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Abstract— Almost all induction motor applications suffer 

from unbalanced supply voltage. Under such conditions the 

motor operation can be seriously affected. Performance,  

control and monitoring are directly connected to the 

knowledge of the supply harmonics effects on the motor, 

therefore there is a real need to derive a general mathematical 

formula predicting the harmonics growth and to describe 

through an analytical analysis in steady state operation, the 

impact of unbalanced voltage supply on induction machine 

performance. In this paper an original analytical formula of 

harmonics components is developed to propose an accurate 

indicator of unbalanced supply voltage fault. The validity of 

this analytical study is confirmed by a comparison with 

simulation and experimental results. 

Keywords— Unbalanced supply voltage, Harmonics 

components, Sensitive indicator, Induction motor, Analytical 

study 

NOMENCLATURE 

 
   fundamental pulsation 

f  frequency of the supply voltage (50HZ) 

sdV  effective values of the supply voltages 

of the direct systems 

siV  effective values of the supply voltages 

of inverse  systems 

s

s
s R

L
  

stator time constant 

r

r
r R

L
  

rotor time constant 

rs LL
M 2

1  
leakage factor 

sai  Stator current 

 e
 

Real part of the quantity 

ed
 

Direct electromagnetic torque  

ei
 

Inverse electromagnetic torque  

e
 

pulsating electromagnetic torques. 

 

I. INTRODUCTION 

Cage induction motor is the most electromechanical 

form used in many areas such as electromechanical drive for 

industrial, commercial and domestic applications. 

Diagnosing failures of industrial systems, if it can be 

possible to identify in a timely manner, represents one of the 

means of increasing gain points of productivity. Research 

investigations have concentrated to provide an indication of 

the healthiness of the machine [1…..5]. In practice, machine 

operations cannot be under perfectly balanced supply 

voltage conditions.  

The most important effect of an unbalanced supply 

voltage is the creation of a reverse current. This component 

produces a negative electromagnetic force that gives 

variations of some harmonic components of the stator 

current. These harmonic components interact with the main 

magnetic field and provoke an oscillation torque and speed 

with a frequency of
s

f2  [6…..9]. When a fault occurs in 

induction machine such as stator, rotor or bearing faults, 

they cause unbalanced air-gap magnetomotive force, which 

leads to other unbalanced phase voltages and line currents. 

These anomalies produce a variety of components and the 

detection of faults becomes.Indeed, most complicated 

factors for analyzing these spectrums are the small 

unbalance in the supply voltage and/or in the machine 

structure that exists in any real system. Under such 

conditions, many current components are reported to be 

effective indicators for the unbalanced supply voltage. The 

first component sf  is the direct consequence of this 

anomaly and the second one sf3  is due to speed ripples [7], 

[8]. However, the rise in these components also results from 

any machine asymmetries like inter-turn short-circuit fault. 

Therefore, the investigation of the performance degradation 

of induction machine under unbalanced supply voltage 

conditions is of considerable importance to distinguish 

between anomaly in the machine and any voltage distortion. 

The main aim of this paper is to give an accurate formula of 

the harmonics components in the stator current to extract a 

good indicator of the unbalanced supply voltage and to 

understand how harmonics grow up due to the imbalance. 

We confirm the validity of the analytical development by a 

comparison with simulation and experimental results. 

 

II. STEADY STATE ANALYSIS OF THREE-PHASE INDUCTION 

MACHINE UNDER UNBALANCED VOLTAGE SUPPLY  

The most important effect of an unbalanced supply 

voltage is the creation of a reverse current. This component 

produces a negative electromagnetic force that gives 
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variations of certain harmonic components of the stator 

current. These harmonic components interact with the main 

magnetic field and provoke an oscillation torque and speed 

with a frequency of
s

f2 .  

 

The three-phase unbalanced voltages are represented 

the following positive and negative sequences phasors: 
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We use the KU transform to develop the analytical formula 

because of more significant simplification than other 

transformations. The transformation of three-phase to two-

phase quantities by mean of KU transformation is given by: 
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2

3
                                                (2) 

      

In steady state, the time differential operator dtd  can be 

replaced by j . We have: 
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The response of the machine to the positive and negative 

sequence voltage supply can be represented by: 
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The stator current sai can be expressed as: 

      jsfsa eiei 
3

2
                                                     (9) 

The electromagnetic torque is considered as the variation of 

co-energy produced by a small change in rotor position 

when the currents are held constant. 
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The co-energy is given by:  
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After calculation we obtain:  

 

     *
2 rfirfdsfisfde iiiijMp                                  (12) 

where 12 j  

The total torque ripple will be: 

                                                                                                                                       

eeiede                                                           (13) 

 

 After substitution and development we get: 
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Equation (19) can also be expressed in the following form: 
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The constants are given by: 
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Unbalanced supply voltage give rise to torque ripples of 2f 

which produces also a speed oscillation  tr  according to 

the following relationship: 
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Finally, the speed oscillation is: 
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Remark: for a machine with no supply asymmetry, the 

inverse components are nil. Hence, it is possible to consider 

the symmetrical conditions of the machine by taking into 

account only the positive forward components. 

