N

N

Cost of null controllability for parabolic equations with
vanishing diffusivity and a transport term

Jon Asier Barcena-Petisco

» To cite this version:

Jon Asier Barcena-Petisco. Cost of null controllability for parabolic equations with vanishing diffu-
sivity and a transport term. 2020. hal-02455632v3

HAL Id: hal-02455632
https://hal.science/hal-02455632v3

Preprint submitted on 9 Nov 2020 (v3), last revised 26 Nov 2021 (v5)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-02455632v3
https://hal.archives-ouvertes.fr

Cost of null controllability for parabolic equations with vanishing

diffusivity and a transport term

Jon Asier Bércena-Petisco*!

November 9, 2020

0 Abstract and basic information

In this paper we consider the heat equation with Neumann, Robin and mixed boundary conditions (with
coefficients on the boundary which depend on the space variable). The main results concern the behaviour of
the cost of the null controllability with respect to the diffusivity when the control acts in the interior. First,
we prove that if we almost have Dirichlet boundary conditions in the part of the boundary in which the flux of
the transport enters, the cost of the controllability decays for a time T sufficiently large. Next, we show some
examples of Neumann and mixed boundary conditions in which for any time 7" > 0 the cost explodes exponentially
as the diffusivity vanishes. Finally, we study the cost of the problem with Neumann boundary conditions when

the control is localized in the whole domain.
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1 Introduction

The transport-diffusion equation with vanishing diffusivity is used to describe the dynamics
of some physical and biological phenomena. In particular, this is the case of fluid dynamics, as
it is explained in [I, Chapter 3] and the reference therein. Similarly, it is also used to study
quantitative biomedical optics, as it is explained in [3, Chapter 9] and the reference therein.
In this paper we study the cost of null controllability for transport-diffusion equations with

Neumann, Robin and mixed boundary conditions.

Let © be a domain (a bounded connected open set of RY), I' C 92 be a relative open subset
and I'* := 9Q \ T'. We consider in this paper a familly of functions (a®()).¢(0,c,) C L*°(T') for
some €g > 0. We study the control problem given by:

;

yt_EAy+ax1y: 1wf7 in Q7
Oy + ay = 0, on Xy,
nlY ) N (11)
y =0, on Xp,
y<07 ) = y07 on Qa

for € € (0,£0), and in particular the cost of the control when ¢ — 0. As usual, n denotes the
outward normal vector on 99, @ := (0,7) x Q, w C Q is an open subset, @, := (0,7) x w and
¥ :=(0,T7) x 0. In addition, we define ¥y := (0,7) xI" and ¥ p := (0,7") x I'*. The fact that
is well-posed is a classical result, which follows from Galerkin approximations, integrations
by parts and Gronwell inequality (see [24] for a proof). The null controllability of is already
proved in [I5] for I' = 9Q and a function a(x) € L>®(91), though it can be adapted easily for
the general case (see Remark . However, those proofs do not provide accurate information
of the cost of the control when € — 0. Precising the bounds of the cost with respect to € is the
main objective of this paper. In particular, we study the cost of the null controllability with the

usual norms; that is:

K(Q,OJ,T,&) = sup inf H'fgl’&v
yoer2@\{o} Fe560) [19°]] 220

for:
S(y°) := {f € L*(Q.) : the solution of satisfies y(7,-) = 0}.

The cost also depends on a® and T', although we do not write it down explicitly.

When T is small the cost of the null controllability of (1.1) explodes exponentially if € — 0,

which can be proved for instance as in [22] and [4]. Thus, in this paper we focus on large values



of T. First, we prove that if we almost have Dirichlet boundary conditions in the part of the
boundary in which the flux of the transport enters, the cost of the controllability decays for
a sufficiently large time 7. Next, we show some examples of Neumann and mixed boundary
conditions in which for any time T' > 0 the cost explodes exponentially as the diffusion coeflicient
¢ vanishes. Finally, we study the cost of the problem when the control is localized in the whole

domain.

This paper follows a well-established research line which inquires about the cost of the null
controllability of systems with a small diffusion and a transport term. The first of such control
problems was the heat equation in dimension one with Dirichlet boundary conditions in [12].
Afterwards, the same problem but in any dimension and with a transport flow belonging to
Wheo(RF x Q) was studied in [22]. More recently, better approximations have been given for
the optimal time in which the cost of the control decays: the lower bound was improved first
in [3I] through complex analysis and properties of the entire functions, and more recently in
[25] through semi-classical and spectral analysis; and the upper bound was improved in [I8] 29]
(in the first one through complex analysis and, in the second one, by transforming the original
equation into the pure heat equation). As for similar results, several results have been obtained
for the KdV equation (see [20, 211 [ 6] ), the Burgers equation (see [19]), the Stokes system (see
[4]), an artificial advection-diffusion problem (see [9) [10]) and a fourth-order parabolic equation
(see [T, [32]). Finally, the current study of is a contribution to the literature as it seeks to
understand the evolution of the cost of the null controllability of the transport-diffusion equation
with a large variety of boundary conditions when the diffusivity vanishes (and, in particular,

the case a® = 0 and I' = () was an open problem proposed in [22] Remark 3]).

2 Quantification of the main results

In this section we first introduce the adjoint system, then symmetrize it, and finally present
the controllability results. Most of those results are stated for € small enough, which means that
there is some ¢f, € (0,2¢) such that those results are true for all ¢ € (0,&(). Indeed, as we are
interested in getting estimates on the cost of the control when e vanishes, we can assume that

€ is small.



2.1 The observability problem and the symmetrized system

As usual, we get the cost of the control by studying the observability of the adjoint system,
which is given by:
—pr —eAp — 0y, =0, inQ,
e0np + (ea+n1)p =0, on Xy, (2.1)
p =0, on Xp,
o(T,) =T, on €,
for n; the first component of the vector n. Indeed, we have the classical equality given by the
Hilbert Uniqueness Method (see, for instance, [33], 27]):

1200, M 22

ererznfoy  1€llzQu)

K(Q,w,T,¢e) = (2.2)

where ¢ denotes the solution of ([2.1)).

As a novelty with respect to the literature in systems with small diffusion and a transport term,
we obtain some properties of (2.1) (and, in particular, the Carleman inequality) by studying the

solutions of a system whose elliptic operator is self-adjoint. Indeed, considering the map:

w s ey, (2.3)
we get the system:
~pr—eAd+ Lo=0, inQ,
eOnd+ (ea+ )¢ =0, on Iy,
¢ =0, on Xp,
o(T,-) = ¢T, on Q.
The motivation for is to have an elliptic operator without first order term, as it is a

(2.4)

necessary condition for an elliptic operator to be self-adjoint.

Remark 2.1. The map is an homeomorphism from the solutions of with initial value
in L2(£2) to the solutions of with initial value in L?(Q2). That homeomorphism is useful to
translate information about the solutions of to information about the solutions of ,

for instance about their regularity.

With the purpose of understanding the solutions of ([2.1)) we also study the spectral problem:

—eAu — 0y, u = Au, in Q,
e0pu+ (ea+mn1)u=0, onTl, (2.5)
u =0, on I'*.



