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Abstract

The so-called ¢y pseudonorm on R? counts the number of nonzero components of
a vector. For exact sparse optimization problems — with the ¢y pseudonorm standing
either as criterion or in the constraints — the Fenchel conjugacy fails to provide relevant
analysis. In this paper, we display a class of conjugacies that are suitable for the
¢o pseudonorm. For this purpose, we suppose given a (source) norm on R%. With this
norm, we define, on the one hand, a sequence of so-called coordinate-k norms and,
on the other hand, a coupling between R? and itself, called Capra (constant along
primal rays). Then, we provide formulas for the CAPRA-conjugate and biconjugate,
and for the CAPRA subdifferentials, of functions of the ¢y pseudonorm, in terms of the
coordinate-k norms. As an application, we provide a new family of lower bounds for
the ¢y pseudonorm, as a fraction between two norms, the denominator being any norm.

Key words: ¢y pseudonorm, Fenchel-Moreau conjugacy, Capra conjugacy, coordinate-k

norm.
AMS classification: 46N10, 49N15, 46B99, 52A41, 90C46

1 Introduction

The counting function, also called cardinality function or ¢y pseudonorm, counts the number
of nonzero components of a vector in R?. The ¢, pseudonorm measures the sparsity of a
vector, and the literature in sparse optimization that mentions it is plethoric. However,
because of its combinatorial nature, the problems of minimizing the ¢, pseudonorm under
constraints or of minimizing a criterion under k-sparsity constraint (¢, pseudonorm less than
a given integer k) are usually not tackled as such. Most of the literature in sparse optimization
studies surrogate problems where the ¢y pseudonorm either enters a penalization term or is
replaced by a regularizing term. We refer the reader to [1] that provides a brief tour of the
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literature dealing with least squares minimization constrained by k-sparsity, and to [2] for a
survey of the rank function of a matrix, that shares many properties with the ¢y, pseudonorm.

Conjugacies, and more generally dualities, are a powerful tool to tackle classes of op-
timization problems. The Fenchel conjugacy plays a central role in analyzing solutions of
convex problems (and beyond) [3]. However, it fails to provide relevant analysis for op-
timization problems involving the ¢, pseudonorm. Indeed, the Fenchel biconjugate of the
characteristic function of the level sets of the ¢y, pseudonorm is zero, and the Fenchel bicon-
jugate of the £y pseudonorm is also zero. The field of generalized convexity goes beyond the
Fenchel conjugacy and convex functions and displays conjugacies adapted to analyze classes
of functions such as increasing positive homogeneous, difference of convex, quasi-convex,
increasing and convex-along-rays. For more details on the theory, and more examples, we
refer the reader to the books [4,5] and to the nice introduction paper [6].

To our knowledge, none of the conjugacies in the literature is adapted to the £y pseudonorm
(the ¢y pseudonorm is convex-along-rays according to the definition in [7] but not in [4], and
calculation shows that the ¢y pseudonorm is not convex for the conjugacy in [7]). In this
paper, we study the ¢, pseudonorm as such and we display a suitable class of conjugacies.
We extend results of [8] beyond the special Euclidian norm setting.

The paper is organized as follows. In Sect. 2, we recall the definition of the ¢, pseudonorm,
and we introduce the notion of sequence of norms on R? that are (strictly or not) decreasingly
graded with respect to the ¢y, pseudonorm. In Sect. 3, we introduce a sequence of coordinate-
k norms, all generated from any (source) norm on R?, and their dual norms. In Sect. 4, we
define a so-called CAPRA coupling between R? and itself, that depends on any (source)
norm on R?. Then, we provide formulas for the CAPRA-conjugate and biconjugate, and for
the CAPRA subdifferentials, of functions of the ¢y pseudonorm (hence, in particular, of the
oy pseudonorm itself and of the characteristic functions of its level sets), in terms of the
coordinate-k norms. In Sect. 5, as an application, we provide a new family of lower bounds
for the ¢y pseudonorm, as a fraction between two norms, the denominator being any norm.
The Appendix A gathers background on Fenchel-Moreau conjugacies.

2 The /) pseudonorm and its level sets

First, we introduce basic notations regarding the ¢y pseudonorm. Second, we recall the
definition of a sequence of norms on R¢ which is (strictly or not) decreasingly graded with
respect to the ¢y pseudonorm (as introduced in the companion paper [9]). We use the
notation [r,s] = {r,r+1,...,s — 1, s} for two integers r < s.

The (, pseudonorm. For any vector z € R, supp(z) = {j € [1,d] | z; # 0} C [1,d] is
the support of . The so-called £y pseudonorm is the function ¢y : R? — [0, d] defined by
lo(x) = |supp(x)| = number of nonzero components of z , Vz € R?, (1)

where |K| denotes the cardinal of a subset K C [1,d]. The ¢, pseudonorm shares three
out of the four axioms of a norm: nonnegativity, positivity except for x = 0, subadditivity.



The axiom of 1-homogeneity does not hold true; in contrast to norms, the ¢y pseudonorm is

0-homogeneous:
lo(px) = lo(x) , Vp € R\{0}, Vr € R". (2)

The level sets of the /; pseudonorm. The ¢y pseudonorm is used in exact sparse
optimization problems of the form infy ;)< f(2). Thus, we introduce

the level sets §k = {x e R? ’ lo(z) < k} , Vk € {0, 1,... ,d} , (3a)
and the level curves (5" = {z € RY| ly(z) =k}, Vk e {0,1,...,d} . (3b)

For any subset K C [1,d], we denote the subspace of R? made of vectors whose components
vanish outside of K by!

R =REx {0} " ={seR|2;=0, Vg K} CR?, (4)

where Ry = {0}. We denote by 7y : R? — Ry the orthogonal projection mapping and,
for any vector x € R, by xx = mx(x) € Ri the vector which coincides with x, except for
the components outside of K that are zero. It is easily seen that the orthogonal projection
mapping 7x is self-dual, giving

(r, yx) = (zk, y) = (7x (), y) = (v, 7 (y)) = (x, yx) . Ve €eR?, VyeR?. (5)

The level sets of the £, pseudonorm in (3a) are easily related to the subspaces Ry of R? by?

= {zeR!|t(z) <k} = |J Rx, Vke[0.d]. (6)
|K|<k

Decreasingly graded sequence of norms with respect to the /; pseudonorm. Now,
we introduce the notion of sequences of norms that are, strictly or not, decreasingly graded
with respect to the ¢y pseudonorm: in a sense, the monotone sequence detects the number of
nonzero components of a vector in R? when it becomes stationary. In the following definition,
{llI-lk}sepr,q denotes any sequence of norms on R,

Definition 2.1 (/9, Definition ??]) We say that a sequence {||||x}y.cpiq of norms on R? s
decreasingly graded (resp. strictly decreasingly graded ) w.r.t. (with respect to) the €y pseudonorm
if, for any x € R?, one of the three following equivalent statements holds true.

