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Abstract : We have studied a slab of an acentric biaxial Bi.ZnOB,Os single crystal grown
by the Kyropoulos method under conditions of low temperature gradients, oriented
perpendicular to the optical axis. We focused slightly behind the sample the Gaussian
beam from a He-Ne laser at 632.8 nm and we made magnified images of the near field
intensity on a CCD camera. A reference beam was taken from the entrance and redirected
on the CCD screen to obtain a controlled wedge fringe pattern visualising the phase of
the wave. The specific rotatory power was measured to be 2.74 rad/cm. We present results
of conoscopy patterns obtained launching through the crystal slab a left-circular
polarized beam and projecting the output beam on a right-circular polarization state or
on a linearly polarization state at -45° from the horizontal axis. All the experimental
results (optical activity, intensity and phase of the output wave and vortices) are well
described by a theoretical model based on the bi-anisotropy of the BZBO crystal. The
orbital angular momentum is calculated to be 0.996 A/photon for the output circular

projection and 0.456 A/photon for the linear projection.
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1. Introduction
The acentric biaxial Bi.ZnOB20¢ (BZBO) oxy-borate crystal can be elaborated in bulk size by
top-seeded Kyropoulos growth method [1, 2]. It is non-hygroscopic and stable in a moist
environment. Neodymium doping is also possible with high crystal quality [3]. Infra-red
spectroscopy, transmittance and refractive indices measurements have been done. It was
found that phase matching exists for second harmonic generation of the 1064 nm YAG:Nd
laser radiation and its nonlinear optical coefficients have been determined by the Marker
fringes method. So up to now this crystal received attention because it belongs to the well-
known family of the acentric borate crystals endowed with quadratic nonlinearities and
promising optical properties: high transparency in the UV domain and a high optical damage
threshold. They are ideal for responding to the need of high power UV and visible all-solid
state light sources, up to the fifth harmonic generation (213 nm) of the 1064 nm YAG:Nd
fundamental wavelength in some cases. Their optical properties depend on borate anionic
groups in a comprehensive modelling [4-6].
On the other hand biaxial crystals, acentric or not, have an interesting property of linear
optics: they can transfer an orbital angular momentum (OAM) to light propagating in
directions close to the crystal optical axis. The OAM of an optical beam is the effect of the
linear momentum acting off-axis with respect to its centre [7]. Helical phase-front beams, for
example Laguerre-Gaussian modes, have such [ Ai/photon OAM related to their exp(—ilp)
transverse phase variation. This momentum is due to the wave structure and can be in addition
to the spin angular momentum (SAM) which is due to the polarization. Several devices can be
used to generate beams with OAM. Let us cite the insertion in the beam path of a phase-plate
with a thickness increasing with the azimuthal angle [8] or a spatial light modulator based on
liquid crystals whose refractive index is modified by an electric field [9]. Insertion of
cylindrical lenses is another route [10].
Going back to biaxial crystals, the propagation along the optical axis of a focused beam leads
to its conical refraction (CR, instead of the usual double-refraction) and so its emergence as a
hollow cylinder [11-13]. Nowadays applications of CR have been found, let us only cite the
optical trapping of light [14]. The key-point for the present work is that the beam emerges
also with modified OAM and SAM as it was calculated by Berry [15]. Theoretical predictions
were nicely experimentally verified in the case of the centro-symmetric KGd(WO2)4 crystals
[16].



This work is devoted to the biaxial BZBO crystal. Because it is acentric, the light propagation
is modified by the optical activity (this is a Pasteur medium) as we will show. We
experimentally exhibit the CR of a laser beam in the near and far fields, and we study the
intensity and the phase of the emergent waves. The connection with the OAM and SAM is
obtained through a theoretical model of wave propagation including the birefringence, the

optical activity and more generally the crystal bi-anisotropy.

