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TORUS-LIKE SOLUTIONS FOR THE LANDAU-DE GENNES MODEL.
PART I: THE LYUKSYUTOV REGIME

FEDERICO DIPASQUALE, VINCENT MILLOT, AND ADRIANO PISANTE

ABSTRACT. We study global minimizers of a continuum Landau-De Gennes energy functional
for nematic liquid crystals, in three-dimensional domains. Assuming smooth and uniaxial (e.g.
homeotropic) boundary conditions and a corresponding physically relevant norm constraint
(Lyuksyutov constraint), we prove full regularity up to the boundary for the (constrained) mini-
mizers. As a consequence, in a relevant range of parameters (which we call Lyuksyutov regime),
we show that unconstrained minimizers do not exhibit isotropic melting. In the case of a nematic
droplet, the radial hedgehog is even shown to be an unstable equilibrium. Finally, we describe a
class of boundary data including radial anchoring for which constrained or unconstrained min-
imizers are smooth configurations whose biaxiality level sets carry nontrivial topology. Results
of this paper will be largely employed and refined in the next of our series. In particular in
[16], where we prove that biaxiality level sets are generically finite unions of tori for smooth
equilibrium configurations minimizing the energy in a restricted axially symmetric class.
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1. INTRODUCTION

Nematic liquid crystals are mesophases of matter between the liquid and the solid phases. Ne-
matic molecules typically have elongated shape, approximately rod-like, and can flow freely, like in
a liquid, which forces their long axes to align locally along some common direction. This feature
is the key for the extreme responsivity of nematics to external stimuli, which in turn is the reason
why they are so useful in technological applications. Macroscopic configurations of nematics are
usually described by continuum theories, the most successful being the phenomenological Landau-
de Gennes (LdG) theory ([61, 13, 2, 45]) which accounts for the most convincing description of the
experimentally observed optical defects [31, 35]. In the present paper, we study minimizers of the
Landau-de Gennes energy functional in three dimensional domains under topologically nontrivial
boundary conditions (e.g. radial anchoring). The goal here is to shed some light on the emergence
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2 FEDERICO DIPASQUALE, VINCENT MILLOT, AND ADRIANO PISANTE

of topological structure in the so-called biaxial surfaces associated to energy minimizing configu-
rations, proving some mathematically rigorous results on the nature of the defects which, at least
in model geometries, is expected to be of torus type [49, 32, 19, 33].

According to the (LdG) theory, we let .#3.3(R) be the real vector space made of 3 x 3-matrices,
and we consider its 5-dimensional subspace

Soi={Q = (Qu) € Moxs(R) : Q = Q" 11(Q) = 0},

where Q' denotes the transpose of @, and tr(Q) the trace of Q. The space Sy is endowed with
the Hilbertian structure given by the usual (Frobenius) inner product. Since the matrices under
consideration are symmetric, the inner product and the induced norm are given by

3
P:Q:= > P;Qy=t(PQ) and |Q’=1tr(Q%).
ij=1
Upon the choice of an orthonormal basis, Sy can be identified with the Euclidean space R®. In
particular,

{Q680:|Q|:1}=S4.

Let Q C R? a bounded domain with (at least) C''-smooth boundary, and Q: 2 — Sy a configuration
in the Sobolev space W12(Q; Sy). We consider the Landau-de Gennes energy functional of the form

Fia(Q) = /

[ SIVQP + Fo(@ . (1)

i.e., with the one-constant approximation for the elastic energy density with parameter L > 0 and
quartic polynomial bulk potential

Fi(Q) 1=~ Su(@) — S (@) + (@)’ (12)

where a, b and ¢ are material-dependent strictly positive constants. It is convenient to subtract-off
an additive constant and introduce

Fp(Q) := FB(Q)_I%.LHFB; (1.3)

so that the potential becomes nonnegative.

In order to discuss the qualitative properties of energy minimizing configurations (such as
isotropic/nematic phase transition, biaxial escape), we find convenient to modify the usual defini-
tion of biaxiality parameter as follows.

Definition 1.1. For any Q € Sy \ {0}, we define the signed biaziality parameter of Q as

tr(Q%)
QJ?

Observe that if the matrix @ has a spectrum o(Q) = {A1, A2, A3} C R, and we order the eigen-
values increasingly, then E(Q) = =41 iff the minimal/maximal eigenvalue is double (purely posi-
tive/negative uniaxial phase), B(Q) = 0iff A2 = 0 and \; = —)\3 (maximal biaxial phase), and
Q = 0 iff Ay = Ay = A3 (isotropic phase).

It turns out that the potential is minimal when the signed biaxiality is maximal, and F B(Q)=0
iff Q@ € Quin, i-e., if @ is in the vacuum-manifold of positive uniaxial matrices

B(Q) =6 e[-1,1]. (1.4)

1
Qmin = {QESO:QS—F (n®n31) ) nGSz} ) (15)
where
b? + /bt 4 24a2c?

= 1.6
S+ 4c2 ( )

is the positive root of the characteristic equation
2c¢%t% — b’t — 3a® = 0. (1.7)

Notice that, up to a multiplicative constant, Qmin ~ RP?2, therefore it has nontrivial topology.
In particular, there are nontrivial homotopy groups ma(Qmin) = Z and 71 (Qmin) = Z2, which are
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relevant for the presence of topological defects. The corresponding energy functional is
~ L ~
Fre(Q) = [ 5IVQP + Fa(@dr. (18)
Q

which is the sum of two nonnegative term, penalizing respectively spatial variations and deviations

from the vacuum manifold Qin.
2
Q=:s4 \/; Q.

We rescale a tensor by setting
In this way, the vacuum manifold becomes exactly the real projective plane RP? = S? /{#£1}, where
RP? C S* is embedded as in (1.5), i.e., through the so-called Veronese immersion. We rewrite the

energy functional as
2

Fre(Q) 3

ALFu(Q). (1.9
with )
Fl@ = [ 5IVQE+AW(Q)+ 51 - QP da. (1.10)

The reduced parameters A and p are given by

2b%s, a?
Ai=+4/= 0 = —>0
\/; 7N A

and the reduced smooth potential W : Sy — R is nonnegative and vanishes exactly on RP2. More
precisely, in view of (1.6)-(1.7), the potential W is explicitely given by

1 1 2
W@ =5 (10F - VBu(@)) + S (BlRP +2QI+ (- 1), ()
or equivalently,
W(Q) = ——[QI* - Ttr(@%) + ——. (1.12)

The structure relations (1.10) and (1.11) suggests that, in a regime where p is large, the energy
F,u favours rescaled configurations of approximatively unit norm.

In this paper, we first make the fundamental assumption that the norm of any admissible
configuration is given by the constant value proper of the vacuum manifold [41], i.e.,

2
Q(z)| = \/;s+ (Lyuksyutov constraint) . (1.13)

Under the Lyuksyutov constraint, the energy functional takes the form

Fra(Q) = 353 L60(Q)

for rescaled tensors Q € W12(£;S*), where
1

£0(Q) = / SV + AW (Q) dr (1.14)

Q

The restriction of the potential W : Sy — R to S* is given by
1 ~

W(Q) =—=(1- vQ e S*. 1.15
@=5701-5@) ve (1.15)

In particular, W is nonnegative on S*, {W = 0} NS* = RP? and V., W (Q) = 0 for any Q € RP?.
As a consequence, when further restricted to the subspace of uniaxial configurations W2(Q; RP?),
the energy functional (1.14) reduces to the Dirichlet integral, i.e., the Frank-Oseen energy in the
one-constant approximation. For an account on the qualitative properties of defects in the Frank-
Oseen model, we refer the interested reader to e.g. [1, 8].

A critical point Qy € W12(Q;S*) of £, among S*-valued maps satisfies in the sense of distribu-
tions in €2 the Euler-Lagrange equation

AQx + IVQA*Qx = AVian W (Q1), (1.16)
with the tangential gradient of W along S* C Sy given by

Vel (Q) = —(@2 - 51— u(@")Q).
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Notice that the left hand side of (1.16) is the so-called tension field of @, a tangent field along @
in S*, and equation (1.16) is nothing but the harmonic map equation for S*-valued map with the
extra term AV, W(Q) as a source term. Any tensor field @ which is weakly harmonic among
S*-valued maps and lying in the subspace W12(Q2; RP?) is also weakly harmonic among maps in
W12(Q; RP?)!) and provides a solution to (1.16). Since everywhere discontinuous weakly harmonic
maps among maps in WH2(Q; RP?) do exist (see [51]), we expect smoothness of solutions to (1.16)
to fail in general, and to prove regularity we shall rely in an essential way on energy minimality.

We consider the minimization of the energy functional £, among maps in W12(Q; S*) satisfying
a Dirichlet boundary condition (strong anchoring) in the sense of traces. We fix a Lipschitz (at
least) boundary trace @, € Lip(9£2;S*), and we consider the set of admissible configurations

Ao, (Q) == {Q € W2(0:80) : Quoa = Qb |Q =1 ace. in Q} C Wh2(Q;sh, (1.17)

which is nonempty by [28]. Hence, one can fix a reference extension Qp € Ag, (€2), which, as
a matter of fact, can be chosen in C°(;S*), or even smooth in the interior since m(S*) = 0
(so that density of smooth maps in Ag, (2) holds). By the direct method in the Calculus of
Variations, it is routine to show that there exist minimizers @y € Ag, () of £x. Requiring the
boundary condition to be at least C!'!-regular allows some smoothness up to the boundary for the
corresponding minimizers. Indeed, the first result of our paper is the following regularity theorem.

Theorem 1.2. Assume that 98 is of class C® and Qy, € CYY(0S*). If Qx is a minimizer
of Ex in the class Ag,(Q), then Qx € C¥(Q) N CL(Q) for every a € (0,1). If in addition,
Qn, € C29(0Q;SY) for some § > 0, then Qx € C*(Q;SY), and, finally, if Q is a domain with
analytic boundary and @Q, € C¥(08;S*), then Q) € C¥(;S*).

The proof of this theorem is based on ideas and techniques from the regularity theory of harmonic
maps, starting from the pioneering papers [55, 56, 57], as summarized in the books [58, 47, 38].
The crucial point is to obtain Lipschitz continuity, while higher order regularity follows from
standard Calderon-Zygmund and Schauder theories and the analyticity results in [46]. Both for the
interior and for the boundary regularity, the main steps are : 1) monotonicity formulae; 2) strong
compactness of blow-ups; 3) constancy of blow-up limits (Liouville property); 4) continuity under
smallness of the scaled energy (e-regularity); 5) Lipschitz continuity. Within this general scheme,
our proof presents some differences and simplifications we want to comment on. The monotonicity
formula here is not obtained by inner variations but instead by a penalty approximation which is,
to our knowledge, new. More precisely, we relax the norm constraint, and passing to the limit in
monotonicity formulae for approximated problems, we obtain interior and boundary monotonicity
formulae. The validity of the latter requires the Lipschitz assumption on @}, as in the harmonic
map case (see e.g. [11]). Strong compactness of blow-ups is obtained by construction of comparison
maps arguing as in [58] for harmonic maps again. Indeed, the perturbed Dirichlet energy &, is
treated as in [48] with techniques based on the Luckhaus interpolation lemma [40], both in the
interior and near the boundary. As strong limits of blow-ups are degree-zero homogeneous and
minimizing harmonic maps into S*, i.e, Q.(x) = w (x/|z|) for some harmonic sphere w: S — §*,
their constancy in the interior case directly follows from [57]. At a boundary point, limits of
blow-ups are of the form Q.(z) = w™ (z/|z|) with 23 > 0 (up to rotations in the domain), for
some harmonic half-sphere w™ : Si — S* with constant trace on BSi. The constancy of those w™
is derived in a way similar to [56]. We emphasize that boundary regularity is not deduced from
minimality, but instead by a reflection argument and the 2d-interior regularity result for weakly
harmonic maps from [26], and constancy of w™ follows from [36] as in [56]. Since our argument for
boundary regularity does not rely on energy minimality, it will be possible to apply it also in the
symmetric case we consider in our companion papers [15, 16]. Our approach to e-reguarity treats
in a unified way the interior and the boundary case, adapting for the latter the clever reflection
argument devised in [53] for harmonic maps (under the same regularity assumptions on 99 and
Q@1). Moreover, Holder-continuity under smallness of the scaled energy is not deduced as usual
from Hardy-BMO duality as in [17], or using the integrability by compensation due to the hidden

1Observe that the converse implication is not true in general, because the Veronese immersion is minimal but it
is not totally geodesic, and the tension field of @ in S* could be purely orthogonal to RP2 but nonzero. Thus, if
Q is weakly harmonic among map in the space W1:2(Q;RP?), i.e., it is a critical point of the Frank-Oseen energy,
then it does not solve (1.16) in general. Hence it is not a critical point of the Landau-de Gennes energy under norm
constraint.
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antisymmetric structure of the quadratic gradient term in (1.16) as in [52] for harmonic maps. In
the present paper, we adapt to our context the elementary iteration approach introduced in [10],
based on the divergence structure of the quadratic gradient term and the decay properties of the
BMO seminorm together with the integral characterization of Hélder-continuous functions due to
Campanato. Finally, Lipschitz continuity is obtained using the harmonic replacement argument of
[54] for harmonic maps.

With Theorem 1.2 at hand, we now remove the norm constraint (1.13), and we consider the full
energy functional (1.10). We minimize F) , over maps in W12(;Sp) still satisfying a Dirichlet
boundary condition (strong anchoring) in the sense of traces. Given a Lipschitz boundary trace
@y € Lip(09; Sy), existence of minimizers Q5 € W12(; Sp) follows again from the direct method
in the Calculus of Variations. In addition, applying usual interior and boundary regularity for
semilinear elliptic equations to the Euler-Lagrange equation satisfied by critical points of F) , (see
(4.1)), we can infer that Qf € C*(Q;8y) N C¥ (% Sy) for some o € (0,1). At this stage, we are
interested in the asymptotic behaviour of minimizers Q% in the range of parameters (that we call
Lyuksyutov regime)

2 b? ?
)\:\/g er = const, ,uz%—)-i—oo. (1.18)

Particular cases are given by a? — oo, b? ~ |a|™! or L — 0, b? ~ L. These regimes resemble the
low-temperature limit and the small elastic constant limit, respectively. For further discussions on
this aspect and related asymptotic limits, we refer to Remark 4.11 and [18].

Under these restrictions on the parameters, the last term in F) , acts as a penalty approximation
of the norm constraint (1.13), and it is natural to expect convergence of the family {F) .}, to the
functional £, (in the sense of I'-convergence, see e.g. [7]), and that minimizers of F) , converge to
minimizers of &y.

Theorem 1.3. Assume that 0) is of class C°® and Qy, € CH1(982;S*). There exist minimizers QY
of Fa,u in the class Wclgbz(Q, 8o), and any such QY belongs to C*(Q)NCH*(Q) for every a € (0,1).
In addition, as p — oo with A constant (Lyuksyutov regime), the following holds:

(1) there exists Qx € W12(Q;S*) minimizing €y in the class Ag, () such that, up to a
subsequence, Q5 — Qx strongly in W12(; Sp);

(2) Fau(@F) = Ex(Qx) and p [,(1 — |QX[*)? do — 0;
(3) 1QX] = 1 uniformly in .

In particular, for each A > 0, there exists a value py = px(A, Q, Q) > 0 such that for u > py, any
minimizer Q5 of Fx . satisfies |QX| > 0 in Q, i.e., minimizers do not exibit the isotropic phase.

In this theorem, existence and regularity properties of minimizers Q% have already been recalled
in the discussion above. Claim (1) and (2) can be seen as a standard consequence of the I'-
convergence of the family {Fy ,}, to &\, although for the reader’s convenience such notion is
not explicitly used in the proof (but just mentioned here for readers familiar with it). As a
matter of fact, the claims rely on a sharp two-sided bound on the energies {Fx ,(Q%)},, the lower
semicontinuity property of the energy functionals (i.e., the I'-liminf inequality), the construction
of trial sequences (i.e., the recovery sequences for the T'-limsup inequality), and the standard weak
compactness in W12 coming from the equicoercivity of the energies (i.e., the compactness in I'-
convergence). As a consequence, minimum points strongly converge to minimum points in W2,
and the two claims follow as the upper and the lower bound mentioned above coincide. The second
claim tells us in particular that the limiting map must be S*-valued as a direct consequence of
Fatou’s Lemma. Finally, claim (3) is by far the most interesting as it guarantees that the isotropic
phase is avoided by energy minimizing configurations Q4 in the Lyuksyutov regime (as already
proved in [9] and [12, 27] in the low-temperature limit in 2D and 3D, respectively). Our proof
of this property is based in a crucial way on Theorem 1.2. Indeed, smoothness of the limiting
minimizer @, and the strong W!2-convergence yield smallness of the scaled energy of Q4 at a
sufficiently small scale. Combining monotonicity formulae with elliptic regularity in a way similar
to [44], we are then able to show that |Q%| has to converge to one uniformly as p — oo.

To illustrate our results so far, let us now consider the model case of a nematic droplet, i.e.,
Q = {|z| < 1} is the unit ball. The outer unit normal to the boundary is n(z) = z/|z|, and a
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natural boundary datum is the so called radial anchoring, namely

Qu(x) = \/3 <|§| ® é—‘ - ;1) . (1.19)

Since 7 : 9 — S? is harmonic, the homogeneous extension H(x) = Qy, (z/|z|) (the constant-norm
hedgehog) is a weakly harmonic map from €2 into RP?, and it is an energy minimizer of €y for its
own boundary value in W2(Q; RP?) by the lifting property of W!?-maps in RP? in [3] and the
celebrated result in [8]. Moreover, a direct computation shows that H is also a weak solution to
(1.16), i.e., a critical point of €. As H is singular at the origin, Theorem 1.2 tells us that H is
not minimizing €, in the class Ag, (£2). We shall prove in Proposition 4.7 that H is in fact strictly
unstable, employing an argument similar to [57], an explicit computation of the second variation
of energy, and a perturbation localized near the origin.

Still in the case of a nematic droplet subject to radial anchoring, the energy functional F) , has
an O(3)-equivariant (radial) critical point commonly known as radial hedgehog

x T 1

Hf (z) == s\(|=) (|x®|x|_31) , 0<|z| <1. (1.20)

This solution is obtained from a unique function s, (|z|) increasing from 0 to \/3/2 solving an ODE
with the prescribed values at |z| = 0 and |z| = 1, see e.g. [43, 30] and the references therein. It
turns out to be the unique uniaxial critical point of Fy , w.r.to arbitrary (not necessarily uniaxial)
perturbations, see [34]. As the origin is an isotropic point, Theorem 1.3 shows that H) does not
minimize Fy , in the class Wclz’bz(Q;So)7 at least for p large enough. Thus, biaxial escape must
occur for minimizers. Using the strong convergence of HY to H as 1 — oo, we are able to pass
to the limit in the second variation of F , at HY, and we infer in Theorem 4.8 the instability of
HY w.r.to biaxial perturbations for x large enough. Both properties are the counterpart in the
Lyuksyutov regime of the instability of the radial hedgehog in the low-temperature limit (essentially
a? — o) already proved in [29] (see also [20, 43]) together with the (infinitesimal) biaxial escape
phenomenon obtained there.

Once the smoothness of @y and the absence of isotropic phase for Q4 are established, we can
discuss for both cases the topological properties related to the presence of biaxial phase, and the
way they are connected with the topology of the vacuum manifold. The starting point is that,
under the assumption @y, € CH1(99;S*), @ and QY are configurations satisfying the hypothesis

(HPy) Qe CH:80\{0}) NC¥(€8) .

The first assumption at the boundary that we impose on a configuration @ :  — Sy \ {0} is the
following

(HPy) B = Eéggﬁo Qz) > —1.

The case = 1 occurs for the main and most natural example of boundary condition, which is (in
view of the embedding RP? C S%)

Qv(z) = \/g (v(x) ®v(zr) — ;I) for all z € 092, v € C'(05%;S?). (1.21)

In particular, if 9 is of class C2, the choice v(z) = n(z) (the outer unit normal to the bound-
ary 0€2) corresponds to the so-called homeotropic boundary condition (or radial anchoring).

If O C R3 is a bounded open set with boundary of class at least C!, we know that € is a finite
union of embedded C'-surfaces. More precisely, 9Q = UY | S; where the surfaces S; are of class (at
least) C!, disjoint, embedded, connected, orientable, and boundaryless. The second assumption
we make on (the boundary of) € is

(HP,) Q is connected and simply connected.

Under this assumption, each surface S; has zero genus, so it is an embedded sphere (see Lemma 5.1).
The domain 2 is thus a topological ball with finitely many disjoint closed balls removed from its
interior. By assumption (H P;), the maximal eigenvalue A\pax () of Q(z) is simple for every x € 5.
Hence there exists a corresponding well defined C''-smooth eigenspace map Viax € C1(9Q; RP?),
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and this map has a (nonunique) lifting v,ax € C*(99Q;S?) since each surface S; has zero genus. To
enforce the emergence of topology in the minimizers, we finally make a third assumption

(HPs) deg(vmax, O Z deg(vmax, S;) is odd .

Notice that this property depends only on the map Vi.x, it does not depend on the choice of the
lifting Umax. In case of radial anchoring (i.c., Qp of the form (1.21) with v = 1 = vpay), it is
satisfied whenever N is odd, that is whenever 02 has an odd number of connected components
(or, equivalently, if the domain €2 is a topological ball with an even number of disjoint closed ball
removed from its interior).