In that sense, with the purpose of understanding the solutions of (2.5) we study the spectral

problem:
—Av =\, in ,
edpv+ (a+%)v=0, onT, (2.6)
v =0, on I'*,

and we define:
D. := {w € HY(Q): —Aw € L*(Q), ed,w + (6a—{— %) w=0onT, w=0on F*}. (2.7)

We recall that —Aw € L?(Q) and w € H'(Q) imply that d,w is well-defined as an element of
H~1/2(98). We consider the first equation of (2.6)) instead of —eAv + (4e)~'v = \v in order to
isolate the “part” of the eigenvalue that is caused by the diffusion, which is the meaning of A

This is useful for instance in Lemmas [3.3] and B.1] below.

Remark 2.2. We can relate the solutions of ([2.5)) and (2.6 with the map (2.3). Indeed, we have
that (v, \) is a solution of (2.6)) if and only if

(ve_(%)_lxl,ejx + 1>
4e

is a solution of (2.5)). Similarly, (u, \) is a solution of (2.5)) if and only if

@)t A 1
<ue " 4e?
is a solution of (2.6)).

Remark 2.3. Tt can be checked directly that the Laplacian is symmetric in D, for any Lipschitz
domain 2. In addition, for a constant C' sufficiently large depending on £ we have that (—A +
C)~! is compact. Thereby, L?(Q) has a spectral decomposition for each ¢ by the solutions of
(2.6) (see, for instance, [14, Appendix D]). This implies, among other things, that is a
well-posed system and consequently so is .

Remark 2.4. We can also study the problem with null initial force associated to ([1.1]). Indeed,
the map w — e~ (297 w1y, transforms (1.1) into (2.4) but forward in time. Thus, the dynamics

and in particular the decay properties of the direct and adjoint systems are similar.

Definition 2.5. We denote by (AS,)men the eigenvalues of (2.5) and by (AS,)men the eigenvalues
of (2.6) (counting multiplicities in both cases). In addition, for each eigenvalue of (2.6) an

eigenfunction vy, which satisfies ||vy,[[12(q) = 1 is fixed. Finally, we denote ug, := e, e (29) 7 e

Remark 2.6. Since span{uvg,} = L*(Q) (see Remark [2.3) we have that span{us,} = L*(Q).



To determine if the solutions of (2.1)) decay we focus on :\8 We recall that by Rayleigh

principle we have the equality:
A5 = min {/ \Vo|2dz +/ <a£ + %) lv|dz : v € HY(Q), [l 2@y = 1, =0 on F*} . (2.8)
Q r €

From (2.8) we can distinguish two main cases depending on whether the following inequality is
satisfied for € small enough:
(a° + (2¢) " *n1)1r > 0. (2.9)

Indeed, if is satisfied for € small enough the cost of the controllability decays when ¢ — 0,
whereas if is not true the cost may explode for a sufficiently large time. The fact that the
behaviour and controllability properties of the solutions of varies so much when changing
a® implies that we cannot expect a general result that works for any arbitrary familly (a%).c(o )

unless it has some structure with respect to €.

The idea of using a spectral decomposition is not new in Control Theory (see, for instance,
[11]). Indeed, for the heat equation alone, there are many papers which deal with eigenfunctions
of the elliptic operator for proving the existence of some control (see, for example, [26] for
Dirichlet boundary conditions and [2] for a coupled heat equation system with Robin boundary
conditions) and for estimating the cost of the control (see, for instance, [13]). Similarly, for the
Stokes system it has been used to prove the existence of a control (see, for example, [§]) and
for providing a negative answer to the existence of a control (see, for instance, [28]). As for a
system with a small diffusion and a transport term, a spectral decomposition indirectly appears
in [12), B1], when the authors get lower bounds for the optimal time T in which the cost of the
control decays exponentially with . More recently, it has been used in [25] to get estimates
about the optimal time in which the heat equation with a transport term decays when ¢ — 0.
In addition, a spectral decomposition has been used in [4] to get the dissipation estimate in a
transport-diffusion Stokes system. Indeed, in this paper we follow the philosophy of [4] of using
as much information as possible about the spectral decomposition, with the contribution that

now while proving the Carleman estimate we work directly in the symmetrized system; that is,

in .

The idea of transforming one system into another by using a family of isomorphism similar to
is not new. In particular these or similar transformations have been used for instance in
[18], [29], [30] and [31] to get bounds of the optimal time in which the cost of the control decays
when € — 0 in the transport-diffusion equation with Dirichlet boundary conditions. However,
to get those bounds the authors either work in a domain 2 C R or require the geometric control

condition for the wave equation.



2.2 The regime in which the cost of the control decays exponentially

In this section we study the case in which ([2.9)) is satisfied for & small enough. In particular,

we prove that:

Theorem 2.7. Let Q be a C? domain, w C ) be a subdomain and assume that (I',a®) satisfies
(2.9) for e small enough. Then, there are Ty, c,C > 0 depending only on w and € such that for
g small enough and all T > Ty we have that:

K(Qw,T,e) < Ce . (2.10)
The proof of Theorem [2.7]is given in Section[3] In particular, we first prove a dissipation estimate
for the solutions of (2.1) under the assumptions of Theorem and then prove a Carleman

inequality.

There are several important examples that satisfy the hypotheses assumed in Theorem

e Dirichlet boundary conditions (I' = @)). This controllability result is already proved in
[12] 22]. However, our proof is different since we prove the decay with the spectral decom-
position (instead of with a comparison theorem or an Agmon inequality) and we prove the
Carleman inequality for rather than for (2.1)).

e Segments in which we have Dirichlet boundary conditions on the left end and Neumann

boundary conditions on the right end.

e Any system in which a® > 0 and ni1p > 0; that is, in which we have Dirichlet boundary
conditions on the part of the boundary in which the flux of the transport enters and either

Dirichlet or Robin with a positive coefficient on the other part of the boundary.

e Any system in which we almost have Dirichlet boundary conditions on the part of the
boundary in which the flux of the transport enters and either Dirichlet or Robin with a

coefficient whose negative part is not too large on the other part of the boundary.

2.3 The regime in which the cost of the control explodes exponentially

In this section we study the case in which ([2.9) is not satisfied, and in particular some situations
in which:
n
measure|gq ((a‘E + 2—1) Ir > 0) > 0, (2.11)
€
for e small enough. Of course, we refer to the Hausdorff measure. Under the hypothesis (2.11])
we might have eigenvalues of (2.5 close to 0, null or negative, so we may have no dissipation

making the cost of the control explode. The results of this section are proved in Section [



First, we consider (1.1)) with pure Neumann boundary conditions; that is, a® = 0 and " = 0.
We remark that under those boundary conditions (|L.1)) is given by:

Yy —eAy+0ny=1uf, nQ,
Oy =0, on X, (2.12)
y(0,-) = ¢/°, on .
The study of the cost of the null controllability of is an open problem proposed in |22}
Remark 3]. Let us denote:
pr:=inf 71 (Q), pr:=supm(Q), (2.13)

for 71 (x) = x1, i.e. the projection on the first coordinate. We prove in this paper that the cost
of the control of (2.12)) explodes exponentially:

Theorem 2.8. Let h > 0, Q be a domain, and w C € be an open subset such that:
m(w) C (o + b, pr). (2.14)
Then, for all T > 0 there is ¢ > 0 depending on h and T such that for all € > 0:
K(Q,w,T,e) > ce™ ', (2.15)

for K the cost of the null controllability of (2.12]).

