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Abstract
We investigate the theoretical band structure of organic-inorganic per-

ovskites APbX3, with tetragonal crystal structure. Using D4h point group
symmetry properties, we derive a general 16-band Hamiltonian describ-
ing the electronic band diagram in the vicinity of the wave-vector point
corresponding to the direct band-gap. For bulk crystals, a very good
agreement between our predictions and experimental physical parameters,
as band-gap energies and e¤ective carrier masses, is obtained. Extending
this description to three-dimensional con�ned hybrid halide perovskite, we
calculate the size dependence of the excitonic radiative lifetime and �ne
structure. We describe the exciton �ne structure of cube-shaped nanocrys-
tals by an interplay of crystal-�eld and electron-hole exchange interaction
(short- and long-range part) enhanced by con�nement. Using very re-
cent experimental results on FAPbBr3 nanocrystals, we extract the bulk
short-range exchange interaction in this material and predict its value in
other hybrid compounds. Finally, we also predict the bright-bright and
bright-dark splittings as a function of nanocrystals size.

Hybrid organic-inorganic lead halide perovskites have recently emerged as
outstanding materials for a variety of optoelectronic technologies, including;
light emitting diodes,1�5 lasers,6,7 photodetectors8 and photovoltaic applica-
tions.9�14 These materials crystalize with the general stoichiometry of APbX3,
where A is an organic cation (MethylAmmonium, MA, or FormAmidinium, FA)
and X is a halide atom (Cl, Br, I). Depending on temperature, perovskite crys-
tals are known to adopt at least three di¤erent phases:15�20 an orthorhombic
phase (withD2h as the point group) at low-temperature, followed by phase tran-
sitions to tetragonal (D4h) and then cubic (Oh) structures as the temperature
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is increased. A detailed review of the perovskite�s symmetry can be found in
the Refs.21,22

In the early literature,23,24 theoretical studies of the bulk band structure
(BS) of metallic perovskites led to signi�cant debate on whether they were ac-
tually semiconductors or semimetals. More recently, the band diagram of hybrid
organic-inorganic lead halide perovskites has been theoretically addressed25�32

by using mainly the �rst principles calculations and we �nd less k.p calcula-
tions.33 Taken together, the studies above have clearly demonstrated a reverse
band ordering of band-edge states in APbX3, compared with more conventional
III-V and II-VI semiconductors. For this reason, bulk APbX3 is a direct band-
gap semiconductor in which the upper valence band (VB) is built from cationic
Pb s-like orbitals and the lowest split-o¤ conduction band (CB) is built from Pb
p-like orbitals. Strong spin-orbit coupling in the CB25 splits the electron states
with the total angular momentum j = 3=2 (upper band) and j = 1=2 (lower
band).
In spite of the great interest in hybrid perovskites, many of the fundamen-

tal band parameters such as the carrier e¤ective masses or the Kane energies,
denoted by EPS;� and EPS ;z in the present work, remain poorly characterized
and their values are still controversial. For example, Yu33 proposed the set of�
EPS;� = 12:7 eV; EPS ;z = 15:3 eV

�
for MAPbI3, while in Ref.34 a simple esti-

mation of the Kane energy based on two band k.pmodel gives a value EPS ' 8:3
eV, since the de�nition for the Kane energy di¤ers by a factor of 3 from the
more usual de�nition1 . Moreover, direct calculations of EPS predict values in
the range 5:3 � 6:3 eV for these materials.21,35,36 These band parameter val-
ues are thus not well established in hybrid APbX3 perovskite compounds, even
though they determine key properties such as photon absorption probabilities
and radiative lifetimes. High quality predictions and understanding of these pa-
rameters is therefore crucial for the optimization and control of exciton emission
and spin dynamics in the visible-wavelength range. Consequently, it is impor-
tant to develop new computational techniques that can accurately describe the
band diagram of APbX3.
In this work, we focus on calculations of the electronic BS of D4h tetrago-

nal perovskites within the e¤ective mass approximation. By �xing the organic
cations at the static position of the D4h crystal structure, we shall derive a
general 16-band k.p Hamiltonian (including the spin degree of freedom) for the
electronic structure of bulk APbX3 near the wave-vector point corresponding
to the direct band-gap in the presence of spin-orbit coupling. These k.p cal-
culations allow the determination of the nonparabolic energy band dispersion
near the �-point or Z-point, as well as the interband mixing, in good agreement
with others theoretical predictions. We note here that the k.p Hamiltonian for
more common zinc-blende semiconductors di¤ers signi�cantly from the tetrag-
onal perovskites27,33 that we analyze.
Thanks to this theoretical development, we not only obtain a versatile de-