1. We have the implication (resp. equivalence), for any l € [1,d],

bo@) =1 = lzlly = - = l#llia = flzfle = - = lllla (7a)

(resp. Llo(z) =1 = |lzlls = --- = llellia > flzlle = - = llzlla ) (7b)

'Here, following notation from Game Theory, we have denoted by —K the complementary subset of K
in [1,d]: KU(=K)=[1,d] and KN (-K) = 0.
2The notation U, x|< 18 a shorthand for Uy 1 ap. x| <i-
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2. The sequence k € [1,d] — ||z||x is nonincreasing and we have the implication (resp.
equivalence), for any 1 € [[1,d],

bo(x) <1 = [l = lll=lla , (7¢)
(resp.  lo(z) <1 = |lzlli = llzlla (<= ll=ll < llzlla) -) (7d)

3. The sequence k € [1,d] — ||z||x s nonincreasing and we have the inequality (resp.
equality)

lo(x) > min {k € [1,d] | l=llx = llzlla} , (7e)
(resp.  Lo(z) = min {k € [1,d] | |lzllx = ll=lla} - ) (7f)

3 Coordinate-£ norms and dual coordinate-k norms

In § 3.1, we provide background on norms. Then, in § 3.2, we introduce coordinate-k norms
and dual coordinate-£ norms.

3.1 Background on norms

For any norm ||| on R?, we denote the unit sphere S and the unit ball B by
S—{weR!||lall =1}, B {weR?|Jlal <1} . 0
Dual norms. We recall that the expression |[y[|, = supy,j<; (z, ), Yy € R?, defines
a norm on RY called the dual norm |-||,. By definition of the dual norm, we have the
inequality
(@, ) < el < flyll . ¥(z,y) € R x R (9)

We denote the unit sphere S, and the unit ball B, of the dual norm ||-||, by
S, ={y eR[|lyll. =1}, B.={y e R'|[lyll. <1}. (10)
Denoting by og the support function of the set S C R? (05(y) = sup,cg (z, y)), we have
Il = o, = os, and |-l = 0w = 05, (11)

where B, = B® = {y € R? ‘ (x,y) <1, Vz e IB} is the polar set B® of the unit ball B.



Restriction norms.
Definition 3.1 For any norm ||-|| on R? and any subset K C [1,d], we define

e the K-restriction norm ||-||x on the subspace Rk of RY, as defined in (4), by

e = =l Vo & R . (12)

o the (K, %)-norm |||k, on the subspace Rk of R%, which is the norm (||-|x),. given by
the dual norm (on the subspace Ry ) of the restriction norm ||-||x to the subspace Rx
(first restriction, then dual).

We have that [9, Equation (13b)]

Iyllzes = orpcrm(y) = orirs(y) » Yy € Ric - (13)

3.2 Coordinate-k and dual coordinate-k norms

Source norm. Let ||-|| be a norm on R%, that we will call the source norm.

Definition of coordinate-k and dual coordinate-£ norms.

Definition 3.2 For k € [1,d], we call coordinate-k norm the norm ||||||5€) whose dual norm

is the dual coordinate-k norm, denoted by ||||||zi) ., with expression®

R
Iyl gy = sup llyxllecs , Yy € R, (14)
K<k

where the (K, *)-norm ||-|| k.« s given in Definition 3.1.

It is easily verified that ||||||Zi)* indeed is a norm. We adopt the convention H||||Z§)* =0
(although this is not a norm on R?, but a seminorm).

Examples. Table 1 provides examples [9,10]. With this, we define the top (k, ¢)-norms in
the last right column of Table 1. The (p, k)-support norm, in the middle column of Table 1,
is defined as the dual norm of the top (k, ¢)-norm, with 1/p+1/q = 1.

To prepare Sect. 4, we provide properties of coordinate-k and dual coordinate-k norms.

3The notation Sup| g |<y, is a shorthand for sup gy 41,15 |<k-



[ source norm [J-|| | [ | [ |

| [l (p, k)-support norm top (k, g)-norm
el i,
k
= (i w1 p+1/g=1
[P (1, k)-support norm top (k, 00)-norm
¢1-norm {-norm
][ = [l]x Yl5se = 19| = [[¥lloo
Il 2 (2, k)-support norm top (k,2)-norm
n k
Yl = /22521 [ 1P
Il (00, k)-support norm top (k, 1)-norm
tn k
|y] k1l = Zj:l ’yu(j)‘

Table 1: Examples of coordinate-£ and dual coordinate-k norms generated by the ¢, source
norms ||| = || - ||, for p € [1,00]. For y € R%, v denotes a permutation of {1,...,d} such

that ’yu(l)’ > ‘yu(2)| > 2 ‘yu(d)|

Properties of dual coordinate-k£ norms. We denote the unit sphere S@)’* and the unit

ball Bﬁ%* of the dual coordinate-k norm |||]Hﬁ)* in Definition 3.2 by

R R
Sthya = 1 e R Wl =1} Bl ={y e Rl <1}, kelldl. (15
Proposition 3.3

e Fork € [1,d], the dual coordinate-k norm satisfies

R
|”ym(k),* = \Is(l\lfk U(RKOS)(y) = O_ggkms(y> = U@gkﬂS(y) ) Vy € Rd . (16)

o We have the equality

R
-1l = M1y (17)
e The sequence {|||-|||§)7*}je[[1 ; of dual coordinate-k norms in Definition 3.2 is nonde-

creasing, that is, the following inequalities and equality hold true:

R R R R
Myl < - < Mol Gy < MyllGony < - < Mol = llwlle . ¥y e R (18)

e The sequence {EE)*} L of units balls of the dual coordinate-k norms in Defini-
*J jeld

tion 3.2 is nonincreasing, that is, the following equality and inclusions hold true:

B*:B@)’*C"'CBE_,'_U’*C]B@),*C"‘CBE)’*. (19)



Proof.
e For any y € RY, we have

9%, = s ol (o ccfntion (14) o %, )
= If(lllp o(Rxrs) (YK) (as lyx |k x = o(ryxrs) (i) by (13))
= |IS(1|1£I<: J:E%;I()HS (T, YK) (by definition of the support function oz, ns))
= P up Y (by (5) as @ € Ri)
= |IS<1|1£k O(RkNS) (v) (by definition of the support function U(RKOS))

= O k<1 (RxNS) (y) (as the support function turns a union of sets into a supremum)
<k
U£<kmS(y) (as 56 nsS = U|K|§k(RK NS) by (6))

To finish, we will now prove that O sk

skns=r3kns.
First, we establish the (known) fact that (5% = éogk. The inclusion (5% C E(?k is easy because,

on the one hand, (g kc Eogk and, on the other hand, the level set Egk in (3a) is closed, as follows
from the well-known property that the pseudonorm /y is lower semicontinuous. There remains to

ns = Te=kns: For this purpose, we show in two steps that

prove the reverse inclusion ng C Eozk . For this purpose, we consider x € E(?k. If z € fozk, obviously
x € onk. Therefore, we suppose that fy(z) = [ < k. By definition of {y(x) in (1), there exists
LC {1, . ,d} such that |[L| =1 < k and = z1. For € > 0, define z¢ as coinciding with x except
for k — [ indices outside L for which the components are € > 0. By construction ¢y(z¢) = k and
x¢ — x when € — 0. This proves that €<k C 6?"3

Second, we prove that Eg NS =ty kN'S. The inclusion E nsS c Z— NS, is easy. Indeed,
8(?7 = ng = Eozk NS c E(Tk ns = E;k N'S. To prove the reverse inclusion Zg NS C {y kNS, we
consider x € E(%kﬁS. As we have just seen that E(?k = 657, we deduce that x € 60:7’“. Therefore, there
exists a sequence {2z}, in ¢5% such that z, — = when n — +o00. Since x € S, we can always
suppose that z, # 0, for all n € N. Therefore z,,/||z,|| is well defined and, when n — 400, we have
zn/llznll = @/||z]| = @ since z € S = {z € X| ||| = 1}. Now, on the one hand, z,/|z[| € (5¥,
for all n € N, and, on the other hand, z,/||z.[| € S. As a consequence z,/||z.| € £5% N'S, and we
conclude that x € Ezk’ N'S. Thus, we have proved that Egk NS C E(fk nS.

