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Abstract

This paper is devoted to the linear dynamics of liquid-structure interactions for an elastic struc-
ture filled with compressible liquid (acoustic liquid), with sloshing and with capillarity effects
on the free surface in presence of a gravity field. The objective is to detail the formulation and to
quantify the role played by the elasticity in the neighborhood of the triple contact line between
the free surface of the compressible liquid and the elastic structure in presence of sloshing and
capillarity effects. Most of the works consider that the structure is totally not deformable (rigid
tank). Nevertheless, for taking into account the elasticity of the tank, some works have intro-
duced an approximation, which consists in considering a locally undeformable structure in the
neighborhood of the triple contact line. The theory presented requires the use of quadratic finite
elements for discretizing a new introduced boundary condition. An application has specifically
been constructed and presented for quantifying the role played by the elasticity of the structure
in the neighborhood of the triple contact line.

Key words: sloshing, surface tension, elastic structure, elasto-capillarity, compressible fluid,
structural acoustics, boundary conditions on the triple line, linear dynamics, reduced-order
model

1. Introduction

This paper is devoted to the computational quantification of the effects of sloshing with cap-
illarity on elastic structures coupled with a liquid for linear vibrations, in which the capillarity
effects are only considered at the macroscopic level. More precisely, we consider a tank that is
modeled by a linear damped elastic structure filled with a linear dissipative compressible liquid
(acoustic liquid) exhibiting a free surface in presence of a gravity field and surface tension (cap-
illarity). This problem has intensively been analyzed in the literature in neglecting the capillarity
effects. The sloshing is often modeled using an incompressible liquid. However, in this paper,
the liquid is an acoustic fluid, that is to say, is a compressible fluid and there is no flow. This
means that we are interested in the general case of an elastoacoustic (vibroacoustic) problem of
an elastic structure coupled with an acoustic liquid. In addition, for this problem, the sloshing
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and the capillarity are taken into account because these phenomena can play an important role in
the vibroacoustic problem for specific dimensions of the geometry.

The linear sloshing in a rigid tank filled with an inviscid incompressible liquid without cap-
illarity effects was analyzed, for instance, by Abramson 1966 [1], by Moiseyev and Rumyansev
1968 [2], by Morand and Ohayon 1995 [3], by Dodge 2000 [4], by Ibrahim 2005 [5], and by
Faltinsen et al 2009 [6].

The case of the computational fluid-structure interaction of a linear elastic structure filled
with a linear inviscid incompressible liquid, which allows the added-mass effects to be taken into
account, was analyzed, for instance, by Chowdhury 1972 [7], by Morand and Ohayon 1995 [3],
by Amabili, Paidoussis, and Lakis 1998 [8], by Zienkiewicz, Taylor, and Zhu 2005 [9] in Chapter
18, and by Farhat et al 2013 [10]. In this framework, the sloshing free surface effects, without
including the elasto-gravity operator, can be found in Bermudez et al 2003 [11], in Gonzalez et
al 2012 [12], and in Amabili et al 1998 [8], while taking into account the elasto-gravity operator,
these effects can be found in Morand and Ohayon 1995 [3] and in Schotte and Ohayon 2005
[13].

Concerning the computational fluid-structure interaction of a linear elastic structure filled
with a linear compressible liquid (acoustic liquid), without sloshing and without capillarity ef-
fects, has been analyzed by Ohayon and Soize in 1997 [14], Brummelen in 2009 [15], and by
Bazilevs, Takaziwa, and Tezduyar 2013 [16]. Taking into account the effects of sloshing and
internal gravity, still without capillarity effects, can be found in Lighthill 1978 [17] and in An-
drianarison and Ohayon 2006 [18].

This paper is specifically devoted to the fluid-structure interaction of a linear elastic structure
filled with a linear compressible liquid (acoustic liquid), with sloshing and with capillarity ef-
fects on the free surface in presence of a gravity field, still neglecting the elasto-gravity operator
and the internal gravity effects, which are assumed to be of second order with respect to the
phenomena taken into account. Because the objective is to detail the formulation and to quantify
the role played by the contact line between the free surface of the compressible liquid and the
elastic structure in presence of sloshing and capillarity effects, the developments are restricted to
the linear case, because the introduction of nonlinearities does not change the analysis and the
nature of the difficulties induced by the contact line. The case of linear elastic structure coupled
with a nonlinear incompressible fluid can be found in Chu and Kana 1967 [19] and in Dias and
Kharif 1999 [20], while the case of a nonlinear elastic structure with a linear compressible fluid
can be found in Ohayon and Soize 2016 [21] and in Akkaoui et al 2019 [22] that reinterprets the
experimental studies performed by Abramson et al 1966 [23] and 1970 [24].

Before positioning the novelty of this work related to the taking into account of the effects
of the capillarity, for general physics aspects, we refer the reader to [25, 26, 27, 28]. Concern-
ing the classical macroscopic equations for capillarity in which the surface-tension coefficient is
assumed to be constant with respect to the spatial coordinates, we refer the reader to [29, 27].
For models based on the use of the incompressible Navier-Stokes equations with a classical
surface-tension equation, see [30, 31, 32, 33, 34, 35, 36] and a more refined model based on the
Cahn-Hilliard Navier-Stokes equations can be found in [37]. For non-constant surface-tension
coefficient, we refer the reader to [38, 39, 40]. For the capillarity modeling at the macroscopic
level, the contact line is located at the intersection of free surface of the liquid and the structure.
The contact angle between the free surface of the liquid and the elastic wall of the structure
is a direct consequence of the molecular interactions among the structural and liquid materials
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at the contact line. This important parameter controls the geometry of the free surface in the
neighborhood of the contact line. In the classical capillarity theory, the contact angle is constant
[41, 42, 27]. Let us note that there are many works related to the analysis of the contact angle (i)
using a detailed spatial structure of the capillary forces [43], (ii) considering a non-constant angle
and moving contact line in statics and dynamics [44, 45, 46, 47, 48], (iii) using local formulation
at the microscopic and molecular dynamics levels [49, 50, 51, 52].

