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0 Abstract and basic information

In this paper we consider the heat equation with Neumann, Robin and mixed boundary
conditions (with coefficients on the boundary which depend on the space variable). The main
results concern the behaviour of the cost of null controllability with respect to the diffusion
coefficient when the control acts in the interior. First, we prove that if we almost have Dirichlet
boundary conditions in the part of the boundary in which the flux of the transport enters the cost
of the controllability decays. Next, we show some examples of Neumann and mixed boundary
conditions in which for any time 7" > 0 the cost explodes exponentially as the diffusion coefficient

vanishes. Finally, we study some systems in which the control is located on the whole domain.
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1 Introduction

1.1 Main results

Let Q € R? a domain (bounded connected open set), I' C 9 a relative open subset and
™ := 00\ T'. We consider a mesurable function a(z,¢) defined in I x (0,g¢) for some gy > 0.

We study the control problem given by:

.
Yyt — €Ay +0py =1u,f, inQ,
Ony +ay =0, on Xy,
y =0, on Xp,
—_ .0
\y<07 ) =Y, on Qa

for € € (0,e0). As usual, n denotes the outward normal vector on 92, @ := (0,T) x Q, Q,, =
(0,T) xw and ¥ := (0,T) x 0. In addition, we define ¥ := (0,7) x I'and Xp := (0,T) x I'*.
The null controllability of is already proved in [12] and [I0] when a € L*°(T"); however, with
a gross estimation on how the cost of the controllability behaves when the diffusion coefficient
€ > 0 vanishes. In this paper we give more precise bounds with respect to € about the cost. We

study the cost of the control with the usual norms; that is:

K(Q,W,T,E) = sup inf H‘fﬂL&’
yoer2@\{o} Fe5w0) [19°]] 2o

for
S(y%) :={f € L*(Q.) : the solution of (I.1) satisfies y(T,-) = 0}.

The cost also depends on a and I', although we do not write it explicitly.

This paper follows a well-established research line which inquires about the cost of the con-
trollability of systems with a small diffusion and a transport term. The first of such control
problem to be analysed was the heat equation in dimension 1 with Dirichlet boundary condi-
tions in [§]. Afterwards, the same problem but in any dimension and with any speed belonging
to WHT(RT x Q) was studied in [I8]. More recently, better approximations of the optimal
time in which the cost of the control decays have been given: the lower bound was improved
in [24] through complex analysis and properties of the entire functions and the upper bound
was improved in [13, 23] (in the first one through complex analysis and in the second one by
transforming the original equation into the pure heat equation). As for similar results, work has
been done in the KdV equation (see [15] 16l 2, [3]), in the Burgers equation (see [14]), in the

Stokes system (see [I]) and in an artificial advection-diffusion problem (see [5 [6]). Finally, the



current study of (1.1)) is a contribution to the literature (and in particular the case a = 0 and
I’ = ) is an open problem proposed in [I8, Remark 3]).

As in the previously cited papers, we study the adjoint problem, which is given by:

—pt —eAp — Oy p =0, inQ,
e0pp + (ca+n =0, on Xy,

e + ( 1)@ N (1.2)
p =0, on Xp,

o(T,-) = T, on .

Indeed, we have the classical equality given by the Hilbert Uniqueness Method (see, for instance,

[25, 211):

K(Q,w,T,e) =
©TeL?2()\{0} lellz2(qu)

(1.3)

where ¢ denotes the solution of ([1.2)).

As a novelty with respect to the literature, we obtain some properties of (1.2)) (and in particular
the Carleman inequality) by studying the solutions of:

)
~r—eAp+ =0, inQ,
e0nd + (ca+ %) =0, on Xy,

(1.4)
¢ =0, on X p,
(o(T,") = o7, on €.
The advantage of studying the solutions of is that its elliptic part is self-adjoint.
Remark 1.1. We have obtained system by considering the functional:
w s ey, (1.5)

which is an homeomorphism from the solutions of (I.2) with initial value in L2(2) to the
solutions of (1.4) with initial value in L?(Q2). Furthermore, this functional is useful to translate
information about the solutions of ([1.4) to information about the solutions of (|1.2)), for instance

about their regularity.

We now define the operator:
Au = —eAu — 0y, u, (1.6)



and the domain:
D(A%) :={w e H'(Q) : ALw € L*(Q), edpw+ (ea+n)w=00onT, w=0onT*}. (1.7

We recall that —Aw € L%(Q) and w € H'(Q) implies that d,w is well-defined as an element
of H=Y/ 2(T"). With the purpose of understanding the solutions of (1.2)) we study the spectral

problem:

—eAu — 0y, u = Au, in Q,
e0pu+ (ea+mn1)u=0, onT, (1.8)
u =0, on I'*.

In a similar way, with the purpose of understanding the solutions of (|1.8)) we study the spectral

problem:
—Av =\, in €,
edpv+ (ca+%)v=0, onT, (1.9)
v =0, on I'*,

and we define:
D(A) = {w € H'(Q): —Aw € L*(Q), ed,w + (6@—1— %) w=0onTI, w=0on F*} .

We can relate the solutions of ((1.8) and (|1.9|) with the functional (|1.5)):
Remark 1.2. We have that (v, A) is a solution of (1.9) if and only if:

- ~ 1
A) = (vem @7 X —
(u, \) (ve ,€ +4E ,

is a solution of ([1.8). Similarly, (u, \) is a solution of (1.8)) if and only if:

2 _133 )\ 1
<“€( T 452)

is a solution of (1.9).