Fromﬁ OS—K kﬂS wegetthata<k

we have proved all equalities in (16).

s = OgFns = Ttk by [11, Proposition 7.13]. Thus,
e By the equality [|y|(},, = 0y<kpg(y) in (16), we get that, for all y € R, Iyl (.. = 0y<ing(¥) =
os(y) = |[yll« since £5% = R% and by (11).

e The inequalities in (18) easily derive from the very definition (14) of the dual coordinate-k
norms |HH|5€) - The last equality is just the equality (17).

e The equality and the inclusions in (19) directly follow from the inequalities and the equality
between norms in (18).



This ends the proof. O

Properties of coordinate-k norms. We denote the unit sphere Sﬁ) and the unit ball Bﬁ)

of the coordinate-k norm |||H|Z§) by
R R
Sty = {z e R Jlzllgy =1} . Bf) = {z e R | lallg) <1} (20)
We adopt the convention Bf§y = {0} (although this is not the unit ball of a norm on R?).

Proposition 3.4

e Fork € [1,d], the coordinate-k norm ”HH@) has unit ball

Bf, = ( | (RknY)) . (21)

|K|<k
where ©o(S) denotes the closed convex hull of a subset S C RY.

e We have the equality

R
(1t ay = M-I (22)
e The sequence {HHHZ)}]EH1 ; of coordinate-k norms in Definition 3.2 is nonincreasing,

that is, the following equality and inequalities hold true:

R R R R
lzll =zl < - < NallGary < NellGy < - < lally, Ve eR?. (23)
o The sequence {IB%E)} L of units balls of the coordinate-k norms in (21) is nonde-
jelld
creasing, that is, the following inclusions and equality hold true:
R R R R
Proof.
e For any y € RY, we have
Iyl = sup o(ryrs)(®) (by (16))
|K|<k

= UU|KI<k(RKQS)(y) (as the support function turns a union of sets into a supremum)

= UE(U‘K@C(RKWS)) (y) (by [11, Proposition 7.13])

and we conclude that Bﬁ) = @(U”ﬂgk(RK NS)) by (11). Thus, we have proved (21).



e From the equality (17), we deduce the equality (22) between the dual norms by definition of the
dual norm.

e The equality and inequalities between norms in (23) easily derive from the inclusions and equality
between unit balls in (24).

e The inclusions and equality between unit balls in (24) directly follow from the inclusions and

equality between unit balls in (19) and from IB%E) = (BEL *)Q, the polar set of ]B%E)’ Y

This ends the proof. O

We recall that the normed space (R [|-]]) is said to be strictly convez if the unit ball B
(of the norm ||-|||) is rotund, that is, if all points of the unit sphere S are extreme points of the
unit ball B. The normed space (R%,|| - [|,), equipped with the £,-norm || - ||, (for p € [1, o0]),
is strictly convex if and only if p €]1, ool.

We now show that the sequences {”H”E)} wal of coordinate-k norms (in Definition 3.2)

Jell,

are naturally decreasingly graded with respect to the ¢, pseudonorm (as in Definition 2.1).
Part of the proof relies upon the forthcoming Lemma 3.6.

Proposition 3.5

1. The nonincreasing sequence {H|H|5)} : of coordinate-k norms is decreasingly graded

jelld
with respect to the Ly pseudonorm, that is, for any l € [1,d],

R

bo(z) <1 = |lz]l = ll=llgy , Vo eR?. (25a)
2. If the normed space (R%, ||-||) is strictly convez, then the nonincreasing sequence {|||]H§)} L
jelld

of coordinate-k norms is strictly decreasingly graded with respect to the ¢y pseudonorm,
that is, for any l € [1,d],

lo(x) <1 <= |lzll = llzllgy , Vo € R (25b)

Proof.
e We prove Item 1. As the sequence {H||HE)} —_ of coordinate-k norms is nonincreasing by (18),
J E K

it suffices to show that (7c) holds true — that is, that (25a) holds true — to prove that the sequence
is decreasingly graded with respect to the ¢y pseudonorm (see Definition 2.1).
Now, for any = € R? and for any k € [1,d], we have®

“ 2

4In what follows, by “or” we mean the so-called exclusive or (exclusive disjunction). Thus, every “or
should be understood as “or x # 0 and”



relst — z= or I meé

(by O—hornogeneity (2) of the ¢y pseudonorm, and by definition (3a) of E(?k)

< z=0or H € E ns (as Ty € S by definition (8) of the unit sphere S)
= r=0o |r| 1€ U ®Rxns (as 65" = Uyej<i Ric by (6))
|K|<k

— = H’ W € IB%R (as ]BBZ%) = @(U‘KKk(RK NS)) by (21))
= z=0or ||+ W il |H § 1 (since Bﬁ) is the unit ball of the norm ]|||ch) by (20))
= llzllfiy < Il

= H]:cmﬁ) < |||l = |H:L’|HZ§) (where the last equality comes from (23))
= llzllfiy = llllg - (as Iy = N2/l by (23))

Therefore, we have obtained (25a).

e We prove Item 2. As the sequence {H||HE)} —_ of coordinate-k norms is nonincreasing by (18),
J e K
it suffices to show that (7d) holds true — that is, that (25b) holds true — to prove that the sequence

is strictly decreasingly graded with respect to the ¢y pseudonorm (see Definition 2.1).
We suppose that the normed space (R?, [|-[|) is strictly convex. Then, for any z € R? and for
any k € [1,d], we have °

relyt — z= =

by 0-homogeneity (2) of the ¢y pseudonorm, and by definition (3a) of Kogk

< rz=0o0r —— € £<k ) (as m € S by definition (8) of the unit sphere S)

— z=0o0r — eIB%R ns

as ng nsS = Bﬁ) N'S by (27) since the assumption of Lemma 3.6 is satisfied, that is, the normed

space (R?,[-[|) is strictly convex

R
< r=0o0r H| |H < 1 (since Bﬁ) is the unit ball of the norm H||H5€) by (20))

R
= JleliF, < Il

= |H:U|H5€) <zl = |||l‘|||@) (where the last equality comes from (23))
= Izl = N2l (as Nl2lIR, > eI, by (23))

5See Footnote 4.
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Therefore, we have obtained (25b).

This ends the proof. O

R
5}

graded ‘ strictly graded

]Il is any norm v
(R, [II]I) is strictly convex v

Table 2: Table of results. It reads as follows: to obtain that the sequence {||||||Z§)} Ll
jelld
be graded (second column), it suffices that [||-|| be any norm; to obtain that the sequence

{|||-|||5)}je[[1 ; be strictly graded (third column), it suffices that (R?, ||-||) be strictly convex.

