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0 Abstract and basic information

In this paper we consider the heat equation with Neumann, Robin and mixed boundary
conditions (with coefficients on the boundary which depend on the space variable). The main
results concern the behaviour of the cost of the null controllability with respect to the diffusion
coefficient when the control acts in the interior. First, we prove that if we almost have Dirichlet
boundary conditions in the part of the boundary in which the flux of the transport enters, the
cost of the controllability decays for a time T sufficiently large. Next, we show some examples
of Neumann and mixed boundary conditions in which for any time T > 0 the cost explodes
exponentially as the diffusion coefficient vanishes. Finally, we study the cost of the problem

with Neumann boundary conditions when the control is localized in the whole domain.
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1 Introduction

Let Q be a domain (a bounded connected open set of RY), I' C 92 be a relative open subset
and ' := 9Q \ I'. We consider in this paper a mesurable function a(z, ) defined in T' x (0, &)
for some 9 > 0 such that a(-,¢) € L>(Q) for all € € (0,e9). We study the control problem given
by:

r
Yt — EA?J + 81’1?/ = 1wfa in Qa
Oy +ay =0, on Xy,

nY Yy N (11)
y =0, on Xp,
y(07 ) = y07 on Qa

(
for e € (0,20). As usual, n denotes the outward normal vector on 99, Q := (0,T) x , Q, :=
(0,T) xw and ¥ := (0,T) x 99Q. In addition, we define X := (0,7) x ' and Xp := (0,T) x T'*.
The null controllability of is already proved in [I4] and [I2] (for I' = 0Q and a function
a(t,xz) € L>®(X), though the proof can be easily adapted for proving the controllability of (L.1)).
However, following the proofs we get a gross estimate on how the cost of the controllability
behaves when the diffusion coefficient € > 0 vanishes. Having more precise bounds with respect
to € of the cost is thus an open question and in this paper we answer it in some important cases.

We study the cost of the null controllability with the usual norms; that is:

K(Q,w,T,e) = sup HJC(’)’L&’
ywer2@)\{0} Fes@) [19°] 2@

for:
S(y°) :={f € L*(Q.) : the solution of satisfies y(T,-) = 0}.

The cost also depends on a and I', although we do not expose it explicitly.

This paper follows a well-established research line which inquires about the cost of the null
controllability of systems with a small diffusion and a transport term. The first of such con-
trol problems to be analysed was the heat equation in dimension one with Dirichlet boundary
conditions in [I0]. Afterwards, the same problem but in any dimension and with any speed
belonging to W1 °(R* x Q) was studied in [I9]. More recently, better approximations of the
optimal time in which the cost of the control decays have been given: the lower bound was
improved in [26] through complex analysis and properties of the entire functions, and the upper
bound was improved in [I5 25] (in the first one through complex analysis and, in the second
one, by transforming the original equation into the pure heat equation). As for similar results,
several results have been obtained for the KdV equation (see [17, 18,3, 4]), the Burgers equation
(see [16]), the Stokes system (see [2]), an artificial advection-diffusion problem (see [7, 8]) and a



fourth-order parabolic equation (see [5, 27]). Finally, the current study of is a contribution
to the literature as it seeks to understand the evolution of the cost of the null controllability of
the transport-diffusion equation with a large variety of boundary conditions when the diffusion
vanishes (and, in particular, the case a = 0 and I' = () was an open problem proposed in [19]
Remark 3]).

As in the previously cited papers, we study the adjoint problem, which is given by:

—Yt — 5A<P - 8.?1@ - 07 in Q')
edne+ (ea+n1)p =0, on Xy,
p =20, on Xp,

o(T,-) = ¢, on Q.

Indeed, we have the classical equality given by the Hilbert Uniqueness Method (see, for instance,
[28, 23)):
10, M 22

K(Qw,T,e) =
grerz@\oy I1#lr2Qu)

(1.3)

where ¢ denotes the solution of (|1.2)).

As a novelty with respect to the literature, we obtain some properties of (1.2)) (and, in par-
ticular, the Carleman inequality) by studying the solutions of a system whose elliptic operator

is self-adjoint. Indeed, considering the map:
w i o) oy, (1.4)

we get the system:

—pr—eAp+ Lo=0, inQ,
eOnd+ (ea+ %) ¢ =0, onZy,
¢ =0, on Xp,
H(T,") = o7, on (.

(1.5)

The motivation for ([1.4) is to have no first-order term in the elliptic operator, as it is a necessary

condition for a elliptic operator to be self-adjoint.

Remark 1.1. The map (|1.4) is an homeomorphism from the solutions of ((1.2)) with initial value
in L2(£2) to the solutions of (1.5 with initial value in L?(€2). That homeomorphism is useful to
translate information about the solutions of (1.5) to information about the solutions of (1.2]),

for instance about their regularity.



With the purpose of understanding the solutions of ((1.2)) we also study the spectral problem:

—eAu — 0y, u = Au, in €,
edpu+ (ea+ny)u=0, onT, (1.6)
u =0, on I'*.

In that sense, with the purpose of understanding the solutions of (|1.6) we study the spectral

problem:
—Av =\, in €,
edpv+ (ea+%)v=0, onT, (1.7)
v=0, on I'*,

and we define:
D(A;) := {w € H'(Q): —Aw € L*(Q), 0w + (Ea + %) w=0onI, w=0on F*} .

We recall that —Aw € L*(Q) and w € H'() imply that 9, w is well-defined as an element of
H~2(99). We have considered (I.7)), instead of —cAw + (4¢)"'v = v in order to isolate the
“part” of the eigenvalue that is caused by the diffusion, which is the meaning of . This is useful

for instance in Lemmas 2.4] and [3.6] below.

Remark 1.2. We can relate the solutions of (1.6 and (1.7]) with the map (|1.4]). Indeed, we have
that (v, \) is a solution of (1.7)) if and only if:

(ve_(2€)_1x1755\ + 1> ;
4e

is a solution of ([1.6). Similarly, (u, ) is a solution of (1.6) if and only if:

(@) ter A L
<ue Te 4e?)’
is a solution of (1.7)).