We are interested in developing a computational model of a linear damped elastic structure
partially filled with a linear dissipative acoustic liquid exhibiting a free surface with sloshing and
capillarity. The novelty of this paper is to present an appropriate force-type boundary condition
on the contact line for a deformable elastic structure. A numerical validation will quantify its ef-
fects with respect to the classical approximation consisting in considering that the structure is not
deformable in the neighborhood of the contact line. Most of the works consider that the structure
is totally not deformable (rigid tank) [53, 54, 55, 56, 57]. Nevertheless, for taking into account
the elasticity of the tank, some works have introduced a nonphysical approximation, which con-
sists in considering a locally undeformable structure in the neighborhood of the contact line. The
boundary value problem of the coupled system involving the force-type boundary condition on
the contact line for a deformable elastic structure has been presented in[58]. In this paper, this
boundary value problem is detailed and its weak formulation is presented for constructing the
finite element approximation. The weak formulation will show that the finite elements for the
discretization of the coupled problem must be quadratic and not linear as it is usually done when
the tank is assumed to be not elastic or when the structure is assumed to be elastic but without
capillarity. An appropriate coupled system has been constructed in order to clearly quantifying
the effects of this new term that appears in the structure equations.

The outline of the paper is the following. The definition of the fluid-structure coupled system
is presented in Section 2 and the formulation for the liquid with sloshing and capillarity in the
case of a prescribed boundary displacement is presented in Section 3. Section 4 deals with the
coupling boundary condition for the elastic structure on the fluid-structure interface and Section 5
is devoted to the formulation for the elastic structure coupled with the liquid with sloshing and
capillarity in which the new boundary condition defined in Scetion 4 is introduced. In Section 7,
we present an application that has specifically been designed for quantifying the role played by
the elasticity of the structure in the neighborhood of the triple line. The paper finishes with a
conclusion and a reference sections.

2. Definition of the fluid-structure coupled system

The physical space is referred to a cartesian reference system (e1, e2, e3) for which the generic
point is denoted by x = (x1, x2, x3). The reference configuration of the considered fluid-structure
system is defined in Figure 1. The undeformed structure (natural state) occupies an open,
bounded, and connected subset ΩS of R3. It contains a liquid that occupies an open and bounded
domain ΩL (the geometry of domain ΩL results from a pre-computation for finding the static
equilibrium of the free surface of the liquid). Let γ be the contact line of the free surface with
the structure. The free surface is represented by the open subset Γ. The boundary of ΩL is the
closed set ∂ΩL = Γ ∪ γ ∪ ΓL in which ΓL is an open subset. The boundary of ΩS is the set
∂ΩS = ΓE ∪ Σ in which ΓE is a closed subset representing the external boundary of the structure
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while Σ is defined by

Σ = ΓL ∪ γ ∪ ΓG with ΓL ∩ γ = ∅ , γ ∩ ΓG = ∅ , ΓL ∩ ΓG = ∅ , (1)

is a closed subset representing the internal boundary in which ΓG is an open part of the internal
boundary that is not in contact with the liquid. The boundary of the open parts ΓL and ΓG is the
curve γ. It is assumed that surfaces Γ, ΓL, ΓG, Σ, and line γ are smooth. The domain whose
boundary is the closed set Γ ∪ γ ∪ ΓG is empty or is filled by a gas whose effects are neglected
for sake of brevity. The unit normal to ∂ΩS external to ΩS is denoted as nS while the one to
∂ΩL external to ΩL is denoted as n. On the common interface ΓL, we have nS = −n. The unit
normal to γ external to Γ, which belongs to the tangent plane to surface Γ at line γ, is denoted as
ν. Similarly, the unit normal to γ external to Γ, which belongs to the tangent plane to surface ΓL

at line γ, is denoted as νL.
At time t, the structure is described by its displacement field x 7→ u(x, t) = (u1(x, t), u2(x, t), u3(x, t))
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Figure 1: Geometry of the coupled system.

for x ∈ ΩS . The constitutive equation for the structure is assumed to be linear viscoelastic with
instantaneous memory. The liquid is modeled by a linear dissipative acoustic fluid that is as-
sumed to be homogeneous, compressible, inviscid with a volumetric additional dissipative term.
Its infinitesimal motions with respect to the reference configuration are irrotational. At time t,
it is described by a pressure field x 7→ p(x, t) for x ∈ ΩL. It should be noted that the liquid is
assumed to be inviscid on the fluid-structure interface on which a slip condition will be writ-
ten [14, 59]. At time t, the normal displacement of the free surface is described by the field
x 7→ h(x, t) for x ∈ Γ.

We are interested in analyzing the linear dynamics of the coupled system around its refer-
ence configuration. Since the structure of the coupled system is not subjected to zero Dirichlet
conditions (thus there are possible rigid body displacements), it is assumed that, at each time, the
work of the external forces in the rigid body displacements is zero. At time t, in the reference
configuration, the boundary value problem of the coupled system will be expressed in terms of
the structural displacement field u(·, t), the internal pressure field p(·, t), and the normal displace-
ment h(·, t) of the free surface.
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Before introducing the boundary value problem relative to the coupled system under consid-
eration for which the liquid is coupled with an elastic structure on the interface ΓL in presence
of capillarity, we first detail the particular case of the liquid occupying ΩL, with the free surface
Γ, and for which a given displacement field u is imposed to interface ΓL. The introduction of
such a boundary value problem allows for summarizing the classical part of the formulation. In
Section 5, we will take into account the coupling with the elastic structure, which requires addi-
tional developments in order to take into account the actions of the liquid on the elastic structure
on line γ, because the structural surface forces have to be balanced with line forces induced by
the capillarity.

3. Formulation for the liquid with sloshing and capillarity in the case of a prescribed
boundary displacement

3.1. Boundary value problem

For the linear dissipative acoustic liquid occupying ΩL, the equation of motion is the wave
equation with an additional dissipative term expressed in term of the acoustic pressure field p.
For the free surface Γ, the equation of motion is a linearized dynamic equation expressed in term
of the displacement h of the free surface measured along the normal n to Γ, external to ΩL.