Table 2 summarizes the results of Proposition 3.5. As an application with any ¢,-norm ||-
|, for source norm (for p € [1, 00]), we obtain that the nonincreasing sequence {H'H;Ivlj}je[[l,d]]
of (p, k)-support norms (see Table 1) is strictly decreasingly graded w.r.t. the ¢y pseudonorm

for p €1, 00[. This gives, by (7f):

lo(z) = min {k e [1,d] ‘ I

o= llally ), Vo €R?, Wpell ool (26a)

We also have that the sequence {||||;nj} is decreasingly graded with respect to the

j€lld]
¢y pseudonorm for p € [1,00]. Looking at Table 1, the only interesting case is for p = oo,
giving, by (7e):

fo(2) > min {k e [1,d] ‘ [Er Hx||oo} , Yz e RY. (26b)

Lemma 3.6 Let [||| be a norm on RY. If the normed space (R, ||-||) is strictly convez, we
have the equality

(" NS =B NS, Vke[0,d], (27)

where (3 is the level set in (3a) of the ly pseudonorm in (1), where S is the unit sphere
in (8), and where IB%Z%) in (20) is the unit ball of the norm |H|||§c)

Proof. It is proved in [9, Proposition 14] that, if the unit ball B is rotund — that is, if the
normed space (R?, ||-||) is strictly convex — and if A is a closed subset of S, then A = co(A) NS.

Now, we turn to the proof. First, we observe that the level set €§k is closed because the
pseudonorm £y is lower semi continuous. Second, we have

shns=a(zFns)ns

11



because Egk NS C S and is closed, and because the unit ball B is rotund

=w( |J (RkNS)NS (by (6))
|K|<k
=B}, NS (by (21))
This ends the proof. O

4 The Capra-conjugacy and the /; pseudonorm

We introduce the coupling CAPRA in §4.1. Then, we provide formulas for CAPRA-conjugates
of functions of the ¢y pseudonorm in §4.2, for CAPRA-biconjugates of functions of the
¢y pseudonorm in §4.3, and for CAPRA-subdifferentials of functions of the ¢, pseudonorm
in §4.4.

We work on the Euclidian space R? (with d € N*), equipped with the scalar product
(-, -) (but not necessarily with the Euclidian norm). As we manipulate functions with values
in R = [—00,+00], we adopt the Moreau lower (+) and upper (+) additions [12], which
extend the usual addition (+) with (+00) + (—o00) = (—00) + (+00) = —o0 and (+00) +
(—00) = (—00) + (+00) = +oc. For any subset W C W of a set W, dy : W — R denotes
the characteristic function of the set W: oy (w) = 0 if w € W, and dy (w) = o0 if w & W.

4.1 Constant along primal rays coupling (Capra)

We introduce the coupling CAPRA, which is a special case of one-sided linear coupling, as
introduced in [8]. Fenchel-Moreau conjugacies are recalled in Appendix A.

Definition 4.1 Let ||-|| be a norm on RY. We define the constant along primal rays cou-
pling ¢, or CAPRA, between RY and itself by
(z, y)

Vy eRY, ¢z,y) , Vo e RA{0} and ¢(0,y) =0. (28)

IE

We stress the point that, in (28), the Euclidian scalar product (x, y) and the norm term
||| need not be related, that is, the norm |||-|| is not necessarily Euclidian.

The coupling CAPRA has the property of being constant along primal rays, hence the
acronym CAPRA (Constant Along Primal RAys). We introduce the primal normalization
mapping n, from R? towards the unit sphere S united with {0}, as follows:

n:Rd—>SU{O},n(x):mi—mifx%Oandn(O)zo. (29)
With these notations, the coupling CAPRA in (28) is a special case of one-sided linear
coupling, the Fenchel coupling after primal normalization: &(x,y) = (n(x), y), Vo € RY,
Vy € RY. We will see below that the CAPRA-conjugacy, induced by the coupling CAPRA,
shares some relations with the Fenchel conjugacy (see Appendix A).
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Capra-conjugates and biconjugates. Here are expressions for the CAPRA-conjugates
and biconjugates of a function. The following Proposition simply is [8, Proposition 2.5] with
the normalization mapping n in (29).

Proposition 4.2 For any function g : R — R, the ¢/-Fenchel-Moreau conjugate is given
by
¢
gr =9 on. (30a)

For any function f :R* — R, the ¢-Fenchel-Moreau conjugate is given by

£€ = (inf [f | n])", (30D)

where the conditional infimum inf [f | n}, defined in [8, Definition 2.4/, has the expression

. . , , infy~o f(A freSuU{0},
inf [f | n](z) = inf { f(2') | n(z') = 2} = {lj—lo;\) o f(Az) Zi 25U }Oi | (30c)
and the ¢-Fenchel-Moreau biconjugate is given by
f¢¢/ = (f¢)*/on: (inf [f | n})**/on. (30d)

The ¢-Fenchel-Moreau conjugate f¢ is a closed convex function (see Appendix A).

Capra-convex functions. We recall that so-called ¢-convexr functions are all functions of
the form g¢ , for any g : R — R, or, equivalently, all functions of the form f¢¢ , for any

f:RY = R, or, equivalently, all functions that are equal to their ¢-biconjugate ( f¢¢/ =)
[4-6]. We recall that a function is closed convex on R? if and only if it is either a proper
convex lower semi continuous (Isc) function or one of the two constant functions —oo or
+00o (see Appendix A). The following Proposition simply is [8, Proposition 2.6] with the
normalization mapping n in (29).

Proposition 4.3 A function is ¢-convex if and only if it is the composition of a closed
CONver fun_ctz'on on R? with the normalization mapping (29). More precisely, for any function
h:R? = R, we have the equivalences

h is ¢-convexr < h = h¢¢l
S h= (h¢)*/ o n (where (h¢)*/ is a closed convex function)

& there exists a closed conver function f : R? — R such that h= fon.

For instance, letting ||-|| be any norm on R? (not necessarily the Euclidian norm), the function
[|-I/I]Il (with the value 0 at 0) is ¢-convex.

13



Capra-subdifferential. Following the definition of the subdifferential of a function with
respect to a duality in [13], the CAPRA-subdifferential of the function f: R? — R at x € R?
has the following expressions

Def (@) = {y € R| f9(y) = e(a,p) + (—f(x)) } (322)
= {y e RY| (inf [f | n])"(y) = (n(2), y) + (—f(2))}, (32b)

so that, thanks to the definition (29) of the normalization mapping n, we deduce that

0ef(0) = {y e R?| (inf [f [ n])"(y) = —F(0)} (32c)
0 (@) = {y € RY| (inf [£ | n])"(y) = % L (=f@)}, Ve eRA0}.  (32d)

Now, we turn to analyze the ¢, pseudonorm by means of the CAPRA conjugacy.

4.2 Capra-conjugates related to the ¢/, pseudonorm

With the Fenchel conjugacy, we calculate that 6, = d(oy for all k& € [1,d] — where (5£§k is
0

the characteristic function of the level sets (3a) — and that {5 = ;0. Hence, the Fenchel
conjugacy is not suitable to handle the ¢y pseudonorm.

By contrast, we will now show that functions of the ¢y pseudonorm in (1) — including the
¢y pseudonorm itself and the characteristic functions o (st of its level sets (3a) — are related to
the sequence of dual coordinate-k norms in Definition 3.2 by the following CAPRA-conjugacy
formulas.