Theorem is similar to the result presented in [4] for the Stokes equation in dimension 3.
The reason why Theorem is true is that the cost of controlling 7, (py, inf 71 (w)) explodes
exponentially. Indeed, because of the Neumann boundary conditions the solution does not decay
by just switching off the control when the viscosity vanishes. In addition, due to the vanishing
viscosity and the direction of the transport flow, the effect of the control on 7! (py, inf 71 (w))
decays exponentially. In particular, the hypothesis is necessary as the conclusion of
Theorem is false for w = Q (see Proposition below). The key point of the proof is
to study the spatial repartition of the steady solution of the adjoint system given by the first

eigenfunction.

Next, we consider a segment with Neumann boundary conditions on the left edge of the
segment and Dirichlet boundary conditions on its right edge; that is, Q := (—L,0), I' := {—L}
and a® = 0. In this situation the control problem (|L.1)) is given by:

Yt — €8a:xy + aa:y = f1w7 in Qa
ax B —L) = ) O7T )
y(—L) on (0,T) (2.16)
y(vo) = 07 on (O7T)a
(y(0,) = Y, on (—L,0).



The intuition may suggest that as € vanishes the cost of the control decreases, as in the Dirichlet
case. However, it is just the opposite: the fact that there is a flux coming from the left dominates
and the cost of the control actually increases when the diffusivity vanishes. In particular, we

prove that:

Theorem 2.9. Let L,h > 0, Q = (—L,0) and w C (—L + h,0) be an open subset. Then, for
all T > 0 there is ¢ > 0 depending on T', L and h such that for € small enough we have the
estimate:

K(Qw,T,e) > ce ', (2.17)

for K the cost of the null controllability of (2.16)).

As in Theorem the reason why Theorem [2.9|is true is that the cost of controlling (— L, inf w)

explodes exponentially and the key point of the proof is to look at the first eigenfunction. In
addition, the hypothesis of w C (—L+ h,0) is necessary as the conclusion of Theorem is false
for w = Q (see Proposition below).

In both Theorems [2.§ and the cost of the control problem explodes because of the inter-
action of the transport with the boundary conditions. Indeed, as a consequence of the following
proposition the solutions of (2.1)) when a® > 0 (which is satisfied in Theorems and do

not explode when T" — oc:

Proposition 2.10. Let € be a Lipschitz domain and a® > 0. Then, we have that:
Ag > 0. (2.18)

In addition, we have A* = 0 if and only if a® = 0 and I' = 9%), and in that case the associated
1

. . . —e Ty
eigenfunction is u* = —4————.
lle=™ e1/2]|

)

Remark 2.11. The equality case in Proposition corresponds to the control problem ([2.12]).

2.4 Controllability results for controls acting on the boundary

In this section we state the results when the control is on the boundary:

Theorem 2.12. Let Q be a C? domain, v C T'* be relatively open and assume that (T, a)
satisfies (2.9) for e small enough. Then, there are Ty, c,C > 0 depending only on v and 2 such
that for € small enough and T > Ty we have that:

1

K(Q777 T’ E:) S Ce_ca_ Y



for K the cost of the null controllability of:

Yyt — Ay + 0y, y =0, inQ,
Ony + ay =0, on Xy,
y=fl,, on Xp,
y(0,-) = o/°, on €.

Theorem 2.13. Let h > 0, Q be a domain, and v C 082 be a relatively open subset such that:

m1(y) C (pr + h, pr]-

Then, for all T > 0 there is ¢ > 0 depending on h and T such that for all e > 0:

1

K(QJ ’77 T7 8) 2 cecs_ 9
for K the cost of the null controllability of:
Yt — EAy + 8w1y = Oa in Qa
Oy = f1y, on X,
y(0,-) =9, on €.

Theorem 2.14. Let L > 0, Q = (—L,0). Then, for all T > 0 there is ¢ > 0 depending on T

and L such that for € small enough we have the estimate:

1

K(Q,T,e) > ce”

for K the cost of the the null controllability of:

Yt — 5a:c:py + aﬂcy =0, in Qv
Oy(-,—L) =0, on (0,7),
y(70> :f7 on (07T)a
y(0,-) = 4", on (—L,0).

The proof of Theorem [2.12]is very similar to that of Theorem In addition, the proofs of
Theorems [2.13] and [2.14] are analogous to those of Theorems [2.8 and [2.9] Thus, these proofs are

omitted.

2.5 Cost of the control when w = )

In this section we get a lower bound of the cost of the null controllability when w = 2; that

is, in which the control domain is the whole domain. It is well-known that if we have a control

10



in the whole domain the system will be controllable, even with a regular control (for that, it
suffices to let the system evolve freely in (0,¢) and then considering the segment in H?(£2) which
joins the state at time ¢ and 0). However, what is not obvious and makes the following results
interesting is to determine how the cost of the control depends on € and T. In addition, with
these results we show that and w C (—L + h,0) are necessary hypotheses for Theorems
and The results of this section are proved in Section

We first get a lower bound for the cost of the control:

Proposition 2.15. Let ) be a Lipschitz domain, T > 0 and (T, a%) satisfying:

lim A5 = 0. (2.19)

e—0

Then, we have the bound:

liminf K(92,Q,T,¢) (2.20)
e—0

1
> —.
VT
The condition stated in Proposition includes the control problems (2.12)) and (2.16]), as it

is implied by Proposition and (4.16)) below respectively. Proposition is proved just by
an easy direct computation on the first frequency.

Next, we get an upper bound of the cost of the control. In particular if a® > 0, which includes

Neumann boundary conditions, we prove that:

Proposition 2.16. Let Q be a C? domain and a® > 0. Then, there is C > 0 dependent on )
such that for alle >0 and T > 0:

K(Q,Q,T,¢) <C <& + \2) : (2.21)

for K the cost of the null controllability of (|1.1)).
The proof of Proposition [2.16] relies on trace and energy estimates. In addition, for Neumann
boundary conditions we prove in segments a more precise result:

Proposition 2.17. Let L > 0 and Q = (—L,0). We have for all T > AL:

4
limsup K(Q,Q,T,¢) < —,

Eﬁop ( ) \/T

for K the cost of the null controllability of (1.1) with a® = 0.

(2.22)

Proposition [2.17] is proved by explicit computations of the solutions and an splitting between

the first frequency, which remains constant, and the others, which dissipate exponentially.

11



Remark 2.18. The difficulty when proving Propositions and is that the cost of the con-
trol with norms L2 must be bounded when ¢ — 0. If we just look for controls in L2(0,T; H2(12)),
then it suffices to consider the affine trajectory joining y° and 0. Similarly, we can get a control
f € L*(Q) by setting f = 0 on (0,¢) for ¢t > 0 a small value, and then consider the affine function

which joins y(t,0) and 0. However, this is not an optimal way to get a control.