Remark 1.3. Tt can be checked directly that the Laplacian is self-adjoint in D(A;) for any
Lipschitz domain Q. Indeed, if w € D(AZ) we first see that —Aw € L?*(Q) by considering
that D(2) C D(A). Afterwards, we see that w is a solution by transposition in L?(Q) of
—Av = —Aw, 2 and 3, a solution which is unique and belongs to D(A.). Thereby,
L?() has a spectral decomposition (for each €) by the solutions of (1.7).

Remark 1.4. We can also study the problem with null initial force associated to (|1.1)). Indeed,
the map w — e~(29)7 214y transforms (1.1)) into a symmetric version of (1.5 (backwards in time
and with opposite transport). Thus, the direct and adjoint systems have similar nature and

decay properties.



Definition 1.5. We denote by (A, )men the eigenvalues of (T.6) and by (AS,)men the eigenvalues

of (1.7). In addition, for each eigenvalue of (1.7) an eigenfunction v$, is fixed, to which we

e (2¢) "1z

impose that ||vg,

|z2() = 1. Finally, we denote ug, := v;,e”

Remark 1.6. Since span{v,,} = L?(2) (see Remark we have that span{u,,} = L?(1).

The idea of using a spectral decomposition is not new in Control Theory (see, for instance, [9]).
Indeed, for the heat equation alone, there are many documents which deal with eigenfunctions
of the elliptic operator for proving the existence of some control (see, for example, [22] for
Dirichlet boundary conditions and [1] for a coupled heat equation system with Robin boundary
conditions) and for estimating the cost of the control (see, for instance, [I1]). Similarly, for
the Stokes system it has been used to prove the existence of a control (see, for example, [6])
and for providing a negative answer to the existence of a control (see, for instance, [24]). As
for a system with a small diffusion and a transport term, a spectral decomposition indirectly
appears in [10 26], when the authors get lower bounds for the optimal time Ty in which the
cost of the control decays exponentially with €. In addition, a spectral decomposition has been
used in [2] to get the dissipation estimate in a transport-diffusion Stokes system. Indeed, in this
paper we follow the philosophy of [2] of using as much information as possible about the spectral
decomposition, with the contribution that now while proving the Carleman we work directly in
the symmetrized system; that is, in .

Coming back to ([1.2)), what determines if the solutions of (1.2]) decays is 5\8 We recall that
by Rayleigh principle we have the equality:

\§ = min {/ |Vo|2dz +/ (a + E) lv|?dx - v € HY(Q), [v][2() = 1,0 =0 on F*} . (1.8)
Q r 2¢e

Looking at (|1.8)) we can do a division of cases depending on whether the following inequality is
satisfied:
(a+ (26)"tny)1p > 0. (1.9)

If (1.9) is satisfied, we have that ;\8 > 0, so the solutions of (1.2)) decay exponentially on =1
(see Lemma below). In addition, we have the following controllability result:

Theorem 1.7. Let Q be a C? domain, w C Q be a subdomain and assume that (I',a) satisfies
(1.9). Then, there are Ty, c,C > 0 such that for all e € (0,e0) and T' > Ty we have that:

K(Quw,T,e) < Ce . (1.10)

The proof of Theorem is given in Section [2]



There are several important examples that satisfy the hypotheses of Theorem

e Dirichlet boundary conditions (I' = ()). This controllability result is already proved in
[10, 19]. However, our proof is different since we prove the decay with the spectral decom-

position (instead of with a comparison theorem or an Agmon inequality) and we prove the

Carleman inequality for (|1.5) instead of ([1.2)).

e Segments in which we have Dirichlet boundary conditions on the left edge and Neumann
conditions on the right edge. The physical meaning of those boundary conditions is that

the function is almost null near the left edge and almost constant near the right edge.

e Any system in which a > 0 and ny1r > 0; that is, in which we have Dirichlet boundary
conditions on the part of the boundary in which the flux of the transport enters and either

Dirichlet or Robin with a positive coefficient on the other part of the boundary.

e Any system in which we almost have Dirichlet boundary conditions on the part of the
boundary in which the flux of the transport enters and either Dirichlet or Robin with a

coefficient whose negative part is not too large on the other part of the boundary.

The alternative to ([1.9) is:
ni )
— )1 0. 1.11
(a + 2¢e rZ ( )
The order relation in ([1.11]) is understood as elements of L>°(9€2), not as something that happens
at almost every point. Under the hypothesis (1.11)) we might have eigenvalues close to 0, null

or negative for (1.6, so we may have no decay and the cost of the control might explode. In
particular, in this paper we study some subcases of (1.11):

e We consider (1.1)) with pure Neumann boundary conditions; that is, a = 0 and T" = 9.
We remark that under those boundary conditions (1.1)) is given by:

Yy —eAy+0ny=1uf, nQ,
Ony =0, on ¥, (1.12)
y(0,) =", on Q.
The study of the cost of the null controllability of ([1.12)) is an open problem proposed in
[19] Remark 3], and it represents that the mass gets in and out only tangentially. Let us

denote:

mi(x) :=x1, pr:=infm(Q), p,:=supm(Q). (1.13)

We prove in this paper that the cost of the control of (1.12]) explodes exponentially:



Theorem 1.8. Let h > 0, Q be a domain, and w C € be an open subset such that:
m(w) C (b + h, py). (1.14)

Then, for all T > 0 there is ¢ > 0 such that for all € > 0:

1

K(Q,w,T,g) > ce“ (1.15)

for K the cost of the control problem (1.12]).

We consider a segment with Neumann boundary conditions on the left edge of the segment
and Dirichlet boundary conditions on its right edge; that is, Q := (—=L,0), I" := {—L} and
a = 0. In this situation the control problem (|1.1)) is given by:

¢

Yt — €0pzy + Oy = fly, in Q,
Ozy(+,—L) =0, on (0,7,
oI 0.7) -
y(ao) = 07 on (O,T),
(y(0,) = Y, on (—L,0).