In order to emphasize the consequence of assumptions (H Py)-(H P3) on a configuration @ satis-
fying @ = @), on 012, let us assume for a moment that @, takes values into the vacuum manifold,
i.e., Qp € C1(0Q; RP?). First, observe that @, has a lifting by (H P,), i.e., Qy, is of the form (1.21).
Moreover, any lifting v € C1(9€;S?) of Q), admits a finite energy extension v € W12(£2;S?) (see

g. [28]), but no continuous extension because of assumption (H P3). As a consequence, @}, admits
an extension Qp, € W12(Q;RP?) of the form

Qv (z) = \/g <'D(x) ® o(z) — ;1> . (1.22)

In view of [3] and (HP3), any extension @, € WH2(Q;RP?) of @y, is in fact of the form (1.22)
for a suitable (necessarily) discontinuous map v € W12(Q;S?). The configuration @) being smooth
and without isotropic phase by assumption (H Fp), it cannot be purely uniaxial (i.e., RP2-valued)
and biazial escape must occur for purely topological reasons.

To describe the way a configuration () encodes some topological information, we shall make use
of the biaxiality function as follows.

Definition 1.4. For a configuration Q € C%(Q;Sp\ {0}) we define its biaziality function B := BoQ
and for each t € [—1, 1] the associated biaziality regions as the closed subsets of Q given by

(B<ty={zeQ:50Q) <t} and {f=t}:={recQ:FoQ(x)=>1}, (1.23)
where B is the signed biaxiality parameter (1.4). The corresponding biarial surfaces are defined as

{B=t}={zeq: BoQ(x )=t}.

Observe that if ¢ € (—1,1) is a regular value of 3, then biaxial surfaces are smooth surfaces
inside €2, possibly with boundary which is anyway smooth and contained in 9€2. Moreover, the
regions in (1.23) are homotopically equivalent to their interior {8 < t} and {8 > t}, since the
biaxial surfaces are actually smooth and serve as their common boundary.

We now introduce a notion of “mutual linking”, a property that will (partially) encode the
topological nontriviality of the biaxiality regions.

Definition 1.5. Let A, BCQ be two compact subset. The sets A and B are said to be mutually
linked ? if A is not contractible in Q \ B and B is not contractible in 2\ A.

To illustrate this definition, let us discuss again the case of a nematic droplet. If € is the unit
ball and @, is the hedgehog boundary data (1.19), we expect the minimizers @) or QX to be
axially symmetric around a fixed axis (in a sense made precise below). In particular, we expect
their biaxiality regions (1.23) to be axially symmetric as well. More precisely, {8 < t} with
t € (—1,1) should be an increasing family of axially symmetric solid tori, and the complementary
regions {f > t} should be kind of distance neighborhoods from the boundary 92 with cylindrical
neighborhoods of the symmetry axis added. In the extreme case t = +1, we expect {5 = —1} to
be a circle with axial symmetry, and {# = 1} to be the sphere 9Q with the segment connecting
the two antipodal points lying on the symmetry axis added. Clearly sub and superlevel of the
biaxiality function should be mutually linked in the sense of Definition 1.5 above. This conjectural
picture is supported by numerical simulations as already detailed in [49, 32, 19, 33], where authors

2As an example, if © is the unit ball, A is an unknotted embedded copy of S! into 2, and B = Q\ As with As
a sufficiently small tubular neighborhood of A, then A and B are mutually linked.
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refer to it as the “torus solution” of the Landau-de Gennes model. For the nematic droplet with
radial anchoring, the situation clearly reminds the one corresponding to the Hopf fibration

CxCDOS? -2 82CCxR,  B(z,2) =27, |2 — |2[?),

where the subsets {|z1]% — |22]? >t} and {|21]? — |22]? < t} with t € (=1,1) form a decomposition
of §% into two disjoint mutually linked solid tori (a so-called Heegaard splitting).

The weak counterpart of the conjectural picture described in the example above is the main
topological result of the paper.

Theorem 1.6. Let Q C R? be a bounded connected open set with boundary of class C2, and assume
that either Q = Qx is a minimizer of Ex as in Theorem 1.2 or Q = QX is a minimizer of Fy, as
in Theorem 1.3, so that (HPy) holds. If assumptions (HPy)-(HPs) also hold (e.g., suppose that
Q is connected and simply connected, 02 has an odd number of connected components, and that
Qv(z) = /3/2(n(z) @ n(z) — 1) is the radial anchoring), then the biaziality regions associated
to the configuration @ satisfy:

1) the set of singular values of 3 = EOQ in[—1, B] is at most countable, and it can accumulate
only at B; moreover, for any regular value —1 < t < 5 of B the set {f =t} C Q is a smooth
surface with a connected component of positive genus;

2) for any —1 < t; < ty < B, the sets {B < t1} C Q and {B > ta} C Q are nonempty,
compact, and not simply connected;

3) if in addition Q € C*(Q) and B = 1, then the set of critical values is finite and {3 = 1} C Q
is nonempty, compact, and not simply connected; in particular {f = 1} N Q is not empty;

4) for any —1 <ty <ty < B, if the interval (t1,ts) contains no critical value, then {8 <t}
and {B > ta} are mutually linked.

Claim 1) on discreteness of the set of singular values is a consequence of the analytic Morse-Sard
theorem from [59]. The rest of the claim together with claim 2) is proved by contradiction using a
degree-counting argument. The key observation is that on each spherical component of a biaxial
surface {8 = t}, the pull back bundle E = vy, * F of the tangent bundle F = T'S? — S? under the
lifting vimax of the eigenspace map Vinax must be trivial (hence its Euler number vanishes). Then
the contradiction coming essentially from (HPs3) ensures that some S; has positive genus. The
argument for 2) and 3) above holds for regular values ¢t € (—1,3), and the extension to arbitrary
values is based on the analytic regularity of @) and the Lojasiewicz retraction theorem [39] (it is
the only instance where this property is used). Finally, the linking property in 4) follows easily by
contradiction using a deformation of the biaxial regions along the positive/negative gradient flow
of 3. We expect analogous properties to hold also for ¢ € (3,1), but this case seems to be more
subtle since the biaxial surfaces meet the boundary 0f), and we do not have rigorous result in this
direction at present.

As the conclusions of the theorem are weak counterparts of the properties conjectured for the
torus solution on a nematic droplet, we refer to such solutions on a general domain as “torus-like
solutions”. It is a very challenging open problem to obtain a precise estimate on the genus of
the surfaces 5;, if any. Any control on it should depend on a subtle role of the genus in giving a
possible lower order correction term in the energy expansion of the minimizing configurations.

In our subsequent papers [15] and [16] of the series, we continue this analysis focusing on axially
symmetric configurations. Letting S* act by rotation around the vertical axis on an S'-invariant
domain Q C R3, and on Sy by the induced action Sy 3 A — R'AR € Sy, R € S', we consider
Sobolev maps @ € W12(Q; Sy) satisfying the equivariance property

Q(Rr) = R'Q(z)R  VReS'. (1.24)

Minimizing the energy functional (1.14) or (1.10) in the appropriate class of equivariant configu-
rations will provide minimizers which are either smooth and nowhere vanishing or with singulari-
ties/isotropic points, depending on the geometry of the domain and on the chosen boundary data.
In case such defects are not present, we will be able to show that the level sets of the signed bi-
axiality parameter are generically finite union of axially symmetric tori. On the other hand, when
singularieties/isotropic points occur, the regularity /absence of isotropic phase results of the present
paper will show that axial symmetry of minimizers is not inherited from the boundary condition,
and axial symmetry breaking and nonuniqueness phenomena must occur. Such phenomena were
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already proved in [1] for minimizers of the Frank-Oseen energy, and our results are the natural
counterpart for the Landau-de Gennes model, in agreement with the numerical simulations in [14].

Acknowledgements. We would like to thank Eugene Gartland for having pointed out to us the
reference [18] and suggested to discuss the validity of our results for non-dimensionalized forms of
the Landau-de Gennes energy.

2. SMALL ENERGY REGULARITY THEORY: A TOOL BOX

The aim of this section is to provide several regularity estimates, both in the interior and at the
boundary, for weak solutions of (1.16) under certain general conditions. We emphasize that the
material developed here is not restricted to minimizers of the energy functional £y, but it applies to
rather general critical points satisfying suitable energy monotonicity formulae. With this respect,
we shall make a crucial use of the results of this section in our companion papers [15, 16] where
we considered solutions obtained by minimization of £y in restricted (symmetric) classes.

Before going further, let us precise for completeness the (usual) notion of critical point of &)
over the nonlinear space W12(Q;S?*), and show that critical points are exactly the distributional
solutions of (1.16) belonging to W1:2(£2;S?).

Definition 2.1. A map Q) € W2(£;S%) is said to be a critical point of &, if
d td
o ()],
dt |Q)\ + tfb‘ =0

The Euler-Lagrange equation for critical points of £y reads as follows.

for every ® € C1(Q;Sy).

Proposition 2.2. 4 map Qx € W12(;S%) is a critical point of Ey if and only if
/VQA:V@dx:)\/Q?\:(Pdm (2.1)
Q Q

for every ® € WhH2(Q; Q\*T'S*) compactly supported in Q (i.e., for every ® € WH2(Q;8y) com-
pactly supported in Q and satisfying ®(z) € TQA(I)S‘1 for a.e. x € Q), or equivalently, if and only
if

1 .
~AQx = [VQAPQx +A(@3 - 51 - 1:(@D)Q)) in 7'(®). (22)
Proof. Step 1. Given Q € W12(Q;S%), let us consider ® € C}(£;Sp), and set for ¢ small enough,
Q+1td 1.9
= =0 W (Q;S).
Classically (see e.g. [58, Section 2.2]), we have
d 1
{/ |VQt2dw] = / (VQ:V® - |VQ|*PQ : @) dx.
On the other hand, a straightforward computations yields
{d W(Qy) da:} = —/ (Q2 1@ —tr(Q%)Q : @) du,
dt Jo t=0 Q

and thus

de (Q+12 _ . N 20 .
[dt&('QH@')LO /QVQ.delx /Q\VQ| Q: ddx

f/\/ (Q*: @ —tr(Q*)Q: @) dx. (2.3)
Q

Step 2. Assume that Q) € W12(Q;S?) is a critical point of £,. We consider ® € W12(Q; Q,*TS?)
compactly supported in €2, and prove that (2.1) holds. By a standard truncation argument, we
can assume that ® € L>°(). By a usual approximation argument, we can find a sequence {®} C
CL(9;8y) such that &, — @ ae. in Q and strongly in W2(Q2), and satisfying ||| p) <
|®||Lo(c2)- Then we deduce from Step 1 and the criticality of @y that

/VQA:Vdexz/ |VQX|2QA:<I>kda:+)\/ (Q3 : @r — tr(Q3)Qx : 1) da . (2.4)
Q Q Q
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Since Q) : @ = 0 a.e. in Q, we deduce by dominated convergence that |[VQ,[?Q» : ®; — 0 and
(Q3 : @p, — tr(Q3)QN : Px) — Q3 : @ in L' (2). Hence, letting k — oo in (2.4) leads to (2.1).

Step 3. Assume that Q, € WH2(Q;S?) satisfies (2.1), and fix an arbitrary ® € C(Q; #2575 (R)).
Define @y := ® — 3(® : I)I € C}(;Sp). Noticing that

By — (Qx : Bo)Qx € Wy 2 (2 QN TSY),

we infer from (2.1) that
/ VQy:VPodr = / IVQAI2Q : ¢ dx + )\/ (Qi i Oy — tr(Qi)Qk : @0) dr. (2.5)
Q Q Q
Since @y : I = tr(Qx) =0 and |Q,|> = tr(Q3) = 1, this last identity leads to
2 2 1 3
/ VQ, :Vodr :/ IVQAI“Qx : <I>dx+/\/ (Q)\ - fl—tr(Q)\)Q,\) :ddr,
Q Q Q 3

and (2.2) follows.

Step 4. Finally, if Q\ € W2(Q;S?) satisfies (2.2), then (2.5) holds for every &5 € C1(;Sp). In
view of (2.3), it implies that @ is indeed a critical point of &j. O

Remark 2.3. If a map Q) € W12(;S%) is a minimizer of £, among all Q € W12(Q;S*) such
that @ — @, is compactly supported in €2, then @, is a critical point of £\ by the first order
condition for minimality. In particular, if Q)5 is minimizing £, over Ag, (2), then @), satisfies (2.2)
(or equivalently (2.1)).

2.1. Monotonicity formulae. In this subsection, our goal is (essentially) to derive the afore
mentioned monotonicity formulae for certain critical points of £,. Concerning minimizers, such
formulae can be classically obtained by inner variations of the energy. However this argument can
not be used when considering energy minimizers over symmetric classes as we do in [15, 16]. To
circumvent this difficulty, we consider critical points of £y which can be (strongly) approximated
by critical points of a suitable Ginzburg-Landau functional in which the constraint to be S*-valued
is relaxed. In this way, the approximate solution is smooth enough to derive the monotonicity
formulae from the Euler-Lagrange equation, and we conclude by taking the limit in the approxi-
mation parameter. This procedure applies of course to minimizers (as we shall see in Section 3),
but also to the symmetric solutions of (1.16) considered in [15, 16]. Let us now describe it in
details.

Given a bounded open set 2 C R3, a reference map Qet € Ag, () and a small parameter
e € (0,A7Y/2), we consider the energy functional GL.(Qef;-) defined over W2(Q;Sy) by

0L.(Quii @) = ExQ)+ 15 [ (1= QPP de+ 5 [ 1Q = Quildo. (26)

4e?

If Qrer can be achieved as a (strong) limit of critical points of GL.(Qyer; ) when € — 0, then Qyef
satisfies the monotonicity formulae stated in the following proposition.

Proposition 2.4. Assume that 9 is of class C® and Q, € CV1(9SY). Let Quer € Ag, ().
For each € > 0, let Q. € Wéf(Q;SO) be a critical point of the functional GL(Qret; ). If

QE H—S Qref mn LZ(Q) i and gﬁe(@ref; Qs) H—>05)‘(Qref) R (27)
then Qe satisfies
1) the Interior Monotonicity Formula:
1 1
~E(Qrer, Br(0)) = ;EA(Qref,Bp(zO)) =

aQref

0|z — x|

2
"1
dx+2)\/ <t2/ W (Quer) dx> dt (2.8)
P Bt (z0)

for every xog € Q and every 0 < p < r < dist(zg, 9Q);

/ 1
By (20)\ B, (z0) |z — 20
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2) the Boundary Monotonicity Inequality: there exist two constants Cq > 0 and rg > 0
(depending only on Q) such that

T Ex(Quers Br{a0) 1) = 80 (Quer, By(a0) (19) > ~(r = ) KA (Qur Qrr)

2 r
o 1
OQret dx + 2)\/ (2/ W (Qref) dm) dt  (2.9)
p \t"JBi(zo)n0

Oz — zo|
for every xg € 02 and every 0 < p < r < rq, where

1
+ .
(B, (z0)\B,(z0) )02 |7 = To

K\ (Qb, Qret) := Cq (”VtanQb%“’(SQ) + AW (@)1 a0) + VQref||2L2(Q>> :

Proof. Step 1: Fuler-Lagrange equation, reqularity, and convergence. Since Q. is a critical point
of GL(Qrer; +) over Wé’f(Q; So), it satisfies the Euler-Lagrange equation

~8Q: =A(@2 - JIQPT - ZH10PQ.) + 501 [Q:PQ- — (-~ Que) n .

Qe =y on 0N).

(2.10)

This equation can be easily derived from outer variations noticing that the term %\QEPI corre-
sponds to the Lagrange multiplier associated to the traceless constraint and using the expression
(1.12) for the potential W. By the Sobolev embedding W12(Q2) — L5(Q), we have Q. € L5(f),
which implies that AQ. € L?(2). Note that the regularity assumption on Q and 9 ensures
that @Qp, admits a C1! extension (with values in Sp) to the whole domain 2 (see the material in
Subsection 2.2). By elliptic regularity, we thus have Q. € W22(Q), see e.g. [22, Theorem 8.12]. In
particular, Q. € W16(Q) and thus Q. € L>(Q) by the Sobolev embedding W16(Q) < L>(Q).
Hence, AQ. € L>°(Q2), and by elliptic regularity again, we have Q. € C*(Q) for every a € (0,1),
see e.g. [22, Theorem 8.34].
We now claim that assumption (2.7) implies that

1
Q- — Qref strongly in WH2(Q), and - / (1—1Q-*?dx —0.
e—0 15 Q e—0

Indeed, we first infer from (2.7) that {Q.}c>0 remains bounded in W2(Q) as ¢ — 0. Therefore,
given an arbitrary sequence e, — 0, we have Q., — Qe weakly in W2(Q). In particular,
Qe,, — Qrer in L*(Q2) by the compact Sobolev embedding W2(Q) < L*(Q2). As a consequence,
JoW(Qe,)dr — [, W(Quet) dz. On the other hand, by (2.7) and lower semi-continuity of the
Dirichlet integral, we have

Ex (Qref) < hnilnf Ex (an ) < limsup &y (Qan )

n—oo
1

< lim (&(QSHH e

n— oo

[ 010 dr) = &3(Quer).
Q

Hence é Jo(1=1Qc, I*)?de — 0, and [|[VQ., lr2(2) = IV Qretl|2(0)- This latter fact, combined
with the W12-weak convergence, implies the W12-strong convergence of Q., toward Qycf.
Step 2: Interior Monotonicity Formula. Without loss of generality, we may assume that xg = 0.

Let us take the inner product of (2.10) with (z - V)Q., and integrate by parts over the ball B; of
radius ¢ € (p,r). It yields

1 t
- |VQ5|2da:+f/ IVQ-2dH? — X\ | W(Q.)dx + At W(Q.) dH?
2 JB, 2 JoB, B OBy
R B 2\2 o B 22 271/ B 2 f/ B 2 10,2
o [ 0eprars [ e e [ Qe [ 0. Quiftan

2 1
dH? +2) | W(Q.)dx+ — [ (1 —|Q.*)*dx
B; 2e2 By

+ |Q€ - Qref|2 dx — / (QE - Qref) . ((.’L’ . v)Qref) dz .
By By

_, / 9Q:
OBy Olz|
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Dividing both sides by t2, we obtain

dt(fgﬁe(Qrevae’Bt)> ot /é?Bt 8|.’L"

1 1 1
+2€2t2/Bt(1_|Q52)2d$+t2/Bt |Q5_Qref|2d1‘_\/3t(Q5_Qref) : ((z'v)Qref) dx .

2 2\
dH2 + t72 W(Qe) dx
By

Integrating this identity between p and r yields
2

110Qe

+\B, m |z

1 1
L L Qs Qe BY) = 2GLo(Ques: . B,) = /
r P B

(= ! (1 2)\2
+2A/p <t2 BtW(Qs)dx) dt+ 55 ) (tQ/Bt(1|QE| ) dx) dt
"1 r/q
+/p <t2 . |Q5_Qref|2d.7j> dt—/p <t2 /Bt(QE—Qref) - (2 V) Qrer) dm) dt.

In view of the convergences established in Step 1, letting € — 0 in this last identity leads to (2.8).

Step 3: Boundary Monotonicity Inequality. We first claim that there exists a constant Cq > 0
depending only on €2 such that

/ Qe
o0 61/

2
142 < oIV an@ul o + MW (@) o)

+ ”st”zL?(Q) + Heref||2L2(Q) + 1Q: — Qref%ﬁ(Q)) - (2.11)

To prove this estimate, let us introduce ®q € C>(Q) the unique solution of

—A(I)Q =1 in Q,
b =0 on 09,
see e.g. [22, Theorem 6.14]. We consider V :  — R? the C1*-vector field given by V := —V®q.

Note that V' = (V - v)v on 99 (since ®q is constant on ), where v is outer unit normal on 9.
Taking the inner product of (2.10) with (V - V)Q., and integrating by parts over 2 leads to

e
2 o0 81/

1 1 1
+ [ (GIVQ +XW(Q0) + 151 = 1Q: + 1. = Qur?) (V) d
1

_ 2 2017 . 2 ) 2
= 2/@9|VtanQb\ (V-v)dH +)\/39W(Qb)(v v)dH

2

(V -v)dH?

3
+ [ 30 00::0,Q00Vids+ [ (Q: = Qut) (V' V)Quer .

,j=1

since Q: = Qrer = Qb on 9N and |Qp| = 1. Using div(V) =1 in Q, we deduce that

/ Qe
o0 61/

2
(V- 0) dH? < OV oren (vtanczbniz(am AW @) 0 + 19Qe P

+ 19 Qul ey + 102 ~ Qulgey )

for some universal constant C' > 0. On the other hand, by the Hopf lemma, there is a constant
c? > 0 depending only on € such that V - v > ¢ on 99, and (2.11) follows.

We now fix zg € 9€2. By the smoothness assumption on 92, there are two constants rqg > 0
and ¢}, > 0 (depending only Q) such that for every ¢ € (0,rq),

H?(By(20) N 9Q) < cpt?, and |(z — zg) - v(z)| < eht® on By(z) NOKL. (2.12)

In what follows, we assume without loss of generality that g = 0. Let us fix 0 < p < r < rq.
Taking once again the inner product of (2.10) with (z - V)Q., we integrate the result by parts in
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B, N Q with t € (p,7). Similarly to Step 2, it yields (after dividing by #?)