The rest of the paper is organized as follows: in Section [3] we prove Theorem in Section
we prove Proposition and Theorems 2.8 and in Section 5] we prove Propositions [2.15
2.16) and [2.17] and, finally, in Section [6] we present some open problems.

Notation. In this paper we denote diamg, (2) := sup 7 (Q2) — inf 71 (€2). The interest of this
notation is that x; is the direction of the flow of the transport. Also, the operator |-| denotes the
volume of a domain. In addition D(Q) := {u € C*(Q) : supp(u) C Q}. Finally, C > 0 denotes
a generic positive constant that may depend on some parameters as specified in the statement

of each result and that changes from line to line.

3 Some controllability problems in which the cost of the control

decays exponentially

In this section we prove Theorem In particular, in Section [3.1| we prove the decay of the
solutions of (2.1)), in Section we prove a Carleman inequality for the solutions of (2.4), and
in Section [3.3] we end the proof of Theorem [2.7]

3.1 Dissipation of the solutions of (2.1) for a sufficiently large time

We denote by (A)),,en the eigenvalues of the the Neumann Laplacian, which we recall are

nonnegative and satisfy Weyl’s law (see, for instance, [23]):

Lemma 3.1 (Weyl’s law). Let Q be a Lipschitz domain and let N () be the number of eigenvalues
(counting repetitions) of the Neumann Laplacian that belong to (—oo,v]. We have:

. N(y) _ B0, 1)]|€]
i, N2 T T (2myd

for d the dimension of 2. In particular, there is C' > 0 depending on 0 such that for all v € R:

N(y) £ C(1+ ). (3.1)
To continue with, we highlight the following result:

12



Lemma 3.2. Let Q be a Lipschitz domain, € > 0 and assume that (I',a%) satisfies (2.9)). Then,

for all m € N we have the following estimate:

Lemma can be obtained by comparing an (see Definition with 5\21 by using the min-max

variational principle

Let us now study the solutions of (2.1)):

Lemma 3.3. Let Q be a Lipschitz domain, € > 0 and assume that (I',a%) satisfies (2.9)). Then,
for all T € L%(Q) the solution of [2.1)) satisfies in C°([0,T]; L?(2)):

plt,z) =Y ( /Q @T(z)e@&)lzw;(z)dz) 0 (z)e~ 297 o exp [— (ngn + 416) (T — t)] .

meN
(3.2)

In particular, the series in the right-hand side of (3.2) is absolutely convergent in L?(Y) for all
t <T. Moreover, for all Ty > 0 and 6 > 0 there is C > 0 depending on 2, § and Ty such that
for all T > Ty, o7 € L2(Q) and t € [0,T — T] we have the estimate:

2 diam,, () + 0 — (T — t)> . (3.3)

etz < Clle oy exw -

Proof. We can easily prove (3.2) for ¢ = T using that vZ, is an orthonormal basis in L%(Q).
Indeed, if 1 € L?() we have that:

(,OT(‘%‘) — (SOT(‘,E)Q(%)*%M)e—(2€)*1z1 _ Z (/ @T(z)e(%)lzl’vfn(z)dz> Ufn(x)e_(2€)7lwl.
Q

meN

We prove and simultaneously for all ¢ € [0,7). We obtain from Remark that
is true in span{u$,}. Since the left-hand side of belongs to C°([0,T]; L?(R)) (see
[15] and [24, Chapter III]) and since span{u$,}men is dense in L?(2) (see Remark , it is
enough to prove that the right-hand side is an endomorphism on L?(f2) viewed as a map of
pre-image ¢’ and time ¢ € [0, T) fixed. For that purpose, using the triangle inequality and that

llv5.llL2(0) = 1, we get the following:

3 (/Q SOT(,?;)e(zs)1zwfn(z)dz> Ve (2)e~ ()7 %1 exp [— <5f\fn + 41€> (T - t)}

meN

L2(Q,dx)
2diamg, (Q) — (T — ¢ e (T
< I iy enp (22T 0 57 ootrn, (3

4e
meN
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Thus, the only thing left is to bound ) e=3n(T=t) We obtain from Lemmas and

and from the non-negativity of the eigenvalues of the Neumann Laplacian the estimate:

Z 676;\$n(T7t) < Z efsx%(Tft) < Z N(m)efs(mfl)(Tft)

meN meN m>1

+oo
<01+ 31+ mti2)esm-na-0 | < C<1+/ (1+(Z+2)d/2)e—az(T—t)dz>
0

m>2

+o0 1 1
d/2\ —ez(T—t)
§C<1+/O (1+27%)e dz)§C<1+€(T—t)+5(d+2)/2(T—t)(d+2)/2>' (3.5)

So, from (B.5), T —t > Ty, and z~*/2e7%"" € L®(R™) for all k € RT, we obtain that:

Z e~ n(T=t) < e (3.6)
meN
Consequently, we end the proof by combining (3.4)) and (3.6)). O

Remark 3.4. Lemma can be generalized to the case in which 5\6 > 0 and there are some

polynomial bound for |{i : A < m}| that depends on m and uniform for all £ € (0, ).

3.2 A Carleman inequality for the solutions of ([2.4]

We prove in this section a Carleman inequality for (2.4) when 2 is C2. First of all, we consider
n a C?(Q) function satisfying:

n=0ondQ 20 |ale=1 inf [Val =00 (3.7)
wo

for wy CC w an open non-empty set. The existence of such a function if Q is a C? domain is
proved, for instance, in [I7]. With that auxiliary function in mind, we define for some T >0
the following weights in Q := (0,T) x Q:

687‘ _ eT(Gin(z)) e‘r(Gin(z))

ay(t,z) = W, Ei(t,x) = m (3.8)

Weights of this kind first appeared in [I7], but this version is borrowed from [16] with the
adaptations for equations in which we do not have Dirichlet boundary conditions proposed in

[15]. We remark that we have the usual bounds:

|0y, 00| = 05,61 < CTé4, 0| +[06s| < CTEL, |Opas| < CEA+T%:). (3.9
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We prove in this section the following result:

Proposition 3.5. Let Q be a C? domain, w C Q be a subdomain, T > 0, € > 0 and assume
that (T, a%) satisfies (2.9). Then, there is C > 0 depending on w and Q such that if 7 > C,
s> C(T +T?)e™ " and ¢* € L*(Q) we have that:

// 250 g3 | g[2 1 72 // 204 ¢, Vo2 + 527 // ¢ g2 (ae+%) 162

< CsPrt // 6_280‘+£i|¢|2, (3.10)
Qu
for ¢ the solution of ([2.4) with T instead of T, X := (0,T) x T’ and Q,, := (0,T) X w

In the statement of Proposition and in its proof we omit the infinitesimals dt and dz as they
can be deduced by looking at the integration domain. In the proof of Proposition we denote
by O(G(e, s, 7,%)) a generic function for which there is C' > 0 depending only on Q, w and wy

and which satisfies:

|O<g(€7 87 7_7 w))’ S Cg<€7 S’ T? ¢)7

if € is small enough, 7 > C', s > C’(T + TQ)e_l and if ¢ is a regular function. In that definition

G is a nonnegative operator.