1This two-band k.p approach, oversimpli�ed, is improved in the supplementary information
(see section 4) which details our four-band k.p model.
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scription of the electronic properties of bulk tetragonal APbX3 perovskites, but
we also have the tools to understand and manipulate the electronic structure of
quantum con�ned perovskites nanostructures. Over the last few years, multilay-
ered two-dimensional (2D) hybrid halide perovskites37 and 1D or 0D colloidal
halide nanostructures have been successfully synthetized and show great po-
tential for solar cells and optoelectronic laser devices.38�40 In particular, 0D
colloidal nanocrystals (NCs) of hybrid perovskites have recently been shown to
give single photon emission at room temperature41�43 and then have enlarged
the domain of future applications of these materials to include quantum optics.
With this motivation, we shall apply the 16-band tetragonal k.p Hamiltonian,
deduced for bulk hybrid perovskites, to calculate the role of con�nement on the
exciton lifetime and the exciton �ne structure of 0D NCs.
Being able to account for con�nement is extremely important, as the role

of con�nement can indeed be dramatic. For example, it is known that the
optical properties of APbX3 NCs are governed not by free carriers transi-
tions but by strongly Coulomb-bound electron-hole pairs known as excitons.
These band-edge excitons are the bound states, pairing an upper VB hole�
jh = 1=2; j

h
z = �1=2

�
and an electron from the lowest split-o¤ CB (je = 1=2;

jez = �1=2), leading to four exciton states: a non-optically active state (dark
state), j0Di =

�
1=
p
2
� ���jez = +1=2; jhz = �1=2�� ��jez = �1=2; jhz = +1=2��, with

zero total angular momentum, j = je+ jh = 0, and three optically active states
(bright-states), fj+1i ; j0Bi ; j�1ig, with j = 1 and z components of angular
momentum jz = jez + j

h
z = +1, 0, �1. Let recall that j+1i = j+1=2;+1=2i,

j0Bi =
�
1=
p
2
�
[j+1=2;�1=2i+ j�1=2;+1=2i] and j�1i = j�1=2;�1=2i. Due to

the electron-hole exchange interaction (e-h EI), excitonic states are split into
several energy sublevels with lifting of the degeneracy between dark singlet and
bright multiplet excitonic states; the so-called exciton �ne structure.44�51 Pre-
dicting and providing insight into the excitonic �ne structure and therefore on
the NCs emission properties might help the optimization of quantum devices
in domains like nanophotonics or quantum optics. Hence, a purpose of this
letter is to investigate how the exciton �ne structure in APbX3 perovskite NCs
emerges from a rich interplay between the crystal structure and the e-h EI that
is enhanced by con�nement e¤ects. We exclude others mechanisms related to
factors such as inversion-symmetry breaking induced by the instabilities of or-
ganic cation position52 and shape anisotropy.
We �rst investigate the electronic properties of bulk perovskite compounds,

APbX3, using the 16-band k.p model model for D4h group that we have devel-
oped for perovskite semiconductors. In order to focus on the essential physical
insights and numerical results that we wish to discuss, the full technical details of
our model can be found in Supplementary information (SI), section 1. We de�ne
the band-edge parameters, such as, the crystal-�eld splitting energy, the spin-
orbit energy, and the anisotropic interband momentum-matrix for the x (= y)
and z polarizations, where the z axis is chosen to be the c-axis of the tetrag-
onal structure. The input parameters resulting from our numerical procedure
are divided in two categories. Those that are taken as adjustable parameters
and those that were taken null estimating that their impact on the CB and
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VB dispersions considered in the present model is very small. Among the �rst
ones: the energies associated to the correspondent momentum matrix elements�
EPS;� ; EPS;z ; EP� ; EPz ; EPX;1 ; EPX;2 ; EPX;3

�
(see SI, section 1, for de�nition),

the band-structure parameters (Li; Nj ; Mj ; i = 1; 2 ; j = 1; 2; 3) (see section
2 in SI for de�nition), and the spin-orbit coupling energies (�C;�;�C;z) (see
SI, section 1, for de�nition). They are determined by comparing the energy BS
obtained from the present model with the ones given by the density functional
theory calculations.28 Among the second ones, the rest of spin-orbit coupling
energies �sC , �sV , ��, �Z . In the following, we discuss the main results of
k.p calculations for D4h symmetry.

