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Abstract

The present work is dedicated to an accurate modeling of violent Fluid-Structure-Interaction
(FSI) problems using a coupled Lagrangian particle method combining a multi-phase δ-
SPH scheme and a Total-Lagrangian-Particle (TLP) method. Advanced numerical tech-
niques, e.g. Adaptive-Particle-Refinement (APR), have been included in the particle method
for improving the local accuracy and the overall numerical efficiency. On one hand, this pa-
per aims to demonstrate the capability of the proposed numerical method in modeling FSI
flows with large density-ratios, strong fluid impacts, complex interfacial evolutions and
considerable wall-boundary movements and deformations; On the other hand, the numer-
ical results presented in this paper show the importance of considering the existence of
air-phase in some complex FSI problems. The entrapped air-bubble, after the free-surface
rolling and closing, plays an important role in the overall flow evolution and hence the
hydrodynamic load on the structure. Although a density ratio as large as 1000 has been
adopted, clear and sharp multi-phase interfaces, which undergo violent breakups and re-
connections, are present in the numerical results, and more importantly, stable and smooth
pressure fields are obtained. This contributes to an accurate prediction of the structural
response, as validated by both the experimental data and other numerical results.

Key words: Smoothed particle hydrodynamics; multi-phase δ-SPH; fluid-structure
interaction; multi-particle resolution; large density ratio;

∗ Corresponding author.
Email addresses: sun.pengnan@ec-nantes.fr (P. N. Sun),
david.letouze@ec-nantes.fr (D. Le Touzé ), zhangaman@hrbeu.edu.cn (A.-M.
Zhang).

© 2019 published by Elsevier. This manuscript is made available under the CC BY NC user license
https://creativecommons.org/licenses/by-nc/4.0/

Version of Record: https://www.sciencedirect.com/science/article/pii/S0955799719300943
Manuscript_db17fed919088c7d8e038274fc0ffb5e

https://www.elsevier.com/open-access/userlicense/1.0/
https://www.sciencedirect.com/science/article/pii/S0955799719300943
https://www.elsevier.com/open-access/userlicense/1.0/
https://www.sciencedirect.com/science/article/pii/S0955799719300943
https://creativecommons.org/licenses/by-nc/4.0/
https://www.sciencedirect.com/science/article/pii/S0955799719300943


1 Introduction

In the ocean engineering field, many hydrodynamic problems with free surface and
viscous effects have been well resolved by potential-flow solvers or different mesh-
based computational-fluid-dynamics(CFD) solvers. However, for those numerical
solvers, the modeling of complex Fluid-Structure-Interaction (FSI) problems with
strong fluid impacts, considerable structure displacements/deformations and vio-
lent multi-fluid mixing, still represents a great challenge. As the growing demand
from the industry for solving these highly complex FSI problems, particle-based
numerical methods are rapidly growing in recent years [15].

Particle methods were born for continuum mechanical problems with large inter-
face or boundary deformations [32, 55]. In the field of fluid dynamics, Smoothed
Particle Hydrodynamics (SPH) method, as a representative, has been successfully
applied for the free-surface ([4, 34]) and multi-phase ([56, 17]) flows under some
quite challenging and complex flow conditions, some of which are in large scale
and towards the industrial applications ([43, 57]) when the technique of high per-
formance computing is adopted for efficient parallel computations [41, 12].

In most cases, the single-phase SPH model is directly applied for the modeling
of free-surface flows under moveable wall boundaries and ignoring the air-phase
effects. This simplification is similar to the numerical computation using a potential
flow solver, in which the pressure on the free surface is zero and the space above
the free surface is assumed as vacuum. Colagrossi et al. [9] theoretically proved
this single-phase simplification is consistent on the free surface even though the
kernel truncation occurs there. However, this simplification is true only when the
free surface deformation is small. In fact, when the free-surface rolling occurs in
nature, the entrapped air-bubble under the free-surface starts to be dominant and
the vacuum assumption is no more tenable. Accurately taking into account the air-
phase effects in complex multi-phase flows still represents a big challenging issue
for both mesh-based and particle-based numerical methods.

For mesh-based numerical methods, the interface-tracking using different numeri-
cal techniques (e.g. Level-Set, Volume of Fluid, etc.) still faces many stability and
conservation problems in some complex multi-phase flows. On the contrary, as was
demonstrated in [17], the multi-phase SPH model has demonstrated superior ca-
pability in dealing with complex interfacial flows with large density and viscous
ratios, showing clear and sharp interface evolutions and maintaining the exact mass
conservation. As has been recently pointed out by Marrone et al. [37] in some fea-
tured SPH simulations, entrapped air-bubbles in the cavity after the water entry of
objects, or after the wave rolling and breaking, paly a significant role in the overall
flow evolution and further lead to non-negligible effects on the load to the structure.
Unfortunately, in [37], the effect of the structure’s elastic-response, which is anther
important factor affecting the flow evolution and hence the impact load, was not
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discussed. In fact, thanks to the mesh-free characteristics of the particle method,
large structure deformations can also be straightforwardly modeled in the same
particle-framework.

So far, there are many particle-based numerical schemes (e.g., SPH [11, 49], In-
compressible SPH (ISPH)[44], Moving Particle Semi-implicit (MPS) method [25],
Finite Particle Method (FPM)[60], etc.) and coupled solvers (e.g., SPH-SPH [3, 18]
SPH-FEM [14], MPS-FEM [58], ISPH-SPH [22], Dual Particle Dynamics-MPS
(DPD-MPS) [13], etc.) reported in the literature for FSI problems. However, most
of them are limited within the scope of a single-phase fluid solver coupled with a
structure solver while the air-phase effects have rarely been taken into account. To
fill this gap, a FSI-SPH model will be established and applied in this paper towards
the complex multi-phase FSI problems. The accurate tracking of the multi-phase
interface and the fluid-structure interface in the pure-Lagrangian framework of the
present SPH method is more straightforward and therefore maintains higher accu-
racy.

On the other hand, in addition to pursuing a satisfied numerical accuracy, the com-
putational efficiency is another factor which should be emphasized. For example in
the ocean engineering field, the structure thickness is usually very thin and there-
fore very fine particle resolution is necessary to accurately discretize the structure
into sufficient number of particles if no thin-plate assumption is considered. In that
case, a proper multi-resolution numerical solver is required in order to ensure a high
local-accuracy near the structure surface while de-refine the particle resolution in
the far field and hence reduce the total computational effort.

In the literature, there are a variety of multi-resolution techniques for particle meth-
ods, including the techniques of particle splitting-merging [53, 54] or overlapping
[8, 45]. However, to our knowledge, very few of these techniques have been ap-
plied for multi-phase FSI flows. Recently, in [21, 25], the authors proposed to
adopt a multi-resolution particle method in the framework of MPS to model F-
SI problems. In their treatment, different particle resolutions are imposed for the
structure and fluid respectively, which allows to locally improve the particle reso-
lution for the structure; however, in some cases in order to improve the accuracy of
the hydrodynamic force, the refinement for the fluid particles in a local region near
the structure is also necessary. Therefore, to develop a multi-resolution solver for
both the fluid and structure portions is required. On the other hand, when apply-
ing multi-resolution techniques for the simulation of multi-phase flows, we need to
ensure that, at the intersection of multi-phase and multi-resolution interfaces, nu-
merical accuracy and stability are equivalent as in the region of single-phase and
single-resolution. That brings the necessity of the accurate extension and rigorous
validation of the existing multi-resolution techniques from single-phase flows to
multi-phase flows.

In the present work, we introduce a coupled FSI-SPH solver by combining a multi-
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phase δ-SPH scheme for complex multi-phase flows and a Total-Lagrangian Parti-
cle (TLP) solver [29] for elastic structures. Although the well-known δ-SPH scheme
has been developed for a decade, and has been widely applied for many hydrody-
namic problems [39, 50, 51], its direct application to free-surface flows considering
air-phase and FSI effects with large structural deformations are still rarely reported
in the literature. Therefore, firstly we extend the classic δ-SPH scheme to the multi-
phase context allowing the density ratio between the denser and lighter phases up
to the order of 1000. Further, the Adaptive Particle Refinement (APR) technique,
originally proposed by [6] and enhanced by [8], is extended for the modeling of
multi-phase flows in order to obtain higher local accuracy but achieve a significant
reduction of the total computational effort.