2. Light propagation through a bi-anisotropic material
2.1 Far field pattern
Let us first find the plane wave eigen-modes propagating through a bi-anisotropic material.
Their complex electric field is written as E(r)exp(k;. r) with a similar writing for H, B and D
fields and where Kk; has the meaning of the refracted (and transmitted) wave-vector inside the
material. We can choose a transverse frame Xi, X2, X3 whose third axis xz is parallel to
ki (r, @), (r, @) being the polar and azimuthal angles defined from the x’, y’, z* frame in Fig.
1 (z’ is the optical axis of the biaxial crystal). More details can be found in ref. [17]. Inserting
these field expressions inside Maxwell-Ampere and Maxwell-Faraday equations, we find the

following relations between the components:
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On the other hand, the constitutive relations of a bi-anisotropic material [18-19] in the DB

representation are:

E=x.D+x.B (3
H=vy.D+v.B (4

At this step the k, x , y and v are 3-D tensors with components written in any frame. Then

the components in Eq. (3) and (4) can be transformed towards the (X1, X2, X3) transverse frame



(with an underlined notation) from their expression known in the dielectric xyz frame. For

example the inverse permittivity tensor is expressed as k:

k(1. ¢) = S;(1, 9)(S1xST S (1, 9) (®)

where S; is the 3-D rotation making the (X, y, z2)=2>(x’, y’, z’) frame transfer and S, (7, )
makes the (x’, y’, z")2>( X1, X2, X3) transfer. The DB representation is very convenient
because the D and B fields are transverse so D3s=B3=0 and Eq. (3) and (4) simplify as:
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where 2X2 means the 2-D restriction of the tensors to the 1 and 2 transverse coordinates.
We can determine the four transverse fields of each eigen-mode by combining the four (1),
(2), (6) and (7) equations. With Eq. (2) introduced inside Eq. (7) we obtain:

[B ] zxz 1{ [vl2x2 +k, [O - ] (8)

Then with Eq. (1), (6) and (8) we find the D eigen-modes as the non-vanishing solutions of:
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where we have restricted to the case useful in the present work of an isotropic and non-
magnetic permeability v = 1/u,.
Equating to zero the determinant leads to the generalisation of the well-known Fresnel

equation which is a fourth degree equation including odd (1 and 3) degrees. Its two solutions

D .
in a given propagation direction are the eigen-values —— leading to the two [Dl] eigen-
21+

t+



modes. The eigen-modes of the other fields and specially the electric field are obtained from
Eqg. (1), (2) and (8).

The electric field E of the input beam at the entrance face of the crystal is a priori known in
the (x’, y’, z’) frame. This field can be decomposed in plane waves from its 2D-Fourier
transform E. Each plane wave propagates inside the crystal after refraction according to a
calculation detailed in Ref. [17] and summarized as:

-First step: we obtain the E components in the (X1, X2, X3) transverse frame

-Second step: with the help of the eigen-modes we obtain the E tangential components at the
output crystal face after a path L.

-Third step: we go back to the (x’, y’, z’) frame which leads to the [E(L, kix"kiy’)]x,y,

electric far field pattern.

2.2 Near field pattern after the material
After propagation in air over a distance d behind the crystal, all the plane waves constituting
the far field interfere, in other words the electric near field is obtained as an inverse 2D-

Fourier  transform [E(x’,y’,d)]x,y,ziFT{exp(ikizfd) [E(L,kixf,kiyr)]x,y,}. From

discretisation the inverse Fourier transform is calculated with the inverse Fast Fourier

Transform (iFFT) algorithm of the Mathlab package.

2.3 OAM and SAM after the material
In the paraxial approximation used here for calculating the light propagation in air after the

conical diffraction inside the crystal, the beam OAM component along the propagation
direction involves only the transverse electric field. The OAM/photon is obtained by the

expression [15]:

__ hIm [[ dR(E".04E)

orb — ff dR(E*.E) (10)
while the SAM/photon is given by:
__ hIm [ dR(e,.E*XE)
Jsp = {[ dR(E*.E) (11)

These formulas show that the OAM depends on the angular variation ¢ of the electric field
around the centre of the beam and that the SAM depends on the polarization.

3. Experimental set-up for CR and OAM visualization
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BZBO single crystals were grown from stoichiometric melts by means of Kyropoulos
technique on [001] oriented seeds. Detailed description of BZBO crystallization and
morphology of as-grown single crystals can be found in our previous paper [3].