We consider ([1.9)); instead of —eAv+(4e)~tv = v in order to isolate the “part” of the eigenvalue
that is caused by the diffusion. This is useful for instance to prove Lemma [2.4] and [3.4] below.

From now on we need the following technical hypothesis:

Hypothesis 1.1. We suppose that for all € € (0,ep) there is s > 3/2 such that D(A) C H*(Q)

continuously.



Remark 1.3. The hypothesis |1.1] include all the cases in which a € W1/2°°(T) and:
ornor =1, (1.10)

which in particular includes segments. The reason is that if we have next to each compo-
nent of 02 we ave either Dirichlet boundary condition or Robin boundary conditions, so we can
use the well-known regularity results. In addition, there is no reason to believe that Hypothesis
is false if a € WI/Q’OO(I‘), but this is still an open problem.

Remark 1.4. It can be checked directly that the laplacian is self-adjoint in D(A) if we have
Hypothesis a € WY2%(T). Indeed, if w € D(A*) we see first that —Aw € L*(Q) by
considering that D(Q) C D(A). Afterwards, we see that w equals the solution of —Av = —Auw,
(L.9), and (L.9)5. Thereby, L*(2) has a spectral decomposition (for each ¢) by the solutions of
([9).

Remark 1.5. We can also study the problem with null initial force associated to . Indeed, the
functional w s e~ (2™ #1y transforms into a symmetric version of (time backwards
and with opposite transport). Thus, the direct and adjoint systems have a similar nature and

similar decay properties.

Definition 1.6. We denote by (A, )men the eigenvalues of (T.9) and by (AS,)men the eigenvalues
of (1.8). In addition, for each eigenvalue of (|1.9) an eigenfunction v¢, is fixed, to which we
impose that [vy,[[z2(q) = 1. Finally, we denote ug, := vE,e~(29) 771 The & might be omitted to

avoid excessive redundancy if clear.

Remark 1.7. Since span{uvy, } = L(Q) (see Remark [1.4) we have that span{u,,} = L2(9).

The idea of using spectral decomposition is not new in Control Theory (see, for instance, [7]).
Indeed, for the heat and the Stokes context alone, there are many documents which deal with
eigenfunctions of the elliptic operator for proving the existence of some control (see, for example,
[20, 22], 4]), for estimating the cost of the control (see, for instance, [9]), and for giving negative
answer to the existence of a control (see, for example, [22]). As for a system with small diffusion
and a transport term, a spectral decomposition indirectly appears in [8, 24], when the authors
get lower bounds for the optimal time Ty in which the cost of the control decays exponentially
with . In addition, a spectral decomposition has been used in [I] to get the dissipation estimate
in a transport-diffusion Stokes system. Indeed, in this paper we follow the phylosophy of [I] of
using as much information as possible about the spectral decomposition, with the contribution

that now while proving the Carleman we work directly in the symmetrized system; that is, in

[T4).



Coming back to ([1.2]), what determines if the solutions of (|1.2)) decays is 5\‘6 We recall that
by Rayleigh principle we have the equality:

A5 = min {/ |Vol? —|—/ <a + E) w|* v e HY(Q), [vllz20) = 1,v=0on I‘*} : (1.11)
o) r 2e

Looking at (|1.11) we can do a division of cases depending on whether the following inequality
is satisfies: :
(a+ (2¢) " ny)1r > 0. (1.12)

If (1.12)) is satisfied, we have that S\‘i > 0, which implies that the solutions of ([1.2)) decay
exponentially on e ! (see Lemma below). In fact, we have the following theorem:

Theorem 1.8. Let Q C R% be a C? domain, w C Q be a subdomain and g9 > 0 be so that
(a,e,T') satisfies that a € L (), (1.12) and Hypothesis . Then, there are T,c,C > 0 such
that for all € € (0,e9) we have that:

1

K(Q,w,T,e) <Ce = . (1.13)

There are several important examples that satisfy the hypotheses of Theorem

e Dirichlet boundary conditions (I' = @)). This controllability result is already proved in
[8, 18]. However, the proof is different in the sense that on this paper we prove the decay
with the spectral decomposition (instead of with a comparison theorem or an Agmon

inequality) and the proof of the Carleman presents some differences.

e Segments in which we have boundary conditions on the left edge and Neumann conditions
on the right edge. The physical meaning of those boundary conditions is that the function

is almost null near the left edge and almost constant near the right edge.

e The following control problem:

yr — €Ay + 0y =1,f, inQ,

—e0ny + 5y =0, on X, (1.14)
y(0,-) = 9", on .
This control problem is (L.1) with a = —35 and ' = 09, so in a sense it is an edge

case among those which satisfy (1.12). It is symmetric with its adjoint system and it can

represent a physical situation in which we almost have Dirichlet boundary conditions.

e Any system satisfying (1.10) and a > (2¢)~!ny; that is, in which we almost have Dirichlet

boundary conditions.



The alternative situation to (|1.12]) is:

ni
— )1 0. 1.15
(a + 25) rZz ( )
Under the hypothesis we might have negative eigenvalues for (1.9) and the cost of the
control might explode.
Let us get an estimate of the lower bound of A when a > 0; that is, when system (|1.1]) has

a mixed of Dirichlet and Robin boundary conditions with a positive value a.

