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Abstract

The aim of this work is to show the local null controllability of a fluid-solid interaction system by using
a distributed control located in the fluid. The fluid is modeled by the incompressible Navier-Stokes system
with Navier slip boundary conditions and the rigid body is governed by the Newton laws. Our main result
yields that we can drive the velocities of the fluid and of the structure to 0 and we can control exactly the
position of the rigid body. One important ingredient consists in a new Carleman estimate for a linear fluid-
rigid body system with Navier boundary conditions. This work is done without imposing any geometrical
conditions on the rigid body.
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1 Introduction

Let Q be a bounded, non empty open subset of R? with a regular boundary. We assume that © contains a
rigid body and an incompressible viscous fluid. At each time ¢ > 0, the domain of the rigid body is denoted by



S(t) C Q that is assumed to be compact with non empty interior and regular. The fluid domain is denoted by
F(t) = O\S(¢), and is assumed to be connected.

We consider the following system describing the evolution of the fluid which is governed by the incompressible
Navier-Stokes system

U+ (U-V)U—-V-T(U,P)=0v*"lp in (0,T) X (1.1)
V-U=0 1in (0,T) x F(t). '
In the above system, we have denoted by U the fluid velocity, P the fluid pressure and by v* the control acting
on the system through @ C R?, where O is a non empty open subset such that O C F(t).
The Cauchy stress tensor T(U, P) is defined by

1 (oU;  aU;
T(U,P) = —PL+2D(U), DU)i; =5 ( g> 7

817]‘ &r,i

where v is the viscosity of the fluid. We denote for each time ¢, the position of the structure by h(t) € R* and
by Ry the rotation matrix of angle 6 of the solid defined by

cosf(t) —sinf(t
Ry = <sin 9((15)) cos 9(15))) '

Then, the flow of the structure is given by Xs(¢,-) : S — S(t) where
XS(tv y) = h(t) + R9(t)ya te (07 T)v Yy e Sa (12)

where S is a fixed subset of R?, non empty, compact with a regular boundary.
We notice that Xs(t,-) is invertible and a C*°-diffeomorphism, we denote its inverse by Ys(t,-) : S(t) — S
where
Ys(t,x) = Ry (@ = h(t)), t€(0,T), =e8(1).

Thus, the Eulerian velocity of the structure is given by

Us(t,z) =h'(t) + R;(t)R;(; (x—h(t)), te(0,T), ze8{).

We denote by a™, the vector —aa2>7 for any a = <21> € R2. We notice that Ré(t)R;é) is a skew-symmetric
1 2
matrix, then the Eulerian velocity of the structure writes
Us(t,z) = I'(t) +w(t) (@ — (1),

where w(t) = 6'(t) represents the angular velocity of the rigid body.
We denote by Sy ¢ the set
Sho=h+ RS,

and we define the corresponding fluid domain
Fho = NSh,0,
for any h € R?, § € R. Then, with these notations, we have
S(t) = Snw.o,  F() = Fhn)o0)-

We point out that the fluid domain is depending on the displacement of the solid structure, consequently, it
depends on time.
We denote by n the outward unit normal to dF(t), where 0F (t) = 0Q U dS(t).



The motion of the structure is governed by the balance equations for linear and angular momenta

mh/(£) = — / T(U, PYa dT ¢ € (0,T),
0S(t) (1.3)
' (£) = —/ (z — h(t))* - T(U, P)# dT £ € (0,T).
aS ()

We complete (|1.1) and (1.3) by the Navier slip boundary conditions. In order to write these boundary
conditions, we need to introduce some notations. Let 7 be a tangent vector to dF(t). We denote by az and az
the normal and the tangential parts of a € R%:

an = (a-N)n, az =a— az.

Then, the boundary conditions write as follows

Us=0 on (0,T) x 04,
RvDU)n+ BUl-=0 on (0,T) x 09, (1.4)
(U—-Us)a=0 on (0,T) x dS(¢), ‘
RvD(U)n+ ps(U—-Us)l-=0 on (0,T) x dS(t),
where o > 0 and Ss > 0 are the friction coefficients.
Let h°, 00 € R?, 6°, w’ € R and u° € [Hl(]:hoygo)]Q. We furnish the following initial conditions
U(0,2) = u®(x), € Frogo, K (0)=0, w(0)=w’, h0)=hr 6(0)=0>, (1.5)

such that the following compatibility conditions are satisfied

V-u'=0 in Fpogo,
=0 ondQ, (1.6)
=0 on 88}10790,

0 _ ou%
(u Us)ﬁ

where u2(z) = 0 +w°(x — h®)*. Without loss of generality, we assume that the center of gravity of S is at the
origin. Then, h(t) will be the position of the center of mass of the rigid body S(t).
Our main objective in this paper is to look for a control v* acting on O such that for any (hr,0r1) € R? xR
with
ShT,@T cQ \ Ov (17)

we get that h(T) = hr, 0(T) = 61 and the velocities of the fluid and of the rigid body are equal to 0 at time 7.
The main result of this paper is stated below:

Theorem 1.1. Assume that Bs > 0 and let (hr,07) that satisfies (1.7). Then, there exists € > 0 such that for
any (u®, h°, 00,00, 0°) that satisfies (1.6) and

L Lt B ]Eo] + e + |60 — 07| <,

there exists a control v* € L*(0,T;[L*(O)]?) such that
U(T,")=0in Fnp o, h(T)=hpr, K(T)=0, w(T)=0 6(T)=0.
Without loss of generality, we can always assume that
hr =0, 0r=0, andthus Sp,0, =S, Fnpor =F.
In fact: in general, we have

Xs(t,y) = h(t) + Roy—9.(y — hr), t€(0,T), yeS.



and in this case, we set
Sh,g =h+ Rg,gT (S — hT),

then, Sy, 0, = S. Let take 2 = R_g,.(y — hr), hence
Xg(t, Z) = h(t) + Rg(t)z, t e (O,T), S 80,0,

where
So,0 = R_6,(S — hr).

Then, we notice that we are reduced to the case (1.2)). Thus, by translation of vector —hs and rotation of angle
—071, one can reduce the controllability problem to the case hr = 0 and 67 = 0. In what follows, the vectors n
and 7 stand respectively for the outer unit normal and the unit tangent vector to 0.F.

Several works were devoted to the study of fluid-rigid body interaction systems, in particular, when the
fluid is governed by the Navier-Stokes system. Existence results concerning this kind of systems with Dirichlet
boundary conditions were considered in [9], [12], [13],[29], [30], [20], |24], [28] etc. For the case of the Navier slip
boundary conditions , the existence of weak solutions is proved in [I8] and the existence of strong solutions
is obtained in [31]. In [31I] and [19], the authors proved that collisions can occur in final time between the rigid
body and the domain cavity with some assumptions on the solid geometry.

Concerning the controllability, let us mention [I5] and [26], where the authors obtained the local exact con-
trollability of the 2D or 3D Navier-Stokes equations with Dirichlet boundary conditions considering distributed
controls. The local exact controllability of the Navier Stokes system with nonlinear Navier boundary conditions
with distributed controls was studied in [22]. Moreover, in [23], the authors established the local controllability
with IV — 1 scalar controls. With Navier-slip conditions on the fluid equations, global null controllability is
obtained for the weak solution in [I1I] such that the controls are only located on a small part of the domain
boundary. Concerning controllability results of fluid-structure systems with Dirichlet boundary conditions, in
dimension 2, we mention the paper [7], where the authors proved the null controllability in velocity and the exact
controllability for the position of the rigid body assuming some geometric properties for the solid and provided
that the initial conditions are small enough, more precisely a condition of smallness on the H* norm of the initial
fluid velocity is needed. The authors used the Kakutani’s fixed point theorem to deduce the null controllability
of the nonlinear system. We have also the paper [25] where the authors considered the structure of a rigid ball,
their result relies on semigroup theory. In the latest paper, only an assumption on the H'! norm of the initial
fluid velocity is needed. In dimension 3, we mention [6], the same result was proved without any assumptions
on the solid geometry while a condition of smallness on the H? norm of the initial fluid velocity is needed.
We also mention [27], where the authors considered the interaction between a viscous and incompressible fluid
modeled by the Boussinesq system and a rigid body with arbitrary shape, they proved null controllability of
the associated system. In the case of the stabilization of fluid-solid ineraction systems, we have [3], [2].

In this paper, we prove the local null controllability of the system , , , , that is the case
of the Navier slip boundary conditions in the presence of a rigid structure of arbitrary shape. We follow the
same method as [25]: we use a change of variables to write our system in a fixed domain and use a fixed point
argument to reduce our problem to the null controllability of a linear fluid-rigid body system, that is coupling
the Stokes system with ODE for the structure velocity. To do this we derive a Carleman estimates for the
corresponding system.

One of the main difficulties to obtain such an estimate is to manage the boundary conditions and more
precisely to obtain estimates of the rigid velocity with the good weights. An important step for this calculation
is a Carleman estimates for the Laplacian equation with divergence free condition and Navier slip boundary
conditions, which is given in section[dl We emphasize that this is the first result concerning the null controllability
of a fluid-structure interaction system with boundary conditions different from the standard no-slip ones. Note
that with the Navier boundary conditions considered here, one of the additional difficulties with respect to the
Dirichlet boundary conditions lies on the fact that in the Carleman estimate, it is more complictaed to estimate
the structure velocities from the fluid velocity. There are several possible extensions to this work. First let us
recall that in [I1], the authors obtain the global exact controllability of the Navier-Stokes system with Navier
boundary conditions. One of their ingredients is to use the local exact null controllability of [22]. Here, one



can also consider the global exact controllability but the arguments of [I1I] may be difficult to adapt due to the
presence of the structure. Second, one can also consider a heat conducting fluid and remplace the Navier-Stokes
system by the Boussinesq system. This has been done for instance in [27] with a rigid body and Dirichlet
boundary conditions. Our method here should be adapted to this case and we would obtain a similar result.
Finally, one can try to reduce the number of controls as it is done in [23] for the Navier-Stokes system with
Navier boundary conditions. However, let us note that due to the presence of the structure velocities in the
boundary conditions, some parts of the proof in [23], might be difficult to adapt, mainly the manipulation of
the curl of the fluid velocity on the boundary.

The outline of this paper is as follows: in section [2| we give some preliminaries. We emphasize that one of the
main difficulties in this problem is that we are dealing with a coupled system set on a non cylindrical domain.
Then, in section [} we remap the problem into an equivalent system given in a fixed geometry. In section [5]
we establish a new carleman inequality. In section [6] we prove the null controllability of the linearized system.
Finally, in section |7, we prove Theorem and deduce the null controllability of the system by applying a
fixed-point argument.

2 Preliminaries

In this section, we prove some regularity results of an associated linearized problem. We consider the following
linear system

3tw V- ( ) F1 in (O,T) X .F,

V- w=0 in(0,T)xF,
mﬁ’w(t):—/ T(w,#n dl + Fy t e (0,T), (2.1)
oS

TR (1) = — /8 v T@ R AT By e (0T

with the boundary conditions

= 0 on (0,T) x 09,
[2vD(w)n + BQE}T on (0,7) x 09, (2.2)
(W—wWs)p = on (0,T) x 9§, '
2vD(w)n + Bs(w —ws)], = on (0,T) x 0S8,
where Ws(y) = bz + kzy™, completed with the initial conditions
w(0,-) =w’, inF, lz(0)=10, kgz(0)=k. (2.3)

We have the following regularity result for the system (2.1)), (2.2)) and (2.3)) which is proved in [31].

Theorem 2.1. Let T > 0. Suppose that [y € L*(0,T;[L*(F)]?), F» € [L*(0,T)]* and F5 € L*(0,T) are given
functions and w® € [H'(F)]? such that

V-uw'=0, inF, wl=0, ondQ, w(y)= +ky),, yeaS.
Then, there exists a unique solution to problem , and such that
w € L*(0,T; [H*(F)) n C((0, T]; [H (F)]*) n H' (0, T [L*(F)]?), 7€ L*(0,T; H' (F)/R),
(b, kw) € [H'(0,T))* x H'(0,T).