The control problem describes for instance a valley in which the density of animals
is constant near the left edge and it goes to 0 near the right one (for instance if there is a
cliff). The intuition may suggest that as € gets smaller the cost of the control decreases,
as in the Dirichlet case. However, it is just the opposite, the fact that there is a flux
coming from the left dominates and the cost of the control to 0 actually increases when

the random movement’s coefficient vanishes. In particular, we prove that:

Theorem 1.9. Let L,h >0, Q = (—L,0) and w C (—L + h,0) be an open subset. Then,
for all T'> 0 there are c,e9 > 0 such that for all € € (0,e9) we have the estimate:

1

K(Q,w,T,e) > ce” (1.17)

for K the cost of the control problem (1.16)).

We get a lower bound of the cost of the controllability when w = 2; that is, in which the

control domain is the whole domain. In particular, we prove that:
Theorem 1.10. Let Q be a Lipschitz domain, T' > 0 and (I, a) satisfying:
Ag — 0. (1.18)

Then, we have the bound:

liminf K (Q,Q,T,¢) > (1.19)
e—0

Sl-



The condition stated in Theorem includes the control problem (|1.12)) and ([1.16|) as it
is shown below in Remark and (3.17) respectively.

e We study, assuming w = €2 and ([1.18]), if the cost of the control is at least O(T‘l/ 2) when

¢ — 0. In particular, for Neumann boundary conditions we prove that:

Theorem 1.11. Let Q be a C? domain. Then, there is C > 0 such that for all ¢ > 0 and

T > 0:
K(Q,Q,Te)<C (\/1? + \}g) , (1.20)
for K the cost of the control problem .
In addition, if we are in a segment we prove that:
Theorem 1.12. Let L > 0 and Q = (—L,0). We have for all T > 4L:
limsup K (2,Q,T,¢) < i, (1.21)

e—0 \/T
for K the cost of the control problem (1.12)).

Remark 1.13. The difficulty when proving Theorems and is that f is required to be
in L?(Q). If we just look for controls in L?(0,T; H=2(£2)), then it suffices to consider f = 0 on
(0,t) for t > 0 a small value, and then consider the affine function which joins y(¢,0) and 0.

Remark 1.14. All the previously mentioned subcases have in common that ¢ > 0. Consequently,
as proved in the introduction of Section (3| the solutions of do not explode. Thus, those
properties of the control problems are caused by the transport term interacting with those

specific boundary conditions.

As for the results stated for subcases of (1.11)), Theorem is similar to the result presented
in [2] for the Stokes equation in dimension 3. As for the other results, the most surprising one
is Theorem 1.9} as Dirichlet boundary conditions on the right edge may mislead us in believing

that we have exponential decay on the cost of the control.

The rest of the paper is organized as follows: in Section [2] we prove Theorem in Section
we study the case (1.11)) and in Section We do some remarks and present some open problems.

2 Proof of Theorem

In this section we prove Theorem In particular, in Section [2.1| we prove the decay of the
solutions of ((1.2)), in Section we prove a Carleman inequality for the solutions of ([1.5]), and
in Section [2.3] we end the proof of Theorem For this section we use the following notation:



Definition 2.1. Let Q C R? a non-empty set. We define:

diamg, () := sup {$1 : ({xl} X Rd_l) N # (Z)} — inf {xl : ({xl} X Rd_1> NQ # @} .

2.1 Decay of the solutions of (1.2) for a sufficiently large time

We denote (A\2),,en the eigenvalues of the system:

—Av =Xy, inQ,

(2.1)
Onv =0, on 0f.

It is easy to prove that all eigenvalues of (2.1)) are positive. In addition, we recall the Weyl

asymptotics law for the Neumann system (see, for instance, [20]):

Lemma 2.2 (Weyl asymptotic). Let 2 be a Lipschitz domain and let N(vy) be the number of

eigenvalues (counting repetitions) of (2.1)) that belong to (—oo,]. We have:
lim N(y) _ Vol(B(0,1)) Vol(£2)
y—oo Ad/2 (2m)d ’

for d the dimension of 2. In particular, there is C' > 0 such that for all v € R:

N(7) < C(1+ ). (2.2)
To continue with, we can compare S\fn (see Definition with 5\971 by using the min-max
variational principle and obtain the following result:

Lemma 2.3. Let Q be a Lipschitz domain, € > 0 and assume that (I', a) satisfies (1.9)). Then,

for all m € N we have the following estimate:

Let us now study the solutions of ([1.2)):

Lemma 2.4. Let Q be a Lipschitz domain, € > 0 and assume that (I', a) satisfies (1.9)). Then,
for all o € L%(Q) the solution of (1.2)) satisfies in C°([0,T]; L?(2)):

plta) =Y /Q T (2)e®) 7 108 (2)dzvl, (z)e” 28 1 exp [— (dfn + 415) (T — t)] . (23)

In particular, the series in the right-hand side of (2.3 is absolutely convergent in L?*(Q) for all
t <T. Moreover, for all Ty > 0 and 0 > 0 there is C' > 0 which does not depend on ', a nor ¢
such that for all T > Ty, 1 € L2(Q) and t € [0, T — Tp] we have the estimate:

2diam,, (@) +6 — (T — t)>

(2.4)

etz < Clle oy exw .

