N
N

N

HAL

open science

RATE OF ESTIMATION FOR THE STATIONARY
DISTRIBUTION OF STOCHASTIC DAMPING
HAMILTONIAN SYSTEMS WITH CONTINUOUS
OBSERVATIONS
Sylvain Delattre, Arnaud Gloter, Nakahiro Yoshida

» To cite this version:

Sylvain Delattre, Arnaud Gloter, Nakahiro Yoshida. RATE OF ESTIMATION FOR THE STATION-
ARY DISTRIBUTION OF STOCHASTIC DAMPING HAMILTONIAN SYSTEMS WITH CONTIN-
UOUS OBSERVATIONS. Annales de I'Institut Henri Poincaré (B) Probabilités et Statistiques, 2022,
58 (4), pp.1998-2028. 10.1214/21-aihp1237 . hal-02455744

HAL Id: hal-02455744
https://hal.science/hal-02455744
Submitted on 26 Jan 2020

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-02455744
https://hal.archives-ouvertes.fr

RATE OF ESTIMATION FOR THE STATIONARY
DISTRIBUTION OF STOCHASTIC DAMPING HAMILTONIAN
SYSTEMS WITH CONTINUOUS OBSERVATIONS

SYLVAIN DELATTRE, ARNAUD GLOTER, AND NAKAHIRO YOSHIDA

ABSTRACT. We study the problem of the non-parametric estimation for the
density 7 of the stationary distribution of a stochastic two-dimensional damp-
ing Hamiltonian system (Z¢)sejo,7] = (X, Yt)tejo,r)- From the continuous
observation of the sampling path on [0,7T], we study the rate of estimation
for m(zo,y0) as T — oco. We show that kernel based estimators can achieve
the rate 77" for some explicit exponent v € (0,1/2). One finding is that the
rate of estimation depends on the smoothness of 7 and is completely different
with the rate appearing in the standard i.i.d. setting or in the case of two-
dimensional non degenerate diffusion processes. Especially, this rate depends
also on yg. Moreover, we obtain a minimax lower bound on the LZ2-risk for
pointwise estimation, with the same rate T, up to log(T) terms.

1. INTRODUCTION

The class of hypo-elliptic diffusion processes, for which the diffusion coefficient
is degenerate, has been the subject of many recent works and is used for modeling
in many fields, such as mathematical finance, biology, neuro-science, mechanics,
ecology,... (see e.g. [8], [11], [7] and references therein). In this paper, we focus on
the situation of a bi-dimensional hypo-elliptic process, describing the evolution in
time of the couple position/velocity of some quantity. The velocity Y is modeled
by a non degenerate one-dimensional diffusion process, while the position X is its
integral, and the resulting bi-dimensional process Z = (X,Y) is hypo-elliptic. Our
aim is to estimate the density 7 of the stationary measure of this diffusion process,
under the assumption of an ergodic setting.

The problem of non-parametric estimation of the stationary measure of a con-
tinuous mixing process is a long-standing problem (see for instance N’Guyen [13],
or Comte and Merlevede [3] and references therein). Based on sample of length
T of the data Comte and Merlevede [3] find estimators of the stationary measure,
converging at rate depending on the smoothness of the stationary measure and
slower than v/, as it is usual in non-parametric problems.

In the specific context where the continuous time process is a one-dimensional
diffusion process, observed continuously on some interval [0, 7], the finding is dif-
ferent. It is shown that the rate of estimation of the stationary measure is VT (see
Kutoyants [10]). The rate of estimation is thus independent of the smoothness of
the object that one estimates, in contrast to the typical non-parametric situation.
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The optimal estimator is very specific to the diffusive nature of the process as it
relies on the local time of the process. Remark that if the process is a diffusion ob-
served discretely on [0, T'] with a sufficiently high frequency it is possible to estimate
with rate v/T also (see [12], [4]).

The case of multi-dimensional non-degenerate diffusions is treated in Dalalyan
and Reif} [6] and Srauss [14]. In that case, the local time process is not available,
but it is shown that for non degenerate diffusion process of dimension d = 2, there
exists an estimator of the pointwise values of the stationary measure with rate
VT /log(T)?. This rate of estimation does not depend on the smoothness of the
stationary measure for d = 2. In the situation of a non degenerate diffusion with
dimension d > 3, they find estimators whose rate is polynomial in 7', depends on
both the smoothness of the stationary measure and the dimension d > 3. For d > 3,
the rate is strictly slower than /T, but faster than the rate appearing in standard
multivariate density estimation from 7T i.i.d. observations. Hence, for d > 3, the
diffusive structure of the process, enables to get a faster estimation rate than for
the i.i.d. case, as well.

In the case of hypo-elliptic processes, fewer results exist for the estimation of
the stationary distribution. In [5], the authors consider the case of two-dimensional
process Z = (X,Y), where Y is a velocity and X a position. Based on a discrete
sampling of the path of size n, they propose an estimator of the stationary mea-
sure which converges at a non parametric rate depending on the smoothness of the
stationary measure. Assuming that the stationary measure has anisotropic regu-
larity (k1, k=), the proposed estimator has a rate depending on the harmonic mean
2/(1/k1 4+ 1/k2) as it is for the optimal rate of estimation of distribution on in the
case of i.i.d. sequence.

In this paper, we focus on the situation where the process is observed continu-
ously on [0,T] and our goal is to determine what is the optimal rate of estimation
of 7 in this context. Assuming that the stationary density (x,y) — 7(x,y) has an
anisotropic Holder regularity with index k; with respect to the variable x, and ko
with respect to y, we construct an estimator of m(zo,yo) based on (X¢, Y:)icjo,1)-
This estimator achieves some rate 7—V(%1:52) and this rate of convergence depends
on the smoothness of 7 in a very specific way. Indeed, the expression of the rate
of estimation involves only ki or ks, depending on the relative positions of these
two smoothness indexes. This shows the specificity of the estimation problem for
continuous observation of process Z = (X,Y) with a non degenerate diffusive ve-
locity Y, and a degenerate component X. It is noteworthy that we find a rate of
estimation slower than in the case of continuous observation of a non-degenerate
diffusion in dimension 2. Another interesting finding is that the rate of estimation
of m(zg, yo) depends on the point where one estimates the stationary measure, and
is slower for points corresponding to null velocity yg = 0. A crucial ingredient in the
study of the rate of estimation is to derive the variance of a kernel estimator with
a choice of bandwidth (hq, he). We show that the variance of the kernel estimator
depends in a completely unsymmetrical way on hy and hs. As a consequence, we
get that the optimal bandwidth choice for the estimator is such that one of the
two bandwidth can go almost arbitrarily fast to 0, while the optimal choice for the
other bandwidth depends sharply on the smoothness of the stationary measure.

Also, we show a lower bound for the minimax risk of estimation of 7(zg, yo) on a
class of hypo-elliptic diffusion models with stationary measure of Holder regularity
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(K1, k2). This proves that it is impossible to estimate uniformly on this class with
a rate faster than TV(1:%2) (up to log(T') term).

The outline of the paper is the following. In Section 2, we present the model
and give assumptions that are sufficient to get an ergodic system with stationary
measure admitting a density 7. In Section 3, we present the construction of the
estimator and states the results on their rate of convergence (in Theorem 1 for
yo # 0, and Theorem 2 for yo = 0). In Section 4, we prove the upper bound on the
variance of the kernel estimator. We also illustrate the very specific behaviour of the
variance of the kernel estimator for hypo-elliptic diffusion by numerical simulations.
In Section 5, we state and prove minimax lower bounds for the risk of estimation.
In the Appendix, we prove some technical results used in the proofs of Section 4.

2. HAMILTONIAN SYSTEM AND MIXING PROPERTY

Let us consider (2, .4, P), some probability space on which a standard one dimen-
sional Brownian motion (By);>¢ is defined. We assume that the process (Z;)i>0 =
(X¢,Y3)e>0 is solution of the stochastic differential equation

(2.1) dX, = Yidt
(2.2) dY; = a(Xy, Y)dB, — [B(X, Y2)Yy + V'(Xy)]dt,

where (Xo, Yp) is a random variable independent of (B;);.
We introduce the following regularity assumption on the coefficients.
Assumption HReg;:

e The functions a : R? — R is a C* function and @ > a(z,y) > a > 0, and
for some constants a@ > a > 0.

e The function g : R? — R is continuously differentiable, and such that
|B(x,y)| < B for all (z,y) € R%, and for some constant 3 > 0. Moreover,
we have B(z,y) > B, Vo € [l,00),y € R, where [ > 0, 8 > 0 are two
constants. N B

e The function V : R — R is lower bounded, and with C? regularity.

It is shown in [17], that under the assumptions HReg the S.D.E. (2.1)—(2.2)
admits a weak solution, which satisfies the Markov property, and the associated
semi group (P;);>o is strongly Feller [17], which in turn implies that the process is
strongly Markovian. Let us stress that the sign condition on 3 for large = together
with the existence of lower bound on V are crucial to insure that the solution of
(2.1)—(2.2) does not explode in finite time. Of course, if we know that (z,y) —
a(z,y), (x,y) = yB(x,y) and x — V’(x) are globally Lipschitz, the solutions of the
S.D.E. exists in the strong sense.

We now introduce an assumption on the potential V of the system that ensure
that the process tends to some equilibrium.

Assumption HErg: one has | l‘im V'(x)sign(z) = +o0.
xT|—00
Is is shown in [17] that under HReg and HErg, one can construct a Lyapounov

function ¥ > 1, and that a stationary probability 7 exists and is unique for the
process Z = (X,Y), and satisfies 7(¥) < oco. It is shown in [17] (see Theorem 2.4)
that for some D > 0 and p > 0,

2.3 Vi >0, VzeR? su
( : ; p
[fISw

< DY(z)e

PAFE) ~ | 1(E")m(a2)
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for any function measurable function f such as f/¥ is bounded on R and where
(Py)i>0 is the semi group of Z,

P(f)(2) = E[f(X¢,Y2) | (Xo,Y0) = 2].
Remark that under HReg and HErg, it is possible to construct a Lyapounov
function such that ¥(z,y) > & exp (%[|y|2 + V(x)}), for some constant C' > 0 (see
(3.10) in [17]). As a consequence, (2.3) applies to functions f with exponential

growth, and the invariant distribution admits finite exponential moments.
Hence, we can state the following proposition

Proposition 1. Assume that the coefficients of the equation (2.2) satisfy HReg
and HErg, then there exists a stationary solution Z = (X,Y) to the S.D.E. (2.1)—
(2.2), and the stationary distribution is unique and admits some density 7. More-
over, there exist constants Derq > 0 and p > 0 such that for any bounded measurable
functions f, g, we have

(2.4) vt >0, |eov(f(Zo),9(Z0))] < Dergllfllcllglloce™"

The Proposition (1) is a consequence of the results shown in [17]. Indeed, from
the fact that the Lyapounov function V¥ is greater than 1 and integrable with respect
to the stationary measure, one can check that (2.4) is a consequence of (2.3).