2

d (1 . 1 0Q- 2 5 2)
dt (tgﬁe(Qrefv QEa Bt m Q)) - t /Qm(‘)Bt 3\x| H + t2 QnB, W(QE) d,I
1 1 1
g [0 1QPPdrt g [ 10— QuiPdr = [ Q= Qui): (0 V) Qur) da
2e%t? Jp, t“ Jans, QNB;

1 1 oQ
— VQ.|*(x - v)dH? + / s ((x- V)Q.) dH?
2t2 B,,OBQ‘ Q:l*(w-v) 2 B,noq OV ( )Q:)

A 2
_t?/BmaQW(Qb)(x'y)dH B

Note that we used once again Q. = Qe = Q1 on 99, and |Qy| = 1. Next, if we denote by (71, 72)
an orthonormal basis of the tangent space of Jf) at x, we have

1/ 2 2 / 0Q. 2 1/ 0Q:|?
- = VQ: | (x-v)dH” + ((z-V)Q:)dH = =
2 BtOBQ| " ) BN ov (( ) ) 2 BN v

1 IQy, |2 9 1/ oQy, |2 9
.- b vy dH? - - b e vy di
2 /Bmasz or ‘ (@-v) 2 /p,noq | OT2 ’ (@-v)

+/ Q- :%(;U-ﬁ)d’ﬂz-i—/ 00Q: : %(aﬁ-w)d?—l?.
B B

+MNOQ 81’ 87—1 +NOQ 81/ 87'2

(- v)dH?

Then we infer from (2.12) that

_ 1 2 . 2 aQE - . )
Q/BmaQWQE' (@-v)dH +/B (2 V)Qe) dH? >

+NOQ v
— Cat* (10, Qel22(00) + IVean Qi a0)) » (2:14)

for a constant C > 0 depending only on the constants rq and cg,. Still by (2.12), we have

/ W(Qu)(x-v)dH? < Cot® | W(Qy)dH?. (2.15)
B:No

[219]

Inserting (2.14), (2.15), and (2.11) in (2.13), and integrating the resulting inequality between p
and r yields

7g£ (QrevasaB OQ) - 7g£ (QrefaQ67B mQ ( )K)\(vaQref;Qs)

) =
9. * T+ )\/p ( i W(Qa)dx> dt

i /(Br\Bp)mQ M‘M
1 " /1 . 2
+252/p (tQ /Bth(1_|QE ) )dt+/p <t2 /Bth|QE_Qref| d;(;) dt
"1
- / ?2/3 Qe = Quet) : (= V)Qrer) dm) it
p t

where

KX (Qb, Qrer, Q) == Cqy (vtanQb||2L00(3Q) + AW (Qb) L1 (00

T IVQe 0 + [V Quetl By + Q= — Qref@z(m) ,

and Cq > 0 is a constant depending only on rq, cf, (c,)!|[V®ql|c1(q), and the (2-dimensional)
measure of 9. In view of the convergences established in Step 1, letting ¢ — 0 in this last
inequality leads to (2.9). O

Remark 2.5 (Specific geometry [16]). In our companion paper [16], we consider a domain {2 and
a boundary condition @, for which the following situation occurs: 0 € 92, B;NQ = By N{x3 > 0},
and Qy, is constant on By N9 = By N {xz3 = 0}. In this situation, the boundary monotonicity
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inequality (2.9) for points on By N 9 becomes an equality of the following form: for every point
xg € B1NOQ and every 0 < p <r <1 — |z,

%g/\(Qrefy Br(‘rO) N Q) - %g)\(Qreﬁ Bp(xO) N Q) =

2 r
re 1
0Qret dx+2)\/ (2/ W(Qref)da:> dt .
p \"JBi(zp)n0

Oz — xo]
Indeed, it suffices to notice that (z — x¢) - ¥ = 0 and V¢anQp, = 0 on By N0, and then use this
facts in identity (2.13).

1
finscopen =

One of the main consequences of the monotonicity formulae in Proposition 2.4 is a uniform
control of the energy in small balls. Recalling that Q1 € Ag, () is a given S*-valued extension to
the domain € of the boundary condition @y,, we have

Lemma 2.6. Assume that 9Q is of class C* and Qy, € CY1(00;SY). If Quer € Ag, (Q) satisfies
the monotonicity formulae (2.8) and (2.9) with

K\ (Qp, Qrer) < CQ(||VtanQbH2Loo(aQ) + AW (@Qb) L1 00) + Ex(Qb))
for some constant Cq > 0 depending only on §2, then
(1) for every zo € Q and r € (0,dist(zo, 09)),

1 2
sup —&x (Qref7 BP(LC)) < =6 (Qrefa Br(xo)) 5
B, (2)C B, /2(x0) P "

(2) there exist two constants rg) > 0 (depending only on ) and C3,(depending only on Q,

Qbs AW (Qu)l|11 00y, and Ex(Qv)) such that for every xo € Q and r € (0,r)),

1 4
sup N (Qref, B,(xz) N Q) < =&y (Qref, B, (zg)N Q) + Cé‘?br . (2.16)
B, (x)C B, 6(z0) P r

Proof. Step 1: proof of (1). We assume without loss of generality that 2o = 0, and we consider an
arbitrary ball B,(z) C B, /2. By the interior monotonicity formula (2.8), we have

1 1

1 <
p+ |x|5A(Qref’ By el (2))

2
< mf/‘)\(QreﬁBg(pHxD) < ;5)\(Qref,B,«) ,

%5)\ (Qref7 Bp(x)) <

and the claim is proved.

Step 2: proof of (2). We choose rgzl) € (0,rn) (where rq is given by Proposition 2.4) in such a
way that the nearest point projection 7w on 9f2 is well defined in the rg )_tubular neighborhood of
09. Once again, we may assume that zo = 0, and we consider B,(z) C B,/s. We now distinguish
different cases.

Assume first that € 9Q. Then, we deduce from the boundary monotonicity inequality (2.9)

that
1 1
=Ex(Qrets Bp(2) N Q) < ———Ex(Quets Bya)(x) N Q) + C)
P AM(Qrets Bo(2) N Q) P M@rets By (2) N Q) +C3, |2
1 2
< mgk (QrefaB2(p+\ac\) N Q) + CébT' < ;EA (QrefaBr N Q) + Cgbr .
Next, for x ¢ 09 and |z — wq(z)| < p, we have 2p + |wqo(z)| < r/2 so that
1 1 4
;5)\ (QreﬁBp(fE) N Q) < ;g)\ (Qref7B2p(7TQ(m>) n Q) < ;5)\ (QrefaBr N Q) + Cé\?b’f',

by the previous inequality.
Finally, for € Q and |z — wo(x)| > p, we have B,(z) C © and thus

%gk(Qrcvap(x)) < ! 1

A
< m ;SA(QrcfaBer) +CQbTa

Ex (Qrcf> B|a:—7rg(x)\ (:E)) <

where we have used again the previous inequality, |z — wqo(x)| < r/6, and |7 (z)| < r/6. O
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Remark 2.7 (Specific geometry [16]). As already mentioned in Remark 2.5, we consider in our
companion paper [16] a situation where 0 € 9Q, By N Q = By N {xz3 > 0}, @, is constant on
B1N9Q = By N{x3 = 0}. In this case, if Qrer € Ag, () satisfies the boundary monotonicity
formula in Remark 2.5, then we can repeat the argument in Lemma 2.6 above to obtain

sup 15')\(Qref,Bp(l‘) ﬂQ) < 4Ey (Qref,Bl ﬂQ) (2.17)

B, (x)CBys P

instead of (2.16) (with 2o =0 and r = 1).
2.2. Reflection across the boundary. To obtain regularity estimates at the boundary for crit-
ical points of &y in the class Ag, (), we rely on arguments developed by C. Scheven in [53]. The
main idea is to construct a suitable reflection across the boundary taking into account the pre-
scribed boundary condition @y, in such a way that the reflected critical point satisfies an equation
similar in nature to (2.2) in a larger domain. Boundary regularity can then be treated as an interior
regularity problem. The aim of this subsection is to construct such reflection and to derive the
resulting equation in the extended domain. We proceed as follows.

We still assume that the boundary of the bounded open set 2 C R? is of class C2. In this way,
we can find a small number dg > 0 such that the nearest point projection wg on 02 is well defined
and of class C? in the (2dq)-tubular neighborhood of 99 (see e.g. [58, Chapter 2, Section 2.12.3]).
We set for 6 € (0, 20q],

Us := {z € R® : dist(z,09) < 6},
Us* :={x € Us: (x — mq(x)) - v(wa(x)) >0},
Us* = Us \ U5~

where v denotes the outer unit normal vector field on 9€2. Choosing dg smaller if necessary, we
can assume that

QN Basgy () = Uly, N Basg (x) V€ 99,
The geodesic reflection across €2 is the involutive C?-diffeomorphism oq : Uss,, — Uss,, given by
O'Q(.’E) = 271'9(%) —Xx.

It satisfies
oo(UM) =U V5 €(0,25q), and oq(z)=x Vo€ d.

Being involutive, its (matrix) differential satisfies
Dog(oq(x))Doq(x) =1 V€ U, . (2.18)
Moreover, for every x € 00 we have
Dog(z)v =2p,(v) —v Vv eR?,

where p, denotes the orthogonal projection of R? onto the tangent plane T,,(952), i.e., in this case
Do q(z) is the (linear) reflection across the tangent plane T,,(9€). In particular,

Dog(x)(Doq(x))' = Dog(z)Dag(z) =1 Ve df, (2.19)
where I is the identity matrix. We now extend the domain €2 to the domain
Q:=QuUUs, = QUUE, (2.20)
and we simplify the notation by setting
U:=Us,, U*:=Us, U™:=Up.
On the extended domain (AL we consider the Lipschitz continuous field of symmetric 3 x 3-matrices

Al) = (akl(x))3 _ {‘J(O’Q(l’))‘ Dog(og(z))(Doa(oa(z))) ifzeQ\Q,

: 2.21
k=1 ( )

I otherwise ,

where J(oq) denotes the Jacobian determinant of on. Note that the continuity of A across 92
follows from (2.19). In addition, (2.18) implies that A is uniformly elliptic, i.e.,

maol < A(z) < Mol V€ Q

in the sense of quadratic forms for some constants mgq > 0 and Mg > 0 depending only on €.
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Let us now consider for any given (Q1, Q2) € So X Sp their tensor product Q1 ® Q2 as the linear
mapping Q1 ® Q2: So — Sy defined by

(Q1®Q2)P :=(P:Q2)Q

for any P € Sy. The geodesic reflection on S* C Sy with respect to a point N € S* is given by the
linear mapping (2N ® N —id), where id denotes the identity map on Sy. Note that (2N @ N —id)
is simply the orthogonal symmetry with respect to (V) which is the identity along (N) and minus
the identity along any orthogonal direction to N. In particular, it is involutive, isometric, and
symmetric. Given a boundary data Q;, € C*1(99;S*), we consider the mapping X : U — GL(Sp)
of class C! given by
3(z) :=2Qp (WQ(:E)) ® Qp (71'9(96)) —id.

Notice that by construction 9, = 0 on 99, as d,wq(z) = 0 for any = € IQ.

With the help of ¥, we define the extension procedure of maps in Ag, () to the domain Q as
follows: to a map @ € Ag, (2) we associate Q € Wh2(Q;S*) given by

~ Q(x ifx e,
Qz) == (@) . ~ (2.22)
Y(z)Q(oq(x)) ifxze\Q.
Note that @ indeed belongs to Wl’Q(Q) since XQooqg = XQ = XQp = @y, on .
/\ If no confusion arises, we shall simply write ) instead of @ the extension of a map Q.
In what follows, we also denote for P,Q € lez(ﬁ; So),
3

3
(VP,VQ)a:= Y (AVP;) - VQij = > andP:0,Q and [VQ[% :=(VQ,VQ)a,

1,j=1 k=1
where A is the matrix field defined in (2.21).
We are now in position to present the equation satisfied by the extension to Q of a critical point
of € in the class Ag, ().

Proposition 2.8. Assume that 9Q is of class C3 and Qn € CHH9YSY). If Q€ Ag,(Q) is a
critical point of £y, then

—div(AVQy) = |[VQAAQx + Gz, Qx, VQ,) in Z'(Q), (2.23)
where Gy : Q x S* x (So)® = Sy is a Carathéodory® map, and
GA(2, Q)] < Co, (L+ A+ [€]) V(,Q.6) € 2 xS* x (5)°, (2:24)

or a constan > 0 depending only on 2 and Q.
tCq, >04d di [ Q and
The proof of Proposition 2.8 essentially rests on the following lemma.

Lemma 2.9. Assume that 99 is of class C* and Qy, € C11(0Q;SY). If Qx € Ag, () is a critical
point of €y, then

[vanvena=x[ Qo
2 Q
+ )\/ex (@\ZQn) : @) f(x) dm+/ F(z,Qx,VQ\) : ®dx (2.25)

for every ® € W1’2(§;QA*TS4) compactly supported in Q, where the function f : U — R is
continuous, the map F : U x S§* x (80)% — Sy is Carathéodory, and

0< f(2)<Co and |F(x,Q,8)] < Co,(1+[¢]) V(x,Q,8) € U™ x 8" x (S)°,
for some constants Cq > 0 (depending only on Q) and Cg, > 0 (depending only on Q and Qy).

Proof. If ® € WL2(Q; Q,"TS?) is compactly supported in €2, then (2.25) reduces to (2.1). There-
fore, it suffices to consider the case where ® is compactly supported in U. Following the argument in
[53], we decompose ® into its equivariant and anti-equivariant parts with respect to the involution
O(x) = X(x)P(oq(x)), defined for = € U by

o°(z) == %(@(x) + E(x)q)(a'g(x))) and  (z) == %(@(x) - Z(x)@(a'g(x))> .

3G(~7 Q, &) is measurable for every (Q,€) € S* x (Sp)2, and G(z, -, ) is continuous for a.e. = € Q.
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Here equivariance is understood in terms of the joint reflections across the boundary and on S*.
Thus, one simply obtains

°(oq(x)) = Z(x)P%(z) and P*(oq(x)) = —-3X(z)P%(z) VzeU.

We shall prove (2.25) for ®° and ®* separately, starting with ®2. To this purpose, we consider @
as extended to the whole U as in (2.22) and we also introduce for z € U,

Qx(z) := Qx(oa(r)) = B(x)Qx(z).

We start from the identity

/ <VQ/\7V‘I) Ad-%’— Z / aklak EQA 0,9 dx

k,l=1

= Z / agl EakQ)\ 0,9% dx + Z / akl 8k2 Q)\) 1 0,9 dx
ki=17U" k=1

=1+1I. (2.26)

To compute the II-term, we integrate by parts. Since A is the identity matrix on 92 and 9,3 =0
on 0f2, the boundary term vanishes, and we are left with

Z 8[ akl (9k2 Q)\ : ® dy = Z / (91 akl 8k2 EQ)\] d? dx

ki=17U k=1

= — Z / 8lakl 8k2)2QA (I)admf Z / Q. 8kl EQ)\) : (I)adaj

k=1 k,l=1

- Z/ akl 8k2 8[ )QA : P dr — Z/ akl 8k2 EalQ)\):(I)adz. (2.27)

k,l=1 k=1

Concerning the I-term, we use the anti-equivariance of ®* to derive

I_Z/ a0 Q% : (T9,P?) da

k,l=1

= Z /Cx aklakQ)\ E‘I)a dr — Z / aklakQ)\ (8;2)(1)5‘) dx

k,l=1 k,l=1
= — Z / akl(“)k )\ o O'Q) 8l(<I> o O'Q dl‘ - Z / akl 8k(EQ)\)) : 0% dx
k=17 k=1
= — Z / aklak Q)\ o O'Q) 81(<I> o G'Q dZL' - Z / akl 8kE)Q,\) : ®*dr
ki=1"U%" k=1
— Z / akl é)l )E@kQ,\) d* dx . (228)
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Next we change variables in the first term of the last identity, and by (2.18) we obtain

- Z/ akOk(@r 0 Q) 1 9 (P* 0 o) Z/ AV(Qr,ij o oq) - V(P 00q)dx

k,l=1 i,j=1

- Z /ex Doq(z)A(z)(Doo ()| VQx.ij(aa(z)) - VO (a(x)) dr

7,j=1

—72/ VQrij(oa(x) - VO (oa())|J(oa())| dx

2]1

= — Z VQAJ']' . V‘I’?j da:

i,jil Uin
_ _/_ (YO, V&) 4 da . (2.29)

Since ¥? = id, we have the identities everywhere (resp. a.e.) in U,
(0rX)X 4 3(0;X) = 0 and (3%2)2 + (0 X)(02) + (0 %) (0 X) + 2(8]312) =0,
so that gathering (2.26), (2.27), (2.28), and (2.29) yields

/ (VO VO 4 dar = — / (VQ», V&) 4 da

+ Z / akla,%lz + 0lakl8;€2)Q,\ + 2akl(6k2)6lQA) : d*dx .
k,l=1
Consequently,
/ (VQx, VO*) g dax = / F(z,Qx,VQy) : P dx (2.30)
U ex
with

3
F, Q0 VQx) = Y B(0)((au(@)0f D(@) + hau @) E(2)) Qa + 200 @) 4 E(@)2Q5 )

k,l=1
Clearly, F : U™ xS* x (8)® — Sy is Carathéodory and it is sublinear in its third argument because
YeChland |Qy] <1in U.

It now remains to perform the computations with the equivariant part ®°. First, we observe
that ®° = 0 on 99. Indeed, since the function (Qy : ®) belongs to W(U), it has a trace on 99,
and this trace is equal to the inner product of the traces on 9. Since (@ : ®) = 0 in U, and
Qx = Qp on 99, we infer that (Qp : ) = 0 on Q. Hence P = —& on I, which yields ¢ =0
on Jf). As a consequence, ®° € WOI’Q(U“‘;SO). Moreover, for a.e. x € U™,

O°(x) : Qa(z) = %@(ag(x)) : (E(w)Q)\(x)) = %@(ag(x)) : Q,\(O’Q((E)) =0,

and thus ®° € W, ?(U™; Q,*TS*). Thanks to the regularity of 99, (2.1) holds for every test
functions in VVO1 ’Q(Q; Q\'TS*) by approximation. Therefore,

/. (VQ,\,VCI>6>Ad:c:/ VQA: VO dr =X [ QF:9°dx. (2.31)
in in U)n

Next, from the definition of @} we have an identity analogous to (2.26), namely

/ <VQ)\,V(I) Ad(L’— Z / agl EEJ;CQ/\ 0,9 dx + Z / Akl 8k2)Q§) 1 0,9 dx

k,l=1 k,l=1
= III+1V. (2.32)

The computations of I'V are identical to the ones of 17 in (2.27), with ®¢ instead of ®*. Similarly,
we can compute 77 in a way similar to (2.28), thus using the equivariance of ®¢ and the change
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of variable as in (2.29) we obtain

III = Z/ a0k (Qro0oq) : 01(P°ooq)dr — Z/ Cbkz )(31@2)65) . B° do

k,l=1 k,l=1

_ Z/ankl 8; )EakQ)\) (I) d.%‘

k,l=1
:/ <VQ)\,V(I) Ad{,E — Z / akl 6kE)Q)\) Z(I)e dx (233)
" k=1
- Z/ akl 8[ )EBkQ,\) (‘Pedit (234)
ki=17U"

Summing up the contributions for 171 and IV, in view of the identities for ¥ and its derivatives
we infer

/ <VQ,\,V‘I’9>A dx = / <VQ/\,V<I>6>A dx + F(x,Q,\,VQ,\) : 0%dx, (2.35)
ex in Uex

with the same F as in (2.30).
Combining (2.31) and (2.35) leads to

/(VQ,\,V<I>8>Adx:2>\ Qi;cbedx+/ F(z,Q,VQ)) : ®°dx. (2.36)
U

ex

Uin

Finally, summing (2.30) with (2.36), we are led to

/(VQ,\,V<1>>Adx:2>\ Qi:cbedx—k/ F(z,Qx,VQ)) : ®dz
U ex

Uin

Uin Uin

—‘r/\ F(z,Qx,VQ,) : Pdz. (2.37)

Changing variables once again, we derive

Q3 : (ZPoog)dx —/in [(2Q3(oa(2))] : ®(oq(z))dx

Uln
:/ ((2Q3) : @) f(z)da, (2.38)
with f :=|J(oq)|. Combining (2.37) and (2.38), the conclusion follows. O

Proof of Pmposztwn 2.8. Starting from Lemma 2.9, we proceed as in the proof of Proposition 2.2.
Given ® € C¢° (Q M35 (R)), we consider @ := @ — (@ : I)] € C(;Sp) and

P, =Py — (Q)\ : (I)())Q)\ S WI’Q(Q;Q,\*TS4) .