 

III. THEORETICAL DEVELOPMENT OF THE HARMONICS 

COMPONENTS AS CONSEQUENCE OF UNBALANCED SUPPLY 

VOLTAGE 

 

An unbalanced supply voltage cause a speed ripples as 

shows the following relationship [15]: 
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where 
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By replacing the quantity of speed ripples in the equation 

system we get: 
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After development and application of the superposition 

principle on the different frequencies, we get the equations 

which give the direct components of motor currents: 
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Using the complex notation and after development we get: 

                                                                                                                                                                        

 

 
   

tj

rs

rrss

rr

sr

r

r

sf e
ARR

j

M
cstM

cstL
j

i 





3

3

1

2

1

3
det

1333

3

2

3

















































































    (25) 

where 

      22

3 3133det srrrrsA    

 

In the general formulation we have for the positive 

components and negative components: 
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With n  is the range of the positive and negative harmonic 

components. 

From the analytical study we can deduce that unbalance in a 

three phase voltage supply causes negative sequence 

currents (backward field) in the stator winding. This current 

interacts with the fundamental frequency rotor currents and 

produces a pulsating at double main frequency. This 

pulsating torque produces a speed ripple. The Consequences 

of this rotor speed variation are the rise or emergence of 

other frequencies in the stator winding: 

  sss fff 12.........,,5,3  (positive sequence currents) and 

  sss fff 12.........,,5,3   (negative sequence 

currents) with ......3,2,1 .  

 

IV. SIMULATION RESULTS AND EXPERIMENTAL VALIDATION 

To validate the preceding theoretical results, simulations 

and experiments were performed. The test motor used in the 

experimental is a three-phase, 50Hz, 4-pole, 3 kW, squirrel 

cage induction motor, type Y100LA, rated at 380 V. Current 

spectra analysis permits to filter the harmonic components 

and to give a large amount of spectral information. We 

insert a series of resistors in one of the phases supplying and 

we testing the motor under different loads. We applied 

different unbalanced such as 40%, and 50% in the voltage 

amplitude of the concerned phase. For the calculation of the 

voltage unbalance factor (VUF), we use the expression of 

the International Electrotechnical Commission [6,7,9]. 

 

(VUF) voltage unbalance factor (in %) = 100%n

p

V

V
   

 

Where Vp and Vn are the amplitudes of the positive and 

negative sequence voltages, respectively. For example, for 

40%, and 50% of unbalance supply, one obtains a VUF 

13%, and 17%, respectively. 

 

To obtain stator current simulation, the 

instantaneous power theory is used [16]. The instantaneous 

power permit to extract a continuous term which 

corresponds to negative and positive harmonics  

components [15]. 

 

Waveform of stator current and speed under 40% 

unbalanced supply in concerned phasis is represented in 

Figure 1. We show a total concordance between the 

analytical study and simulation results. That proves the 

efficiency of the mathematical development. Figure 2 

presents a comparison between simulation and analytical 

development of the voltage and third negative pulsating 

current of healthy machine under 40% of unbalanced supply 

voltage. We have a total concordance between the analytical 

results and the simulation ones. This figure shows that the 

analytical developments of harmonics components are 

accurate. 

Figure 3 represent analytical variation of the negative, the 

third positive and the third negative sequences harmonics 

according to the load percentage under different condition of 

unbalance supply voltage. Figure 4 represents analytical 

variation of the fifth positive and the fifth negative 

sequences harmonics according to the load percentage under 

different conditions of unbalance supply voltage. 

Figure 5 and 6 represent variation of the same amplitudes 

but experimentally. We see in analytical results that 

variation of harmonics have the same comportment like 

those found in the experimental. It can be observed on one 

hand that under unbalanced supply voltage, the amplitude of 

the direct third harmonic component (+3fs) and negatives 

components (-fs) increases significantly with the percentage 

of the unbalance. We thus find same indexes of imbalance 

supply as seen in the literature.Indeed, we can confirm that 

our analytical development is very appreciable.One can 

notice that the harmonics (-3fs) and (-5fs) in stator current 

are not affected by the unbalanced.  

 

 

 
Figure 1. Stator currents and speed of healthy machine under 40% unbalanced voltage supply on the concerned phase (simulation and 

analytical). 
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Figure 2. Result of Induced pulsation voltage 3fs direct and inverse (left) and third negative pulsating current (right) in healthy machine 

under 50% unbalanced supply voltage on the concerned phase. (Simulation: solid line, Analytical: dashed line) 

 

 

Figure 3. Analytical variation of the negative (left), the third positive (middle) and the third negative (right) sequences harmonics according 

to the load percentage under different condition of unbalance supply voltage. 

                 

Figure 4. Analytical variation of the fifth positive (left) and the fifth negative (right) sequences harmonics according to the load percentage 

under different condition of unbalance supply voltage. 

