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Abstract

The aim of this work is to show the local null controllability of a fluid-solid interaction system by using
a distributed control located in the fluid. The fluid is modeled by the incompressible Navier-Stokes system
with Navier slip boundary conditions and the rigid body is governed by the Newton laws. Our main result
yields that we can drive the velocities of the fluid and of the structure to 0 and we can control exactly the
position of the rigid body, provided that its shape is not a disk. One important ingredient consists in a new
Carleman estimate for a linear fluid-rigid body system with Navier boundary conditions.

Keywords: Navier-Stokes system, Navier slip boundary conditions, Null controllability, fluid-solid interaction
system.
2010 Mathematics Subject Classification. 35Q30, 93C20, 93B05.

Contents

1__Introduction|

5 Preal; .

B

Change of variables|

[4

Carleman estimate for the Laplacian problem with Navier slip boundary conditions|

[f Carleman estimate for the linearized system|
[6 Null controllability for the linearized systeml
[7 Fixed point|

1 Introduction

10

18

26

30

Let © be a bounded, non empty open subset of R? with a regular boundary. We assume that € contains a
rigid body and an incompressible viscous fluid. At each time ¢ > 0, the domain of the rigid body is denoted by
S(t) € Q that is assumed to be compact with non empty interior and regular. The fluid domain is denoted by
F(t) = O\S(t), and is assumed to be connected.



We consider the following system describing the evolution of the fluid which is governed by the incompressible
Navier-Stokes system

), in F(t),

0,7),
V.-U=0 in(0,T), in F(t). (L.1)

{ U+ (U-V)U-V-T(U,P)=v"1p in (0,
In the above system, we have denoted by U the fluid velocity, P the fluid pressure and by v™ the control acting
on the system through @ C R?, where O is a non empty open subset such that O C F(t).
The Cauchy stress tensor T(U, P) is defined by

T(U,P) = —PI3 +2vD(U), D(U);,; = % <8U,» 8Uj> 7

8xj + 83:1

where v is the viscosity of the fluid. We denote for each time ¢, the position of the structure by h(t) € R? and
by Rg() the rotation matrix of angle 6 of the solid defined by

cosO(t) —sinf(t
Roy = (sin@((t)) cos 9(15))> '

Then, the flow of the structure is given by Xs(¢,-) : S — S(t) where
Xs(t,y) = h(t) + Royy, t<€(0,T), yeS, (1.2)

where S is a fixed subset of R?, non empty, compact with a regular boundary.
We notice that Xs(t,-) is invertible, we denote its inverse by Ys(¢,-) : S(t) — S where

Ys(t,z) = R;é)(:v —h(t), te(0,T), zeS8).
Thus, the Eulerian velocity of the structure is given by

Us(t,x) = B'(t) + Ry Ry (x — h(1), ¢ €(0,T), xeS(1).

We denote by a™, the vector _aa2), for any a = (Zl> € R2. We notice that Ré(t)R;é) is a skew-symmetric
1 2
matrix, then the Eulerian velocity of the structure writes
Us(t,x) = I'(t) +w(t)(z — h(t))",

where w(t) = 6'(t) represents the angular velocity of the rigid body.
We denote by Sy ¢ the set
Sho =h+ RpS,

and we define the corresponding fluid domain
Fho = NSnp,
for any h € R%, § € R. Then, with these notations, we have
S(t) = Snwyot),  F(t) = Fu).o0)-

We point out that the fluid domain is depending on the displacement of the solid structure, consequently, it
depends on time.
We denote by 7 the outward unit normal to dF(t), where 0F () = 0Q U dS(t).



The motion of the structure is governed by the balance equations for linear and angular momenta

mh (t) = — / T(U, P)i dU ¢ € (0,7),
o5®) (1.3)
Ju'(t) = —/ (x — h(t)t - T(U,P)a dl' te(0,T).
a5 (t)

We complete and by the Navier slip boundary conditions. In order to write these boundary
conditions, we need to introduce some notations. We denote by a; and as the normal and the tangential parts
of a € R?:

ap = (a-N)n, ar =a—an.

Then, the boundary conditions write as follows

Ups =0 in (0,7), on 99,
2vD(U)n+ U] =0 in (0,T), on 09, (1.4)
(U-Us)a =0 in (0,T), on 9S(t), ’
2vD(U)n+ Bs (U —-Us)l-=0 in (0,7), on 9S(t),
where o > 0 and Ss > 0 are the friction coefficients.
Let h°, 00 € R?, ¢°, w” € R and u° € [Hl(]-'ho}go)]Q. We furnish the following initial conditions
U(0,2) = u’(x), € Frogo, h(0)=£0, w(0)=u’ h0)=r° 6(0)=08e, (1.5)

such that the following compatibility conditions are satisfied

on 89, (1.6)

where u2(z) = 0 + w°(x — h%)*. Without loss of generality, we assume that the center of gravity of S is at the
origin. Then, h(t) will be the position of the center of mass of the rigid body S(¢).
Our main objective in this paper is to look for a control v* acting on O such that for any (hr,07) € R xR
with
ShTﬁT cQ \ 0, (].7)
we get that h(T) = hr, 0(T) = 61 and the velocities of the fluid and of the rigid body are equal to 0 at time 7.
The main result of this paper is stated below:

Theorem 1.1. Assume that S is not a disk and let (hr,01) that satisfies (1.7). Then, there exists € > 0 such
that for any (u®, h°,£0,w°, 0°) that satisfies (1.6) and

[l rs oy + 11° = B + 0] + || +]6° = 07| <<,

there exists a control v* € L*(0,T;[L*(0)]?) such that
U(T,")=01in Fnpop, hT)=hr, K (T)=0, w(T)=0, 6(T)=0.
Without loss of generality, we can always assume that

hr =0, 07y =0, andthus Sp,9, =S, Fnpor =F.



Remark 1.2. 1. Let us note that if S is a disk, the boundary conditions (1.4) on 0S(t) write

{ (U(t’ ) - h,(t))ﬁ =0 te (OvT)v on 8S(t),
RvD(U)n+ps(U—-Us))-=0 in (0,T), on 0S(t),

and we see that the angular velocity only appears on the second boundary condition (and if Bs > 0) and
unhappily it seems difficult to derive Carleman estimates that allow us to control w in that case. That is
why we exclude in Theorem [1.1] the case of a disk.

2. Theorem[1.1] is still valid in dimension three, but in this case we should assume that S is not rotationally
symmetric. This geometrical assumption is sufficient to prove the Carleman inequality obtained in Section
@. More precisely, using this geometrical hypothesis, for any z € [Lz(Q)]?’, ¢ eR3, k€ R3 such that

V-z=0inF, z-n={+kxy) nlss on dF,

we have
12llz2cmye = C (1] + K],

where C is a positive constant independent of z, £ and k. This argument is proved in [22, Lemma 2.2].

Several works were devoted to the study of fluid-rigid body interaction systems, in particular, when the
fluid is governed by the Navier-Stokes system. Existence results concerning this kind of systems with Dirichlet
boundary conditions were considered in [5], [7], [8],[24], [25], [15], [19], [23] etc. For the case of the Navier slip
boundary conditions , the existence of weak solutions is proved in [I3] and the existence of strong solutions
is obtained in [26]. In [26] and [14], the authors proved that collisions can occur in final time between the rigid
body and the domain cavity with some assumptions on the solid geometry.

Concerning the controllability, let us mention [I0] and [21], where the authors obtained the local exact con-
trollability of the 2D or 3D Navier-Stokes equations with Dirichlet boundary conditions considering distributed
controls. The controllability of the Navier Stokes system with nonlinear Navier boundary conditions was studied
in [I7). In [18], the authors established the local controllability with N — 1 scalar controls. Concerning the
controllability results of fluid-structure systems with Dirichlet boundary conditions, in dimension 2, we mention
the paper [3], where the authors proved the null controllability in velocity and the exact controllability for the
position of the rigid body assuming some geometric properties for the solid and provided that the initial con-
ditions are small enough, more precisely a condition of smallness on the H* norm of the initial fluid velocity is
needed. The authors used the Kakutani’s fixed point theorem to deduce the null controllability of the nonlinear
system. We have also the paper [20] where the authors considered the structure of a rigid ball, their result
relies on semigroup theory. In the latest paper, only an assumption on the H' norm of the initial fluid velocity
is needed. In dimension 3, we mention [2], the same result was proved without any assumptions on the solid
geometry while a condition of smallness on the H? norm of the initial fluid velocity is needed. We also mention
[22], where the authors considered the interaction between a viscous and incompressible fluid modeled by the
Boussinesq system and a rigid body with arbitrary shape, they proved null controllability of the associated
system.

In this paper, we prove the local null controllability of the system , , , , that is the case
of the Navier slip boundary conditions in the presence of the structure. We follow the same method as [20]: we
use a change of variables to write our system in a fixed domain and use a fixed point argument to reduce our
problem to the null controllability of a linear fluid-rigid body system, that is coupling the Stokes system with
ODE for the structure velocity. To do this we derive a Carleman estimates for the corresponding system.

One of the main difficulties to obtain such an estimate is to manage the boundary conditions and more
precisely to obtain estimates of the rigid velocity with the good weights. An important step for this calculation
is a Carleman estimates for the Laplacian equation with divergence free condition and Navier slip boundary
conditions, which is given in section [

The outline of this paper is as follows: in section [2| we give some preliminaries. We emphasize that one of the
main difficulties in this problem is that we are dealing with a coupled system set on a non cylindrical domain.
Then, in section [} we remap the problem into an equivalent system given in a fixed geometry. In section [5]



we establish a new carleman inequality. In section [f] we prove the null controllability of the linearized system.
Finally, in section |7, we prove Theorem and deduce the null controllability of the system by applying a
fixed-point argument.