Proposition 4.4 Let ||-|| be a norm on R?, with associated sequence {||||||5) *} Ll of dual
*J jelid
coordinate-k norms in Definition 5.2, and associated CAPRA-coupling ¢ in (28).
For any function ¢ : [0,d] — R, we have (with the convention HHHZE)* =0)
(pot)® = suwp [IMIF,. - ¢()] - (33)

J€[0,d]

Proof. We prove (33):

. ¢
(poto) = int (31 +¢0)])

because ¢ o fy = infjc[o q [(Sé:j + ¢(j)] since ¢ o £y takes the values ¢(j) on the level curves Zozj
’ 0
of €0 in (3b)

= sup [0, + ()]
jefo,d] — °

14



as conjugacies, being dualities, turn infima into suprema

= sup [5¢ | (—gp(j))] (by property of conjugacies)
jefo,d] o

= sup [Un%:j) + (—¢())] (as 5;; = Oz by [8, Proposition 2.5])
jelo,d] 0

= sup {sup {0,050} + (—0()}

J€[0,d]

as n(f, 7y = {otu (¢ J NS) by (29), and as the support function turns a union of sets into a
supremum

= sup {aé s T (—¢())} (as 7= —j g = 0 since £y Ins=-— (ﬁozjﬂS))
j€[0,d]

— R . _ R

=sup {-0(0). sup Il ~ 2]} (85 0=ig = I . by (16))

jeli.d °

= sE)p “”?JW(J gp(j)} . (using the convention that |HH|Z%)* =0)

JE k)
This ends the proof. O

With ¢ the identity function on [0, d], we find the CAPRA-conjugate of the £y pseudonorm.
With the functions ¢ = djo 4 (for any & € [0, d]), we find the CAPRA-conjugates of the char-
acteristic functions 5€§k of its level sets (3a). The corresponding expressions are given in
Table 3.

4.3 Capra-biconjugates related to the ¢/, pseudonorm

With the Fenchel conjugacy, we calculate that §;%, = 0, for all k € [1,d], and that £ = 0.

Hence, the Fenchel conjugacy is not suitable to handle the ¢y pseudonorm.
By contrast, we will now show that functions of the ¢y pseudonorm in (1) — including the
¢y pseudonorm itself and the characteristic functions (s of its level sets (3a) — are related

to the sequences of coordinate-k norms and dual coordinate-k norms in Definition 3.2 by the
following CAPRA-biconjugacy formulas.

Proposition 4.5 Let ||-|| be a norm on R?, with associated sequence {||||||6’)} > of
Jel,

coordinate-k norms and sequence {HHH*Z)} L of dual coordinate-k norms, as in Defi-
je[1,d

nition 3.2, and with associated CAPRA coupling ¢ in (28).

1. For any function ¢ : [0,d] — R, we have

(00 l) (@) = (90 o))" (-

|||x|||) ., Vz e R\{0} , (34a)

15



where the closed convex function (((p o EO)¢) * has the following expression as a Fenchel
conjugate

/

(009" = (sup [HIF,. ~¢()]) " (31D)

and also has the following four expressions as a Fenchel biconjugate

/

= (it [5r +o()]) (34c)

jelo,d] - ~@

hence the function (((p o 60)¢)*, 15 the largest closed convex functz’on below the integer
valued function inf;cpo q) [(51322) + ¢(4)], such that x € B \]B%(] o) forl e [1,d],

and x € IB%R {0} — ©(0), the function being mﬁmte outszde IB% @ = B, that is, with
the conventzon that IB%R = {0} and that inf ) = +o00

/

= (x — inf {o(j) | S IB%E) , J € [[O,d]]})** , (34d)
= (]gﬁfdﬂ [0 + (4 ﬂ)** : (34¢)

hence the function ((gp o €0)¢)*/ 15 the largest closed convex function below the integer
valued function infcpo qp [585_) + go(j)} , that is, with the convention that SZ%) = {0} and
J

that inf ) = +o00

’

= (:1: — inf {©(j) | x € SE) , j € [[O,d]]}>** - (34f)

. For any function ¢ : [0,d] — R, that is, with finite values, the function ((4,0 o Eo)¢)*l
is proper convex lsc and has the following variational expression (where Agy1 denotes
the simplex of R4!)

((po EO)¢)*/(QU) = min Z Nip(j), Vo eRY. (34g)

(A0, A1,y /\d)eAd-H

1623 1A IB%E)

. For any function ¢ : [0,d] — Ry, that is, with nonnegative finite values, and such
that ©(0) = 0, the function ((cp o EO)¢)* is proper convex Isc and has the following two

16



variational expressions®

1)) (z) = Xio(j), Vo e RY, 34h
((po)?)" (x) (Ao,Al,H,lAl?EAdHZ jeli), Vo (34h)
xGZ] 1)\]SZ§) o
_ d :
= o M Zs& DN, vz e RY, (341)
R EO e R
delzm_x

and the function (p o €0)¢¢’ has the following variational expression

1
€¢¢ _— 2\ (), Vo € RN\{0} . 35
(90 0) ( ) H’%’”’ (1)€Rd (‘i)ERd Z”' |” ] \{ } ( )
S IR <l
Zd_lz(J)—

/

Proof. We first note that (p o Eo)¢¢l = ((po £0)¢)*/ on, by (30d), and we study ((¢ o €0)¢)*

1. Let ¢ : [0,d] — R be a function. The equality (34a) is a straightforward consequence of
the expression (30d) for a CAPRA-biconjugate, and of the fact that n(x) = HI%IH when = # 0
by (29). We have

(oo )9)" = ( sup (M.~ #9]) (by (33))

j€l0,d

( sup [opr —w(y)])*

je[0,d] (4)

by (11) as 1835) is the unit ball of the norm |||H|5) by (20) and with the convention IB%Z%) = {0}

:< sup [6xr — o(J )]) (because 6z = opr )

jelod] o) B B

= < sup (6pr + go(j))*)* (by property of conjugacies)
jef0,d] ©)]

= <<]elﬁ)fd]] [(SBR + cp(j)])*) S

as conjugacies, being dualities, turn infima into suprema

= (inf [oax +0()]) - (by (46¢))

jefo,d] - PG

In (34g), the sum starts from j = 0, whereas in (34h) and in (34i), the sum starts from j = 1

17



Thus, we have obtained (34c) and (34d). Now, if we follow again the above sequence of

equalities, we see that, everywhere, we can replace the balls IEB@) by the spheres 86), since

-1 )+ = OSE, = 5SZ2). Thus, we obtain (34e) and (34f).
. Let ¢ : [0,d] — R be a function. Then the closed convex function ((¢ o 60)¢)*l is proper.
Indeed, on the one hand, it is easily seen that the function (¢ o Ko)¢ takes finite values, from
which we deduce that the function ((¢ o KQ)¢)*I never takes the value —oo. On the other
hand, by (34a) and by the inequality (o €O)¢¢l < ¢ o £y obtained from (45e), we deduce
that the function ((cp OEO)¢)*/ never takes the value 400 on the unit sphere. Therefore,
the((¢ o Eg)¢)*l is proper.