Proposition 1.9. Let Q C R? a Lipschitz domain and a > 0. Then, we have that:

1
g > ——. 1.16

Proof. Let v € H'(2) such that [|vllr2() = 1 and such that v = 0 on I'*. We find from the

Green formula and an appropriate Cauchy-Schwarz inequality that:

Moo= [ M= [ 29 o, o2 — — .
/r 2€’v| /39 25’0‘ /Q e /K;‘ vl 4e? Jo o

Thus, if we have a > 0 and v € H'(Q) such that [|v;2(q) = 1 and such that v = 0 on I'*, we

find that:
V — > Vol|® — - - 2. 1.1
/g' ‘ +/r<a+2e>'”' —/Q' ‘ /Q'al“' R (A7)

Finally, we get (1.16|) from ((1.11]) and (1.17)). O

Remark 1.10. In order to have an equality in , if we follow the proof of Proposition
we need that a = 0, that v just depends on x7 and that 0,,v = —(2¢)"1v, i.e. we need that
v = e (2)7Im (and so I' = 09). This situation corresponds to the case of pure Neumann
boundary conditions, which is studied in Section In any other situation in which a > 0 the

inequality (1.16]) is strict.

In this paper we study some subcases of (|1.15)):

e We consider (|1.1) with pure Neumann boundary conditions; that is, a = 0 and T" = 9.
We remark that under those boundary conditions (1.1)) is given by:

yr — €Ay + 0y =1,f, inQ,
any = 07 on 27 (118)
y(0,-) =4, on €.



The study of (1.18)) is an open problem proposed in [I8, Remark 3] and it represents that

the mass gets in and out only tangentially. Let us denote:

mi(x) :=x1, pr:=infm(Q), pr:=supm(Q). (1.19)

We prove in this paper the following result:

Theorem 1.11. Let h > 0, Q C R? be a Lipschitz domain, and w C Q be an open subset
such that:

m(w) C (P + h, py). (1.20)
Then, for all T > 0 there is ¢ > 0 such that for all € > 0 the cost of the control of problem
(L.18)) explodes exponentially; that is, such that:

1

K(Q,w,T,e) > ce™ . (1.21)

We consider the segment Q := (—L,0), a = 0 (Neumann boundary conditions) and I' :=
{—L}. In this situation the control problem ([1.1)) is given by:

(

Yt — 58;m:y + a;ry = fluh in Q7
8$ ) —L)= 0, Oa T )
(D) on (0.7) o
y('v 0) = 07 on (O’T)a
(¥(0,) = y°, on (—L,0).

The control problem describes for instance a valley in which the density of animals
is constant near the left edge and it goes to 0 near the right edge (for instance if there is a
cliff). The intuition may suggest that as € gets smaller the cost of the control decreases, as
in the Dirichlet case. However, it is just the opposite, the fact that there is a flux coming
from the left dominates and the cost of the control actually increases when the random

movement vanishes. In particular, we prove that:

Theorem 1.12. Let L,h > 0, Q := (—L,0) and w C (—L+h,0) be an open subset. Then,
for all T > 0 there is ¢ > 0 and €9 > 0 such that for all € € (0,g¢) the cost the control of
(11.22) is bounded superiorly by:

1

K(Q,w,T,e) > ce®” . (1.23)

We get a lower bound of the cost of the controllability when w = 2; that is, in which the

control domain is the whole domain. In particular, we prove that:



Theorem 1.13. Let Q be a Lipschitz domain, T > 0 and (I',a) be such that a € L*°(T),
Hypothesis is satisfies and:
A5 — 0. (1.24)

Then, we have the bound:

liminf K(Q,Q,T,¢) (1.25)
e—0

1
> —.
VT
The conditions stated in Theorem include the control problem (1.18]) (see Remark
T10) and (T22) (see (B15)).

e We study if w = Q and if we have (T.24)), the cost of the control is at least O(T~'/2) when

€ — 0. In particular, for Neumann boundary conditions we prove that:

Theorem 1.14. Let Q be a C? domain. Then, there is C > 0 such that for all ¢ > 0 and
T > 0:

1 1
K(QQTe)<C|—=+—|, 1.26
@070+ ) 20

for K the cost of the control problem (1.18)).

In addition, if we are in a segment we prove that:

Theorem 1.15. Let L > 0 and Q := (—L,0). We have for all T > 4L:

limsup K (2,Q,T,¢) <

e—0

for K the cost of the control problem (1.18)).

: (1.27)

5=

Remark 1.16. The difficulty when proving Theorem [T.14] and Theorem [T.15]is that f is required
to be in L?(Q). If we just need having f € L?(0,T; H=2(Q)), then it suffices to consider the

affine function which joins y° and 0.

As for the results stated for subcases of ([1.15]), Theorem is similar to the result presented
in [1] for the Stokes equation in dimension 3. As for the others, the most surprising is Theorem
as one can think that having Dirichlet boundary conditions in the right-hand side is a

sufficient condition to have exponential decay on the cost of the control.

The rest of the paper is organized as follows: in Section 2] we prove Theorem in Section
we study the case ((1.15) and in Section {4f we do some remarks and present some open problems.



2 Proof of Theorem [1.8

The section is split in three parts: in the first one we prove the decay of the solutions of (1.2)),
in the second one we prove a Carleman inequality for the solutions of (1.4]), and in the third one

we end the proof of Theorem [I.8] For this section we use the following definition:

Definition 2.1. Let © C R? a non-empty set. We define:

diamg, () := sup {a:l : ({xl} X Rd_l) N # @} — inf {xl : <{$1} X Rd_1> NQ # (Z)} :

2.1 Decay of the solutions of (1.2) for a sufficiently large time

We denote by (A2).en the eigenvalues of the system:

—Av=2% inQ,
Opv =0 on 0f).