3. ESTIMATOR AND UPPER BOUNDS

In this section we introduce the expression for our estimator of the stationary
measure 7 of the S.D.E. (2.1)—(2.2) and prove that the estimator achieves some
rate of convergence, depending on the smoothness of .

Let ¢ : R — R a bounded, compactly supported function. For convenience, we
suppose that the support of ¢ is [—1,1]. We assume that

(3.1) / p(u)du =1, / o(u)uldu =0, for I € {1,..., L} where L > 1.
R R

We let hi(T) > 0, ho(T) > 0 be two bandwidths which converge to zero as
T — oo, and we consider a kernel estimator of 7 at the point (x¢,%) € R? as

A 1t
(3.2) 7r(xo,y0) = T/o Ohy (T),ha (1) (Xs — 0, Ys — y0)ds,
where
1 T—To, Y—Yo

3.3 — - = .
(3.3) Pha e (T = 0, Y — o) hthso( i )e( " )
We assume that the two bandwidths satisfy,

(3.4) IK >0, h(T) '+ ho(T)'< K(1+T5), VT > 0,
(3.5) hy(T) + ho(T)< K (log(T))"*/2 A1, VT > 1.

The two previous conditions insure that the bandwidths go faster to zero than
the logarithmic rate by (3.5), but not faster than any polynomial rates by (3.4).
Actually these two bandwidths will be specified later (see equations (3.12), (3.13),
(3.14), (3.15) in the proofs of Theorems 1 and 2).

We introduce the class of Holder functions.
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Definition 1. For (ky, k) € (0,00)%, and R > 0, we denote H*'"*2(R) the set of
functions f : R? — R such that x + f(x,y) and y — f(x,y) are respectively of
class CL¥1) and C%2) | and satisfy the control, Vx,y in R and h € [-1,1],

|f(z,y)| < R,
oLkl f aLkljf ke

< R|h|k2 U’ﬂzJ

okl g aLka
’W(ax,y—l—h) oz ij(l“ Y)

We can state the main results on the asymptotic behaviour of the estimator.
This behaviour is different according to the fact that we estimate the value of the
stationary measure on a point (xg,yo) corresponding to a null velocity or not.

Theorem 1. Assume that Z = (X,Y) is a stationary solution to (2.1)—(2.2) and
that Assumptions HReg, HErg hold true. We assume that the stationary distribu-
tion T belongs to the set H*1"*2(R) for ky > 0,ky > 0, R > 0, with max(ky, ks) < L
(recall (3.1)).

Assume that yo # 0. Then, there exist bandwidths (hy(T))7, (ho(T))T, depend-
ing only on k1 and ka, such that the estimator satisfies :

2kq
(3.6) if ki < k2/2, E [(fr(x0,y0) — m(w0,90))?] < CT™ 7277,
(3.7) if ks > ka/2, E[(fr(z0,40) — 7(x0,0))%] < CT F4172

for some constant C independent of T

Theorem 2. Assume that Z = (X,Y) is a stationary solution to (2.1)—(2.2) and
that Assumptions HReg, HErg hold true. We assume that the stationary distribu-
tion 7 belongs to the set H*''F2(R) for ky > 0,ke > 0, R > 0, with max(ky,ks) < L
(recall (3.1)).

Assume that yo = 0. Then, there exist bandwidths (hy(T))r, (ho(T))T, depend-
ing only on ki and ko, such that the estimator satisfies :

2ko
)7 2ko+2
)

(38)  ifki <ks/3, E[(Fr(wo,y0) — m(z0,%0))%] < C(logT

2k
(3.9) if kv > ka/3, E[(Fr(z0,50) — m(20,10))?] < CT 5273,
for some constant C independent of T

Remark 1. The rates of estimation obtained in Theorems 1-2 are completely dif-
ferent with the usual one in several ways. First, they do not depend on the harmonic
mean of the smoothness index k1, ko, as it is usual in non-parametric setting. Sec-
ond, the rate depends on the point (xq,yo) where the density is estimated. We state
in Section 5 a minimax lower bound for the L? risk of estimation of m(xo,vo) with
the same rates (up to log terms).

The asymptotic behaviour of the estimator relies on the standard bias variance
decomposition. Hence, we need sharp evaluations for the variance of the estimator,
that are stated below, and will be proved in Section 4.

Proposition 2. Assume that Z = (X,Y) is solution to (2.1)—(2.2), that Assump-
tions HReg, HErg, hold true and |7 < R for some R > 0.
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Assume that yg # 0. Then, there exists some constant C, such that for all T > 0,

Var(r(zo,40)) < C <Th21(T) A Tﬁ) + Ce(T, hi(T), ho(T)),
where
(3.10) (T, b (T), ha(T)) < NOBEL @D

- T
Proposition 3. Assume that Z = (X,Y) is a solution to (2.1)—(2.2), that As-
sumptions HReg, HErg, hold true and that ||7|| < R for some R > 0.
Assume that yo = 0. Then, there exists some constant C, such that for all T > 0,
In(T) 1
Tho(T)?  Thy(T)%/3

Val‘(ﬁ'T(JJo,yo)) < C( ) + C&(T, h1(T),h2(T)),

where

c
_ Nog( (T)ha(T))
< T .
We can now prove the that our estimator achieves the rates given in Theorems
1-2.
Proof [Proof of Theorem 1.] We write the usual bias-variance decomposition,

(T, ha(T), ho(T))

(3.11)  E[(7r(w0,y0) — 7 (w0, 90))?] <
|E(7r(20,y0)) — (w0, Z/0)|2 + Var(7r (o, ¥o))-

Using the stationarity of the process, we can upper bound the bias term as
|E(77(20,Y0)) — 7T(9007yo)|2
= (/]R2 p(u)p(v)[m(zo + uhi(T), yo + vha(T)) — m(20, yo)]dUdU)
< C(ha(T)*™ + ho(T)%*),

where in the last line we used 7 € H*"*2(R) with (3.1) (see e.g. [16], or Proposition
1 in [2] for details). We now use the results of Proposition 2 on the variance of the
estimator and choose the optimal bandwidths hq(T'), hao(T).

e Case 1: ky < ko/2.

Using Proposition 2

E[(7r (w0, y0) — m(20,y0))?] < C(ha(T)*™ + ha(T)**)

C
+ Tha(T) + Ce(T, hy(T), ho(T)).

We now choose to balance h(T)?*2 with the main contribution of the variance term

and let the contribution of hi(T) on the bias be smaller. It yields us to set

k
3.12 ho(T) = T~V k2 b (T) =T~ where C; > — 2.
(3.12) 2(T) ;b (T)  where O =

With these choices and recalling (3.10), we get (3.6).
e Case 2: k1 > ko/2.
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We use again Proposition 2:

E[(7r(x0,y0) — (20, y0))?] < C(ha(T)*** + ho(T)**)

C
i T\/ha(T)

Balancing the variance and bias terms yields to

+ 08(T7 hl (T)a h2 (T))

k
3.13) W (T) =T Y@a+12) b7y = 7% where Cy > ———+
( ) 1( ) b 2( ) ) where 2 = k2(2k1+1/2)7

and (3.7) follows. O

Proof [Proof of Theorem 2] We use again the bias/variance decomposition (3.11)
and exploit now the results of Proposition 3.

e Case 1: k1 < k2/3.

‘We have that,

E[(7r(x0,y0) — 7(w0,90))?] < C(ha(T)** 4 ho(T)**?)
Cln(T)

+ W + C€(T, hl(T), hg(T)).
We set
(3.14)  ho(T) = (L)_l/(%?“)7 hi(T) =T, where C; > L,
In(T) k1 (2ka + 2)

and (3.8) follows.
e Case 2: k1 > ko/3.
We have that,

E[(7r (w0, y0) — m(20, y0))?] < C(ha(T)*™ + hao(T)**)
C

+ Th (127 + Ce(T, hy(T), ho(T)).

The choice

k
3.15) by (T) =T V@23 po(T) = T2 where Cy > ————
(315)  ha(T) L () =T where €y > ot
gives (3.9). O
Remark 2. e The optimal choices for the bandwidths are given in (3.12),

(3.13), (3.14) and (3.15). In all the situations, we see that one of the two
bandwidths hy(T) or ho(T) can be chosen “arbitrarily small” (as the con-
stants C1 and Cy in (3.12), (3.13), (3.14), (3.15) can be arbitrarily large).
In means that the bias induced by the variation of m along one of the two
variables x ory can be arbitrarily reduced by the choice of a very thin band-
width. It explains why the expression of the rate of estimation depends only
on one index of smoothness k1 or k.

e The fact that one of the two bandwidths can be chosen arbitrarily small is
reminiscent to the situation of the estimation of the stationary measure w(z)
for a one dimensional diffusion process (Z)¢cjo,1) observed continuously. In
that case, the efficient estimator is based on the local time of the process
(see [10]) and the rate is /T independently of the smoothness of m. The



8 SYLVAIN DELATTRE, ARNAUD GLOTER, AND NAKAHIRO YOSHIDA

use of local time is a way to give a rigorous analysis of the quantity 7r(z) =
% fOT 0123(Zs)ds, where 0.y is the Dirac mass located at z. We see that T
is essentially a kernel estimator with bandwidth h = 0, for which the bias
is reduced to 0.

4. VARIANCE OF THE KERNEL ESTIMATOR

In this section we prove the crucial upper bounds given in Propositions 2-3. We
first need to state two lemmas related to the behaviour of density and semi group
of the process, and whose proofs are postponed to Section 6.