For proving Proposition we adapt the proofs of [22] and [I5]. In particular, many of the
estimates here are inspired by [22, Proposition 1], though we use the technique proposed in [I5]
to treat the boundary terms. However there are some differences. The main difference is on how
we deal with the transport term: indeed, in [22] the authors prove the Carleman for the solutions
of the adjoint system (i.e. (2.1))) instead of the symmetrized system (i.e. (2.4))). This difference
is important to get s?\2 ffiN 6_2“”51 (aa + 72‘—;) |$|? in the left-hand side of and not a
term like & [ [y, 8, vE00* — £ [[i; n1|VpE|?, which is not easily treatable. In addition, unlike
in [22] and [I5] the solutions of may not belong to L2(0,T; H2())) even if ol € D(Q).
We first estimate a scalar product for any ¢ € C*°(Q), which allows us to do some integrations
by parts involving the Laplacian, like in below. Then, by using that C*°(Q) is dense in
H'Y0,T;D,) (see (2.7)), we get an estimate for the solutions of with ¢7 € D(Q). Next, we
use the boundary conditions of the solutions of to deal with the trace term. Finally we
use the density of D(Q) in L?(Q) to get for all solutions of with ¢ € L2(9).

Proof. As in [15], we consider the following change of variables:

YE = ek, (3.11)
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Since n = 0 on 9 we have the following equalities on ¥ := (0,T) x O0:

£+ = 5—7 ayp = 0, 1/}+ = wia 1/’;_ = wt_a Vtg¢+ == Vtgw77 (312)

for Vigtp := Vi — (Optp)n. In particular, we can omit the sign when we are working on ¥ to

make the proof clearer.

Next, we consider the equality:
Liy™ + Lyy* = L™, (3.13)

for:
LT i= —2es72|Vn|26ap™ F 265764V - VT + o

LiyT = 22|V 23 0F + eAyF + s (ap)yp* + Ly, (3.14)
LT = desTAnéopt — es7?|Vn2eptp™.

As usual, we denote (Liw) the j-th summand of Liw Moreover, we calculate the product
(Lj[q/)jE Li¢i) £2(0 . To do so, we first compute it for generic functions ¢ € C*°(Q) and then

use a density argument.

To begin with, we have that, for 7 > C, s > CT? (see (3.7) for the definition of 6):

(LE6 )1+ (L0, (01 1)
_234 4 +3 +12 2.2 3 3412 2.3 3 23 2
243, //yvm £ | +0<537 //Qgiw | >:FaST //iyvn\ ol
523374/ & |yt ? 54523374/% &3 |yE)? ?828373/2\an2§38nnlw|2- (3.15)

As for the third term in Litwi, we can integrate by parts in time and get, taking into account
the second equation of (3.9):

N I E g/ &), (3.16)

Summing up, thanks to (3.15), (3.16) and (3.7)), we obtain for 7 > C and s > C(T+ T2)5*1 the

estimate:

i¢i7 LZ¢Z 2l A 2.3 4 é—Z wz? 54 2.3 4 5;3 wz 2' 3.17
ST (L3, (L) o) = / ] EST/QWOII (3.17)

e{+,—} z€{+7
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To continue with we find, integrating by parts and with the Cauchy-Schwarz inequality, that:

(L0, (L5 )0) gy = 27572 | / Ve Vot = 267 [ (Va0

(828274// §2|¢i’2+€27'2/©’v1/1i|2> )

Next, considering that n = 0 on 02, we obtain integrating by parts that:

(LEE)s, (L)) o) = F26257 / / D€ |02

(3.18)

+0 <5237/ ~§iywi12> + 2e%st // fi]Vn-VwiFj:eQST/ E4Vn - VIV E?
Q Q Q

= q:252sr//~ Oun€|onp™)? + 0 (5237/ ~fgiywiﬁ) +252372/ 4|V VpE|?
b3 Q Q

2242 2 +2 2 +2 2 9 L9
e%sT //QV77| £+ |V~ +O(s ST//Q&Wlﬁ |>i£ ST//Eannf(thzM + [0 E|?).

Next, we have that:
S R

as ¥(0,-) =y(T,-) = 0.

(3.19)

(3.20)

Let us compute the boundary terms involving 9,1 that appear in ([3.18)-([3.20). On the one

hand, from (3.11)) we find that:

— 2e%sT / V|2 (0nt ) = F2e% s 3/~ (V02 0,m€> ]
>

T
— 26287'2/0 <8n¢7 ‘V7]|2§€728a¢)>H71/2(69),H1/2(69).

In addition, we obtain from n = 0 on 0f2 that:

T
Fe ST// Oun|OphE |2 = —26252 2/ (O, e~ 25%| V| 262 b - 1/2(50), H/2(59)

T3 // (Onm) 53\¢|2:F5 57'// Onnée” 250‘]8 ¢]2.

Finally, we have that:

T
: / /E R / /Z D€ty + ¢ /O (Db, €Y 117200 1172060

17
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Summing up, if we consider (3.18))-(3.23|) we get that:

> (LWL (L)) g > Y O<€28274//~£?|W|2>

ie{+,—} ie{+ -}
o 3 et [ awvie e [ s
ie{+,— }
T T
4527—2/0 <8n¢a 6_2SQ|V77|2(5§+5252)¢>H1/2(39),H1/2(39)+2€/0 <8n¢, e_sa¢t>H—1/2(aQ)7H1/2(69).
(3.24)
Next, we obtain from the second equation of (3.9)) that:
(L3 ™)1, (L ¥™)3) o) = O <55 27 / & | ) (3.25)

In addition, integrating by parts we get that:

(LYo )2, (L ¥™)3) o) = <€s TZT// &3 |y >:|:Es T// EDadpmv®. (3.26)
Finally, from the third equation of (3.9)) we find that:

(LT95)s, (L v F)s) o) = —§ / Q%(ai)wiﬁ =0 (5/ Qéi(l + Tzéi)!¢i|2> - (327)
Summing up, combining — we obtain that:

S (L (L)) o) = (525372 / & ) (3.28)

ie{+,—}
To continue with, we have that:
(LF ) () = O (57 | | ). (3.29)
Next, integrating by parts we obtain that:
(LF %), (L5 0%)0) 2y = O (o7 [ et 2) = [[comter. a0
Finally, we obtain from ¢*(0,-) = ¢*(T,-) = 0 that:
(L5 ™)3, (L3 ¥ )a) 12y = 0. (3.31)

Summing up the results obtained in (3.29)-(3.31), we get that:

> (@ (e =0 (7 [ | ). (332)

e{+,—}
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So, if we add (3.17), (3.24), (3.28)) and (3.32)), we get, after absorptions, for 7 > C' and
s> C(T +T?)e?

2 Z Y, ) + 2642371 // Y + 20%e%s7? / §Z|V¢1]2

ie{+,—}

> 523374 / P+ Sesr / &IV

€{+7
T

T
—4527'2/0 <8n¢,6_23a|vn|2(55+5252)¢>}11/2(39),H1/2(ag)+25/0 (On®, € Ui) g-1/2(902), 11/2(002) -
(3.33)

Using the density of C*°(Q) in H'(0,T;D.) we obtain that (3.33)) is true for all solutions of
([2.4) such that ¢* € D(Q). So, from now on ¢ denotes any solution of (2.4) with initial value
in D(Q).