(2.1)

It is easy to prove that all eigenvalues of (2.1)) are positive. In addition, we recall the Weyl

asymptotics law for the Neumann system (see, for instance, [19]):

Lemma 2.2 (Weyl asymptotic). Let Q C R? be a Lipschitz domain and let N(v) be the number
of eigenvalues (counting repetitions) of (2.1) that belong to (—oo,~]. We have:

o N() _ Vol(B(0,1)) Vol()
'yggo ')/d/2 - (27T)d '

In particular, there is C' > 0 such that, for all v € R:
N(y) < C1+[1*?). (2.2)
In addition, we recall the following spectral result which follows from the min-max variational
principle:

Lemma 2.3. Let Q C RY be a Lipschitz domain and assume that (a,T') satisfies that a € L°>°(T)
and (1.12). Then, for all m € N we have the following estimate:

Let us now study the solutions of ([1.2)):

Lemma 2.4. Let Q C R? be a Lipschitz domain and assume that (a,T) satisfies that a € L>°(T)
and (T.12). Then, for all o* € L?*(Q) the solution of (1.2)) satisfies for all t € [0,T):

plta) =Y /Q T (2)e®) 7 #10E (2)dzvl, (v)e” 28 1 exp [ (stn + 41€> (T — t)] . (23)

10



In particular, the series in the right-hand side of ([2.3) is absolutely convergent in L*(SY) for all
t <T. Moreover, for all Ty > 0 and § > 0 there is C > 0 such that for all T > Ty, ¢ € L*(Q)
and t € [0,T — Tp] we have the estimate:

2 diam,, () +6 — (T — t>> ' (2.4)

etz < Clle oy exw .

Proof. We can easily prove (2.3) for t = T using that v¢, is an orthonormal basis in L?(().
Indeed, if ! € L%(Q) we have that:

SDT(x) = (QOT(x)e(Qa)_lzl)e—(2€)—1z1 _ Z / QDT(Z)e(zE)_IZlU;(z)dzvfn(x)e_(%)_lml.
meN Q

We prove and simultaneously for ¢ € [0,7). We obtain from Remark that
is true in span{u,,}. Since the left hand side of belongs to C°([0,T); L3(2)) (see
[10]) and since span{u, }men is dense in L2(£2) (see Remark , it is enough to prove that the
right-hand side is an endomorphism on L?(£2). For that purpose using the triangle inequality
and that [[vp[[z2() = 1 we get that:

> /Q (97 (2)e®) 2108, (2)dzvs, (w)e )7 exp [— (s?\fn + 415> (T - t)]

meN

L2(Q,dx)

2diam,, (Q) — (T — ¢ e (T
<" 2@ exp( 1(42 ( )> Z e~AnT=1)  (2.5)
meN

Thus, the only thing left is to bound ) e~ (T=1) We obtain from Lemma Lemma
and the positivity of the eigenvalues of (2.1]) the estimate:

Z 676;\$n(T7t) < Z efsx%(Tft) < Z N(m)efs(mfl)(Tft)

meN meN m>1

+oo
<C {1+ (1 +mPPestm 0] < o(1+ / <1+<z+2>d/2>e—”<T—t>dz>
0

m>2

oo 1 1
d/2\ —ez(T—t)
<C<1+/O (14 2%%)e dz>—0<1+€(T t)+5(d 72 e 2)/2>. (2.6)

So, from (2.6), T —t > Ty, and z~*/2e72"" € L®°(R™) for all k € RT, we obtain that:

Z e T < b (2.7)
meN
Consequently, we end the proof by combining (2.5) and (2.7)). O

Remark 2.5. Lemma can be generalized to the case in which A5 > 0 and in which we have

some polynomial bound for |{i : \; < m}| that depends on m and uniform for all & € (0, o).

11



2.2 A Carleman inequality for the solutions of (|1.4])

We consider the usual Fursikov-Imanuvilov weights. First of all, we consider n a C?(Q)

function satisfying:
n=00n0Q, n>00nQ, [7||e=1, inf |[Vn|=0>0, (2.8)
QN\wo
for wy CC w an open non-empty set. The existence of such a function if Q is a C? domain is

proved for instance in [I2]. With that auxiliary function in mind, we define, for some 7' > 0,
the following weights in Q := (0, T) x Q)

e8A _ A(EN(2)+6) eMEn(z)+6)
ay(t,x) = = , &i(tx) = ————
ai(t) = maxox(t,z),  &L(t) = min&s(t,x).
€ z€Q

Weights of this kind first appeared in [12], but this version is borrowed from [II] with the
adaptations for non-Dirichlet situations proposed in [10]. We remark that we have the usual

bounds:

|00, 04| = |00, 64| < ONEx, || < OTEY, |0pax| < CEL(1+TEL). (2.10)

We prove in this section the following result:

Proposition 2.6. Let Q C R? be a C? domain, w C Q be a subdomain and g9 > 0 be so that
(a,e,T') satisfies a € L (T"), (1.12) and Hypothesis . Then, there is C > 0 such that if A > C,
7> (T +T?)e™ " and ¢* € L*(Q) we have that:

7_3)\4/[ 6—25a§3|¢2+7/\2// e~ 2503|124 722 // e2rag? (a+ﬂ> 16[2
Q Q Sy 2e
<o // em 2o |p (2.11)
Qu
for ¢ the solution of (L4) with T instead of T, and Xy := (0,T) x I.

In the statement of Proposition 2.6 and in its proof we omit the infinitesimals dt and dx as they

can deduced by looking at the integration domain.

For proving Proposition [2.6| we adapt the proofs of [I§] and [I0]. In the proof of Proposition
we denote by O(g(e, T, A\, ¢)) a generic function for which there is C' > 0 depending only on

), w and wp and which satisfies:

‘0(9(87 T7 >\7 ¢))| S 09(57 T’ )\7 ¢)'

ifA>C,and 7 > (T + T2)5*1. In that definition g is a positive function.