Fig .1: The energy band structures of bulk tetragonal P4/mbm space group
FAPbX 3 and tetragonal I4/mcm space group MAPbX 3 (X= Br, I) crystal
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structures obtained from the present 16-band k.p model D4h symmetry.

Recent crystal structures studies of FAPbX353,54 show that a tetragonal
P4/mbm phase appears when these compounds are cooled from room tempera-
ture to lower temperatures. In contrast, MAPbX3 compounds show a tetragonal
crystal structure with space group I4/mcm when cooled. Figure 1 displays the
band diagram of tetragonal FAPbX3 and MAPbX3 perovskites (X = Br and I)
simulated with the present 16-band k.p model. As shown in Fig. 1, the four
materials possess a direct band gap character situated at the Z point of the
Brillouin zone for FA compounds with P4/mbm space group, while the VB
maximum and the CB minimum are found to be located at the center of the
Brillouin zone for the MA compounds with I4/mcm as a space group. The
present k.p model allows us to reproduce the BS of FAPbX3 (X=Br, I) on a
width of about 5 eV along AZ and Z� directions. Due to the lack of published
DFT data for the band diagram of FA compounds with P4/mbm as a space
group, we have considered the data given in Ref.55 for CsSnX3 as a reference
while adjusting band parameters to reproduce the band-gap and carrier masses
of the FAPbX3 compounds. Compared to Huang and Lambrecht,55 we obtain
similar dispersions for the two considered directions. For MAPbX3 (X = Br; I),
our k.p approach gives good agreement for the BS over a width of about 5 eV:
1 eV across the VB and over a 4 eV scale along four directions of the lowest CBs
(�X, �P , P�, �M). For the upper VB and the lowest split-o¤ CB, the energy
dispersion in the vicinity of the �-point is nearly isotropic. Numerical values
given in Table 1 summarize the comparison of our results to those derived via
the �rst-principles calculations,28,56 k.p approach33 or with the available exper-
imental data given by Galkowski et al.34 As we can see, the band-edge energies
have similar magnitudes. We show a satisfactory agreement between the two
approaches along �X direction for MAPbBr3 and MAPbI3 (see the values of
X�
6 and X+

6 in Table 1). Along �M directions, the split-o¤ CB is reasonably
well described in particular for MAPbBr3 (see the values of M

+
6 in Table 1).

However, we can still notice certain discrepancy for the upper VB along �M
direction (see the values of M�

6 in Table 1). This must arise from missing inter-
actions, especially with the d levels, which are not included within the present
k.p model. In addition, the uncertainity in the band parameters across the lit-
erature could also contribute to such discrepancies. The di¤erence between the
band dispersions obtained from the k.p theory and �rst-principles calculations
becomes signi�cant for both second CB and second VB. Moreover, we underline
that the �rst CB dispersion and the top VB obtained from the present 16-band
k.p model agree well with DFT results proposed by Even et al .25

The band-gap energy, Eg, has been adjusted to be close to experimental
values while �tting the band dispersion. The �nal Eg values are in good agree-
ment with experimental values given in Ref.34 (see Table 1). We observe a
disagreement smaller than 4% in the worst case (MAPbI3). The same behavior
is retrieved when comparing our calculated band gaps with the ones given by
�rst-principles calculations28 and from k.p approach,33 see Table 1. The para-
meters �C =

q
8�2C;� +�

2
C;z, T and � used in our calculations are also given
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in Table 1 (we have taken �C;� = �C;z = �C=3). They have been estimated
from the following equations that give the energy di¤erences between the second
and the �rst,

�
E�2 � E�1

�
, and the third and the �rst electron-hole transitions,�

E�3 � E�1
�
, at the � point:( �

E�3 � E�1
�
= 1

2 (T + 3�C;z) +
1
2

�
E�2 � E�1

��
E�2 � E�1

�
=
q
8�2C;� +�

2
C;z + T

2 � 2T�C;z
(1)

where E�1 , E
�
2 and E

�
3 are obtained from the top energies of the �rst VBs and

the bottom of the three �rst CBs given in Fig. 1. Both �C and T are related
to � by the relationship tan 2� = 2

p
2 �C=( �C � 3T ) (with 0 < � < �=2),

allowing us to estimate the latter parameter.
The sign and amplitude of the crystal �eld parameter, T , are a subject of de-