The multi-phase and multi-resolution δ-SPH scheme is then coupled to the TLP
method, which comes into being the FSI-SPH model for multi-phase FSI problems.
Thanks to the Lagrangian kernel as adopted in the TLP method (see [29]), tensile
instability is well avoided in the structure part. However, for the fluid solver, despite
of the adoption of the Eulerian kernel function in the SPH method, the technique of
Tensile Instability Control (TIC) [45] has to be adopted to prevent the occurrence
of the fluid fragmentation in the regions characterized by negative pressure.

Regarding the numerical results, for the multi-phase FSI problems relevant to ocean
engineering applications, there is still a lack of representative benchmarks with
both experimental data and reliable numerical solutions by both mesh-based and
particle-based numerical methods. Therefore, in this work, we present a compre-
hensive SPH simulation of the series test-cases of the dam-breaking flow impacting
the elastic plate [28] and carefully validating the numerical results. With the robust
mesh-free FSI-SPH solver, for these complex FSI problems, some important phe-
nomena will be thoroughly analyzed. Moreover, the mechanical mechanism behind
those physical phenomena will also be discussed.

The present paper is organized as follows. Section 2 will firstly give a brief intro-
duction about the multi-phase and multi-resolution δ-SPH scheme, and then the
TLP method and the coupling algorithm between the SPH and TLP methods are
presented. Section 3 consists of all the numerical results where comparative inves-
tigations for the SPH model and related numerical aspects are carried out and after
that sufficient validations and analyses for the multi-phase FSI problems will be
presented. Conclusions and future perspectives will be given in the last part of the
paper.

2 Multi-phase and multi-resolution Lagrangian model for FSI problems

In the simulation of multi-phase FSI problems using the present particle method,
the whole computational domain is discretized into Lagrangian particles whose
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quantities are evolved by solving different governing equations belonging to the
fluid or structure. The fluid part, which is consist of water and air particles, is solved
by the multi-phase δ-SPH scheme with different equations of state for water and
air, see Section 2.1; while the structure part, discretized by solid particles, is solved
by the TLP method, see Section 2.2. The algorithm for coupling the fluid and struc-
ture solvers will be presented in Section 2.3. The boundary of the whole flow is
modeled by fixed ghost particles whose variables are extrapolated form the inner
flow. The Lagrangian nature of the pure particle method allows for the convenient
and accurate handling of the interfacial flows with strong material convection and
large boundary deformations.

2.1 Extension of the δ-SPH scheme to the multi-phase context

The δ-SPH scheme [5] is a SPH variant developed based on the classic SPH scheme
of Monaghan [40]. The main characteristic for δ-SPH is the δ-term added in the
continuity equation for preventing the high-frequency pressure oscillation. δ-SPH
scheme was initially proposed for the simulation of single-phase free-surface flows
and, therefore, when it is applied for multi-phase flows, some modifications regard-
ing to the multi-phase interface and the stability of the air-phase are necessary, see
more in the following subsections.

2.1.1 Governing equations for the multi-phase δ-SPH scheme

The governing equations for the multi-phase δ-SPH scheme are written as [5, 34]

Dρi

Dt
= −ρi

∑
j

(u j − ui) · ∇iWi j V j + δ hi c0i

∑
j

Di j · ∇iWi j V j ,

Dui

Dt
= −

1
ρi

∑
j

F (p j, pi)∇iWi j V j + gi +
αhic0iρ0i

ρi

∑
j

πi j∇iWi j V j +
1
ρi

F inter f ace
i ,

Dxi

Dt
= ui ,

pi =
c2

0i ρ0i

γi
(
ρi

ρ0i
− 1)γi + pb , Vi(t) =

mi

ρi(t)
.

(1)
In the above equations, the mass, density, volume, pressure, velocity and position
of the i-th particle are denoted by notations as mi, ρi, Vi, pi, ui and xi, respectively.
g is the vector representing the body force which is the gravitational force in the
present work. From the last equation, we can see that the mass of each particle is a
constant while the particle density and volume are variables in time. The notation
Wi j = W(|xi − x j|; h) represents the kernel function for which the Wendland C2
kernel has been adopted in this work. The smoothing length hi/∆xi = 2 has been
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adopted with ∆xi being the initial particle spacing.

The velocity divergence in the continuity equation is approximated by using the
particle approximation based on the kernel interpolation theory [32]. Differently to
the traditional SPH approximation of the pressure gradient where the conservative
form F (p j, pi) = (pi + p j) is usually adopted, in the present work, in order to
completely prevent the so-called tensile instability, a TIC technique [45] has been
adopted. Finally, F (p j, pi) is written as

F (p j, pi) =

 p j + pi , pi ≥ 0 or i ∈ S F ,

p j − pi , pi < 0 and i < S F ,
(2)

where S F stands for the free-surface region which is consist of all the free-surface
particles and their neighboring particles (see [48]). However, for the multi-phase
simulations in this paper, since above the denser phase (water), air particles are
distributed and closed by the wall boundary and therefore the free-surface region
does not exist. The TIC is able to completely prevent the tensile instability (behav-
ing as the fluid fragmentation or flow voids) when the pressure becomes negative,
however it leads to the non-conservation of the total momentum since the pres-
sure gradient operator is no more anti-symmetric. Fortunately, this drawback can
be remitted when the particle distribution is uniform [45].

Differently to the wide implementation of the Particle Shifting Technique (PST)
(see [31]) in a variety of particle models and applications (see e.g. [45, 59, 23,
46]), in this work, instead of PST we add a constant background pressure pb in
the equation of state to regularize the particles’ distribution. The mechanism of the
constant pressure for regularizing particles has been analyzed in [10]. For the dam-
breaking test cases in the present work, the magnitude of pb is explicitly defined as

pb =
1
2
ρ0U2; U =

√
gH, (3)

where ρ0 is the reference density when the pressure is zero, g = 9.81m/s2 is the
magnitude of the gravity acceleration and H stands for the initial water depth. pb

is particularly effective in regularizing the distribution of the light particles (the
air-phase) in the multi-phase SPH simulations. On one hand, it reduces the non-
conservation of momentum caused by the TIC term; On the other hand, it ensures
the stability of the light particles under violent fluid impacts in the multi-phase
simulation when the density ratio is up to 1000.

We note that a moderate value of the magnitude of pb is defined here aiming to,
in some extent, reduce the unfavorable effects associated with application of the
background pressure. As has been stated in Adami et al. [2], spurious pressure
gradients can be induced by pb. In addition, Khayyer et al. [24] also found that the
background pressure adversely affects the overall energy conservation property in
the particle method. Indeed, the TIC term allows the existence of negative pressure
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in the flow flied and therefore using a large pb to get rid of all the negative pressure
is no more mandatory in the present SPH method. Finally, the moderate value of pb

defined in Eq. (3) works properly, at least for the test cases in the present work.

In addition, in the equation of state the artificial sound speed ci for the different
phases has to be determined carefully. On one hand, the density variation should
satisfy the weakly-compressible hypothesis (within 1%, see [40]); on the other
hand, ci should be able to maintain the continuity of the pressure/normal-velocity
at the multi-phase interface [11]. In order to satisfy the weakly-compressible hy-
pothesis, the constant sound speed cw for the water part is determined by [48]

cw ≥ 10max
(
Umax,

√
pmax/ρ0w

)
, (4)

where Umax and pmax are the maximum expected velocity and pressure in the water
region. In addition, γw = 7 is adopted for all the water particles. While for the
lighter phase (i.e. air particles in this work), a smaller γa equals to 1.4 is assigned
for the purpose of a steeper density-pressure characteristic curve, see more in [11].
Through c2

w ρ0w/γw = c2
a ρ0a/γa, we can obtain the sound speed ca for the air phase

based on the sound speed cw in the water phase as

ca =

√
c2

w γa ρ0w

γw ρ0a
. (5)

We underline that the above derivation for obtaining the artificial sound speed is
based on a compromise between the accuracy, efficiency and stability, but for the
specific dam-breaking problem in the present work, the sound speed obtained for
the air phase using the above process is close to the physical one, which provides
a proper estimation for the compressibility in the air cavity, see more in Section
3. Another way to strictly consider the physical compressibility of the air phase is
to exactly use the physical sound speed for air (see, e.g., [37]), and based on that
using Eq. (5) one can obtain the sound speed in water. However, in some cases one
possibility could be the sound speed obtained for water in this way is too low, in
other words, doesn’t satisfy the weakly compressible hypothesis (i.e. Eq.(4)). As a
remedy, the compressible-incompressible multi-phase particle scheme proposed by
Khayyer and Gotoh [20] or the one proposed by Lind et al. [30] can be applied to
solve this problem.