Lemma 1 (Corollary 2.12 in [1]). Assume HReg. Then, the process admits a
transition density (p:)i>o which satisfies the following upper bound. For all K
compact subset of R, V(z,y,2',y') € K x K, Vt € (0,1)

4D plloy) @) < PE () @) + 07 (@ ): ()
where

a2 xlixim 2
(2 pf ()@ y) = Cexp <_C}G boy) oo ) D

for some Cg > 0 and pY is a measurable non negative function such that for any
compact K C R? and (x,y) € K we have for all t € (0,1),

(4.3) /Rz pf ((z,y); (2, y))da’ dy’ < Cy exp(—t~'Cy1),

for Cy > 0. The two constants Cg and Cy are independent of t € [0, 1], but depend
on the compact set K.

The Lemma 1 gives us a control on the short time behaviour of the transition
density. For the sequel, we need a control valid for any time. This is the purpose
of the following lemma about the semi group of the process.

Lemma 2. Assunle HReg, and let K be a compact subset of R2. Then, there
erists a constant Cx such that for all0 < D < 1, t > D, Yz € R2, and any f
measurable bounded function with support on K,

021 2y

(4-4) PN < O | =55 + 1 loee ™ P

4.1. Proof or Proposition 2. Throughout the proof we suppress in the notation
the dependence upon T of hy(T) and ho(T). The constant C' may change from line
to line and is independent of T". In the proof, we will use repeatedly Lemmas 1-2.
To this end, we consider a compact set K that contains a ball of radius v/2 centered
at (zo,¥o), and as a result the support of (z,y) — ¢(x — zg,y — yo) is included in
this compact.

To prove the proposition, it is sufficient to prove that the following inequalities
holds both, for T" large enough,

(4.5) Var(#z(z0, 50)) < O% + Ce(T, hy (T), ha(T)),
2
(4.6) Var(ir(zo, yo)) < OT&E + Ce(T, hy (T), ho(T)).
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First step: we prove (4.5).
From (3.2), and the stationarity of the process we get that

1 /T T
(4.7 Var (71 (zo, y0)) = —/ / k(t — s)dtds,
% )y Jo
where
w(u) = Cov (©n, hy (Xo — 20, Yo — 40)s @hy he (Xu — 20, Yu — 20)) -
‘We deduce that

T
(4.8) Var (1 (2o, y0)) < %/0 |k(s)|ds.

We will find an upper bound for the integral on the right-hand side of the latter
expression by splitting the time interval [0, 7] into 4 pieces [0,T] = [0,0) U[d, D1) U
[D1, D2) U [Do,T], where §, Dy, Do, will be chosen latter.

e For s € [0,9), we write from (4.7) and using Cauchy-Schwarz inequality and
the stationarity of the process,

|K(S)‘ < Var(sﬁhl,hz (XO - xO’YO - yO))1/2 Var(¢h17h2 (Xs — X, Y, - yO))1/2
= Var(gphl,,w (XU — 2o, Yy — yO))

This variance is smaller than
/ Phy b (T — T0,y — yo) 7 (w, y)dzdy
]RZ

and using that 7 is bounded and (3.3), we deduce

C
4. 5| < .
(1.9 el < o
In turn, we have
o b
4.10 k(s)|lds < C .
(4.10) | weolas < 055

e For s € [§, D7), where § < D7 < 1. We write

|k(5)] < E|¢n, ,he (Xo — 20, Yo — yo)llon, e (Xu — 20, Y — w0)[] +
E{|oh, 1y (Xo — 20, Yo — yo) ] £ [|0n1 he (Xs — 20, Ys — y0)|]

Using that (X;,Y};) is stationary with marginal law having a bounded density we
deduce that E [|¢n, by (Xs — 20, Ys — y0)|] < C Jgo |€n1 hs (€ — 20,y — yo)|dady <
C from (3.3). This gives,

@11) 15(5) < [ oo = 2oy =)

[ Vomnala’ = 20,8/ = )lpa(o. 330’/ )do'dy m(z, )dndy +C.
R

Using now equation (4.1) in Lemma 1, we get that

(4.12) k(s)| < ®'(s) + 72(s) + C
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with
(@13) ®(6)i= [ Ionn(o— 20,5 - )

R

/2 lohy ke (2 — 20,y — y0) PG (2, y; 27, y')da'dy' 7 (2, y)dady,
R

R2(s) = / o (2 — 0,y — o)
R‘Z
/2 [0hy e (2" — 20,y — o) |PY (z, y; 2, y)da' dy' 7 (z, y)dady.
R

In order to upper bound %'(s) we show that the Gaussian kernel (4.2) appearing

in the expression of &' (s) takes small values for s € [§, D;) as soon as § is well cho-

sen. Recall that ¢y # 0, and for simplicity assume that yo > 0. Then, using that ¢ is
compactly supported on[—1, 1] we know that |on, n, (T — 20, ¥ — Y0)Phy.he (&' — Z0, ¥ — Yo)| #
0 implies that

(4.14) |z — xo| < ha,|2" —zo| < ha, |y —yo| < ha |y — yol < ha.
Let us denote K (hy, ha) the rectangle of R* defined by the conditions (4.14). Then,

(415) El(s) <C K(h1 o) ‘<ph17h2($ —X0,Y — yO)'
b1,M12

Phy ho (2 = 20,y — y0) PG (z, 932,y )dzdyda’dy/,

where we used that 7 is bounded. On K(hy,hs), we have %‘yl > % > 0if
hs is small enough, and |z — 2’| < 2h;. Hence, if we assume that s > % we

’
have |2/ — x| < 2. Tt entails, 2’ — 2 — YL s < 20 — Wy — U0 anqd in turn
_y-iéy’s)2

(z'—z 1

2
3 > %1 Plugging in (4.2) this yields to p§ (z,y;2';y') < S exp(—&;)

for some constant C' independent of s. Using (4.15), we deduce

C 1

—1

F(s) < = exp(— / Ghy e (T — 20,y — Yo
) 82 ( CS) K(hl,h2)| 1,2 )l

|©hy hs (2" — T0, ¥ — yo)|dadyda’dy’

and hence
1
a5

To control & (s), we use (4.3) and ||¢p, ,n, (- — o, - — Y0, < ﬁ to get that for

(4.16) Rl(s) < s%exp(_

all z, y in the compact K containing a ball of radius v/2 centered at (g, yo), we have
the upper bound [ [@n, n, (' — 0,5’ — y0)|pY (z, 332,y )da'dy’ < ;G-e" 75 As
a consequence,

e_&ﬂ(x, y)dxdy

R C [ lonanle— 0.0 - w)lp
R2 1762
C 1

(4.17) <

e Cs

hihs ’
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where we used again that 7 is bounded and that the support of ¢p, n, (- — o, - — o)
is included in K. From (4.12), (4.16)—(4.17), we deduce that for 61% <0< D <1,

Da el 1 c 1
< — _
/6 |k(s)|ds < /5 [s exp(——) + e exp( C’s) + Clds

Cs
D
rC 1 C 1
< il _ _
_/5 [52 exp(— C) Tiihas? exp( Cs)+0]ds
1

hiha

(4.18) < Cexp(—c%)[l +

where in the second line we used Dy < 1.
e For s € [Dy, Ds) with D; <1< Dy < T, we start from the control (4.11) that
we write

I [ lomnale = 2.5 = ) Paon, - = 0, = v0) ) y)(e, p)ddy-+ .
R

] +OD17

Since @p, b, (-—T0, - —Yo) vanishes outside the compact neighbourhood K of (z¢, yo)
we can use Lemma 2 to upper bound the semi group term. Hence, we get for some
constant C > 0,

9| < 0/2 (onsna (@ — T0,9 — 30)| X
R

[||30h1,h2||L1(R2) 1
D? Ik

and we deduce |x(s)| < C[3z + ﬁefl/(cm) +1]. This yields,

e EPVr (2, y)dady + C,

D2 D
(4.19) / Ik(s)|ds < C[ 2 o—1/(CD1) 4 D],
Ds h1h2

for some constant C' > 0.
e For s € [Dq,T], we use the covariance control (2.4), that allows us to write

2
5()] < Cllgn (- =20, — o)l < € () e, for € > 0 and p> 0. It

entails the upper bound,

T e—PD2
4.20 / k(s)|lds < C—-—.
(1.20) [ rtias < s
Collecting together (4.8), (4.10), (4.18), (4.19), (4.20) we deduce,
C Dy
Var(7 < — 1
ar(p(zo, yo)) < T[h1h2 + exp(— CD1>[ + hlth
D2 e=PD2
D D
1+ Do+ — +(h1h2) 51,
. 6h _ _|In((h1h2)?)|
for C' > 0 some constant. We choose § = &4, Dy = m, Dy = ———.

By (3.4)—(3.5) we see that this choice is such that, 6;)1 =d< Dy <1<Dy <T for
T large enough. And it yields,

1 Dy
[yfohf2+h1h2+D1+D2+D2+l].

N C
Var (7 (2o, o)) < T
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Since h; — 0, hy — 0, and as the value of C' may change from line to line, we can
write that

¢
T

N 1
Var('frT(anyO)) < ]’Lig + |1n(h1h2)|c

and we have shown (4.5).

Second step: we prove (4.6).

We use the same decomposition of fOT |k(s)|ds in four terms as for the proof of
(4.5), but we treat in a different way the contribution of the short time correlations
fo |k (s)|ds.

e Let us find an upper bound for k(s) for s € (0,9) with § < 1. We recall that,
from Lemma 1, the decomposition (4.12) holds true where %! (s) is given by (4.13)
and &2 ( ) is upper bounded by (4.17). We now study %' (s). To this end, we remark
that p{ (z,y;2",y') < Fas(@’ | 2,y,y') where

(¢ —x— LEy' s)2>

¢ 1
as(z’ | z,y,y') = S/eXp<C =

Let us stress that

(4.21) sup sup / gs(z' | z,y,y")da’ < C < o0.
s€(0,1) (z,y,y")ER3 JR

Thus, using (4.13), we have

< _ _
<= [ lomnate = a0y = w)ir(a.y)

(/2 |y ns (2" — 2o,y — y0)]gs (2 | wyy,y')dw’dy') dady.
R

<o 1
hi ho

L,O( ¥ ’;yo )

By (3.3), we have |pp, n, (@' — 20,Y —y0)| < , and thus, using

(4.21), we get

[ 1omane’ = 0.4’ — i)lan(@’ | 2,91/’ ay
R

C/ 1 ) / / ’ I,
< — | = sz | z,y,y )dx'd
,thh2s0( " )Rq( | 2,y,y)da’dy
C 1 Yy — 1o , _C
< — — dy’ < —.
T ]RhQSD( ha ) y_hl
We deduce that &' (s) < ﬁ Jz2 10n1hs (2 — 20,y — yo) |7 (2, y)dedy < < g Col-

lecting the latter equation with (4.12) and (4.17), it yields

e_&
k(s)|ds < —— + C—— + Clds
/ Ix(s)] / [\[hl hiho ]
C 1 e
<
/ [\[hl 082 hihsg +Clds
\/S 1

. <

(4.22) C[hl —|— il

where we have used in the second line that § < 1.