12



Proof. By density arguments it suffices to prove ([2.35) for ¢° € D(Q). Thus, we can suppose
that ¢ € H'(0,T; D(A)). As in [10], we now consider the following change of variables:

PF = e 7T, (2.12)

We remark that, ¢+ have Dirichlet boundary conditions on ¥p := (0,7) x I'*. In addition,
since 7 = 0 on X := (0,T) x 9 we have the following equalities on :

ng = 5*7 ap =0, ¢+ = ¢_7 d}; = ¢;7 atgz/)—"_ = atgw_' (213)

In particular, we might omit the sign when we are working on X to avoid this redundancy. In

that sense, we have that:

Ot = £TAED) — (0 + ;%) ¥, on Sy (2.14)

We next consider the equalities:

Ly + Lyy* = Lyy™, (2.15)
for:
Li® i=  —2eTXN2|Vn|2eah® F 26T ALV - Vot +oiE,
LigT = er?22|VnPeiot + eAp* + 19y(as)p® + Ly, (2.16)

Lyy® = ferAnFéy® — er A2 V2™,

As usual, we denote (L;tz/J)j the j term of Liiw. Moreover, we are going to calculate the
product (Lli@bi,Lini)Lz(Q). The operations here are inspired in [I8, Proposition 1], though

we use the technique proposed in [10] to treat the boundary terms.

To begin with, we have that, for A\ > C, 7 > CT? (see for the definition of 4):
(L7 + (Le™)2, (L)1) 12(g)
et [[ vttt e o (203 [[ ) w200 [ wipealr
Q Q N
364 . . )
> Tper [ s oot [ e [ wardomur. i)
wq N

As for the third term in Liczﬂi, we can integrate by parts in time and get, taking into account
(12.10]):

(L39S, (L3 ™)1) 12 = O (mw / /Q firwiﬁ) : (2.18)

13



Summing up, thanks to , , and ( , we obtain for A > C and 7 > C(
T2)e~! the estimate:

> (L (L) ey = D 25273)\4//Qgg|¢ |2_5452T3,\4/Qw0 Sl (2.19)

ie{+,—} ie{+,—}

To continue with, we have that, integrating by parts, with Cauchy-Schwarz inequality:

(T (L g =200 [ [ IVaec v -2t / /SN V2 (O )

2 _2\4 2 +12 212 +12
+o<sm//@gi|¢ | +5>\/Q|Vw |>. (2.20)

Next, considering that 7 = 0 on 0%, integrating by parts formally (assuming that ¢ € C*(Q)):
(L) (L56)2) gy = 720 [ /Z Ot 2

+0(s2m / ﬁiwi\?) w2 [[ v vurpaenn [[ e viverp
Q Q Q

=2 [ dunglon 0 <em / /Q gi\wﬂ?) ozt /Q €|V Vo[

—eonit [ nPedvit+0 (£ [ et ) £eien [ dune(ouf + 0.7
(2.21)

Actually, for all * € L%(0,T; D(A)) the left-hand side of (2.21)) equals the right-hand side of
(2.21]) because of Hypothesis and because C(Q) is dense in L?(0,T; D(A)). To continue

with, we find from 4 and that:
(05 (L5 == [ w0
N
_ . / / (a—i—%) bt + eTA / €0y = +eTA / o). (2.22)
SN € SN SN

We have used the assumption a is independent of the time variable and that (0, -) = (T, -) = 0.
Let us compute the boundary terms involving 0,t* that appear in ([2.21)). On the one hand,

we have that:
Felr / / Onné|Op > = F2r A / / Onnéle 5%, 6| (2.23)
>p ¥p
On the other hand, we obtain from (2.14]) the equality:

Fe TA//EN O] O™ [? = 267722 //EN ) E) [¥f?
wer [[ o) 53\w12¢am/[ ot (a+ 5) . (22
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Summing up, if we consider (2.19)-(2.24)) and (2.8]), we get that:

ie{+,—}

ie{+ -}

(2ot | &)

+ Y Len // GV — 2627\ // &IV

ie{+, }

+ 4272\ //2 On1) 52 a—|— >|w|2
N

Next, we have that, because of (2.10):

(L)1, (L34 )s) 12y = O (WWT / QﬁiwiF) :

In addition, thanks to an integration by parts we have that:

(LE65)s, (LE65)s) gy = O G#A?T / Q&iwﬂ?) Ferta [ /2 coradu®

Finally, from (2.10), we find that:

(LE65)a, (LE65)s) o) = —— / O ()[04 2 =

<r/@fi(1+f2£i>|wi\2>-

Summing up, considering that A\ > C' and that 7 > C(T + T?)e !, we obtain that:

(A (Lhe)s) 1) =

ie{+,—}

To continue with, we have that:

(L0 L5600, = O (¥ [ ngwﬂ?) .

Next, we have that, after integrating by parts:

(L9 )2, (L3 45)4) 125y =

Finally, we obtain from 1)®(

0,-)

= *(T,-) = 0 that:

(L v™)3, (Lav™)a) 12

o [ /. ivs).

<m / £l ) = [ ol

g =0

Summing up the results obtained in (2.30))-(2.32), we get that:

> (A (L)) 12 =

i€{+)_}

15

o~ [ . Eslv*P).

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)



So, if we add (2.20), (2.25)), (2.29) and (2.33), we get, after absorptions, for A > C' and
7> C(T +T?)e!