For a given displacement field, x 7→ uΣ(x, t) on ΓL with values in R3, and for given Cauchy
initial conditions at t = 0, we have to solve the following boundary value problem consisting in
finding the fields {p(·, t), t > 0} and {h(·, t), t > 0} such that

1
ρ0c2

0

∂2 p
∂t2 −

τ

ρ0
∇

2 ∂p
∂t
−

1
ρ0
∇

2 p = 0 in ΩL , (2)

(1 + τ
∂

∂t
)
∂p
∂n

= −ρ0
∂2uΣ

∂t2 · n on ΓL , (3)

(1 + τ
∂

∂t
)
∂p
∂n

= −ρ0
∂2h
∂t2 on Γ , (4)

p = ρ0 h g · n − σ
Γ
{(

1
R2

1
+

1
R2

2
)h + ∇2

Γh} on Γ , (5)

∂h
∂ν

= ch h +JuΣ on γ , (6)

with the following definition of the linear operator J ,

JuΣ = −dh uΣ · n +
∂(uΣ · n)
∂νL

on γ . (7)

• Equation (2) is the wave equation with a dissipative term, in which ρ0 is the constant mass
density of the homogeneous liquid at equilibrium, c0 the corresponding constant speed of
sound, and the constant coefficient τ characterizes the dissipation in the liquid [14, 59].

• Equation (3) is the kinematic fluid-structure coupling condition on ΓL, which expresses the
continuity of the normal acceleration field on the interface [14, 59].
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• Equation (4) is the kinematic equation expressed in term of the displacement h of the free
surface measured along the normal n to Γ [14, 59].

• Equation (5) corresponds to the free-surface constitutive equation of surface Γ, in which σ
Γ

is the constant surface tension coefficient, g is the gravitational acceleration vector, R1 and
R2 are the principal curvature radii, and where ∇2

Γh denotes the surface Laplacian related
to surface Γ. The term (1/R2

1 + 1/R2
2) h +∇2

Γh results from the change of the surface energy
induced by an infinitesimal change in h, which yields a contribution to the surface pressure
(classical Young-Laplace law) [27, 2, 3].

• In Equations. (6) and (7), the first term in the right-hand side corresponds to the classical
contact angle condition on γ in which ch is the contact angle coefficient. The second term
is an additional term that allows the given displacement field, x 7→ uΣ(x, t) on ΓL to be
taken into account. In this term, at a given point in line γ, dh is a real coefficient depending
on the mean curvature < KΓ > of surface Γ and on the mean curvature < KΣ > of surface
Σ = ΓL ∪ γ ∪ ΓG. The coefficients dh and ch are defined by

dh =
< KΓ > − < KΣ > cos(θ)

sin(θ)
, ch =

< KΓ > cos(θ)− < KΣ >

sin(θ)
, (8)

in which θ is the contact angle that is independent of time t. For details concerning the
derivation of J , we refer the reader to [3] in which the present boundary value problem
has been treated considering an inviscid and incompressible liquid using the displacement
potential field instead of the pressure field p. It should be noted that, if uΣ = 0 on Σ, then
the classical boundary condition on γ is obtained. If uΣ corresponds to a rigid body motion
(6 degrees of freedom), then the boundary condition is written as JuΣ = −dh uΣ · n.

3.2. Weak formulation

Following Section 3.1, field uΣ is prescribed. For constructing the weak formulation of the
boundary value problem defined by Eqs. (2) to (7), we introduce the following admissible spaces
for test functions, x 7→ δp(x), concerning the pressure field p defined in ΩL and for test functions,
x 7→ δh(x), the normal displacement h of the free surface defined on Γ,

Cp :=H1(ΩL,R) = {δp ∈ L2(ΩL) ,
∂δp
∂x j
∈ L2(ΩL) , j = 1, 2, 3} , (9)

Ch :=H1(Γ,R) = {δh ∈ L2(Γ) ,
∂δh
∂x j
∈ L2(Γ) , j = 1, 2, 3} . (10)

The weak formulation of Eq. (2) with the boundary conditions defined by Eqs. (3) and (4) is
written, for all δp in Cp, as

1
ρ0c2

0

∫
ΩL

∂2 p
∂t2 δp dx +

τ

ρ0

∫
ΩL

∇
∂p
∂t
· ∇δp dx +

1
ρ0

∫
ΩL

∇p · ∇ δp dx +

∫
Γ

∂2h
∂t2 δp dsΓ

= −

∫
ΓL

∂2uΣ

∂t2 · n δp dsΓL . (11)
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The weak formulation of Eq. (5) with the boundary condition defined by Eq. (6) with Eq. (7) is
written, for all δh in Ch, as

−

∫
Γ

p δh dsΓ + ρ0

∫
Γ

g·n h dsΓ + kc(h, δh) = σ
Γ

∫
γ

(JuΣ) δh dsγ , (12)

in which kc(h, δh) is the bilinear form defined by

kc(h, δh) = σ
Γ

∫
Γ

∇
Γ
h · ∇

Γ
δh dsΓ − σΓ

∫
Γ

(
1

R2
1

+
1

R2
2

) h δh dsΓ − σΓ

∫
γ

chh δh dsγ . (13)

4. Coupling boundary condition for the elastic structure on the fluid-structure interface

The displacement field of the structure is the field u(·, t) defined on ΩS for which its trace on
Σ is denoted by uΣ(·, t). Let σ = {σi j}1≤i, j≤3 be the tensor-valued stress field defined in ΩS . It is
assumed that there are no external forces on ΓG

σnS = 0 on ΓG . (14)

The coupling boundary condition for the elastic structure on the fluid-structure interface consists
in expressing the field σ nS on boundary ΓL as a function of p and h. Classically, without
capillarity effects, this boundary condition is written as

σnS = p n on ΓL . (15)

As pointed out in [3], the modeling of the coupling boundary condition of the 3D elastic medium
in terms of σnS per unit area on Σ, at the contact line γ of the free surface Γ, remains an open
problem unresolved to date. Indeed, the capillarity model used introduces a linear density of
surface-tension forces on γ that cannot be balanced by the σnS surface density of structural
forces on Σ. In this section, we thoroughly detail an appropriate formulation that has been
sketched in [58] and which is consistent with Eq. (6). In this section, for simplifying the no-
tation, time t is omitted, and for the mathematical results used concerning the Sobolev spaces
(integer and fractional orders), we refer the reader to [60].