In system (1), the forms of the diffusive termDi j and the viscous term πi j are written
as [5]

Di j =


2

[(
ρ j − ρi

)
−

1
2

(
〈∇ρ〉Li + 〈∇ρ〉Lj

)
· x ji

]
x ji

‖x ji‖
2 , i, j ∈ same phase,

0, otherwise,

(6)
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and

πi j =


2(d + 2)

(
u j − ui

)
·
(
x j − xi

)
‖x ji‖

2 , i, j ∈ same phase,

0, otherwise,

(7)

where x ji = x j − xi, d is the spacial dimension and the density gradient 〈∇ρ〉L is
evaluated using the renormalized spatial gradient (see e.g. [42]) as


〈∇ρ〉Li :=

∑
j ∈ χi

(
ρ j − ρi

)
�i∇iWi jV j,

�i :=

∑
j ∈ χi

(
x j − xi

)
⊗ ∇iWi jV j


−1

,

(8)

where χi denotes all the neighboring particles that belong to the fluid of the ith
particle.

The parameters of δ = 0.1 and α = 0.1 are adopted in the diffusive terms to stabilize
the simulation (see for details in [5]). According to the investigation as carried out
by Marrone et al. [36], a moderate numerical dissipation is necessary in the initial
stage of the fluid impact in order to filter the elastic energy and recover to the
incompressible solution.

In order to keep the sharpness of the multi-phase interface, the interface sharpness
force F inter f ace

i has been added into the momentum equation. The expression of
F inter f ace

i is written as [16]

F inter f ace
i = −0.08

∑
j ∈ χC

i

(‖p j‖ + ‖pi‖)∇iWi j V j , (9)

where χC
i denotes all the neighboring particles that do not belong to the fluid of

the ith particle. The interface sharpness force is effective in preventing the inter-
face penetration, however it leads to a slight gap between different fluid phases.
To overcome this side-effect, in the framework of the MPS method, a conservative
density smoothing technique [19] was proposed and showed an clear improvement
on eliminating the unphysical gap.

Lastly, the forth order Runge-Kutta integration scheme is adopted in this work to
match the governing equations in time with the CFL number as 1.25 for determin-
ing the time step, see more in [5, 7].
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2.1.2 Extension of APR to multi-phase flows with a phase-switch correction

In the present work, in order to improve the local accuracy around the structure and
accelerate the computational speed, the technique of Adaptive Particle Refinement
(APR) [6] has been implemented. In this technique, one coarse particle (also called
mother particle) which enters the splitting domain will be split into 4 (2D) or 8 (3D)
refined particles (also called daughter particles). The mother particles are switched
to be inactive after splitting and the generated daughter particles become active and
join in the SPH calculation (Eqs. (1)). The inactive mother particles are transported
in a purely Lagrangian manner by interpolating the velocity from the background
flow (formed by refined/daughter particles which are active) and are reactivated
after they flow out of the splitting domain. The daughter particles which flow out
of the splitting domain are simply deleted from the particle system. Note that, on
the interface between different particle levels, an extension of the splitting domain
(named as the translational domain in [6] and the guard zone in [8]) is needed to
fulfil the kernel function for the daughter particles and the activity of the mother
and daughter particles in the translational/guard zone is opposite with respect to the
one inside the splitting domain, see more in [8].

The key idea in the APR technique is how to exchange/couple the flow information
on the interface of different levels of particle resolutions. In the original work of
[6], a transitional domain with a predefined weight function is adopted to couple
the different particle levels. The second version of the APR proposed in [8] used
an interpolation formulation using a Shepard kernel function to exchange the flow
variables between different resolution levels (in other words, between active and
inactive particles) and the latter is adopted and extended to the multi-phase flows
in this paper. A limitation of this technique is that the distribution of the inactive
particles can be disordered due to their purely Lagrangian motions by interpolating
the velocity from the background velocity field (see also in [51]), therefore as a
remedy, a particle shifting technique has been applied to all the inactive particles in
this work.

Indeed, in the previous literature ([6] and [8]), the APR has only been applied to
single-phase flows with rigid wall boundaries. When applying this technique to
multi-phase flows, some additional numerical modifications are necessary. As stat-
ed in the last subsection, some key flow variables on the multi-phase interface, for
example the density or mass, are discontinuous; while the pressure, normal velocity
are always continuous. The discontinuity of these variables on the interface brings
the challenge for the coupling of different levels of particle resolutions. One solu-
tion is to simply restrict that the inactive particles can only interpolate the variables
from the surrounding active particles of the same phase. However, this simple solu-
tion brings some instability when the number of neighboring active particles from
the same phase is limited, for example on the tip of the splashing jet.

Instead, we propose an interpolation-correction algorithm to tackle this problem.
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In this algorithm, firstly, since the pressure is continuous, we can directly use the
following Shepard kernel to interpolate the pressure [8],

φi∈inactive =
∑

j∈S PH

φ jWi j

/ ∑
j∈S PH

Wi j, (10)

where φ stands for a general flow variable like pressure. We note that the particle
indexed by j comes form all the active neighboring particles from the other resolu-
tion level. Based on the interpolated pressure, the particle density can be obtained
through the equation of state in Eqs. (1).

In the present work, we neglect the slip motions between different fluid phases on
the multi-phase interface, so we can make an compromise to interpolate all the
velocity components also using Eq. (10), but this leads to the nonphysical inter-
polation of the velocity in the case when an inactive particle’s neighboring active
particles are all from a different phase. More specifically, this situation mainly oc-
curs for the refined particles which are transported into the guard zone (become
inactive), while the coarse inactive particles from a lower resolution are not able
to follow these refined particles (limited by the coarse resolution). In that circum-
stance, the refined inactive particle is possible to completely inherit the velocity
from the active particles which are all from the different phase. For instance, the
fluid jet or droplet should not inherit the velocity from the surrounding air flow
whose velocity is completely different to the velocity inside the droplet due to the
large density difference.

Therefore, if an inactive particle can not find at least one active particle of the same
phase within its kernel support, a correction step is added to switch the type of
the inactive particle to be the same as the surrounding active particles. As stated
before, our phase-switch correction can avoid the droplet particles to inherit the air
velocity and to validate this, a numerical test will be presented in Section 3.2. Since
the phase-switch correction is only implemented for the inactive particles, the side
effect on the mass conservation for all the active particles is not a main issue.

2.1.3 Boundary conditions

The "Fixed Ghost Particle" technique presented in [34] is implemented in this work
to model all the solid wall boundaries. Free-slip boundary condition is enforced for
all the non-penetration surfaces, including the rigid wall and the elastic structure.
The viscous force is simply switched to zero in a particle pair which consists of a
fluid particle and a ghost particle and this simple treatment removes all the frictional
force from the ghost particle. The fluid variables are extended to the ghost particles
by an extrapolation using the Shepard interpolating formula similar to Eq. (10), for
more details the readers can also refer to [50, 1].
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2.2 Total Lagrangian Particle method for elastic structures

Differently to the δ-SPH method for the fluid solver, in the Total Lagrangian Parti-
cle (TLP) method, only the momentum equation is solved. Through the constitutive
relationship, the stress tensor is linked to the strain tensor which is based on the
structure deformation with respect to its initial configuration. Therefore, the solv-
ing of the continuum equation for the density of the solid particle is not necessary.
Further, a Lagrangian kernel is adopted for the particle approximation which mean-
s through out the simulation, the kernels and their gradients are all evaluated with
respect to the initial particle configuration and therefore the numerical instability
caused by the irregular particle distribution is avoided. The momentum equation
for the TLP method is written as [29]

Du
Dt

=
1
ρs

0
∇0 · P + g, (11)

where u is the velocity of the solid particle and ρs
0 is the particle’s density being a

constant in time. ∇0 · P denotes the divergence of the stress tensor with subscript
0 indicating a Lagrangian kernel will be used in the particle approximation. More
specifically, P is the first Piola-Kirchhoff stress tensor and can be written using the
Cauchy stress tensor σ as [29]

P = det(F)σF−T; F =
dx
dX

, (12)

where F is the tensor of the deformation gradient. det(F) indicates the determi-
nant of F and the superscript −T stands for the inverse of the transposed tensor.
The vector x stands for the current particle position and X refers to its initial refer-
ence position. In order to avoid the numerical error caused by the truncated kernel
function on the structure surface, the deformation matrix can be written using the
renormalized kernel approximation as [47]:


Fi=

〈 Dx
DX

〉
i
=

∑
j

(
x j − xi

)
⊗ M0i∇0iW0i jV0 j

M0 (Xi) =

∑
j

(
X j − Xi

)
⊗ ∇0iW0i jV0 j


−1

,

(13)

where V0 is the particle volume which is a constant as the particle mass and density.
Note that the kernel function and its gradients are all evaluated based on the initial
particle configuration as the subscript 0 has indicated.