2 Preliminaries
In this section, we prove some regularity results of an associated linearized problem. We consider the following
linear system

ow—-V - -Tw,7)=F in(0,7), inF,
V-w=0 in(0,7), in F,

ml(t) = — /85 T(w, ) dT + F t € (0,T), (2.1)
J(K- (£)) = — /a v T@ R AT By e (0.T)

with the boundary conditions

w, =0 in (0,7), on 09,
2vD(w)n + fow], =0 in (0,7), on 09, (2.2)
(W—ws), =0 in (0,T), on dS, ‘
2vD(w)n + Bs(w —ws)], =0 in (0,7), on IS,
where Ws(y) = lg + kwy®, completed with the initial conditions
w(0,-) =w’, inF, lz(0)=10, kg(0)=k,. (2.3)

We have the following regularity result for the system (2.1)), (2.2)) and (2.3)) which is proved in [26].

Theorem 2.1. Let T > 0. Suppose that Fy € L*(0,T;[L*(F)]?), F» € [L*(0,T)]* and F5 € L*(0,T) are given
functions and w® € [H'(F)]* such that
V-w’ =0, inF, w) =0, ondQ, w(y)=/(l,+k)

Then, there exists a unique solution to problem (2.1), (2.2) and (2.3) such that
w € L*(0,T; [H*(F)I) N C((0, T); [HY(F)*) 0 H (0, T; [L*(F)]?), 7 € L*(0,T; H'(F)/R),

Y ), y € OS.

(b, kw) € [H(0,T)]? x H*(0,T).

Moreover, it satisfies the following estimate

10l 220,75 1m2 )2 e o, Tt () 0, miiz2F)2) + 1T L2 o,rm1 (7)) + 1wl 0,2 + 1kl 0,7
<C (HF1HL2(O,T;[L2(]-')]2) + (1212 0,72 + I1E5ll 20,7y + Hw0||[H1(f)]z + |0 + }km) - (24
The proof of the above theorem is based on semigroup theory. For the sake of completeness, we just recall
the main ideas of the proof.
We note that w” and w are extended by % +1<;2,yi and ly + kgzy® on S respectively. Let define the following
Hilbert spaces
H={we[l?(W]?|V -w=0, w,=0,o0on0Q Dw)=0inS},

V={weH|uw|re [H(F)]}.
We notice that the condition D(w) = 0 on S is equivalent to w = ws € R on S where

R = {v € R? | there exist £, € R?, k, € R such that v(y) =4, + kvyl} .



For w,v € H, we define the inner product on H by
(w,v) = / w-v dy +mby - Ly + Jkyky.
f

Let define also the orthogonal projector P : [L?(Q2)]? — H.
The system (2.1), (2.2) and ([2.3) can be reduced to the following form

W =Aw+F, w(0)=uw’, (2.5)
where the operator A is defined by
vAw in F,
Aw=4q 2V D(w)n dI' — <2V [/ y* - D(w)n dI‘}) yt on 08, (2:6)
m Jas J LJos

A=PA, D(A)=D(A) ={weV, wFec [H*F)]? [2vD(w)n+ Bow]_ =0, on 0,
2vD(w)n + Bs(w —ws)], =0, on dS},

F, Pyt
F:P(F11f+(2+ 3y )15>.
m J

and

In [26, Lemma 3.1], it is proved that the operator A is self-adjoint and it generates a semigroup of contractions
on H. Thus, we deduce Theorem [2.1| (see [26], Proposition 3.3]).
We note here that since A is a self-adjoint operator, then for any w € D(A), we have

||w|\§>((7,4)1/2) = (w,w) + (w, Aw) .

We also need some regularity results on the linear system (2.1, (2.2)), (2.3).
Let w° € [H3(F))?, 7° € H*(F), (£2,k%) € R and we set w' € [H'(F))?, (¢4, kL) € R? such that

w' =V - T, 7% + Fi(0,-)
1
T(w®, 7°)n dT + — F(0),
m
and

1 1
kL = 77/ yt - T(w®, 7%n dl + = F3(0).
as J
Moreover, we suppose that 7° satisfies the following system

Ar® =V - Fy(0,") in F,

0
O = (vAw’ + F1(0,)) -n — (65, + kLyt) -nlgs  on OF.

on

By the Lax-Milgram theorem, the above system admits a unique solution 7° € H*(F)/R, such that

V7O o g+ 1] + [ | < C< [l s e + 1L 220,212 oy o gz )

+ 12l g1 0,2 + ||F3||H1(O,T)>'