The first step of the construction consists in introducing a functional analysis framework for
interpreting Eqs. (6) and (7) and for defining operator J .

• Let us assume that displacement field u = (u1, u2, u3) belongs to Sobolev space H2(ΩS ,R3).
Consequently, its trace uΣ on Σ belongs to Sobolev space H3/2(Σ,R3). It should be noted
that the continuous injection from H2(ΩS ,R3) into C0(ΩS ,R3) is compact.

• Let us assume that the normal displacement field h belongs to Sobolev space H1(Γ,R).
Therefore, its trace hγ on γ belongs to Sobolev space H1/2(γ,R). Under those assumptions,
J appearing in Eq. (6), is a linear operator from H3/2(Σ,R3) into the Hilbert space L2(γ,R)
that is a subspace of H−1/2(γ,R). In order to define the weak formulation of Eq. (6), we
introduce the duality bracket < h,JuΣ >γ between h in H1/2(γ,R) andJuΣ in H−1/2(γ,R).
It should be noted that, for hγ and JuΣ in L2(γ,R), the duality bracket coincides with the
Hilbert inner product in L2(γ,R), that is to say,

< h,JuΣ >γ=

∫
γ

h(x) (JuΣ)(x) dsγ(x) , (16)

in which
∫
γ dsγ(x) = |γ| is the measure of γ.
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In the second step of the construction, since the linear density of surface-tension forces on γ
cannot be balanced by the σnS surface density of forces on Σ, we define this linear density of
surface-tension forces on γ as a generalized function associated with the transpose operator J ′

of J defined using the dual bracket < ·, · >γ, that is to say,

� J ′h ,uΣ �Σ =< h,JuΣ >γ , (17)

in which � ·, · �Σ is the duality bracket between Sobolev space H−3/2(Σ,R3) and H3/2(Σ,R3),
which shows that the transpose J ′ is a linear operator from H1/2(γ,R) into H−3/2(Σ,R3). Con-
sequently, J ′h is a generalized function whose support is γ, knowing that [61, 62] the Dirac
generalized function δ0 on manifold Σ belongs to H−3/2(Σ,R) and that the Sobolev injection the-
orem [60] allows for writing H3/2(Σ,R3) ⊂ C0(Σ) with continuous injection.

The last step consists in writing the coupling boundary condition for the elastic structure on
the fluid-structure interface Σ. Let x 7→ 1ΓL (x) be the indicator function defined on Σ such that
1ΓL (x) = 0 if x < ΓL and 1ΓL (x) = 1 if x ∈ ΓL. Let us assume that pressure field p belongs to
Sobolev space H1(ΩL,R). Therefore the trace pΓL of p on the part ΓL of ∂ΩL belongs to Sobolev
space H1/2(ΓL,R). We introduce the function x 7→ 1ΓL (x) pΓL (x) that belongs to Sobolev space
H1/2(Σ,R). Consequently, taking into account Eq. (14), the appropriate boundary condition on
interface Σ is written as

(σnS )(x) dsΣ(x) = 1ΓL (x) pΓL (x) n(x) dsΣ(x) + σΓ (J ′h)(x) on Σ , (18)

that has to be read in the sense of an equality of generalized functions. Concerning the first term
in the right-hand-side of Eq. (18), since x 7→ f (x) = 1ΓL (x) pΓL (x) is a locally integrable function
on Σ, the measure f (x) dsΣ(x) on Σ defined a generalized function F such that for all infinitely
differentiable function ϕ on Σ,�F, ϕ �Σ =

∫
Σ

f (x)ϕ(x) dsΣ(x) in which F = f dsΣ.

5. Formulation for the elastic structure coupled with the liquid with sloshing and capillar-
ity

The coupled fluid-structure system is constituted of the equations of the boundary value prob-
lem in (p, h), defined in Section 3.1, in which the trace uΣ on Σ of the displacement field u is
now an unknown. To these equations, those for the elastic structure have to be added. We are
interested in studying the linear dynamics of the fluid-structure system around a stable static equi-
librium, which is considered as a natural state at rest (the external structural forces are assumed
to be in equilibrium).

5.1. Boundary value problem for the elastic structure

The structure in constituted of a heterogeneous linear viscoelastic material with instantaneous
memory for which the constitutive equation is written (see Chapter 4, Section3 in [14]) as

σi j = ai jkh(x) εkh(u) + bi jkh(x) εkh(∂u/∂t) , (19)

in which ε is the linear strain tensor such that εkh(u) = (∂uk/∂xh + ∂uh/∂xk)/2. The structure is
subjected to a body force field x 7→ f vol(x, t) defined on Ωs, to a surface force field x 7→ f surf(x, t)
defined on ΓE , and to the pressure field of the liquid. The equations for the elastic structure,
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formulated in terms of displacement field u, with its boundary equations for which Eq. 18 is
used, are written as

ρS
∂2u
∂t2 − divσ = f vol , ∀x ∈ ΩS , (20)

σnS = f surf on ΓE , (21)

σnS = 0 on ΓG , (22)

σnS = 1ΓL p n + σΓJ
′h on Σ , (23)

It should be noted that Eqs. (20) to (23) will be used in the next subsection for writing the
associated weak formulation in which Eq. (23) will be interpreted in the framework of the theory
of generalized functions.