Moreover, it satisfies the following estimate

1@ 20,7712 ()2 nc 0171 P2y 0,13 p2 (F)2) T 1T L2070 7y Ry + 1wl 0,052 + k@l g 0,7y

<HF1HL2(O,T;[L2(J-')]2) + 1E2ll 20,792 + 1E3ll L2 0,1y + HWOH[Hl(f)]z + || + }k?uD - (24)



Proof. The proof of the above theorem is based on semigroup theory. For the sake of completeness, we just

recall the main ideas of the proof.

We note that w® and @ are extended by 9 —&—ksjyL and ly + kgzy® on S respectively. Let define the following

Hilbert spaces
H={we[l?(W]*|V-w=0, w,=0,ond? Dw)=0inS},

V={weH|uw|re [H(F)]}.
We notice that the condition D(w) = 0 on § is equivalent to w = ws € R on S where
R = {v € R? | there exist {, € R?, k, € R such that v(y) = €, + ky"}.

For w,v € H, we define the inner product on H by
(w,v) :/ w-v dy +mby, - Ly + Jkyky.
f

Let define also the orthogonal projector P : [L?(Q)]? — H.
The system (2.1)), (2.2) and (2.3) can be reduced to the following form
W =Aw+F, w(0)=u’,
where the operator A is defined by

vAw in F,
2v

m Jos

A=PA, D(A)=D(A) ={weV, wF e [H*F)? [2vD(w)n+ Bow]_ =0, on 00,

(2.6)

2vD(w)n + Bs(w —ws)], =0, on IS},

and

F  Fyt
FIP’(F11;+(2+ 3y )1S>.
m J

In [31, Lemma 3.1], it is proved that the operator A is self-adjoint and it generates a semigroup of contractions

on H. Thus, we deduce Theorem [2.1] (see [31, Proposition 3.3]).

We note here that since A is a self-adjoint operator, then for any w € D(A), we have
2
[wllp(—ayrz) = (w, w) + (w, Aw) .

We also need some regularity results on the linear system (2.1)), (2.2)), (2.3).

Let w° € [H3(F))?, 7° € H*(F), (£2,k%) € R?* and we set w' € [H'(F))?, (¢4, kL) € R? such that

w? W w? W

w' =V - T(w’, 7°) + F1(0,-)

0= 1 T(w®, 7%)n dT + iFQ(O),
m Jas m
and ) )
kL = -3 yt - T(w®, 7°%)n dl + ng(O).
oS

Moreover, we suppose that 70 satisfies the following system
Ar® =V - F(0,") in F,

0
O = (vAw’ + F1(0,)) -n — (65, + kLyt) -nlgs  on OF.

aon

O



By the Lax-Milgram theorem, the above system admits a unique solution 7° € H*(F)/R, such that

V7| g2y + 1] + ] < C( [0l s e + 1E 20,212 2y 0 g2y
Rl 0 + Bl )

Since OF is sufficiently regular, we get that
(AW’ 4+ F1(0,-)) - n — (€ + kLyt) - nlas € HY?(9F).

Then, using classical elliptic estimate of the Neumann system, we obtain

17 gz ) + 1] + [t | < C( [0l s e + 1 220,212 2y 0 g2 )
Rl 0 + Bl )

We set the compatibility conditions
V-w'=0, inF, w!=0, ondQ, wl(y)=(L+kLy"),, yecds. (2.7)

Proposition 2.2. Let T > 0. Suppose that Fy € L*(0,T;[H*(F)]*) n H*(0,T;[L*(F)]?), F» € [H*(0,T)]?,
Fy € HY0,T) and let (w°, €2, k%) € [H?(F)]* x R? x R such that the compatibility conditions (2.7) hold. Then,

» Fwr VYw

there ezists a unique solution to the problem (2.1)), (2.2) and (2.3) such that
w e L0, T [HY(F))*) N H*(0,T5 [L*(F)), 7 e L*(0, T3 H*(F)) N H (0, T5 H' (F)),
(b, kw) € [H*(0,T)]? x H*(0,T).

Moreover, it satisfies the following estimate

1@ L2 0, 15182 P2y 2 0.751227012) F 1T 20,18y 0,0 (7)) + Wl 0,02 + Rl 12 0,1

< C( IEL 20,y im2 2y nm 0,752 )2y + 1F2 o,y + 151 g0,y
0 0 0
s 1121 ). 29

Proof. we differentiate in time the system , . we get
3“@ -V T(atﬁ, &ﬁ) = 8tF1 in (0, T) X .F,
V- (@w)=0 in(0,T)x F,
Ml (t) = — / T(0,w, 0 dT + O Fs t € (0,T), (2.9)
a8

w

JR() = — /a vt TOmOF AT+, e (O.T)

with the boundary conditions

Ow, =0 on (0,T) x 99,
2vD(0;w)n + fodw]. =0 on (0,T) x 09, (2.10)
(0w —ws), =0 on (0,T) x 88, '
[2vD(dyw)n + Bs(Ow —ws)] =0 on (0,T) x IS,



where W = (o + kiy® with the initial conditions

w

Since (2.7)) is satisfied, we can apply Theorem [2.1] we get
100 2 0,512 oy 0,312 12y + 10T N 20,5001 ) + Wil o,my12 + IRl s 0,y
< C< I F1ll 20,7552 (72 nm 01 p2 )2y T 1E2 | a0,y + 1 E5 M o,y + ||w0||[H3(]:)]2 ) (2.12)

We obtain from (2.12)) that ¢z € [H?(0,T)]* and kz € H?(0,T). Then, using the regularity results for the
unstationary Stokes system with Navier boundary conditions proved in [21]], combined with (2.12)) and (2.4), we
get

1l 220,718 P2y mm2c0,mite2 2y + W Lo s (eyyni o, ) + Wl 2o,y + IRwl 20,7

< C( 1F U 20,752 (Fy2y i 0,1 p2 () T 1E2 o,y + 1E5 1 o,
0 0 0
1 s+ 1621182 ):

Then, we obtain (2.8)). O

3 Change of variables

To treat the free boundary problem (L), (1.3), (L.4), (L.5), we consider an equivalent system written in a fixed
domain using a change of variables that was already introduced in [29]. In fact, we construct an extension of the
structure flow over ) by a regular and incompressible flow. First, we need to control the distance between
the structure and the boundary 9(Q\O).

The condition implies that there exists d > 0 such that

d(0(N\0),8) =d.
Let ¢ € [0, T]. We have for a fixed y € S

d(y,S(t)) < |h(t) + Royy — v -

Then, we get

A(S(1),8) < C (|h(t)] + [Bowy — Ia]) (3.1)
If J

— < — .
\h(t)] + | Rory — I2| < Yok (3.2)
we get
aS(),8) < 5.
Thus, we obtain
OO0, 8() > 5. te0.T]

In other words, we only assume that no collision occurs between the structure and the boundary 9(Q\0) at
time T'. In fact, if the initial data are small enough, then the displacement of the structure remains small, then
is satisfied. Thus, no contact can occur between the solid and the boundary for any ¢ € [0, T7.

Following [29], we can construct a change of variables X and Y with the following properties



e For any t € [0,T], X and Y are C* diffeomorphisms from §) into itself,
e The function X is invertible of inverse Y,
e In a neighborhood of S = S(T'), X (t,y) = Xs(t,y) = h(t) + Rowyy,
e In a neighborhood of 9Q and of O, X (t,y) =y,
o det VX (t,y) =1, for all y € Q,
e In a neighborhood of S, VX (t,y) = Ry() and VY (t, X (t,y)) = Re_(t)
Moreover, we have

1 XN 2220712 @p2) + 1Y 20,512 @02) < CUR 20,002 + 191 52(0,7))5 (3.3)
where C' depends on T'.

Now, we set,
u(t,y) = Cof (VX(t,y))"U(t, X(t,y)), P(t,y) = p(t,X(t,y)).

Then, we have
us(t,y) = Ryghy (W(1) + w(t)(@ — h())*) = €) + w(t)y™,

where ((t) = Re(t)h (t). We transform the system (L.I), (1.3), (T.4), (I.5) by using this change of variables.

Calculations of this type are already done in [3I, Lemma 2.1]. Thus, the system (1.1), (1.3), (1.4), (1.5) is
equivalent to

Ou —vLu+ Mu+Nu+Gp=v*lp in (0,T) x F, (3.4)
V.u=0 1in (0,T)x F, '
ml'(t) = —/ T(u,p)n dI' — mwl(t)* t € (0,T),
98 (3.5)
Ju'(t) = —/ y* - T(u,p)n dl' t € (0,T),
88
u, =0 on (0,T) x 0,
2vD(u)n+ fou]. =0 on (0,T) x 09, (3.6)
(u—us), =0 on (0,T) x9S, '

2vD(u)n+ Bs (u—wus)], =0 on (0,7) x 0S,

where n and 7 respectively stand for the normal and the tangential vectors on 0F, with

0 8UZ ou; ) mi
=y 9 < ik — ) +2) My 8; > < (9"T5) + g™y km) i
gk 7 "

7.k, 7.k,

8Y Bul : 8Yk 5)Yl 62Xk
i, Ok g2k
Z ot oy, %:( ot T Dk atayj)“”
Ou;
ZUJ Jrzrjkujukv

i Op
Syts
PR

where

s oY; 0Y 0X; 0X;
i _ AT A i 04,
g ; dxy, Oxy’ i % Oyr Oyr’



and

1 9g9a , Ogji | Ogij
Ik — kKl [ 99 j ij )
” 22129 y; " yi * Ay
Finally, we set the initial conditions for y € F

u(0,y) = Cof (VX (0,))*u’(X(0,y)) = uo(y), £(0) = Re_olévo =0 w(0)=uw’ (3.7)

4 Carleman estimate for the Laplacian problem with Navier slip bound-
ary conditions

We prove first, a Carleman inequality for the Laplacian problem with non-homogeneous Navier boundary con-
ditions. From [8, Lemma 1.1], we can construct a function n € C?(F) such that

n>0inF, n=0ondF, |Vn >0inF\ O, where 0, CcC O, Vn-n<0, ondF. (4.1)
Let A > 0 and let take a = ™. We have the following proposition.

Proposition 4.1. Let F and O be two open sets such that O C F. Suppose that the friction coefficient B is a
positive constant, then there exist C = C(F,0) > 0, s1 and A\ where s1 = s1(F,0), A1 = A\ (F,O), such that
the solution v € [H?(F)]? of the system

—AYy=f in F,

V=0 in F,
Y, =a, on OF, (4.2)

2D()n+ pBp] =b on OF,
satisfies the inequality
S2>\2/ e2saa2‘vw|2 dy+s4)\4/ o250 o4 W)‘Q dy+ﬁ83)\2e2s/ |w‘r|2d1—‘
F F oF
< 0(54)\4/ e ot [Y|® dy + s/ e |f]? dy+ s>A2e? / IV-(a-n)|*dl
o F oF

#5026 [ B ar). @

for any s > s and X\ = Ay, where f € [L*(F))?, a € [H*?(8F))?, b € [H'/?(8F)).

Remark 4.2. Since § > 0, then for any f € [L*(F)|?, a € [H¥*(0F))?, b € [H/?*(0F))?, the system (&.2)
admits a unique solution v € [H*(F))%. See [§] for a complete proof.