The beam from a 632.8 nm Helium-Neon laser, focused into a 16 um waist spot behind
the BZBO sample (1 cm) with a 5 cm focal length lens L1, is schematically represented in
Fig. 1. The intensity of the near field (red circle) resulting of conical diffraction behind the
crystal is imaged through the L2 lens (10 cm focal length) with a magnification 15 on the
ocean Optics CCD screen, the magnification being calculated from the lens-camera
distance. The far field is obtained in a separate measurement replacing L2 by a L3 lens (20
cm focal length and not shown in the figure), the CCD screen being located in the L3
focal plane. All the lenses are achromatic doublets from Thorlabs. In Fig. 1 we can see
that a linear polarizer and an achromatic quarter-wave plate (from Thorlabs) can be
introduced in the beam path before the sample in order to make the beam polarized
linearly, circularly or elliptically. After the sample similar optical components are used to
analyse the beam and decompose it in different polarization states.

In order to visualise the phase of the near field, a reference beam is taken from the input
beam with a 50/50 beam splitter, is expanded by a telescope and redirected towards the
CCD screen by a second 50/50 beam splitter. The whole set-up is similar to a Mach-
Zehnder interferometer and the two beams go through the same output linear polarizer
Pol2 allowing the interference. On the output beam-splitter face the two beams are a few
mm separated (horizontally, vertically or in any other direction) in order to create a

controlled wedge fringe pattern with the desired resolution.
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Fig. 1 Experimental set-up for CR and OAM visualisation.

4. Results and interpretation

4.1 Characterisation of the optical activity of the Bi.ZnOB20Os acentric crystal

The BZBO crystal is orthorhombic with point group mm2 (Czy). The X, y, z axes of the
dielectric frame coincide respectively with the b, c, a crystallographic axes. So the optical axis
of the transparent crystal lies in the xz=ba plane with the V;, angle with the z axis close to
42.6°, depending slightly on the wavelength. The inverse permittivity tensor k is diagonal in
the xyz frame and its components are real (we limit this work to the domain of transparency
of the material) and obtained through the measured three principal refractive indices [2]:
n1=2.0679, n,=2.105, n3=2.1541 .

The x and y tensors are constituted of a symmetric and an antisymmetric part. However in the
present work our goal is to describe the optical activity as we show in the following of this
sub-section. In this case only the antisymmetric part is necessary:

X=x. (12
y=-x, (13

where the upper-script T means the matrix transpose. In this case the generalized Fresnel
equation is biquadratic (no odd degrees). In the mm2 BZBO symmetry there are only two

independent parameters, real in the domain of transparency:
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Xaxz

Xa =1 (14)

0
0
where the tensor components are written in the xyz dielectric frame. The two y,,, and xazx

can be investigated as follow.

In this sub-section, removing the two quarter-wave plates in the experimental set-up we can
launch a beam with a vertical polarization and detect it on the CCD with a horizontal analyser.
As a preliminary step the BZBO sample is replaced by a centro-symmetric crystal with the
same orientation (z’) of its optical axis, let us say KGd(WOz)4 (KGW). The result of the far
field intensity is shown in Fig. 2 (al) (experimental) and (a2) (theoretical). We can see that
the centre is extinguished because it corresponds to propagation through an isotropic direction

between two crossed polarizers.

To the contrary the similar experiment conducted with the BZBO sample leads to a brilliant
centre in Fig. 2 (a3). The reason is that the initial polarization has been rotated by an angle
measured to be 100° (it is easily measured by searching with the output polarizer the angle
giving the light extinction). The specific rotatory power p (rad/cm) is due to the fact that the
two eigen-modes are left and right circularly polarized with a difference Ak in their

wavenumbers:
p=Ak/2 (15)

We measured 100° rotation for 0.6375 cm sample thickness, so p=2.74 rad/cm. Because Ak is

related to the discriminant of Fresnel equation we find the relation:
Ac
Xa11 t Xa22 = n_n§,p (16)

The two independent parameters in Eqg. (14) cannot be determined separately from this
experiment, only their sum is determined:

Xa11t+Xaz22
cos(V)sin(V,)

Xaxz t Xazx = (17)