5.2. Weak formulation for the elastic structure coupled with the liquid with sloshing and capil-
larity

For constructing the weak formulation of the boundary value problem related to the fluid-
structure coupled system, in addition to the two admissible sets Cp and Ch defined by Eqs. (9) and
(10), the admissible set Cu of test functions, x 7→ δu(x), has to be defined for the displacement
field of the structure modeled in the 3D elasticity theory. In the classical weak formulation,
if there was no capillarity effects, then Cu would be chosen as H1(Ωs,R3). Since there is the
capillarity effects, as shown in Section 4, it should be noted that the admissible set Cu has to be
chosen as H2(Ωs,R3), that is to say,

Cu = {δu ∈ L2(ΩS ,R3) ,
∂δu
∂x j
∈ L2(ΩS ,R3) ,

∂2δu
∂x j∂xk

∈ L2(ΩS ,R3) , for j and k = 1, 2, 3} . (24)

It can be noted right now that this will require the choice of finite elements that are quadratic and
not linear. The weak formulation of Eqs. (20) to (23) is written, for all δu in Cu, as∫

ΩS

ρS
∂2u
∂t2 · δu dx +

∫
ΩS

bi jkh εkh(
∂u
∂t

) εi j(δu) dx +

∫
ΩS

ai jkh εkh(u) εi j(δu) dx

−

∫
ΓL

p n · δu dsΓL − σΓ � J
′h, δu �Σ =

∫
ΩS

f vol
· δu dx +

∫
ΓE

f surf
· δu dsΓE . (25)

The weak formulation of the elastic structure coupled with the liquid with sloshing and capillarity
is then given, for all δp in Cp, for all δh in Ch, and for all δu in Cu, by Eqs. (11), (12), and (25).
We recall that uΣ is the trace of u on Σ.

5.3. Finite element approximation for the coupled system

As explained in Section (5.2), quadratic-interpolation finite elements have to be used for
constructing the computational model, which will be the case for the application presented in
Section 7.
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5.3.1. Matrices of the discretized problem

Matrices related to the equations for the compressible liquid (weakly dissipative).

� Let [M] be the positive-definite symmetric real matrix, which is related to the discretization
of (1/ρ0c2

0)
∫

ΩL
(∂2 p/∂t2) δp dx.

� Let [D] = τ [K] be the positive-semidefinite symmetric real matrix with a kernel of dimen-
sion 1, which is related to the discretization of (τ/ρ0)

∫
ΩL
∇(∂p/∂t) · ∇δp dx.

� Let [K] be the positive-semidefinite symmetric real matrix with a kernel of dimension 1,
which is related to the discretization of (1/ρ0)

∫
ΩL
∇p · ∇δp dx.

Matrices related to the equations for the liquid free surface.

� Let [Kg] be the positive-definite symmetric real matrix, which is related to the discretiza-
tion of ρ0

∫
Γ

g · n h δh dsΓ.

� Let [Kc] be the positive-definite symmetric real matrix, which corresponds to the dis-
cretization of the bilinear form kc(h, δh) defined by Eq. 13. The positive definiteness holds
due to the linear dynamics regime around a stable static equilibrium that is considered as
a natural state at rest [2, 3].

Matrices related to the equations for the elastic structure.

� Let [MS ] be the positive-definite symmetric real matrix, which is related to the discretiza-
tion of

∫
ΩS
ρS (∂2u/∂t2) · δu dx.

� Let [DS ] be the positive-semidefinite symmetric real matrix with a kernel of dimension 6,
which is related to the discretization of

∫
ΩS

bi jkh εkh(∂u/∂t) εi j(δu) dx.

� Let [KS ] be the positive-semidefinite symmetric real matrix with a kernel of dimension 6,
which is related to the discretization of

∫
ΩS

ai jkh εkh(u) εi j(δu) dx.

Matrices related to the coupling terms.

� Let [Cph]T be the rectangular real matrix, which is related to the discretization of

−
∫

Γ
(∂2h/∂t2) δp dsΓ.

� Let [Cpu]T be the rectangular real matrix, which is related to the discretization of

−
∫

ΓL
(∂2uΣ/∂t2) · n δp dsΓL .

� Let [Chu] be the rectangular real matrix, which is related to the discretization of

−σ
Γ

∫
γ(JuΣ) δh dsγ.

Vector of external forces.

� Let FS (t) be the real vector of the external forces, which is related to the discretization of∫
ΩS

f vol
· δu dx +

∫
ΓE

f surf
· δu dsΓE .
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5.3.2. Computational model of the coupled system
Let P(t), H(t), and U(t) be the vectors corresponding to the spatial discretization of fields

p(., t), h(., t), and u(., t). The first-time derivative is denoted by a dot and the second-time deriva-
tive by a double dot. Using the matrices introduced in Section 5.3.1, the finite element discretiza-
tion of Eqs. (11), (12), and (25) yields, for t > 0,

[M] P̈(t) + [D] Ṗ(t) + [K] P(t) − [Cph]T Ḧ(t) − [Cpu]T Ü(t) = 0 , (26)

[Cph] P(t) + ([Kg] + [Kc]) H(t) + [Chu] U(t) = 0 , (27)

[MS ] Ü(t) + [DS ] U̇(t) + [KS ] U(t) + [Cpu] P(t) + [Chu]T H(t) = FS (t) . (28)

It can be proved that, the problem defined by Eqs. (26) to (28) with given initial conditions at
t = 0, has a unique solution {(P(t),H(t),U(t)), t ≥ 0}. In order to prepare the construction of the
reduced-order computational model, Eqs. (26) to (28) are rewritten in a global form as

[AFSI] X(t) = F(t) , (29)

in which X(t) = (P(t),H(t),U(t)) and where [AFSI] is the matrix-valued second-order differential
operator,

[AFSI] = [MFSI]
d2

dt2 + [DFSI]
d
dt

+ [KFSI] . (30)

5.4. Reduced-order computational model for the coupled system

We consider the weak formulation of the elastic structure coupled with the liquid with slosh-
ing and capillarity as described in Section 5.2 and that is recalled here. For all δp in Cp, for all δh
in Ch, and for all δu in Cu, the weak formulation is defined by Eqs. (11) and (12) in which uΣ (as
the trace of u on Σ) is not prescribed (such was the case in Section 3), and by Eq. (25). The finite
element discretization of this weak formulation is given by Eqs. (26), (27), and (28). It has been
shown in [58], that the corresponding admissible space CP,H,U of the vector-valued test functions
(δP, δH, δU) can be decomposed into the following direct sum,

CP,H,U = CP ⊕CH ⊕CU , (31)

in which the three vector spaces, CP, CH , and CU , are defined as follows, and where, for each
one, we recall how it can be spanned by solving an appropriate spectral problem.