Proof. The proof is inspired from [22] where in our case, we need to take into account the non homogeneous
Navier slip boundary conditions and thus, one need to manipulate carefully the surface integrals that appear.
Step 1: Let w = e**¢. The first equation of the system (4.2)) becomes

— Aw — 22202 [V w 4 2sAaVwVn + sA2a | V> w + shaAnw = e*“ f, (4.4)
We write Aw =V - (Vw + (Vw)*) — V(V - w). Using that V - w = s AaVn - w, we get
~Aw =~V - (Vw + (Vw)*) + sAa(Vw)*Vn + sAaV2nw + s\ 2a(Vn - w) V.
Then, can be written as

— V- (Vw + (Vw)*) 4+ sAa(Vw)* Vi — $2A%a? [Vn|* w 4 2sAaVwVn + sAa |Vl w + shaAnw
+ shaVinw + s\2a(Vn - w)Vn = e**f.  (4.5)
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We multiply (4.5) by o'/, then (4.5) is equivalent to

Mw+ Nw =4, (4.6)
where
Muw = —a'?V - (Vw + (Vw)*) — 2220”2 V> w + sAa®/?(Vw)* V), (4.7)
Nw = 250/ 2VwVn + 4sX2a®/ Vi) w, (4.8)
and
G =a'2e5 f 4+ 3502052 |Vn|* w — sAa® 2 Anw — sAa® 2 V2w — sX2a®/? (Vi - w) V. (4.9)

Multiplying (4.6]) by its self, we notice that we only need to consider the terms Z (Mw);, (Nw);). First, we
0]
have

(0w}, (Nu)) = =25 [ 2V (Tu+ (Vu)') - VuTn dy
= 25\ /8f(vn “n)(Vw + (Vw)*)n - (Vwn) dT' + 25\ /f 2 (VwV?n) : (Vw + (Vw)*) dy
+ 4s5)\? /fon(Vw + (Vw)*)Vn - VwVn dy + 2sA Z /Foﬁ(ajw + 31'“}]')8%]"1016]@7] dy. (4.10)
i,5,k
We set
A=4s\? /fa2(Vw + (Vw)*)Vn - VwVn dy = 4s\? /}_a2 IVwVn? dy
+ 45)\? /FQQ((Vw)*Vn) (VwVn) dy = A1 + Ay, (4.11)

We obtain

Ay = 4s)\? /6}_ IVnl? (Vwn) - n(w - n) dT' — 4sA? Z /}_ Di(?nd;m)0;wswy, dy

.3,k

—452)\3 / a®Vn - V(aVn-w)(Vn-w) dy, (4.12)
f

where we have used that V - w = sAaVn - w. An integration by parts for the last term gives

Ag = 45)\2/ o? [Vyl? (Vwn) - n(w - n) dI’ — 4s\? Z / i (a?0xn0;n)0;wiwy, dy
OF = F
.3,k

+282)\3/fa3A77|V77~w|2 dy—|—282)\4/}_V77|2 o |V - w? dy — 252\ /8F(V77~n)|V77'w|2 dar. (4.13)

On the other hand, we have

%7,

B = 25\ / aQ((“)ij- + 8iwj)8,%jwi8kn dy
W JF

= s)\/ oV -V |Vw|?® dy + 2sA Z/ a28iwj8,%jwi6k77 dy = By + By. (4.14)
F ikl F

11



An integration by parts for the terms B; and Bs, gives

B =s/\/ (V- n) |[Vw|? dF—s/\/ o An |V dy—23/\2/ \Vn|? o2 [Vw]? dy,
oF F F

By = 2sA (Vn-n)Vw : (Vw)* dI" — 23)\/ Ana?Vw : (Vw)* dy
oOF F

— 4s\? / a? |V77|2 Vw : (Vw)* dy — 2s\ Z/ ozzaiiwjﬁjwi@kn dy = Boy + Bag + Bog + Bay.
F F

i3,k
We make an integration by parts for Bay, we get
By = —25)\/ (Vn-n)(Vwn) - (Vw)*n) dI' + 23)\/ ?(V2nVuw) : Vu dy
oF F

4522 /f Q2(Vw)*' V) - (Vo) Vi) dy + 258°\2 /f o3 (V2w) - (VwVr) dy

75

+ 52>\3/ > 0kndndin(Ok (wiw;)) dy + 282)\2/ o (VwVn) - (Vw)*Vn) dy.
. F F

(4.15)

(4.16)

(4.17)

We notice that the third term in (4.17)) corresponds to As, while the fifth term in (4.17) denoted by Ba4s gives

Bous = s2\3 Z/ a®Okn0;mOindy (wiw;) dy = — Z 52/\3/ (> Onomoim) (wiw;) dy
F F

4,5,k 4,k

+ 52/\3/ (Vn-n)? jw-n|* dr,
oF

we note that
- Z 52)\3/ N (@POn0;mom) (wiw;) dy = —Cs*A3(1 + )\)/ ot lwl? dy.
F F

.3,k

We treat the sixth term in (4.17]), we obtain
Baso = 25X [ a¥(VwVn) - (Vu)'Vi) dy = <283 | a0,(0,000m)0,uwiw dy
F F

—35%2\3 Z /}_ a3 0kn0noindy (wiw;) dy — s°A\* /faQVn -V |aVn - w|2 dy
ij.k

+ 252 \? /8]-‘ IVn)? (Vw)*n) - n(w-n) dl' = Cy — 3Bass + Cs + Cy.

C3 = 83/\3/ oA An|w -V dy + 253)\4/ oA |Vl |w- V|* dy — 83/\3/ (V- n)®|w-n|* dr.
F F oF

12
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Thus, we obtain

(), (Vw)) > <20 [

+ 23)\/ (Vn-n)Vw : (Vw)* dT" — 23)\/ (Vi -n)(Vwn) - (Vw)*n) dT'
oF oF

(Vn-n)(Vw + (Vw)*)n - (Vwn) dI' + s)\/ (V- n) |[Vw|* dl
oF
+ 85)\2/ IVn|? (Vwn) - n(w - n) dT" + 252)\2/ V|2 (Vw)*n) - n(w - n) dU
oF oF
- 682)\3/ (Vn-n)|Vy-w|® dr — 33)\3/ (Vn-n)?|w-n* dr
oF oF
+ 283>\4/ V|2 o jw - V|* dy — 45)\2/ o2 |V)* Vw : (Vw)* dy — 25)\2/ V2 o? [Vl dy
F F F
—€ (s/\Q/ o? |[Vuw|? dy+s3/\4/ ot lw|? dy) , (4.20)
F F
for all € > 0 and for s > 1, A > 1. We get also
(Mw)1, (Nw)g) = —45)\2/ Vi 2 [V - (Vw + (Vw)*)] - w dy
f
= —45)\2/ IV)? (Vw) + (Vw)*)n - w dT + 88)\2/ *(V2nVn)(Vuw + (Vw)*) - w dy
oF F
+8s)\3/ IVn|* o?(Vn(Vw + (Vw)*)) - w dy+4s/\2/ IVnl? o? |Vw|? dy
F F
—|—4s/\2/ IVn)? a?Vw : (Vw)* dy.  (4.21)
F
On the other hand, we have
((Mw)a, (Nw)1) = —83)\3/ V2 'V -V wl® dy = —53)\3/ (V- n)? |w]? dT
F oF
+ 5%\ /}_V (VP Vet jwl® dy + 453\t /}_ [Vl ot lw|? dy. (4.22)

We get
(Muw)a, (Muw)s) = —4s° A / IVl o fuf? dy. (4.23)
f

We obtain

(Mw)s, (Nw)1) = Bag > —382)\3/

(Vn-n)? |lw-n| dr+2s2A2/ IVol® (Vw)*n) - n(w - n) dT
oOF oOF

+ 2s3>\4/ [Vl? o jw - V|* dy — 33)\3/ (Vn-n)?|lw-n* dU
F oF
—¢ (s)\Q/ o? |Vw|? dy+53/\4/ ot lw|? dy) . (4.24)
F F
We have also
(Mw)s, (Nw)g) = 452/\3/ V) o (Vw)* Vi - w dy = 482/\3/ (Vi -n)?|jw-n|*> dT
F oF

- 452)\3/ (V(IVyl* ®Vn) - w) - w dy — 433)\4/ Vn|® o jw- V> dy.  (4.25)
F F
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Then, we get

(Mw), (Nw)) > —25\ /

(Vn-n)(Vw + (Vw)")n - (Vwn) dI' + s)\/ (Vn-n) |[Vw|* dT
oF oF

+ 23)\/ (Vn-n)Vw : (Vw)* dT" — 25)\/ (Vn-n)(Vwn) - (Vw)*n) dT
oF oF
— 43)\2/ V> (Vwn + (Vw)*n), - w, dT +432)\2/ IVal? ((Vw)*n) - n(w - n) dT

OF OF

- 253)\3/ (Vn-n)? |lw-n> dl — 53)\3/ (V- n)? |lw]? dl
OF OF

+ 25/\2/ V> o? [Vuw|® dy — 532)\3/ (Vn-n)?|w-n* dr

F oF
—c (s)\Q/ o? |[Vuw|? dy+s3)\4/ ot lw|? dy> , (4.26)
F F
where we have used
- 45/\2/ IV)? (Vw) + (Vw)*)n - w dT + 83/\2/ IVn)* (Vw)*n - n(w - n) dU
OF OF

_ —45)\2/ Vnl? (V) + (Vo) )n)s - w, dT.
OF

Step 2: We derive a Carleman estimate for @ = e*¥¢) with & = e~*7, the calculus will be analogous and we
will get the same terms up to a sign. We obtain

(M), (N@) = 25 | (V- n)(Vi + (V@) )n - (Vi) dF—s/\/ (Vn-n) [Va|? dr
oF oF

—9sx [ (Vn-n)Vi : (V)" dT + 28\ / (V- n)(Vin) - (V@)*n) dT
OF OF
—45A2/ Va2 (Vin + (V&) ™), - @, dF+432/\2/ Vnl? (V@) n) - n(@ - n) dT
oF oF
+253>\3/ (Vi -n)?|w - n|? dF+s3)\3/ (V- n)? |@|* dT
OF OF
+25A2/ \Vn)* &% |Vl dy+552)\3/ (Vn-n)®|w-nl* dT
F oF
—E(SAQ/ a? |\Val? dy+33>\4/ at|wf? dy>. (4.27)
F F

Step 3: We deal with the surface integrals. We note that on the boundary 0F, we have

Vw; = e* (VY + sA\Vn;), Vuw; =e* (Vi — sAVny;), on OF. (4.28)
Then,
Vuwn = e*(Vyn + sA\(Vn-n)p), Vwn=e’(Vin —sA(Vn-n)y), on IF, (4.29)
and
(Vw)™n =e*((V) n+ sA(¢¥ -n)Vn), (Vw)n=e’((Vi)'n—sA(¢-n)Vn), on dF. (4.30)
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The boundary terms in (4.26) are reduced to
S = 725/\/ (Vn-n)(Vw + (Vw)*)n - (Vwn) dI' + s)\/
oF oF
+ 23)\/ (Vn-n)Vw : (Vw)* dT" — 28)\/
oF oF
- 45/\2/ V|2 (Vwn + (Vw) n), - w, dl“+4s2>\2/ IVn)? (Vw)*n) - n(w-n) dT
oF oF

- 283)\3/ (Vn-n)? |lw-n* dI — 83)\3/ (Vn-n)? |w]? dl’ — 552)\3/ (Vn-n)?|w-n|* dr.
oF oF oF

(V- n) |[Vw|* dl

(Vi -n)(Vwn) - (Vw)*n) dT'

The boundary terms in (4.27)) write

3 (V- n)(Vil + (V&) )n - (Viin) dF—sA/aF(Vn-n)W@F dr

S =25\
oF
(Vn-n)(Vun) - (Vw)*n) dT

— 2s) (Vn-n)Vw : (Vw)* dT + 2s\
OF

OF
_ 43A2/ V|2 (Vion + (V&)™) - @, dT + 452\ /
OF OF

+253>\3/ (Vn-n)®|w-nf dF+s3>\3/ (Vn-n)? |@\2drdr+5s2A3/
OF OF OF

IVyl® (V@)*n) - n(@ - n) dT

(Vn-n)®|w-n|* dr.