Since OF is sufficiently regular, we get that
(AW’ 4+ F1(0,-)) - n — (€ + kLyt) - nlas € HY?(9F).

w

Then, using classical elliptic estimate of the Neumann system, we obtain

7] 2y + ] + [ | < C< [l gz e 1P 2o,z o)

Pl + 1ol o )-
We set the compatibility conditions
V-w'=0, inF, wl=0, ondQ, wl(y)=( +EkLy")., yvecas. (2.7)

Proposition 2.2. Let T > 0. Suppose that Fy € L*(0,T;[H*(F)]?) N H'(0,T;[L*(F)]?), F, € [H'(0,T))?,
Fy € HY(0,T) and let (w°, 2, k2 ) such that the compatibility conditions ([2.7) hold. Then, there exists a unique
solution to problem (2.1)), (2.2) and (2.3) such that

w e L*(0,T; [HY(F)]*) N H*(0, T3 [L*(F)]*), 7 € L*(0,T; H(F)) VH'(0,T; H' (F)),
(b, kw) € [H*(0,T)]* x H*(0,T).
Moreover, it satisfies the following estimate

1@ L2 0,750m9 (7)) 20,3122 F02) + T L2 0,003 7y 0,500 (7)) + Wl 20,12 + 18 b2 0,7)

< C( IELN 20,1127y b o,mspn2 2y + 121 0,02 + 1Bl 0,1y
0 0 0
e+ 1]+ 82 )- @29

Proof. We differentiate the system (2.1), (2.2). we get

815,5@ -V T(@tﬁ, 815?) = 3tF1 in (O,T), in ]:,
V- (@w) =0 in(0,T
0

a8
JORL() = — / YL (0, 0 dT + 0, Fy t € (0,T),
oS
with the boundary conditions
Ow, =0 in (0,T), on 09,
[2vD(0yw)n + fodw]. =0 in (0,T), on 09, (2.10)
(0w — W), =0 in (0,T), on IS, :
[2vD(dyw)n + Bs(Oyw —ws)]. =0 in (0,T), on IS,

where W = (% + kiy* with the initial conditions

0aw(0,-) = w', in F, £(0)=10L, ko(0)=kl, £z(0)=10, kg(0)=£k.

w w

(2.11)
Since (2.7)) is satisfied, we can apply Theorem [2.1} we get

195N 120 7 112 (7)) 0,122y + 10 N 2o, (7)) + Wl 0,702 + IRl a1 0,7

< C( IE1N 220,712 (7)) m i o, r2 2y + 121 im0,y + 13 a2 o,y + HwOH[HS(]:)]Z ) (2.12)



We obtain from (2.12)) that ¢z € [H?(0,T)]* and ky € H?(0,T). Then, using the regularity results for the
unstationary Stokes system with Navier boundary conditions proved in [16], combined with (2.12)) and (2.4), we
get

1@ 20, 75113 (F)2) nmr2 0,702 (F)2) T 20,7503 (e o, (7)) + w2 0,myp2 + 1Fwll g2 0,7

s C(”Fl”Lz(0,T;[HZ<f)12>nH1(o,T;[L2(f>]2) 2l 0,2 + 185l a1 0,7
0 0 0
1 e + 1601 182 ):

Then, we obtain ([2.8). O

3 Change of variables

To treat the free boundary problem , , (1.4), , we consider an equivalent system written in a fixed
domain using a change of variables that was already introduced in [24]. In fact, we construct an extension of the
structure flow over ) by a regular and incompressible flow. First, we need to control the distance between
the structure and the boundary 9(Q\O).

The condition implies that there exists d > 0 such that

d(0(\0),8) = d.
Let t € [0,T]. We have for a fixed y € S

d(y, S(t)) < [h(t) + Rocyy — o]

Then, we get

A(S(1),8) < C (h(®)] + | Rowy — L) (3.1)
It J

|h(t)] + | Rory — I2| < Yok (3.2)
we get
d(S8(t),S) < g
Thus, we obtain
AA\0),8() > 5. te0.T]

In other words, we only assume that no collision occurs between the structure and the boundary 9(Q\O) at
time T'. In fact, if the initial data are small enough, then the displacement of the structure remains small, then
is satisfied. Thus, no contact can occur between the solid and the boundary for any ¢t € [0, .