For the remaining expressions for ((gp ) 80)¢)*/, we use a formula [14, Corollary 2.8.11] for
the Fenchel conjugate of the supremum of proper convex functions f; : R? - R, j € [0,n]:

n

ﬂ domf; #0 = ( sup fj)*: min (Z/\jfj)*, (36)
§=0

§=01,...n 7=0,1,...n (A0sA 1A ) EAR 11

where domf = {z € R? ‘ f(x) < +oo} is the effective domain (see Appendix A), and where
Ap41 is the simplex of R*1. We obtain

(e 0))" = ( sup [m I = #()])" (by (33))

je[o

= (s [aw —o()])’

jefo,d) - )

by (11) as B, is the unit ball of the norm [|-[|5) by (20) and with Bf§, = {0}

/

A [ose — o))" (by (36))

M&

min <
(A0sA 15 a)EAG 1 =0

by [14, Corollary 2.8.11], as the functions f; = OB~ ©(j) are proper convex (they even take
J
finite values), for j € [0, d]

= min (
(/\o,>\1, A EAG41

Z)‘JSD )

R
0 AiBG)

18



as, for all j € [1,d], \jopr = TN ER since A\; > 0, and then using the well-known property

that the support function of a Minkowski sum of subsets is the sum of the support functions
of the individual subsets [15, p. 226]

= min ( r A )
TS SAd)EAG 11 ) Z_: 5

(thanks to the convention IB%Z%) ={0})

d
= min o + s . )
JETR e v I (st e ]z; 0

(by property of conjugacies)

d
= min 1) + Aio(d )
(/\0,)\1, )AL ( >S9 NBY ; ie(5)

(because Z;'l:1 )\jIB%E) is a closed convex set.)

Therefore, we deduce that, for all z € R?,

d
o/ ¢*,£L' = min Aip(7), which is (34g).
(o)) (@)= = ’Ad)eAdH; i) (34g)
xEZJ Ry IBSZ)

3. Let ¢ : [0,d] — Ry be a function such that ¢(0) = 0. Then the closed convex function
((gp ) 60)¢)* is proper, as seen above. We go on with
, d
((<p o £0)¢)* (x) = min Z Nip(J) (because ¢(0) = 0)

(A0sA L5 Ad) EAG 11 =

d
€Yy )‘]BE)

/\1207--~7/\d20
PICIRPYLS
Zd Z(J

because (Ao, A1,...,Aq) € Agyq if and only if Ay > 0,...,\; > 0 and 2?21 Aj <1 and
N=1-1 N

= ZMJ‘P 7)

(1) R (

s GS( Ty ES(d)] 1
M1>d0, Hd>0
Zj 1P«J<1



because, on the one hand, the inequality < is obvious as the unit sphere Sg) in (15) is included
in the unit ball BE) for all j € [1,d]; and, on the other hand, the inequality > comes from

putting, for j € [1,d], p; = )\jH]z(j)\HZ) and observing that i) X% pu; = 24 | )\jmz(j)mg) <

Zle Aj <1 because |||z(j)|||5) <laszU e BE) i) for all j € [1,d], there exists s¥) € SE)

such that )\]Z(‘]) — /’L]S(]) (take any S(]) when z(j) =0 because :uj = O7 and take 3(]) = m (Z]()JlﬁR
2 G)

y e - j R y 1 ] R

when 20 £ 0 iif) 3, Aje(s) 2 2251 Ml Dl Gye () = Sy e () because 1 > [20)]] g,

and ¢(j) > 0

d
= i A G
z“)eRgl.l.,r,lz<d)eRdjz<’0(‘7)H|Z ) >
S DG <1
Y4 W=z

by putting z() = 11;50), for all j € [1,d]. Thus, we have obtained (34h).
Finally, from (¢ o 60)¢¢, =((po EO)¢)*I on, by (30d), we get that

d
' 1 : . N R
(0 0)° () = min S oG, . e e R0}
Tl o ertmon cge 2

R -
S =D <l
S, 20 =g

where we have used that n(z) = ey When z # 0 by (29). Therefore, we have proved (35).

This ends the proof. O

Before finishing that part on CAPRA-biconjugates, we provide the following characteri-
zation of when the characteristic functions ¢,<x are ¢-convex.
0

Corollary 4.6 Let ||-|| be a norm on R, with associated sequence {HHHE)} ) of coordinate-
jelLd
k norms in Definition 3.2 and associated CAPRA coupling ¢ in (28).
The following statements are equivalent.
1. The sequence {HHHE)} L of coordinate-k norms is strictly decreasingly graded with
jelld

respect to the ly pseudonorm, as in Definition 2.1.

2. For all k € [0,d], the characteristic functions 5€§k are ¢-convex, that is,

5%2 =G, ke [o.d]. (37)
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Proof. We start by providing an expression for (5¢¢ For any k € [0,d], we have
0

’

55; = <j€iﬁ’(l)fd}] [5BR d70,k] (])]) on (by (34c) with the functions ¢ = dpg )

by the inclusions BR, C --- ¢ BY, in (24) and by the convention B, = {0
(1) (k) (0)

= 6135@) on (because the unit ball IB%Z%) is closed and convex)

= onEg)

where, by (29), n_l(IB%Z%)) = {0} U {z € RN\{0} | |||mi—m|||§) < 1}, so that we go on with

= Ofper | 2l <ll2]}
-

{reRe| 2%, =llel} (using the equality and inequalities between norms in (23))

Therefore, we have

’

vk €[0,d] , fk — 0y
ke [0.d), (xefé’“ = lallfy = lell, o € )

& (7d) holds true for th {I0% }
(7d) holds true for the sequence < ||| 5 sl
(because = € Egk <= /lo(x) < k by definition of the level sets in (3a))

s HIF is strictly decreasingly graded w.r.t. the ¢y pseudonorm
U jen,a

because this sequence is nonincreasing by (18) (see Definition 2.1).
This ends the proof. O

Notice that, by Item 2 in Proposition 3.5, it suffices that the normed space (R<, ||-[||) be
strictly convex to obtain that the characteristic functions 9, < are ¢-convex, for all k € [0, d].

This is the case when the source norm is the ¢,-norm || - Hp for p €]1, o0|.

Determinining sufficient conditions under which the ¢, pseudonorm is ¢-convex requires
additional notions. This question is treated in the companion paper [10].
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4.4 Capra-subdifferentials related to the ¢, pseudonorm

With the Fenchel conjugacy, we calculate that 85€§k(x) = {0} for z € /5% and k € [1,d]
(when z ¢ 05", 85€§k(x) = ). We also calculate that 9¢y(0) = {0} and 9¢y(z) = @, for all

r € RN\{0} (indeed, this is a consequence of £5* (z) = 0 # £o(x) when 2 € R\ {0}). Hence,
the Fenchel conjugacy is not suitable to handle the ¢, pseudonorm.