2 > (L4, —1—2548273)\4// g?\wi\2+25252m2/~ &(Vy'?
Quyg

ie{+,—-}
3A4// i + 25%2// &IV

+45272A2//2 D) 22 (a+ )|¢|2. (2.34)

If we have ((1.12)), it is classical to obtain ([2.35) from (2.34]) (see, for instance, [12] and [10]) O

v

z€{+,

2.3 End of the proof of Theorem

Let T' > 1. Considering Proposition for T = 1 and Remark we obtain for all ! €
L3(Q), A > C and 7 > Ce™! the estimate:

1
T3A4/ /6—28“+51x153\¢(T— 1+ t,z)|*dxdt
0 JQ
1
< 073)\4/ /6_250‘+51$1£3\<p(T— 1 +t,z)2dzdt, (2.35)
0 JQ

for ¢ the solution of (1.2)). So, fixing A large enough, and 7 = 7ge~! for 7y large enough, we
have that (2.35)) implies that:

—1 —1
el 2(r—a/z3r—1/3x0) < Ce“ l@llL2(r-17)%w) < Ce“* llollr2(qu)- (2.36)

Moreover, from Lemma taking Ty = 6 = 1 we find a constant C' > 0 such that for all
t'e (T'—2/3,T —1/3) we have that:

2diam,, (Q) +1 —
4e

100 )l 2 <0wﬁ

c-T
< Cexp | S| Iott Mz 237

So, combining ([2.36]) and (2.37)), we get that, for any 7' > 1:

-T -T

C
1o (0, )20 <0mﬁ

C
} el L2((r—2/37-1/3)x0) < Cexp [ ] lellz2(q.,)-

In particular, if 7" is sufficiently large, by (1.3) we obtain ((1.13]).
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3 Some control problems in which we have ([1.15))

In this section we study some subcases of (1.15). In particular, in Section we prove
Theorem [I.11] in Section we prove Theorem [I.12] and in Section we prove Theorems

[L.13] [L.14] and [L.15]

3.1 Proof of Theorem [1.11]

In order to prove ([1.21]) we consider that the adjoint system of ((1.18) is given by (see (1.2)):

—Yt — 5A‘P - 81‘180 - 07 in Q?
€0 +n1p =0, on X, (3.1)
o(T,-) = o1, on €.
In particular, we use (1.3) for ¢(z) := e~#¢ ' which is a (steady) solution of (3.1)) (see Remarks
and [1.2). On the one hand, we remark that (see (1.19) for the notation):

0. o) = I3 G+ 1/2) 00 exp (P2, (32
Because 2 is an open set and because of we have that:
|7 (e o+ h/2) N QY > 0.
On the other hand, implies the estimate:

lellz2iu) < T2 Jwl 2]l

- —p—h
1€ “Lm(ﬂfl(pl+h,pr)ﬂw) < T1/2‘w’1/2 exp <€) . (3.3)

Consequently, combining ([1.3)), (3.2) and (3.3)) we find that:

K(Q w.T E) > HQO(O, )||L2(Q) > |7rf1(pl,pl —{—h/2) ﬂQ‘1/2 ﬁ
T el T T1/2|w|1/2 5 )
which implies (1.21)).

3.2 Proof of Theorem [1.12]

We first remark that the adjoint system of ([1.22) is given by (see ([1.2)):

—Pt — 881‘33()0 - a.ISD = 07 in Q7
Opo(-,—L) + (-, —L) = 0, 0,7),
cupl,~L) 49, ~1) =0, on (0,7) o
90('3 0) = 07 on (O’T)a
o(T,-) = T, on (—L,0).
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In addition, the spectral problem ((1.9)) can be written as:

—v" = A, in (—L,0),
2ev'(—L) +v(—L) =0, (3.5)
v(0) = 0.

In order to prove Theorem [1.12] we first prove the following lemma;:

Lemma 3.1. Let L > 0. Then, there is £9 > 0 such that for all € € (0,g9) there is a unique
re > 0 such that there are non-null solutions of (3.5)) for A= —r2. In fact, we have:

re € <021€) (3.6)

and the non-null solutions are those proportional to sinh(—r.x). In addition, we have the limit:

1
% — Te — 0. (37)

Remark 3.2. From Proposition and Remark we already know that all the eigenvalues
are strictly bigger than —(2¢)~2; thus, it is clear that r. must satisfy (3.6).

Proof of Lemma([3.1 The structure of the proof is the following: first we give an equivalent
condition for —72 to be an eigenvalue, second we show that (3.5 has a unique strictly negative
eigenvalue, and finally we prove (3.7)).

Step 1: an equivalent condition. First, we recall that when A = —r2 < 0 the solutions of (13-9)4
are given by:
Ae™ + Be™™: A,BeR.

Moreover, the boundary conditions of (3.5)) imply the system:

(267“€_TL + e_TL) A+ (—QETBTL + eTL) B =0,

(3.8)
A+ B=0.
Thus, (3.8) has a non-null solution if and only if:
e "4 2ere ™l = et — 2epe™
that is, if and only if:
14 2er
o = el (3.9)

In addition, from (3.8)), we obtain that the associated eigenfunctions are those proportional to
sinh(—r.x). Finally, from (3.9) we have that all the possible positive roots are in (0, (2¢)7}), so

just have to prove existence and uniqueness in that interval.