+ 4]
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We now gather (4.8), (4.18), (4.19), (4.20), (4.22), to derive,

C[VE e ! D
Vi 70 0 “op!
ar(7r(zo, yo)) < T | By Jr hiho +0 + exp( CDl)[ +h1h2]jL

D1 67PD2

D+ D T 12

1+ Do+ D2 + (hihs)?

‘ . . oo 6hy —
We choose the same thresholds as in the first step, 6 = =, D1 = m’

2
Dy = w. Recalling (3.4)—(3.5), we have e~ (C6h1/v0) ™" = O(e=clos(T)’) =

o(hihg), with some € > 0. We derive that

Var(fr (20, 10)) < g[\ﬁ + |In(hyh2)|“],

for some C' > 0. The second step of the proposition is proved. O

Remark 3. (1) The Proposition 2 consists actually in the two upper bounds
(4.5)—(4.6) for the variance of the estimator. We see that one of these two
bounds is smaller than the other, depending on the relative positions of ha
or Vhi. It explains why the expression for the rate of convergence of the
estimator in Theorem 1 depends on the relative positions of ki1 and ko /2,
which determines which one of the two bounds (4.5) or (4.6) is used in the
bias/variance decomposition of the estimation error (see proof of Theorem
1).

(2) The control OfH(S) = Cov (@hl,lw (XO — Zo, Yo - y0)7 Phi,ho (X.s — To, Y, — yO))
for s € [6, D], with § = hy and D1 < 1 depends on the fine structure of the
main term (4.2) in the short time expansion of the transition density of the
process and on the fact that yo # 0. In the situation yo # 0, it is impossible
to get such a refined result on the covariance, and eventually the bound on
the variance of the estimator is larger (see Proposition 3).

4.2. Proof of Proposition 3. We need to prove that the following two inequalities
hold true, for T large enough:

(4.23) Var(ir (20, 40)) < oTth 5+ Ce(T (7). ha(T)),
(4.24) Var (7 (zo,y0)) < Cl n(T) + Ce(T, hi(T), hao(T)).

Th3

Again we consider K a compact set of R? that contains a ball of radius v/2 centered
at (zo,¥o)-

First step : let us prove (4.23).

We recall the control (4.8) for the variance of &1 (zo,yo) and split the integral
in (4.8) into four pieces corresponding to the partition [0,7] = [0,0) U [§, D;) U
[Dy, D3) U [Do,T], where 6, Dy, Do will be specified latter. Let us stress that in
the proof of Proposition 2, only the control of |k(s)| for s € [4, D), uses the fact
that yg # 0.

e For s € [0,0) with § < 1, we recall the result obtained in (4.22) which states

\/‘ 1
< X2
/ |r(s)]ds < C[ + < Il +0].
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e For s € [§,D1] with 0 < § < D; < 1, exactly with the same proof as in
Proposition 2, we have |r(s)| < &'(s) + &2(s) + C where &' (s) is given by (4.13)
and %2(s) is upper-bounded as in (4.17). We need to find a control on %!(s) in the
situation yo # 0. Using, from (4.2), that p&(z,y;2,y) < S%, V(x,y,2',y") € K2,
and the fact that 7 is bounded, we get

- C
7 (s) < 7/ Pt ha (@ — T0, — 30)]
S R4

C
|ny ho (2" — o, y" — yo)|dzdyda’dy’ < =

We deduce
[ s s [ etk + 7 e
: Kk(s)|lds < : =2 Il s
1 1 1
< O[= -
< Cl5 + exp(— ) + D)
(4.25) <o} Fexp(c )1
: =M TP ED kg

where we used Dy < 1.
e For s € [Dy, D), with D; <1 < Dy < T, we use the control (4.19).
o For s € [Dq, T, with Dy < T', we use the control (4.20).
Collecting the four previous controls, we deduce

Vi et 1 en(—gh)
- —4 DT+ p
[h1+hlh2+5+ his (1+ Do)+

. C
Var(7r(zo,y0)) < T
e—PD2

(h1h2)2}

Dy
D D —
1+ 2+D%+

where C' > 0, p > 0. We choose § that balances v/§/h; with 1/5, namely § = hf/g
which is smaller than 1 for T large enough, recalling (3.5). Next, we choose Dy =

In((hyho)?
“(17p2))|’ and D, = Wclhzl' We deduce

N Cc. 1
Var(7r(zo,y0)) < f[ﬁ + |log(h1h2)|“],

for some C' > 0, and where we have used that, from (3.4)—(3.5), exp(—l/(Chf/B)) =
O(exp(—e€log(T)?)) = o(hyhs), with some £ > 0. Hence (4.23) is proved.

Second step: we show (4.24).

Comparing with the first part of the proposition, we have to modify our upper
bound on f(f |k(s)|ds with 6 < 1. We split this integral into two parts, f(f |r(s)|ds+

f;, |k(s)|ds. On the first part, we use the control (4.9) and get

5 5
4.26 ds < C .
(4.20) | ntoyas < o35
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On the second part, we use (4.12), where %2(s) is bounded in (4.17). We deduce,

5 §
IK(s)|ds < C[ L oo-d 4 1)ds+ IHOIGE
S5 S5 hz S5

(4.27)

1 . b
- e~ s +5]+/ 7l (s)ds.

172 /

<O[h

To upper bound %' (s), we use (4.13) and (3.3), and obtain by Fubini’s Theorem,

(4.98) F(s) = /]R 2

([

Since 7 is bounded, and using (4.2), we deduce that the inner integral is lower than
lellze [ C L ly—y)? , (== s :
h2 Jge 82 P\ s 3 dydy
_||50||c2>o C 1 2 —x w, ’
= 2h% - ;exp —6 w* + (W - ?) dwdw

_||SO||§O/ c Ll o Wi /
= Rdexp el +(?) dwdw’,
y=y

where we have made the change of variables w = VR w' = % in the second

line, and used the invariance by translation of the Lebesgue measure in the last
one. We deduce that the inner integral in (4.28) is lower than % where we stress
2

1 z—29.1 2 —uag
hlw( I )h1 o( I )
1 y—yo)i (y — o)
he'\ he Tha®' ha

pS (z,y; 2,y ) (2, y)dydy')dzda’.

that C' does not depend on (z,z’). In turn,

C 1 x—29, 1 o —=x C
—1 < = L 0 0 I < -
Fs) = h3s /R P ey )| deda < h3s
This yields, using (4.27) to
s 1 1 b
(4.29) |k(s)|ds < C €T 4§ +oo In(—=)].
5 hihg &

Collecting (4.26), (4.29), (4.25), (4.19), (4.20), we deduce, for 0 < §' < § < Dy <
1< Dy <T,

c.d eo 1.6 1 expl—gp)
= i V44— CCP 4D
T[h1h2 + hi )+ =+ (1+ Do)+

Var (7 (2o, y0)) < ) hihs

e—PD2
(hiha)?
Now we let § = h3 and &' = T~ where C} > 0 is such that &' = o(hyh) which is

possible from the at most polynomial decay of the bandwidths, resorting to (3.4).
|1n(<h1hz>2>|

Dy
D1+D2+D2+

As in the first step of the proposition, we set Dy = W?hm Dy =
With these choices, we have for T large enough, 0 < ¢ < < D1 <1< D2 <T
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and
L
C 31
Var(r (20,0)) < (1 G o 1 I8/ + finha )]
TV T Thihy B2
C IH(T) C
< —
< T[ 02 + |In(h1h2)["]
where we used again (3.4)—(3.5) in the last line. This proves (4.24). O

4.3. Numerical simulations. In this section, we explore numerically on an exam-
ple the behaviour of the variance of the estimator as h; and ho go to 0. Especially,
we wonder if the variance of the estimator asymptotically depends, in these simu-
lations, only on the minimum of two quantities related to hy; and hs as suggested
by the upper bounds in Propositions 2-3. This is the crucial point in the upper
bound of the variance, that makes the choice of the optimal bandwidth very spe-
cific, allowing an arbitrary thin bandwidth on one component. We consider the
model (2.1)—(2.2) with 8(z,y) = 0.5, V(z) = 22/2 and a(z,y) = 1. From a Monté-
Carlo experiment based on 500 replications, we evaluate the variance of 7 (z, yo)
for (zo,y0) = (0,1.5) and with different values of bandwidths h; and hs. We have
chosen the simple kernel ¢(u) = 31_y1)(u) and T = 200. Results are given in
Figure 1, where each curve corresponds to a choice for the bandwidth hs, and these
curves plot the value of the variance as a function of hi, using log-scales. We see
that, as expected, the variance is increasing as h; and ho get smaller. Moreover,
it appears that when hy gets smaller than some threshold depending on h; the
variance ceases to strictly increase, as all the curves are flat on the left side of the
Figure 1. Symmetrically, we see that the right part of the curves for hy = 10718
and hy = 10724 coincides. It shows for instance that decreasing hs below 10718
does not increase anymore the variance when hy; > 10~2. Hence, the numerical
results are consistent with the upper bound given for the variance, as a function
depending on min(1/ha,1/v/h1). This suggests that the upper bounds given in
Propositions 2-3 are fairly sharp.

5. MINIMAX LOWER BOUND

In this section, we show that it is impossible to construct any estimator with a
uniform rate better (up to a log term) than the rates obtained in Theorems 1-2.

5.1. Lower bounds. For the computation of lower bounds, we introduce the fam-
ily of S.D.E.

(5.1) dX; = Y,dt
(5.2) dY; = 20dB; — [0?B(X:, Y2)Y; + V/(Xy)]dt,

where ¢ > 0, 3 is a bounded C! function lower bounded by a strictly positive
number and V is C2. As the model satisfies the conditions of HReg we know
that the S.D.E. admits a weak solution. We know that if V' satisfies HErg then a
Lyapounov function exists and the process admits a unique stationary measure, that
we note 7wy, 3. In Section 5.2, we make more explicit the connection between 7y 3
and the coefficients V', 5. Remark that we omit in the notations the dependence
on o, as ¢ will be fixed in the sequel.

