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Abstract—This work presents a topology to meet the demand 

of tunable quarter-wavelength impedance inverters. The 

proposed solution lies in a transmission line loaded by capacitors 

whose positions are variable. The associated synthesis is 

proposed and leads to the possibility of producing a quarter-

wave inverter operating at two different frequencies and with 

two characteristic impedances that can be optimized thanks to 

the degree of freedom provided by the position of the capacitors. 
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I. INTRODUCTION  

Considering the spectrum spreading for embedded 
applications and the necessity of flexible data flows depending 
on the needs of end-users as well as the need for very high 
frequency multifunctional systems, the tunability appears as a 
key issue for low-cost integrated systems. Indeed, many 
functions only differ from center frequency or bandwidth [1]. 
Therefore, by promoting the design of tunable devices that can 
address all or part of the operating bands one can dramatically 
reduce the size, cost and complexity of the system. Moreover, 
the need for high capacity links the use of high frequency 
bands is required, notably with the imminent arrival of 5G 
systems [2]. Within this context, the use of high-quality 
passive circuits is a key issue; they have to meet the system 
requirements in terms of selectivity and losses while 
maintaining their performance whatever the tunability. 
Unfortunately, for tunable functions the electrical performance 
are degraded with the tuning range. Thereby, one has to 
provide systems robust to the frequency change.  

Among the passive functions filters are one of the most 
sensitive components, especially tunable filters. Most of 
planar filter topologies are composed of resonators and 
inverters whose characteristics, i.e. electrical lengths and 
impedance, control both center frequency and bandwidth. 
Fundamental components in the design of filters in millimeter 
frequency range are transmission lines. In the case of tunable 
filters, the center frequency can be controlled by changing the 
electrical length. However, the more the center frequency is 
far the nominal frequency, the more the filter response is 
degraded, especially the in-band return loss which is linked to 
impedance of the transmission line. It is therefore important to 
provide transmission lines whose electrical properties can be 
modified to fit the requirement in terms of frequency shift.  

Although much work has been done to modify the 
electrical length of the line [3], few results are available on the 
characteristic impedance variation. The solution proposed in 
this work is to move capacitors along the transmission line in 
order to modify the equivalent impedance without affecting 
the electrical length. The displacement of series varactors was 
introduced in [4] in order to produce a tunable resonator in 
central frequency and in bandwidth, but it was not treated 
from a transmission line point of view. So as to improve the 
mastery in design, essential in millimeter- and sub-millimeter-
bands, a synthesis in proposed for dual-band quarter 
wavelength inverter with tunable impedance. 

II. CAPACITIVE LOADING WITH VARIABLE POSITION 

A. Transmission line topology 

In this part, a transmission line with a characteristic 
impedance of Zc is symmetrically loaded with capacitors 
located at a variable position defined by P (Fig. 1).  

When P is 0, the two capacitors are overlapped on the 
center of the transmission line and when P = 1, they are 
arranged at each end. This variation of position is modeled by 
an electrical length of line dependent on P according to (1) 
and (2) where 𝜃𝐻 = 2 ∙ (𝜃𝑃 + 𝜃1−𝑃) is the electric length of 
the unloaded transmission line defined at the nominal highest 
frequency fH.  

𝜃1−𝑃 = (1 − 𝑃) ∙ 𝜃𝐻/2 

𝜃𝑃 = 𝑃 ∙ 𝜃𝐻/2 

 

Fig. 1 Topology of the capacitive-loaded transmission line with variable 

position P. 



APPENDIX 1: EQUATIONS FOR C-LOADED TRANSMISSION-LINE DESCRIBED IN FIG. 1 

𝐴𝑒𝑞 = 𝐷𝑒𝑞 = cos 𝜃 − 𝐶𝑁 ∙ sin 𝜃 + {𝐶𝑁
2 ∙ sin[2 ∙ (1 − P) ∙ 𝜃] ∙ sin(2 ∙ P ∙ 𝜃)}/2 

𝐵𝑒𝑞 = 𝑗 ∙ 𝑍𝑐 ∙ {sin 𝜃 + 𝐶𝑁 ∙ [cos 𝜃 − cos(2 ∙ P ∙ 𝜃)] +
𝐶𝑁

2 ∙sin(2∙P∙𝜃)∙sin2[2∙(1−P)∙𝜃]

2
} 

𝐶𝑒𝑞 = 𝑗 ∙ {sin 𝜃 + 𝐶𝑁 ∙ [cos 𝜃 + cos(2 ∙ P ∙ 𝜃)] −
𝐶𝑁

2 ∙sin(2∙P∙𝜃)∙sin2[2∙(1−P)∙𝜃]

2
} /𝑍𝑐 

The coefficient of the equivalent chain matrix (ABCDeq) 
of the loaded transmission line are given in APPENDIX 1.  At a 
given low frequency fL, with lossless transmission lines, 
this matrix is then determined by (4)-(7), with CN the 
normalized impedance such as: 

𝐶𝑁 = 2𝜋 ∙ 𝑓𝐿 ∙ 𝐶 ∙ 𝑍𝑐 

From the chain matrix, the equivalent electrical properties 
of the loaded line can be obtained at any frequency fL. 