In the present work we will not conduct more refined experiments to determine separately
these two parameters, but we will show that using as a try the same value for both of them
half the value from Eq. (17), we obtain a satisfactory description of all the experimental

figures. The theoretical Fig. 2 (a4) can be compared to Fig. 2 (a3).
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The optical activity has also a noticeable influence in the phase of the wave despite that in this
sub-section the input and output beams have no OAM. The intensity of the near field in the
focal plane is represented in Fig. 2 (b1) (experimental) and 2 (b2) (theoretical) in the case of
the centro-symmetric KGW. The intensity vanishes in the horizontal xz-plane which
constitutes a border such that the phase of the wave above and below have an abrupt = rad
difference as it is shown in Fig. 2 (cl) (experimental) and 2 (c2) theoretical) following the
brilliant fringes. To the contrary in the BZBO case, the optical activity not only modifies the
field intensity (Fig. 2 (b3) and (b4)) but also the phase: we can see following through the
horizontal xz-plane the brilliant fringes in Fig. 2 (c3) and (c4) that they are no more head to

foot with the dark fringes: the phase variation is smoothed.
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Fig. 2 See text in subsection 4.1. Column a: intensity of the far field; column b: intensity of
the near field in the focal plane; column c: 1 and 3: interference with the reference beam, 2
and 4: phase in the focal plane (vertical scale in rad.). Lines 1 and 3: experimental, lines 2 and

4: theoretical.

4.2 Configuration generating an angular orbital momentum close to integer

In this sub-section, thanks to a QW plate and a vertical polarizer in the experimental set-up we
launch a beam through the BZBO sample with a left-circular polarization with the goal to
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project the output beam on a right-circular state. For that purpose we detect the output beam
on the CCD through a right-circular polarizer constituted with a second QW with its fast axis
perpendicular to the one of the input QW plate, followed by a horizontal analyser and finally
followed by a third QW plate. However the third QW plate is not actually installed because it
will change neither the intensity nor the phase of the output wave and it should prevent the

interference with the reference wave.

SN W A O e N ® © X
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Fig. 3 See text in subsection 4.2. Columns a and b: focal plane, columns ¢ and d: Raman spot
plane. Columns a and c: near field intensity; column b and d: 1: interference with the

reference beam and phase (vertical scale in rad.). Line 1: experimental, lines 2: theoretical.

In the focal plane we observe mainly two brilliant rings separated by a dark one (Fig. 3 (al)
experimental) whose diameter is 240 um, that is to say much higher than the beam diameter
(32 um). The experimental diameter is very close to the calculated one (Fig. 3 (a2)). The
interference pattern with the reference beam is shown in Fig. 3 (bl). We can see the
modulation of the two brilliant rings by the alternation of dark and brilliant fringes. The key-
point is that there are 19 brilliant fringes in the upper external semi-circle and 20 in the lower
one. Similarly there is one brilliant fringe more in the lower semi-circle of the internal ring.
The meaning of the surplus fringe if that the right circular output wave includes a 2n phase
variation in addition to the phase of the reference wave and an inspection of the two optical
paths of the waves (Fig. 1) allows to determine that this phase variation is incremental if we
perform an anti-clock wise rotation around the centre of the circles. These experimental

observations are in full agreement with the phase of the right circular output wave calculated
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by the model of section 2 and represented in Fig. 3 (b2). More, the OAM calculated with Eq.
(10) is found to be 0.996 A/photon and the SAM is -1 A/photon. Let us add that the dark ring
is a boundary on which the phase is not defined (Fig. 3 (b2)). It separates the field in two
domains with a = rad phase difference visualised by head to foot brilliant and dark fringes in
Fig. 3 (bl). Fig. 3 (b2) exhibits also an optical vortex in its centre where the phase is not
defined.

In the plane about 2 cm further (the Raman spot plane) the left-circular polarized component
of the output wave collapse into a brilliant centre (not shown here). But the output right
circular component beam collapses into a narrow brilliant ring with a much weaker diameter:
31 um (Fig. 3 (cl) experimental and 3 (c2) theoretical). A similar description than in the ring
plane can be performed: interference pattern with the reference beam (Fig. 3 (d1)) and

calculated phase (Fig. 3 (d2)) with an optical vortex in the centre.

4.3 Configuration generating a fractional angular orbital momentum
Generally speaking the CR of an elliptical polarized beam leads to an output beam, after
projection on another elliptical state, with a fractional OAM. In this subsection we launch a
left-circular polarization beam through the BZBO sample and we project the output beam on a
linear polarized state with -45° angle from the horizontal axis. The intensity in the focal plane
is represented in Fig. 4 (al) (experimental) and 4 (a2) (theoretical). The light is localised on
the upper semi-circle with the presence of the dark ring. The phase of the wave is studied
from the interference pattern with the reference beam (Fig. 4 (b1)). Following a closed path
inside the dark ring as the one visualised by the green ellipse, and counting the number of
brilliant fringes, we find that the phase variation is 0 along this round trip. This is confirmed
by following the same path on the theoretical Fig. 4 (b2). To the contrary, following a closed
path outside the dark ring as the red circle in Fig. 4 (bl), we find that there is one surplus
fringe in the lower semi-circle corresponding to 2x phase variation on a round trip. This is