9



Proof. We can easily prove (2.3) for t = T using that v¢, is an orthonormal basis in L?((2).
Indeed, if 7 € L?(2) we have that:

(,DT(x) = (¢T(m)e(2e)*1z1)e—(2a)*1;r1 _ Z / @T(z)e(%r%%fn(Z)dzvﬁl(m)e_(25)7l$l.
meN Q

We prove and simultaneously for all ¢ € [0,7"). We obtain from Remark that
(2.3) is true in span{u,,}. Since the left hand side of belongs to C°([0,T); L(R)) (see
[12] and [21, Chapter II1]) and since span{um, }men is dense in L?(f2) (see Remark [1.6)), it is
enough to prove that the right-hand side is an endomorphism on L?(f2) viewed as a map of
pre-image ¢ and time ¢ € [0, T) fixed. For that purpose, using the triangle inequality and that

[vmll2(q) = 1, we get the following:

%/ﬂ(@:r(z)e(za)1ZI)U;(z)dzvfn(x)e—(2a)1x1 exp [— <s?\in + 41€> (T — t)]

L2(Q,dx)

2diamg, () — (T —t _eRe (T—
< ¢ iy enp (PE =T =0 57 oo, (2
meN

Thus, the only thing left is to bound ) e==3n(T=t) We obtain from Lemmas and
and the positivity of the eigenvalues of (2.1)) the estimate:

Z 6755\fn(T7t) < Z efss\om(Tft) < Z N(m)efs(mfl)(Tft)

meN meN m>1

+oo
<0143 (1 +mi2)eetm-na-0 | < C<1+/ (1+(z+2)d/2)e—az(T—t)dz>
0

m>2

oo 1 1
d/2y —ez(T—t)
<C’<1—i—/0 (14 2%%)e dz><C<1+€( t)+5(d 2)/2( t)(d 2)/2>. (2.6)

So, from ([2.6), T —t > Ty, and z~*/2e72"" € L®(R™) for all k € RT, we obtain that:

Z e Tt < b (2.7)
meN
Consequently, we end the proof by combining (2.5 and (2.7)). O

Remark 2.5. Lemma can be generalized to the case in which 5\8 > 0 and in which we have

some polynomial bound for |{i : \{ < m}| that depends on m and uniform for all & € (0, ).

10



2.2 A Carleman inequality for the solutions of (1.5

We prove in this section a Carleman inequality for (1.5) when 2 is C2. First of all, we consider

n a C%(Q) function satisfying:

n=00n0Q, n>00nQ, [n|.=1, é{lf IVn| =0 >0, (2.8)
wo

for wy CC w an open non-empty set. The existence of such a function if © is a C? domain is
proved, for instance, in [14]. With that auxiliary function in mind, we define, for some T >0,
the following weights in Q := (0,7) x

S AEn()) AEEn())

ay(t,x) = T n Ei(t,x) = m, (2.9)

Weights of this kind first appeared in [I4], but this version is borrowed from [13] with the
adaptations for equations in which we do not have Dirichlet boundary conditions proposed in

[12]. We remark that we have the usual bounds:

|0, 0| = |00,6x| < CAex,  |Oras] +|0pés| < OTEL, |Onas| < CEL(A+T2%L).  (2.10)

We prove in this section the following result:

Proposition 2.6. Let Q be a C? domain, w C Q be a subdomain and assume that (T, a) satisfies
[T.9). Then, there is C > 0 such that if X\ > C, 7 > C(T +T?)e ! and ¢" € L*(Q) we have
that:

34 // e‘2m+§i|¢]2+7)\2 // e‘QTWﬁIV(Z)\?—i—TQ)\Q // e—zm+&2r (a—i—ﬂ) Pk
Q Q SN 25
<ot // e 2o ed g2 (2.11)
Qu
for ¢ the solution of (L.5) with T instead of T, X := (0,T) x T' and Q,, := (0,T) x w.

In the statement of Proposition [2.6) and in its proof we omit the infinitesimals dt and dz as they
can be deduced by looking at the integration domain. In the proof of Proposition [2.6] we denote
by O(G(e, 7, A, %)) a generic function for which there is C' > 0 depending only on €, w and wy
and which satisfies:

0(G(e, 1, A )| < CG(e, 7, A, ),

if e € (0,60), A\>C, 7> C(T 4+ T?)e ! and if ¢ is a regular function. In that definition G is a

positive operator.

11



For proving Proposition we adapt the proofs of [I9] and [I2]. In particular, many of
the operations here are inspired in [I9, Proposition 1], though we use the technique pro-
posed in [I2] to treat the boundary terms. One new difficulty that we have to face is that
the solutions of (I.5) may not belong to L?(0,T; H%(2)) (indeed, we can just guarantee that
Ot =—(alz,e)+3)p € L*(Zy)), but as Q is C? we can handle it with a density argument.

Proof. As in [12], we consider the following change of variables:
YE =TT, (2.12)
Since 7 = 0 on N we have the following equalities on % := (0, T) x OS:
=6, ay=a_, YT =97, f =9y, Vit =V, (2.13)

for Vigyp := V) — (Op¢)n. In particular, we can omit the sign when we are working on ¥ to

improve the clarity of the proof.

We next consider the equalities:
LEg® + LFg* = iy, (2.14)

for:
LEYE = —2e7 N2|Vn2epyp® F 267 ALV - V& 4 o,
LE* 1= er?)2|VnPe3y* + eAy® + 70y (ax)® + Lot (2.15)
LEY* = +erAAnEap™ — e 2| V2Lt

As usual, we denote (Liiw)j the j-th term of Lj-tw. Moreover, we are going to calculate the
product (Lﬁbi, ind)i) L2(0)- To do so, we first compute it for generic functions ¢ € C*°(Q), as

we then use a density argument.

To begin with, we have that, for A > C, 7 > C'T? (see (2.8)) for the definition of 9):
(LE6H)1 + (LES)2, (LEE)) 12
— 827'3)\4 // |V77|4§:3t’¢:t|2 +0 <E2T2>\3 //~ gi’¢i|2> :':527_3)\3 // ‘vn|2§3an77|w|2
Q Q P
304
> Tg27_3/\4 //Q giwjiﬁ —54827'3)\4 /4 §i|wi‘2 :F€2T3)\3 /é \Vﬁ|2§3an77|¢|2 (216)
wo

As for the third term in Liczﬂi, we can integrate by parts in time and get, taking into account
(12.10])2:

(LFY™)3, (L3 1) o) = O (mw / /Q firwiﬁ) : (2.17)

12



Summing up, thanks to 1 , () and 4, we obtain for A > C and 7 > C(T + TQ)E*l

the estimate:

7.1 R 5 54 7 31,7212
S T peg 2 Y e //Qf?w 2 12730 //Q g @)

ie{+,—} ie{+,~}
To continue with we find, integrating by parts and with the Cauchy-Schwarz inequality, that:

(T (L g =200 [ /Q Vales Vit —2ea® [ [9nPe(o,0%)

+O<5272)\4 //Qgiwﬂus?v //Q|wi|2>. (2.19)

Next, considering ([2.8]);, we obtain integrating by parts that:

(L0, (L 05)g) = 72200 [ [ dunelons P

+0 G%A//@giwwi\?) +2e%7 )2 //Qgi\vn-wﬂ%ﬁm//@givn-vvaiIQ
=2 [ [ dunelow P+ 0 (20 [ A sl + 20 | v vut

222 2 +2 2 +2 2 9 19
27\ //Qlw £ |V +0<5 m//@giw | )ie m//iannf(lvtgwl + |0n* ).
(2.20)

To continue with, we have that:

(L0 (L3650 =< | /Z e, (2.21)

as ¥(0,-) =y(T,) = 0.

Let us compute the boundary terms involving d,1* that appear in (2.19)-(2.21). On the one
hand, from (2.12)) we find that:

=2t [ [ [valeoustyo = F2e02 [ [ [vnpo.mgtiur

T
—2527)\2/0 (Ond, [VIIEe™270) 11200y 112 (00 (2:22)

In addition, we obtain from (2.8)); that:

T
T+ e2rA / /E D€ 0|2 = —2e27722 /0 (8,2 V€200 11 2000, 172 00

Fe2ma3 / /E (Oun)3E3|0|? F 27N / /E OunEe 270,07, (2.23)
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Finally, we have that:

T
g /E wdt = zer [ /Z Oy + € /0 (Onbs e V) 2oy 2oy (2:24)

Summing up, if we consider (2.19)-(2.24) we get that:

(L (L5)2) 2oy = DL 0<e2T2A4 / ~@WP)

ic{+,—} z’e{+ -}
0 30 e [ awie s [ v
ie{+,— }
T T
—452)\2/0 <5’n¢,6QTQIVU\Z(T€+72§2)¢>H1/2(69),H1/2(ag)+25/0 (Ond, €™ 7Ut) r-172(00), 1172 (002)
(2.25)
Next, we obtain from 2 that:
(L), (LE05)3) 12 = (sTW // &[] > (2.26)

In addition, by integrating by parts we have that:
(D (L0 = O (720 [[ ctiws) werts [[ omdilul. 220
Finally, from ([2.10); we find that:
(505 (L5130 =~ [ e = 2 [0+ TR ). (229
Summing up, combining - we obtain that:

S @ g = 0 (2% [ | &lvs). (2.20)

ie{+,—}
To continue with, we have that:
(LE0 L5600, = O (4 [ Q&IWP) . (2.30)

Next, we have that, after integrating by parts:

(EE ) 50 = 0 (70 [ st ) £ T [[ ol 2a)

14



Finally, we obtain from (0, ) = *(T,-) = 0 that:

(LE6™ ). (L)1) 2 gy = O (2.32)
Summing up the results obtained in -, we get, that:
> (L, (L)) 2y = <7A2 / Q&WP) : (2.33)

e{+,—}

So, if we add (2.18)), (2.25)), (2.29) and (2.33), we get, after absorptions, for A > C and
7> C(T +T?)e !

2 > (L4, +25452¢3A4// g?\wi\2+25252m2/~ &V’

ie{+,-}

> 3A4/ i+ sm?/ &IV
z€{+ }
T T
—4€2>\2/0 <(9n€/>,6_2m|V77|2(75+72€2)¢>H—1/z(69),H1/2(am+25/0 (Ond, €™ ht) g-172(00),11/2(00) -

(2.34)

Using the density of C*°(Q) in H'(0,T; D(A)) we obtain that (2.34)) is true for all solutions
of (1.5) such that ¢T € D(2). So, from now on ¢ denotes any solution of (I.5) such that
o7 € D(Q).

Considering (|1.5} 2, 1.5)4, that a is independent of the time variable and that »(0,) =
Y*(T,-) =0 we find that:

T T
452)\2/0 (On®, 6_2m|V77|2(7'§+7'252)¢>H71/2(ag) H1/2(aﬂ)+25/ (On9, e_Ta¢t>H*1/2(BQ),H1/2(69)
= 4e2)\? // |Vn|? (1€ 4+ 72£%) (a—i— !1/1!2 —1—2&?// a+ wwt
=23 [ [wnP(re+ e (a+ Y . (235)
N

Consequently, from (2.34) and ([2.35) we obtain for all solutions of (1.5 such that d)T € D(Q)

the estimate:

2 Y (Liw', Ly') + 25 3>\4// 53\¢z\2+252s2m2// &V

ie{+,—}
it [ gl + Tenxt | &lvve

+4€2)\2//2 \Vn|2(r€ + 7262%) (a—i— )\@/}]2 (2.36)

v

1€{+,

15



We recall that infsq |Vn| > 0 thanks to (2.8]),. Thus, using (1.9) it is classical to obtain (2.11))
from ([2.36)) (see, for instance, [14] and [12]) for all solutions of (I.5) such that ¢! € D(Q).
Afterwards, we get (2.11]) for all solutions of (1.5)) such that ¢ € L?(£2) by density. O

2.3 Conclusion of the proof of Theorem

Let T" > 1. Considering Proposition for T = 1 and Remark we obtain for all o7 €
L?(2), A > C and 7 > Ce~! the estimate:

1
T3A4/ /e—2m+(t’””>‘5l“ﬁ(t,x)lso(T—1+t,w)l2dmdt
0 Q
1
<Ozt / / e 2ot et g3 (p )| o(T — 1+ t, ) Pdadt,  (2.37)
0 Q

for ¢ the solution of (I.2)). So, fixing A large enough, and 7 = 79e ! for 79 large enough, we
have that (2.37)) implies that:

571’

1
ol L2(r—2/317-1/3)x0) < Ce® [l L2((r-1,1)xw) < Ce* lellz2(q.)- (2.38)

Moreover, from Lemma taking Ty = 6 = 1 we find a constant C' > 0 such that for all
t' e (T'—2/3,T —1/3) we have that:

2diam,, (Q)+1—¢ cC-T
0. ety < Coxp | 2D ELZE oty gy < Coxp | T ot Dz
(2.39)
So, combining (2.38) and (2.39)), we get that:
C-T C-T

0. 20y < Cexp | S lellar-aps-syomar < Coxp | S eliaauy. (240

4e

In particular, if T is sufficiently large, from ((1.3)) and ([2.40|) we obtain ({1.10]).