By contrast, we will now show that functions of the ¢y pseudonorm in (1) — including
the ¢y pseudonorm itself and the characteristic functions o (st of its level sets (3a) — display
CapraA-subdifferentials, as in (32a), that are related to the sequence of dual coordinate-k
norms in Definition 3.2 as follows. For this purpose, we recall that the normal cone N¢(z)
to the (nonempty) closed convex subset C' C R? at x € C' is the closed convex cone defined
by [15, p.136]

No(z) ={y eR?| («/ —z, y) <0, Va' € C}. (38)

Proposition 4.7 Let ||-|| be a norm on R?, with associated sequence {||||||*Z)} : of dual
1d

J€l
coordinate-k norms, as in Definition 3.2, and associated CAPRA-coupling ¢ in (28).
Let ¢ : [0,d] — R be a function and x € R? be a vector.

e The CAPRA-subdifferential, as in (32c), of the function @ o ly at x =0 is given by

Oepolo)0) = () [p() + (—#(0))]BE).. . (39)

Je[1.d]

where, by convention )\BE)’* =0, for any \ € [—o0,0[, and +ooIB%5)7* = R<.

e The CAPRA-subdifferential, as in (32d), of the function poly at x # 0 is given by the
following cases

— if l =ly(x) > 1 and either p(l) = —oc0 or ¢ = +00, then 8¢(gp o ly)(z) = R,

)
— ifl =lo(x) > 1 and ¢(l) = +o00 and there ezists j € [0,d] such that ¢(j) # +oo,
then 8¢(g0 o ly)(z) =10,

— ifl ="Vlo(x) > 1 and —o0 < p(l) < +o0, then

(NS N]Eg)(m> and

- | (40)
I € argmaxcpo g [l . — #(7)] -

y € 0ulpoly)(z) {

Proof. We have

y € Oplpolo)(z) < (po 0)%(y) = ¢(x,y) + (—(poly)(x))
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by definition (32a) of the CAPRA-subdifferential
= s (191 = 2()] = e ) + (~(e 0 o) (@)

j€lo,d
(as (9 £0)(y) = supjeqoy | I8l — ()] by (33))

= (a=0ad sw [V, - ¢()] = —¢(0)

or (z and su R _ ] = &) -
(220 and su I~ #0)] = 7 —#(6@)

(by definition (28) of ¢(x,y))
Therefore, on the one hand, we obtain that
y €090 lo)(0) < IIylIE). — () < —p(0), Vi€ [L.d] (as [yl = O by convention)
= [yl < o) + (=2(0) , ¥j € [1,d]

by property of the Moreau upper addition [12]

= ye () [e0)+ (—0(0)]BE, ., ,
Jjeli,d]

R Rd.

: R
where, by convention ABj) = (), for any A € [—o0,0[, and +0oB 5, ,

On the other hand, when z # 0, we get

yeuwolo)@) = sw [IIR). - ()] = L2 — p(to(w)) (41a)
jelo,d] |l

We now establish necessary and sufficient conditions for y to belong to 8¢(<,0 o lp)(z) when z # 0.
We consider # € R¥\{0}, and we denote L = supp(x) and [ = |L| = £o(z). We have

Yy < a¢((p o Eo)(l')

. x, .
= swp [IIR, - o()] = &2 — o) (by (41a) with fo(z) = 1)
jel0,d] |l
R R . <l‘, y)
= Wl —el) < sup ||lyll5 . —¢G)] = —p(l
= lyellzs — @ < llyllg. —o@ < sup [lyllG . —eG)] = o(l)
jelod] |l

as |lyrlle« < |||yH|Zl€)* by expression (16) of the dual coordinate-k norm |||y|||zlz)*, and because | = |L|

. Zz, Y
= yzlles - o) < 115, — o0 < sup [, . — 9()] = 22 — o) < lyzlle, - 00)
jelo.d] ||l
(as we have ﬁ;ﬁ = <x||\Lz’Ly\f> < |lyzllz« since x = z, and by (9))
. x, Y
= el — @ = Il — o) = sup_ [I9ll%,, — ()] = <”|x”|> )

J€[o,
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as all terms in the inequalities are necessarily equal

either p(l) = —o0
or (¢(l) = +o00 and ¢(j) = +oo, Vj € [0,d])

or (—oo<g0(l)<+oo and

ror = G = St and oI — o(0) = supjeqoa (I — #()]) -

llyzl
Let us make a brief insert and notice that

v=xp, L@ =1=Ll>1, (z,y) =l < Iyl

lo(x) =1=|L| > 1, (zr, yr) = llzcll x Iyl .

o) =1=1LI > 1, lacll < Nyllf.. < lzoll < llyclliz. (by (9))
L=1L1, i < Nyl

R
Iyl « = Nzl

I

as [lyrllo. < |||y]||zl€) , by expression (16) of the dual coordinate-k norm |Hy|||5)*’ and because [ = |L|.
Now, let us go back to the equivalences regarding y € 8¢(g0 o {p)(z). Focusing on the case where

—00 < ¢(l) < 400, we have

(z, y)

Lyx = |||y|||5),* = |||£L‘||| and [ € a;"g[[lglﬁx [|||?J|||Z§),* - 90(])]

y € Oy olo)(x) < [lycl

& llyzllze = lyllG,. and (z, y) = llll x lyliG,. and i€ alg max [yl — ()]

J€[o,
& (x, y) = Izl < Iyl and I € argmax [[lylIf5, ., — ()]
J€[0,d]

as just established in the insert

& (@, y) = llzlify > NyllG,. and € Arg max [yl — ()]
]e 2

(as Lo(z) =1 = [lz]| = ll«ll) by (25a))

) and I € argmax [[lylI%, . — ¢()]

T
&y € Ngr (——
Ol gy iclo.d]

. R R
by the equivalence {z, ) = [|2lIf x Iy, < v € Nar (2r).
; N

This ends the proof. O
With ¢ the identity function on [0, d], we find the CAPRA-subdifferential of the ¢, pseudonorm.
With the functions ¢ = 6o 4 (for any &k € [0,d]), we find the CAPRA-subdifferentials of the

characteristic functions d,<x of its level sets (3a). The corresponding expressions are given
0
in Table 3.
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5 Norm ratio lower bounds for the [, pseudonorm

As an application, we provide a new family of lower bounds for the ¢, pseudonorm, as a
fraction between two norms, the denominator being any norm.

Proposition 5.1 Let ||-|| be a norm on R?, with associated sequence of dual coordinate-k
norms, as in Definition 3.2. For any function ¢ : [0,d] — [0, +oo[, such that (j) > ¢(0) =
0 for all j € [1,d], there exists a norm ||||||zi) characterized

o cither by its dual norm HHHZz which has unit ball (V;cp q @(j)]B%Z?)’*, that is,

©)*7
B, = () ¢UB, and IS —owe, . (420
JE[1.d]
or, equivalently Iyll%, ., = sup % vy € R? (42b)
’ ’ @ e () 7

e or by the inf-convolution

% = 0O (e@II) (42¢)

je[l,d]

. R
tatis, Nl = i SN veeRs. (a2

zMeRrd, .. (d) cR4

po 12‘”—1 J=1

Then, we have the inequalities

l=llty 1 a IR
< min PPy < e(bo(@)) , Vo e RA{0} . (43)
Tl = Tl o™ 2 0 < #l)
g Bl I ]><|||z\||
Zd,1 ) =g
Proof.
e It is easily seen that OB in (42a) defines a norm, and that, for all y € R?,
©),*
Iyl , = inf {A>0|yeA ﬁ (/)BT ,} = inf {\ > 0] H|?J|H(] <A} = sup % .
() B =1 @) e(d) ~ jefra  #U)
e We have
IR = ou (by (420)
= 0xr (because BF) , is closed and convex)
(), * ®)
= (2 dugep, )
(J) *
je1,d]
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by (42a) and by expressing the characteristic function of an intersection of sets as a sum