 
Figure 5. Experimental variation of the negative (left), third negative (middle) and third positive (right) sequences harmonics according to 

the load percentage under different condition of unbalance supply voltage. 

 

0,224 0,228 0,232 0,236 0,240

-0,0010

-0,0008

-0,0006

-0,0004

-0,0002

0,0000

0,0002

0,0004

0,0006

0,0008

0,0010

50% of unbalanced supply voltage in phase A

       vfr+3                            vrf-3
vo

lta
ge

 (V
)

times (s)

 

0,17 0,18 0,19 0,20 0,21 0,22 0,23 0,24 0,25 0,26 0,27

-0,006

-0,005

-0,004

-0,003

-0,002

-0,001

0,000

0,001

0,002

0,003

0,004

0,005

0,006

Am
pl

itu
de

 o
f t

he
 p

ul
sa

tin
g 

cu
rre

nt
 is

a(
-3

)  
(A

)

Times (s)

 Simulation

 Analytical

0
2

4
6

8
10

12

0,00

0,05

0,10

0,15

20

40

60

80
100

a
m

p
li
tu

d
e
 o

f 
th

e
 p

u
ls

a
ti
n
g
 c

u
rr

e
n
t 

in
 [

- 
fs

] 
(A

)

 L
oa

d 
(%

) 

unbalanced supply voltage (%)

 

0
5

10
15

20

0,00

0,01

0,02

0,03

0,04

0,05

0,06

0,07

20

40

60

80

100

a
m

p
li
tu

d
e
 o

f 
th

e
 p

u
ls

a
ti
n
g
 c

u
rr

e
n
t 

in
 [

+
3
 f

s
] 

(A
)

 L
oa

d 
(%

) 

unbalanced supply voltage (%)

 

0
5

10
15

20

-0,04

-0,03

-0,02

-0,01

0,00

0,01

20

40

60

80

100

a
m

p
li
tu

d
e
 o

f 
th

e
 p

u
ls

a
ti
n
g
 c

u
rr

e
n
t 

in
 [

-3
 f

s
] 

(A
)

 L
oa

d 
(%

) 

unbalanced supply voltage (%)

 

0
5

10
15

20

0,00

0,01

0,02

0,03

0,04

0,05

0,06

0,07

20

40

60

80

100

a
m

p
li
tu

d
e
 o

f 
th

e
 p

u
ls

a
ti
n
g
 c

u
rr

e
n
t 

in
 [

+
5
 f

s
] 

(A
)

 L
oa

d 
(%

) 

unbalanced supply voltage (%)

 

0
5

10
15

20

0,00

0,01

0,02

0,03

0,04

20

40

60

80

100

a
m

p
li
tu

d
e
 o

f 
th

e
 p

u
ls

a
ti
n
g
 c

u
rr

e
n
t 

in
 [

-5
 f

s
] 

(A
)

 L
oa

d 
(%

) unbalanced supply voltage (%)

 

0

5

10

15

-45

-40

-35

-30

-25

-20

0

20

40

60
80

100

a
m

p
li

tu
d

e
 o

f 
th

e
 p

u
ls

a
ti

n
g

 c
u

rr
e
n

t 
in

 [
-f

s]
 (

d
B

)

 L
oa

d 
(%

) unbalanced supply voltage (%)

 

0

5

10

-50

-49

-48

-47

-46

-45

0

20

40

60

80

100

a
m

p
li
tu

d
e
 o

f 
th

e
 p

u
ls

a
ti
n
g
 c

u
rr

e
n
t 

in
 [

-3
fs

] 
(d

B
)

 L
oa

d 
(%

) 

unbalanced supply voltage (%)

 

0

5

10

-52

-50

-48

-46

-44

-42

0

20

40
60

80
100

a
m

p
li
tu

d
e
 o

f 
th

e
 p

u
ls

a
ti
n
g
 c

u
rr

e
n
t 

in
 [

+
3
fs

] 
(d

B
)

 L
oa

d 
(%

) 

unbalanced supply voltage (%)



 
Figure 6. Experimental variation of fifth positive sequences harmonics according to the load percentage under different condition of 

unbalance supply voltage. 

 

V. CONCLUSION 

An analytical study of unbalanced supply voltage in 

induction motors based on the KU transform has been 

developed in this paper. With this transformation, the 

dynamics of the machine can be decomposed with a bf   

quadrature machine, to describe the behavior of harmonics 

components in supply voltage due to unbalances. The 

proposed analytical investigation includes the mathematic 

development of stator current and speed expressions. An 

analysis of an example motor has demonstrated the increase 

in harmonic components amplitude resulting from the 

voltage unbalance. The analysis also demonstrated that the 

proposed analytical development of some negative and 

positive frequencies in stator current spectrum have the 

same comportment like we show in experimental.  Then, we 

can consider that the analytical development of unbalanced 

supply voltage conditions is very appreciable and correct.  
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