Considering the second and third equations of (2.4)), that a® is independent of the time variable
and that ¢¥*(0,-) = ¢*(T,-) = 0 we find that:

T T
—4e>r? / (Onp, €2 |V * (s645°€*)b) 1200, H1/2(aQ)+2€/ (Ond, € Ut) 17290, 11/2(60)

=t [ 19+ st (o 4 g e (o 5E) v
= 4’7 //Z V2 s§+82§)<a+ )WJ’Q (3.34)

Consequently, from (3.33)) and (3.34) we obtain for all solutions of (2.4) such that QST € D(Q)

the estimate:

2 > (L4, —1—254525374// gf\wi\2+25252372/~ &IV

ie{+,—}

> 525374 / i+ S esr / &IV

€{+ }
+ 4e%r // |Vn|? s§+32§)<a + >|1p|2 (3.35)

We recall that infsq |Vn| > 0 thanks to (3.7)). Thus, using it is classical to obtain (3.10)
from (3.35) (see, for instance, [I7] and [15]) for all solutions of (2.4) such that ¢” € D(Q).

Afterwards, we get (3.10|) for all solutions of (2.4]) such that d)T € L?(Q) by density. O

Remark 3.6. The trace term in (3.10) can be absorbed by considering 7 > C(e™! + [[a®|| o (1))-

Indeed, in that case we have that:

82T2 //: 6_28a+§-2|- at + E‘ ‘(z)‘Q < C <837_3 //~ e—28a+§i‘¢|2 +S7'2 //~ 6—25a+§+’v¢‘2> ’
S 2 Q Q
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a term which can be absorbed for 7 > C. This allows to prove the null observability of (2.4)),
which implies the null observability of (2.1)) and consequently the null controllability of (1.1)),
but with an estimate of the cost of the control of exp (ec(fu”“s”L“(F)))_

3.3 Conclusion of the proof of Theorem

Let T' > 1. Considering Proposition for T = 1 and Remark we obtain for all ! €
L3(Q), 7> C and s > Ce! the estimate:

1
837'4/ /6_25‘““’@_51x1€i(t,$)’@(T—1+t,:r)]2dxdt
0 JOQ
1
< Cs*rt / / e 2o (L) =TS (4 )| o(T — 1+ t, z) | *dadt, (3.36)
0 Q

for ¢ the solution of (2.1]). So, fixing 7 large enough and s = spe~! for s large enough, we have
that (3.36]) implies that:
—1 —1
el 2(r—a/z3r—1/3%0) < Ce“ @l L2(r-17)%w) < Ce“= llollL2(qu)- (3.37)

Moreover, from Lemma taking Ty = 6 = 1 we find a constant C' > 0 such that for all
t' e (T'—2/3,T —1/3) we have that:

2diamg, (Q) +1 -t/
4e

cC-T
et Moy < Cexo | S ot iz,

(3.38)

wwwm@scmﬂ

So, combining (3.37) and (3.38)), we get that:

Cc-T Cc-T
0. 20y < Cexp | S lellar-apsa-syopar < Coxp | ST el (339

In particular, if T is sufficiently large, from (2.2)) and (3.39)) we obtain (2.10]).
4 Some controllability problems in which the cost of the control
explodes exponentially
In this section we study some control problems in which (2.11)) is satisfied. In particular, in

Section [£.1] we prove Proposition 2.10] in Section [£.2] we prove Theorem [2.8] and in Section [4.3]
we prove Theorem

20



4.1 Proof of Proposition [2.10

Let v € HY(Q) satisfying [vllr2() = 1 and vjp~ = 0. We find from the Green formula and a
weighted Cauchy-Schwarz inequality that:

0, 1
/nl]v|2dx:/ nl\dew:/ 0% gy > —/ lﬁwldew—z/ lv|?dz.
T 2e 990 2e Q0 € Q 4de Q

Thus, from a® > 0, v € H'(Q), HU”LQ(Q) =1 and yp~ = 0 on I'* we find that:

1
/|Vv| d:v+/ (a —I— \U| dm>/ |Vl daz—/ |0m1v\2dw—ﬁ_ i (4.1)

Finally, we get - ) from (| -, and Remark-

In order to have an equality in (4.1)) we need that a®v = 0, that v just depends on x; and that

—1
e—(26)7 "z

Oz, v = —(2¢)71v; i.e. we need that v = TGt 5 and thus we also need I' = 99, a® = 0
L2(Q)
—e Iy
and u® = 7(2;,1—11 (this last one by Remark .
lle 1 ||L2(Q)

4.2 Proof of Theorem 2.8

In order to prove ([2.15)) we consider the adjoint system of (2.12)) given by (see (2.1))):

—Pt — 5AQ0 - 3;,;1@ =0, inQ,
€0np +n1p =0, on X, (4.2)
o(T,") = 7, on €.

In particular, we use (2.2) for B(z) = e~ ', which is a (steady) solution of (4.2) by Proposition
On the one hand, we remark that (see (2.13)) for the notation):

0. ety = I77 o + /2 2 2exp (22, (1)
Because 2 is an open set and because of we have that:
7 (prpy + R/2) N QY > 0.
On the other hand, implies the estimate:
IBl2g.) < TVl e < T ep (PR )

Consequently, combining (2.2), (4.3) and (4.4)) we find that:

| oo (7 (o) )

K(Q w T 5) > ||¢(07 )HL?(Q) > ‘Wl_l(plapl + h/2) e 9‘1/2 <h>
T Pl T12|w|1/2 5% )
which implies (2.15)).
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4.3 Proof of Theorem 2.9

We first remark that the adjoint system of (2.16) is given by (see (2.1)):

(

—Pt — 5amc@ - 6:1:90 =0, in Q,

e0po(-,—L) + p(-,—L) =0, on (0,7,
o, ~L) +¢(,~L) 0.7) s

90('7 0) =0, on (Oa T)a

\QO(Ta ) = (PTv on (_La 0)
In addition, the spectral problem (2.6) can be written as:

—v" = A, in (—L,0),
2ev'(—=L) +v(—L) =0, (4.6)
v(0) = 0.

In order to prove Theorem [2.9] we first prove the following lemma:

Lemma 4.1. Let L > 0. Then, for e small enough there is a unique r- > 0 such that there are
non-trivial solutions of [@.6)) for A* = —r2. In fact, we have:

re € (0, 21€> , (4.7)

and the non-trivial solutions are those proportional to sinh(—r.x). In addition, we have the
limit:
lim 5 T Te= 0. (4.8)

Remark 4.2. From Proposition and Remark we already know that all the eigenvalues
are strictly bigger than —(2¢)~2; thus, it is clear that r. must satisfy (4.7)).

Proof of Lemmal[{.1 The structure of the proof is the following: first we give an equivalent
condition for —r2 to be an eigenvalue of (4.6)), second we show that (4.6) has a unique strictly
negative eigenvalue, and finally we prove (4.8)).