Since ®, is compactly supported in (AZ, (2.25) applies. On the other hand, direct computations
yield

/A<VQ,\,V<I>*>Adm:/JVQ,\,V@O}Adx—/JVQ,\\iQ,\:<I>0dx
Q Q Q
Z[\<VQ,\,V(I)>Ad$C—/\|VQ)\|?4Q)\:‘I)da?, (2.39)
Q Q

and

ex

A/QQ§:<I>* d:c—i—)\/ex (ZQ3) : @.) f(2) dﬂc+/ F(z,Qx,VQy) : ®, dx
:/QG,\(:E,Q,\,VQA):CI)d:v, (2.40)



20 FEDERICO DIPASQUALE, VINCENT MILLOT, AND ADRIANO PISANTE
with
G, Qr, VO = Ma(@) [} 57 - tr(Q})Qs)]
F Ao ()1 (2)[2Q3 — 50(ZQA)T — (803 Q1
+ xvex(z) [F(JJ’ Qx,VQy) — étf(F(l‘a Qx, V)T — tr(F(z,Qx, VQA)QA)QA} :
Combining (2.25), (2.39), and (2.40) leads to the conclusion. O

Before closing the subsection, we provide a counterpart to Lemma 2.6 for reflected maps.

Lemma 2.10. Assume that 9 is of class C® and Qp, € C11(98%Sh). Let Qrer € Ag, (Q) satisfying

conclusion (2.16) in Lemma 2.6. There exist two constants rg) >0 and k = kg € (0,1) depending

only on Q such that for every xg € OQ and r € (0, rg)),

1 N C

sup 7/ |V Qret|? da < 795)\ (Qref7 By (zg) N Q) + Céghra (2.41)
B, ()CBrr(w0) P J B, () "

where Cq > 0 only depends on ), and Céb > 0 only depends on Q, Qu, N|W(Qv)|lL100), and

Ex(Qv).

Proof. Set k = *min(”Do’QHEolo(U),]-), and ry,’ = min(rg),ég), where rg) > 0 is given by

6
Lemma 2.6. Given a point zp € 9Q and a radius r € (0, rg)), we apply (2.16) to estimate in a ball

Bp(37> C Bgr(z0),

1 ~ 1 1 ~
7/ |VQref|2d-T = 7/ |eref‘2dx+ 7/ |eref|2d5E
P JB,(z) P JB,(z)nQ P JB,(z)nUex

4 1 ~
< ZE(Quet, Br(w0) N Q) + 7/ VQuet[Pde + Chr.  (2.42)
T B, (z)NUex

1 (2)
Q

p

Using the facts that 3(z) is isometric for every z € U and |Qcf| = 1, we estimate

-~ 2
/ ‘VQref|2 dr = / |V(2Qref o UQ)| dz
B, (z)NUex B, (z)NUex
2
< 2/ IV (Qret 0 00)|" dz + Co, p° < CQ/ |VQret|* dz + Cg, p*
B, (z)NUex oo(B,(z))NU™

where the last inequality follows from a change of variables. Setting y := (), we observe that
oq(B,(x))NU™ C B,y (y) N U™ and B,/6r)(y) € Byjg(z0), and consequently

1

~ C
7/ |eref|2 dr < 79/ ‘eref|2 dz + CQbP2
P JB,(z)nUex P JB,,6r) (y)NQ

< %(‘L\(Qref, B, (z9) N Q) + Cé‘gb’l“ , (2.43)

thanks again to (2.16). The result now follows from (2.42) and (2.43). O

Remark 2.11 (Specific geometry [16]). Recall from Remark 2.7 that we shall consider in [16] the
following situation: 0 € 9Q, B1NQ = B1N{x3 > 0}, and Qy, is constant on B;NIQ = ByN{xs3 = 0}.
In this case, 3 is constant in By, and oq(z) = (21,22, —23) =: T for every x = (21,21, 23) € Bj.
Hence |V@ref(x)|2 = |VQret(7)|? for every x € By N {x3 < 0}. As a consequence, if Qycr satisfies
conclusion (2.17) in Remark 2.7, then

1~
sup  —Ex(Qret, Bp(2)) < 8Ex(Qrer, B1NQ),
B,(x)C By P

instead of (2.41) (with zg = 0 and r = 1).
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2.3. The e-regularity theorem. In this subsection, we present the main regularity estimate
which provides local Holder regularity for weak solutions of (2.2) under a smallness assumption on
the energy. To treat interior and boundary estimates in a unified way, we consider the case of a
general system with diagonal principal part, corresponding to the scalar operator Lv = —div(AVv),
as it appears in Proposition 2.8.

Theorem 2.12. Let o € (0,1] and A : B,, — #4355 (R) be a Lipschitz field of symmetric
matrices, and assume that A is uniformly elliptic (i.e., mI < A < MI for some constants m > 0
and M >0). Let Q € WY2(B,;S*) and G € L?(B,,;So) be such that

—div(AVQ) = |[VQ|3Q + G in Z'(B,,). (2.44)

There exist two constants €4 > 0 and C4 > 0, and an exponent o = a(A) € (0,1) depending only
on the Lipschitz norm of A in By, and the ellipticity bounds m and M such that the condition

1
sup (/ \VQ|2d:l:+1"/ |G|2dx> <ea (2.45)
B, (%)CBr, \" JB,(2) B, (Z)

implies Q € C%*(B,, 2) with [Q]CO,@(BTO/2) < Cyry .

We postpone the proof of this theorem as we require some preliminary lemmas. To this purpose,
let us first recall the notion of function of bounded mean oscillation. Given an open ball B C R,
a function u € L'(B) belongs to the space BMO(B) if

lullemo(s) == sup ]l ‘u —][ u ’ dz < 400,
B,(y)CBY By(y) By (y)

where the supremum is taken over closed balls Ep(y) as above. Analogously, for p > 1 a function
u € LP(B) belongs to the space BMO?(B) if

p
iy = sw o Ju=f uf o< oo,
B,(y)CBY By(y) B, (y)

where as above the supremum is taken over closed balls Ep(y). It is well known that taking closed
cubes inside B or closed balls B,(y) such that Ba,(y) C B gives equivalent definitions where the
previous quantities are equivalent norms (see [60]).

A first ingredient coming into play is the classical John-Nirenberg inequality, see e.g. [25,
Chapter 19].

Lemma 2.13 (John-Nirenberg inequality). For every 1 < p < oo, there exists a constant Cp, > 1
depending only on p and the dimension such that

1

Cfp”“H%ﬁ/{Q(f;) < ”u”[]%Mop(B) < Cp”quMo(B)

for every u € BMO(B).

The second result is a standard scaling-invariant local regularity estimate for solutions of linear
elliptic PDE’s. Since the result is standard but we were not able to find a reference in the literature
we sketch the proof for the reader’s convenience.

Lemma 2.14. Ford > 3, let A : QCR? Maxqa(R) be a Lipschitz field of symmetric matrices,
and assume that A is uniformly elliptic (i.e., mI < A< MI in Q for some constants m > 0 and
M >0). Let f € L2(;R%), g € L2(Q) and for each B, € Q, 0 < r < 1, consider u € W) *(B,)
the (unique) weak solution of

—div(AVu) =divf+g¢g in By,

u=20 on 0B, .

For every q € (%, 2), there exists a constant Cy = Ca(q) depending only on q, d and the Lipschitz

norm of A in Q (i.e., not on the radius r) such that

q < 4 L :
IVl sets < Ca(If et + ol g, )
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Proof. (Sketch) Since all the norms in the inequality have the same scaling properties and the
Lipschitz norm of A is decreasing under scaling with factor r < 1 we may assume r = 1. Then the
estimate for ¢ = 2 just follows testing with u, integrating by parts and using Sobolev inequality.
The case q € (2,d) follows from the case ¢ = 2 and the combination of [22, Theorem 9.15] for the
case f = 0 with [23, Theorem 10.17] for the case g = 0. Finally, standard duality arguments give
the desired conclusion in the dual range of exponents ¢ € ( d 2). (]

1
The final ingredient is the following local gradient estimate for A—harmonic functions.
Lemma 2.15. Ford > 2, let A: QCRI— Myxa(R) be a Lipschitz field of symmetric matrices,
and assume that A is uniformly elliptic (i.e., mI < A < MI in Q for some constants m > 0 and
M >0). If B, CQ,0<r <1, and u € WH3(B,) satisfies in the weak sense
—div(AVu) =0 in B, , (2.46)
then w € C*(B,) and

C
sup \Vu|2<—;4][ lu — ¢&|? da V€ eR,
B4 r OB,

for some constant Cy > 0 depending only on d and the Lipschitz norm of A in Q (i.e., not on the
radius r).

Proof. Since u — & also solves (2.46), we may assume that £ = 0. By standard elliptic regular-
ity theory, u is of class C1* locally inside B,., and the following estimate holds (see e.g. [21,
Theorem 5.19])

sup |Vul? < CA][ |Vul|? dz .
By/a B,y

On the other hand, Caccioppoli’s inequality (see e.g. [21, Theorem 4.4]) yields

C
/ |Vu|* dz < —’24/ |u|? d
By ™ JB

T

so that
sup |Vul? < C—;][ lul? dz . (2.47)
B4 r "
Next we observe that |u|? € W11(B,) satisfies (in the W ~1!-sense)
—div(AV|ul?) = —2(AVu) - Vu <0 in B,. (2.48)

According to [22, Theorem 9.15], there exists a unique strong solution ¢ of
—div(AVy) =1 in B,,
p=0 on 0B,
which belongs to W2P(B,.) for every p < oco. In particular, ¢ € C'(B,) by Sobolev embedding
whenever p > d, and an elementary scaling argument (using r < 1) leads to
IVeollLes,) < Car, (2.49)

for some constant Cy4 > 0 depending only on d and the Lipschitz norm of A in Q (and independent
of ). Moreover, ¢ > 0 in B, by the maximum principle.

Next we write |u|? = —|u|2div(AV), and we integrate by parts over B, to obtain
/ lu|? dx = / (AV|ul?) - Vpdr — / lul?(AV) - vdx < cAr/ lul? dx (2.50)
B, B, OB OB
thanks to (2.48) and (2.49). Gathering (2.47) and (2.50) yields the announced conclusion. O

Proof of Theorem 2.12. We start with some useful pointwise identities which hold a.e. in the
domain and which allow to perform the so-called Helein’s trick and rewrite the quadratic term in
the right hand side of (2.44) in divergence form.

From the identity |Q|?> = 1, we first infer that Q : 9Q = 0 for each k € {1,2,3}. As a
consequence,

3
> Qu(AVQiy) - VQu =0 Vi je{1,2,3},

k,l=1
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which in turn implies that

3
IVQIAQi = Y Qij(AVQw) - VQi = Z B} -VQu,
k=1 k=1
with the vector fields
B = Qij(AVQw) — Qu(AVQy;) € L*(B,o;R®), i,j,k,1 € {1,2,3}. (2.51)

We now claim that in view of the previous pointwise identities for every i, j, k,l € {1,2, 3},

div B} = GrQij — GijQu in 7'(By,). (2.52)
Indeed, given a test function ¢ € Z(B,,), we integrate by parts using equation (2.44) to obtain
BY - Veds = [ (AVQu) - V(Que)ds ~ [ (AVQs) - V(Qug)ds

B4 B1 By

= [ GruQipdr — / GiiQuyp dr,
B1 B
and the claim follows.

We may now write in the sense of distributions

Bl -VQ = div(QuBYL) + Q4Gij — GuQuQij ,
in such a way that for each 4,5 € {1,2,3}
7(‘11V(AVQ”) = le(Q : B”) + (Q : Q)G” — (G : Q)Q” in W7172(Br0) X
where Bjj € L?(By,; (8))?) are matrix-valued vector fields given by Bj; := (B}})} ;_; as defined in
(2.51).
Finally, if T € Sy is a constant matrix, we have for every ¢, € {1, 2, 3},
—div(AVQ;;) = div((Q —T) : By) + Fi; in W™ 2(B,,), (2.53)
with Fj; = (@Q:(Q - T))Gij —(G:(Q - T))Qz] S LQ(BTO).
Let o € (0,1/8] be a constant to be specified later. We fix 29 € B, /» and t € (0,79/2) such

that By(zo) C By,, and then arbitrary & € By(x¢) and r € (0,t) such that By (Z) C Byi(zo).
Note that B,.(Z) C Bi(xo) C By, and thus assumption (2.45) yields

1
sup 7/ |VQ|2dx+,0/ |GI?dz | <eu. (2.54)
0<p<r \ P JB,(z) B, (%)

T 2:][ QdreSy.
B,.(2)

By a standard average argument based on Fubini’s theorem, we can find a good radius 7 € (r/2,r)
for which

Define

/ 1Q — T2 dH? < é/ |Q —T)?dx. (2.55)
OB (T) T JB,.(z)

Since @ € WY/22(9Bx(z); Sp), there exists a unique H € W12(Bx(Z); Sp) satisfying

(2.56)

—div(AVH) =0 in Br(Z),
H=Q on 0B;(T) .

In addition, applying Lemma 2.15 with Q= B,,we infer that H belongs to C'(Bz(z)) and that

swp (VHP< G perpae = je-rpawe < G j0- 1P,
By/a(2) " JoBy(7) " JoB() " JB.(7)
(2.57)
thanks to our choice of ¥ made in (2.55).

By (2.53) and (2.56), the map @ — H has components which solve

dlv(AV(QU H;j) =div((Q —T) : Bij) + F;; in W 12(By(2)),
Qij —Hij =0 on 0Bx(7),
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and our aim now is to apply Lemma 2.14. To this purpose, let us fix the exponents

3a

€(3/2,2 d s:=
1€ (3/2.2) and 5=

€ (1,6/5).

(One can choose for instance ¢ = 7/4.) Using the identity |@Q| = 1 and Holder’s inequality, we
estimate with the help of (2.54),

1@ =T)+ Bijlipaws. @) < 1Bl @llQ = Tl 20y

AlIVQIl 23, @) IQ — T

A(sAF)l/QHQ - T”Lz%qq(B—(az)) ’

<C 2q_
L2=4(Bx(%))
<C

as well as

| F351

s(Ba(3)) S ~(z =T e
L (Br(z)) OHG||L2(B,( ))”Q HLG(iq (B ()

< O(EA/F)1/2HQ - T“Lfsﬁqu(Bf(z))

<CEan)' Q=T o,

According to Lemma 2.14, we thus have

_ _ A1/210 —
V(@ = H)lia(z, o) < Calear) IQ =Tl o .

Since 7 € (r/2,7), the previous estimate and the Sobolev inequality in W, *(Bs(7)) yield

1/p o
_HIP O B i
(ﬁmm) @t dx) < 7375 1V(@ = D)l Las, @)

< Caclf® <][ |Q—T|2—"qd:c> . (2.58)

B, (z

where p :=¢* = 33—_‘1(1 > 2 is the Sobolev exponent. Next we set

F::][ Hdx and @::][ Qdzx,
B, () By (Z)

and we infer from (2.57) and Holder’s inequality, as 7 € (r/2,r) and ;qu > 2, that

1/p 2a
][ |H — H|? do < Cor sup |VH| < Cyo ][ |Q — T|22qu dx . (2.59)
By (T) By /4(T) B, (z)

In view of (2.58) and (2.59), as 7 € (r/2,r) we may now deduce from Minkowski’s inequality and
the John-Nirenberg inequality in Lemma 2.13 that

1/p 1/p 1/p
][ |Q — H|P dx < Co~3/p ][ |Q — H|P dx + ][ |H — HP dx
Bor(7) Br(2) Bor(2)

2—gq
2
< Caomel{? 1 o) (f Q - T|> dw)
B, (z)

<Ca (0_3/p5,14/2 +0)|QllBMO(B: (w0)) - (2.60)
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It now follows from (2.58) and (2.60) together with Holder’s inequality and the John-Nirenberg
inequality again that

][ IQ—@Idx<][ Q- H|de+ A -7
Bor(Z) T

or(Z)

<][ |Q—ﬁ|dw+][ |Q — H|dz
Bor (Z) Bor(x)

1/p 1/p
< <][ |Q — H|P da:) +Co%/P <][ |Q — H|P dm)
By (Z) Br(z)

< Ca(o™7e” + o) [Qllpros. w0 -
Finally, taking the supremum over Z and r, we conclude that
|QlEst0(8, (s < Calo™7€{ + o) [ Qllerro (s (ao) -

We then choose o € (0,1/8] and €4 > 0 small enough (depending only on A) in such a way that

1
1QllBMO(B, . (20)) < §||Q||BMO(Bt(wo))'

In view of the arbitrariness of ¢ € (0,7¢/2), the inequality above holds for every ¢t € (0,79/2). A
classical iteration argument on the function ¢ — [|Q||Bmo(B, (o)) then shows that

HQHBMO(Bt(ZL’o)) < HQ”BMO(BTO/Q(:L’O))20‘T()_ata < 204+17“0_04t04 YVt € (0,7”0/2), (261)

where a € (0,1/3) is determined by o® = 1/2 (note that we have used the fact that |Q| =1 in the
second inequality). In particular, (2.61) leads to

][ ‘Q _][ Qdy‘ dr < Cry®t* vt e (0,79/2).
Bi(zo) By (xo)

In view of the arbitrariness of zg € B, /2, it implies that Q € Ccoe (E,.O/Q) with the announced
estimate by Campanato’s criterion, see e.g. [42, Theorem 6.1]. O

Applying Theorem 2.12 to our main equation (2.2) yields the following interior regularity esti-
mate.

Corollary 2.16. Let Q) € W12(B,,;S*) be such that

~AQy = [VOAPQy + A(@ — 5T - (@)@)) in 7(By,).

There exist two universal constants €y, > 0 and ri, > 0 such that for every ball B.(x¢) C By, of
radius 0 < r < rin(1 4+ X\) 712, the condition

1

sup 7/ VO dr < iy
B, (x)CBr(z0) P JB,(z)

implies Qx € C**(B, a(x0)) with [@x]co.a(B, y(z0)) < CT™ for some constants a € (0,1) and

C > 0 independent of A.

Proof. Since Q) is a weak solution of(1.16), it solves (2.44) in B,.(zo) with the matrix A = I, and
G =X (Q3% — 31 — t1(Q3)Q»). The map Q being S*-valued, we have

i )2
sup p/ |G|?dx < C Tin
Bp(x) (

—inT__ < ord
By ()C By (w0) 1+ 2A)?

in

for some universal constant C' > 0. Hence, we can choose €, and r;, small enough in such a way
that (2.45) holds (with e4 = ), and the conclusion follows from Theorem 2.12. O

Concerning boundary regularity estimates under a Dirichlet boundary condition, we apply the
refection procedure of the previous subsection, and then Theorem 2.12 to equation (2.23).

Corollary 2.17. Assume that 9 is of class C® and Q, € CH1(0Q;SY). Let Qy € Ag,(Q) be a
eritical point of Ex, and Q) its extension to Q given by (2.22). There exist two constants €pq > 0
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and rpq > 0 depending only on Q and Qv such that for every ball B,.(x¢) C Q with T € 002 and
0<r<rpa(l+ )\)71/2, the condition

1 ~

sup 7/ |VQx|? dz < epq
B, (z)CBr(z0) P (@)

implies Q € CO%(B, ja(w0)) with [@)\]CD,G(BT/z(IO)) < Co,r™® for some constants o € (0,1) and

Cq, > 0 depending only on Q and Q1 (and not on ).

Proof. By Proposition 2.8, Qy solves (2. 44) in B, (zo) with the matrix field A given by (2.21),

and the map G given by G := G, (-, Q)\, VQ,\) where G satisfies the growth condition (2.24). In
particular,

swp p[ jGPdr<Co, swp p [ (14N24[VQP)ds
By (z)CBr (o) By () By (z)C By (z0) By ()
< Couriq(riq + €ba) »

for a constant Cg, > 0 depending only on Q and @),. Hence, we can choose €q and rpq small
enough in such a way that (2.45) holds, and the conclusion follows from Theorem 2.12. O

2.4. Higher order regularity. In this subsection, we improve Holder continuity estimates from
the previous one into Lipschitz estimates. Finally, we deduce analytic regularity both in the interior
and at the boundary, whenever boudary data permit.

Proposition 2.18. Let r € (0,1] and let A : B, — #5535 (R) be a Lipschitz field of symmetric
matrices. Assume that A is uniformly elliptic, i.e., mI < A < MI for some constants m > 0 and
M > 1. Let G : B, x $* x (80) = Sy be a Carathéodory map satisfying

Gl 0,6 < ClA+IEP)  V(w,q,6) € By xS x (S, (2.62)
for some constants A >0 and Cy > 0. Let Q € W12(B,;S*) be such that
—div(AVQ) = G(2,Q,VQ) in 2'(B,).
If Q € C*(B,) for some o € (0,1) and [Q]co.a(p,) < kr™%, then Q@ € WH>(B, ) and

1
T2||VQ||2L°°(BT/2) < C(r /B IVQ|? dx + Arz) ,
for some constant C > 0 depending only on ||Al|LipB,), m, M, Cs, a, and k.

Proof. Let us fix an arbitrary point x¢ € B, 5, and set Ag := A(wg), r1 := r/(2V M) < 1. We
change variables by setting for € B,, (so that A(l)/Qx + 29 € B, /2(x0)),

Q) = Q(Aé/% " x) |

Then Q € WH2(B,,;S*) N C%*(B,,) satisfies [Q]CO,@(B”) < M2kr7®, and it solves

—div(AVQ) = G(z,Q,VQ) in Z'(B,,), (2.63)
with

A(z) = Ay P A(AY 2 + 20) Ay P
and
G(r,q,&) = (A(l)/Qx + x0, q,Agl/Qg) )

We observe that A is Lipschitz continuous in B,,, and
M
m

m —

<AL and A(0)=1.