Regarding to the Cauchy stress tensor σ, in two dimensions, σ can be expanded as
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[29] 
σ11

σ22

σ12

 =
Es

1 − νs
2


1 νs 0

νs 1 0

0 0 (1 − νs)/2



ε11

ε22

2ε12

 , (14)

where Es and νs are the Young’s modulus and the Poisson’s ratio, respectively. The
Euler strain tensor ε can be written as [29]

ε= F−TEFT; E =
1
2

[
L + LT + LTL

]
, (15)

where E is the Green-Lagrange strain tensor and L is the displacement gradient
tensor written as [29]

L =
dv
dX

, (16)

where the displacement vector is v = x−X. Similar to Eq. (13), L is also discretized
by the renormalized kernel approximation [47] as

Li=

〈 Dv
DX

〉
i
=

∑
j

(
v j − vi

)
⊗ M0i∇0iW0i jV0 j

M0 (Xi) =

∑
j

(
X j − Xi

)
⊗ ∇0iW0i jV0 j


−1

.

(17)

Based on Eq. (13) and Eq.(17), the discrete form of the first Piola-Kirchhoff stress
tensor P can be obtained and then substituting it into Eq. (11) yields the discretized
momentum equation where, in order to maintain the exact conservation of the mo-
mentum, the classic anti-symmetric SPH approximation is adopted for the diver-
gence operator. In addition, the artificial viscosity is also added into the momentum
equation for the stability purpose. Finally, similar to [29] the discrete momentum
equation is

dui

dt
=

1
ρs

0

∑
j

(
Pi + P j + Pνi j

)
· ∇0iW0i jV0 j + gi , (18)

where the artificial viscous force Pνi j exerted by the particle j on the particle i is
written as [29] 

Pνi j = det(Fi)
∏

i jFi
−T

∏
i j = αscshsρ

s
0

(u j − ui) · (x j − xi)∣∣∣x j − xi

∣∣∣2+(0.01hs)2
.

(19)

The artificial viscosity converges to zero as the increase of the particle resolution
(hs → 0). In this work, the coefficient αs for all the solid particles is set as 0.2. A
small ratio as hs/∆x = 1.3 between the smoothing length hs of the solid particles
and their initial particle spacing ∆x is used in this work since the smaller ratio has
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been shown to be more effective in preventing the particle clumping under large
structure deformations.

The momentum equation is integrated in time using the 4th order Runge-Kutta
scheme as in the fluid part. The time step ∆t̂s for the TLP method is determined
as [29]

∆t̂s=0.8
hs

cs
; cs=

√
Ks

/
ρs

0 , (20)

where cs is the sound speed in the structure and Ks is the bulk modulus which can
be written as Ks = Es/[3(1 − 2νs)].

The fixed boundary condition for the structure solver is implemented in a similar
manner as the "Fixed Ghost Particle" for the fluid part. However, instead of using
an extrapolation formula to update the variables of the ghost particles, in the TLP
method when simulating a fixed boundary, the ghost particles are simply fixed on
their initial positions with their velocities frozen to be zero and the other variables
are updated according to the governing equation of the structure.

2.3 Coupling between the multi-phase δ-SPH scheme and TLP method for FSI
problems

The elastic structure is discretized into solid particles which, on one hand serve for
simulation of the elastic response of the structure, and on the other hand serve as
the "Fixed Ghost Particle" to enforce the non-penetration boundary condition for
the SPH simulation. As derived by [7] , the forces on the solid particles can be
measured by summating the interacting forces between the fluid particles and the
solid/ghost particles as

F j ∈solid = −
∑

i ∈ f luid

[
−(p j + pi) + αhic0iρ0iπi j

]
∇iWi jVi V j. (21)

In Eq.(21), the pressure p j for the solid/ghost particles (denoted by the subscrit
j) are extrapolated from fluid particles (denoted by the subscript i) satisfying the
non-penetration condition, see more details in [34] and [1].

The fluid solver δ-SPH scheme is coupled with the TLP method using the sequen-
tial staggered algorithm [14], allowing for a sufficient numerical stability when
the mass ratio between the structure and the fluid is small. In the FSI solver, the
acceleration of the solid particles is computed by taking into account three force
components with the first and second components in Eq. (18) which includes the
inner forces (P and Pν), the external body force g (e.g. gravitational force) and the
third component F exerted by the interacting fluid particles (see Eq. (21)).

As the TLP method is explicit, its time step is strictly limited by the bulk modulus
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of the elastic structure. Since the sound speed in the structure is significantly larg-
er than the artificial sound speed in the weakly compressible SPH method for the
fluid, the time step in TLP method is much smaller than the one in δ-SPH. In order
to match the δ-SPH and TLP in an efficient manner, a step-substep coupling tech-
nique has been adopted. That means, within one time step of the fluid evolution,
the structure part can step forward continuously in several time steps, until arriving
at the same time instant of the fluid part. The step-substep coupling technique al-
lows an equilibrium accuracy with respect to the traditional step-step coupling, but
avoids repeated calculations in the fluid part with a much smaller time step than the
one derived by it’s own CFL condition. Finally, since the fluid and structure solvers
are both established in the particle framework, many subroutines can be shared be-
tween each other, which contributes to much convenience in the parallel computing
and increases the numerical efficiency.

3 Numerical investigations

Before applying the FSI-SPH model to a complex fluid-structure interaction prob-
lem, the rigorous and comprehensive validations in terms of stability, accuracy and
conservation properties with some basic benchmarks are necessary. Some typi-
cal benchmarks for validating the structure solver and the fluid-structure coupling
solver can be found in [22, 14, 52]. In Appendix A, based on the test of the dynamic
response of an oscillating plate in the gravity field, we have validated the accuracy
of the structure solver. Further, since the simulation of the hydrostatic water on an
elastic plate as carried out in [22, 14, 26] is crucial for assessing the property of
stability-preserving of the FSI coupling algorithm, in Appendix B, the hydrostatic
test is carried out and the numerical result by the present FSI-SPH model has shown
good agreement with the analytical solution when a sufficient particle resolution is
adopted. After these validations using the basic benchmarks, in the following sec-
tions, more complex FSI dam-breaking problems will be modeled and reference
results including the experimental data by Liao et al. [28] will be adopted to vali-
date the numerical results.

3.1 Dam-breaking flow impacting an elastic plate: the problem description

Indeed, the classic dam-breaking benchmark test (see e.g. [33]) has been widely
adopted to test the performances of different mesh/particle based numerical solver-
s. Generally two factors in the dam-breaking flow are concerned by the researchers,
respectively the impact pressure and the effect of the entrapped air-bubble after the
rolling-down of the water tongue on the underlying free-surface. However, the F-
SI effect has not been considered in the classic dam-breaking experiment [33] and
therefore, it is necessary to further extend this classic test to a more comprehen-
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Fig. 1. Illustration for the initial condition in the experiment and the present SPH simulation
of the dam-breaking flow impacting the elastic plate [28].

sive three-phase-coupling context which specifically refers to the liquid-gas-elastic
coupling.