Using that « = @ = 1 and w = w on dF, the boundary terms are reduced to

S+S5=-2sA </6}_(V77 -n)(Vw + (Vw)*)n - (Vwn) dI’ — /SF(Vn -n)(Vw + (Vw)*)n - (Vuwn) dF>

+ s\ (/af(Vn~n)|Vw|2 dr—/w(vn-n)\vm? dF)

+ 2sA </aF(Vn -n)Vw : (Vw)* dT —/ (Vn-n)Vw : (Vw)* dI‘>

OF
— 25\ (/f)f(Vn -n)(Vwn) - (Vw)*n) dl’ — /aI(Vn -n)(Vwn) - (Vw)*™n) d]f‘)
\Vl* (Van + (V@) *n), - 0, dr)

— 4s5)\? (/ [Va)? (Vwn + (Vw)*n), - w, dT +/
oF oF
6

242 2 *n) - n(w-n 2(V@)*n) -n(w -n ;-
+4s°\ (/8}_V77| ((Vw)*n) - n( )dF+AF|Vn| (Vw)™n) - n( )dF) 2

|
7

Using (4.28)), (4.29), (4.30) and (4.2)4, we get

L+1I, = —SSW/ e |V (Vn + (Vip)*n) - ¢ dl — SSW/ e |Vnl* (Vpn - n) (1 - n) dT.
oOF oOF

I = 452/\2/ e |Vn|> Vpn - 1 dT,
oOF
Iy = 832)\2/ 2 |Vn|* (Vo) *n - 1 dT,
OF

Iy = 863)\2/ 2 |Vn|? [, dI — 83)\2/ e |Vn|* b -4 dr,
or OF
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Is = 832)\2/8 e |Vn)* (Von - n) (4 - n) dr.
F

Then, we get

L+1I= —832)\2/

> |Vn* (Ven + (V) n), - by dD — 245°\> / e |Vn|* (Vi - n)(¢ - n) dT
oF oF

:8632)\2/ e |V ? || dl“—832/\2/ 623|V77|2b-wd1“—2432)\2/ e V> (Von - n)(¢ - n) dr,
OF oOF OF
and

I = 452/\2/ 2 |V|? (Vpn), - ¥, dT' + 432/\2/ 2 |Vn> (Vebn) - n(v - n) dT
OF OF
— —432/\2/ e |Vn)? (V) n, - 1, dF—452)\2,8/ e |1 |* dT
oOF oOF
+432A2/ e |V by - 1y dF+432/\2/ e |Vn? (Von) - n(y - n) dr.
oOF oOF
We notice that
—4s”\? / e |V (V) *n], - ¢, dI' = —4sN° / e |Vn* [Ve(a-n) -, — (Vnr-9) (¢ 7)] dI.
OF oOF
Using the inequality in [I7, Theorem II.4.1] with r = 2, ¢ = 2, we obtain
52)\2/ [y|® dr < C (S)\/ V)2 dy+s3)\3/ || dy).
OF F F
Applying the same arguments, we get for I3
Iy = 852)\2/ e |Vn|? (V) n), -y dT + 852>\2/ 2 |[V|* (Von) - n(t - n) dT
OF OF
= 832)\2/ e |Vn|? [Vo(a-n) -y — (Vnr - ) (- 7)] dl + 852>\2/ e |Vn)* (Vn) - n(ip - n) dr.
oOF oOF

Then, combining all these inequalities, we get
s)\2/ e22a? |Vn? VY| dy+ 52)\25625/ ih7|? dT
F oF
< 583)\4/ ot [y dy + 55)\2/ e>0? [Vy|* dy + C(/ e a|f|” dy + s*A2e? / IV(a-n)7|*dl
F F F oF

+ 52\Ze2* /M|b|2 df) + 452 \2e% /af|vn|2(vwn~n)(¢-n) dr.

Using the fact that |Vn| > 0 on F\O,, we obtain

sv/ e**a? V| dy+32A23623/ [, |* dl
F\O, aF

<£53A4/ > ot [y|? dy+ss/\2/ e*a? |V |? dy—|—C</ e alf? dy+82/\2/ ¢ |V(a - n)7|>dl
F F F oF

+ 52\Ze2* /8F|b|2 dF> + 45222 /6}_|V77|2(V¢n~n)(z/}-n) dr.
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We add the term s\? / e?5%0? |Vz/1|2 dy in the both sides of the last equation, to get

sv/ e**a? Ve[ dy+52)\25/ e** |- |*

F oF

<633A4/ e ot |y dy—|—5s)\2/ >0 |Vy|? dy+C’</ > |f|? dy+32)\2625/ IV(a-n)r|*dl
F F F oF

+52A2628/ b2 dr) +432A2625/ Vnl2 (Vb - n) (4 - n) dT.
OF OF

We use the following inequality that is proved in [10, Lemma 3]

53)\4/ et |y)? dy < C (s/\z/ e a? |V dy—|—83/\4/ et jy|? dy). (4.31)
F F

Oy

Then, we get for sufficiently large s and A
s)\z/ e>0? Vy|* dy + 53)\4/ et [y dy + 82)\2,8628/ i, |? dT
F F oF
< C’<53)\4/ e2s%q? |1,/}|2 dy + s\? / e?5%0? |V7,/)|2 dy +/ e \f|2 dy + 52)\2625/ V(a- n)T|2 dar
o, 0, F oF

+s2>\2628/8 b dl“) +432)\2e23/8 (V2 (Vyn - n) (i -n) dT'.  (4.32)
F F

We recall that

_ Oy Oy
wa—ayl 31/2.

Since v is divergence free, we have that

Ay = =V x (V x ).

We have used the fact that for any scalar function a : R? — R, we have

o 32(1
Vxa= (81a> .

We recall the Green formula

/A¢-ﬁdy=—/(Vx¢)-(Vxﬁ) dy—/ (5 7)(V x ) dT, Vo € [H'(F)2,
F F

OF

with 7 = (_nm> Then, we obtain
1

| 19l (omeny ) v = [ 9o Vun v, dr
or oF
:/ Vz/}:V@dyf/(an/})(Vxﬁ) dyf/ (©-7)(V x ) dr,
F F oF
where 7 is a [H'(F)]? such that © = [V7|* ¢, on §F and

0l 2 < Clmllizrearye -
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Thus, the last term in the right hand side of the inequality (4.32) gives

#x [ Va (Vum-n)(w-m) ar < estet [ V0P dy+ O [ulfpnoye

Then, we obtain
S)\Q/ eraa2|vw‘2 dy+53)\4/ e25a 4 |¢|2 dy+82)\2ﬁ€25/ |,¢T‘2 dr
F F oOF

<C<53A4/ e a |y? dy+s)\2/ e |Vi|? dy+/ e |f|? dy+32)\2625/ IV(a-n)r|)*dl
Oy F

oOF

+ 8* A% [l Fia/2 oo + 57N / b dr).
oF
To adsorb the second term of the right hand side, we proceed like [16, inequality (1.62)] which shows that the

integral of e2**a? |Vi|* over O, can be estimated by e***a* [¢|? over a larger set O.
Indeed, we define 6 € Cg((’)) such that # =1 1in O, and 0 < 6 < 1. We obtain

s)\Q/ e>a? VY| dy < s)\g/ e*0a |Vy|* dy,
o o

n

whence
s)\2/ 002 |Vy|* dy = —s)\2/ e %902 Ay - dy—sAQ/ e*a?(Vh - V)ip -4 dy
O O O
— 253 / e20a(Vn - V)b - dy — 25°\3 / e2%0a3N Ve - dy
O O

< C’(/ eQSa\Az/)|2 dy+83/\4/ ezt |y? dy+€s)\2/ 6250‘9042|V¢\2 dy).
o o o

Thus, we get
S)\Q/ BQS(XO[2|VQZ)‘2 dy+83)\4/ eraa4 |¢|2 dl—\_’_s2)\2ﬂ623/ |w7|2 dr’
F F oOF

SC(33A4/ e*at [y|? dy+/ ea|fI? dy+52)\2e25/ |V(a-n)r|>dl
o F

oF
+ 8* A2 [ Fia 2 o2 + 57N /8]-‘ bl dF),

for A and s sufficiently large. Thus, we obtain (4.3)). O

5 Carleman estimate for the linearized system
We consider the following adjoint system

- =V -T(v,q)=F, in (0,T) x F,
V-v=0 1in (0,T)xF

ml (t) = / T(v,q)n dU + F, te (0,T), (5.1)

/yL T(v,q)n dT + F3 t € (0,T),
oS
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with the boundary conditions

v, =0 on (0,T) x 09,
[2vD(v)n+ Bauv]. =0 on (0,T) x 09, (5.2)
(v—vs), =0 on (0,T) x9S, ‘
2vD(v)n+ Bs(v —vs)], =0 on (0,T) x IS,
where vs(y) = £, + k,y*, completed with the initial condition
U(T, ) = v, in ]:, gv(T) = ET, kJU(T) = k‘T. (53)
Let n € C?(F) which verifies ({.1)) with ©,, CC O a non empty open set.
Let A > 0 and
ANl Loo o) ACNIIMI oo () +n(y))
t = 5.4
- N2l Lo @) _ pA2NIInll oo (o)
t) = max B(t,y) = , *(t) = min S(t, y),
B(t) ye?ﬁ( Y) T B(t) yefﬂ( Y)
e)‘(2NHnHL°°(Q)+n(y)) 6)‘2NH77HL°°(S2) —~
ty) = “(t) = miné(t,y) = t) = t, 5.5
£(t,y) Ty £ () zrgﬁ( ) Ty £(t) = I;leaXE( Y). (5.5)

with N > 0 an integer number to be defined later on.

Proposition 5.1. Assume that Ss > 0.

There exist C = C(Q,0) and C = C(Q,O) such that for any Fy € L*(0,T;[L*(F)]?), F» € [L*(0,T)]* and
F3 € L*(0,T) and for any vy € [L*(F))?, b7 € R? and kr € R, the solution (v,l,,k,) of the system (5.1)-(5.3)
verifies the inequality

3)\4/ / =538 (£%)3 |Vy|? dydt+s4)\4/ / =538 (e4)4 |u[? dydt

+s3A3/O e (o) + kol >|)dt<0(5A6/ e oy
T R T
+/ /6—355 B2 dydt+/ =397 |y 2 dt+/ ¢35 |y 2 dt). (5.6)
0 F 0 0

forallA}Cands}C(TN—i—TgN) with N > 4

Proof. Step 1: Decomposition of the solution
Let p(t) = e~ 2%%() and let us write

pv=9+z2, ply="Ly+ L, pky,=ky+ks,, pg=q,+q, (5.7)
where
—p =V -T(p,qp) = —p'v  in(0,T) xF
V.p=0 1in (0,T)x F,
mey() = [ T(eandr+mplt, te(0.1) (5.8)
as

Tk (1)) = /a v Teagn U+ Ik, 1€ (0.T),
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with the boundary conditions

=0 on (0,T) x 09,
[2vD(p)n + ﬂQ(P]T =0 on (0,T) x 09, (5.9)
(p—¢@s)n =0 on (0,T) x S, '
2vD(p)n+ Bs(p —ps)], =0 on (0,T) x IS,
where ¢s(y) = £, + kyy™, with
o(T,)=0, inF, £,(T)=0, FkuT)=0.
and
-0z =V -T(z,q,) = pFy in (0,T) x F,
V.z=0 1in (0,T)x F,
ml(t) = / T(z,q.)n dU + pFy t € (0,T), (5.10)
88