18



Step 2: (3.9) has a unique solution in (0, (2¢)~'). Let us denote:

1 42er 2 oL
)= =g el)i=eT
We have the equality:
91(0) = g2(0) = 1. (3.10)
In addition, the derivative of the functions are given by:
4e
") — () 2L
gl(T) = m, 92(7') = 2Le T . (311)

Consequently, combining (3.10)) and (3.11) we obtain a constant ¢ > 0 such that for £ small
enough g2 > g1 on (0,c). Moreover, since g;((2¢)~!) = +oo and since go2((2¢)7!) < 400, we
have at least one root of (3.9) in (0,(2¢)~!). In order to show the uniqueness of the root, we

define: ) I
_9\r) _ £
95(r) : gi(r) 2

Since in (0, (2¢)7!) the function g} has the same sign as 2L(1 — 2er) — 4e, we have gj(r) < 0 if

(1 — 2er)2e? L.

and only if:

2L — 4e 1 1
r> = — — —.
—  4Le 2¢ L

So, since g3(0) = é, for € small enough there is a unique:

. 1 11
/’" —_— — — —
c 2 L’ 2

such that g3(7.) = 1, g3 > 1 in [0,7.] and g3 is strictly decreasing in [, (2¢)71]. This implies
that g4(r) > gi(r) in [0,7.) and gh(r) < g} (r) in (7c, (26)71). Consequently, (3.9) has a unique

root in (0, (2¢)~!), which, to be more precise, belongs to [F., (2¢)~!] and which we denote from

now on by ..

Step 3: the proof of (3.7). In order to prove (3.7), we first consider that for ¢ small enough:

s> o151 (3.12)
fe=le =0, T LT 4 ’
Moreover, from g;(re) = g2(r:), we obtain that:
1
. /5 _ eQTEL + 1’
i
2e €
which implies the equality: ) )
5 T @)
Using (3.12)), we get that for e small enough:
1 1
S < (3.13)

2 ° 7 gel(2e)7t

Consequently, we obtain (3.7) from (3.13)) and (3.6]). O
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We now end the proof of Theorem [1.12] Remark [1.2] implies that:

(u®, Ag) == (sinh(—rsx)e_(%)lw, —er? 4 416) (3.14)

is a solution of (T.8). Hence ¢(t,z) = u(x)e*=T) is a solution of (3.4). Moreover,we obtain
from (3.6)) and (3.7) (and from er. < 1/2) the limit:

€ _ ¢ 1 i+ = i—r 1+5r -0 (3.15)
0= % Te % Te - 2 € 2 € . .

We prove ([1.23)) with the help of (1.3). On the one hand, for z € (—L,—L + h/2) and ¢ small

enough we have the bound:

sinh(—r.z)e~) 77 > L=t e 5 Lot Hw-ns)
4 4
Moreover, using (3.15) we find for ¢ small enough that e 7 > 1/2. So, we get the bound:

V126h€(r5+(2a)*1)(L—h/2)' (3.16)

100, M z2—r,0) = 900, M p2(—1,—L4ns2) =

On the other hand, from w C (=L + h,0) we obtain the estimate:

lellr2@.) < VT(L — h)e(re+2) ™) (L=h), (3.17)
To prove (3.17) we have used that:

||€A8(t_T)”L°°(0,T) <1,

and that on (=L + h,0):

Sinh(_rax)ef(%)_lx < 67(7'54*(26)_1)1‘ < e(r5+(2€)_1)(L7h)‘

Finally, combining (1.3]), (3.16)), (3.17) and that r. > 0, we get ((1.23)).

Remark 3.3. The key idea of the proof is that A\j — 0, but we also need to know how the

eigenfunctions are distributed on the whole domain.

3.3 Control results when the control domain is (2

In this section we first prove Theorem we then prove Theorem and we finally prove
Theorem
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Proof of Theorem[I.13. From Definition [1.6] we obtain that ¢ (t z) = u§e (T is a solution
of . (see Definition u 6| for the notation). Furthermore, ((1.24) implies that:

T
| e
0

Consequently, we have the limit:

”908(07')”%2(9) _ HU(E)ei)\STH%%Q) _ e AT . 1
[lolesl? g luge X T=0 2 N JT -0 T
which together with ([1.3)) implies (|1.25)). O

Proof of Theorem[I.14 Let ¢ be a solution of (3.1) and x < 1 be a regular positive cut-off
function whose value is 1 in [0,1/3] and 0 in [2/3, 1]. Considering (3.1)) we find that:

;/Qlw((), =—/ 8t Iso\)
// =) lol? + // (eA¢ + On, ) wx( )
// Iw\Q—E// |V<P\2
_/2”2% X(T) <C <T+i> /QM?. (3.18)

For the last inequality in (3.18]) we have used classical estimates on the trace term. In particular,
we have used the following estimate:

ni C
\// Bl <e [[ 9o+ S [[ jol?
b Q € JJQ
Thus, we obtain - ) from and (| - O

We now prove Theorem thanks to an explicit computation of the solutions of (3.1)). For
that purpose, we recall that the spectral problem (1.9)) is given by:

—Av = ), in (—L,0),

(3.19)
2¢ev' +v =0, on{-L,0}.
It can be proved easily that the only negative eigenvalue is Ao = —é and that the associated
eigenfunction is:
(25)_133
’U —1
e 2 "Il
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In addition, it can be proved that the other eigenvalues are, for m € N,:

< 2mm 2
Am = (L) ’
and their associated eigenfunctions are:
2ev/ S\m cos (\/ S\mx> + sin <\/ me)
Um = - - -
H2€\/ A, COS (\/ )\mx> + sin <\/ )\m:z:> ‘

Consequently, Remark [1.2]implies that the spectral decomposition of the adjoint system is given

L2(Q)

by Ag = 0 and )\m = edm + (4¢)~! and the associated eigenfunctions are those proportional to
_(25) _(28)71