� CP is the admissible space of test functions δP, related to the inviscid compressible liquid
occupying domain ΩL, with the boundary condition ∂p/∂n = 0 on ΓL (corresponding to a
fixed wall u = 0) and p = 0 on Γ. We consider the subspace of CP spanned by the acoustic
modes associated with the first Np smallest acoustical eigenfrequencies and represented by
the matrix [P] whose the columns are the Np acoustic modes.

� CH is the admissible space of test functions δH, related to the inviscid incompressible
liquid occupying domain ΩL, with sloshing and capillarity effects, and with the boundary
condition ∂p/∂n = 0 on ΓL (corresponding to a fixed wall u = 0). We consider the
subspace of CH spanned by the sloshing-capillarity modes associated with the first Nh

smallest sloshing-capillarity eigenfrequencies and represented by the matrix [H] whose
the columns are the Nh sloshing-capillarity modes.
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� CU is the admissible space of the test functions δU, related to the structure occupying do-
main ΩS (without dissipative terms and without given forces), coupled with the inviscid
incompressible liquid occupying domain ΩL, with the boundary condition p = 0 on Γ. We
consider the subspace of CU spanned by the elastic modes with added mass effects associ-
ated with the first Nu smallest positive eigenfrequencies and represented by the matrix [U]
whose the columns are the Nu elastic modes with the added mass effects.

For solving the three generalized eigenvalue problems for large scale fluid-structure computa-
tional models with mid-power computers, we refer the reader to [63] in which all the details are
given, for which the matrices of the generalized eigenvalue problems must be those introduced
in Section 5.3.1, that is to say, using quadratic finite elements.

The reduced-order computational model of order (Np,Nh,Nu) is obtained by projecting Eq. (29)
on the subspace spanned by ([P], [H], [U]) and is written, for all t ≥ 0, as

PNp,Nh,Nu (t) = [P] qp(t) , HNp,Nh,Nu (t) = [H] qh(t) , UNp,Nh,Nu (t) = [U] qu(t) , (32)

[AFSI] q(t) = F (t) , (33)

in which q(t) = (qp(t),qh(t),qu(t)).

6. Numerical application

This numerical application is designed to quantify the effects of the second term in the right-
hand side of the new boundary equation defined by Eq. (23). This term has to be considered
for taking into account the elasticity of the structure in the vicinity of the triple contact line. In
Eq. (28) of the matrix system, this term corresponds to −[Chu]T H(t). As we have mentioned in
Section 1, the elasticity of the structure in the neighborhood of the triple line is usually approxi-
mated by a rigid moving wall. Based on the developments presented in this paper, the numerical
application shows the role played by the elasticity in the neighborhood of this triple line.

6.1. Fluid-structure system: geometry, mechanical properties, boundary conditions, and finite
element mesh

This application has been designed in order that the coupling between the elastic structure
and the compressible fluid be only via the triple line.

(i) The considered system is a small elastic cup (cylindrical elastic wall with a bottom elas-
tic plate), whose dimensions are given in the Figure 2 (left), containing a liquid for which the
contact angle with the vertical elastic wall (cylindrical wall) is greater than 90◦ (non-wetting
liquid). The liquid is in contact with the structure, only on the bottom of the cup and on
the triple line, which is common to the vertical wall. Five contact angles are considered, θ ∈
{143◦, 152◦, 161◦, 169◦, 177◦}, which leads us to a modification of the curvature of the free sur-
face especially at the triple line location, Figure 2 (right). It can be seen that the smaller the
contact angle, the greater the local curvature of the surface at the triple line. Table 1 reports the
local curvature < KΓ > of the free surface at the triple line as a function of the contact angle.

(ii) The elastic structure is homogeneous and isotropic: Young modulus E = 50 N.m−2, Pois-
son coefficient ν = 0.25, mass density ρS = 7900 Kg.m−3, and damping rate 5 × 10−5. The
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θ1 θ2 θ3 θ4 θ5

< KΓ > 408 332 315 252 93

Table 1: Curvature < KΓ > of the free surface at the triple line with respect to the considered
contact angles θi, i = 1, . . . , 5.

Figure 2: Left figure: Dimension of the fluid-structure system. Right figure: cross-section for
the different contact angles θ.

Figure 3: Boundary conditions and finite element mesh of the fluid-structure systems.

parameters of the acoustic fluid are: sound velocity c0 = 0.08 m.s−1 and mass density ρ0 =

1000 Kg.m−3. The parameters of the free surface are: surface tension coefficient σΓ = 0.0728,
and gravity intensity g = 9.81 m.s−2.

(iii) The boundary conditions applied to the structure are defined in order to avoid the energy
transmission from the structural excitation (which are radial forces applied to the vertical elastic
cylindrical wall) to the liquid by the contact surface ΓL. The configuration is designed for ob-
taining an energy transmission that is done only through the triple line. A portion of the bottom
of the cup, located on a centered disk with a radius of 6 × 10−3 m (part of the mesh colored red
in Figure 3) is fixed in all three directions to prevent rigid body motions of the elastic structure.
The nodes located in the rest of the cup bottom (black-color nodes in Figure 3) are locked along
the vertical direction e3. This boundary condition prevents vertical displacements of the elastic
structure on ΓL, which means that n ·u = 0 on ΓL (that implies that [Cpu] matrix is removed from
Eq. (28)). The nodes located in the rest of the structure (blue-color nodes in Figure 3) are left
free. These boundary conditions ensure that the transmission of the excitation energy from the
structure to the liquid is only done via the triple line.