3 Some control problems in which we have (|1.11])

In this section we study some subcases of (1.11). In particular, in Section we prove
Theorem [I.8] in Section [3.2) we prove Theorem and in Section [3.3] we prove Theorems [I.10
and We first prove, though, that as stated in Remark if @ > 0 we have that
Ag > 0:

Proposition 3.1. Let Q be a Lipschitz domain and a > 0. Then, we have that:
A5 > 0. (3.1)

16



Proof. Let v € H'(Q) such that ||v];2(q) = 1 and such that v = 0 on I'*. We find from the

Green formula and an appropriate Cauchy-Schwarz inequality that:

19) 1
/m|v|2dx:/ ”1|v|2dg;:/ v ““dxz—/ |axlv|2dx—2/ v|2da.
T 2e o0 2e Q 13 Q 4e Q

Thus, if we have a > 0 and v € H'(Q) such that [[v2(q) = 1 and such that v = 0 on I'*, we
find that:

2 ni 2 2 2 1 1
/Q\VU\ dx—l—/F <a+ £> lv|“dx Z/Q’V’U’ dx—/g[é?xlv\ dx — 1= > L (3.2)
Finally, we get (3.1]) from (L.8]), (3.2) and Remark O
Remark 3.2. In order to have an equality in (3.1]), by a careful reading of Proposition we
realize that we need that a = 0, that v just depends on z1 and that d,,v = —(2¢)"tv; i.e. we

need that v = e~(29)7'%1 (and thus I' = Q). This situation corresponds to the case of pure
Neumann boundary conditions, which is studied in Section [3.1] In any other situation in which
a > 0 the inequality (3.1)) is strict.

3.1 Proof of Theorem [1.8

In order to prove ([1.15) we consider that the adjoint system of ((1.12) is given by (see (1.2)):

—Yt — SA()O - BZ-IQO - 07 in Q?
ednp +ni1p =0, on X, (3.3)
o(T,-) = T, on Q.

In particular, we use || for p(x) = e~®1¢"" which is a (steady) solution of 1} (see Remarks
and [1.2)). On the one hand, we remark that (see (L.13)) for the notation):

_ —pr— h/2
90, o) = b o+ 1/2) 10 e (22, (3.4

Because (2 is an open set and because of (1.13]) we have that:
|7 (o e+ R/2) N Q| > 0.
On the other hand, (|1.14]) implies the estimate:

— —x1e” _pl_h‘
IBl2g.) < T2l e ST ep (PR )

Consequently, combining (|1.3), (3.4) and (3.5)) we find that:

1200, )| 2 (@) - |7y (oo, o+ h/2) N QY2 h
l@llc2Q.) T1/2|w|1/? 2 )"

1
Lo (7 (pr-tpr) )

K(Qw,T,e) >

which implies (|1.15)).
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3.2 Proof of Theorem [1.9

We first remark that the adjoint system of (|1.16) is given by (see ((1.2)):

(

—Pt — 5amc@ - 6:1:90 =0, in Q,

€0zo(-,—L)+¢(-,—L) =0, on (0,T),
ol =L) + ¢l ~L) 0.7) 56

90('7 0) =0, on (Oa T)a

\QO(Ta ) = (PTv on (_La 0)
In addition, the spectral problem (1.7) can be written as:

—" = dw, in (—L,0),
2ev'(—=L) +v(—L) =0, (3.7)
v(0) = 0.

In order to prove Theorem [1.9] we first prove the following lemma:

Lemma 3.3. Let L > 0. Then, there is £9 > 0 such that for all € € (0,g9) there is a unique
re > 0 such that there are non-trivial solutions of (3.7)) for A= —r2. In fact, we have:

re € (o, 21€> , (3.8)

and the non-trivial solutions are those proportional to sinh(—r.x). In addition, we have the
limit:

1
5o 7 0. (3.9)

Remark 3.4. From Proposition [3.1]and Remark [3.2 we already know that all the eigenvalues are
strictly bigger than —(2¢)~2; thus, it is clear that r. must satisfy (3.8)).

Proof of Lemma|3.5 The structure of the proof is the following: first we give an equivalent
condition for —72 to be an eigenvalue, second we show that ([3.7) has a unique strictly negative
eigenvalue, and finally we prove (3.9).

Step 1: an equivalent condition. First, we recall that when A= —r2

(3.7), are given by:

< 0, the solutions of
Ae™ + Be ™ : A,BeR.
Moreover, the boundary conditions of (3.7)) imply the system:

(2ere_’"L + e_TL) A+ (—257‘67”L + eTL) B =0,
A+ B=0.

(3.10)

18



Thus, (3.10) has a non-trivial solution if and only if:
el 4 2ere™l = "t — 2epel

that is, if and only if: _
+ 2er oL
= . 3.11
1—2er ¢ ( )
In addition, from (3.10]), we obtain that the associated eigenfunctions are those proportional to
sinh(—r.z). Finally, from (3.11]) we have that all the possible positive roots are in (0, (2¢)~1),

so we just have to prove existence and uniqueness in that interval.