J(KL(t)) = /&S yt - T(z,q.)n dl + pFs t € (0,T),

with the boundary conditions

2z, =0 on (0,T) x 09,

2vD(z)n+ Baz], =0 on (0,T) x 09,
(z—2s), =0 on (0,T) x9S,

2vD(z)n+ fs(z —zs)], =0 on (0,T) x9S,

where zs(y) = £, + k.y*, completed with the initial condition
AT,)=0, in F, (,(T)=0, k(T)=0.
Using Theorem 2.1 we have

120 1 0,222y + 12l 20,1512 my12) + 1€l im0,y + Rzl g1 0,y
(HPF1||L2(0,T;[L2(I)]2) + ||PF2H[L2(0,T)]2 + HPF3||L2(0,T)) - (5.11)

Step 2: In this part, we are going to obtain a Carleman estimate for the system (5.8)) by following the proof in
[6]. However, we need to deal with the Navier boundary conditions (5.9).
We apply the curl operator to the first equation of (5.8]) in order to eliminate the pressure, to get

—0(Vxp)—vA(V xp)=—p'Vxuv in(0,T)x F. (5.12)
We obtain a one dimensional heat equation. We recall that
Doz Op1
VXxp=—-"T=——"—,
v oy 0y

We apply Proposition replacing ¢ by V x ¢. We get

T T
sv/ /6_256§|V(V x ))? dydt+s3>\4/ /}_6_28553|V x | dydt
0 0

T
+33A3/ /GF ~258(4)3 |V x |2 dDdt < <53A4/0 /O e 2BV x of® dydt

T _
+s)\2/ / e P IV(V x )7 dydt+s)\/ / e 206" |V(V x )] dldt
oF

+ 57N // e 2B (e) 71|V x Byl dth+/ / “256(p")2 |V x o dydt). (5.13)
OF
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Arguing as [6l, pp.7-8], we treat the local terms appearing in the right hand side of (5.13]), we obtain
T T
s)\2/ / e 2P |V(V x )| dydt + s3>\4/ / e 283 |V x of? dydt
o JF

+53A3/ /8; 2B (€317 x o|? dth<C< 5)\6/ / e 20E% || dydt

+s)\/ / 2B |V(V x o)1) dDdt + s~ A~ / / e 2B (e9) 71|V x Byp|® dDdt
oOF OF

// 2892V x v]? dydt), (5.14)

for A > C and s > C(T" + T?"). We notice that ¢ satisfies the following problem

Ap=-Vx(Vxgp) in F,
{ Vop=0 i F (5.15)

with the boundary conditions (5.9). Applying the Carleman inequality proved in Proposition we obtain
82>\2/ 6236*"62,\17 |ch|2 dy + 34/\4/ ereM 4N ‘90'2 dy
Q Q

< C<s4/\4/0 e25¢™ g4 lo|® dy + S/ e25¢™" AN IV x (V x o)° dy
.F

4 6383)\2623 /

os (ps)-I* dI + s* N> [|ips - n||?qs/2(as)>’ (5.16)

2N A0l oo 0y
where we have used that a = pslss and b = Bs(¢s)-1ss. We replace s in - 5.16)) by iN

EI b e
5.16) by

. Multiplying

N+l L oo (@)

—2s
e | NI —pN

and integrating over (0,7"), we get

2>\2/ / e 2582 |Vgp\ dydt+s4)\4/ / e 2Pl |Sﬂ‘ dydt < C 4)\4/ / _23ﬂ53|@| dydt

+s/ / BNV x (V x ) dydtwss%?/ 2B (¢)? /as|< s)-[? dr dt

0

T
+ S4A2/ 6_256( ) ||g0$ n||H3/2(88 dt) (517)
0
Applying the estimates obtained in [I, Theorem 2.2], we get
2 2 2 2 2
Il rye < C (Iliacme + 1V @ll2agr + IV X @lZacr + s nll3agos)) - (5.18)

Then, we multiply (5.18) by 83A4e_28’§(§*)3, we get

3)\4/ / —238 (£4)3 |y |2 dydt<c<3A4/ / =238 ()3 || dydt

T . T
+83>\4/0 /fe_QSB(f*)SIVXsOIQ dydt+s3)\4/0 e=2B (693 || s - 1l 0s) dt) (5.19)

21



Adding (5.19)), (5.17) and (5.14), we deduce

3)\4/ / 258 ()3 |y dydt+s4)\4/ / e~ 20¢d | p? dydt+s)\2/ / e~ 2P |V(V x )| dydt
+53>\3/ / 2B (€317 x o|? dth<C<s5)\6/ /6*28555|¢|2 dydt
oOF
+5A/ / 2B V(Y x o)1) dDdt + s~ A~ / / e 2B ()7L |V x p]® dDdt
oF oF
T Bss?A? / [ € s dr de st / 2PN ps - nlasn o) dt
0 oS

// TPV x ol dydt>. (5.20)

Taking (s, A) large enough, the fifth term in the right hand side of (5.20) can be transported to the left side.
Indeed, since s is rigid, from [27, Lemma 2.2], we have

[0 dy> Clles(®) -l (5.21)
for any shape of the body S. Moreover, we have the following relation

Vxe=(Ven) -7—((Ve)'n)- -7, ondF, (5.22)
where 7 = (_71”2) In the other hand, we have
1
(Vv ST = Z@z%n]n = Za ©;1;)T, Z@ njp;7 =V(p-n)-T—Vnr-p, ondF. (5.23)

Using the boundary conditions (5.9), we can write
Bs(ps)r =v(Ven+ (Ve)'n). + Bser, ondS. (5.24)
Using (5.24)), (5.23)) and (5.22) , we get

s [ ltgs)ol ar <o ([ 19xpl ars [ 1o drtlies alfegs ) (5.29
oS OF oF

Multiplying (5.25) by S3A3€_QSE(§*)3 and integrating over (0,7'), we obtain

T ~
53A3/ / e 20 |(ps).|* dldt < <3>\3// e 2B(e)3 |V x |? drdt
0 oS
T
+53/\3/ / 2B (£4)3 | o2 det+s3/\3/ “258(£) o - s 20 dt) (5.26)
OF 0

Using the inequality in [I7, Theorem I1.4.1] with r = 2, ¢ = 2, we obtain

3 [ el ar <o (28 [ R vl ay 8N [ FHEP Il an). G
oOF F F
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Thus, adding (5.27)), (5.26), (5.20) and using (5.21), we get

3A4/ / ~25B(¢4)3 | 7| dydt+s4)\4/ / e Pet ol dydt+s3)\3/ / e 20(e")? |ps(B)” dTdt
OF
+s>\2/ /eﬂsﬁflv(v x )" dydt < C(SSA(S/ /06728555|<P|2 dyd
0 F 0

T . T -
+5A/ / e 2P |V(V x o)1) drdms*xl/ / e 2PNV x dpp|® dDdt
0 oOF oOF

// TPV x ol dydt>. (5.28)

Using [5, lemma 1, section 4.1], we have that
/ les®F dr > C (It + ke (0OF). (5.29)
OF
Using (5.29)), (5.21) and combining with (5.28), we obtain
3)\4/ / 2B (673 |V ? dydt+s4>\4/ / e 298¢t | dydt—i—s?’)\S/ e 2B (e e () dt
T
o [ [ e o a2 [ 0 (W [ e o ay

+SA/ / 2B |V(V x o)1) dldt + s~'A~ / / e 2B (e9) 71|V x Byp|® dTdt
oOF oOF

// 292 |V x v]? dydt). (5.30)

Let us deal with the last term in the right hand side of (5.30). Noticing that |p'| < Csp(¢*)'**/N and using
(5.7), we get

/ / =258V |V x of* dydt = / / —258(p 2|V x pu|® dydt
< Cs? / / —2B (¢ |V X o> + |V x 2| ) dydt, (5.31)
for N > 2. Using that s?e 2% (5*)3 is bounded, applying , the inequality is reduced to
3>\4/ / =258 (¢4)3 | V|2 dydt+s4>\4/ / e 2B¢t )2 dydt+s)\2/ / e 2P |V(V x @) dydt
+s3>\3/ 2583 10, (1) dt+s3)\3/T e 2B (e7) |k ()] dt<C’< 5)\6/ / e 28¢5 |o? dydt

+s)\/ / e 2B |V(V x )7)? dDdt + s~ A~ / / e 2B(e1) 71V x 8,0 dDdt
oOF oOF

+/ /6—385\F1|2 dydt—l—/ e 3B R)? + | F)?) dt), (5.32)
0 F 0

for A\ > C and s > C(TN + T%V).

23



Step 3: Now, it remains to treat the two terms

3/\/ / 72565 [V(V x o)1 | drdt, s '\~ / / 725g 11V x 3t<p| dTdt. (5.33)
oF oOF

Using (5.22), (5.23), and the fact that
(Vom) -7 = =50~ ps) - 7= (Vo)) 7, on DS,

and
(Von) -1 = —'67990 -T—((Vp)™n)-7, on dQ,

we get,

Vo= L5 pg) r - 2(Ve)yn) 7

= —Bjs(go —pg) T—=2(V(ps-n)-7—=Vnr-p), ondS, (5.34)

VXp= —679@ T =2((Vep)™) -7 = —%Scp T+ 2(Vnt - ), on . (5.35)

Then, we have

V(V x )T =V [%(gﬁ —¢g) - T—2(V(ps-n)-7—Vnr- ga)} T, on dS,

and
V(Vxe)rT=V {—BQ@ T+ 2(Vnr - ga)] 7, on 0.
It implies
IV(V x )7 < C(IVel +[es| +[¢l),  on OF.
Then

T . T ~
s)\/ / e 20 |V(V x o) dldt < C(SA/ / e~ 2P¢* |V|* dr dt
0 oOF 0 OF

T _ T ~
+s/\/ e 2P (|£g,|2+ |k@|2> dt+s/\/ / e 2Be* o) dl“dt). (5.36)
0 0 oOF

The second and the third term in the right hand side of the above inequality can be absorbed using (5.27) by
the left side of the inequality (5.32). To absorb the first term in the right hand side of the inequality (5.36)), we
use the elliptic estimate of the system ([5.15), we obtain

T _ T -
SA/ / e 2B V| dl dt < C(s)\/ /e*wg*w(v x o)|° dydt
0 oOF 0 F
T _
+sA / e~ 2B (|€¢|2+\k¢\2) dt). (5.37)
0

The terms in the right hand side of (5.37)) can be absorbed by the left hand side of (5.32)), moreover the last
term in the right side of (5.36) can be manipulated as and thus it can be absorbed by the left side of
(532). To estimate the second term in (5.33), observe that from and , we have

sTIAT // e 2B (1) 71|V x Bp|® dDdt < (—u // e 2B (€)1 9,0 dDdt
OF OF
+s7IA /6_23'3( AR AR ) (5.38)
0
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We take (o(t) = s~1/2A7Y2e78®) (£*)=1/2(4) and let consider the system

—0¢(Cap) — V- T(Cap, C2qp) = —Cop — Cop'v in (0, T
Vo) =0 i (0

m(Cal,) = /8 T g A+ il +map't, ¢ € (0.7),
J(Gak) () = /8 () G T+ TGk, + Tl € (0.7),

with the boundary condition

(&) =0 on (0,7) x 09,

[2vD(Cep)n + Ba(Cp)], =0 on (0,T) x 09,

(CQQO — Czips)n =0 on (O,T) X 657

[QVD(CQ(,D)TL + Bs((g(p — Cg(ps)],r =0 on (O,T) x 08,

completed with the initial condition

(CQ@)(T’ ) =0, in F, (CQ€¢)(T) =0, ((2 )( ) 0.