H*@lﬂpm

Lemma 3.4. Let L > 0 and Q = (—L,0). Then, for all T € L*(Q) the solution of (3.1
satisfies for allt € [0,T1]:

uo and to u,, = vme *. In addition, we have the following result:

fQQp dZ — 1z
gO(t,Jf) - || _ 25) 12”2 )

+ ) / )el2) ™ 2, (2)dzog (x)e ) T exp {_ (55\m+41€> (T—t)]. (3.20)

meEN,

In particular, the series in the right-hand side of (3.20)) is absolutely convergent in L*(Q) for all
t <T. Moreover, for all Ty > 0 and 6 > 0 there is C > 0 such that for all o7 € L?(Q), T > Ty
and t € [0,T — Tp] we have the estimate:

> / o (2)dzom (x)e” ) exp [— (sXm + 415) (T - t)]

mEN*

L2(Q,da)

2L+6— (T -1t
< C||<PT||L2(Q) exp ( 45( )> (3.21)

The proof of Lemma [3.4] is analogous to the proof of Lemma [2.4] In addition, we remark
that, for all m € N and ¢ € (¢,T7:

( / o7 (2)e®) 2y, (= )dz> U (2)e™ ) exp [— (gxm + 415) (T — t)]

_ </ o7 (2)e@) ™ 2y, (2 )dz) exp [ ( Am + 41€> (T - t)] o (@)~ 7' exp [— <55\m + 41€>
B i 1

e<2f>%m(5)dz> Um(2)e” )7 exp [_ (am + 41€> (f— t)]
= < /Q o, z)e(2€)lzvm(z)dz> Um(z)e™ )7 oxp [— (am + 415> (- t)] . (3.22)
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We have used in the second equality of (3.22)) that the eigenfunctions of (3.19) form an or-
thonormal set of functions and Fubini’s Theorem (it can be proved as in Lemma that the
series is convergent in L2(2)). A consequence of (3.22)) is the following:

Corollary 3.5. Let L > 0 and Q2 := (—L,0). Then, for all Ty > 0 and § > 0 there is C > 0
such that for all o7 € L?(Q), T > Ty, t € [To,T) and t € [0, — Tp] we have the estimate:

3 /QSDT(z)e(Qa)1va(z)dzvm(x)e—(26)1x exp [_ <€gm N 1) (T_t)]

4e
mEN,

L2(Q,dx)
oL + 06— (I—1)
4e

< Ollolt, ) 2 (0rany exp ( ) (3.23)

In particular, we obtain that for all Ty > 0 and § > 0 there is C' > 0 such that for all T € L?*(),
T>1T, andt € [To,T)

> /Q o7 (2)e®) 2y, (2)dzvm (z)e 2717 exp [— (aXm + 41€> (T — t)]

’I’TLEN*

L2(Q,dx)

c [T 2L+ — (t—1t)
< g [ et adsen (2 EED) gy

Proof of Theorem[I.15 In order to proof Theorem we split the solutions of system (3.1)
into two parts with the help of Lemma Indeed, we define:

o ol (2)dze 5"
||e—(2a)—1z”%2(m

p1(z)

and:

pa(t ) =y /Q 0T (2)e®) 20, (2)dzvm (z)e ) T exp [— (am + 41€> (T — t)] .

mEN*

We remark that:
(p(t, 'T) = ‘Pl(fﬁ') + @Q(t’x)7 in Q

In the following we estimate ! and (0, -) with respect to |||l 12(g):

o If o1 = 0 the estimate is trivial. Consequently, we suppose from now on that ¢; # 0. We

(2 2
N = {t tp2(t,+) € Braq) <—<P1, HlHQL(Q)> } ;

denote:

for

Bx(w,r):={ve X :|v—w|x <r}.
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We have that:
|INV] < 3L, (3.25)

as otherwise there are some t1 and ¢y such that to —¢t1 > 3L and:

”901||L2(Q)>

pa(t1, ), p2(t2,) € Bra(q) <—<P1a 2

but by (3.21]) this is impossible. Indeed, the system is autonomous and if t, € N we have

the estimate:
le1llz2c0)

2 Y
so t1 € N for € small enough. In addition, we remark that in [0,7] \ N we have that:

lp(ta, )Lz <

1
[t )z = W”;Q(Q). (3.26)

Thus, we obtain from (3.25) and (3.26]) that for all ¢ € L?(Q2) and T > 4L:

o1l L2 < 1l n2(0) - 2 2 4

< —_—. 3.27
Il — Teleqonwn — VT 3L~ JIji VT (3.27)

e As a direct consequence of ([3.24)) for = T' — L, we have that, independently of (o’

e !
[2(0, )HL2 L ge” lell 2(r—1,1)
lellzze) el z2@)

Thus, combining (3.27) and (3.28]) we obtain ([1.27)) for € small enough.

XD < e (3.28)

4 Further comments and open problems

We remark the following:

e We obtain similar results for the boundary controllability.

e Under the hypothesis (1.12)) if 7" is small the cost of the null controllability of (|1.1)) goes

to 0, which can be proved for instance as in [18] and [1].

We now present some problems that remain open:

e Get precise estimates of the cost of the control problem (1.1)) when a also depends on the

time variable.
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e Determine if Theorem is still true for all Q ¢ R bounded domains.

e Under the hypothesis (1.15) to know when there is some " such that the norm of the

minimal norm control which takes 4° to 0 increases exponentially and when for all 4 and
for £ small enough the cost is bounded by a constant; (or, even better, when for all y" the

associated control does not decay with ¢ and it is just a problem of uniformity).

e Study the cost of the controllability in the context of Section when (—L,—L+h) C w.
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