Step 2: the proof of the fact that ([3.11)) has a unique solution in (0, (2¢)~'). Let us denote:

1+ 2er 2
= - 14+ ga(r) =L

1= 2er 1—2er’

g1(r) :

We have the equality:
91(0) = g2(0) = 1. (3.12)
In addition, the derivative of the functions are given by:

4e

m, gé(rf') = 2L€2TL. (313)

g1(r) =

Consequently, combining (3.12)) and (3.13) we obtain a constant ¢ > 0 such that for £ small
enough, g2 > g1 in (0,¢). Moreover, since lim,(2.y-1 g1(r) = +00 and ga((2¢)™!) € R, we have
at least one root of (3.11)) in (0, (2¢)71). In order to show the uniqueness of the root, we define:

L T
g3(r) :== ") = %(1 — 2¢er)2e?L,

Since in (0, (2¢)7!) the function g} has the same sign as 2L(1 — 2er) — 4¢, we have g4(r) < 0 if
and only if:
2L —4e 1 1

4Le 2 L’

So, since g3(0) = 4—L€, for ¢ small enough there is a unique:

F e 1 1 1
7 s 2
€ 2¢ L’ 2¢

such that g3(7.) = 1, g3 > 1 in [0,7.] and g3 is strictly decreasing in [, (2¢)7!]. This implies

that gh(r) > ¢{(r) in [0,7.) and gh(r) < gi(r) in (7c, (26)71). Consequently, (3.11]) has a unique
root in (0, (2¢)~!) which, to be more precise, belongs to [F, (2¢)~!] and which we denote from

r=z

now on by r..
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Step 3: the proof of (3.9)). In order to prove (3.9)), we first consider that for e small enough:

1 1 1
>re > — — = > —. 3.14
T P ( )
Moreover, from g;(re) = g2(r:), we obtain that:
1
- /5 _ 627‘5[/ + 1,
2¢ e
which implies the equality: . .

2 T e(e?rl +1)
Using (3.14)), we get for £ small enough that:

1 1
% - 7'5 S 75611(25)71 . (315)
Consequently, we obtain (3.9) from (3.15)) and (3.8]). O
We now end the proof of Theorem Remark [T.2] implies that:
- 1
(uf (), A5) = <sinh(—r5m)e—(2€) 11;) _57«? + 4) (3.16)
€

is a solution of (1.6). Hence ¢(t, ) = us(x)e*~7) is a solution of (3.6). Moreover, we obtain
from er. < 1/2 (see (3.8))) and (3.9) the limit:

e _ i i + — i 1 + —0 (3 17)
0= g 2% Te % Te = % Te 5 ETe . .

We prove (|1.17)) with the help of (1.3). On the one hand, for z € (—L,—L + h/2) and ¢ small

enough we have the bound:

W (z) = sinh(—roz)e—@) 77 > L=t e 5 LGt a2

—4
Moreover, using 1D we find for € small enough that e %7 > 1 /2. So, we get the bound:

. . NI
1200, ) 2(=£,0) = 190, M 22(—1,—L+n/2) = 16 e(ret(2e) ™) (L=h/2) (3.18)

On the other hand, from w C (—L + h,0) we obtain the estimate:

161l 2(00) < VT(L — h)el=t ) D=, (3.19)
To prove (3.19)) we have used that:
11X D oo oy < 1,
and that in (=L + h,0):

Sinh(—r x)e*(Zs)—lx < 6_(7"s+(26)*1)a: 6(T5+(25)71)(L—h)
€

<
- 2 - 2
Finally, combining (1.3]), (3.18), (3.19) and that r. > 0, we get (1.17)).
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Remark 3.5. The key idea of the proof is that A\j — 0, but we also need to know how the

eigenfunctions are distributed in €.

3.3 Control results when the control domain is 2

In this section we first prove Theorem [1.10, we then prove Theorem and we finally prove
Theorem .12

Proof of Theorem[1.10. From Deﬁnitionwe obtain that °(t, ) = u§(x)e* (T~ is a solution
of ([1.2) (see Definition |1.5(for the notation). Furthermore, ([1.18)) implies that:

T
/ ST T
0

Consequently, we have the limit:

l9°(0, )72 B luge 671172 g o 2T 1
ol Pdzdt — [f, juge 5T DPdedt — [T =220 0g T’
which together with (1.3 implies (L.19)). =

Proof of Theorem [1.11. Let ¢ be a solution of (3.3) and y < 1 be a regular positive cut-off
function whose value is 1 in [0,1/3] and 0 in [2/3,1]. Recalling that the adjoint system of (1.12))
is given by (3.3) we find that:

e s (5o
// < )|<p| dde// < )5A¢+am<p)sodxdt
// ( >y¢| dmdt—s// ( >!W| dxdt
[ (3) awa <o (1 41) [ Ioftazar. (320

For the last inequality in (3.20)) we have used classical estimates on the trace term. In particular,

we have used the following estimate:

‘//J(é) dmdt<s// < >|w| dadt + & // (o[2ddt.

Thus, we obtain from ((1.3)) and ( - O
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We now prove Theorem thanks to an explicit computation of the solutions of (3.3)). For
that purpose, we remark that the spectral problem (1.7)) is given when I' = 9Q and a = 0 by:

—v" = v, in (—L,0),
(3.21)
2¢ev' +v =0, on{-L,0}.
It can be proved easily that the only negative eigenvalue is X = —é and that the associated
eigenfunction is:
e—(2e)7!
vo(z) = -
Je=(2) HL?(Q dz)

In addition, it can be proved for m € N, that:

A = <27Tm)2’
L
and its associated eigenfunction is:
2e/ 5\m cos (\/ S\mx) + sin (\/ ;\mx>
) = — = =
H25\/ A, COS ( )\mz) + sin (\/ )\mz> ‘

Consequently, Remark implies that the spectral decomposition by the elliptic operator asso-

L2(Q,dz)

ciated to the adjoint system is given by us, () = vﬁl(m)e*@s)_l‘”, and their associated eigenvalues

are given by A5, = e\, + (4¢)~'. In particular, we have that:

ug(x) = , Ao =0.
’ [e=(2 ZHLQ(Q,dz)

In addition, we have the following result:

Lemma 3.6. Let L > 0 and Q := (—=L,0). Then, for all o € L?>(Q) the solution of (3.3)
satisfies in C°([0,T]; L*(Q)):

fQSO dz —e 1y
eI =2, ¢
L2(Q,dz)

+ > / )75 (2)dzvs, (x)e )T P exp {— (55\m+ 415) (T—t)] . (3.22)

meN,

So(tv :C) =

In particular, the series in the right-hand side of (3.22)) is absolutely convergent in L*(Q) for all
t <T. Moreover, for all Ty >0 and § > 0 there is C > 0 such that for all o7 € L*(Q), T > Ty
and t € [0,T — Tp] we have the estimate:

> / 208 (2)d2n, (z)e” ) 7 exp [— (dm + 415) (T — t)]

meEN,

L2(Q,da)

i t)> . (3.23)

< Cll" || 2y exp

2L+ 6 —
4e
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The proof of Lemma is analogous to that of Lemma In addition, we remark that,
for all m € N and t € [t,T):

< / o7 (2)e) 7 20E (2 )dz) e, (2)e” ) exp [— (dm + 415) (T — t)]
= (/ T (2)e®) ™ e (2 )dz> exp[ (55\m+ 41€> (T—t)] o, (2)e” ) exp [— <Exm+ 415>
( { ) ( (z)e(%)lzvi(z)dz) vE(2)e™ ) Fexp [_ (ar + 41€> (T — t)} }

e<2€>‘1%;(5)d5> v (z)e” %) exp [— <5Xm + 415> (f — t)]
_ < /Q o, z)e@a)lzv,;(z)dz) o (2)e @) 1% oxp [_ (dm + 41€> (- t)] C(3.24)

We have used, in the second equality of (3.24)), that the eigenfunctions of (3.21) form an or-
thonormal set of functions and Fubini’s Theorem (it can be proved as in Lemma that the
series is convergent in L?(€2)). A consequence of (3.24) and Lemma is the following;:

Corollary 3.7. Let L > 0 and Q := (—L,0). Then, for all Ty > 0 and § > 0 there is C > 0
such that for all o7 € L?(Q), T > Ty, t € [Ty, T] and t € [0,T — Ty] we have the estimate:

> / o (2)dzom (x)e” ) 7 exp [— (sXm + 415) (T - t)]

meN,

L2(Q,dax)

- 2L4+0— (t—t
< Clle(t, )lz2(,dx) exp ( 45( )> . (3.25)

In particular, we obtain that for all Ty > 0 and § > 0 there is C > 0 such that for all o7 € L?*(Q),
T>1T and t € [To,T)

> / " (2)d2vg (2)e )7 exp [— (gxm + 415> (T - t)]

meEN,

L2(Q,dx)
T

<TL lo(s, 2o dsexp<2L+64_€<t_t)>. (3.26)

Proof of Theorem[1.13. In order to prove Theorem we split the solutions of system (3.3))
into two parts with the help of Lemma [3.6] Indeed, we define:

EXT

1N ngo z)dze~
SO (x) He (25

9

1ZHL2 (Q,dz)

and:

5 [ e - () 0]

meN,
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We remark that:
p(t,z) = @' () + ©*(t,z), inQ.

Next, we estimate ¢! and *(0,-) with respect to [|¢]|12(g):

o If ! = 0 the estimate is trivial. Consequently, we suppose from now on that ¢, # 0. We

1
N = {t : 902<t7> S BLQ(Q) <_§017 H(’O H2L2(Q)> } )

Bx(w,r):={ve X :||v—-wlx <r}.

denote:

for:

We have that:
W < 3L, (3.27)

since otherwise there are some t; and to such that t9 — ¢ > 3L and:

PR
(PQ(th')v(PQ(tZ?') € BLQ(Q) <_(P172() )
but by (3.23]) this is impossible. Indeed, the system is autonomous and if t, € N we have

the estimate: .
ll HL?(Q)
2 )
so by (3.25]) for t = ¢t and 6 = L/2 we have that t; € N for & small enough. In addition,
we remark that in [0, 7] \ V' we have that:

[p(t2, L2 <

let 2o
lo(t, Mz 2 =52 (3.28)
Thus, we obtain from ([3.27) and (3.28)) that for all p? € L?(Q2) and T > 4L:
1 1
2 2 4
e |20 - o™ [l 220 - (3.20)

< -2
lellize) — lellzeqomywxe) ~ VT =3L ~ \/T/A VT

e As a direct consequence of ([3.26)) for # = 7' — L we have that, independently of ¢

2 0.- C —ce ! 3
1900, ) 220 _Ce lell2((r—r,m)x) < Coest, (3.30)
lellrz(q) el (@)
Thus, combining (3.29) and (3.30) we obtain (|1.21)) for £ small enough. O
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4 Further comments and open problems

We remark the following:

e We obtain similar results for the boundary controllability.

e Under the hypothesis ((1.9) if 7" is small the cost of the null controllability of ((1.1)) explodes

exponentially when e goes to 0, which can be proved for instance as in [19] and [2].

We now present some problems that remain open:

e Get precise estimates of the cost of the control problem (|1.1)) for a large time and a small

diffusion coefficient when a also depends on the time variable.
e Determine if Theorem [[.12] is still true for all domains.

e Analyse under the hypothesis (1.11)) when there is some y° such that the norm of the
minimal norm control which takes y° to 0 increases exponentially and when, for all ° and
for £ small enough, the cost is bounded by a constant (or, even better, when for all y" the

associated control does not decay with ¢ and it is just a problem of uniformity).
e Study the cost of the controllability in the context of Section (3.3[ when (—=L,—L+h) C w.

e Determine under the hypothesis ([1.11]) if for all domain €2, subdomain w C , 7" > 0 and
a € L*(I" x (0,e0)) there is a constant C' > 0 such that for all ¢ € (0,2¢) we have that:

K(Qw,T,e) < Ce®s . (4.1)

Indeed, following the techniques in [14] and considering the equation (|1.5) we can easily

see that:
K(Quw,T,e) < 060874/3;

however, (4.1) would be more coherent with the literature (see [19]).
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