bate.51 We have evaluated them following recent calculations in the tetragonal
phase on CsPbBr3,51 CsPbI325 and MAPbI3.57 First-principles calculations,
in absence of spin-orbit coupling, predict a positive crystal �eld parameter
(T > 0) and that the Z state should be pushed at lower energy compared to
the X and Y states2 . Experimental studies are urgently needed to resolve this
issue. Nonetheless, one can estimate a crystal �eld parameter for MAPbI3 of
the order of T = 230 � 250 meV (see �gure 2 of reference57). We have then
�xed T = 240 meV for the MAPbI3 compound. Following the change in lattice
parameter15,53,58 and a decreasing tetragonal distortion, we have assumed a de-
creasing crystal �eld parameter when passing from Iodide to Bromide, or from
MA to FA compounds. As said previously, more experimental and theoretical
studies are needed, but we expect to reproduce qualitatively the crystal �eld
parameter trend and amplitude. The present approach predicts the � values to
be in the range 38 � 40�, which are slightly higher than the data available in
the literature, namely � = 24:27� for MAPbI333 and � = 28:66� for CsPbBr347

obtained when the sign of the crystal �eld parameter, T , is considered negative.
We can also compare the energy values of the critical points obtained in the ex-
tinctions coe¢ cients in Ref.59 with the energies E�1 , E

�
2 and E

�
3 . We conclude

that an additional transition is experimentally observed between E�1 and E
�
2

and it is associated to the optical transition from X+
6 VB maximum and the

minimum X�
6 of CB at X point.

The energies related to the momentum matrix elements are one of the key
parameters needed to understand the optical properties of APbX3 NCs. For
this purpose, we focus on the Kane energies EPS;� = (2m0=}2)P 2S;� and EPS;z =
(2m0=}2)P 2S;z which are associated to the interband momentum matrix elements
(PS;�; PS;z) that connect the valence-band and conduction-band orbitals. PS;z
and PS;� respectively denote the Kane parameters along and perpendicular to
the c-axis of the tetragonal structure. The present k.p calculations predict that
they are in the range 15 � 20 eV which is slightly higher than the theoretical

2 In presence of spin-orbit coupling, a positive sign for the crystal �eld parameter leads to
a splitting of the conduction bands with the highest energy to the Jz = �3=2 states. Note
that an inverse order has been assumed in previously (see Ref. (33)), leading to T < 0. Our
convention is more in agreement with recent �rst-principles calculations.
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Table 1: Parameters determined from the 16-band k.p model and their com-
parison with the available data given in the literature.

Compound MAPbBr3 FAPbBr3 MAPbI3 FAPbI3
Reference k.p [28] Exp [34] k.p Exp k.p [28 (56)] [33] Exp [34] k.p Exp [34]
X�
6 ( eV) 3:06 3:33 2:58 2:45 (2:1)

X+
6 ( eV) �0:79 �0:75 �0:62 �0:65 (�0:64)

M�
6 ( eV) 3:54 3:13 2:93 2:13

M+
6 ( eV) �0:64 �0:46 �0:56 �0:30
Eg ( eV) 2:34 2:56 2:292 2:25 2:294a 1:66 1:67 1:6 1:608 1:55 1:521
�C ( eV) 1:65 1:5 1:42 (1:42) 1:4 1:29
T ( eV) 0:170 0:130 0:240 (0:2) �0:7 0:205
� (�) 38:14 37:67 39:22b 40:06 24:27 39:76

EPS;� ( eV) 17:97 20:01 16:45 12:68 19:04
EPS;z ( eV) 16:45 19:75 15:36 15:33 18:25
mek (m0) 0:29 0:27 0:25 0:247 0:23 0:15 0:22
mhk (m0) 0:31 0:31 0:4 0:276 0:33 0:21 0:26
� k(m0) 0:15 0:144 0:154 0:130 0:135 0:088 0:119
me? (m0) 0:22 0:18 0:208 0:21 0:14
mh? (m0) 0:28 0:38 0:267 0:23 0:23
� ?(m0) 0:123 0:117 0:122 0:13a 0:117 0:110 0:104 0:087 0:095

a Reference [34]; b Reference [50].

results provided by Yu33 and approximately half of the values obtained from
DFT calculations for inorganic perovskites.52 Note that using the experimental
data given in Ref.,34 the simple estimation of EPS;� energy based on 4-band
k.p model (see section 4 in SI for more details) gives 23� 28 eV; these values
seem to be a higher bound to the EPS;� energy. Moreover, we note that our�
EPS;� ; EPS;z

�
values are very similar to the Kane energy parameters previously

obtained, for more commonly studied II-VI and III-V compounds.60

Due to the tetragonal symmetry, the VB and CB e¤ective masses are anisotropic.
In the following, the subscript k(?) denotes along (perpendicular) to the c-axis.
The values of the carrier e¤ective masses, namely

�
mek;me?

