monomial linear 2-polygraph A
which is quadratic, that is its 2-cells are of the form x;x; = 0, with x;,%; in Ay. Then the Anick
resolution A(A) is concentrated in the diagonal in the following sense. The set of O-chains is A; and
they are of degree 1. The set of 1-chains is s1(/A) and they are of degree 2. More generally, an n-chains
X[ty ... [th_1tn is of degree n + 1. As a consequence, we have

7.5.10. Theorem. A quadratic monomial algebra is Koszul.

7.5.11. Proposition. Let A be an algebra and let A\ be a left-monomial reduced convergent linear 2-
polygraph compatible with a monomial order that presents A. If the Anick resolution A(A) is minimal,
then, for any 1 > 0, we have a isomorphism of spaces

Ha(A, K) ~ K[Qn_1(A)].

7.5.12. Exercise. Prove Proposition|7.5.11

7.5.13. When Anick’s resolution is minimal. We have seen in Proposition that the Anick reso-
lution A(A) is minimal when the presentation is monomial. Following exercise gives an other situation
for which the Anick resolution is minimal.

7.5.14. Exercise. Let A be a left-monomial reduced linear 2-polygraph compatible with a monomial
order. Suppose that A is convergent and quadratic, that is, any 2-cell in A; is of the form xi, Xi, = Yi,Yi,
with Xi,,Xi,,Yi,, Ui, in A7. Show that the Anick resolution A(A) is minimal.

7.5.15. Exercise. A linear 2-polygraph is cubical if its 2-cells are of the form x, Xi,Xi; = Yi;Yi,Yi;-
Is the result of Exercise [7.5.14] can be extended to cubical convergent linear 2-polygraphs ?

7.5.16. Exercises. Compute homology spaces of the algebras presented by the following linear 2-
polygraphs

D (xylxy=yx). 2) (x,yl[x*=0). 3) (xylx*=y?).
4 (xyl?=xy). 5 (xyl?=xy—y?). 6 (x,ylxyx = yxy).
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