If the stationary measure exists and is unique, we denote Py, g the law of a sta-
tionary solution (X, Y:)>0 of (5.1)-(5.2). Here, Py g is a measure on the space
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FIGURE 1. Variance of the estimator
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of continuous function C([0,00), R?), and we note by Ey, 5 the corresponding ex-

pectation. When needed, we will note by ng the law of the stationary process
(Xt,Y:)tejo,r) solution to the S.D.E. (5.1)-(5.2).

In the sequel, we note again (X,Y’) the canonical process on C([0,00),R?) or
C([0,T],R?).

In order to write down an expression for the minimax risk of estimation, we have
to consider a set of solutions to the S.D.E. (5.1)—(5.2), which are stationary and
whose stationary measure has a prescribed Holder regularity. This leads us to the
following definition.

Definition 2. Let V : R — R be a C? function satisfying HErg. We consider
ki1 >0, ks >0, R>0, and R > 1 real numbers. We define X*%2(V, R, R') the
set of continuously differentiable functions 8 : R? — R satisfying the following two
conditions :

(1) 1/R' < B(a,y) < R for all (a,y) € R?,
(2) the density my g of the stationary measure associated to the S.D.E. (5.1)-
(5.2) is such that wy.5 € H*F2(R).

We introduce the minimax risk for the estimation at some point. Let (xg,yo) €
R2, and V, k1, ko, R, R’ as in Definition 2. We let
(5.3)

Rp(V, k1, ko, R, R") = inf sup Ev,g [(7Fr(20,30) — 7v,5(20,%0))?] ,

T gexkik2(V,R,R’)

where the infimum is taken on all possible estimators of mr(xo,yo), that is for
Tr = Tr(To,yo) ranging in the set of all the measurable functions of (X¢, Y}):ep0,1
with values in R.
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Theorem 3. Let ki, ks, R > 0 and assume yg # 0 and max(kq, ks /2) > 1/2. Then,
there exists V' satisfying HErg and R’ > 1 such that, for some constant C' > 0, we
have :

(5.4) Rp(V,ky, ko, R, R') > CT~20(kuk2) gy >
with
(s, k) = {Z,fkﬂ Tk < ko2
Ttz Uk 2 ka/2.
Remark 4. (1) Theorem 3 tells us that it is impossible to find an estimator

with a rate of estimation, for the pointwise L? risk, better than T—?(k1:k2)
on a the class of diffusions Z = (X,Y) having a with H*'"*2(R) stationary
measure. On the other hand the estimator introduced in Section 3 achieves
this rate, by Theorem 1, for each diffusion Z = (X,Y) satisfying HReg
and HErg and with stationary measure in H*1*2(R).

(2) The upper bound given in Theorem 1 is not stated uniformly on the class
of all diffusions satisfying HReg and HErg and is not a minimazx upper
bound. To get uniform upper bound, we would need that the mizing control
(2.4) holds uniformly on a class of diffusions whose coefficients satisfy uni-
form versions of the assumptions HReg, HErg. We are not aware of such
uniform mixing results, and hence, getting a uniform version of Theorem 1
is left for further research.

(3) The condition max(ky,ka/2) > 1/2 asserts that 7 is not too irregular with
respect to both variables x and y. Such assumption is weak, as the stationary
measure is typically smoother than the coefficients of the S.D.E. (see point
3 of Remark 5 below).

Theorem 4. Let k1, ks, R > 0 and assume yo = 0 and max(ky,ka/3) > 2/3. Then,
there exists V satisfying HErg and R’ > 1 such that, for some constant C' > 0, we
have :

(55) RT(V, kl, ,14;27 R’ R/) > CT72U,(]<?1J€2)’ vT > 1’
with
k .
o k) = { Fam TEL<R/3,
sl if k> ka/3.

Again, the previous result shows that the estimator introduced in Section 3 is
rate efficient, up to a log term, in the case where yy = 0.

5.2. Explicit link between the drift and the stationary measure. Recall
that from Proposition 1, HReg and HErg are sufficient for the existence and
uniqueness of a stationary probability of the process solution of (5.1)—(5.2) (see
[17] also, or see Talay [15] for related conditions too). In this section, we will
characterize explicit relations between (V, 8) and my g.

We need to introduce A3, 5 the adjoint on L?(R?, dzdy) of the generator Ay, g of
the process Z = (X,Y) solution to (5.1)—(5.2).
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Assume that V is C2 and that (z,y) — yB(x,y) is of class C'. Then we define
for g : R? — R any C? function,

(5.0 Aipalo) =205 S w) ~ v (0
+[o%yB(x,y) + V()] gg(%y) +028(5yﬁ)($,y)9(%y)-

It can be checked that (5.6) is the expression for the adjoint of the generator of the
process. If g : R* — R is a probability density, of class C?, solution to A3, ;g = 0,
then it is an invariant density for the process. Hence, when the stationary distribu-
tion 7y, g is unique, it can be computed as solution of the equation A{‘,’ sTv,5 = 0.
From the expression (5.6) it seems impossible to find explicit solutions g to the
equation Aj, 5 = 0 for any V and f3, as one need to solve explicitly some P.D.E.
Consequently, it seems impossible to write my,g as an explicit expression of (V, j3).

On the other hand, using (5.6) it can be seen that if one consider g and V" as fixed
and 8 as the unknown variable in the equation Aj; ;g9 = 0, then finding solution
in B is simpler as one has to deal with a P.D.E. involving only differentiation with
respect to y. As a consequence, it will be possible to express 5 as a function of the
stationary distribution 7 (for a fixed V'). This is the object of the next proposition.
We need to introduce some notations first.

For g € C? and g > 0, we define for all (x,y) € R?,

-t yz@xz— ’x@mz Uazgxz z
61 &) = s [ 50 02) = V(@) g 2) + 200 S )]

and
1
;5;7(3371/)7 fOI‘ ) 7é 07

(5.8)  Byley) = 4 lim ~&,(a,) =

y—=0y
;[f‘/’(x)a (2,0) + 20 i(av 0)], fory=0
02g(z,0) dy 0y? y="
Proposition 4. 1) Let V : R — R with regularity C?, g : R?> — R with

reqularity C? and g > 0.
Then, we have that (z,y) — yBy(z,y) is a C* function and

(5.9) Ay 5. 9(z,y) =0, V(z,y) € R%

Moreover, Bg is the unique function solution to (5.9) such that (z,y) —
YBy(x,y) is C™'.
2) Let V : R — R with regularity C* and satisfying HErg and consider m :

R? = R a probability density with regularity C2 and 7 > 0.

Assume that 1/R' < Bz < R’ for some R’ > 1, where B, is defined by
(5.8).

Then, 7 is the unique stationary probability of the S.D.E (5.1)—(5.2) with
damping coefficient B = B, and potential V

Proof 1) For g : R? — R with regularity C?> and g > 0 and f3 such that (z,y)
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yB(x,y) is of class C', we can write the equation A3, 5g(z,y) = 0, recalling (5.6), as

with
. B dg ;09 2 0%g
lg(wvy)—m y%(x,y)—V(x)afy( y) — 20° ﬁ( z,y)

Let us fix x € R, we then interpret (5.10) as an ordinary differential equation
with differentiation variable y, where the unknown parameter is the function y —

f(x,y) = y,@(x,y) :

of

8y _
(9y §

(5.11)

20
A solution of the homogeneous equation g—f} + L =01is {(z,y) = 1/g(z,y). Then,
by variation of the constant method, we deduce that the solution to (5.11), has the
expression,

1 v )
o) = s [c<x>+ | ot 2vigte 2z

where ¢(z) is an integration constant. As &(z,0) =0 x 3(z,0) = 0, we deduce that
c(x) = 0, V. Hence the solution &(z,y) = yB(x,y) of (5. 11) is given by (5.7) and
in turn, we deduce that 8 = 8, given by (5.8) is the unique solution to (5.10) or
equivalently to (5.9).

2) Using Ito’s formula, one can check that any 7 solution to A}})Bw =0is a
stationary measure for the process (X,Y) given by (5.1)—(5.2). From the first part
of the proposition, 7 is solution to A}, 5.m™ = 0. By Proposition 1, the stationary
measure of the equation with damping coefficient 5, is unique, and is thus equal
to 7. (I

Remark 5. (1) Is is known that the S.D.E.
dX; = Y.dt
dY; = 20dB; — [0%cY; + V' (Xy)|dt
2

admits for the stationary measure w(x,y) = Cexp (7%[% + V(z)]) (see
y

e.g. [5]). As expected, if we take w(x,y) = Cexp (—%[; +V(x)]> and
compute B by the formula (5.8), we find B, = €.

(2) Proposition 4 shows how to compute the damping part of the drift in order
to get a diffusion with a prescribed stationary measure. However, it is not
clear that for a given m the corresponding By, computed with (5.7)—(5.8)
satisfies the sign condition B, > 1/R’ insuring that the process is indeed
ergodic. This is why in part 2) of Proposition J we postulate B, > 1/R’.
However, we will see in Section 5.3 that if m is a small deviation of my given
by mo(x,y) = Cexp <77[ +V(x )]), then the corresponding B is a small

deviation of By = € and thus is positive.
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(3) The equation (5.7) enables to relate the degree of smoothness of the drift co-
efficient and of the stationary measure, when the latter exists and is unique.
Indeed, from (5.7), we get that if 7 € C**"*2 and V € C*, then the associ-
ated drift of the S.D.E. & + V' is CFi—bka—1,

5.3. Proof of Theorem 3. The proof of the lower bound is made by a comparison
between the minmax risk (5.3) and some Bayesian risk where the Bayesian prior is
supported on a set of two elements.

5.3.1. Construction of the prior. Let ki, ko > 0 and R > 0. We set Vy(z) = \:z:|2
and define

2

(512)  mole.y) = cyexp(—2 [0 +2%). Bola,y) =n Golw,y) =y,

where > 0 and where ¢, is the constant that makes 7y a probability measure.
The function mg is C*° and it is possible to choose 0 < 1 < 1/2 small enough such
that

7o € HR2 (R)2).