= [ %

jel1,d]

using [11, Proposition 15.3 and (v) in Proposition-15.5] because the intersection IB%@) = ﬂ?zl ©(y )IB%E) .
of all the domains of the functions 5@(j)BZ;) contain a neighborhood of 0 since ¢(j) > 0 for all
J 7*

je€[i,d]

=[] ¢ T(G)BF, (as 5;(],)35)* =gk, - forall j € [1,d])
Jjel1,d] '

= [ eOIHIT, (by (11))
jeli.d]

e We consider the coupling ¢ in (28).
By (35) — because the function ¢ : [0,d] — [0,+oo[ satisfies the assumption in Item 3 of

Proposition 4.5 — and by the inequality (¢ o 60)¢¢ < p o {y obtained from (45e), we get that

! i Zymz 5, < e(to(@)) , Vo e RA{0} . (44)

Tl 2 ertnns@ere
Yo IHZ(])HI(])<H|SEIH
Zd_l 2D =z

Thus, we have obtained the right hand side inequality in (43).
By relaxing one constraint in (44), we immediately get that

d
™ RdZ@ MG <, min, Zw WD, < o(to(a) . Ve € B
S, =s Yo 1u|z<]>n|m<|||xm
Z]d_l 2 =g
Thus, we have obtained the left hand side inequality in (43), thanks to (42d). O

For any function ¢ : [0, d] — [0, +o0], such that ¢(j) > ¢(0) = 0 for all j € [1,d], using
Table 1 when the source norm ||-|| is the ¢,-norm ||-||,, for p € [1,00] and 1/p+ 1/q = 1,

we denote ||||||z1) by [[-|[5%,- The calculations show that [|-|[{%, = [|-|[1, and that, when
p €]1, 00], we also have |||}, = |[-||1, whatever p € [1,00], if we suppose that (gp(j))q > 7,

for all 7 € [1,d]. As a consequence, when p = 1, the inequality (43) is trivial. When
p €]1,00], if we take the function ¢(j) = ;Y9 for all j € [1,d], the inequality (43) yields

that Hle (Eo(x))l/ 7 which is easily obtained directly from the Holder inequality.
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H Fenchel conjugacy \ CAPRA conjugacy

5%1*) = 0 = g0y 5;; — 52% = I,
*x! ¢ ,_
0ysk =0 0k = Ofackd | o) %) =ll)
@ lfgo(ﬂf):k‘i‘l,,d,
8(56031@(93) =10 8¢5e§k($) = N[a;%(W) if bo(z) =1,...,k,
Vo € R? Vo € R?
0= b0y 0§ = supsepoq (IR, —J]
o ’ i (VIR
=0 5 (2) = fpmin g, weps ooy illZNG, o Vo € RI(0)
Sy 1D <l
2?21 2 =g
65 (0)=0
94(0) = {0} 8¢€0(0) = nje[[l,d]] jBE),* - Bgd),*
y € Ngr (—2n
oly(x) =0 y € Oplo(x) = { Bﬁ)(‘"af”%) R »
and [ € argmax;cg g [|||?/H|(j),* - J}
Vo € RN\{0} Vz € R1\{0}, where [ = {o(x) > 1

Table 3: Comparison of Fenchel and CAPRA-conjugates, biconjugates and subdifferentials

of the £y pseudonorm in (1), and of the characteristic functions d,<x of its level sets (3a), for
0

k€ [0,d]
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6 Conclusion

In this paper, we have presented a new family of conjugacies, which depend on a given gen-
eral source norm, and we have shown that they are suitable for the ¢y pseudonorm. More
precisely, given a (source) norm on R? we have defined, on the one hand, a sequence of
so-called coordinate-k norms and, on the other hand, a coupling between R? and itself,
called Capra (constant along primal rays). With this, we have provided formulas for the
CAPRA-conjugate and biconjugate, and for the CAPRA subdifferentials, of functions of the
{y pseudonorm, in terms of the coordinate-k norms. Table 3 provides the results of Propo-
sition 4.4, Proposition 4.5, and Proposition 4.7, in the case of the ¢, pseudonorm and of
the characteristic functions 5e§k of its level sets (3a). It compares them with the Fenchel
conjugates and biconjugates. As an application, we have provided a new family of lower
bounds for the ¢y, pseudonorm, as a fraction between two norms, the denominator being any
norm.
In the companion paper [10], we provide sufficient conditions under which the ¢y pseudonorm

is ¢-convex. We are currently investigating how the Capra conjugacies could provide algo-
rithms for exact sparse optimization

Acknowledgements. We want to thank Guillaume Obozinski for discussions on first
versions of this work, as well as the anonymous Referee and Associate Editor whose comments
helped us improve the manuscript.

A Background on Fenchel-Moreau conjugacies

We review general concepts and notations on Fenchel-Moreau conjugacies, then focus on the
special case of the Fenchel conjugacy.

The general case. Let X (“primal”), Y (“dual”) be two sets and ¢ : X x Y — R be a
so-called coupling function. With any coupling, we associate conjugacies from R toR" and

from R to R as follows. -
The c-Fenchel-Moreau conjugate of a function f : X — R, with respect to the coupling c,
is the function f¢:Y — R defined by

£w) = sup (elw,y) + (~f(@))) , Wy €Y. (45)

zeX

With the coupling ¢, we associate the reverse coupling ¢’ defined by
d:YxX =R, dy,z)=clr,y), Y(yz) €Y xX. (45Db)

The ¢-Fenchel-Moreau conjugate of a function g : Y — R, with respect to the coupling ¢,
is the function ¢¢ : X — R defined by

/

g° (x) = sup (c(a:,y) + (—g(y))) , VreX. (45c¢)

yeY
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The c-Fenchel-Moreau biconjugate of a function f : X — R, with respect to the coupling c,
is the function f° : X — R defined by

7 @) = () (2) = sup (el 9) + (~°w)) , Vo e X (454)

yeY
The biconjugate of a function f : X — R satisfies

fcc,(m) < f(z), Ve eX. (45e)

The Fenchel conjugacy. When the sets X and Y are two vector spaces that are paired
with a bilinear form (, ), in the sense of convex analysis [3, p. 13], the corresponding con-
jugacy is the classical Fenchel conjugacy. For any functions f : X — R and g : Y — R, we
denote’

f1(y) = swp ((i& y) + (—f<33))) , VWeY, (46a)
¢ (@) =swp ((x, ) + (~o(w)) ) , Y X, (46b)
f**l(x) = ilg{) <<£L‘, y) + (—f*(y))> , Ve e X, (46¢)

For any function h : W — R, its epigraph is epih = {(w,t) e W xR } h(w) < t}, its
effective domain is domh = {w € W|h(w) < +oo}. A function h : W — R is said to be
proper if it never takes the value —oco and that domh # (). When W is equipped with a
topology, the function h : W — R is said to be lower semi continuous (Isc) if its epigraph is
closed, and is said to be closed if h is either lower semi continuous (Isc) and nowhere having
the value —oo, or is the constant function —oco [3, p. 15].

It is proved that the Fenchel conjugacy induces a one-to-one correspondence between the
closed convex functions on X and the closed convex functions on Y [3, Theorem 5|. Here, a
function is said to be convex if its epigraph is convex. The set of closed convex functions is
the set of proper convex functions united with the two constant functions —oo and +oc.
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