Thanks to the experiment conducted by Liao et al. [28], good experimental data
is available, however, most of the numerical study after the publishing of this ex-
periment is still restricted to either the single-phase simulation or the multi-phase
study but within a short duration (before the collapsing of the air cavity). Although
Liao et al. [28] carried out a long-time simulation by using their FDM-FEM cou-
pling technique, as restricted by the free surface detection technique in an Eulerian
solver, the sharpness of the air-water interface is adversely affected by the mesh
resolution adopted in their study. As the SPH method has been quite popular for
the FSI problems with the large boundary deformation and multi-phase mixing, the
Lagrangian particle method introduced in the previous section is employed to simu-
late the series experiments of Liao et al. [28], in order to seek more flow details and
reveal more features during those complex FSI phenomena and therefore provide
more reference for the future numerical validations of the other CFD solvers.

The sketch for the dam-breaking experiment and numerical simulation is depicted
in Figure 1. A water column with the initial depth denoted as H is stored on the
left side of the tank which is 0.8m in length and H2 in height (H2 > H). The water
column is initially blocked with a water gate which can rise up to form the dam-
breaking flow. The APR zone with a side-length as 0.15m in Figure 1 denotes the
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Fig. 2. Rising-up law of the gate in the dam-breaking experiment [28] and the present SPH
simulation.

splitting zone which means the particles entering this zone will be refined into a
doubled resolution, improving the local accuracy for evaluating the impact load on
the structure.

In all the numerical simulations of this paper, the water density is ρw = 997.0 kg/m3

and the density ratio between water and air is assumed to be 1000. The density of
the elastic plate made of rubber is ρs = 1161.54 kg/m3, the Young’s modulus is
Es = 3.50 MPa and the Poisson’s ratio is νs = 0.45.

After a gradual lift-up of the gate by the pulley mechanism, the water column col-
lapses and the formed water tongue impacts the bottom-fixed elastic plate which
is 0.2m far from the vertical tank wall on the right side. As emphasized by Liao
et al. [28], the shape of the water front of the dam-breaking flow is sensitive to
the gate motion. Therefore, conversely to the classic SPH modeling of the dam-
breaking flow in the literature (see e.g. [34]), here the effect by the gate motion
is also considered. According to the experiment of Liao et al. [28], we interpolate
the displacement of the gate bottom from the experimental data and obtain a spline
curve which is expressed as

hg(t) = −285.115t3 + 72.305t2 + 0.1463t, (22)

where hg(t) stands for the time evolution of the height of the bottom end of the gate.
The comparison between the spline curve (Eq.(22)) used in the SPH simulation and
the experimental data is plotted in Figure 2.

After the release of the water gate, the water tongue is formed and impacts the
plate. The water firstly bends the elastic plate and then flows over it and impacts
the vertical tank wall. After that an air bubble is entrapped among the tank wall, the
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elastic plate and the water flow. The horizontal displacements of three markers on
the middle line of the elastic plate with different initial heights are recorded in the
experiment and simulation and provide a quantitative reference for the validation
of numerical solvers. The three markers are respectively Marker 1 at h1 = 0.0875m
from the tank bottom, Marker 2 at h2 = 0.065m and Marker 3 at h3 = 0.04m, see
also in [28].

Three different values for the initial water depths, H = 0.2m, 0.3m and 0.4m respec-
tively, will be tested. The different H leads to different impact forces which cause
different initial deflections of the elastic plate. The entrapped air bubble, formed
after the water impacting on the vertical wall, plays an important role in the latter
flow evolution, including the hydrodynamic load on the elastic structure and further
its elastic response. It is worth noting that the initial water depth also leads to differ-
ent thicknesses of the water layer which serves as part of the cavity boundary and
therefore affects the cavity’s break-up process, see more details in the following
subsections.

3.2 Demonstration of the effectiveness of the phase-switch correction in the APR
for multi-phase flows

In order to demonstrate the necessity and effectiveness of the correction algorithm
as proposed in Section 2.1.2 when extending the adaptive particle refinement to
simulations of multi-phase flows, a numerical test based on the dam-breaking flow
impacts an elastic plate with the initial water depth H = 0.2m is carried out in this
subsection. The particle resolution adopted for the simulation is H/∆x = 150 for
the initial water column. The size of the APR zone is the same as the one indicated
in Figure 1.

In this test, after the water tongue hits the elastic plate, a very thin flow jet is created
and is about to penetrate the multi-resolution interface (red dashed-line in Figure
3) at around t = 0.299s, see the first plot on the left side of Figure 3. The water jet
is very thin and can only be resolved with the refined particle resolution. In other
words, behind the refined water jet, there is no enough coarse and inactive water
particles that are following the motions of these refined water particles.

After the jet with a finer resolution penetrates the multi-resolution interface and
enters the guard zone (the zone with refined resolution outside the red dashed-line
in Figure 3), the refined particles are switched into inactive particles whose vari-
ables are interpolated from the underlying active particles which are coarse. Since
at this instant, the coarse particles under these refined fluid jets are all gas parti-
cles, the inactive fluid particles will inherit the velocity from the gas according to
the interpolation formula (see Eq. (10)). This is the case of implementing the APR
for multi-phase flows without using the phase-switch correction and the results are
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Fig. 3. Dam-breaking flow impacts an elastic plate with the initial water depth as
H = 0.2m: comparison for the SPH results without (top panels) and with (bottom pan-
els) the phase-switch correction (see Section 2.1.2) in the implementation of the adaptive
particle refinement for multi-phase flows.

depicted on the top panels in Figure 3. One can observe that, as emphasized by
the dashed elliptical circles, there are some water particles which are reflected from
the multi-resolution interface with the velocity inherited from the gas particles. The
reflection of the water particles is a non-physical behavior and will adversely affect
the subsequent flow evolution.

On the contrary, after implementing the phase-switch correction, the result, shown
on the bottom panels of Figure 3, allows a smooth penetration of the thin water
jet across the multi-resolution interface. The is achieved by switching the inac-
tive water particles in the guard zone into gas particles when they cannot inherit
variables from any nearby active water particle. Therefore, this test-case clearly
indicates that, for complex multi-phase simulations, the APR technique should be
implemented along with the phase-switch correction to switch the inactive parti-
cles into another phase when their phase character is isolate from the surrounding
active particles (i.e. all the active neighboring particles are from a different phase
with respect to the considered inactive particle).

3.3 Comparison between the single-phase and multi-phase simulations

In this section, two SPH simulations are carried out, respectively considering or
ignoring the air-phase, for the dam-breaking flow with the initial water depth as
H = 0.4m. The initial condition for the SPH simulation is illustrated in Figure 1,
except for the single-phase simulation where the APR zone is broadened to be 0.2m
in the horizonal side-length since the elastic plate deflects in a larger magnitude
when neglecting the air effect. The sound speed in water is determined as cw =

10
√

2gH = 28m/s according to Eq. (4) and for the multi-phase SPH simulation,
the sound speed of air can be obtained with Eq.(5) as ca = 396m/s which is not far
from the physical sound speed in air and therefore can give a proper estimation of
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Fig. 4. Time evolutions of the horizontal displacements of the marker 1 on the elastic plate
in the dam-breaking flow with an initial water depth of H = 0.4m: the single-phase and
multi-phase SPH results are compared against the experimental data from [28].

the air compressibility. The particle resolution adopted for the two simulations are
both H/∆x = 300 for the initial water column. The resolution H/∆x = 300 has been
shown in [34] to be sufficiently enough for an accurate dam-breaking simulation
using the δ-SPH method. When the water enters the APR zone (see Figure 1), the
particle resolution is refined to H/∆x = 600 which sufficiently guarantees the local
accuracy near the elastic plate where the fluid impact occurs.

Time evolutions of the horizontal displacements of the marker 1 on the elastic plate
are plotted in Figure 4 where both the single-phase and multi-phase SPH results are
compared against the experimental data [28]. The reverse deflection of the marker
1 on the top of the plate at t = 0.25s is also captured in the SPH results. That’s
because the thin water front initially impacts the bottom of the plate. The strong
impact force gradually bends the plate form the bottom to the top, which leads to a
negative acceleration on the top of the plate. We can observe an overall agreement
between the SPH results and the experimental data, however, a large discrepancy
exists for the result of the single-phase SPH simulation during the duration 0.45s <
t < 0.8s. In this period, the entrapped air cavity plays an important role.