We know from Section 5.2 that 7y is the unique stationary measure for (X, v (0))
solution of

(5.13) ax© =y, Vat
(5.14) av,” = 20dB; — 020y, + V(X V)dt.
Now, if we set R’ = 2/n > 1, we have, using Sy = n and recalling Definition 2,
(5.15) Bo € Xk (V. R/2, R /2).
Let h: R — R be a C* function with support on [—1,1] and such that
1 1

(5.16) h(0) = 1, / h(z)dz = 0, / “h(z)dz = 0.

-1 -1

We set for T' > 0,

z —:E()) y_yO)
ha(T) " ho(T) 7

where M, hi(T), ho(T) will be calibrated later and satisfy

(5.17) @mm:m@m+iﬁ<

T—o0 T—o0 T—o0

Mr —— o, ]’Ll(T) —_— 0, hg(T) 0.

From (5.16), we see that [5, 77 (z,y)dzdy =[5, mo(x,y)dedy = 1, and using mo >
0, 1/M1 — 0 and that h is compactly supported, we see that 77 > 0 for T large
enough. Hence 77 is a smooth probability measure for T large enough. We define

BT(xa y) = /Bﬁ'T (xay)a gT(iZ?,y) = yBT(z7y) = SfrT (xay)a

where we used the definitions (5.7) and (5.8).
Before proving Theorem 3, we need to state two lemmas. The first lemma shows
that the two functions By and fBr only differ on some vanishing neighbourhood of

(70, %0)-
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Lemma 3. 1) Let us define the compact set of R?
Kr = [zo — hi(T), w0 + ha(T)] x [yo — ha(T), yo + ha(T)].
Then, for T large enough, we have for all (x,y) ¢ Kr :
BO($7y) :BT(x7y)? fo(.’L‘,y) :gT(-T,y)
2) For (z,y) € K, we have the control

(5.18) [Bo(ay) = Br(z.y)| <

(5.19) o(o) — éren)| < 37 30 + i

where C' is some constant independent of T, hqi(T), ha(T), Mr.
3) We have

J.

Proof 1) We first prove the & and &, coincides on K. With the definition (5.7)
in mind, we set for g of class C!+2:

’2 C [hg(T)?’ hl(T)}

§~T(amy) - €O($7y) dxdy < m hl(T) hQ(T)

Ilg)(x,y) = % /Oy [z%(z,z) — V’(x)g—z(x,z) + 202%;27(53,2')]dz

= I'g)(z,y) + T°[g)(x, y) + T°[g)(=z,y),

where
1 (Y Og

1 —_ —_—

(5.20) L
V'(x
(5:21) Plgl(e) =~ - Dlgta,y) — gla,0))
g g

3 _ 9199 _ Y

Using this notation, we have
~ 1 __ . 1
(5.23) &r = EI[WTL §o = ;OI[TFO]-
Let us note
(524) dT = ’frT — T
and by (5.17), we have
L =20, Y—%

5.25 dr(z,y) = —— h
Since g — Z[g] is a linear operator we deduce that

~ 1 __ 1 1
(5.26) ér = —I[rr] = —ZIlmo] + —ZI[dr].

T T T

If (x,y) ¢ Kr we have from (5.24), (5.25) and the fact that the support of h is

included in [—1,1] that #p(z,y) = mo(x,y). Thus &p(z,y) = mI[ﬂo](x,y) +
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mI[dT](%y) =&o(x,y) + W Zldr)(x,y). It follows that the equality of &
and £pon K will a consequence of the following fact:

(5.27) for (z,y) ¢ Kr, we have, Z[dr](z,y) =0.

Let us check that (5.27) holds true. To this end, it is enough that Z¢[dr](x,y) = 0
for i =1,2,3 and (x,y) ¢ K. Since h is a smooth function with compact support

n [—1, 1], the function dr and its derivatives vanishes outside of the compact set
Kr by (5.25). Recalling yo # 0, for T' large enough and for all x € R, the point
(x,0) does not belong to Kr, thus we deduce from (5.21)—(5.22) that Z%[dr|(z,y) =
Z3[dr)(x,y) = 0 when (z,y) ¢ Kr. It remains to see that Z'[dr](x,y) = 0 for
(x,y) ¢ Kr. We have by (5.20) and (5.25),

! Y

e ) [,
0’2MTh1(T) 0 hQ(T)

For (z,y) ¢ Kr, a first possibility is ¢ [xro — hi(T),zo + h1(T)] that leads

to Z'[dr](x,y) = 0 as h/ vanishes outside [—1,1] and thus h/((x — zo)/h1(T)) =

0. Otherwise, we must have y ¢ [yo — h2(T'),yo + ho(T)]. For simplicity of the

presentation, assume that yo > 0. Then,

Yo 2= Yo Y 2= Yo
h dz = h Tryo— d
/0 z (hQ (T) ) Z / Z (hQ (T) ) [y() hz(T)vyo-O-hz(T)] (Z> Z’

(5.28) IHdr)(z,y) =

if y S Yo — hQ(T)7

0
0,
— /yo+h2(T) Z— 1o

zh( )dz, iy > yo+ hao(T).

yo—ha(T) hQ(T)
+ho(T 1 : .
But yzio h;((T)) zh()dz = ha(T) [, (yo + ha(T)z)h(2)dz = 0 using (5.16). This
yields to T dr)(x, y) = 0 for (z,y) ¢ Kr and (5.27) is proved. It follows that

E(a,y) = &olz,y) for (2,y) ¢ Kr.

The equality between ﬂT and [y outside Kp is a consequence of 5T( y) =

E(w,y)/y, Bolw.y) = &l,y)/y for y # 0.
2) We will prove (5.19) first. From (5.23) and (5.26), we have

(5.29) fr—& = T r &o + %I[dT]-

On the set K, we see that 7 = mg + dr is lower bounded away from 0 and that
&o is bounded. Using ||dr||, < C/M7 we deduce that

- 1
¥(a.y) € Kr. [&r(x.9) ~ &o(a.v)| < Cl5- +Zldrl(a.v)].
Now, |Z[d T](x,y)| < ’ Hdr)(z,y ’ + ’IQ dr)(x,y | + |I3 [dr](x y)‘ From (5.21)
and (5.25), |Z°[dr](z,y)| < Cldr|,, < C/Mr and by (5.22), |Z*[dr](z,y)| <
C’HadT < C/(ho(T)Mr). Using (5.28), we have
1 17"l oo votha(T) ha(T)
T [dr)(z,y)| < N () /yOM(T) |z|ds]|h]|, < CMThl(T)'
We deduce that,
C ha(T) 1
Y(z,y) € K7, |ér(z,y) — &ola,y) ‘ < 7[h1(T) +1+ hg(T)]’
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which gives (5.19) as ho(T) — 0.
Eventually, (5.18) follows from the fact that, for T' large eI}ough, Kr ~does not,
intersect the axis y = 0 since yo # 0 and the relation between Br(x,y) = £(x,y)/y,

Bo(x,y) = &o(z,y)/y.
3) We have,

| Jer) = ot oty = [ [éren) — o(o.n)| oy

and the third point of the lemma follows from (5.19) with the fact that the Lebesgue
measure of Kr is proportional to hy(T)hs(T). d

Lemma 4. Let ¢ > 0 and assume that for all T large,

(5.30) Mzt <ehy(T)F, Mgt < ehy(T)*,

and
ho(T) 1
ha(T)  ho(T)
Then, if € > 0 is small enough, we have

BT S Ekl’kQ (V07 Ra R/)a

=o(Mr) as T — 0.

for all T sufficiently large.

Proof From Lemma 3, we know that BT = fBo outside K7 and thus is constant
equal to 7 > 0 outside Kr. For (z,y) € Kr, we have by (5.18) in Lemma 3,

Br(z,y) = Bo(z,y)+0O (ﬁT [ng; + h2%T)D = n+o(1). where C is some constant.
Thus for T sufficiently large we have

Y(z,y), 1/R =n/2<prp(z,y) <1<R

where we recall that R’ = 2/n > 1. As Vj is C! and satisfy HErg, we can apply the
second point of Proposition 4 and deduce that 77 is the unique stationary measure
associated to Br. Recalling Definition 2, the lemma will be shown as soon as we
have,

7 € HM*2(R).

Let us check the Holder condition with respect to the variable z, as the condition
with respect to the variable y is similar. For all (z,y) € R? and z € [-1,1],

8Lk1J7TFT aLliﬁ'T 3““1J7r0 3Lk1J7T0
6],‘|.klj (l'+27y)_ 83:\.li z, Y ‘ S ‘ 8x\.k1J (I+Z’y)_aka1J(m’y)‘+
okl gy okl g,
‘ D) \* Y axw@y)‘
R ki—|k1] aLlidT atklde
< §|Z| Oz lk1] (1‘+Z,y) - O lk1] (:C,y)

R k=l |7l
< = 1 1 (o8]
<3 |2| + Ny (T)TF7)

Bk ) (Hz—xo) (k) (H))’
hi(T) hi(T)
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where we have successively used 77 = 7 +dr, 9 € H**2(R/2), and the definition
(5.25) of dr. We now write

b)) <fﬂ+z—xo) ) (H))‘ -
‘ hi(T) hi(T) )|~

k= Lk
’hum) (M}) ) (H)) o @D yi=taten
hi(T) hi(T)

hi(T)

k1— I_k1J

which is smaller than [|(tk)+0)]|" =1 # (2| p(LRaD||_y1=ten=Lial),

It implies that
‘ okl zp k1D 70

R Chp,
Oz Lk1] ( ) = Oxlk1] ]

kl_Lli
< T —
(Qﬂ,y)‘ - |Z| |:2 + MTh1(T)k1

where ¢, = [|Al| [[ALEHD || T E g WD) y1=Ga=Li)) Tf one uses (5.30)

with any € < %, we deduce

Lkl 7 ok 70 1 — L |
'(x+z,y)—m(x,y)'§R|z| :
This is the required Holder control on the derivatives of 7 with respect to . The
lemma follows. O

5.3.2. Proof of the lower bound (5.4) on the minimaz risk. Let us recall some no-
tations. We denote Py g the law of the stationary solution to (5.1)—(5.2) on the
canonical space C([0,00),R?) and Ey g the corresponding expectation. We denote
by ]P’g: 23 (resp. Eg g) the restrictions of this probability (resp. expectation) on
([0, 7], R2).