We notice that in the above system all final conditions are equal to zero, then all the compatibility conditions
mentioned in Proposition [2.2] are satisfied. To absorb the last two terms in the right hand side of (5.38), we use
L? regularity results of the system satisfied by (2. In fact, we have

||C2<P||L2(o T H2(F)2) T ||C250||H1(o riemey T 16l H oy T 162k, ||H1(o )

< (bl mncm + 138l + 16584 o
+ HCQP U”L?(O T;[L2(F)]? + ”CQP gv” [L2(0,T)]2 + ||CQP kU”L2(0 T) ) . (539)

We note that ~ R
|C§| <081/2)\—1/2(E*)l/Q—‘rl/Ne—sﬁ’ |C2p/| <081/2)\_1/2(5*)1/2+1/N6_sﬁp. (540)

Then, using (5.39) and (5.40), we obtain for N > 1

T
sil)fl/ *256 (|€" +|k | ) (5)\ / / *255 Y el? dydt
0

T
+s/\*1/0 e 20(€9)? |0, (1) dt + sA™ / e P EP ko) dt

+ 5T / / _235 ) vl dydt). (5.41)

combining (5.7), (5.11) and using the fact that s)\_le_QSE(f*)4 is bounded, we get

SAT //*M 41 pol? dydt < (s)\ //*285 4] dydt+// =358 | )2 dydt
T

+/ e 3B | By ? dt+/ =358 | Fy|? dt>. (5.42)
0 0
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Then, we obtain

T
s*IA*I/ *QSB (|€" + |k: | ) C(s)\ / / *QSB Y ol dydt
0 OF

T
+sx1/0 e 2B(e B |0, (1)2 dt + sA~ /0 e 2B (£)3 |k dt+/ / e3P |7 |? dydt
T
+/ ¢35 | Iy )? dt+/ e~ 358 | Fy|? dt). (5.43)
0 0

Now, we deal with the first term in the right hand side of (5.38)). Using (2.4) and (2.8) and by interpolation
with parameter 3/8, we get the following estimate

12l o mparssacmyzy < NCa@llia o mpmacmyey + 1@l Enso,rmzmye) + 1<2lollfnso e +
2
162kl zraars 0,7y < <||C2<P||H3/8(o T2 (F)2) + ||C2<PHL2(0T /a2y 1620 ||[H3/8(o 2 + Gk ||H3/8 (0,7)

+ [1¢2p” U||H3/8(0T (L2(F)2) T [[¢2p UHL2(0 Tis/AF)2) T 1G2p"2 || (m3/s0,m))2 T [[¢2p"ky ||H3/8(0 T)) (5.44)

We note that N N
|Cé| < 081/2)\_1/2(f*)1/2+1/N€_SB, |Cé/| < 083/2)\_1/2(f*)3/2+2/N€_SB,

and .
‘(C2p/)l| < 083/2)\_1/2(f*)3/2+2/N6_s’[3p.

Using the trace theorem, we have

sTIAT / /8]-‘ _QSﬁ |at<P| didt < C ||C28t¥’||2Lz(o,T,[H3/4(f)]2) .

Let estimate the terms in the right hand side of (5.44). We have

2 —2s
||C§SO||L2(0,T;[H3/4(;)] ||<290||L2 (0,T;[H(F))2 S OsA™ (/ / 2 B |<P| dydi+

// () Vel dydt). (5.45)

The terms appearing in the right hand side of (5.45) can be absorbed by the left hand side of the Carleman
inequality (5.32). In the other hand, we have

e A e S e e

and

T ~
||Cés0||i[1(0,T;[L2(]:)]2) § O(S)\l\/o /}-6286(6*)14’2/]\7 ‘at90|2 dydt

T _
+ AL / / 672Sﬂ(§*)3+4/N |<P|2 dydt> )
o JF
By an interpolation argument, we get

[ — ( / / =255 (565 H2/N 9,023/ (s(E7) N [ol2)P/8 dyd

o / () P PIHE P o dya). (540

26



We rewrite the right hand side of the inequality (5.46) to obtain

||C2<p||H3/g(OT[L2(;) < CA™ (/ / 725ﬂ (€)1 |Dyp|2)3/3 (s11/5 (%) 11/5+16/5N | 12)5/8 gy
o / )Y P P ). G.4)
Applying again Young’s inequality, we get for N > 4

||<2<P||H3/8(0T[L2(f)} (4)\ / / 7286 |<P| dydt

sTINT / / ~238(£4) =19,/ dydt). (5.48)

The first term in the right hand side of ((5.48) can be absorbed by the left hand side of the Carleman inequality

(5.32) while the second term is absorbed by the left hand side of (5.44).
Using again an interpolation argument, we obtain similarly,

T

2 _ — 258 *

||<£€¢||H3/B(07T) < C\ 1</O e 2 ,B(S(é‘ )1+2/N ’El | 3/8( (é- )1+2/N ‘€¢|2)5/8 dt
T ~
+/0 e (s(€) TN 1) (2 (€72 TN [ )8 dt>~ (5.49)
The left hand side of (5.49) can be rewritten as

2 T B 2

”Cé&P”Ha/S(O,T) < C)\1</0 6728'8(5 -1 |€/ } 3/8( 11/5(5*)11/5+16/5N |£Lp| )5/8 dt

T -
+ / 2P (s(€7) IV |1, 25 (s3 ()P L, ) dt). (5.50)

Then, for N > 4 we get

T T
||C£€LP”2H3/8 o SC sPAT _2qﬁ< *)? [ | dt +es™ AT 6_286 - |£/ | (5.51)
[H3/3(0,T)] 0 0

The first term in the right hand side of (5.51)) can be absorbed by the left hand side of the Carleman inequality
(5.32) while the second term is absorbed by the left hand side of (5.44]).
In the other hand,

T .
||Cék¢||§_13/8(07T) < C)\—l(A e—285<5 -1 ’k/| 3/8( 11/5(5*)11/5+16/5N|k¢|2)5/8 dt
T -
+/ (€N TN g )R (82 (€PN Tk ) df>7 (5.52)
0

that can be rewritten as
2 T 3 2
||Céktp||H3/8(07T) < C)\—l(/o 6—255(8 -1 ’k/ ‘ 3/8( 11/5(6*)11/5+16/5N |k'¥,| )5/8 dt

T ~
+/ e 2B (s(e*) 2N |k 17)5/3 (53 (6%)? k| ?)%/® dt) (5.53)
0
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Then, for N > 4, we get

T T
||C§k@||23/S(OT)<C<s3>\1/ e 2B ()3 |k, |2 dt+5s’1)\’1/ e=25B(¢ 1]k’| ) (5.54)
’ 0 0

The first term in the right hand side of (5.54)) can be absorbed by the left hand side of the Carleman inequality
(5.32) while the second term is absorbed by the left hand side of (5.44). On the other hand, we notice that

|C2p'] < CsY/2N\=1/2e=3B(¢4)1/2+1/N ; and we get as for (5.39)

T -
/ G20 [0l ey dt < CsA™? / 2B eV | pulPaa e dt

< CsA- ( / [ €2 il dya + / [ rveor dydt).

Using the decomposition (5.7) and the regularity estimate (5.11]), we deduce from the above inequality
[ P—— (sA / R el dyat 5 / [ Vel ayar

// -85 |y 2 dde/ =338 | |2 dt+/ =358 | |2 dt). (5.55)
0

The first and the second term in the right hand side of (5.55) can be absorbed by the left hand side of the
Carleman inequality (5.32).

Since p' = —%S(B)/p, we have

@ ye

2
162"l 11 0,112y < '8 (HCQ p‘

L2(0,T;[L2(F)]?) L2(0,T5[L2(F)]?)

+||c2(Branov)|

2
L2(0,T;5[L*(F))?) >

T =N T N
<C<sx1 [ [ 5@ ™ol dydersxt [ [ 25 o g dydt>,
0 F 0 F

where we have used that
< 0871/\716725B(§*)1+2/N,

Y|

and

’(@(B\)/)/ ’ < C’s)ﬁlefzsg(g*)wzl/N'

Using interpolation arguments and the Young inequality, we find as for H§§¢||23/8(0’T;[L2(f)]2)

2 —2s
IC2p 02/ 0 222y < <4A // S ool dy

esTIAT! //_255 118, (pv)|? dydt). (5.56)

We get also

T
||C2,0/€U[QHs/s(O’T)PgC(sS)\_l/ 2B (643 ply[2 dt + s~ A" / 2B (e =1 (pt, ) dt). (5.57)
0
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and
T R T ~
||Czp'kv||[2H3/s(0,T)]2 <C<Es_1)\_1/ e~ 2P (691 (pky)|) dt—i—s?’)\_l/ e~ 2P (%)% | pky |2 dt). (5.58)
0 0

From (5.7), (.11), (5.44), (5.48), (5.51), (5.52), (5.55), (5.56), (5.57), (5.58) and (5.43), we deduce that for

N>24,A>Cand s> C(TN —|—T2N), we obtain

sTINT // e 2B(e1)71 9,0 dDdt < (4)\ //—M Yo dydt
oOF

T
+83)\_1/ 28 (e%)3 |0, (1) 2 dt + s* A~ / 2B (¢)3 |k dt+/ / =3B R 2 dydt
0 0
T
+/ e3P | )2 dt+/ e=3%B | Fy|? dt). (5.59)
0 0
Combining (/5.32] and (5.7), we get finally (5.6) for N > > C and s > C(TYN +T?V). O

6 Null controllability for the linearized system

In this section, we prove the null controllability of the linear system

ou—V-T@,m)=v'1p+F in (0,
V-u=0 1in (0,

=/

mh (t):—/as']l‘(ﬂ,ﬂ)n Al + F, te(0,7),

_ (6.2)
Jo' (t) = _/ gt T(@,m)n dl + F3 te (0,T),
a8
u, =0 on (0,T) x 09,
2vD(@)n + Boul, =0 on (0,T) x 09, (6.3)
(W—1us),=0 on (0,T)x IS, '
[2vD(u)n + Bs (u—1us)], =0 on (0,7) x IS,
with the initial conditions
(0) =ug, R(0)=¢, 7(0)=w’, &0)=r", 8(0)=06". (6.4)
The system (6.1),(6.2), (6.3). can be written as
Z'(t) = AZ'(t) + Bv* + F,
a'(t) = CZ(t),
2(0) = 20, (6.5)
a(0) = a”,

where A is defined as in section [2] and

Fy  Fyt
B =P(v*lp), F]P’<F11;+< 2z, Y >15>.
m

J

The vector a is defined by a = (h,f) and we define the operator C for Z € H as

CZ = (g, ky), if Z=tlg+kgytinS,

29



-/

where i = (g, 8 = ky. The equation Z(0) = Z° corresponds to the initial conditions w(0) = g, & (0) = £°,
5/(0) = w" and the vector a” corresponds to a’ = (h°,6°).
Now, let usfix A > C, s > C(TN + T2N) and let consider

N2 3BT/ (¢(T/2))Y? 1 e (0,T/2),
p(t) = 3/213/2,—3sB 3/2 (6.6)
S / A / e*ESﬂ(t)(g*(t)) / te (T/Q,T),
“3B/) e (0,7)2
p?(t) = ¢ —3sB(t) ( ' / )7 (67)
e te (T/2,7),
ps(t) = 55/2)\36*8ﬁ*(T/2)*%83ﬂ(/7;/2)(AE(T/Q))S/Q te (0,7/2), 65
5%/2)\3o—3B (t)—gsﬁ(t)(g(t))'éﬂ te (T/2,7),
and o
“RBI e (0,T/2
pa(t) =9 € RO T (0,7/2), (6.9)
e % te (T/2,7).