�
and

�
mhk;mh?

�
,

extracted from the present k.p model (see SI, section 1) are summarized in
Table 1. They are obtained from the relationships given in SI (section 3). Note
that in the expressions of Eqs. (ES10�ES11), which describe the electron e¤ec-
tive masses, the �rst three terms are identical with those given by Yu.33 The
additional terms, namely the EPX;` (` = 1; 2; 3) contributions, are due to the
interactions between the p-like CBs and p-like VBs. In relation to Eq. (ES12),
such coupling does not appear and our relationships concerning the hole ef-
fective masses are identical to the ones proposed by Yu.33 The VB e¤ective
masses, given in Table 1, are, in general, slightly higher than the values cal-
culated for the CB. We also note that both electron and hole e¤ective masses
are anisotropic, unlike the more conventional III-V and II-VI semiconductors
for which only the hole show an anisotropic e¤ective mass.60 Our calculated
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e¤ective masses are in line with the theoretical predictions given in Ref.,28

showing slightly higher values compared to DFT-GW results. Our value of
me? = 0:208 m0 calculated for the CB minimum of MAPbI3 agree very well
with the value me? = 0:21 m0 derived from �rst-principles calculations using
the experimental parameters,33 while some discrepancies are observed for mek
: (0:247 m0) versus (0:15 m0). The same holds for the e¤ective masses of the
uppermost VB of MAPbI3. Especially, the hole masses (mhk = 0:276 m0 and
mh? = 0:267 m0) agree with the calculations of Yu33 which found mhk = 0:21
m0 and mh? = 0:23 m0. However, the results of the present work are closer
to the theoretically determined masses of Ref.28 than to the ones determined
by Ref.33 Using the

�
mek;mhk

�
and (me?;mh?) values, we determine the re-

duced exciton e¤ective masses, namely �k(m0) and �?(m0). Most notably, we
obtain �k(m0) = 0:15=0:13 for MAPbBr3/MAPbI3 which are only slightly dif-
ferent from the DFT-GW predictions:28 0:144=0:135. Moreover, the calculated
�?(m0) for MAPbX3 and FAPbX3 series (X = Br; I) nicely reproduce the be-
havior reported experimentally.34 In conclusion, a good agreement between the
whole theoretical and experimental basic physical parameters is obtained and,
in particular, the present 16-band k.p model accurately reproduces the band
gaps values and the carrier e¤ective masses.

Fig. 2: Calculated size dependence of the radiative lifetimes of the jZi bright
exciton for tetragonal FAPbX 3 and MAPbX 3 (X = Br; I) cube-shaped NCs.
IC (SC) indicates the intermediate con�nement (strong con�nement) regime.

The k.p formalism is particularly well adapted to analyze the con�nement
e¤ects on the band-edge excitons of nanostructures. Recently, di¤erent hybrid
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perovskite nanostructures have been synthetized: nanoplatelets,38,61,62 quan-
tum wires62,63 and NCs.64,65 Quantum dots or NCs are specially interesting
because they extend the domain of application from the photovoltaic and the
nanophotonics to the quantum optics. Now, combining the k.p band parame-
ters deduced in the previous sections with recent experimental results for hybrid
compounds,50 we are �nally in a position to calculate the exciton radiative life-
time and the exciton �ne structure splittings of hybrid perovskite NCs.
The radiative recombination probability is inversely proportional to the ra-

diative lifetime and it is directly proportional to the NCs absorption cross sec-
tion. It is thus a key quantitity for characterising and engineering optoelec-
tronic applications. The radiative rate of band-edge excitons in bulk APbX3
perovskites can be obtained by using the following expression:66

1

�NC
= �FS

4n!