Let 77(70,y0) be any measurable function from C([0,7],R?) to R. We will
estimate by below, for T large,

R(7r(70,90)) = sup Eg)g [(Fr (20, y0) — Tvo8(20,90))?] -
BEXF1-k2(Vo,R,R")

Let us assume that the following conditions hold true,

(5.31) Myt <ehy(T)F, Mgt < chy(T)*,

hao(T) | 1

(5.32) m(T) " T(T)

=o(Mr) as T — oo,

where ¢ is sufficiently small to get the conclusion of Lemma 4. We deduce that for T
large enough B € LFv*2(Vy, R, R). From (5.15), we have 3y € ¥FF2 (1, R/2, R'/2) C
Yhuk2 (Vo R, R'). Tt follows

N 1 _(r _
R(7r(z0,y0)) > §E§/07)BT (T (%0, Y0) — Ty, 5y (5”0’90))2} +
1_(r _
§E$/O?ﬁ0 (7 (0, 50) — Tva,80 (%0, %0))?] -
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(1)
Using Lemma 5 below, we know that Z(T) = P‘(/%’)B L exists, and we can write

Vo.Bo

1 T ~
§E§/0,)50 [(TrT(xmyO) — 7TV07[§T (x07y0))QZ(T)} +

Y

R(7r(z0,%0))

1 (1 ~
§E§/0,)50 [(Fr (0, Y0) = TV, 50 (%0, 90))?]
1 ~
> 51E(Vf?50 {(ﬂ'T(anyO) - Wvo,gT(JJmyo))zl{zmzﬁ} +

1 ~

iE%?BD [(WT(xOvyO) — TVo,B0 (zo’yO))zl{Z(T)Z%}]

= 3B, [(Fr0,0) = 7y, 3 (20,002 + (Fr (a0, 90) = v 00, 30) 1 51
2\ VosBo T(Z0, Yo Vo, Br \05 Y0 T\Z0, Yo Vo,80\ L0, Y0 {ZzM=>%}

for all A > 1. As (Tr (20, Y0) — 7y, 5, (20,%0))* + (Fr(x0,Y0) — Tv4 50 (20, %0))* >

2
Ty, G (0:90) =TV, 8o (T0,90)
( CHE b 00 we deduce,

2

N 1 1
R(7r(x0,10)) > ﬁ(WVO)BT(x()vyO) — T80 (%0, 40))°PY, 5, (Z(T) > /\) .

Since 7y, 5. = 7T, Tv,,5, = Mo and recalling (5.24), (5.25) with h(0) = 1 we deduce
Ty, e (T05Y0) — T, 6, (T0, Yo) = dr (20, y0) = 1/Mr, and it follows,

_ 11, 1
R(7r(%0,%0)) > ﬁMi%]P)Vg,ﬁo (ZT 2 /\) :

From Lemma 5 below we know that infr>g ]P":Coﬂu (ZT > %) > 0 for some A = Ay

as soon as
sup T /
T>0 JR2

Using the third point of Lemma 3, the latter condition is implied by,

~ 2
§r(w,y) — £o(fc7y)’ dzdy < oco.

T [hao(T)®  hy(T)
(53 w iz ) * i)
We deduce that
- C
(534) R(ﬂ'T(l‘o,yo)) Z M7%,

for C > 0, if the conditions (5.31), (5.32) and (5.33) are satisfied. It remains to
find the larger choice for 1/M2, subject to the conditions (5.31), (5.32) and (5.33).
The optimal choice depends on k1 and ks.

Case 1, ky < ko/2:

1/k
We set hy(T) = ho(T)?, and ho(T) = (ﬁ) *. The choice for ho(T') saturates

one the conditions in (5.31). Let us see that the other condition holds also true .
Indeed 1/Myp = ehy(T)* = chy(T)*2/? < ehy(T)* for T large, as ki < ko/2 and
hi(T) — 0. Thus (5.31) is satisfied.

Plugging the values of hy(T) and ho(T) in (5.33), we obtain the constraint

1/ko
% (61\}[ ) < C for some C' > 0, that leads us to the choice My = T/ (2+1/k2) —
T T

k
T¥277 . Then, the condition (5.32) is satisfied as ko > 1, indeed ho(T)/h1(T) +
1/ho(T) = 2/ho(T) = 2 (eM7p)"/*2 = o(M7).
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Eventually, we deduce from the application of (5.34),

(5.35) R(Fr (w0, y0)) = C/M = CT 727,
Case 2, k1 > ko /2 :

1/k)1
We set hi(T) = ho(T)?, and hy(T) = ( : ) . As 1/Mr = el (T)k =

eMr
ha(T)?1 < ho(T)*2, we see that (5.31) is satisfied. Plugging these choices of
1/ (2k1)
bandwidths in (5.33), we obtain the constraint trr (ﬁ) ' < C for some
T

C > 0, that leads us to the choice My = TV/(+1/(2k1)) — T“’lkﬁ. Then, the
condition (5.32) is satisfied as k1 > 1/2, indeed ho(T")/h1 (T)+1/h2(T) = 2/ha(T) =
2 (eMp)Y ) = o(My).

Eventually, we deduce from the application of (5.34),

2k

(5.36) R(77(z0,y0)) > C/M2 = CT 17z,
Gathering (5.35) and (5.36), we have shown Theorem 3. O
Lemma 5. 1) The measure ]P’g(:,)BT is absolutely continuous with respect to P%?Bo'

ar'

2) Denote ZM = \(/%’)ﬁT and assume that,
dP
Vo,Bo
~ 2

(5.37) supT [ [Er(e.9)  éo(o. )| dody < .

>0 JR2

Then, there exist \g, C > 0 such that,
(T) 7)o 1
IEI)Voﬁo (Z( ) 2 /\0> >C
for all T large enough.

Proof 1) The absolute continuity P« Pg )ﬁ and expression for the ratio
. Vo,Br 050

ZM = ﬁ is obtained by Girsanov formula, changing the drift of the compo-
Vo, 8o

nent Y in (5.14) to the drift appearing in the component Y (T) of the stationary
solution of the S.D.E.

ax" =y Dar
dy, " = 20dB, — [0 ("), + vy (x (7).

By classical computations (see Theorem 1.12 in [10]), we have

().
(5.38) ZT = (VinT ((Xs,Ys)o<s<r)
dP
Vo,B0
77 (Xo, Yo) 1/T
=2 ex —_— Ar(X,, Ys)dY;
7o (Xo, Yo) P 4 Jo 7 )

T

1
7@ [0250(){5, Y9)+U2AT(XS7 Y9)+‘/(]/(X97 YS)}Q*[U2§O(X57 Y9)+V()/(Xsa Ye)]zds}v
0
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where Aq(z,y) = &r(w,y) — o(z,y) = yBr(z,y) — yBo(x,y). Let us stress that

the ratio % in the expression of Z(T) comes from the fact that the two

diffusions (X, X)), and (X, X (1)), have different initial laws, since they are
both stationary, with the different stationary laws.

2) Let us control by below Pg?ﬁo(Z(T) > 1) for A > 0. Recalling the definition
of my and 7 (see (5.12), (5.17))), we see that 7p/m is equal to 1 outside some
compact set (that can be chosen independent of T'), and converges uniformly to
1 on this compact set. Hence it is bounded away from zero if T is large, and

%0 (X0, Yo
% > C > 0 almost surely.

Hence, we will focus on the exponential term in (5.38), that we note EM =

70 (Xo, Y r
Z(T)%, We know that under Pi/g,)ﬁo

same law as (X V(©)); defined in (5.13)(5.14). Hence, the law of log(£(™)) is
the law of the random variable

the canonical process (X,Y); has the

1 T
-3 /O Ar(X©), Y )qy©
1 T

~ 57 |, PO Y0) + e An (X0, YO + (XL, YO

- [0260 (X§O)7 YQ(O)) + V()/(Xs,(:O)a }/S(O))]st'
This random variable is equal, using (5.14) and after some computations, to
o [T o2 [T
- = / Ar(X? yO)dB, — — / Ar(X? Y (9)2ds
2 Jo 8 Jo
= MT — IT.

Using the previous considerations we can write that, for T' large enough,

=P}, (~Toge™ <log(CN))
=1-P{]),, (~10g€™ > 10g(CN))

>1- ]P’E,?ﬁo (‘logS(T)‘ > log(C/\)>
=1-P(|Mr + I7| > log(C\))

where in the last line we have used that the law of log £™) under Pg ?50 is the law
of =My — Ir. Assume now that A > 1/C, then using Markov inequality, we can
write

1 1
P (|Mr + Ir| > log(C))) <P (|MT| >3 10g(C')x)> +P <|1T| >3 1og(C’/\)>

4 2
< ——SEMZ) + ———E(|I
< Togione M)+ ooy D
Since E(M2) = 2E(I7) by Ito’s isometry, we see that the condition
(5.39) sup E(Ir) < oo

T>0
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is sufficient to get that there exists Ao such that for any 7" large enough we have,

(1) (1) 5 1
Py s, (27 > 5 2 V2

It remains to check that (5.39) holds true. Recalling that I = %2 fOT AT(Xgo), YS(O))QdS

and using that the process (Xt(o), Yt(o))tzo is stationary, with invariant law my we
have

o? o?
E(Ir) = TS E[Ar (X", Yy = T / A (,y)*mo(w, y)dady.
RQ
Since 7 is a bounded function by (5.12), we deduce

E(Ir) < CT/ Ar(z,y)*dzdy.

R2
Recalling that by definition Ay = 7 — & and using the assumption (5.37) in the
statement of the lemma, we deduce that (5.39) holds true and the lemma follows.
(]

5.4. Proof of Theorem 4. The scheme of the proof is similar to the proof of
Theorem 3. However, one needs some modifications taking into account that yy = 0.

5.4.1. Constuction of the prior. The prior is the same as in the proof of Theorem
3 except that we need to modify slightly the functions V) and h. Let us give more
details. Let kq, ko and R > 0. We choose V5 : R — R a C* function such that
Vo(x) = 22 for |z| large and V{(z) = 0 on a neighbourhood of xg, and we define

mo(a,y) = eyexp(—3 [ +Vo@))), Bolw,y) =n. ole.y) = my,

where 0 < 1 < 1/2 and where ¢, is the constant that make 7o a probability measure.
The function 7y is C*° and it is possible to choose 1 small enough such that

T € H" M2 (R/2).