(iv) The finite element model of the fluid-structure system is constructed using quadratic
3D tetrahedral finite elements with 10 nodes for the structure and for the acoustic liquid (see
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Figure 3). The free surface of the liquid is meshed using quadratic 2D finite elements with
6 nodes and the triple line is meshed using 1D finite elements with 3 nodes, with quadratic
interpolation functions. The dimension nu of U is 37 014. The dimension np and nh of P and H
depends on the contact angle and are respectively, 7 068, 8 488, 9 227, 10 301, and 16 464 for np,
and 2 269, 2 445, 2 541, 2 541, and 3 625 for nh.

6.2. Eigenfrequency characterization
Table 2 presents the first eigenfrequencies of the coupled fluid-structure system correspond-

ing to the three generalized eigenvalue problems defined in Section 5.4 for which the compu-
tational model is defined in Section 6.1-(iv). Note that a large number of eigenmodes will be
used for computing the responses (see Section 6.5). The eigenfrequencies of the structure, of the
liquid, and of the free surface are interlaced, which strongly induces coupling resonances in the
dynamical responses of the system.

Contact angle Sloshing-capillarity eigenfrequencies (in Hz)
θ1 2.82 4.61 6.51 6.61 8.52 9.93 10.89 13.31 13.42
θ2 3.29 5.33 7.42 7.47 9.72 10.89 12.28 14.29 14.95
θ3 3.56 5.75 7.82 8.01 10.35 11.24 13.05 14.58 14.71
θ4 3.79 6.05 8.01 8.35 10.71 11.14 12.70 13.47 14.22
θ5 3.58 5.58 6.61 7.67 8.37 8.82 9.97 11.15 12.01

Contact angle Acoustic eigenfrequencies (in Hz)
θ1 8.35 9.26 10.7 10.26 11.09 11.26 12.00 12.25 12.35
θ2 5.94 6.88 7.81 7.94 8.75 8.99 9.68 10.02 10.14
θ3 5.18 6.14 7.08 7.24 8.04 8.31 8.97 9.36 9.49
θ4 4.11 5.11 6.10 6.28 7.07 7.41 8.04 8.51 8.65
θ5 2.84 3.97 5.03 5.22 5.87 6.07 6.35 6.96 7.08

Contact angle Elastic eigenfrequencies with added mass effects (in Hz)
{θ1, θ2, θ3, θ4, θ5} 2.97 4.08 5.84 6.56 6.63 7.37 7.79 8.92 9.08

Table 2: Table of the first 9 sloshing-capillarity eigenfrequencies of the free surface, acoustic
eigenfrequencies of the liquid, and elastic eigenfrequencies with added mass effects of the struc-
ture (in Hz).

6.3. Quantities of interest
The results of the numerical simulations are observed by different quantities of interest de-

fined on certain observation points. These interest quantities are chosen in order to visualize a
global behavior of the fluid-structure system towards matrix [Chu]T . The interest quantities are
defined for each part of the system as follows.

• For the structural displacement, the quantity of interest, dBU , is defined as the spatial
averaging of all the nodes. Let Uxu

i
(t) be the vector in R3 of the 3 displacement dofs of

node xu
i , which is constructed from U(t) (with values in Rnu ). Let ω 7→ Ûxu

i
(2πν) be the

Fourier transform of t 7→ Uxu
i
(t), the quantity of interest dBU(2πν) is defined by,

dBU(2πν) =
1

nu/3

nu/3∑
i=1

20 log10( ‖ Ûxu
i
(2πν) ‖C3 ) , (34)
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• For the pressure in the acoustic liquid, the quantity of interest dBP is defined by

dBP(2πν) =
1
np

np∑
i=1

20 log10( |P̂i(2πν)| ) . (35)

• For the free-surface elevation, the quantity of interest dBH is defined by

dBH(2πν) =
1
nh

nh∑
i=1

20 log10( |Ĥi(2πν)| ) . (36)

6.4. Definition of the external excitation of the system and of time integration parameters

The external forces applied to the elastic structure are radial forces defined hereinafter. We
consider the sector of the cylindrical elastic wall defined by the polar angle [−π/16 , π/16]. Let
nexci be the number of nodes belonging to this sector and located on the external surface of the
cylindrical wall. A radial force is applied to each one of these nodes with an intensity equal to
1/nexci. These radial forces are represented by the time depending vector Fu(t)

Fu(t) = α g(t) F , (37)

in which the vector F is time independent and is such that ‖F‖ = 1. In Eq. (37), α is the intensity
coefficient taken as α = 5× 10−8 and g(t) is the time function of the dynamical excitation, whose
Fourier transform is constant in the frequency band of excitation, Be = [νmin , νmax] Hz, with
νmin = 1 Hz and νmax = 10 Hz. Time function g and its Fourier transform ĝ are written as,

g(t) = 2
sin(π∆ν t)

π t
cos(2π s ∆ν t) , ĝ(2πν) = 1

Be
⋃

Be
(ν) , (38)

in which Be = [−νmax , −νmin], ∆ν = νmax − νmin and s = (νmax + νmin)/(2∆ν). In Eq. (38), one
can see that ĝ(2πν) = 1 if ν ∈ Be and 0 if ν ∈ R+\Be. The dynamical responses of the system are
computed in the time domain. The Fourier transform of the time responses allows for obtaining
the responses in the frequency domain over chosen frequency band of analysis Ba = [0 , 40] Hz.
The computation is carried out on a truncated time domain [tini, tini + T ] with tini = −66.67 s
and T = 1 469.32 s. Note that the sloshing-capillarity resonances are very weakly damped and
consequently, require a long simulation time T before returning to equilibrium position. The
sampling frequency and the number of time steps are chosen as νe = 80 Hz and Nt = 122 880.