Following [24], we can construct a change of variables X and Y with the following properties

e For any t € [0,7], X and Y are C* diffeomorphisms from € into itself,

e The function X is invertible of inverse Y,

In a neighborhood of & = S(T'), X(t,y) = Xs(t,y) = h(t) + Rowyy,

In a neighborhood of 92 and of O, X (t,y) =y,

det VX (t,y) =1, for all y € Q,



e In a neighborhood of S, VX (t,y) = Ry() and VY (t, X (t,y)) = Ra_(t)

Moreover, we have

X1 g2 0,7 102@012) + 1Y 20,7502 @2y < CURN 200,702 + 101 120,79 ) (3.3)
where C' depends on T

Now, we set
u(tv y) = COf(VX(t’ y))*U(tv X(t’ y))7 P(t’ y) = p(ta X(t’ y))

Then, we have

us(t,y) = Ry (W' (1) + w(t) (@ — h(t)) = £(t) + w(t)y™,

where £(t) = Re(t)h (t). We transform the system (|1.1)), , , 11.5) by using this change of variables.
Calculations of this type are already done in [26, Lemma 2.1]. Thus, the system (1.1), (L.3), (1.4), (1.5) is
equivalent to

{ Ou—vLu+ Mu+Nu+Gp=v*lp in (0,T), in F, (3.4)

V-u=0 1in (0,7), in F,
ml'(t) = —/ T(u, p)n dI' — mwl(t): t € (0,T),
oS
Juw'(t) = —/ y* - T(u,p)n dl' t € (0,T),
08
u, =0 in (0,7)
2vD(u)n + Bou]. =0 in (0,7), on 09,
0,T)

(u—us), =0 i ,T), on 98,
2vD(u)n + Bs (u—wus)], =0 in (0,7), on S,

, on 012,

=

)

=)
NN H

=

where n and 7 respectively stand for the normal and the tangential vectors on 0F, with

0 Ou; Ou; ‘ i
[Lu]; = Z 0y, ( N ) +2Z le]k 3y] Z < klrjl) "‘ZQMF]‘I km) Uy,

gkl

8Y 8ul ; 8Yk aY; 62Xk
r: — —
Z ot oy, JZ,}( * ot " By, 0toy, ) "
ou;
ZuJ +ZF]ku]uk,
i; Op
= g Jia

where

aY; Y, X, 0X,
zk: Oz, Oz’ i = zk: Oyr, Oyy’

and

1 9gi | 9gji | Ogij
k- = kl i j i)
* 22129 y; * yi * Ay
Finally, we set the initial conditions for y € F

u(0,) = Cof(VX (0,)) "0 (X(0,3)) = uo(y), €(0) = Rya'©0 = £, w(0) = &°, (3.7)



4 Carleman estimate for the Laplacian problem with Navier slip bound-
ary conditions

We prove first, a Carleman inequality for the Stokes problem with non-homogeneous Navier boundary conditions.
From [4, Lemma 1.1], we can construct a function n € C*(F) such that

n>0inF, n=0ondF, |Vn>0inF\ O, where O,, CCO, Vn-n<0, ondF. (4.1)
Let A > 0 and let take o = €. We have the following proposition.
Proposition 4.1. Let F and O be two open sets such that O C F. Suppose that the friction coefficient B is a

non negative constant, then there exist C = C(F,0) > 0, s1 and Ay where s; = s1(F,O0), A\; = M (F,O), such
that the solution » € [H?(F)]? of the system

—AYp=f in F,
o 0F (42)
2D(W)n + Byl =b on OF,

satisfies the inequality
82>\2/ 2502 ‘V’(MQ dy + 84/\4/ 250 a4 |w‘2 dy-i—BSB/\ZBQS/ |'¢‘r|2 dr
F F oF

<C’<54)\4/ e o |y dy+s/ e**a|f|? dy+53)\2625/ IV-(a-n)|*dl
o F oF

+ sTA\Ze?s Han||[2H1/2(3]:)]2 +83/\2€28/ b dF). (4.3)
OF
for any s > s1 and A > Ay, where f € [L*(F))%, b e [HY?(0F))?, a € [H?(8F))°.

Proof. The proof is inspired from [I7] where in our case, we need to take into account the non homogeneous
Navier slip boundary conditions.

Step 1: Let w = e**1). The first equation of the system becomes
— Aw — X202 V> w + 2sAaVwVn + s)2a | Vn|? w + shaAnw = e*° f, (4.4)
We write Aw =V - (Vw + (Vw)*) — V(V - w). Using that V - w = sAaVn - w, we get
~Aw =~V - (Vw + (Vw)*) + sAa(Vw)*Vn + sAaV2nw + s\ 2a(Vn - w) V.
Then, can be written as
— V- (Vw + (Vw)*) + sAa(Vw)* Vi — 22202 [V|> w + 2sAaVwVn + sA2a |[Vi|> w + shaAqw
+ sAaVinw + s\ 2a(Vn - w)Vn = e**f.  (4.5)

We multiply (4.5) by o'/, then (4.5) is equivalent to

Mw+ Nw =g, (4.6)

where
Mw = —a'?V - (Vw + (Vw)*) — s2X20°/2 |V|* w + sha®/?(Vw)*V, (4.7
Nw = 25X’ 2VwVn + 4522/ |V w, (4.8)

10



and
G = a2 f 4+ 3502032 |Vn|* w — sAa® 2 Anw — sAa® 22w — sX2a’/2(Vn - w) V.