We know from Section 5.2 that mg is the unique stationary measure of the process
(X(© vy () solution to the stochastic differential equation (5.13)—(5.14). If we set
R’ = 2/n, then recalling Definition 2 we have 8, € ¥¥1-*2(V, R/2, R’ /2).
Let h: R — R be a C* function with support on [—1,1] such that,
0

(540)  h(0) =1, K(0) =0, / )z =0, / () = / sh(z)dz = 0.
—1 0

-1
For T > 0 we define the perturbation of 7y, as in Section 5.3.1 by

Frtey) = 7o(e) + gt

where Mr — oo, hi(T) — 0, ha(T) — 0 will be calibrated latter. Again 7 is a
smooth probability measure for T" large enough and we define
BT(xa y) = BﬁT (xay)a gT(x,y) = yBT(mvy) = gﬁT (x7y)a

where we used the definitions (5.7) and (5.8).
The following lemma gives an assessment of the difference between [y and Sr.
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Lemma 6. 1) Recall the definition of the following compact set of R?
Kr= [370 — hl(T)7.’170 + hl(Tﬂ X [—hQ(T), h/2<T)]
Then, for T large enough, we have for all (z,y) ¢ Kr :

50(3371/) :BT(fl',y), §o(x,y) :éT(.T,y).

2) For (z,y) € Kr, we have the control,

(5.41) o)~ frten)| < 1= |47 + 7|
(5.42) oo éronn)| < 1o [+ ]

where C' is some constant independent of T, hqi(T), ha(T), Mr.
3) We have

J.

Proof 1) We first prove that éT and & coincides on K. Using the notations and
arguments of Lemma 3, we know that &p(x,y) = &(x, ), for all (z,y) ¢ Kp is a
consequence of Z[dr](z,y) = 0 for (z,y) ¢ K. We recall that Z = Z?:l T is given
by (5.20)-(5.22) and dr(x,y) = 7r(z,y) — 7o(x,y) is given by :

Er(e,y) — &oloy)| dody <

. {hQ(TP hl(T)}
MZ [ hi(T) — ho(T)

1 T — Xo
—h
M ( hi(T)

V().

If (z,y) ¢ K, the first situation is |x — zo| > h1(T), then dr(z,z) = BB%T(&U,Z) =

68%(33, z) =0 for all z € R and we deduce that Z¢[d7](z,y) = 0 for i = 1,2,3. The
second situation is |y| > ho(T) and |z — x| < hy(T). In that case Z2[dr](x,y) =0
for T large enough, by using that from assumption on Vg, Vj(x) = 0 for = in some
neighbourhood of zy. From (5.22), we have Z2[dr](z, y) = MT}$2 @) h( ) )R ( h;(/T) )—
R'(0)] which is equal to 0 since |y| > ha(T") and A'(0) = 0 by (5.40). In order to
check that Z'[dr](x,y) = 0, let us assume for simplicity that y > ha(T), as the case

y < —ho(T') is similar. Then,

1 b2 z , T —
Wlm/o @) o))

o h2(T)2 1 ;L — Xo -
= 20 (1) /0 zh(z)dzh'( N )=20

by (5.40). Eventually, this gives that Z[dr|(z,y) = 0 for (z,y) ¢ Kr, and thus
gT(xay) :é-O(xvy) -

The equality between the functions Sr and By on K% is a consequence of
Br(z,y) = &(@,y)/y, Bo(x,y) = &o(z,y)/y for y # 0.

2) We first prove (5.42). Recalling (5.29), the fact that ||mg — 7|, = ||d7]| <
C /My, and that 7r is lower bounded on Kp as soon as T is large enough, we

I'dr)(w,y) =
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deduce
(o) € Kr, [Era,) ~ &l )| < O D 4 2iar) )
(5.44) < C[]@T + Zdr](z,y)]-

Now, we use |Z[dr](z,y)| < |Zl [dr](z,y ’ + ’IQ [dr](z,y | + |I3 [dr](x, y)| From
(5.20), we have |Z'[dr](z,y)| < C|[) zdz||| %z, < Cly|ha( )m, for all
(z,y) € Kr = [zo — (T ),xo + hi(T)] x [=ho(T), ho(T)], and where we have used
the expression (5.43) for dp. As xz — V'(z) vanishes on a neighbourhood of g,
we get that for T' large enough Z2[dr](z,y) = 0 for (z,y) € Kp. From (5.22),
we deduce |Z3[dr](z,y)| < C\y|”a dr

Tidr](x,y) for i = 1,2, 3, with (5.44) we get

< C m Collecting the controls on

Wl o ha(T) | 1
M @)

V(l',y) € KT7

érla.y) —Gley)| <C

Using that for (z,y) € Kr, we have |y| < ho(T) and the last equation implies
(5.42). Moreover, from the fact that & (z,y) — & (2, y) = y[Br(z,y) — Bo(z,y)], it
implies (5.41).

3) The third point of the lemma in a consequence of the first two points and the
fact that the Lebesgue measure of K is proportional to hy(T)ho(T). O

We now state a result analogous to Lemma 4, but in the situation yg = 0.
Lemma 7. Let ¢ > 0 and assume that for all T large,
Myt <eh ()™, Mgz < eho(T)*

and
ho(T) 1
hi(T)  ho(T)?

Then, if € > 0 is small enough, we have

=o(Mry) as T — c.

BT € Zkl’kz (VOv Ra R/)a
for all T sufficiently large.

We omit the proof of Lemma 7 as it is similar to the proof of Lemma 4 (except
that we use (5.41) instead of (5.18)).

5.4.2. Proof of the lower bound (5.5) on the minimaz risk. We omit most of the
details of the proof as it is very similar to the proof given in Section 5.3.2. Indeed,
by repeating the arguments of the proof given in Section 5.3.2, relying on Lemmas
6-7 instead of Lemmas 3—4, we deduce that,
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as soon as we can find € > 0, hy(T) — 0, ho(T) — 0 and M7y — oo satisfying the
conditions

(5.46) Myt <ehy (T, Mgt < eho(T)k,

(5.47) Zigi; + h2(1T)2 =o(My) as T — o0,
T [ho(T)®  hy(T)

(548) PNz [ (@) h;(TJ <

Let us maximise 1/M?2 under these three constraints.

1/k
Case 1, ky < ka/3 : we set hi(T) = ho(T)? and ho(T) = (ﬁ) * and the
conditions (5.46) hold true, using k; < ko/3. With these choices, the condition
(5.48) reduces to the boundedness of %MT_Q/I”, which is implied if we set Mp =
T

k
T~ 7% . Next (5.47) holds true as Zig; + hg(lT)2 = O(h2(1T)2) = O(M%/I”) =

o(Mr) as ko > 2. Hence, we can use (5.45) with My =T~ 2+i’k2, yielding to (5.5)
in the case k1 < k2/3.

Case 2, k1 > ka/3 : we set hi(T) = ho(T)? and hy(T) = (ﬁ and the

conditions (5.46) follows. Now, the condition (5.48) reduces to the boundedness of

k
%M;Z/(Skl), which yields to the choice Mp =T~ 73+275 . Next (5.47) holds true
T

o 1) 4 = Old) = OOMZ/P) = o{0My) as by > 2/3. Eventually,

we deduce (5.5) from (5.45).

l/k1

6. APPENDIX

In this section we prove the technical Lemmas 1-2 on the semi group of the
process.

6.1. Proof of Lemma 1. This proof is exactly the same as the one of Corollary
2.12 in [1], after remarking that the results of Theorem 2.1. in [9] can be applied
to S.D.E. with C! coefficients. O

6.2. Proof of Lemma 2. We first prove that (4.4) holds for t = D. Let us denote
K ={z € R?|d(z,K) < 1} the compact set of points at distance less than 1 of K.
Since D < 1, we can apply Lemma 1 with the choice of compact set K , to get that
if f has support on K C I?, and z € K

Po(NEI < [ 17 lpo (i)

< / PGz + [ 1) )i
R2 R2
C, , -~
(61) <32 [ G + Coll e

Hence, it proves (4.4) for t = D and z € K.
If ¢ K, welet Ty = inf{t > 0| Z, € K} the entrance time in the compact
set K, which is a stopping time. As the support of f is included in K, we have by
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continuity of the process, Pp(f)(z) = E.[f(Zp)] = E.[f(Zp)1{r <t}]. Using the
strong Markov property at the time 7'z we deduce,

(6.2) Pp(f)(2) = Ez[Pprp (f)(Zr )1 <D} )
By the continuity of the process, we remark that d(ZTﬁ, K)=1ontheset Tz < D,

and D—T5 in (0,D) as z ¢ K. This lead us to consider for 2’ € K with d(z/, K) = 1
and s € (0, D) C (0,1), an upper bound for

P()()] < / | (w)[p8 (s w)dw + / [ (w)[pY (' w)du
R2 R2
(63) < [ o+ Col e/,

where Cg = sup{pC (2, w) | s € (0,1),w € K,z € K with d(z/,K) = 1}, and

where we used again Lemma 1. We can see that Cg is finite. Indeed, if 2/ =

(z',y') is such that d(z',K) = 1 and w = (wy,wy) € K, we have p&(z/,w) <
, ; waty’

C¢ exp(— A [le2y 2 == 29 Using the inequality A2 < (A— B)%(1+

1/s) + B?(1 + s) for any A, B, that entails (A — B)? > A?

’
wa+y 2
7 5)

?51 — B2s, we deduce
—y')?2 —x — _ )2 a2 72 .

(e sy) + o= = > (w2 Sy) + (wlsgw) T = %s Using that s < 1

and that |ws| and |y’| are bounded by some constant depending on the compact K,

’ Iy +3/S 2 ~ ~
we deduce (wzgy I s 2l > d(2',w)?/(2s) — Ck for some constant Cc
Z, w 2 C
depending on the compact K only. It gives p& (', w) < % exp(— d(Cszs) ) exp(%).
As w € K and d(w’, K) = 1, we deduce that p% (2, w) < % eXp(—C;QS)eXp(g—g)
and thus Cg is finite. Joining (6.3) and (6.2), we deduce that, for z ¢ K
1Pp(£)(2)] < Call fll 1 g2y + Cull fll oo Ble™/CoP=ToN1 7 py)]

(6.4) < Callfll g gay + Cull fll e (CoP),

The control (4.4) for t = D is now a consequence of (6.1) and (6.4). Eventually, we
prove that (4.4) for t = D is sufficient to deduce the lemma. Let 0 < D < 1 and
t > D, then for z € R?, we write

PUNEN< [ el PN

and using the estimate (4.4) for |Pp(f)(z')| gives the result for |P;(f)(2)|. O
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