Step 1: an equivalent condition. First, we recall that when A= —r2

(4.6), are given by:

< 0, the solutions of

Ae™ + Be ™. A,BeR.
Moreover, the boundary conditions of (4.6)) are equivalent to (A, B) satisfying:
(2ere_’"L + e_TL) A+ (—257‘67”L + eTL) B =0,

A+ B=0.
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Thus, (4.9) has a non-trivial solution if and only if:
el 4 2ere™l = "t — 2epel

that is, if and only if: _
+ 2er oL
= . 4.1
1—2er ¢ (4.10)

In addition, from the second equation of (4.9) we obtain that the associated eigenfunctions are
those proportional to sinh(—r.x). Finally, from (4.10) we have that all the possible positive

roots are in (0, (2)~!), so we just have to prove existence and uniqueness in that interval.

Step 2: proof of the fact that (4.10)) has a unique solution in (0, (2¢)~1). Let us denote:

1+ 2er 2
= - 14+ ga(r) =L

1= 2er 1—2er’

g1(r) :

We have the equality:
91(0) = g2(0) = 1. (4.11)
In addition, the derivative of the functions are given by:

4e

m, gé(rf') = 2L€2TL. (412)

g1(r) =

Consequently, combining (4.11]) and (4.12)) we obtain a constant ¢ > 0 such that for £ small
enough, g2 > g1 in (0,¢). Moreover, since lim,(2.y-1 g1(r) = +00 and ga((2¢)™!) € R, we have
at least one root of (4.10) in (0, (2¢)71). In order to show the uniqueness of the root, we define:

L T
g3(r) :== ") = %(1 — 2¢er)2e?L,

Since in (0, (2¢)7!) the function g} has the same sign as 2L(1 — 2er) — 4¢, we have g4(r) < 0 if
and only if:
2L —4e 1 1

4Le 2 L’

So, since g3(0) = 4—L€, for ¢ small enough there is a unique:

F e 1 1 1
7 s+
€ 2¢ L2 )’

such that g3(7.) = 1, g3 > 1 in [0,7.] and g3 is strictly decreasing in [, (2¢)7!]. This implies

that gh(r) > ¢{(r) in [0,7.) and gh(r) < gi(r) in (7c, (26)71). Consequently, (4.10)) has a unique
root in (0, (2¢)~!) which, to be more precise, belongs to [F, (2¢)~!] and which we denote from

r=z

now on by r..
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Step 3: proof of (4.8). In order to prove (4.8) we first consider that for € small enough:

rnrrnelolyL (413)
Moreover, from gi(re) = g2(r-) we obtain that:
1
- /5 _ 627‘5[/ + 1,
2¢ e
which implies the equality: . .

2 T e(e?rl +1)
Using (4.13)), we get for £ small enough that:

1 1

R .

9% re < oL@ (4.14)
Consequently, we obtain (4.8) from (4.14) and (4.7)). O

We now end the proof of Theorem Remark [2.2] implies that:
- 1
(uf (), A5) := (Sinh(—?"gl‘)e_(%) 1x, —gr? + 4) , (4.15)
£

is a solution of (2.5)). Hence ¢(t, ) = us(x)e*~7) is a solution of (4.5). Moreover, we obtain
from er. < 1/2 (see (4.7))) and (4.8) the limit:

1 1 1 1
s g _ 13 _ — |5 - — =
35% Ao = ili’%g (25 r€> (25 + 7“€> 313% <2g r€> <2 + €T€> 0- (4.16)

We prove (2.17)) with the help of (2.2). On the one hand, for z € (—L,—L + h/2) and ¢ small

enough we have the bound:

W (z) = sinh(—roz)e—@) 77 > L=t e 5 LGt a2

4
Moreover, using (4.16) we find for e small enough that e=*7 > 1/2. So we get the bound:

. . NI
1200, ) 2(=£,0) = 190, M 22(—1,—L+n/2) = 16 e(ret(2e) ™) (L=h/2) (4.17)

On the other hand, from w C (—L + h,0) we obtain the estimate:

161l 2(00) < VT(L — h)el=t ) D=, (4.18)
To prove (4.18)) we have used that:
11X D oo oy < 1,
and that in (=L + h,0):

Sinh(—r x)e*(Zs)—lx < 6_(7"s+(26)*1)a: 6(T5+(25)71)(L—h)
€

<
- 2 - 2
Finally, combining (2.2]), (4.17), (4.18) and that r. > 0, we get (2.17)).
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Remark 4.3. The key idea of the proof is that A\j — 0, but we also need to know how the

eigenfunctions are distributed in €.

5 Cost of the control when w = 2

In this section we study some control problems in which the control domain is €2. In particular,
in Section we prove Proposition in Section we prove Proposition and in Section
we prove Proposition

5.1 Proof of Proposition 2.15

From Definitionwe obtain that ¢°(t, z) = u§ ()T~ is a solution of (2.1)) (see Definition
for the notation). Furthermore, (2.19)) implies that:
T
lim eI =Ngr — T,
e—0 0

Consequently, we have the limit:
l¢#(0, )17 , luge 57172 , e~ 2T 1

- 0 7 = — 1 —
50 ff ]cp ]2dxdt 50 ff |u e (T=1)|2dxdt 50 foT 2Tt gy T’
which together with (2.2)) implies (2 .

5.2 Proof of Proposition [2.16

Let ¢ be a solution of (4.2) and y < 1 be a regular positive cut-off function whose value is 1
in [0,1/3] and 0 in [2/3,1]. Recalling that the adjoint system of ([2.12]) is given by (4.2)) we find
that:

Lt [ )
Gt o G
// ( >y¢| dazdt—e// ( >!W| dxdt
—//ENX(T> o mlidait <€ (4 2) [ e 5

For the last inequality in (5.1) we use that a® > 0 and the following classical estimate:

//ENxG) %\w! d:z:dt<s// ( >|w\ d:):dt—i—// | ol 2ddt.

Thereby, we obtain (2.21)) from and (5.1)).
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5.3 Proof of Proposition [2.17

We prove Proposition thanks to an explicit computation of the eigenvalues of (4.2)). For
that purpose, we remark that the spectral problem (2.6) when I' = 92 and a® = 0 is given by:

—v" = v, in (—L,0),
(5.2)
2¢ev' +v =0, on{-L,0}.
It can be proved easily that the only negative eigenvalue is A§ = —é and that the associated
eigenfunction is:
e—(?a)*lx
g —
) = e
L2(Q,dz)

In addition, it can be proved for m € N, that:

and its associated eigenfunction is:
2/ S\m cos (\/ S\maz> + sin (\/ S\mx>
‘26\/ ;\m cos ( sz) + sin ( ;\mz> ‘

Consequently, Remark implies that the spectral decomposition by the elliptic operator asso-

oh,(2) =
|

L2(Q,dz)

ciated to the adjoint system is given by us, () = vin(:v)e*(%)fl‘”, and their associated eigenvalues

are given by A5, = e\, + (4¢)~'. In particular, we have that:

up(z) = He_(2 ) 0="0.