(4.9)

Multiplying (4.6) by its self, we notice that we only need to consider the terms Z (Mw);, (Nw);). First, we

i,
have

(Mw)1, (Nw)1) = —25/\/ @?V - (Vw + (Vw)*) - VwVn dy
f
= —2s)\ (Vn-n)(Vw + (Vw)*)n - (Vwn) dI' + 25/\/}_042(va27]) s (Vw + (Vw)™) dy

+ 4s)\? / o (Vw + (Vw)*)Vn - VwVn dy + 25\ g / o?(0jw; + 8iwj)3£jw¢8k77 dy.
F T JF
1,9,k

A =4s)\? / A(Vw + (Vw)*)Vn - VwVn dy = 45)\2/ o2 [VwVnl® dy
F F
+ 43)\2/ 2 (Vw)*Vn) - (VwVn) dy = Ay + As.
F
We obtain

Ay = 4s)\? /8}_ IVn|? (Vwn) - n(w - n) dT’ — 4s\? Z /}_ Di(®ndm)0;wswy, dy
i,k

—452)\3 / a®Vn -V (aVn-w)(Vn - w) dy,
f

where we have used that V- w = sAaVn - w. An integration by parts for the last term gives
Ay = 4s)\? / a®|Vn|* (Vwn) - n(w - n) dl' —4sA? ) / 95 (2 mdjm)d;wiwy dy
oF ik!T
+25%)\3 / BAn |V - w|® dy + 232)\4/ IVn)? o |V - w|® dy — 252\ / (Vn-n)|Vn-w|* dr.
F F oF

On the other hand, we have
B = 2s)\ Z/ aQ(ajwi + &»wj)a,%jwi&kn dy
ik’ T
= 8/\/ a®Vn -V |Vw|?® dy + 25\ Z/ a28iwj8,§jw18kn dy = By + B,.
F —JF
5,k

An integration by parts for the terms B; and Bs, gives

B :s)\/ (V- n) |[Vw|? des/\/ o?An|Vw|? dy725)\2/ \Vnl? o? |Vw|? dy,
oF F F

By = 2sA (Vn-n)Vw : (Vw)* dI" — 23)\/ AnaVw : (Vw)* dy
oF F

— 45)\? / a? |V77|2 Vw : (Vw)* dy — 2s\ g / azﬁﬁiwjajwiakn dy = Bo1 + Bas + Basg + Bay.
F — JF
1,9,k

11

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



We make an integration by parts for Bay, we get

Byy = —25)\/ (Vn-n)(Vwn) - (Vw)*n) dI" + 23)\/ ?(V2nVuw) : Vu dy
oF F

+ 4s)\? /}_a2((Vw)*Vn) - ((Vw)Vn) dy + 25*)\? /}_a3(V2nw) - (VwVn) dy

+ ZSQAg/

o 0kndndin(Ok (wiw;)) dy + 282)\2/ (VwVn) - (Vw)*Vn) dy.  (4.17)
ijk 7

F

We notice that the third term in (4.17) corresponds to Ay, while the fifth term in (4.17) denoted by Bass gives
Boys = s2\3 Z/ a3 0md;mOmO (wiw;) dy = — Z 52/\3/ O (aPOknomom) (wiw;) dy
igk?’F ijk F
+ 52)\3/ (Vn-n)? jw-n|* dr,
oF

we note that
- Z 52)\3/ M (@POndmom) (wiw;) dy = —Cs*A3(1 + )\)/ ot lw)? dy.
F F

.3,k

We treat the sixth term in (4.17]), we obtain
Boys = 252)\2/ A (VwVn) - (Vw)*Vn) dy = —252)\2/ a®0;(9;1m0kn) 0;wswy, dy
F F
— 352)\3 Z / a®Oxnd;mOin0y (wiw;) dy — 53)\3/ a®Vn - Vl]aVn - w|2 dy
kI F F

+ 257 \? /{W IV)* (Vw)*n) - n(w-n) dl' = Cy — 3Bass + Cs + Cy.  (4.18)

C3 = 83/\3/ ot Anlw-Vn|* dy + 253)\4/ oA |Vl |w- V|* dy — 33/\3/ (V- n)®|w-n|* dr. (4.19)
F F oF

Thus, we obtain

(Mw)1, (Nw)1) = 725/\/

(Vn-n)(Vw + (Vw)")n - (Vwn) dI' + s)\/ (V- n) |[Vw|* dl
oF

oF
+ 23)\/ (Vn-n)Vw : (Vw)* dT" — 23)\/ (Vi -n)(Vwn) - (Vw)*n) dT'
oF oF
+ 83)\2/ IVn|? (Vwn) - n(w - n) dT’ + 252)\2/ V]2 (Vw)*n) - n(w - n) dU
oF oF
- 682)\3/ (Vn-n)|Vy-w|® dr — 33)\3/ (Vn-n)?|lw-n* dU
oF oF