3m2
0c
2
jh0j e:p j�NC (re; rh)ij2 (2)

where ! is the angular frequency of the exciton optical transition, c is the
light speed in vacuum, n the refractive index of surrounding media and �FS =
(1=137). The vacuum state (no electron-hole excitations) is denoted j0i, e is
the light polarization vector and re and rh are the electron and hole position
vectors. �NC (re; rh) is the exciton wave function (WF) in NCs and is the
product of the electron and hole Bloch functions with an exciton envelope WF,
	(re; rh). This WF is characterized by an excitonic "Bohr radius" aX , and fur-
ther detailed information concerning the exciton WF is given in SI (section 5).
We distinguish three exciton con�nement regimes in a NC, namely the strong
con�nement regime (L << aX , with L the edge length of the cube-shape NC),
the intermediate con�nement regime (L � aX) and the weak-con�nement regime
(L >> aX). Three exciton states can be considered in the tetragonal symmetry,
the degenerate j+1i and j�1i states with polarizations in the plane perpendic-
ular to the symmetry axis and the j0Bi state with its polarization parallel to
the symmetry axis. Recently, an orthorhombic crystal structure has been iden-
ti�ed for FAPbX3 (X = Br; I) NCs at temperatures below 120 � 160 K.41,42
In orthorhombic symmetry, the exciton states are completely non-degenerate
and are linearly polarized along the crystal axes. In the following, we calcu-
late the radiative rate of a z-polarized exciton, 1=�Z , and we use the following
relationship:

�
}2=m2

0

�
jh0j e:p j�NC (r; r)ij2 = 2P 2S;z sin2 �

����Z dr	(r; r)

����2 (3)

We obtain �nally 1=�Z by taking into account the local �eld e¤ect throught D2
parameter:

1

�Z
= �FS

4n!EPS;z
3m0c2

sin2 �D2
����Z dr	(r; r)

����2 (4)

For a cubic NC, the interior electric �eld is inhomogeneous. We have calcu-
lated the NC lifetime by using an approximation for the electric local �eld: we
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consider that its value inside of NC is homogeneous and equal to the equiva-
lent result for a spherical geometry. As a consequence, we obtain a lower value
for the lifetime than what we would obtain with the real value of the interior
local �eld. With this approximation, D = [3�out=(2�out + �X)]. In our calcula-
tions, the surrounding medium refractive index is taken n = 1:6, which yields
�out = n2 and �X is the high-frequency (at the exciton resonance) dielectric
constant, whose values are extracted from the experimental data of Ref.59

In Fig. 2, we present �Z calculated for FAPbX3 and MAPbX3 (X = Br, I)
NCs in the intermediate and strong con�nement regimes. We have approximated

the optical transition energy by E = }! = Eg + (1=2)
h
2=�? + 1=�==

i
(}�=L)2.

Fig. 2 shows that in the strong con�nement regime, the predicted radiative
lifetime increases with increasing NC size and that this regime is obtained when
L . aX . For a given NC size, moving from Bromide to Iodide, one observes an
increase in �Z , while it slightly decreases from MAPbI3 to FAPbI3. Recently,
time-resolved experiments at single NCs42,50 have been performed in samples
containing FAPbI3 (FAPbBr3) NCs with sizes ranging from 10 nm to 15 nm
(8-11 nm). The excited-state lifetimes were found be around 2 n s (� 200 p s).
These results are of the same order of magnitude or slightly shorter than the
calculated radiative lifetimes � 1.7 n s (� 600 p s) indicating probably (in the
latter case) the presence of non-radiative transitions.
The e-h EI is related to the Coulomb interaction and it is greatly enhanced

by quantum con�nement. Experimental evidences of this enhancement has been
presented for colloidal NCs of the more conventional NCs.67�71 In the frame-
work of the e¤ective mass approximation, Pikus and Bir72,73 and Denisov and
Makarov74 calculated the e-h EI in relation with the exciton �ne structure split-
tings in bulk semiconductors. Latter, the e-h EI was reconsidered in NCs by
other authors66,75�79 for a zinc-blende symmetry that is typical of common II-VI
and III-V semiconductors. Two main terms can be considered in this interac-
tion: the so-called �non-analytical�long range (LR) contribution and the short
range (SR) analytical part. The SR (LR) term is responsible for the dark�bright
(bright-bright) splitting of exciton states in most of the common semiconduc-
tors.79 Recently, LR has been calculated to be of the order of hundreds of
� eV for all-inorganic perovskites48,80 and it has been shown that the SR has a
comparable value in cubic crystal structure52 and in tetragonal crystals when
calculated for CsPbBr3 by DFT methods.51 Taking into account these results,
in organic-inorganic perovskite bulk materials, both contributions have to be
considered to obtain accurate bright-dark and bright-bright exciton splittings
in tetragonal D4h or orthorhombic D2h crystal structures. In the following, we
describe the method used to estimate the bulk values of SR and LR contribu-
tions to the e-h EI for FAPbBr3.
The SR interaction can be written as a contact interaction with the electron

and hole spin Pauli operators:81

HSR
exch =

1

2
C (1� �e:�h) � (re � rh) (5)
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In the bright-dark excitons basis fj+1i ; j�1i ; j0Bi ; j0Dig, HSR
exch is de�ned

by the matrix:

HSR
exch =

3

2
�SR�a

3
XK

2664
�2 + �2 ��2 + �2 0 0

��2 + �2 �2 + �2 0 0
0 0 22 0
0 0 0 0

3775 (6)

with �SR = 2
3

�
C=�a3X

�
= 2

3D and K =
R
V
j	(r; r)j2 dr. 	(re; rh) is the

exciton envelope function (SI, section 5). The D2h coe¢ cients, (�; �; ), are
de�ned in Ref.48 In D4h symmetry, �2 = �

2 = 1
2 cos

2 � and 2 = sin2 �.
The LR e-h EI matrix can be written in the same basis as:48

HLR
exch =

2664
�d �od 0 0
�od �d 0 0
0 0 �z 0
0 0 0 0

3775 (7)

with �d = �EPS;�
�
�2 + �2

�
�a3XK, �od = �EPS;�

�
��2 + �2

�
�a3XK and �z =

2�EPS;z
2�a3XK; where � =

�
1=3E2g

� �
}2=2m0

� �
e2=�0�X

� �
1=�a3X

�
. One writes

the bright state eigenenergies: �1 = (�d � �od), �2 = (�d +�od), and �3 =
�z. It is then possible to de�ne the eigenvalues and eigenstates of

�
HSR
exch +HLR

exch

�
:

8>><>>:
EX =

�
3�SR + 2�EPS;�

�
�2�a3XK ; jXi = 1p

2
[j+1i+ j�1i]

EY =
�
3�SR + 2�EPS;�

�
�2�a3XK ; jY i = 1p

2
[j+1i � j�1i]

EZ =
�
3�SR + 2�EPS;z

�
2�a3XK ; jZi = j0Bi

ED = 0 ; j0Di

(8)

These excitonic energies are function of the ratio
�
EPS=E

2
g�X

�
and the Bohr

radius aX .
We obtain the bright exciton splittings (see Fig. 3):�

�E1 =
�
3�SR + 2�EPS;�

�
(�2 � �2)�a3XK

�E2 =
�
3�SR(

2 � �2) + 2�(EPS;z2 � EPS;��2)
�
�a3XK

(9)
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Fig. 3: Energy labeling of the �ne structure exciton states with Oh, D4h and
D2h symmetry.

For the D4h symmetry, we obtain �E1 = 0 and �E2 = �E. The bright-
dark splitting is given by �BD = (EX + EY + EZ) =3 in the Oh symmetry,
while we note the energy splitting between the lowest bright exciton transition
and the dark exciton transition, �BD, in the D2h and D4h symmetries. The
exciton energy labeling of the �ne structure states is given in Fig. 3. Some of
the numerical parameters are taken from our k.p calculation and experimental
studies34 (see Table 1). The others are summarized in Table 2. However very
few is known about the SR parameter, �SR, for the halide perovskites.
An intense debate has been centered on the optics of perovskite NCs, es-

pecially the "dark" or "bright" character of the lowest �ne structure exciton
state.47,51,52 First studies at the level of single NC of inorganic perovskite
evidenced �ne structure of bright-excitons: narrow lines grouped in triplets,
doublet or simple lines have been observed.44,82�85 In addition, lifetime mea-
surements in ensemble of NCs as a function of temperature have pointed to the
existence of a long lived state,45,46 and particular results on Mn-doped CsPbCl3
NCs indicate that this dark state is the lower energy state.49 A very recent
study has obtained a spectroscopic signature of the lowest dark exciton state
in FAPbBr3 NCs50 by applying a magnetic �eld to make it emissive. In the
tetragonal phase (D4h), for cube-shaped NCs with an average size L = 9:2 nm,
Tamarat et al50 measured an average bright excitonic splitting �E = 0:7 meV
and a splitting �BD = 2:3 meV. From the exciton WF, in the IC regime, one ob-
tains �a3XK = 2:23 for L = 9:2 nm (while �a3XK = 1 for bulk). Using equations
(8-9), proportional to �a3XK, and the experimental values of Ref.,50 one gets
�BulkBD ' 1:0 meV and �EBulk = 0:32 meV. We then deduce �BulkSR = 0:324
meV and � = 39:22�. We note that this value is close to the one obtained from
our 16-band k.p model, � = 37:67�. In the following, due to the absence of ex-
perimental data, we will use the theoretical � values given in Table 1 to evaluate
�E1, �E2 and �BD splittings in the other compounds. In more conventional
semiconductors (GaAs, CdTe, . . . ), the SR contributions to the e-h EI has been