We notice that p; are continuous positive functions such that p;(T") = 0.
Let define the following spaces

f

H= {feLQ(O,T;H) | o ELQ(O,T;H)},
1

zZ= {z € L2(0,T;H) | pi e L2(0,T;H)}7
2

U= {v* € L*(0,T; [L*(O)]?) | o € L*(0,T; [L2<O>]2>} ~

Now, we can state the null controllability of the linearized system (6.5

Proposition 6.1. Let 8s > 0. There exists a linear bounded operator Ep : H x R® x F — U such that for
any (Z°,a°, F) € H x R® x F, the control v* = Ep(Z°, a°, F) is such that the solution (Z,a) of (6.5) satisfies
Z € Z and a(T) = 0. Moreover, if Z° € D((—A)'/?), then

Z
e L0.TiD(A)N C([0, T); D((—A)"/?)) n H' (0, T H)
4
and we have the estimate

‘ Z

el (6.10)
Proof. The second part of Proposition [6.1] comes from the fact that

<C (1Pl + 10|+ 12l ayiry) -

Pa1IL2(0,T;D(A)NC([0,T];D((—A)L/2))NH (0, T;H)

Pi o0 ; Pap2 A —LsB(t)
— e L>(0,T) for i =1,3, <Ce™s <O, tel0,T)].

pa (ps)?

Then, using [25, Corollary 4.3], we get
7
o ELO.TD(A)N C([0, T D((—A)"?)) n H' (0, T H),
4
such that (6.10) is satisfied.
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Let us prove the first part. The proof is similar to [25, Theorem 4.4]. The adjoint system associated to the

linear system (6.1), (6.2) and (6.3) can be written as

—0w—V -T(v,q) =~* in (0,T) x F,
V-v=0 1in (0,T)xF,

ml, (t) = / T(v,q)n dl' + 4,0 +£ te(0,T), (6.11)
a8
J(E (1)) = / Yy T(o,n dT + ki 4kt e (0,T),
oS

v, =0 on (0,T) x 09,

[2vD(v)n+ Bau], =0 on (0,T) x 09, (6.12)
(v—vs)n, =0 on (0,T) x9S, '
2vD(v)n+ Bs(v —vs)], =0 on (0,T) x9S,

where vs(y) = €, + kyy*, with
o(T,:) =0, inF, £(T)=0, k(T)=

Here 42 = (¢,k) € R® and 4! € L?(0,T;H). Following the arguments of [25, Theorem 4.1], we show that the
null controllability of the system (6.1), (6.2)), (6.4]) is equivalent to show the following observability inequality

T T T
|72|2+ ||v(0)||%1+/ lproll dt < C (/ prlH;I dt+/ /olpsvl2 dydt>~ (6.13)
0 0 0
We set, ( ) ( /)
e [ (T =1t te(0,T/2),
“w—{ pilt)  te(T/2.1). (6.14)

Then, (5.6) implies

T T T
* * * 2 *
/ lpiolly dt < C (/ [05(v" + )| dt+/ /Olpgvl2 dydt) : (6.15)
0 0 0

Next, we argue as |7, Proposition 4]. Let consider a non negative function 7 € C1([0,T]) such that
g g n
0<7<1in[0,7), 7=1in [0,7/2], 7=0in [3T/4,T].
Then (7v,7¢,,Tk,) satisfies the energy estimates
2 70 1|2 7o |12
701122 0,75 1122 (712 ) 010,73 11 (Y 0,712 (2) F Tl 0,2+ 7Tl o,
2 02 2 _ X 2
< O (vl zeor ez + Tz + 1kl Zao.z) + [T + €V a0 ran)
Whence
2 2 2
1020, 2582 (7)12)ne (0,720 P2y (0,172 12 (7)) T 1ol o,my2)2 + Rl 0,7/2)
2 2 2 * 2
<C (”UHL2(T/2,3T/4;[L2(]-')]2) + Wlollipz2(ryo,37/a02 + 1Kol z2(1/2,37/4) + (v +c¢ 72)“L2(073T/4;H)> . (6.16)
Using (6.15)), we have

T
2 2 2 * 2
102251 a2 0o2) + Weollizacr/zarsape + IkollLa(ryo 5770 < © /0 lprolly dt

T T
<O<AH@chwwﬁﬁ+A‘Lm®F@ﬁ>
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1
where we have used that the function o is bounded in [T'/2,3T'/4].
1

1
Since p; is constant in (0,7/2) and — is bounded in (0,37'/4), the equation (6.16) gives
P2

, T/2 ) 3T/4 )
IM®M+A nmwﬂﬁ<c(A o2 + )| e

T T
+/ *(71—5—6*72)’];1 dt+/ / lpso)? dydt).
0 o Jo

Thus, using that p] = p1 in (T/2,T), the estimate (6.15) and using the fact that p; < p; for i =1,2,3 in [0, 7],

we get
2 T 2 4 2 4 2
wam+A|WﬂHﬁ<c AHMWHiwwmﬁ+A.AMW|@ﬁ~

It remains to prove
T T
|’72‘2 <C (/ Hpgleiﬂ dt—l—/ / |p31)|2 dydt) . (6.17)
0 o Jo

The result follows by using a contradiction argument. In fact, assume that (6.17) is false. Then there exists a
sequence (7.,72),. € L*(0,T;H) x R? such that

2| =1, (6.18)
and
4 1112 r 2
/O P27kl dydt+/0 /(Q\pgvﬁl dydt — 0. (6.19)

Thus, for e > 0
vt —0in L*(0,T — &; H),
and
'yi — 7% in R3.
On the other hand, the solution (v,), of the system (6.11)), (6.12) associated with (v},+?) verifies the estimate
(arguing always like [7, Proposition 4] taking 7=11in [0,7 —¢] and 7=0in [T — %, 7))

||%HL2(0T e;[H2(F)]2)NHL(0,T—e;[L2(F)]2 +||%HL2(0T e Fy) T 1)k It i 0,7—e)2 + I1(ko)k HHl 0,T—¢)

<0</ o2t +C*2)||5 dH/ /‘p31}n| dydt)
0

v, — v in L*(0,T — g;D(A)) N HY(0,T — ¢; H),

From the above inequality, we have

and
¢ — qin L*(0,T — &; H(F)).

Therefore, the couple (v, ¢) satisfies the system

-0 —=V -T(v,q) =0 in (0,7 —¢) x F,
V.-v=0 1in(0,T—¢)xF

ml (t) = /as T(v,q)n dl +¢ t€(0,T —¢),

J(K(t) = /&SyJ‘~T(v,q)n dl' +k te(0,T—¢),
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vp,=0 on (0,7 —¢) x99,

2vD(v)n+ Bav], =0 on (0,T —¢) x 09,
(v—vs), =0 on (0,7 —¢)x IS,

[2vD(v)n+ fs(v —vs)]., =0 on (0,7 —¢) x IS.

Moreover, from (6.19)), we have v = 0 in (0,7 —¢) X O. Then, using the unique continuity property of the Stokes
system (see for instance [14]), we get

v=Vq=0in (0,7 —¢) x F.
The boundary conditions read to
(E'u + k'uyL)n = 07 ﬁS(ﬁu + k'uyl)r = 07 Yy e 0S.

Since s > 0, we get that £, = 0 and k, = 0 in (0,7 — ¢). Then, we obtain in particular that 4? = (¢£,k) = 0
from the equations of the structure motion which contradicts (6.18).
O

7 Fixed point

In this section, we prove Theorem by applying a fixed-point argument. For this purpose, we follow the same
steps as [25]. First, we give some estimates on the terms appearing in the system (3.4), (3.5) and (3.6). We
have the following lemma that is proved in [29].

Lemma 7.1. Let X and Y satisfying the properties given in Section @ We obtain for all (u, ) € [H?(F)]* x
HY(F), the following estimates, for all t € [0,T]

1 _ " / -
W e A)u||[L2(F)]2 <¢ a [L>(0,T)]? i g [L2(0,T))2 ’ palt) H[HZ(I)]Q |
ﬁ IVl g2y <O 1+ p; [L2(0,T)]2 z; (L2(0,T))2 ’ P4ﬂ(t) H[Hl(f)]"’ pf(t) g
B . _
pzx(lit)2 M2 2 < © Zj (L2(0.7)]2 " % [£2(0.7)]2 ‘ pjzt) H[Hl(f)]Q,
B —
p4(17t)2 G = V)7l 2y < C % o * % L2 (072 ’ P;('f)H[Hl(f)P '

We have also

Lemma 7.2. Let X and Y satisfying the properties given in Section @ We obtain for all (u,w) € [H*(F)]* x
H'(F) the following estimates, for all t € [0,T]

1) (2) (1) 71(2) _
%H(gm_gz))ﬂ’ < h' —h Al A o ,
pa(t) (L2(F)1? P4 Lo 0.7 P4 2oy ) 1Pz
1
N - @ f’
pa(t)? H( L (e
E/(l) _ E/(2) 5/(1) _ g’@) T T
<¢ ’ © © ’
p4 [L2(O,T)]2 p4 [L2(0,T)]2 p4 [HI(J:)]Z p4 [Lz(}—)]z
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/(1) 7(2) /(1) Z(2) _
1 QH(M(U_M@))@H <C h  —h v "0 ‘ u ’ ’
p4(t) [L2(F)]? P4 [L2(0,T)]2 P4 [L2(0,T)]2 ,04(t) [HY(F)]?
—(1)  =/(2) (1)  —=/(2)
%H(gmfg(z))ﬂH <ol =h L= ‘WH ,
pa(t) [L2(F))2 pa L (02 pa weor ) 1P4 i e
Now, we are in position to prove Theorem [T.1]
Proof of Theorem[I.1l For all r > 0, let us set
F
Kr.=(FecH] ’ — <rop.
PLlL2(0,1;m)
Let F' € K,, and assume that
0 70 0 0 0
[ ]120‘ + [RO] + ||+ [6°] < - (7.1)

From Proposition the solution (@, h,#) of the linear system (6.1), (6.2), (6.4) with v* = E4(Z°,a°, F)
satisfies h(T) =0, 6(T) = 0 and

pE € L2(0, T3 [H*(F)?) N H' (0, T3 [L*(F)]?), ? € L*(0,T; L*(F)),

7 9
— e [HY(0,T))?), — € H*0,T).
P4 P4

Using (7.1)) and (6.10)), we get

u

< Cr. 7.2
P4 (7.2)

(L2 (F))?

” Yy
+ N
P4

L2(0,T;D(A))NH(0,T;H)NC(0,T;(D(—A))1/2)

Using the condition (7.2)), we can construct the change of variables defined in Section
We can thus, define the mapping ® : I, — K, that associates F' € K., we set

[ v(-Au-Mu-Nu+ (V-G)r inF,
2(F) _{ —mkgls in S,

where (@, T, h, 0) is the solution of the linear system (6.1), (6.2) and (6.3). Combining Lemma the estimate
(7.2) and

2
(pa)” € L=(0,T),
P1

we obtain
<C+ r)d+17“2.

H O(F)
p1

L2(0,T5[L2(F)]?)
Then, for r small enough, we get ®(K,) C K,. Similarly, using Lemma [7.2} we get that
F' — F?

H O(F) — o(F?) < (14 )ty
£1

P1

L2(0TH L2 (F)P) L0, T2 (F)?)

Thus for r small enough, we obtain that ®|c, is a contraction. Then ® admits a fixed point associated to

(u, p, h,0), the unique solution of (3.4)), (3.5)), (3.6]), (3.7), which ends the proof of Theorem O
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A Carleman estimate for the heat operator

Let define the function 7 like (| . Let take g and & as . Let ¢ be a function defined on F that can
be either a vector valued function or a scalar function.