M

Concerning G, it satisfies
|G (2,4, S C(A+[E)  V(@,0,6) € By, x§* x (80)?, (2.64)

for some constant C, > 0 depending only on C, and A.
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We now fix an arbitrary radius p € (0,7], and we consider H € W'?(B,;Sy) N C°(B,,) the
(unique) solution of
{—AH —0 inB,,
H=qQ in 0B,,.
Representing H through the Poisson integral formula, one easily obtains

osc H = osc Q < Cry®p®
Bp BB‘,Q\ 1 p )

for some constant C' > 0 depending only A and & (and osc is meant for oscillation). Since H—Q = 0
on 0B,, we deduce that

sup |Q — H| < osc@ +osc H < Cr{ “p*, (2.65)
B, B, B,

with C' > 0 depending only A and k.

On the other hand, concerning the harmonic function H, we have H € C*(B,) and also
A|VH|? = 2|D*H|? > 0. Hence the function p — p~?2 Jiei=p |VH|?dH? is nondecreasing, and in
turn p — p~3 / 5 |VH |2dz is nondecreasing as well. As a consequence, since H is equal to Q on

P

0B, it satisfies

][ |VH|2dx<][ |VH|2dx<][ IVQ|?dx Vp' €(0,p). (2.66)
p/ B B/’

P

We are now ready to estimate

1/2 1/2
(f |lei,dx> < <][ \VH% da:) +C <][
By/2 By B
(2.67)

and we shall treat separately the two terms I and I1. Since A is Lipschitz and A(0) = I, we have
|A—1I| < Capin B,, and we infer from (2.66) that

P

1/2
V(Q - H)|% dx> = IY2 y CIr'/?,

I<(1+ CAP)][ |\VH*dz < (1+ CAP)][

BP/2 B,

VHP dz < (14 Car®p a)]i VO dz,

where we have used that 0 < p < 71 < 1. Using again this property together with the ellipticity
bounds on A and |[A —I| < Cap in B, we conclude,

1/2
VI < (14 Cary*?p%/2) <][ IVQI4 dm) . (2.68)
B/’
Next we write
II:][ (VQ,V(Q—H))Adx—I—][ (VH,V(H—Q))Adx. (2.69)
B, B,

Since Q — H € WOI’Q(BP) N L, we can apply (2.63) and then deduce from (2.64) and (2.65) that

]{3 (VQ.V(Q—H)) 5 dz =

P BP

Since H is harmonic and Q — H = 0 on 0B, we have pr VH :V(Q—H)dx =0, and consequently

G(x,Q,VQ): (Q—H)dx < Cr{%p (ﬁ |VQ|2dx+A> . (2.70)

]é(VH,V(H—Q» dx<][ |A—I||VH||V(H - Q)|dx

P

P

< |VH|2d:c+][ |VQ|2dx><Cr1°‘pa][ IVQ|?dx, (2.71)
B, B
| <

where we have used again |A — I

(2.70), and (2.71) leads to
I < Cary%p® <][ |VQ|2dx+A> :
B

P

Capin B, (2.66), and 0 < p < 71 < 1. Combining now (2.69),
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As 0 < p <7y <1, in view of the ellipticity bounds of A and |A — I| < Cap in B, we conclude

1/2
VIT < Cury 2 p/? <][ |VQ|idx+A> . (2.72)

P

Combining (2.67) with (2.68) and (2.72), we obtain

1/2
<]l IVQI% dx) < (14 Cary %002 (f
B2 B

for a constant C'y > 0 depending only on A, C,, and k and for all 0 < p < ry < 1.

1/2
|vc2|idx> + CaVAr;p/2(2.73)

P

In view of the arbitrariness of p, we can apply (2.73) with pj := 27%r; and k € N. It leads to

1/2
<][ |VQ|,24dx> < (1+ Ca27*/?) <][
B,

Now if {fr} C (1,00), 0 = 1132 0 < 00, {0k} C (0,00), 0 = X240k < 00, and {yx} C [0,00)
satisfy yr+1 < Oryr + ox for each k > 0, then a simple induction argument gives yxr1 < 0(yo + o)
for each k£ > 0. As a consequence, if we let

Yk = <][
By,
then we obtain
1/2
(f IVQ% da:) <C <][
B B

for some constant C' > 0 depending only on A, C,, k, and «.

Finally, if zop was chosen to be a Lebesgue point of [VQ|? (which holds for a.e. xq € B, /2 by
the Lebesgue differentiation theorem), then 0 is a Lebesgue point for [VQ|%, and letting & — oo
in (2.74) yields (recall that A(0) = I)

VQO)2 < C (J{;

Changing variables again and using the uniform ellipticity of A, we deduce from the definition of
r1 that

1/2
|VQ|§da;> + CaVA27k/2 Yk e N.

Pk+1 Pk

1/2
|VQ|?4dx> . 0= (14+Ca27%2) o = CaVA2TR/2,

1/2
IVQI% dx) +VA| VkeN, (2.74)

23 "1

2,
A?

IVQ|% dx + A) .

71

1 1
VQo < ( / |vc2|2dx+A> <o [ Ivepar+a),
rl B,./z(ﬂfg) r Bv‘

for some constants C' > 0 and A > 0 depending only on A, C,, k, and « and the conclusion
follows. O

Once Lipschitz continuity is obtained, one can derive higher regularity from linear elliptic theory.

Corollary 2.19. Let Qx € W12(B,.(x0);S*) be such that
1 .
—AQx = VAP +A(Q} = 51 —(@)Qs)  in /(B (x0))

IfO<r<rp(1+XA)"2 and

1
sup 7/ VP dx < &,
B, (xz)CBr(z0) P By (z)

where vy, and €i, are given by Corollary 2.16, then Qx € C¥(B,/4(x0)). In addition, Q» satisfies
for each k € N,

IV*Qull Lo (B, s (z0)) < Crr ™", (2.75)
for a constant Cy, > 0 depending only on k.
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Proof. Step 1. By Corollary 2.16, Q) € CO’Q(BT-/Q(J}O)) with [Q,\]Co,a(BT/Q(zO)) < Or~“ for some
a € (0,1) and C > 0 independent of A. Applying Proposition 2.18 with A = I and

1
G(z,Q,VQ) := [VQI*Q + \(Q* — 31— tr(Q*)Q)
(so that G satisfies (2.62) with A := A+ 1) yields Qx € W*°(B, 4(2¢)) and

1
7”2||VQ>\||2L°Q Bz S C| = VO |2 dx + (1 + \)r?
(B, /4(20)) .

1
<O</ |VQ>\2d33+1) <C,
T JB,(z0)

for some universal constant C' > 0. As a consequence, we have AQy € L>(B,/4(x¢)). By linear

elliptic regularity theory (see e.g. [24, Theorem 3.13]), it follows that @ € C’llo’f(Br /4(0)) for
every o € (0,1). A classical bootstrap argument based on Schauder estimates then shows that
Qx € C®(B,/4(x0)) (see e.g. [22, Chapters 6 & 8]), and standard results in [46, Chapter 6] give
analytic regularity.

Step 2. In this second step, our aim is to prove the remaining estimate (2.75) for k > 2. Let us fix
a point y € B, /s3(0), and rescale variables setting Q(z) := Qx(y + rz). Then,

—AQ = |VQI?Q + X(QQ - é[ - tr(@?’)@) in By s, (2.76)
with X := 72X € (0,r3,). Let us fix j € {1,2,3}, and set v := @-é. Differentiating (2.76) with
respect to the j-th variable, we obtain that v satisfies a linear system of the form

~Av+b-Vo+c-v=d in By,
where the coefficients b, ¢, and d satisfy
[0l Lo (B, ,6) + el (B, ) + (B, < C

since |@| =1 and ||VC§||L00(BI/S) < C. By elliptic regularity (see e.g. [22, Chapter 8, Section 8.11]),
v satisfies the estimate

sup [Vo| < C([[vll (B, ) + ldll=(5,,5) < C-

Bi/16
From the arbitrariness of j, we conclude that HVQQHLoo(Bl/w) < C. Now we can proceed by
induction on k following the same strategy (differentiating (k — 1)-times equation (2.76)) to prove
that Hka”LN(BT(Hz)) < Cy, for a constant C) depending only on k. Scaling variables back, we
obtain that [V*Qx(y)| < Cxr~*, and (2.75) follows from the arbitrariness of . O

A similar argument then yields higher regularity near the boundary when the boundary data
are sufficiently regular.

Corollary 2.20. Assume that OS) is of class C3 and Q, € CH1(0Q;S*). Let Q) € Ag, (Q) be
a critical point of Ex, Qx its extension to Q given by (2.22), and B.(xo) C Q with zy € 0Q. If
0<r<rpa(l+ A)71/2 and

sup l/ IVQ|? da < epa.,
B, (2)CB;(w0) P J By(x)
where rpq and e€nq are given by Corollary 2.17, then ||VCA2>\||L00(BN4(IO)) < Cgo,r~t for some
constant Cq, > 0 depending only on Q and Qy. As a consequence Qx € C¥(B,/4(x0) N Q) N
Cr(B,a(z0) N Q) for every a € (0,1).
In addition,

(i) if O is of class C*P and Qi, € C*P(0Q;S*) with k > 2, then Q) € Cﬁ)’f(Br/4(x0) naQ);
(i) if O is real-analytic and Qy, € C* (9% S*), then Qx € C¥(B,4(z0) N Q).

Proof. By Corollary 2.17, @,\ € CO*O‘(BT/Q(QJO)) with [@,\]CU,Q(BTM(IO)) < Cg,r~® for some ex-
ponent € (0,1) and a constant Cq, > 0 independent of X\. By Proposition 2.8, we can apply
Proposition 2.18 with the matrix field A given by (2.21), and G(x, Q, V@) given by the right-hand

side of (2.23) (once again, G satisfies (2.62) with A := A + 1). It yields Q, € W (B, /4(x0))
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and 7”2||VQA||2L°°(BT/4(:1:O)) < Cg, (as in the proof of Corollary 2.19, Step 1). From the equation

(2.23) satisfied by Q», we deduce that div(AVQ,) € L>(B,4(z0)). By elliptic regularity (see e.g.
[24, Theorem 3.13]), it implies that Qx € CI:L’(?(BT/z;(xo)) for every a € (0,1), and consequently
Q€ C’ll()’?(Br/4(:z:o) N Q) for every a € (0,1). Since [VQx| € L*®(B,4(w0) N ), we can argue as
in the proof of Corollary 2.19, Step 1, to show that Qx € C*(B, /4(x0) N Q).

Finally, under the assumption that 92 is of class C*# and @), € C*#(9Q;S*) with k& > 2, the
fact that @y € C{Zf (B;/4(x0) NQ) now follows from equation (2.2) and standard elliptic regularity
at the boundary, see e.g. [22, Chapter 6]. The corresponding conclusion within the analytic class
follows again from the results in e.g. [46, Chapter 6]. O

2.5. Bochner inequality and uniform regularity estimates. In this subsection we refine the
previous analysis and clarify the dependence of the regularity estimates for the smooth solutions
Q> of (1.16) on the parameter A. The results of this subsection are not used in the present paper
but they will be a fundamental tool in the subsequent papers [15, 16] of our series where we will
study (axially symmetric) minimizers in the asymptotic limit A\ — oo.

Proposition 2.21. Let Q) € W12(B,;S*) be a smooth solution of (1.16) in B,. There exists a
universal constant €.og > 0 such that the condition

1
;g)\(Q)\a BT‘) g Ereg
implies
1
sup (5IVQA +2W(@y)) < €2,
r/4

for a further universal constant C > 0.
In order to prove Proposition 2.21 we need a couple of auxiliary results.

Lemma 2.22. There ezists a universal constant c, > 0 such that for every Q € S* and T € Sy
satisfying T : Q =0,

2tr(TQT) < (;6 + c*\/W(Q)) |T)?.

Proof. Let us < pe < pp be the eigenvalues of Q. Using that uq + pe + pus = tr(Q) = 0 and
= ]\7

w3+ 3+ p3 = Q1 we deduce that 0 < u; < % and —% < p3 < 0. We now consider a

matrix P € SO(3) such that Q = PDP* with D = diag(u1, 2, u3) € S*. Setting T := P'TP, we
observe that T : D =T :Q =0, |T| = |T|, tr(TDT) = tr(TQT), and W(Q) = W (D). Hence, it
suffices to show that

- 1 ~
2tr(TDT) < | —= + c.VW(D) )|T|?, 2.77
(TDT) < (g + /WD) ) 7 (2.77)
for some universal constant c, > 0, i.e., that the claim holds when @) = D is a diagonal matrix.

To this purpose, let us first recall that

2 -1
W(D)=0 <= = = = — and =3 =—.
(D) p2 = 3 M= e = s =

Let us fix a small constant 0 < tg < 1 to be choosen later, and set
Ly = min{W(diag(ul,ug,ug)) iV =V >3+ ty, v+ st = 0,V12 +V22+V§ = 1} >0.

If po — ps > to, then (2.77) clearly holds for c, > 2&;1/2 since |D| = 1. Hence it remains to prove
the inequality in the case pus — 3 < to. To this purpose let us set t := s — us € [0,t9). Choosing
to small enough ensures that po < 0, and direct computations yield

2 t 1 t 1
= A2V =L (=222, = L - (1 12/2)V2,

2 V6
and, as t — 0,

1 (1—¢%/2)3/2 N t2
36 2v/6

(=222 = 3 4 o2).

W (D) ™G
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In particular, if to is sufficiently small, then ¢ € [0,tq) yields

W (D) >

| o

Let us now write
" T1 T4 Te
T=\|z4 x2 x5
Te T I3

so that |T)? = 22 4+ 22 + o3 + 223 + 222 + 222, and
240(TDT) = 2a? + 2273 + 232 + 2(pa + p2)23 + 2(p2 + p3)a + 2 + pa)
Since p1 + po + p3 =0, p3 < po < 0 and pg < %, from the previous formulas for the eigenvalues

we easily get —2pus < %, —2uz <t+ % and

2t0(TDT) < 2nat + 21 + p2)2] + 2(i + pa)ag = 2nat — 2usal — 2pp

4 2 1 2 2 2
< N + 2(% +2y/W(D))xj + N (2.78)

On the other hand z1 + 22 + 23 = 0 since tr(Tv) =0, and p121 + poxs + pusrs = 0 since T:D=0.
It implies that

(S22 = L =t

and consequently, ¥3 < 222 < ix% for tp small enough. Back to (2.78), we conclude that
~ 1 1 2 1 ~
2tr(TDT) < —= 22 4+ 2(—= + 2/W(D))2? + —= 22 < (+2\/W D ) T|?,
( )\@3(\/6 ())4\/66 7 (D) )17
which completes the proof for a (small) universal constant to > 0 and c, = max{2, 2, 1/ O

Lemma 2.23 (Bochner inequality). Let Q@ be a smooth solution of (1.16) in B,.. Setting ey :=
%|VQ>\\2 + AW (Q)), we have
—Aey < Cei n B,

for some universal constant C' > 0.

Proof. First compute
A (;wﬂ) — [T2QuP + VQy : V(-AQ)).
From (1.16), we derive that
Oh(—AQx) =2(VQx : V(9:Qx))Qx + [VQA? 9 Q
" A((aanQA +QuhQs - 30(Q30,01)Qs — (@101 ).

Since Qy : 9xQx = 0 and tr(Q3) = —3W(Q»x) + 1/V/6, we obtain

3
-A (;|VQ,\2> < VA +3AW(QN) IV + 1) <2tr((8kQ,\)QA8kQ,\) - \%ka/\'Q) :

k=1
It then follows from Lemma 2.22 (applied to Q@ = @ and T = 9;Q,) that

A (;wcm) < IVQAl* + BAW(QV)IVQ + e AT(@) VA, (279)

Next, we compute

3
—AW(Qn)) = —tr(Q3(—AQN)) + Z 2tr ((OrQX)Qx0kQn)

k=1
and it follows from (1.16) that

3
~A(V(Q) = ~IV@Pr(@) - M0 — § - (6(@)° ) + 3 2n((001) Q%)

k=1
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Noticing that tr Q* = 1/2, we obtain from Lemma 2.22,

3
—A(W(Qx)) = 3W(QA)IVQAI” + IAV(Qx) = WEW(Qx) + Y <2tr((akQ/\)Q)\8kQ>\) - \}6|3ka2>
k=1
<3W(QN) VA + AW (Q)) — AW W (Qr) + ¢/ W(Q)) [VQAI* . (2.80)

Combining (2.79) and (2.80), we are led to

—Aex < [VQA* + 6AW(Q)[VQA> + INTWZ(Qx) — VT (Q)) + 2¢. A/ TV (Q)) [VQA?
< (1+€3/VE)IVQA" + 6AW (Qx)[ VA + INTW2(Q3)
< C’ei
for a universal constant C' > 0. (]

Remark 2.24. If @), is a smooth solution of (1.16) in B,, then @), satisfies the interior mono-
tonicity formula (2.8) in the ball B, (see the proof of Proposition 2.4, Step 2, or [58, Chapter 2,
Sections 2.2 and 2.4]). As a consequence, @, satisfies

1 2

sup  —Ex(Qr, Bo(x)) < =& (Qr. Br),
Bp(x)ng-/z p r

exactly as in Lemma 2.6.

Proof of Proposition 2.21. We argue as in [11], where the scaling argument first presented in [54] for

harmonic maps is adapted to the harmonic heat flow. Since @) is smooth, we can find o € (0,7/2)
such that

r 2 1 r 2
(f — O’)\) supey = — sup (f — 0) supey .
2 ZEN 2 0<o<r/2 Bo

In addition, by continuity we can find z) € B,, such that
supey = ex(x)) :=€).
TN
Set px := (§ —ox)/2 > 0, and notice that B, (xx) C Bo,4,, C By/2. Since 0 = px +ox < 1/2
and r/2 — o = 1(r/2 — 0), by definition of o we have

sup ey < sup ey < 8e€y.
Bﬁ,\(fL’A) Bc')\er)\

We define 7 := prv/@x, and, as By, (zx) € B2, we also define
= T
Q(x) == Qx (:m + \/—a\) for x € B,, .

Then Q is smooth in B,,, and it solves (1.16) in B,, with X := A/e, in place of \. Setting
~ L o= Yur/ A
& = 5|VQP +AW(Q),

we infer from our choice of o) and x that ¢5(0) = ex(xx)/€x = 1, and 5 < 8 in B,,. We now
claim that r) < 1. Indeed, assume by contradiction that r) > 1. Then we infer from Lemma 2.23
that

—Ae; < C& <8C¢ in By,
for a universal constant C' > 0. By Moser’s Harnack inequality (see e.g. [24, Theorem 4.1]) and
Remark 2.24, we have

1 ng(O) <C EX dx = Cvey ey dr < 2Ce g,
Bl Bl/\/ﬁj(zk)

for a universal constant C' > 0. Here we have used that Bl/\/éj(xm) C B,y since 1/\/ex < pa.
Therefore, 1 < 2Ce,¢g Which is clearly a contradiction if €,c, is small enough.
Knowing that r) < 1, we may now deduce from our choice of o) and the definition of p) that

r 2
sup (f — 0) supey < 8p§\é)\ = 8r§ <8.
0<o<r/2 B,

Choosing o = r/4 now yields ey < 12872 in B, 4, and the proof is complete. [l
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3. REGULARITY OF MINIMIZERS UNDER NORM CONSTRAINT

The aim of this section is to prove Theorem 1.2, and the proof is divided according to the fol-
lowing subsections. Recall that in the statement of Theorem 1.2, we assume that the boundary 052
is of class C® and Q1 € C11(09;S%).

3.1. Monotonicity formulae. We start establishing the monotonicity formulae for minimizers
of £\ over Ag,(Q) applying the general principle in Proposition 2.4. First, let us recall that
Qv € Ag, () is a given (S*-valued) reference extension to  of the boundary condition Q.

Proposition 3.1. If Q\ is a minimizer of Ex over Ag, (), then Qx satisfies the Interior Mono-
tonicity Formula (2.8) and the Boundary Monotonicity Inequality (2.9). Moreover the quantity

K\(Qyn, Qy) in (2.9) satisfies
K\ (Qp, Q) < CQ(HvtanQbH%OO(BQ) + AW (Qv) L1 (a0 + 5/\(Qb)) . (3.1)

Proof. We first notice that, due to (1.11) and (1.4), the potential W is nonnegative for every Q € Sp.
Hence, for each ¢ > 0 the functional GL.(Q;-) defined in (2.6) is well defined and coercive on
Wh2(Q; Sp). Moreover, using the compact Sobolev embedding W12(£2; Sy) — L*(Q), we easily
obtain that GL.(Q»;-) is lower semi-continuous with respect to the weak W2-convergence since
all the terms not containig derivatives of ) are weakly continuous. It then follows from the direct
method of calculus of variations that GL.(Qy;-) admits at least one minimizer ). over Wéf (€ 8p).

By Proposition 2.4, it now suffices to show that Q. satisfies (2.7) (with @, in place of Qref). In
addition, observe that (3.1) follows from the minimality of Q. Indeed, since Q) € Ag, () is an
admissible competitor, we have HVQ)\HQLQ(Q) < 260(Qy) < 2E,(Qy).