We depict the flow evolutions and the elastic plate deflections at different time
instants in Figure 5 where the single-phase SPH results are compared against the
multi-phase SPH results. At the initial stage of the flow impact, the two SPH models
present almost identical flow features and the plate deflections. This explains the
fair agreement for the plate deflections in Figure 4 when t < 0.35s; however, after
the flow impacts the vertical tank wall on the right side, the effect of the cavity
starts to be dominant. In the latter process, the back-flowing water goes along the
tank bottom to the elastic plate and finally impacts again on its right side, which
further affects the plate deflection and forms a big cavity surrounded by water.
However, if we ignore the existence of the air phase, the vacuum cavity can be
easily suppressed/expanded and therefore the second impact on the right side of the
plate is much stronger, which leads to the nonphysical decrease of the displacement
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Fig. 5. Flow evolutions and the elastic plate deflections at different time instants in the
dam-breaking flow with an initial water depth of H = 0.4m: the single-phase SPH results
(left) are compared against the multi-phase SPH results (right).
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Fig. 6. The pressure field at the time instant t = 0.7s in the dam-breaking flow with an
initial water depth of H = 0.4m: the single-phase SPH result (left) is compared against the
multi-phase SPH result (right).

of marker 1 in the single-phase result as plotted in Figure 4.

In the results of the multi-phase SPH in Figure 5, the total cavity volume is main-
tained almost constant by the existence of the air particles. The suppressing by
the flow over the deflected plate leads to the pressure oscillation inside the cavi-
ty which further leads to the vibrating of the plate tip and a wavy-motion on the
water-air interface(see the right plot at t = 0.55s), while in the single-phase simu-
lation at the same time, since the pressure inside the cavity is zero (vacuum), the
cavity volume is gradually reduced and no wavy-motion of the water-air interface
is observed. From the sub-figures at t = 0.81s, the cavity volume of the single
phase simulation has been significantly reduced while on the right side, the cavity
volume still maintains but the big cavity has been split into several smaller bubbles
due to the wavy-motion of the water-air interface. Finally, at t = 0.93s, the cavity
almost disappears on the left side, which is completely different from the result of
the multi-phase SPH model.

Figure 6 depicts the comparison for the pressure field in the dam-breaking problem
simulated with the single-phase and multi-phase SPH method. As can be observed
that in the latter case, the pressure inside the cavity is significantly larger than zero,
which leads to a different flow evolution with respect to the result of the single-
phase SPH model. The different phenomena of the flow evolutions and pressure
fields in Figures 5 and 6 can well explain the discrepancy between the single-phase
SPH result and experimental data as observed in Figure 4, which highlights the im-
portance to consider the air-phase in such kind of complex FSI problem. Therefore,
in the following sections, only multi-phase SPH simulations will be carried out for
the rest of the study.
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3.4 Multi-phase SPH simulations against experimental results

In this section, the multi-phase SPH model is adopted to model the series dam-
breaking flow experiments as conducted by Liao et al. [28]. We divide the flow
evolution into two stages, called the initial stage and the latter stage respectively,
before and after the flow impacts the tank wall on the right side. The SPH simu-
lations are conducted for three initial water depths as H = 0.2m, 0.3m and 0.4m,
under which the flow evolutions are apparently different, especially in the latter
stage. We carefully compare the SPH results against the experimental data as well
as the other numerical solutions. With the SPH results, we analyze the mechanism
behind the complex evolution of the water-air interface, showing the strong capa-
bility of the multi-phase SPH model in solving such kind of complex interfacial
flows.

3.4.1 Initial depth of the water column as H = 0.4m

In the first subsection, the dam-breaking flow impacts an elastic plate with the initial
water depth as H = 0.4m is simulated and analyzed. The resolution H/∆x = 300 is
adopted for the flow outside the APR zone (see Figure 1), inside which the particle
resolution is refined to be H/∆x = 600.

The snapshots at 5 time instants in the initial impact stage are depicted in Figure
7 where the SPH results are compared against the experimental snapshots [28]. A
good agreement is observed for the flow shape and the plate deflection. The flow
front composed by the splashing droplets in the experimental snapshot is slightly
larger than the one predicted by the two dimensional (2D) SPH method. This is
mainly due to the dominant three dimensional (3D) effect for diffusing the splash-
ing droplets in the experiment [28]. Similar reduced splashing phenomena are also
observed from the 2D numerical results in Liao et al.[28] and Martínez-Ferrer et al.
[38].

In Figure 8, we further compare the flow evolutions between the multi-phase SPH
results and the experimental snapshots in the latter stage during which the cavity ef-
fect is dominant. Due to the suppression from the cavity, the amount of water flows
along the tank wall is reduced and disturbed into complex droplets and therefore
the strength of the second impact on the right side of the plate is weaker. Observ-
ing the experimental snapshots on the right side of Figure 8, the water-air interface
is misty due to the 3D effect while on the left side, the Lagrangian nature of the
SPH method allows for an exact tracking of the sharp interface, even the interface
is frequently disturbed, split or reconnected by the small droplets. In addition, the
wavy-motions generated by the oscillating of the plate tip on the upper part of the
cavity are quite similar between the experimental snapshots and the SPH results,
which has demonstrated the accuracy of the present SPH model to consider the
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Fig. 7. Dam-breaking flow impacts an elastic plate with the initial water depth as H = 0.4m:
the flow details at 5 time instants in the initial impact stage; the multi-phase SPH results
are compared against the experimental data from Liao et al. [28].
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Fig. 8. Dam-breaking flow impacts an elastic plate with the initial water depth as H = 0.4m:
the flow details at 5 time instants in the latter impact stage. The multi-phase SPH results
are compared against the experimental data from Liao et al. [28].
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Fig. 9. Time evolutions of the horizontal displacements of the markers 1, 2 and 3 on the
elastic plate in the dam-breaking flow with an initial water depth of H = 0.4m: the SPH
results are compared against the experimental data and FDM-FEM results from Liao et
al.[28].

effect of the pressure oscillation inside the cavity.

In order to present a quantitative validation for the numerical results, time evolu-
tions of the horizontal displacements of the markers 1, 2 and 3 are plotted in Figure
9 where the SPH results are compared against both the experimental data and the
numerical solution by a Finite Difference Method coupled with the Finite Element
Method (FDM-FEM)[28]. A good agreement is obtained among the three solutions
when t < 0.8s, while at the end of the dam-breaking flow, both the SPH and FDM-
FEM results present slightly larger displacements than the experimental data. This
can be generated by the 3D effect in the experiment where the variation in the z-
direction (perpendicular to the the 2D flow plane) becomes non-negligible at the
end stage of the cavity evolution.

3.4.2 Initial depth of the water column as H = 0.3m

In this subsection, we consider the dam-breaking flow with a lower initial water
depth as H = 0.3m. The sound speed in water is determined as cw = 10

√
2gH =

24.3m/s according to Eq. (4) and the sound speed of air can be obtained with E-
q.(5) as ca = 343m/s. Similar flow evolutions will be obtained as the case in the last
subsection, but here since the initial potential energy is less, the velocity and the
kinetic energy of the water front when reaching the plate is smaller, and therefore
the impact force and hence the plate initial deflection are reduced. Another conse-
quence of the reduced initial water depth is in the latter stage of the flow evolution,
the 3D effect is more easily to be triggered as the ratio between the water depth and
tank width is reduced.
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Fig. 10. Dam-breaking flow impacts an elastic plate with the initial water depth as
H = 0.3m: the FSI-SPH results are compared against the experimental data from Liao
et al. [28].
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Fig. 11. Snapshots of distributions of the pressure in the fluid and enlarged portions in the
red dashed box to show the stress component σ22 in the structure at different time instants
in the dam-breaking flow with an initial water depth of H = 0.3m.

Fig. 12. Time evolutions of the horizontal displacements of the markers 1, 2 and 3 on the
elastic plate in the dam-breaking flow with an initial water depth of H = 0.3m: the SPH
results are compared against the experimental data and FDM-FEM results from [28].

Figure 10 depicts the comparison between the SPH snapshots against the experi-
mental phenomena [28]. Good agreements are obtained at different time instants,
including the disturbance of the cavity boundary due to the vibration of the elastic
plate, see the time instant at t = 0.45s.

Snapshots of distributions of the pressure in the fluid and enlarged portions to show
the stress component σ22 in the structure at different time instants are depicted in
Figure 11. Thanks to the δ-term added in the continuum equation, the pressure
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field is resolved without noise. The background pressure above the free surface is
maintained to be stable around the background pressure pb. We underlined that,
after the flow impacts the vertical wall on the right side, the pressure inside the
cavity increases due to the continuous suppression from the water. The pressure
fluctuation inside the cavity is a dominant factor which affects the response of the
elastic plate.