confirmed by following a similar phase trip in the theoretical Fig. 4 (b2).
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Fig. 4 See text in subsection 4.3. Columns a and b: focal plane, columns ¢ and d: Raman spot
plane. Columns a and c: near field intensity; column b and d: 1: interference with the
reference beam and phase (vertical scale in rad.). Line 1: experimental, lines 2: theoretical.

The OAM calculated with Eqg. (10) is found to be 0.456 A/photon (and the SAM is 0 A/photon
because the polarization is linear).

In the plane about 2 cm further (the Raman spot plane) the beam intensity distribution is
modified and we can see a brilliant area surrounded by dark ones: Fig. 4 (c1) (experimental)
and 4 (c2) (theoretical). The experimental interference pattern with the reference beam is
visualized in Fig. 4 (d1). We have drawn three small red ellipses. Each of them surrounds a
field of fringes such that there is a surplus brilliant one either in the left part of the ellipse
either in the right part. In the first case (one ellipse) the meaning is 2z phase variation in the
clock-wise round trip and in the second case (two ellipses) 2r phase variation in the anticlock-
wise round trip. We have drawn a small green ellipse surrounding an area with no surplus
brilliant fringe, meaning no phase variation following a round trip. Three white arrows have
been added to link the centres of the three red ellipses with the three optical vortices found in
the theoretical description of the phase represented in Fig. 4 (d2). A fourth white arrow has
been drawn to link the centre of the green circle to the area calculated to be regular. A full
agreement is observed between the calculated phase variation and the interference pattern. A
large green circle is also drawn in Fig. 4 (d1) with no surplus brilliant fringe following a
round trip. This is explained because it surrounds one clockwise and one anticlock-wise 2n
phase variation areas. A large red circle is drawn with one surplus brilliant fringe following a

round trip. This is explained because it surrounds one clockwise and two anticlock-wise 27
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phase variation areas. Once more these phase variations can be found also following similar
paths in the theoretical Fig. 4 (d2).

5. Conclusion

We have grown an acentric biaxial BZBO single crystal by the Kyropoulos method under
conditions of low temperature gradients. It was oriented and cut perpendicular to the
optical axis located in the ab plane at 42.6° from the a—axis. We focused slightly behind
the sample the Gaussian beam from a He-Ne laser at 632.8 nm and we made magnified
images of the near field on a CCD camera. Linear polarizers and quarter-wave plates were
used to launch and detect beams with various circular, elliptic or linear polarization states.
A reference beam was taken from the entrance and redirected on the CCD screen to obtain
a controlled wedge fringe pattern visualising the phase of the wave. The specific rotatory
power was measured to be 2.74 rad/cm. We present results of conoscopy patterns obtained
launching through the crystal slab a left-circular polarized beam and projecting the output
beam on a right-circular polarization state or on a linearly polarization state at -45° from
the horizontal axis. All the experimental results (optical activity, intensity and phase of the
output wave and vortices) are well described by a theoretical model based on the bi-
anisotropy of the BZBO crystal. The OAM and SAM are calculated for each configuration

from the distribution of the transverse electric field.
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Figure captions
1. Experimental set-up for CR and OAM visualisation.
2. column a: intensity of the far field; column b: intensity of the near field in the focal

plane; column c: 1 and 3 interference with the reference beam, 2 and 4 phase in the
focal plane (vertical scale in rad.). Lines 1 and 3: experimental, lines 2 and 4:
theoretical.

3. See text in subsection 4.2. Columns a and b: focal plane, columns ¢ and d: Raman spot
plane. Columns a and c: near field intensity; column b and d: 1: interference with the
reference beam and phase (vertical scale in rad.). Line 1: experimental, lines 2:
theoretical.

4. See text in subsection 4.3. Columns a and b: focal plane, columns ¢ and d: Raman spot
plane. Columns a and c: near field intensity; column b and d: 1: interference with the
reference beam and phase (vertical scale in rad.). Line 1: experimental, lines 2:
theoretical.
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