12



shown to be proportional to 1=a3X (see SI, section 6). Then, assuming that this
a�3X law is also valid for perovskite materials and taking as a starting point the
value of �BulkSR for FAPbBr3, we are able to obtain �BulkSR values for the other
hybrid compounds (see Table 2). Once �BulkSR is de�ned, we determine the value
of K in the intermediate regime as a function of the NC size and then calculate
the bright-bright and the bright-dark splittings for APbX3 (X = Br; I) (see
Figure 4). For the orthorhombic phase, we have assumed the same tetragonal
crystal �eld parameter, T, in absence of further data. We have then adjusted the
orthorhombic crystal �eld, �, to reproduce the experimental FAPbBr3 exciton
splitting measured by Tamarat et al :50 for L = 9:2 nm and � = 70 meV, one
obtains �E1 = 0:384 meV and �E2 = 0:823 meV, the bright triplet being in
very good agreement with Ref.50 We have then kept this orthorhombic crystal
�eld for the other compounds. We underline that, for a given NC size within
the weak con�nement regime, �BD is always larger for APbBr3 than for APbI3.
This e¤ect is inversely proportional to the aX value. We also underline that
�E, �E1 and �E2 are similar for APbI3 when A is changed (A = FA, MA);
the same behaviour is also obtained for APbBr3.

Fig. 4: The size dependence of the exciton �ne structure of tetragonal (solid
lines) and orthorhombic (dot-dashed lines) FAPbX 3 and MAPbX 3

(X = Br; I) NCs.

In conclusion, we have developed a description of the electronic band struc-
ture of the bulk hybrid perovskites with tetragonal crystal structure. In the
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Table 2: Numerical values of the k.p parameters used in this work. �E ( �E1
and �E2) is (are) the calculated exchange splittings for the bulk tetragonal
(orthorhombic) MAPbX3 and FAPbX3 (X= Br, I) materials.

D4h Eg ( eV) �r �X aX ( nm)
�
EPS;�=E

2
g�X

�
( eV�1) �BulkSR (meV) �E (meV)

FAPbBr3a 2.294 8.6 5.7b 3.5 0.67 0.324 0.321
MAPbI3a 1.608 10.9 6.6b 5.55 0.96 0.081 0.107
FAPbI3a 1.521 11.4 6.4b 6.35 1.29 0.054 0.09

D2h Eg ( eV) �r �X aX ( nm)
�
EPS;�=E

2
g�X

�
( eV�1) �BulkSR (meV) �E1 (meV) �E2 (meV)

MAPbBr3a 2.292 7.98 5.6b 3.6 0.61 0.298 0.197 0.237
FAPbBr3a 2.233 8.42 5.7b 3.87 0.7 0.240 0.144 0.309
MAPbI3a 1.652 9.4 6.6b 4.8 0.91 0.126 0.095 0.205
FAPbI3a 1.501 9.35 6.4b 5.5 1.32 0.083 0.095 0.187

a Reference [34]; b Reference [59].

framework of the e¤ective mass approximation, this theory reproduces the ex-
perimental values of the band gap energy and the carrier e¤ective masses to
excellent precision. Furthermore, our formalism naturally opens a route to-
wards the understanding and prediction of the electronic properties of con�ned
systems. We have then successfully applied this development to the study of the
electronic properties of hybrid halide perovskite NCs, including crucial optoelec-
tronic characteristics such as radiative lifetimes and the exciton �ne structure.
By taking into account the very few available experimental results, we are able to
predict behaviours of the radiative lifetime and energy splittings of exciton �ne
structure states as a function of the NC size. We also predicted the value of the
bulk SR contribution for all the family APbX3 of perovskite compounds. The
knowledge of all these electronic parameters of hybrid perovskites is of prime
importance not only to improve performances of classical devices but also of
quantum devices.
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