For a quantitative validation, time evolutions of the horizontal displacements of
the markers 1, 2 and 3 on the elastic plate are plotted in Figure 12. We find that the
overall agreement between the numerical results and the experimental data are only
valid at the initial impact stage, after t = 0.8s, the discrepancy is larger. As com-
municated with the authors of the experiment [28], the increasing 3D phenomenon
was observed at the final stage of the experiment. This explains why the two nu-
merical solvers in 2D (SPH and FDM-FEM) give practically identical results, but
both of them slightly diverge from the experimental data.

3.4.3 Initial depth of the water column as H = 0.2m

In this subsection, we further reduce the initial water depth to be H = 0.2m. The
sound speed in water is determined as cw = 10

√
2gH = 19.8m/s according to Eq.

(4) and the sound speed of air can be obtained with Eq.(5) as ca = 280m/s. In
this case, the thickness of the water layer after impacting the elastic plate is very
thin; therefore, the entrapped cavity is easily to break up. Figure 13 depicts the flow
evolutions after the water front impacts the plate. The SPH snapshots on the left of
the figure are validated by the experimental snapshots on the middle [28] and the
numerical solution by Martínez-Ferrer et al.[38] on the right side.

After the water jet impacts the vertical tank wall on the right side, the cavity is
formed and the pressure pulsation inside the bubble leads to the oscillation of the
elastic plate which further causes disturbances on the water-gas interface on the top
of the air bubble, see the comparison of the SPH snapshots and the experimental
results [28] in Figure 14. Since here the water layer above the bubble is much
thinner with respect to the previous cases with larger initial depths, the disturbance
is enlarged at t = 0.58s and the bubble almost breaks up at t = 0.69s. During this
stage, the SPH results agree well with the experimental observations thanks to the
exact capturing of the water-gas interface by the Lagrangian particle method. To our
knowledge, the numerical results for this test-case at this stage (cavity formation
and breakup) were not reported by using the other mesh-based numerical solvers.
Observing the snapshot at t = 0.69s, after the breakup of the cavity, a new water
block is formed and will create the second impact (see also the experimental result
in Liao et al. [28]) on the elastic plate. After the completeness of the second impact,
two air bubbles are formed when the new water front connects the underlying water
surface on the right side, see the snapshots on the left side of Figure 15. After that,
the increasing pressure inside the new formed bubble pushes the plate to the left
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Fig. 13. Dam breaking flow impacts an elastic plate: the flow details at 5 time instants. The
FSI-SPH results are compared against the experimental data from Liao et al. [28] and the
numerical solution by Martínez-Ferrer et al. [38].

side and therefore leads to the rebound of the elastic plate to its initial position, see
on the right side of Figure 15.

We measured the time evolutions of the horizontal displacements of the markers
1, 2 and 3 on the elastic plate and the curves are plotted in Figure 16, comparing a-
gainst the experimental data [28]. One can observe that the overall trend of the SPH
results agree better with the experimental data than the numerical results reported in
[28]. The SPH results better capture the first and second impacts on the plate thanks
to the more accurate capturing of the complex water-air interface. The two impacts
were only analyzed by the experimental data in [28] while the numerical solutions
by the mesh-based CFD solvers were not shown. The initial deflection of plate in
the SPH results are slightly smaller than the experimental data. The reason will be
analyzed in the next subsection. However, the present SPH results during the final
stage of this test agree better with the experimental data than Liao’s FDM-FEM
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Fig. 14. Dam breaking flow impacts an elastic plate: the flow details at 3 time instants after
the formation of the cavity. The FSI-SPH results are compared against the experimental
snapshots from Liao et al. [28].

Fig. 15. Dam breaking flow impacts an elastic plate: the flow details at 2 time instants
during which the previous cavity is divided into two parts, the one on the top breaks up and
the one on the bottom leads to the rebound of the plate to the vertical position.
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Fig. 16. Time evolutions of the horizontal displacements of the markers 1, 2 and 3 on the
elastic plate in the dam-breaking flow with an initial water depth of H = 0.2m: the SPH
results are compared against the experimental data and FDM-FEM results from Liao et al.
[28].

solutions [28].

3.5 Discussions on the plate deflection at the initial impact stage

3.5.1 Effects of the particle resolutions

In the previous section, the dam-breaking flows impacting the elastic plate have
been modeled by the multi-phase δ-SPH model coupled with a TLP method and
the numerical results are compared against the experimental results [28]. The cavity
effect on the latter stage of the flow impact has been emphasized. However, besides
the overall agreement between our numerical solutions and the experimental data,
for the cases with the shallower initial water depths (i.e. H = 0.3m and H = 0.2m),
slight discrepancies for the plate deflection at the initial impact stage are observed.
Therefore, in this subsection, we firstly carry out a numerical study to test the effect
of the particle resolution, despite the fact that a sufficient particle resolution has
been adopted in the last section comparing with the dam-breaking flow simulations
in Marrone et al. [34].

Here we run two dam-breaking test-cases of H = 0.3m and H = 0.2m with the
particle resolution as ∆x = 5.0×10−4m inside the APR zone to see the difference of
the initial plate deflection. The results are reported in Figure 17, comparing against
the results with ∆x = 6.67 × 10−5m which is used in the previous subsection. Fi-
nally, we find that the SPH results with the two particle resolutions are practically
identical, which confirms that the previous SPH results are not affected by refining
the particle resolutions.
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Fig. 17. Time evolutions of the horizontal displacements of the marker 1 at the initial impact
stage in the dam-breaking flows with the initial water depths as H = 0.2m (left panel) and
H = 0.3m (right panel): results of different particle resolutions are compared.

3.5.2 Comparisons between different 2D multi-phase solvers

After the exclusion of the effect of the particle resolution as investigated in the
previous subsection, in this subsection we present a short discussion for explaining
why the 2D SPH results of the initial plate defections in the dam-breaking cases
with H ≤ 0.3m is slightly smaller than the experimental data.

Firstly, in order to demonstrate the fact that the discrepancy between the numeri-
cal and experimental data is not generated by the SPH method itself, we compare
the SPH results against some other published numerical solutions (the FDM-FEM
results from [27] and the FVM-FEM solution from Martínez-Ferrer et al. [38]) in
Figure 18 where the deflections on Marker 1 during t < 0.5s under three different
initial water depths are plotted. The three numerical solutions present fair agree-
ments for the cases of H = 0.4m and H = 0.3m, while in the last subplot, the
FVM-FEM solution presents a slower increase of the deflection, however the aver-
age value is still similar to the present SPH solution and the FDM-FEM solution in
[27]. The disagreement of the solution in Martínez-Ferrer et al.[38] with respect to
the present SPH solution can be attributed to the ignorance of the gate motion as
stated in [38].

Since the present SPH solutions obtained under the weakly compressible hypoth-
esis have shown agreement with the incompressible results in the literature [38],
see Figure 18. We can eliminate the effect from the artificial compressibility of wa-
ter during the initial impact stage. Indeed, it has also been proven in Marrone et
al. [37, 35] that within the weakly-compressible regime the Mach number effect is
limited for water impact problems. In addition, in the initial impact stage, since the
air cavity is still not formed, the effect of the air phase is not dominant.