Now, let us consider an arbitrary sequence e, — 0 satisfying &, € (0, A 2). First, we infer
from the minimality of )., that

3 90 10, — Qo < 0L.,(Q Q) € L0, (QuiQ) = 80(Q1)- (2)

Hence, the sequence {Q.,} is bounded in Wéf(Q;So), and we can extract a (not relabelled)
subsequence such that Q. — Q. weakly in W12(Q) for some Q, € Wéf(Q, So). Up to a further
subsequence, we can assume that Q.. — Q. strongly in L*(Q) (and therefore in LQ(Q)) since
the embedding W12(Q) — L*(Q) is compact. As a consequence, [, W(Q:,)dx — [, W(Q.)dx
which, combined with (3.2), implies that [,(1 — |Q.,[*)?dz — 0. Therefore, |Q.| = 1 a.e. in Q,
and thus Q. € Ag, (). Now we infer from the minimality of @, the weak lower semicontinuity
of €y, the L2-convergence and (3.2) that

E@) < E:Q) + 5 [ 1~ Qi do < liminf (80(Qe) + 5 [ Q. ~ Qo)
I 111’I_1>11’1f gﬁan (Q/\a Qan) < limsup gcan (Q)\v Qan) X g/\(QA) .
n oo n—oo
Consequently, Q. = @y and lim,, GL., (Qx; Q:, ) = Ex(Qx), which completes the proof. O

3.2. Compactness of blow-ups and smallness of the scaled energy. When proving regular-
ity the main issue is to analyse the asymptotic behavior of minimizers at small scales, and the key
property is the compactness of rescaled maps. When rescaling around an interior point, we have
the following statement.

Proposition 3.2. Let Q5 be a minimizer of Ex over Ag, (Q). Given xg € Q and 0 < r < g such
that By, (xo) C 2, consider the rescaled map Qx , € WI’Q(BTO/T;S‘l) defined by

Qxrr(x) == Qx(xo +rz).

For every sequence r, — 0, there exist a (not relabeled subsequence) and Q. € Wli)f (R3;S%) such

that Qx,r, — Qx« strongly in Wlif(R‘i) In addition, Q. is a degree-zero homogeneous energy

minimizing harmonic map into S*.

To prove Proposition 3.2, we need two auxiliary lemmata.
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Lemma 3.3. Let Q) ., be as in Proposition 3.2 and p > 0. For each n € N such that pr,, < 79,
let v, € Wl’Q(B,,; S%) be such that v, = Qx,r, on 0B, in the sense of traces. Then,

limsup/ IVQa.r, |? dx glimsup/ |V, |* de .
B B

n—oo p n—oo P

Proof. By minimality of ()x and a change of variables, Q) ,, is minimizing £y,2 (-, B,) among all
maps in W12 (By; S*) having the same trace Q»,r, on 0B,. Since vy, is an admissible competitor
and the potential W is bounded on S*, we have

1 1

5 / ‘VQ)\,TTL |2 dx < g)\r% (Q)\,'r‘n ; Bp) < 5 / |an|2 dr + C)\p3T72L s
B, B,

for a constant C' depending only on W. Then the claim follows letting n — co. O

The following interpolation lemma is due to S. Luckhaus [40].

Lemma 3.4. Let u,v € W12(S?%;S%). For each o € (0,1), there exists w € W12(S?x (1—0,1); Sp)

such that Wigay (1 gy = U Wigayqyy = W
/ |Vw|? dz < C’a/ (IVanul® + |Vianv[?) dH* + C’a_l/ lu —v|* dH?, (3.3)
S2x(1—0,1) s2 s2

and

dist?(w(x),S*) < Co2 (/ (IVeantl® + |Vianv|?) d”H2> (/ |u—v|2d7-l2>
S2 S2
+oa—3/ - v dH? (3.4)
S2

for a.e. x €S? x (1—0,1), and a universal constant C > 0.

Proof of Proposition 3.2. We essentially follow the proof of [38, Lemma 2.2.13] with minor modi-
fications. By Proposition 3.1, @, satisfies the interior monotonicity formula (2.8). Rescaling this
formula yields

2

0 | (3.5)

O|z|

1 1 1
762 Qs Br) — 502 (@i Bry) 2 / T
Ry Ry Bry\Bn, 17|

for every 0 < Ry < Ra < 1o/ry. As a consequence, for every 0 < R < ro/r,, we have

1 Tn 1
72 (@, BR) < =802 (@ Broyr,) = —Ex(Qx, Bro (20)) -
ro ro

Consequently, we can find a (not relabeled) subsequence such that @) ,, converges to a map Q.
weakly in Wflif(Rg) and strongly in L2 (R3). Up to a further subsequence, Qy ., — Q. a.e. in R3,

loc

and thus Q, € V[/lif (R3;S*). By the monotonicity formula (2.8) satisfied by @, we have

.1 . 1 .1
lim &3 (Qar, Br) = lim =—E3(Qx, By, (20)) = lim ~£x(Qn, B, (20))

n—00 Tn

2

for every R > 0. Consequently, letting n — oo in (3.5) yields by W'2-weak convergence and lower
0Qx
@ dr=20

SemiC()nl inui‘ y,
/ ].
B 2\8 . ‘xl (}|.’L‘|

for every 0 < R; < Rs, which shows that @, is 0-homogeneous.
Now we aim to prove that, for every radius R > 0, Q ,, — Q. strongly in W12(Bpg), and that

/ \VQ*\deg/ IVQ|? dx
Br

Br

for every competitor Q € W12(Bg;S*) such that Q — Q. is compactly supported in Bg (i.e.,
Q. is a minimizing harmonic map into S* on the whole space R? w.r.to compactly supported
perturbations). By homogeneity of Q., the value of the radius R does not play a role, and it
is enough to show strong W' 2-convergence and energy minimality in a ball B, for some radius
p€(0,1).
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We fix a competitor Q@ € W2(By;S*) and § € (0,1) such that Q = Q. a.e. in By \ B;_s.
Extracting a further subsequence if necessary, by Fatou’s lemma and Fubini’s theorem, we can
select a radius p € (1 —4,1) and a constant C' > 0 such that

n—oo

lim |Qxr, — Q4)>dH? =0 and / (IVQrr, > +|VQ.|?) dH* < C. (3.6)
B, 0B,
We apply Lemma 3.4 with a choice o = o, € (0,8), u(z) = Qx.r, (pz) and v(z) = Q.(pz), x € S,
for a sequence of numbers o, — 0 to interpolate between Q) ,, and Q.. For n sufficiently large,
we choose 0, := ||Qx,r, — Q*HIL/Z?E{)B,,) < 4, and in this way, we obtain w,, € W12(B,;Sy) satisfying

Q( v ) for [2] < p(1— 02).
1—o0,

Qur, (2) for || = p,

wy(z) =

with the estimate

/ [V |? do < C (o / (IVian@nr [* + [Vian Q) dH?
Bo\By(1—0p) OB

1
+ */ 1Qxr, — Q*IQdHQ) — 0, (3.7)
On 9B, n—o00

and dist(wy,S*) = O(0y,) — 0 uniformly on B, \ B, _,,) as n — co because of (3.6), (3.4) and
our choice of o,,.

For n large enough we have |w,| > 1/2 on B, hence we can define a sequence of comparison
maps v, € Wh2(B,;S%), so that v, = @y, on dB,, by setting

@( d ) if 2] < p(1— o),

1—0,

vp () := (3.8)

|wn ()|
Notice that, since |w,| > 1/2, we have |Vuv,| < C|Vw,| a.e. in the annulus {p(1 — o,,) < |z| < p}.
In view of Lemma 3.3, combining (3.7) and (3.8) together with the weak W!2-convergence of Q5 .,
towards @, we obtain

J

if p(1—0y,) <z <p.

IVQ.|*dx < 1irginf/ VO, [*dr < limsup/ IVQx,, |* dx
n oo B[7 Bp

P n—roo

glimsup/ |V, |? de = lim sup l(l—on)/ |VQ|2dx+/
B

n—o0 o n— o0 Bp Bp\Bp(l_gn)

< lim (1—0n)/ \VQ|2dx+O/ |Vw,|? dx :/ IVQ|* dx .
n—roo B, Bp\Bp(lfffn) By

Since @ and § are arbitrary, this chain of inequalities provides both the strong Wh2_convergence
Qxr, = Q« (using @ = Q.) and the energy minimality of Q. in the ball B,,. O

|an|2dx1

We now aim to perform a similar blow-up analysis around a boundary point. To this purpose,
let us recall that 92 is assumed to be of class C?, and @y, € C11(9€;S*). We consider the enlarged
domain € defined in (2.20), and we extend @, to Q\Q by setting @b(m) = Qp(ma(z)) for x € Q\Q,
where 7 is the nearest point projection on 0f2. By the regularity assumption on 92 and Q},, we
have Q, € C11(Q\ Q).

Proposition 3.5. Let Qy be a minimizer of Ex over Ag, (), and denote by CAQ,\ the extension of
Qx to  given by Qx = Qp in Q\ Q. Given g € 00 and 0 < r < 19 such that By,(zg) C Q,
consider the rescaled map Qx , € WLQ(BTO/T; S*) defined by

Q)\7r($) = Q)\(xo + 7‘33) .
For every sequence r, — 0, there exist a (not relabeled) subsequence and Q. € WI})CQ (R3;S*) such
that Qx,r, —+ Q« strongly in WI})CZ(IRs) In addition, Q. is homogeneous of degree zero, and up to
a rotation of coordinates, Q. is a minimizing harmonic map in the upper half space {xs > 0} and

Q* = Qb(il}()) m {LL’S < 0}
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Proof. Up to a translation and a rotation, we may assume that {x3 = 0} is the tangent plane to
00 at zp and the vector (0,0, —1) is the outward unit normal. By Proposition 3.1, @, satisfies the
Boundary Monotonicity Inequality (2.9), and by rescaling variables,

L 02 Dy Bry N 00) = —Exs (Or s B rm)>/ 0, |
- CAr2 Arny PR n) = 55 CAr2 ATy PR n) = —
Ry ATn 2 Ry M ! (Bry\Br, )Ny, || Ozl

—7rn(Ro — R1) KX (Qn, Q) (3.9)

for every 0 < Ry < Ry < 19/7y, where we have set 0, := 7, 1(2 — x¢). As a consequence,

ngrg (@ BRN Q) < %&(Q/\, By (1) N Q) + 10K (Qn, Q)

for every 0 < R < r¢/ry. Since @b eCh 1(@ \ Q) and @A (@) = @b(xo + rpx) for € B\ Q,
and 0 < R < ro/ry, in view of (3.9) the sequence {Q)\ - } is bounded in I/Vl1 2(R?’) Consequently,
there exists a (not relabeled) subsequence such that QA,T converges to a map . weakly in
W2(R3;S%) and strongly in L (R®). Up to a further subsequence, @/\,rn — Q. ae. in R?,

loc

and thus Q, € W,2?(R3;S*). Now observe that ©,, — {z3 > 0} locally in the Hausdorff metric.

loc
Since Qb is continuous at xg, QA rn — Qb(zo) locally uniformly in the open half space {z3 < 0}.
Therefore, Q.(x) = Qu(zo) in {3 < 0}, and it has constant trace on the plane {z3 = 0}. Arguing
essentially as in the proof of Proposition 3.2, we can let 7 — oo in (3.9) to infer that

Q. |

T —
3] =0

/(BRz\BRl)ﬁ{xg>0} |z

for every 0 < Ry < Rp. Since the map Q. is constant in {z5 < 0}, it follows that Q. is 0-
homogeneous in the whole R3.

Now it remains to show the strong convergence of Q) ,, in Wéf (R3), and the local energy
minimality of @, in {xg > 0}. As in the proof of Proposition 3.2, by homogeneity, it is enough
to show strong W' 2-convergence in a ball B, C By (perhaps up to a subsequence) and energy
minimality of Q. in B, N {x3 > 0}. We first notice that, Qb being C11 in O\ Q, we have

/ VO, | dz = 7/ IVQu|?dz — 0 :/ IVQ.|? dx,
Bp\Qn Tn JByr,, (@0)\Q2 noeo B,N{z3<0}

and we only need to show that

/ IVQir, |? dz —> IVQ.|* dx
B,NQ,

o0 J B,N{x3>0}

to establish the strong convergence of @ Arn in WH2(B,). The rest of the proof is quite similar to
the one used for the interior case discussed in Proposition 3.2. For this reason; we only sketch few
differences in the construction of comparison maps when gluing different maps near the boundary.

The starting point of the construction is to flatten the boundary 92 near . Assuming {r,}
suitably small (depending only on zg and the curvature of 9 at x(), there exists a sequence of
diffeomorphisms {®,,} C C?(By;R?) satisfying the following properties:

Q, N B, =®,(B}), 00, N B, = ®,(B, N{z3=0}) Y0o<r<1,
and @, —id]cag,) — 0, (3.10)

where we set B := B.N{z3 >0}, 0 <7 < 1. Wefix 0 < § < 1/4 and a competitor Q €
W 2(R3:S%) such that Q = Q. ae. in R®\ B ;. Notice that Qy,, o ®, — Q. weakly in

WY2(Bf;S*) as n — co. In addition, @AT(CI)n(x)) = Qu(zo + rn®, (7)) and Q(z) = Qp(z0) for
x € By N {z3 = 0} because of (3.10). Consequently, since Q;, € C11(9;S*) we get

lim 1Qar, 0®p — QPdH> =0 and lim [Vian (@, 0 )| dH? = 0.
n—o0 Blﬂ{x3:0} n—oo 310{223:0}

Hence we can argue as in the interior case: by Fatou’s lemma and Fubini’s theorem, extracting a
further subsequence if necessary, we can select p € (1 —§,1) and a constant C' > 0 such that

lim |Q)\ 0@, —OPdH2=0 and / (1Vean@ar 0 @) + VianQP) a2 < O
oB
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1/3
208"

Before going further, let us notice that we can argue as in Lemma 3.8 (using the weak convergence
of Qx,r,, its energy minimality on Q, N B, , and (3.10)) to prove the following: for any bounded
sequence {v, } € W'?(B};§%) such that v, = Qxr, o ®, on B}, we have

J

We then choose the sequence o,, — 0 with 0 < ¢, < § as o, := ||C§)\7,.n od, —Q

IVQ.|? dz < lim inf / IVQx.r, | dz < limsup / IVQr, |? dx
—+ n—oo QntP

P Q,NB, n—o0

< lim sup 5,\7,31(@,\,”,(2” N B,) < limsup Ey,2 (v, © @%_1), Q,NB,)

n—oo n—oo

:limsup/ |V, |>dz, (3.11)
n—00 B,j
where the last equality follows from a change of variables and (3.10).

Now, to construct an effective sequence of comparison maps, it is convenient to introduce a
biLipschitz map ¥: By — Bi". By means of ¥, the comparison maps can be constructed as in the
interior case. More precisely, we apply Lemma 3.4 to the pair of maps from the two-sphere S2,
namely u(-) = @A,rn 0®, (p¥(-)) and v(-) = Q(p¥(-)). As in the interior case, the lemma produces
a sequence {w, } C W1%(By;8)) satisfying

Q<p\y(lmg )) i |2 <1 o,

Qrr 0 (p¥() it fo] =1,

wy(x) =

with the estimate

/ |v’wn‘2daj < C(Un/ (‘Vtan(@/\,rn o (I)n)|2 + |VtanQ‘2) dHZ
Bl\Blff’n

aBy

1 ~ _
+— [ 1Qrn o ®—QFaH?) — 0, (3.12)
On 8B;’ n— o0
and dist(w,,,S*) — 0 uniformly in By \ B;_,, asn — oc.
Since |w,,| = 1/2 for n large enough, we can define a sequence {v,,} C W12(By;S?*) by setting
x

Q(pw ) if |z <1—o,,
o () = <1 - “”> (3.13)

wn(2) if1— 0, < |z <1,
|wn ()]

and it satisfies
/ |V, |* de < c/ |Vw,|*de — 0. (3.14)
Bi\B1-o, Bi\Bi-oy, nree

Now we pull-back 7, on B} by setting v,(2) = 0,(¥~*(x/p)), so that v, € WH?(B};S*) and
Uy = @ A, © Py oOn 832‘ in the sense of traces. Then, a simple computation using the biLipschitz
property of ¥ together with (3.13) and (3.14) yields

limsup/ |V, |* de < limsup/ |V, |* de + limsup/ |V, |* de
n—oo JBf n—oo JBI\(p¥(Bi-s,)) n—oo JpW(Bi_,)
< limsup C |V, |* dr + limsup/ IVQ|? dz < / IVQ|*dx. (3.15)
n—o0 Bi\Bi—o, n—00 JpW(Bi_,,) Bf

Combining (3.11) and (3.15) with Q = Q., we infer that [, - IVQx, |2 dz — S IVQ. | da,
while for an arbitrary Q, it yields [5+ [VQ.|*dz < [+ |[VQ|? dz. The limiting map Q. is thus a
minimizing harmonic map in B;’, and the proof is complete. (I

All possible limiting maps @, obtained by either Proposition 3.2 or Proposition 3.5 are often
referred to as (minimizing) tangent maps to @ at the given point 9. By the monotonicity formulae
and the strong compactness of rescaled maps, triviality (i.e., constancy) of all tangent maps implies
smallness of the rescaled energy at sufficiently small scale. In our setting, triviality of tangent maps
together with smallness of the scaled energy are established in the following propositions.
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Proposition 3.6. If Q) is a minimizer of Ex over Ag, (2), then

o1
lim ;&\(Q,\, By (x0)) =0
for every xg € Q.

Proof. Let us fix an arbitrary point zg € €2 and a sequence r,, — 0. According to Proposition 3.2,
up to a subsequence, the rescaled maps satisfy @y, — @« strongly in wlh 2(R3) as n — oo for

loc
some @, € Wﬁ)f (R3;S*). Moreover, @, is a degree-zero homogeneous energy minimizing harmonic
map, so that there exists a smooth harmonic sphere w : S — S* such that Q.(x) = w(lrl) On
the other hand, according to [57, Theorem 2.7] the map Q. is smooth. In particular, Q. is smooth
at the origin which implies that w must be constant, and thus Q. itself is a constant map. Then

the interior monotonicity formula (see Proposition 3.1) and the strong W2-convergence yield
1 . 1
}E}% ;5)\(Q,\7 BT('TO)) = nh—>H;o g)\r% (Q)\,ranl) = 5 /B1 |VQ*|2 dz =0,
which completes the proof. ([

Proposition 3.7. Let Q C R3 be a bounded open set with OQ of class C* and Qy, € CH(09Q;S?).
If Qx is a minimizer of Ex over Ag, () then

o1
}}_{% ;5/\((9/\7 By (20) NQ) =0

for every xg € 0N2.

Proof. As in the previous proof, by the strong W' 2-compactness of rescaled maps, it is enough
to prove that any limiting map Q. obtained from Proposition 3.5 applied at a point zy € 92
is a constant map, i.e., Q. = Qp(zg). Indeed, by the Boundary Monotonicity Inequality (see
Proposition 3.1), we have

1 1
lim *g,\(Q)”Br(C,Eo) M Q) = lim &), (Q/\,rn7Bl n Qn) = */ ‘VQ*‘le‘ =0,
r—0 71 n—00 n 2 Bin{zs>0}

where we have set Q,, 1= 7 1( — x¢).

Let us now consider a degree zero homogeneous map Q. € Wlif (R3;S*) which is an energy
minimizing harmonic map in {3 > 0}, and such that Q. = Qv(z¢) =: o in {z3 < 0}. Setting
S% := S$* N {z3 > 0}, the homogeneity of Q, implies that Q.(z) = w(m) in {x3 > 0} where
w € Wl’Q(Si; S*) is a weakly harmoniimap on Si satisfying w = eg on 8S+ in the sense of traces.
It now suffices to show that w € C*°(S2). Indeed, by Lemaire rigidity theorem [36, Theorem 3.2],
a smooth harmonic map on the (closed) half 2-sphere which is constant on the boundary has to
be constant. In other words w = eg, whence Q. = eg.

The smoothness of w in the interior S% follows from Hélein’s theorem [26]. Smoothness up to
the boundary 683 could be asserted directly from [50], but we prefer to give a short argument
illustrating in this simple case the reflection principle in Subsection 2.2.

Consider the map Q. € W,-2(R3;$%) defined by

) Qu() if z3 >0,
(@) = {EQ*@) if 23 <0,

where T = (x1,22,—x3) is the reflection of x = (x1,z2,x3) across the plane {x3 = 0}, and
3 = 2e9 ® g — id is the geodesic reflection on S* with respect to the point eg. Following the proof
of Proposition 2.8 with A = 0 (see also Remark 2. 11), we infer that the reflected matrix A(x) is
the identity and Q* is weakly harmonic in R3. Since Q* clearly inherits homogeneity from Q*, we
have Q*( ) = (Iw\) for a weakly harmonic map @ € W12(S?;S%). By Hélein’s theorem [26], &

smooth on S?, and the conclusion follows since & = w in Sﬁ_. O

3.3. Full regularity. Combining the results from the subsections above with the e—regularity
theorem and the higher regularity theorem from Section 2.1, we are finally in the position to prove
the first regularity result of the paper.
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Proof of Theorem 1.2. Let Qx be a minimizer of €\ over Ag, (). First, we prove interior reg-
ularity of @, by showing smoothness in a neighborhood of an arbitrary point zg € €. In view
of Proposition 3.6, we have %SA(Q,\,BT(J:O)) — 0 as r — 0. Combining Proposition 3.1 and
Lemma2.6 (with Qrer = @) with Corollary 2.19, we infer that Qx € C*(B,(x¢)) for some radius
p > 0 possibly depending on the point zy. Since zy € € is arbitrary, we conclude that @, € C¥(£2).