+ 2s3>\4/ IVl? ot lw - Vyl* dy — 45)\2/ o2 |V)* Vw : (Vw)* dy — 25)\2/ V2 o? [Vl dy

F F F

—e(s/\Q/ o? |Vw|? dy+s3/\4/ ot lw|? dy), (4.20)
F F

12



for all e > 0 and for s > 1, A > 1. We get also
(Mw)y, (Nw)s) = —4s)\2 /f IVn)? a? [V - (Vw + (Vw)*)] - w dy
= —4s)\? /N IVnl? (Vw) + (Vw)*)n - w dl + 85\ /foﬁ(v?nvn)(w + (Vw)*) - w dy
+83)\3/]E|V772a2(V77(Vw+ (Vw)*)) - w dy+4s)\2/f|V77|2a2 [Vw|? dy
+4s)\2/f|V77|2a2Vw : (Vw)* dy.
On the other hand, we have

(0w, (V) =53 [ [ @tV Wl dy =5 [ (T uar
F oF
+53)\3/ V- (IVn]* Vip)a? |w]? dy+453)\4/ [Vt o jw|® dy.
F F

We get
(Mw)g, (Mw)s) = —453)\4/ [Vl ot |w]? dy.
].'

We obtain
(Mw)s, (Nw);) = Basg > —332)\3/ (Vn-n)? jw - n|* dF+232)\2/ [Va)? (Vw)*n) - n(w - n) dT
OF OF

+253)\4/ \V|? o jw - Vn|? dy—s3)\3/ (Vn-n)?|w-n* dr
F oF

s(s)\Q/ o? |[Vuw|? dy+s3)\4/ ot lw|? dy).
F F

(Mw)s, (Nw)2) = 452)\3/ V) o (Vw)* Vi - w dy = 432)\3/ (Vn-n)? jw-n|*> dl
F oF

We have also

- 432)\3/ (V(IVn|* a®Vn) - w) - w dy — 433)\4/ IVnl? ot lw - Vy|* dy.
F F
Then, we get

(Mw), (Nw)) > —2s\ (Vn-n)(Vw + (Vw)")n - (Vwn) dI' + 3)\/ (Vn-n) |[Vw|? dT'
OF OF

+ 2sA (Vn-n)Vw : (Vw)* dT' — 2sA (Vn-n)(Vwn) - (Vw)*n) dT
oF oF

- 45)\2/ IV)? (Vwn + (Vw)*n), - w, dl + 452/\2/ [Va)? (Vw)*n) - n(w - n) dT
oF oF
- 253>\3/ (Vi -n)? jw-n|*> dI — SSAS/ (V- n)? jw|* dT
oF OF

+2$/\2/ V) o? |Vw|? dy—552)\3/ (Vi -n)®|w-n|* dl
F oF

—5(8)\2/ o? |Vw|? dy+83>\4/ ot lwl? dy),
F F
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where we have used
- 45/\2/ IV)? (Vw) + (Vw)*)n - w dT + 83/\2/ IVn)* (Vw)*n - n(w - n) dU
OF oOF
_ —45)\2/ Vnl? (V) + (Vo) )n)s - w, dT.
oOF

Step 2: We derive a Carleman estimate for @ = ey with & = ¢~ 7, the calculus will be analogous and we
will get the same terms up to a sign. We obtain

(@), (N@)) > 257 /

(V- ) (Vi + (V&) )n - (Vi) dI‘—sA/ (Vn-n) [Va|? dr
oF oF

~28) / (V- n)Vis : (V@) dT + 28\ / (V- n)(Vion) - (V@)*n) dT
OF oOF
—43)\2/ V> (Van + (V@) n), - @, dF+432)\2/ \Val? (V@)*n) - n(@ - n) dT
oOF OF
+253)\3/ (V-n)?|@-nf? dF+s3)\3/ (V- n)? |@|* dT
OF OF
+25/\2/ \Vn? a2 |[vVa|? dy+532)\3/ (Vn-n)®|w-nl* dT
F oOF

s(s)\z/ & |val? dy+s3)\4/ a2 dy>. (4.27)
F F

Step 3: We deal with the surface integrals. We note that on the boundary 0F, we have

Vw; = e’ (Vi + sAVn;), Vw; = e*(Vip — sAVmp;), on OF. (4.28)
Then,
Vuwn = e*(Vin + sA(Vn-n)), Vuwn=e’(Vyn —sA(Vn-n)y), on OF, (4.29)
and
(Vw)* n =e’((VY)'n+ sA(¥ -n)Vn), (Vw)'n=e’(VY)*n—sA(¢¥-n)Vn), on OF. (4.30)