As can be found in Section 3.4.1, the initial deflection of the plate predicted by
the 2D numerical method for H = 0.4m agrees well with the experimental data,
while when H reduces to 0.3m in Section 3.4.2, a slight discrepancy is observed
for the maximum deflection on Marker 1. Fortunately, for that case the discrepancy
reduces on Marker 2 and 3. However, in the last test of H = 0.2m, see Section 3.4.3,
the discrepancy at the initial stage is the most distinct. We summary two possible
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Fig. 18. Time evolutions of the initial horizontal displacements of the marker 1 on the
elastic plate in the three dam-breaking flows with the initial water depths as H = 0.4m, 0.3m
and 0.2m respectively: the SPH results are compared against the corresponding FDM-FEM
results from [27] and the FVM-FEM solution from Martínez-Ferrer et al.[38].

reasons which can lead to these discrepancies:

• The 3D effect in the experiment has not been considered in the 2D simulation.
This can be justified by the fact that when the ratio H/W between the initial
water depth H and the width of the tank (W = 0.2m in the experiment [28])
is enlarged, the discrepancy is smaller since the 3D effect is reduced as the
increase of H/D;

• The nonlinearity of the elasticity modulus for the plate has not been consid-
ered in the numerical simulation. As has been highlighted in Li et al. [26]
that the numerical results converge to the experimental data only when a non-
linear elasticity model is applied. A constant elastic modulus can over predict
the stress as the deformation becomes larger and therefore reduce the plate
defection. On the other hand, when the water depth is larger, the fluid force
is dominant, under which the effect of the nonlinear elasticity is not apparent,
however, in the shallower water depth, the plate deformation is more relied on
its inner stress. Therefore, for the last two cases studied before, the nonlinear-
ity of the plate needs to be considered. However, the data for the tensile test
of the elastic plate was not reported in the literature [28] and therefore only a
linear model is adopted in the present SPH simulation, which is the same case
in the simulations of [27] and [38].
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4 Conclusions and future works

In the present work, the δ-SPH scheme has been further extended to the multi-
phase FSI context and complex interactions between the water, air and the elastic
structure are modeled, validated and analyzed. Thanks to the Lagrangian and mesh-
less characters of the adopted method, the multi-phase SPH scheme has been shown
to be able to accurately capture the multi-phase and fluid-structure interfaces and
well resolve the interactions between them, regardless of the magnitudes of these
deformations.

In terms of numerical method, in the present particle method, the adaptive particle
refinement has been extended to multi-phase flows with a phase-switch correction
to ensure the accuracy and stability at the multi-phase interface. A background
pressure defined according to the characteristic velocity of the flow is implemented
in the SPH scheme to regularize the particle distribution, especially for the gas par-
ticle with smaller mass. The mechanism of the background pressure for adjusting
the particle positions is similar to the particle shifting technique, but the latter is
not mature in multi-phase weakly-compressible particle models, especially when
the interface evolution is quite complex. As the magnitude of the background pres-
sure defined in this work is not very large, in order to prevent excessive numerical
dissipation, negative pressures are allowed to exist in some flow regions where, for-
tunately, the triggering of the tensile-instability has been completely prevented by
the implementation of the TIC technique. Indeed, in the future studies, through the
extension of the recently developed consistent PST [46] into the multi-phase flow
and implementing the optimized treatment of PST [23] near the multi-phase inter-
face, the background pressure and the associated unfavorable effects are hopefully
to be eliminated.

In terms of numerical results, test cases of the dam-breaking flows impacting an e-
lastic plate have been modeled to validate the particle method. Firstly, comparative
test-cases with or without considering the air particles are carried out to demon-
strate the importance of taking into account the air phase in such complex FSI
problems. The numerical result shows that the air-bubble entrapped after the free-
surface closing is dominant for the subsequent flow evolution and hence the load
on the structure. After the first comparative study, the multi-phase SPH model has
been adopted for a detailed study of the impact phenomena of the dam-breaking
flow on the elastic plate with three different initial water depths, for which the flow
and cavity evolutions are different. Good agreements of the water flow, the plate
deflection and the cavity formation and collapsing are obtained between the exper-
imental data and the numerical results. We carefully analyzed the flow features in
different stages of the test-cases, providing a detailed reference for the readers who
would adopt these test-cases to validate their own numerical schemes.

However, there are still some discrepancies between experimental data and numer-
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ical results for the initial plate deflection and the final cavity evolution in the cases
with smaller initial water depths. In those cases, the splashing fluid layer is thinner
and therefore 3D flow features are easily triggered. In addition to 3D effects in the
experiment, we also attribute the reason for the discrepancies to the non-linearity
of the plate’s elasticity modulus which was not reported in the experimental litera-
ture and hence cannot be considered in this work. Therefore, further investigations
are still necessary in the future work for a 3D study with the non-linear elasticity
modulus considered for the plate.
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Appendices

A Dynamic response of an oscillating plate

In this section, based on the benchmark proposed by Turek and Hron [52], the ac-
curacy of the TLP method is validated with the simulation of the dynamic response
of an oscillating plate in the gravity field. In this test, the structure is characterized
by a circular cylinder with a horizontal plate as depicted in Figure A.1 where the
cylinder part is considered to be rigid and the horizontal plate is elastic. The ra-
dius of the cylinder is R = 0.05m. The length and thickness of the elastic plate are
L = 0.35m and H = 0.02m respectively. The density of the plate is ρs

0 = 1000kg/m3.
The Yang’s modulus and Poisson’s ratio are Es = 1.4×106Pa and νs = 0.4, respec-
tively. The elastic plate is released from the horizontal position at t = 0, after that
it starts to oscillate in the gravity field of g = 2m/s2. In this benchmark, the dis-
placement at point A, which is located on the tip of the plate (see Figure A.1), is
measured and compared against the reference solution provided by Turek and Hron
[52] using FEM.

Firstly, we run a simulation in the TLP method with the particle resolution as
D/∆x = 100 where D is the cylinder diameter. Figure A.2 depicts the elastic de-
formations of the plate and the distributions of the stress component σ11 at 4 time
instants. At t/T = 0 (T is the oscillating period), the elastic plate is located at
the horizontal position, from which it is gradually bent under the gravity force and
reaches the lowest position at t/T = 0.5. After this time instant, it starts to re-
bound and recover to the horizontal state. One can find from Figure A.2 that, at
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Fig. A.1. Sketch for the benchmark test proposed by Turek and Hron [52] for validating the
structure solver.

Fig. A.2. The deformations of the elastic plate and the distributions of the stress component
σ11 at 4 time instants in one oscillating period.

Fig. A.3. Time evolutions for the horizontal (left) and vertical (right) displacements of the
point A under three different particle resolutions.

t/T = 0.25 and t/T = 0.75, the positions of the elastic plate and the stress distribu-
tions are almost identical. Further, since the Lagrangian kernel has been adopted,
tensile instability is completely prevented in the region characterized by tensile
stress.

In order to quantitatively validate the TLP result, Figure A.3 plots the time evolu-
tions of the horizontal (dx) and vertical (dy) displacements at point A for three dif-
ferent particle resolutions (respectively, D/∆x = 25, D/∆x = 50 and D/∆x = 100).

36



Fig. A.4. Comparison between the results of TLP and Turek and Hron [52] for the horizon-
tal (left) and vertical (right) displacements of the point A.

As the increase of the particle resolution, one can clearly observe the convergence
of the TLP solution.

Figure A.4 compares the TLP result of D/∆x = 100 against the reference solution
of FEM [52] and a good agreement is obtained. The numerical results of TLP have
demonstrated sufficient accuracy and therefore this structural solver can be further
implemented in the FSI simulations.

B Hydrostatic water column on an elastic plate

The simulation of the hydrostatic water on an elastic plate as carried out in [22, 14,
26] is tested using the present FSI-SPH model to assess its property of stability-
preserving. In this test, a water column with the height of 2m and width of 0.5m is
suddenly placed on an aluminum plate with the thickness of he = 0.05m, density
of ρs

0 = 2700kg/m3, Young’s modulus of Es = 67.5GPa and Poisson’s ratio of
νs = 0.34. The gravity acceleration is g = 9.81m/s2. According to the analytical
solution as provided in [14], the magnitude of the static deflection at the mid-span
of the plate is -6.85E-05 m.

Two particle resolutions, respectively he/∆x = 6 and he/∆x = 12 are adopted in the
present simulation. The pressure field in the fluid and the field of the stress compo-
nent σ11 in the structure at t = 0.1s with the finer resolution is depicted in Figure
B.1. Further, in Figure B.2, time histories of the deflections at the mid-span of the
elastic plate solved by two particle resolutions are plotted. After a transitional stage,
the present SPH result with the finer particle resolution shows a good agreemen-
t with the analytical solution [14]. The numerical results presented in Figures B.1
and B.2 indicate that an accurate and steady state can be reached in this hydrostatic
test, which verifies the accuracy and stability of the present FSI-SPH model.

37



Fig. B.1. The pressure field in the fluid and the field of the stress component σ11 in the
structure at t = 0.1s.

Fig. B.2. Time histories of the deflection d at the mid-span of the elastic plate under a
hydrostatic water column; the FSI-SPH results with two particle resolutions are compared
against the analytical solution [14].
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