To prove boundary regularity, we now fix an arbitrary point xy € 02. By Proposition 3.7, we
have %g,\(Q,\,BT(JJQ) NQ) — 0asr — 0. Then we combine Proposition 3.1 and Lemma 2.10
(with Qrer = Q) with Corollary 2.20 to conclude that Q@ € C*(B,(zo) N Q) for every o € (0,1)
and some radius p > 0. Since z( is arbitrary, a covering argument yields @, € C%*(Q) for
every a € (0,1). Under the further assumption that 9 is of class C*# and @), € C*P(9%;S%)
for some B > 0 and k > 2, then Corollary 2.20 with the same covering argument tells us that
Qx € CHA(Q). Finally, if 09 is real-analytic and Q,, € C¥(9€;S*), then Corollary 2.20 again
implies that Q, € C*(Q). O

4. LbDG-MINIMIZERS IN THE LYUKSYUTOV REGIME

The main objective of this section is to prove Theorem 1.3, and in particular to prove that
isotropic melting (i.e., presence of the zero phase) is avoided by minimizers of the energy functional
Fiu in (1.10) for values of the parameters in the Lyuksyutov regime pu — co. More precisely, our
main goal is to prove that the pointwise norm of any minimizer Q of F , subject to an S*-valued
boundary condition is uniformly bounded from below by a positive constant whenever p is large
enough (and A of order one). As a consequence we deduce that the radial hedgehog (1.20) is not
energy minimizing and in Theorem 4.8 below we will show that it is not even a stable critical point
of the energy functional F) ,.

Throughout this section, we assume again that the boundary 0 is of class C?, and that the
boundary condition @y, belongs to C**(99Q;S?%). Given A > 0 and u > 0, we shall consider critical
point of F , over the class W12(Q;8p), including as a particular case solutions of the variational
problem

min {}'A,H(Q) Qe Wlf(Q;so)}

whose resolution follows from the direct method of calculus of variations. We may denote by Qf
a critical point of F) ,, or simply by Q* (if no confusion arises) hiding the dependence on the
fixed parameter A to simplify the notation. We start with elementary /classical considerations and
a priori estimates on Q".

4.1. A priori estimates. In view of the explicit expression (1.12) of the potential W, the Euler-
Lagrange equation characterizing a critical point Q" € Wéf(Q, Sp) reads as follows

-8Q = A (@ - QT - QU PQ) a1 - @)@ e,
Q' =Qp on 01,

(4.1)

with the term %|Q“|21 due to the traceless constraint.
Let us start the analysis by establishing the regularity of critical points.

Lemma 4.1. If Q" is a critical point point of Fy,, over Wé:(ﬂ, So), then Q* € C¥(Q)NCH(Q)
for every ac € (0,1). In addition,
(i) if O is of class C*P and Qy, € C*P(02;S*) for some 3 > 0 and k > 2, then Q* € C*F(Q);
(ii) if O is real-analytic and Qy, € C¥(98%;S*), then Q* € C*(Q).

Proof. In view of equation (4.1), the fact that Q* € C1:%(Q) for every a € (0, 1) follows exactly as
in the proof of Proposition 2.4, Step 1. Then, a classical bootstrap argument based on Schauder
estimates shows that Q" € C*(Q) (see e.g. [22, Chapters 6 & 8]), and the standard results in
[46, Chapter 6] give interior analytic regularity. Assuming that 0 is of class C*# and @y, €
CkP(00Q;S*) with k > 2, we have Q) € C*?(Q) by standard elliptic regularity at the boundary,
see e.g. [22, Chapter 6]. The corresponding conclusion within the analytic class follows again from
the results in [46, Chapter 6]. O

We now prove an a priori estimate on the modulus and on the gradient of a critical point
reminiscent from the Ginzburg-Landau theories.
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Lemma 4.2. If Q" is a critical point point of Fx,, over Wé’f(ﬂ;&)), then |Q*| < 1 in €.

Proof. Consider the scalar function u := 1 — |Q#|2. In view of the previous lemma and equation
(4.1), u is continuous in Q) is a classical solution to

e E . r((Q™)3 in
~ut2uQ P> (1@ = Var(@")) in €. (4.2)

Let 9 € Q be a minimum point for u, and assume by contradiction that u(z¢) < 0, (in other
words, |Q*(zo)| > 1). Since u = 1 — |Qp]? = 0 on IQ, we must have zo € Q. Consequently,
Au(zg) 2 0, and (4.2) leads to

0> |Q"(zo)[* = V6ir((Q")%) (z0) = Q" (w0)|> — V6ir((Q")*) (x0) - (4.3)
However, (1.4) tells us that the right-hand side of (4.3) is nonnegative, a contradiction. 0
Lemma 4.3. If Q" is a critical point point of Fy,, over Wé’f(Q;So), then
IVO'| < C(VA+u+1) inQ,

for a constant C' depending only on Q and Q.
Proof. Consider H to be the harmonic extension of @)}, to the domain €2, i.e.,

AH=0 inQ,

H=Q, onof.

By our regularity assumption on 9§ and Q),, we have H € C1*(Q) N C?(Q) for every a € (0,1).
Setting U, := Q" — H, we deduce from (4.1) and Lemma 4.2 that [|AU,||p~q) < C(X + p), and
U, = 0 on 09Q. By interpolation (see e.g. [5, Lemma A.2]) and Lemma 4.2 again, we conclude that
1/2 1/2
VULl p () < CIAULIIEE @ |02 ) < CVA+ 11,

for a constant C' depending only on © and Qy. Since |[VQ*| =) < VULl L) + IVH| =),
the conclusion follows. O

The last ingredients we need are the following monotonicity formulae.

Lemma 4.4. If Q* is a critical point point of F , over Wé’f(Q;SO), then
(1) for every xg € Q and every 0 < p < r < dist(zg, ), we have

%JT:)\,M (Q"L,BP(JJQ)) < %]:)\7“ (QﬂaBT(IO)) ; (44)

(2) there exist a radius rq > 0 (depending only on Q) and a constant C’é‘)b > 0 depending only
A, Q, Qu, and on (an upper bound of) |[VQH | 12(q) but independent of p, such that

1 1
53 (@, Byla0)) < 2F (@, Brlao) +Cg, (r =) (45)
for every xg € 0 and every 0 < p <r < rgq.

The proof of this lemma follows word by word the one in Proposition 2.4 (Step 2 & Step 3),
and we shall omit it. We just observe that the constant Cé\gb in (4.5) is independent of p because
@y has always unit norm on 9.

4.2. Lyuksyutov regime and absence of isotropic melting. We now complete the proof of
Theorem 1.3 analyzing the asymptotic behavior as u — +oo of minimizers of F) , over the class
Wéf(Q, So). The heart of the matter is Proposition 4.5 below. We emphasize that Proposition 4.5
does not rely on energy minimality but on the a priori strong convergence towards a smooth
limiting map. This allows for more flexibility in its application, see our companion paper [16].
Proposition 4.5. Given a sequence p, — +oo, consider for each p, a critical point Q\™ of
Fu, over Wé’f(Q;So). Assume that Qi — Qx weakly in W2(Q;8y) as n — oo for some
Qx € Ag, (Q) N CHY;SY), and that

Jim Py, Q) = EX(@)) -

Then,
(1) Q5™ — Qx strongly in W2(Q; 8y);
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(2) un/(l— QU )2 di 5 0;
Q
(3) |Q5™| — 1 uniformly in €.

Proof. Step 1. We start proving items (1) and (2). First, notice that Q4" — Q) strongly in L*(Q)
by the compact embedding W'2(2) < L*(Q). Hence [, W(Q4")dz — [, W(Qx) dz and by lower
semicontinuity of the Dirichlet integral we get £x(Qx) < liminf, o Ex(Q™).

Hence, we have

Ex(Qx) < liminf £,(Q4") —|—limsup%/(1 — Q" [*)? dar < lim Fy, (Q") = Ex(Q) -
n o0 Q n o}

n—roo

Therefore i, [,(1—[Q4"|*)*dz — 0 and |[VQ4" %2(9) — [[VQA™ Hiz(ﬂ)' Combined with the weak
W12-convergence, this latter fact implies that Q4" — Q) strongly in W'2(Q).

Step 2. It now remains to prove that |@4"| — 1 uniformly in Q. Given § € (0, 1) arbitrary, we thus
have to prove that |Q4™| > 6 on Q for n large enough. We argue by contradiction assuming that,
along a (not relabeled) subsequence, there exists z, € Q such that |Q4" ()| < 6. Extracting a
further subsequence if necessary, we can assume that =, — o as n — oo for some z¢ € Q. In view

of Lemma 4.3 (and the fact that |Q| = 1 on 99), we can find a constant x € (0,1) independent
1/

of n such that for r, := kun 2 5 0 and for all n we have

1 2
B (2,) CQ and |Q,[° < +25 in B, (zn). (4.6)

We now distinguish two cases:

Case 1: 2y € Q. The limiting map @, being of class C!, we can find a radius r¢ € (0, dist(z, 952))

such that
1 (1 — §2)?
— B, _—
rog)‘(Q)" o(70)) < 1

From Step 1, we deduce that for n large enough,

7r2(1 — §2)2

o (4.7)

1
%‘FA;MTL (Ql)tn 5 BTO (.130)) <

On the other hand, still for n large enough, we have |z, — xz¢| < r9/2 and r,, < 79/2. Then we
infer from (4.6) and (4.4) that

7r2(1 — §2)2 < M
12 A, Jp,

v (Tn)

2 1
(1 - |Qin|2) dr < r}-/\,un (Ql;anm (7))

2 2
< E-F)\,,un (Qina Bro/Z(xn)) g %F)\,p.n (Qina Bro (1'0)) 5

which contradicts (4.7).

Case 2: xg € 0. Once again, since Qy € C'(Q) and 99 is of class C®, we can find a small radius
ro € (0,rq) where rq is given by Lemma 4.4 such that the nearest point projection on 95 is well
defined in the rg-tubular neighborhood of 92, and

1 A (1 — §2)?
%6‘)‘(@)\’ BTO ({L‘()) N Q) + CQbTU < T ,
Hn

where the constant C3), is also given by Lemma 4.4 (notice that [[VQ4™ [|12(q) is bounded by Step
1). From Step 1, we deduce that for n large enough,

1
To

Tr2(1 — 62)2

= (4.8)

}—)\,,un (Ql)fanTO (.’ﬂo) n Q) + Cébf'o <

If we denote y,, € 09 the projection of z,, on 99, we have for n large enough (by (4.6)),

To
R

Tn < |yn — x| = dist(z,, 0Q) < |z, — 20| < 1
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so that |y, — zo| < 79/2. Arguing as in Case 1 and setting d,, := |y, — |, we infer from (4.6) and
(4.4)-(4.5) that

72 (1 — 6%)2 i

12 Faun (@8 Br, (22)) <

]:>\ Mn(Q)\ , Ba, (zn))

n

4 "
Fk,un (Q)\ aB2d (yn) N Q) < To ]:A,un (Q})\na Bro/Q(yn) N Q) + Cébro

§~\~ /A
&

4
< %‘F}V”‘n (Qin ) BTO (xo) n Q) + Cébro )
which contradicts (4.8). O

Proof of Theorem 1.3. Let us consider an arbitrary sequence j,, — 400 and corresponding Q\"
minimizing Fy ,, over WQ %(Q;8)). Since the map @y, € Ag, (Q) is an admissible competitor to
the minimality of Q" , we have

i (@8") < Fopu, (Qn) = Ex(Qy) - (4.9)
Therefore, the sequence {Q4"} is bounded in W'2(Q;S)), and we can extract a (not relabeled)
subsequence such that Q4™ — Q, weakly in W'2(Q) for some @, € Wéf(& Sp). By the compact
embedding W2(Q) — L*(Q2), we have [,(1—|Q4"[*)*dz — [,,(1—|Qx|*)? dz, and it follows from
(4.9) that

1
_ _ Hn s Hny
/(1 \Q)\| 2dzx = hm / — Q% | ) dxénll_{go —unFA,N"(QA )=0

Hence |Qx] =1 a.e. in £, so that @ € Ag, ().
Since any @Q € Ag, () is in fact admissible to test the minimality of Q\", we can proceed as in
(4.9) and use the lower semicontinuity of £y to infer that

£3(Qx) < liminf £,(Q4") < liminf F ., (Q4") < £:(Q) (4.10)

for every @ € Ag, (). Hence @, is a minimizer of £, over Ag, (), and we deduce from Theo-
rem 1.2 that Q) € CH*(Q). In addition, using @ = @ as competitor in (4.10) we obtain that
Fiaun (@5™) = Ex(Qx). The conclusion now follows from Proposition 4.5. O

4.3. Instability of the melting hedgehog. In this subsection we discuss instability of the melt-
ing hedgehog HY given in (1.20) in the Lyuksyutov regime p — co. The conclusion here is similar
to the one in [29], where the low-temperature regime a? — oo is considered. However, instead of
the careful spectral decomposition considered there, to analyse the linearized operator we will use
different and somewhat simpler perturbation arguments. More precisely, the instability property
of H{ will essentially follow here from the corresponding one for the constant norm hedgehog H
seen as a degree-zero homogeneous harmonic map into S*.
First we recall that the constant norm hedgehog

= 3(x T 1
Hz)=4/-|—® ——=1
@ =3 (o m5)
satisfies H € WI})CQ(R?’ RP?) N C>®(R3\ {0}; RP?). Tt is a critical point of £y both for A =0 (i.e.,
a weakly harmonic map into S*), and a critical point for A > 0 since Vo, W (H) = 0. In order to

discuss its stability properties, we first set for any ® € C°(B1;Sp),

9 _ d? H+td
¢ H) = | — —_— .
Ex(®: H) {dﬂ&(mt@)k_o

The second variation formula for harmonic maps (see, e.g., [38, Chapter 1]) yields

E\(®; H) = / \Vor|? — |VH?|®7|> + ADZ, W (H)® : ®dz, (4.11)
B
where ®7 := ® — H(H : ®) is the tangential component of ® along H, and
- d? H+t®
DI WH)® @ = | W —— =D*W(H)®r: ®
tan ( ) |:dt2 (|H+t‘b|>:| ( ) T-3%T

H
- (2(H:<I>T)2+|<I>T|2 V6 tr( H@Q) (|<I>T|2 \/étr(I:ICI)%)). (4.12)

5l
-
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Due to the O(3)-equivariance of H, the second variation &, (®; H) takes a particularly simple
form whenever @ is a radial vector field.

Lemma 4.6. For any v € S* and any radial function n € C°(By \ {0}), we have

1" _ — 4
e o) = 5 [ Vaf = i da. (113)

Proof. Let i = (1,0,0)!, j = (0,1,0)%, k = (0,0,1)* be the canonical basis of R3. From these
vectors, we construct a distinguished orthonormal basis of Sy by setting

3 1 1
=4/ k®k—=1 = —(i®k+k®i —(ok+k®j
\@( ® 3), o= Jsok ke, o= s(okike)).
1 1

e3=—=([1®1—-—jJ®Rj), es=

3 \/i( i®j), e ﬁ( i).
In terms of the latitude 6 € [0, 7] and of the colatitude ¢ € [0,27) on S?, the components of H
with respect to this basis are easily seen to be

Rj+i®

_ 3 1 _ 3 _ 3
H:ey= 3 (cosQH— 3) , H:ex= gsin%cosqb, H e = %sin29s1n¢,

H:e3= ?sinzﬁcos%), H:ey= ?SiHQGSiHQQS.

Therefore a straightforward calculation gives

_ _ 4
/ (H : ei)(H : 6j)dV01§2 = %6” (414)
SZ

for any 4,j = 0,...,4. As a consequence, if we write v = }_, v;e; with o> = ¥, 92 = 1, then

h := H : ¥ satisfies
- 1 1 4r 47
/Sz h?dvolgs = > S2(H te;)(H : ¢;)0;0; dvolgs = > — 01030 = — (4.15)
ij=0 i.j=0

Next, we notice that H is a degree-zero homogeneous harmonic map and |[VH|? = |Vian H|? = #,

hence - o -
Ag2h = — |VeanH|" h = —6h,
and in view of (4.15) we obtain

/ RV tan H|? dvolg: :/ |Vh|? dvolge = 6/ h? dvolgs = 8 ar. (4.16)
S2 SQ SZ 5

Finally, evaluating £ in (4.11) for ® = nv and integrating by parts, since 7 is radial and (4.16)
holds, we conclude that

gy i) = [ (=) e+ 5 (VB — (L~ 72) [V )

1 1
= (/ (1—h2)dv01§2)/ (n’)2r2dr+(/ 2 |VA|* — (1 - h?) ]VmH\ dvolsz)/ n*dr
§2 0 0

4 ! 12 ! 4
=_ -47r/ (n')r2dr — = -471'/ n2dr = f/ |Vn|* — D) In|? dx
5 0 5 0 5 /B, | |
and the proof is complete. O

The instability property of H for the Dirichlet energy & along some vector field can be derived
from the general instability result for harmonic tangent maps from R? in to S* proved in [57] and
[37]. Here, exploiting the O(3)-equivariance of H and using Lemma 4.6, we obtain a stronger and
more explicit instability result for A as a common critical point of all the functionals &£y.

Proposition 4.7. Let H be the constant norm hedgehog. There exists a radial function & €
C>2(By \ {0}) such that for any vector v € S*, H is a critical point of & which is unstable along
the vector field ® := €0, i.e., & (®; H) < 0.

As a consequence, for each A > 0 there exists a radial function £y € C°(B1 \ {0}) such that for
any vector v € S*, H is a critical point of Ex which is unstable along the vector field ®y := £\,
ie., & (Oy; H) < 0.
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Proof. As already proved in Lemma 4.6 above, we have

" _ 4 3
& (nu; H :7/ V|2 — —n*dx
St =3 [ 1R = g
for any radial function n € C°(B; \ {0}). In view of the standard Hardy inequality in R?, the
quadratic form is not bounded from below and there exists a radial function n € C§°(Bj \ {0})
such that &, (no; H) < 0. Indeed, setting 7, (z) := [min{n|z|, |z|~*/2} — 2], we have a sequence
of radial functions n,, € Lip(B;) compactly supported in B; \ {0} satisfying

1 d 1 2
/ |V77n|2d$:*/ ig-l-o(l):f/ T]—”de—i—(’)(l) asn — 0o,
B 4 —7s <lzl<j 2| 4 /B, 2|

whence 6(')' (nnv; H) — —o0 as n — oo. In particular, E(/)l (nav; H) < 0 for n large enough. Finally, as
Nn, = 0 for || < 1/n and |z| > 1/4, taking £ = n,, * p. a regularization by convolution with e < 1/n
and {p.} a family of radial mollifiers, we have a (family of) radial function & € C>*(B; \ {0})
satisfying & (£0; H) < 0 for & > 0 small enough, which proves the first claim of the theorem.

In order to discuss the case A > 0, we rescale the radial function £ above setting &5(z) := &(x/9)
for 0 < § < 1 to be chosen later. Computing the second variation of £ along the vector field
0 1= &0 € CX(B1;Sy), equation (4.11) with &9 = ®° — H(H : ®°) (the tangential component
of ®° along H) yields

EN(®0 H) =& (¥ H)+ ) | D2 W(H)P : & dx.

tan
B1

As H is degree-zero homogeneous, a simple rescaling gives

&\ (@0 H) :/ VOS> — [VH?|®%|? + D*W (H)®S : Ddx
B1

) (5{{(@; H)+)8? [ D*W(H)® : @de) .

B

Since by construction 8(;/(@; H) < 0, the conclusion follows for § > 0 small enough. O

Finally we consider the radial hedgehog HY{ as the uniaxial critical point of the functional Fy ,
of the form (1.20) discussed in the introduction. Recall that such critical point is the unique
minimizer of Fy , in the class of O(3)-equivariant maps in W12(B;;Sy) which agree with H on
the boundary (see [30, Theorem 1.4]). Moreover, arguing as in the proof of Theorem 1.3 above, it
is not difficult to show that H{ — H strongly in W12 as y — oo (convergence of minimizers in
the class of O(3)-equivariant maps). In addition, the convergence is locally uniform away from the
origin because |HY| = \/2/3 s} — 1 locally uniformly away from the origin as y — oo.

Exploiting the aforementioned convergence of HY' to its constant norm counterpart, we are going
to infer the instability property of H{ from the corresponding one for H passing to the limit in
the second variations of the energies F) ,, and using Proposition 4.7. With this respect, we first
set for any U € C°(By;So),

/ L d /! L d2 L
]:/\,M(\I/;Hﬁ\) = {dt}-)"” (HY +t\11)]t_0 , ]-'/\,H(\I/;Hﬁ\) = ﬁ}-/\,u (HY +tW) .
Simple calculations based on (1.10) now yield
Fa (U HY) = [ VHY VO A AW (HY) @+ p((HY? — 1) HY - Vdz, (4.17)

B,
and
Fy (U HY) = / VU2 + AD*W (HI - U+ (2(HY - 0)? 4 (|HEP? = D)|9?) dz. (4.18)
B

We have the following instability result for the radial hedgehog in the Lyuksyutov regime.