6.5. Convergence of the reduced-order model

The linear reduced-order model used for the simulations requires a convergence analysis
with respect to the size of the projection basis (see Section 5.4). Since the dynamical refer-
ence solution cannot be computed for such large-scale and long-time computational model, it
is assumed that the convergence is reached when the response is no longer sensitive to param-
eters Np, Nh or Nu. In the following, X denotes either P, H, or U. The quantity of interest
dBX(2πν) is rewritten as dBX(2πν; Np,Nh,Nu) for indicating its dependency with respect to the
modal truncation order Np, Nh, and Nu. We choose to normalize the convergence function
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with respect to the values N p = 200, Nh = 250, and Nu = 100. The convergence function
(Np,Nh,Nu) 7→ ConvX(Np,Nh,Nu) is defined by,

ConvX(Np,Nh,Nu) =


∫
Ba

dBX(2πν; Np,Nh,Nu) 2 dν∫
Ba

dBX(2πν; N p,Nh,Nu) 2 dν


1/2

. (39)
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Figure 4: Graphs of the convergence of the solutions obtained in terms of P, H, and U at the ob-
servation points with respect to Np (left figure), to Nh (middle figure), and to Nu (right figure).The
vertical axis is in log scale.

Three convergence analyses are then performed with respect to Np, to Nh, and to Nu. Figure 4
displays the graphs of

Np 7→ ConvX(Np,Nh,Nu) for X = {P,H,U} (40)

Nh 7→ ConvX(N p,Nh,Nu) for X = {P,H,U} (41)

Nu 7→ ConvX(N p,Nh,Nu) for X = {P,H,U} (42)

This convergence analyses yield the following optimal order of the ROM: Np = 100, Nh = 80,
and Nu = 50, which are used in the following calculations.

6.6. Quantification of the influence of [Chu]T with respect to θ

In order to quantify the influence of the coupling matrix [Chu]T , two cases are considered.
The first one, the coupling matrix [Chu]T is kept in Eq. (28) (case of an elastic structure in
the neighborhood of the triple line); the numerical results are presented in blue-dashed line in
Figures 6 to 8. In the second one, the coupling matrix [Chu]T is removed in Eq. (28) (case of
a rigid structure in the neighborhood of the triple line); the numerical results are displayed in
red-solid line in Figures 6 to 8. Figures 6, 7, and 8 respectively display the graphs of ν 7→
dBU(2πν), ν 7→ dBP(2πν), and ν 7→ dBH(2πν), for the five contact angles θi, i = 1, . . . , 5. The
results show that the coupling matrix [Chu]T has a major influence on the dynamical response
of the fluid-structure system. This influence can be seen on the graphs of dBU (in Figure 6) for
which some resonances appear on the frequency response, which do not occur when [Chu]T is
removed. In fact, one can see that the resonances in the frequency response dBU without [Chu]T

correspond to structural eigenfrequencies (see Table 2). However, the resonances that occur in
the frequency response dBU with [Chu]T are highly shifted, due to the coupling matrix [Chu]T .
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This phenomenon is clearly seen for contact angle θ1, for which two resonances appear in the
neighborhood of the structural resonance located at 4.08 Hz. A resonance also appears in the
graph of dBU , for all the contact angles, located between 1.17 Hz and 1.58 Hz. This resonance
is the first sloshing resonance that is shifted due to the coupling with a resonance of the elastic
structure. The results show that the influence of [Chu]T tends to decrease as the contact angle
increases. In addition, the influence of [Chu]T increases as the local curvature of the free surface
increases. A possible explanation for this increasing influence of [Chu]T , which is inversely
proportional to θ, is the increasing of the gap between ch and dh as θ increases, as shown in
Figure 5. In this figure, one can notice that the difference between ch and dh is greater when the
contact angle is small. In addition, we see that the term dh becomes more important than the term
ch when moving towards small angles.

3 (in /)
80 100 120 140 160 180

-20

-10

0

10

20
log10(jchj)
log10(jdhj)

Figure 5: Graphs of θ 7→ log10(|ch|) (in blue solid line) and θ 7→ log10(|dh|) (in red solid line),
which display the values of ch and dh for the curvature < KΓ >= 315.
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Figure 6: Graphs of ν 7→ dBU(2πν) for the contact angle θ1 = 143◦ (top left), for the contact
angle θ2 = 152◦ (top middle), for the contact angle θ3 = 161◦ (top right), for the contact angle
θ4 = 169◦ (down left), and for the contact angle θ5 = 177◦ (down right).
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Figure 7: Graphs of ν 7→ dBP(2πν) for the contact angle θ1 = 143◦ (top left), for the contact
angle θ2 = 152◦ (top middle), for the contact angle θ3 = 161◦ (top right), for the contact angle
θ4 = 169◦ (down left), and for the contact angle θ5 = 177◦ (down right).
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Figure 8: Graphs of ν 7→ dBH(2πν) for the contact angle θ1 = 143◦ (top left), for the contact
angle θ2 = 152◦ (top middle), for the contact angle θ3 = 161◦ (top right), for the contact angle
θ4 = 169◦ (down left), and for the contact angle θ5 = 177◦ (down right).

7. Conclusion

In this paper and in the context of linear dynamics, we have quantified the effects of the 3D
elasticity of a structure in the neighborhood of the triple contact line in presence of a 3D acoustic
fluid with sloshing and surface tension effects. The functional analysis of the weak formulation
of the 3D boundary value problem with the new boundary condition on the triple contact line
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shows that quadratic finite elements have to be used for constructing the computational model.
While the structure is generally considered as rigid in this neighborhood, the proposed novel
formulation shows the importance of the elasticity. For this purpose a full numerical analysis
has been presented using a purposely designed fluid-structure system in which the boundary
conditions applied to the structure are defined in order to avoid the energy transmission from
the structural excitation to the liquid by the liquid-structure interface but to have only an energy
transmission by the triple contact line. It should be noted that most of the works consider that
the structure is totally not deformable (rigid tank) or consider a locally undeformable structure in
the neighborhood of the triple contact line. The numerical results that have been presented show
that the influence of elasticity tends to decrease as the contact angle increases. In addition, this
influence increases as the local curvature of the free surface increases. A possible explanation for
this increasing influence, which is inversely proportional to the contact angle, is the increasing
of the gap between parameters ch and dh as the contact angle increases.
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