B. Application to impedance inverters 

In order to focus on the application of a tunable quarter-
wavelength inverter, the frequencies fH and fL are the two 
operating frequencies for which the line must have a behavior 
comparable to transmission line with electrical length of λ/4. 
The unloaded transmission line is quarter wavelength at fH (θH 
=90 °). 

The equivalent electrical lengths of the loaded line have to 
verify θeq = 90 ° at fL, i.e. a chain matrix of the form (7). 

[𝐴𝐵𝐶𝐷]𝑒𝑞 = [
𝐴𝑒𝑞 𝐵𝑒𝑞

𝐶𝑒𝑞 𝐷𝑒𝑞
] = [

0 𝑗𝑍𝑒𝑞

𝑗𝑌𝑒𝑞 0
] 

Determining the capacitance value to reach an equivalent 
electrical length of 90 ° requires solving Aeq=0 at fL. This 
calculation leads to a second order equation in CN and thus has 
two roots. The solution chosen is (8) because it vanishes for 
θ1=90° at fH. This means that no capacitor is needed to 
retrieve an impedance inverter behavior at fH, so the topology 
is simply that of the unloaded line. 

𝐶𝑁 =
sin 𝜃𝐿−cos 𝜃𝐿∙√2 sin² 𝑃𝜃𝐿+tan2 𝜃𝐿−sin 2𝑃𝜃𝐿∙ tan 𝜃𝐿

sin 𝜃𝐿∙ sin 𝑃𝜃𝐿∙ cos 𝑃𝜃𝐿−cos 𝜃𝐿∙ sin2 𝑃𝜃𝐿
 

𝜃𝐿 =
𝜋

2
∙

𝑓𝐿

𝑓𝐻
 

Finally, the equivalent impedance can be recalculated from 
the chain matrix by applying the following relation: 

𝑍𝑒𝑞|
𝜃=𝜃𝐿

= √
𝐵𝑒𝑞

𝐶𝑒𝑞
 

C. Results 

Fig. 2 presents the equivalent impedance variation with the 
capacitor position P. The unloaded transmission line is quarter 
wavelength at fH=100 GHz. The impedance of the 
transmission line depends on the application, in the study case 
it is considered to be 50-Ω. Three frequencies (fL) are 
investigated for capacitive-loaded transmission lines: 40 GHz, 

60 GHz and 80 GHz. Depending on its position (P), the 
capacitor value is modified following equation (8) to ensure 
quarter-wavelength behavior at fL.  For instance, the C-loaded 
transmission line behaves as a 50-Ω quarter wavelength 
transmission line at 100 GHz whereas at fL=40GHz it has the 
behavior of a quarter wavelength transmission line with 
impedance range of  [16 – 22.7]-Ω depending on the capacitor 
value i.e. its position. Thereby, the degree-of-freedom 
introduced by the C-loaded transmission line allows designing 
dual-band impedance inverters with continuously variable 
impedance. This is fundamental in the design of many 
functions and especially on tunable filters. Indeed in numerous 
filter topologies the bandwidth and return loss level are 
controlled by impedance values. Thereby, as one can impose 
impedance while keeping constant the electrical length, the 
mastering in the design of passive devices is improved.    

 

 

Fig. 2 Variations of the capacitor value and equivalent impedance of quarter 

wavelength inverter as a function of the capacitor position P. 

 



III. APPLICATION TO BANDPASS FILTER 

For the sake of illustration of the interest of such an 
inverter synthesis, a ring-based bandpass filter is designed [5]. 
It is based on the use of two pairs of quarter wavelength 
transmission lines with different impedances Z1 and Z2 
(Fig. 3). The synthesis of the unloaded nominal filter was 
given in [5]. The filter bandwidth is ruled by the impedance 
ratio between Z1 and Z2. The nominal frequency fH is set to 
60 GHz and the final frequency fL=45 GHz. The capacitor 
(Ca1, Ca2) values are calculated according to equation (8). As 
depicted in Figs. 4-5 the use of continuously tunable 
impedance allows controlling the filter bandwidth while 
maintaining the center frequency and return loss level. The 
change of the capacitor position in the transmission line 
allows modifying the relative bandwidth from 15 to 20.8%. 

IV. CONCLUSION 

The synthesis of quarter wavelength impedance inverters 
with tunable impedance wave proposed. It allows determining 
the value and position of capacitors to reach specification in 
terms of equivalent transmission line impedance while 
maintaining a 90° phase-shift whatever the operating 
frequency. Thereby, the capacitive-loaded transmission line 
allows controlling its equivalent impedance while keeping 
constant its geometry (width and length), the impedance 
tunability being achieved changing the capacitor position. This 
concept was applied in the design of a ring bandpass filter 
which bandwidth is ruled by impedance ratio of quarter 
wavelength transmission lines. The filter bandwidth was 
controlled modifying the capacitor position while maintaining 
the center frequency and return loss which proves the 
efficiency of the proposed synthesis. Hence, this synthesis 
allows designing filters with double tunability: center 
frequency and bandwidth. 
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Fig. 3 Topology of the capacitive-loaded ring-based bandpass filter. 

 

Fig. 4 Electrical response of the bandpass filter depending on the capacitor 
positions. 

 

Fig. 5 Evolution of the filter bandwidth as a function of the capacitors 

position. 

 