Proposition A.1. Suppose that the function v verifies the heat equation
— oy —vAY =f,  in(0,T)x F. (A1)

Then, there exist C(F,Oy) > 0, s1 and Ay where Ay = A\(F,0y) > 1 and s; = /\1(TN + TQN), such that the
following estimate holds

s/\2/ / e 2B |vy? dydt+53>\4/ / e 2B |y dydt+s3>\3// 258 ()3 || dDdt
OF
<C<33/\4/ / e 29063 |y)? dydt+s)\2/ / e 20 |Wy|? dydt—i—/ /6_285\f|2 dydt
0o Jo,

+SA/OT/W 258 |7yr 2 dl + s~ A~ / / =28 ()1 |9, dth), (A2)

for any s > s1 and X > Ay, where f € [L*(F)]>.
Proof. For the sake of simplicity, we take v = 1. We set w = e~ *?¢. The equation (A.1)) becomes
—s0uBw — Oyw — Aw — $2A2E2 V2w + 2sAE (V- V)w + sAZE V|2 w + sAEAnw = e *P f,

which is equivalent to

Pw+ Qu = e *Pf + s\%¢ |V17\2 w — sAEAQw + s0;Pw, (A.3)
where
w=—Aw — X262 |Vn|* w, (A.4)
and
Qu = 2sA\EVwWVn + 2sA\%€ \Vn|2 w — Oyw. (A.5)

We multiply (A.3)) by itself, we have
’ 2 g 2
/O 1Pw[fp2 22 dt+/0 Qw2 7y2 dt—|—2/0 ZZ (Pw)i, (Qu)j) 12y dt

T
C </ / e 20| f1° dydt + 32)\4/ / lwl|? dydt) .
o Jr o Jr

T
Thus, it suffices to treat / ((Pw);, (ij)>[L2(f)]2 dt since
0

T 2 2 T T
2/ ZZ ((Pw);, (Qw)j>[L2(;)]2 dt < C (/ / e 20| f? dydt+82)\4/ / lwl|? dydt) .
0 o JF 0o JF

Here, we denote by (Pw); and (Qwj;), the i th and the j th term in the expression ((A.4) and (A.5)) respectively.
First, we need to obtain an inequality with two global terms of |w|* and |Vw|? on the left hand side namely

T T
sA2/ /§|Vw|2 dydt, 33/\4/ /53 lw|® dydt,
0 F 0 F
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and associate local terms on the right hand side. First, we have
T T
/ (Pw)1, (Qwh)[Lz(}-)]Q dt = —23)\/ / EAw - VwVn dydt
0 0o JF

T T
= —2s\ Z/ / £0,;m0,;w; O pw; dydt = 2s\* Z/ / &|Vn- Vw;|? dydt
o Jr —Jo JF

.3,k

T T
+ 2sA E / /§6jzkn8jwi8kwidydt+23)\ E / /fajna,%jwiﬁkwi dydt
o JF — Jo JrF
1,5,k

0,3,k

T
— 25A Z/ /avf £ 0;m0;w; Opw;ny, dl'dt.
0

i,k
On the other hand, we have

T T T
25\ / / €0;m OFw; Syw; dydt = 25\ / £* 010k w; Opwin,; dT'dt — 2s)\? / / €IVl [Vws)? dydt
0 F 0 OF 0 F

T T
— 25)\/ / EAn |Vwi|2 dydt — 25/\/ / £0im 8£jwi8kwi dydt.
0o JF o JF

It follows that
T T T
23)\/ / £05m O ;w; Opw; dydt = 8)\/ £ 0;n Ow; Opw; n;dldt — 8)\2/ / €IVl [Vuw|* dydt
o JF o Jor o JF

T T T
—s)\/ /gAn |V, [? dydt:sA/ 5*(Vn-n)\Vwi|2dth—s>\2/ /§|V77|2|Vwi|2 dydt
0 F 0 OF 0 F

T
—s)\/ /fAn |Vwi\2 dydt.
o JF
Then

T T T
| Py @) de> = [ [ 1l (Vul avde—cox [ [ ¢ivul dyar
0 0 F 0 F

T T
Jrs)\z (V- n) |[Vwg|? dthf2s/\Z £ |Vw; - n|* (Vn - n) dUdt.
—~Jo Jor —Jo Jor

Using that |Vw;|* = |Vw; - n|* + |[Vw; - 7|°, we get
T T T
/ (Pw)1, (Qu)1)pz(ryz dt = —s)\Q/ /§|V77|2|Vw|2 dthszA/ /§|Vw|2dydt
0 o Jr o Jr

T T
—CS)\/ £ |vm\2drdt—sA/ / & |Vwn|* (Vn-n) dUdt. (A.6)
0 OF 0 oF

We have also

T T 3T
/ ((Pw)1, (Qw)z) 1272 dt = —25)? / / IV Aw - w dydt = 253y / / &IV [Vwl* dydt
0 0o JF —Jo JF
3 T 3 T
+ 45)\2 Z/ / & o 3%7] w- Ojw dydt + 2s\3 Z/ / €IVl (V- V) w; dydt
5o JF —~Jo JF

3 T
— 25\ Z/ / ' |V7]\2 wiﬁjwinj dl'dt.
' Jo Jor
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Using the Cauchy inequality, we get

3 T T T
25\3 g / / EIVnl® (V- Vwy)w; dydt > —C’s)\4/ / ¢ lw)? dydt — ES)\Q/ / eVl [Vw|® dydt,
; JO0 JF 0o JF 0o JF

for € > 0, and

3 T T T
4s5)\? Z/ / £ ainafjnwiajwi dydt > —C’s/\4/ / £|w|2 dydt — as/\Q/ / £|V77\2 \Vw\Q dydt.
ig YO JF 0o JF 0o JF

We obtain

T T
| @ulayarye ez 2 [ ] e wuf ayar
0 0

T T T
O<52A4/ /f\w|2 dydt+s/\/ /g\vwﬁ dydtJres)\/ € |Vwn|® dUdt
0 F 0 F 0 oOF

T
+s/\3/ & lw|? dth),
0 OF

where s > 1 and A > 1. Using the inequality in [I7, Theorem II.4.1], we have
SAS/ £ lw|? dydt<ssA2/ £ |Vul|? dydt+C’s>\4/ & lw)® dydt.
oF F F
We have

T T T
/ (Pw)1, (Qu)s)p2(zye dt = / / Aw - Qpw dydt = —/ / Vw : 9Vw dydt
0 o JF o JrF

T 1 /T4 , T
+/ Vwn - Qyw dl'dt = —7/ —/ [Vw|® dydt —|—/ Vwn - Oyw dl'dt
o Jor 2o dt JF o Jor

T
= / Vuwn - Oyw dI'dt,
0 oOF

where we have used that Vw(0, ) = Vw(T,-) = 0. Applying again the Green formula, we get:

T T
/ (Pw)2, (Qu)1) 272 dt = —253)\3/ / € |Vn]> Vo - w dydt
0 o JF
- T - T -
= 35‘3)\4/ / (Vn|* €3 \w|? dydt + 53)\‘3/ / An|Vn? € w)® dydt
+2§Af/ /”6n@Jn@nfﬂw\dwh—éhi/ | (€ 1vaf (9n-m)
It follows that

T T T
/ ((Pw)2, (Qu)1)p2(5)2 dt>353>\4/ / (V| €3 |w|? dydt—CsS)\3/ /53 lw|? dydt
0 0 F

—fv/'/ ¥ [Vnf2 (V- ) u]?
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drdt.

drdt.



Thus
T T T
| @u)iygarye dez 383 [ [ onlt ol agar—csxt [ €l aga
0 o JF

—53)\3/ / 22 |Vl? (V- n) |lw]? dldt.
oOF

We have . .
/ (Pw)2, (Qu)2)(pa(py dt = _233>\4/ / V|t €3 jw|? dydt.
0 0o JF

We obtain also
T T 9
/ (Pw)2, (Qu)3)2(7)2 dt232A2/ /FIWI 2w - Qyw dydt
0 0
1 242 T 2 +2 2 1 2412 T 2 2 2
5% [ [P ol dyit =35 [ [ Vil )l dy
0 F 0 F
T
= -5\’ / / Vn|? £0i€ [wl? dyat,
0 va
thanks to the fact that w(0,-) = w(T,-) = 0. Thus, we have
T T T
/ ((Pw)2, Q) 222 dt>s3A4/ / V| €3 w|? dydt—Cs3)\3/ /§3\w|2 dydt
0 0 F
—s3>\3/ / 2 |Vn? (V- n) lw?® dldt. (A.9)

Thus, combining (A.6), (A.7), (A.9), we get

s)\Q/ /§|Vr]| |Vw| dydt—l—s3)\4/ /|V77| £ |w\ dydt—|—s3/\3/ / |w| dldt
OF
+s>\/ / [Vwn|? dth<C<(53>\3+32)\4)/ /53 lw|? dydt
oF
+5A/ /g\vw\ dydt+/ / e 28|77 dydtJrs)\/ / e 2B e (Vwr|? dTdt
OF

+53A/ € |Vwn|® dbdt + s\~ / e ow)? dl“dt)
0 OF

OF

for all € > 0. Using the fact that |Vn| > 0 on F\O,,, we obtain from the last inequality

SAQ/ / ¢ |V dydt+33/\4/ / & w|? dydt+s3)\3/ / )3 |lw|® drdt
F\On F\O, oF
T
+s)\/ / |Vwn|? dthgC((s3)\3+s2/\4)/ /53 wl? dydtJrs)\/ /f|Vw|2 dydt
0 oOF 0 F 0 F
T T R T
+/ / e 20| f|? dydtJrs)\/ / e~ 20 |Vwr|? dthJrss/\/ £ |Vwn|® dUdt
0 F 0 oOF 0 oOF

T
—i—s_l)\_l/ / ) ow]? dth).
0 OF
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We add the term

T T
s)\Q/ / £ [Vw|? dydt+s3>\4/ / € lw|? dydt,
o Jo, o Jo,
on the both sides of the previous equation, we get
sAQ/ /§|Vw| dydt+53)\4/ /gS\w| dydt+s3>\3/ / )3 |lw|? drdt
0 oF
T
+s)\/ / \Vwn/|? dth<C<(33>\3+32)\4)/ /§3 |wl? dydt+s>\/ /§|Vw|2 dydt
0 oOF 0 F 0 F
T T T
s)\2/ / ¢ |Vuw|? dydt+33)\4/ / & |w|? dydt+/ /e—%ﬂm2 dydt
o Jo, o Jo, o JF

T R T
+ s\ / / e~ 2Pe* [Vwr|? dDdt + esA / £ |Vwn|® drdt
0 oOF 0 oOF

T
+s*1x1/ / € ow]? drdt>.
0 oOF

s3It
2 9

We choose (s, \) sufficiently large to have

5>‘2 3,4 333 1 214
sA2 — Csh > 5 SPAT = C ("X + 5°A%) >

to absorb the first and the second terms of the right hand side of the previous equation, we get

SAQ/ /§|Vw| dydt+s3)\4/ /§3\w| dydt+s3>\3/ / )3 |lw|? drdt
oOF
T
<C<s3)\4/ / &3 lw|? dydt+s)\2/ / ¢ |Vwl? dydt+/ /e—285|f|2 dydt
o Jo, o Jo, o JF
T T
+3A/ / g*\vm|2drdt+s—1x1/ / € ow]? dth).

0 OF 0 OF

Coming back to v, the last inequality writes
sv/ / e~ 298¢ |wy|? dydt+s3)\4/ / e~ 203 |y dydt+s3)\3/ / e 2B (e4)3 |y |? dDdt
<C<33A4/ / e 283 y)? dydt+s>\2/ / e~ 2B |Vyl dydt+/ /e*sﬁ|f|2 dydt
o Jo,

+s)\/ / e 2B |Uyr2dl + s IA~ / / —258 () =1 |9y dl“dt),
oOF
where we have used that

T
s—lxl/ / €)1 opw|? dth<C< I\ // e 2B (¢) =1 |9, dTdt
0 oOF oOF

T
+s*1/\*1/0 Nat( *25/3)( 7 y? dl“dt),

and the fact that |8;3] < C(T + T?)(£*)"*'/N. We obtain (A.2).
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