Theorem 4.8. Let A\ > 0 be fized and for each pn > 0, let H* := HY{' be the radial hedgehog. There
ezists a radial function & € C°(By \ {0}) such that the following holds. Given a vector v € S*,
if ® denotes the tangential part along H of the vector field ® = £v € C°(By \ {0};So), then
O € CF(B1\ {0}; So) and '7:;\/,/14(¢T; H{') <0 for all i large enough. As a consequence, the radial
hedgehog HY is an unstable critical point of Fy,, for all p sufficiently large.
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Proof. Given A > 0 and v € S*, we fix the radial function £ € C°(By \ {0}) as constructed in
Proposition 4.7 (which depends on A, but not on ). Then we introduce the vector fields ® := £o
and ®7 := ® — H(H : ®). Since &7 € C(B; \ {0};Sp), it is admissible for the second variation
formula (4.18).

Since by construction H{ : &7 = 0, we obtain

f’g,u(@T; HY) = / |VOr |2 + AD*W (H)®r : &7 + p(|HY > — 1)| 7| do . (4.19)
B

Recall that HY — H strongly in W2(By;Sp) and locally uniformly away from the origin as
1 — 00. As a consequence, the dominated convergence theorem yields

lim |VOr|? + AD*W (HY)®r : &7 dr = / VO |2 + AD*W (H)®r : &7 da. (4.20)
w0 B, B
On the other hand, since HY is a critical point of F ,, computing (4.17) with the vector field

= \'}fﬁ\zﬂ“ € 02(By \ {0}; Sp) yields

! . . |‘1)T|2 ‘ | " 2 2
0=F,,(V;HY) = Blwﬁb'v(lH“lz —i—/\‘HHPVW(H‘) HY + p(|HY 2 = 1)| 07 da

whence

q) 2
/ u(|Hf\‘\271)|<I>T|2dx:f/ |VH5\2‘ ﬂ'de
B B |HY|

2
_ HM HLL | | ‘
VS H3 Y s A

Since VA : H =0, VW(H) : H= (1 - 3(H))/v6 =0, HY — H strongly in W"?(B;;S,) and
uniformly on the support of £, letting  — oo in the previous formula leads to

VW (HY) : HY da.

p—oo Jp

lim p(HY? = 1)|@r|? do = —/ |VH?|®7|* dz . (4.21)
1 Bl
Combining (4.19) with (4.20)-(4.21) and taking into account (4.11) and (4.12), we infer that
uh_{]go Fau(®r; HY) = £, (®; H)
and the conclusion follows, since the right hand side is negative by construction of £ and . O

Remark 4.9. As HY is O(3)-equivariant, it is also S'-equivariant in the sense of condition (1.24).
Hence, if we choose o € S* such that R‘OR = ¥ for any R € S!, then each map H} + t£v is
S'-equivariant for any ¢ € R. As a consequence, according to Theorem 4.8 the radial hedgehog
is an unstable critical point of F , also in the restricted class of S'-equivariant maps (a similar
conclusion is valid for H as critical point of £, in view of Proposition 4.7).

In the next remark we discuss the role of the biaxial phase in the instability results.

Remark 4.10. Let ® € C5°(B;;S)) be fixed and @7 its tangential part along H. Simple calcu-
lations using (1.4), (1.15), (4.12), and Lemma 2.22, give

d?> ~( H+td d? H+t®

— —_ =-3V6 W | =———
dt?ﬁ(lH+t<I>l> =0 fdt? <|H+t<1>|) =
and in turn

_ &g Tt <_§M
o dt? \H+t|HM|\ S20HY]P

. 3
= =3 (|07 - VB u(A9})) < —S|orf?,

2

d
dtQﬁ(H” +t®)

Expanding around the value ¢ = 0 and using stationarity of H and HYf both for B and for the
energy functionals, as t — 0 we infer

~( H+td 3 9o ) H+td _ t? 9
| <1-= —_— | = .
ﬁ(|H+t<I>|) <1 4|<I>T|t +o(t?), & st Ex(H) + &, (¥ H) +o(t?), (4.22)

together with

(bT 2 X . t2
\ t2 4 o(t?), Fapu (HY +t®) = Fy . (HY) +«FA,M((I)T§H£)§ + o(t?).

3
4 |HY|? 2

B(H) + 1) <1-
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As a consequence of (4.22) and (4.23), we see that for ¢ sufficiently small biazial escape occurs
for the perturbed maps in the set where ®7 # 0. Moreover, if ® = &0 with v € S* and p is
large enough, then Proposition 4.7 and Theorem 4.8 show that this escape is energetically more
favourable because the second variations of the energy functionals in (4.22) and (4.23) are negative.

As a final remark in this section, we further comment on the actual range of validity of our
results in the Lyuksyutov regime (1.18).

Remark 4.11. When studying asymptotic limits from a physical perspective, it is important that
all quantities to be compared have the same physical dimensions. Experts often rescale the energy
in such a way to recast it in a new fully adimensional form (see, e.g., [18]). Our energy (1.10) is
only partially non-dimensionalized, because the terms under integral sign are not pure numbers
but they all have the same physical dimension. In fact, the parameters A and p in the energy
density of F, , have the dimension of the inverse of a length squared (Q-tensors are adimensional
by definition), so the resulting value of the energy F) , has the physical dimension of a length;
in addition, the ratio p/\ is adimensional and we are allowed to compare them in a physically
meaningful way, considering in particular the case p > A. Thus, in the Lyuksyutov regime (1.18)
we are requiring that on a fixed domain € the parameter A is constant, hence of the same order
of (diam ©)~2, whereas p is much larger.

On the other hand, we could obtain a fully non-dimensionalized energy functional by first
choosing a reference length and then rescaling the domain with respect to it. In the present
situation there are at least three natural choices of length, namely, %, ﬁ, and diam €2, where the
first two choices, up to an harmless numerical factor, correspond to the biazial coherence length and
the nematic-isotropic correlation length respectively, see [49, 32, 18]. Calling ¢ the chosen reference
length, the original energy functional F 1 (Q, Q) under the further rescaling x = £z turns into the
non-dimensionalized functional F5 ,(Q,€2) as in (1.10), where £ = (€ and the new parameters
are given by A= 2N\, ji = ?p, with X and p as in (1.18). Thus, the adimensional energy ]-'5\711
is formally identical to Fj ., and our results continue to hold without any change in the regime
A ~ 1 and fi > 1 on a fixed reference domain 2. It turns out that the second choice, £ = 1/,/1,
amounts to 4 ~ A and i = 1, so it is not covered by our results. However, the first and the third
choices both correspond to diam £ ~ 1/ Vv and ji ~ w/A > 1, ie., to the following generalization
of (1.18) to domains of unconstrained size, namely

. 1 L 1 1\ " a?
diam Q 7 Psy 7 <\/ﬁ> D5, > 1. (4.24)
As a consequence, we see that the diameter diam €2 must be comparable to the the biaxial coherence
length, while the nematic correlation length must be negligible with respect to them. Finally, notice
that the second condition in (4.24) holds in particular in the low temperature limit a? — oo but
in domains © of smaller and smaller size because of (1.6), or, alternatively, in the limit b — 0
but on domains € with suitably expanding diameter. For a more detailed discussion of this non-
dimensionalization procedure and related issues, the interested reader is referred to [18] and the
references therein.

5. TOPOLOGY OF MINIMIZERS

In this section, we discuss topological properties of field configurations @ satisfying assumptions
(HP,) — (HPs), and restricting to energy minimizing configurations, we will obtain in particular
the proof of Theorem 1.6.

In connection with assumption (HP,), we start recalling the following auxiliary result which
characterizes simple connectivity of any smooth bounded domain Q C R3.

Lemma 5.1. [4, Thm.3.2 and Corollary 3.5] Let Q C R® be a bounded connected open set with
boundary of class C*. Then Q is simply connected if and only if its boundary can be written as
00 = UN | S; and each surface S; is diffeomorphic to the standard sphere S*> C R3.

As already mentioned in the Introduction, by assumption (H P;) the maximal eigenvalue Ay ax ()
of the matrix Q(z) is simple for every = € 0f2, and there is a well defined smooth eigenspace
map Vinax: 000 — RP2. In addition, as Q is simply connected and in view of Lemma 5.1, there
exists a smooth lifting vax € 01(89;82) such that, under the inclusion RP? C S*, we have
Vinax(#) = v/3/2(Vmax (%) ® vmax(z) — £1) for all z € 9.
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Notice that as in (1.21), the case 3 = 1 in (HP1) corresponds to Q/|Q|: 9Q — RP? C S*. In
this case we have Ayjax = \/g|Q| on ). Still in view of (H P,) there exists a map v’ € C*(9€;S?)

such that Q = |Q[y/3/2(v' ® v/ — 1I) on 9Q (under the inclusion RP? C S§*). Hence, under the
assumption 5 = 1, one has Q = |Q|Vmax on 0N.

Recall also that assumption (HP;) on the lifting vmax of the map Vipax: 0Q — RP?, namely
that the total degree deg(vmax, 92) = Zf\il deg(vmax, S;) is odd, does not depend on the chosen
lifting. Indeed, since on each spherical component S; of 9S2 the lifting exists by simple connectivity
of S;, and it is unique up a sign, each deg(vmax, S;) may only change by a sign when passing to a
different lifting.

Now we discuss properties of the biaxiality regions defined in (1.23). The first result below
shows that the biaxial escape observed in the introduction is indeed topological in nature, and
that every possible value of the biaxiality is attained.

Lemma 5.2. Let Q C R3 be a bounded open set with boundary of class C', and Q : Q — Sy. If
Q and Q satisfy (HPy) — (HP3), then the subset {3 = —1} C Q is not empty. As a consequence,
{B =t} C Q is not empty for every t € [—1, By], where By := maxsn 3. In particular, if f = 1,
then the range of 5 is [—1,1].

Proof. The consequence follows trivially from the definition of 3y, as the set 2 (hence Q) is con-
nected, and furthermore 3y = 1 whenever 3 = 1.

To prove the first statement, we argue by contradiction assuming that ming # > —1. Then the
maximal eigenvalue Apmax () of Q(z) is always simple for every x € , hence of class C!, and there
is a well defined eigenspace map V € C'(Q; RP?) which extends Viax from the boundary of Q to
its interior. Since € is simply connected this map can be lifted to & € C''(Q; S?) which has to satisfy
deg(v,092) = 0 by Stokes’s theorem. On the other hand, as both vy.x and o are liftings of the same
map Vinax at the boundary, we have vy,x = £0 on each S;, whence deg(vmax, S;) = £ deg(0,.5;)

foralli=1,...,N. Summing up over ¢ and passing to mod 2, we have
deg(vmax, 0 Zdeg Umax; Si) Zdeg 0,5;) =0 mod 2,
=1
which contradicts (HPs). O

We now further investigate properties of the biaxiality regions {8 < t}, {8 > t}. The following
lemma and its corollary below represents the key points where the analyticity assumption is used.

Lemma 5.3. Let Q) C R? be a bounded open set with boundary of class C', and Q : @ = Sy. If Q
and Q satisfy (HPy) — (HPs), then the set of singular (critical) value of 8 = Bo Q in (—1, ) is
at most countable and can accumulate only at B. As a consequence,
1) for any t € (—1,5) there exists a regular value t' € (—1,t) such that {8 >t} C Q is a
deformation retract of {8 > t'};

2) for any t € [—1,[) there exists a regular value t' € (t,5) such that {3 < t} C Q is a
deformation retract of {f < t'}.

Proof. Since 8 = Bo Q € C¥(Q), by Sard’s theorem for analytic functions (see [59]) the set of
singular value is finite on each compact set K C €2, hence all but countably many ¢ € (—1,3) are
regular for B in Q. For such ¢, the level set {8 = t} is contained in Q by definition of 3 and it
is a finite union of analytic, connected, orientable and boundaryless surfaces. However, since the
singular values are finite on compact sets and in view of the definition of /3, the only accumulation
point for the singular values can be 3. Indeed, otherwise there would be a countably many distinct
singular value 3, — B. € [~1,3) and corresponding distinct critical points =, € {8 = .} C
such that up to subsequences x,, — x. € {8 = f«}. Notice that z, € 9, otherwise x, would be a
critical point as well and 3, would be a singular value, with coutably many singular values attained
in a neighborhood of x,, which contradicts Sard’s Theorem. Thus z. € {8 = .} N 0N, which is
however impossible by definition of 3. To conclude the proof, we observe that the set of regular
value is open. Then, given a regular value ¢, choosing ¢’ sufficiently close to ¢, the conclusion 1)
(resp. 2)) follows by a standard retraction following the gradient (resp. negative gradient) flow
associated to 8 in €2 in a neighboorhood of {8 =t} C Q. Actually the same argument applies for
any singular value ¢, such value being isolated by the discussion above, and the conclusion follows
from real analyticity and the retraction theorem of Lojasiewicz (see [39, Theorem 5]). (]
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Corollary 5.4. Let Q C R3 be a bounded open set with boundary of class C', and Q : Q — Sy. If
Q and Q satisfy (HPy) — (HP3) with B =1 and Q € C¥(Q;Sy), then the set of singular (critical)
value of B in (—1,1) is finite, and there exists a regular value t' € (—1,1) such that {3 =1} C Q
is a deformation retract of {3 > t'} C Q.

Proof. The proof is similar to the one of Lemma 5.3, so it will be just sketched. In view of the
analytic regularity up to the boundary, the tensor @ has an analytic extension @ (simply by power
series) to a larger open set Q D Q. Then the function E = 5 o @ is analytic in Q with finitely
many critical values in € again by Sard’s theorem. Clearly 1 is a critical value (maximum) of 3
Hence, choosing a slightly smaller regular value ¢’, the conclusion still follows from [39] retracting
the set {3 > t'} C Q onto {# = 1} by the gradient flow of B in Q. O

The first information on the topology of the biaxiality regions is contained in the following
result.

Proposition 5.5. Let Q C R? be a bounded open set with boundary of class C, and Q : Q — Sp.
If Q and Q satisfy (HPy) — (HPs), then the biaxiality regions satisfy

1) {B =t} is not simply connected for any t € (-1, B3);

2) {B < t} is not simply connected for any t € (—1,3);

3) the negative uniazial set {f = —1} is not simply connected;

4) {B =t} contains a surface of positive genus for any reqular value t € (—1, 3) of the function

B;

5) if in addition B =1 and Q € C¥(;Sy), then the set {3 = 1} C ) is not simply connected.
Proof. In view of Lemma 5.3 it is enough to prove claim 1) and 2) for a regular value ¢ € (—1, )
since (non)simple connectivity passes to deformation retracts. A similar argument applies to claim

3). Indeed, t = —1 is a singular value (minimum), and it is isolated by Lemma 5.3. Hence,
combining claim 2) for regular values ¢’ close to —1, the set { < ¢’} is not simply connected, and
thus its deformation retract {# = —1} is also nonsimply connected.

Let us now prove claims 1) and 4). We assume that t € (—1,3) is a fixed regular value of
B € C¥(Q). Then the set {8 > ¢} is the closure of the open set QN {8 > ¢} which is bounded
with smooth boundary. In addition, {8 > ¢t} and 2N {8 > t} are homotopically equivalent (by
inward-retracting both sets along the normal direction in a small neighborhood of the boundary).
So it is enough to show that Q := QN {B > t} is not simply connected. Observe that in view of
the regularity of ¢ and the smoothness of the boundary, we can write o9 as a disjoint union

N =00u{p=ty=(UN,S)U (ujlegj) :

where each S; is diffeomorphic to S? and each § is compact, analytic, connected, orientable and
boundaryless surface because {8 =t} C Q. Now we claim that there exists an index j, such that

the surface S has positive genus. In other words, claim 4) holds and the open set Q is not simply
connected in view of Lemma 5.1, i.e., claim 1) also holds.

To prove the existence of the distingmshed surface Sj*, we argue by contradiction assuming that
the genus g(S ) =0 for each j = 1,..., M. Hence the Euler characteristic X(S )=2— 2g(S ) =2
for each j =1,..., M, and we shall derive a contradiction from this fact. Indeed, notice first that
the maximal eigenvalue Amax(Q(2)) is simple for every x € {8 >t} C Q. Therefore, there is a well
defined smooth eigenspace map V: {8 > t} — RP2, V(z) = Ker (Q(2) — Amax(Q(2))I). Since
each S are assumed to be of zero genus, both Q and {8 >t} are simply connected by Lemma 5.1.

Therefore the map V € C'({8 > t};RP?) has a lifting o € C*({8 > t};S?) as in the proof of
Lemma 5.2. From Stokes’ theorem we infer that

degv@Q ZdegvS +Zdegv5’

Then assumption (HPs) yields ijl deg(v, Sj) = 0, so that there exists 1 < j. < M such that
deg(v, gj) #0.

Now consider F' = TS? — S? the (real, oriented, rank-two) tangent bundle of S? with its Euler
class e(F) € H?(S?*Z). With respect to a normalized volume form on S?, we can write e(F) =
2dvols: € H35(S* R), and its Euler number (i.e., Euler characteristic) is x(S?) = fSQ =2.
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Using the map v we can consider the pull-back bundle v*F — §j* which is a smooth real
oriented rank-two vector bundle over S;,. By functoriality of the Euler class (see e.g. [6]), we have

/~ e(T*F) :/~ ve(F) = 2/~ T*dvolg: = 2deg(v,5;,) #0,
S S Six

hence the pull-back bundle v*F — §j* is nontrivial. On the other hand, since §j* C{B =t} and
t € (—1,1) is a regular value, each eigenvalue A € 0(Q(z)) = {Amax(2), )\mld( ), Amin ()} is simple
for every x € SJ* Therefore there are well defined elgenspace maps led, Vinin € C 1(5] ;RP?) and
corresponding liftings Umid, Umin € C* (S’] ;S?) (since SJ* simply connected, i.e. g(S ) =0). By
the spectral theorem we have Fy(,) = T5(2)S? = {0(2)} = RUpia (@) ® Rmin (2) for every z € S;..

Hence the bundle v*F — S is trivial and Vmiq, Umin € C’l(Sj*,F ) provides a trivializing frame
(up to orientation), a contradlctlon

To prove claim 2) we fix a regular value ¢t € (—1, 3), and we recall that {8 < t} = {3 =1t} C Q
is a finite union of surfaces of class C! (in fact analytic) which are disjoint, embedded, connected
and boundaryless. Notice that {8 > t} = 0Q U {8 = t} is also a finite union of C'-surfaces
which are disjoint, embedded, connected and boundaryless. Moreover, since {2 is simply connected
and {8 > t} is not (because of claim 1)), one of the component of {3 = t} has positive genus
by Lemma 5.1. Applying again Lemma 5.1 to {8 < t} C Q, we infer that {8 < t} is not simply
connected because the total genus of its boundary is positive. Hence {8 < t} is also not simply
connected since the two sets are homotopically equivalent.

Finally, the proof of claim 5) follows from claim 1) for regular values ¢t € (—1,1) combined with
the homotopic equivalence property stated in Corollary 5.4. ([l

As a direct consequence of the previous proposition, we have the linking property between
biaxiality sets.

Proposition 5.6. Let Q C R? be a bounded open set with boundary of class C', and Q : 2 — Sp.
Assume that Q and Q satisfy (HPy) — (HPs). If [ty,ts] C [~1,/3) is such that (t1,t3) contains no
singular value of 8 = Bo Q, then {B < t1} C Q and {B > t2} C Q are nonempty compact and
disjoint subset of Q, and they are mutually linked.

Proof. In view of Lemma 5.2 the sets {8 < t1} C Q and {8 > to} C Q are nonempty compact and
disjoint subset of Q. Since [t1,t2] C [~1,3) we clearly have {3 < t;} C Q\ {8 > t2} = {8 < t2}
and {8 > t2} C Q\{B < t1} = {B > t1}. As (t1,t2) contains no singular value, these two sets
are homotopically equivalent to {8 < t;} and {8 > t2}. Indeed, the gradient flow of £ gives a
deformation retract of each larger set onto the corresponding smaller one (this is standard if ¢,
and ty are regular values, and otherwise, it follows from [39, Theorem 5] as in Lemma 5.3 thanks
to real analyticity). Thus {8 < t;} is contractible in Q \ {8 > t5} if and only if it is contractible,
and {8 > ta} is contractible in Q \ {8 < t1} if and only if it is contractible. On the other hand,
the sets {8 < t1} and {8 > t2} are not simply connected by Proposition 5.5. Hence both of them
are not contractible and therefore mutually linked. O

In the final result of this section, which contains Theorem 1.6 as a particular case, we summarize
the topological information obtained as a straightforward combination of Lemma 5.2, Lemma 5.3,
Corollary 5.4, Proposition 5.5 and Proposition 5.6.

Theorem 5.7. Let Q C R3 be a bounded open set with boundary of class at least C', and Q :
Q — Sy. Assume that Q and Q satisfy (HPy) — (HPs) (e.g., suppose O has an odd number of
connected components and that Q(z) = \/3/2(n (z) ® n (x) — £1) on 0Q, so that 3 =1). Then the
biaziality sets satisfy:
1) the set of singular values of B in [—1, 8] is at most countable and can accumulate only at
B; moreover, for any regular value —1 < t < B, the set {8 =t} C Q is a smooth surface
with a connected component of positive genus;
2) for any —1 < t; < ty < B, the sets {B < t1} C Q and {B > ta} C Q are nonempty,
compact, and not simply connected;
3) if in addition Q € C¥(Q) and B = 1, then {8 = 1} C Q is also nonempty, compact, and
not simply connected; in particular {f =1} NQ is not empty;
4) for any —1 < t; < to < B such that (t1,ts) contains no singular value, the sets {3 < t1}
and {B > ta} are mutually linked.
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