97| a0

In addition, we have the following result:

Lemma 5.1. Let L > 0 and Q := (—L,0). Then, for all o € L*(Q) the solution of (4.2)
satisfies in C°([0,T]; L?(Q)):

(b 2) = fQ 0T (2)dz 1y

eI p2 0,0

+ > < /Q wT(z)e<2€>‘lzv;(z)dz> Vi (x)e” ) exp [— (stn + 415> (T - t)] . (5.3)

meEN,

In particular, the series in the right-hand side of (5.3) is absolutely convergent in L2(Y) for all
t <T. Moreover, for all Ty > 0 and § > 0 there is C > 0 such that for all o7 € L?(Q), T > Ty
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and t € [0,T — Tp] we have the estimate:

> < /Q wT(z)e(2s>—1zv;(z)dz> W (2)e=C) ' exp [— <5an + 415> (T - t)}

meN,

L2(Q,dx)

2L+6— (T —t
< Clle" |l r2(0) exp ( 45( )> . (5.4)

The proof of Lemma [5.1]is analogous to that of Lemma [3.3]since the only negative eigenvalue
of (5.2) is 5. In addition, we remark that, for all m € N and 7 € [t, T]:

< / o7 (2)e) 7 5 (2 )dz> v (z)e” %) exp [— (dfn + 415) (T — t)]
</ o7 (2)e) ™ 20e (2 )dz) exp[ <5X§n+41€> (T—t)] e (2)e~ ) exp [_ <8X§n+ 41€> (t—t)}
( {TEN ( (2)6(25)_1Zv§(z)dz) vE(2)e” ) exp [— (di + 415) (T — t)} }

e(za)lgvfn(é)d2> vfn(x)e_(za)ilx exp [— (5;\,5” + 41€> (t— t)]

= ( /Q (T, 2)e®) 20, (2 )dz> Ve, (2)e™ ) exp [— <ean+ 415> (t—t)] . (5.5)

We have used in the second equality of (5.5]) that the eigenfunctions of ([5.2)) form an orthonormal
set of functions and Fubini’s Theorem (it can be proved as in Lemma that the series is
convergent in L?(Q)). A consequence of (5.5) and Lemma [5.1]is the following:

Corollary 5.2. Let L > 0 and Q := (—L,0). Then, for all Ty > 0 and 6 > 0 there is C > 0
such that for all T € L*(Q), T > Ty, t € [Ty, T) and t € [0, — Ty] we have the estimate:

> ( /Q soT(z)e@s)lem(z)dz) vm(2)e= )7 exp [— <5X; + 415> (T - t)}

L2(Q,dx)

< 2L+6—(t—t
< Cleltaan e (2 EE0) o)

In particular, we obtain that for all Ty > 0 and § > 0 there is C > 0 such that for all * € L*(Q),
T >1Ty andt € [To,T).'

> (/Q ‘PT(Z)B(QE)_lzum(z)dz> vm(2)e= )7 exp [— <5X; + 41€> (T - t)}

meN,

L2(Q,dx)

c (T 2L4+0— (t—t
<255 [ etelmaases (2006
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End of the proof of Proposition[2.17. In order to prove Proposition [2.17] we split the solutions
of system (4.2) into two parts with the help of Lemma Indeed, we define:

1/ N . (fQ ‘PT(Z)dZ) e "
30 (;U) T —(25)—1z 9
e 22(0,d2)

and:

¢ (t,x) == Z (/ SOT(Z)G(2€)_1ZUfn(Z)dz> vfn(gj)e_(%)_lz exp [— <65\,€% + 41€> (T — t)] .
mEN, Q2
We remark that:
p(t, ) = @' () + ©*(t,z), inQ.

Next, we estimate @' and *(0,-) with respect to [|¢l|z2(g):

Let us first estimate ¢'. If ! = 0 the estimation is trivial. Consequently, we suppose from
now on that o' # 0. We denote:

1
N = {t L 0%(t,) € Brao (-@1’ W) } ;

Bx(w,r):={ve X :||v—-wlx <r}.

for:

We have that:
V| < 3L, (5.8)

since otherwise there are some t; and to such that to — ¢t > 3L and:

1
—Sﬂla 1% ||L2(Q)> ’

SDQ(tla ')a @2(t2> ) € BLQ(Q) < 9

but by (5.4 this is impossible. Indeed, the system is autonomous and if t € N we have the

estimate: .
¢ HL2(Q)
2 )
so by (.6) for t = t2 and § = L/2 we have that t; € N for € small enough. In addition, we
remark that in [0,7]\ N we have that:

lp(ta, )2 <

o'l 220
ot Mz > =52 (5.9)
Thus, we obtain from (5.8) and (5.9) that for all ¢ € L?(Q2) and T > 4L:
1 1
2 2 4
o™ [l 2(0) - o lz2(0) - ‘ (5.10)

< —
lellze) — lellzzqormwxe) ~ VT =3L ~ \/T/A VT
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Let us now estimate ¢?. We have that:

1

102(0, )l L2 () - Ce= ol 2r—rryx0)

< < Ce ™ 7, (5.11)
lellz2(q) lellr2)
which is a direct consequence of (5.7)) for t =T — L.
Thus, combining ((5.10) and (5.11]) we obtain (2.22) for & small enough. O

6 Open problems

We now present some problems that remain open:

e Study the controllability properties of (1.1) but with a non-constant speed; i.e. of ([1.1))
but with the first equation replaced by:

yt —eAy +0(t,z) - Vy = 1, f,

for a function 6 € (L*=(Q))?. The fact that there is no easy transformation like (2.3) to
diagonalize the system, which we have used for both the decay property and the Carle-
man, prevents to study that problem just with the techniques proposed in this paper. In

addition, we cannot replicate the explicit computations of Section [

e Get precise estimates of the cost of the control problem (1.1]) for vanishing diffusivity when
a® also depends on the time variable. Indeed, when a® depends on the time variable the
eigenfunctions of ([2.6)) also depend on the time variable, which makes cumbersome working

with the Fourier representation of the solutions.

e Determine if for all 2, w C Q, T'> 0 and a° € L*(I') such that sup.¢(g ) [|a®[|er) < o0
there is a constant C' > 0 depending on T', w and ) such that for € small enough we have
that:

K(Q,w,T,e) < CeCe " (6.1)

Indeed, considering the equation (2.4) and adapting the proof of Proposition we can
easily obtain that:
K(Qw,T,e) < 060574/3;

however, (6.1) would be more coherent with the literature (see [22]). The main difficulty

to prove a Carleman inequality is absorbing the boundary terms.
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e Determine for the control problems (2.12) and (2.16]) and for all y° € L?(Q) whether the

map € — f;o € L*(Q) is bounded in a neighbourhood of 0, for fyao the optimal control (i.e.
the control of smallest norm in L?(Q)) such that y(7,-) = 0.

Study the cost of the controllability in the context of , and in particular to determine
if it explodes exponentially when € — 0. We know by Proposition that this is false if
w = (—L,0), but the other cases are still open. The main difficulty is that we do not obtain
that the cost explodes just by computing the cost of observing the first eigenfunction.
A similar open problem is to determine the cost of the null controllability of if

pr € m1(wW) (see (2.13) for the notation).

Determine if Proposition [2.17]is still true if 2 is any arbitrary domain instead of a segment.

The main new difficulty is that the exact value of S\fn is unknown.
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