The boundary terms in (4.26) are reduced to
S = —25)\/ (Vn-n)(Vw + (Vw)")n - (Vwn) dI' + s)\/ (Vi -n) |[Vw|* dT
oF oF

+ 23)\/ (Vn-n)Vw : (Vw)* dI' — 25/\/ (Vn-n)(Vwn) - (Vw)*n) dT
oF oF

- 43)\2/ IVn]? (Vwn + (Vw)*n), - w, dT +432)\2/ \Val? ((Vw)*n) - n(w - n) dT
OF OF
- 283)\3/ (Vn-n)? |lw-n* dl — 83)\3/ (Vi -n)? |w]? dl’ — 582)\3/ (Vn-n)®|w-n|* dr.
OF OF OF

The boundary terms in (4.27) write

=25 [ (Vn-n)(Vii + (V&) )n - (Vin) dF—s)\/ (Vn-n) [Va|? dr
oF oF

—2s) (Vn-n)Vw: (Vw)* dT +2s\ [ (Vn-n)(Vwn) - (Vw)*n) dT
oF oF

— 4s5)\? /af|vn|2 (Van 4 (V@)™ n), - W, dl + 452 N2 /af|vn\2((vw)*n) n(@ - n) dl

+253>\3/ (Vn-n)? |@ - n|? dr+53x3/ (V- n)? |i5\2dFdF+5sz/\3/ (Vn-n)? |@ - n|? dI.
oOF oOF oOF

14



Using that « = a = 1 and w = w on JF, the boundary terms are reduced to

S48 =25\ (/{ﬁ(vn ) (Vo + (V) )n - (Vwn) dT' — /

(Vn-n)(Vw + (Vw)*)n - (Vwn) dF)
oF

+ s\ (/an.n)wwﬁ dF—/aF(Vn-n)\VzﬂQ dr)

+ 25 </BF(V17 -n)Vw : (Vw)* dT' —/ (Vn-n)Vw : (Vu)* dF>

oF

— 28\ </6f(vn -n)(Vwn) - (Vw)*n) dT — /

(Vi - n)(Van) - (V@)™n) dF>
oF

— 4s\? (/ IVa)? (Vwn + (Vw)*n), - w, dF+/ IVn|* (Van + (V@) n), - @, dF)
OF oOF

2,2 2 *n) - n(w-n (V) n) - n(@ - n = -
+4S/\(/8fV17| (Vo)) - >dr+/w|w| (V@)™n) - n( )dr) S,

i=1

Using (4.28)), (4.29), (4.30) and (4.2)4, we get

L+ = —852)\2/
OF

2 |Vn)* (Von + (Vi) *n) - ¢ dl — 852)\2/ e |Vn|* (Vom - n)( - n) dr.
OF
I, = 432)\2/ e |Vn|* Vpn - 1 dT,
OF
Iy = 832)\2/ €% |Vn|* (Vi) *n - ¢ dr,
OF
Iy = 865/\2/ e |Vn|? [, dl — 85)\2/ e |Vn)* b -4 dr,
or oF
I = 832)\2/ e |Vn|* (Vm - n)( - n) dr.
oF
Then, we get

L+I= —832)\2/
oOF

= 83s2\2 /N e |V ? |, |* dl — 882)\2/

oF

& [Tt (Vm -+ (Vo) n), -6, 0 = 205202 [ |90 (V- ) ) dr
oOF

€2 |[Vn*b- 4 dl — 2432)\2/ e V> (Von - n)(¢ - n) dr,
oOF

and
I, = 452)\2/ e |Vn|? (Vin), - by dD + 45222 / e |V (Von) - n(¢ - n) dU
oF oF
- —432)\2/ e |Vn)* (Vo) n, - b, dl’ — 452)\25/ e |y, [* dl
OF OF
+ 482/\2/ e |V by - by dT + 45222 / e |Vn)* (Vn) - n(ip - n) dr.
OF OF
We notice that

—432)\2/ 2 |Vn)* (V) n]. - ¢, dT = —452)\2/ e |Vn)* [Vo(a-n) -, — (Vnr-4) (¢ - 7)] dr.
OF OF
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Using the inequality in [12, Theorem II.4.1] with r = 2, ¢ = 2, we obtain

sw/ ) ngC(SA/ V) dy+s3)\3/ || dy).
OF F F

Applying the same arguments, we get for I3
Iy = 832/\2/ e |Vnl* (Vo) n), - ¢y dT + 8s2>\2/ e |Vn|* (V) - n(¢ - n) dU
oOF oOF
= 882)\2/ e |Vn* [V (a-n) - ¢, — (Vnr - )i - 7)] dl + 832)\2/ e V> (Vyn) - n(y - n) dr.
oF OF
Then, combining all these inequalities, we get
X [ et (Val? (9ol dy + X5 [ o ftar
F oF
< 653)\4/ et |¢|2 dy + es)\g/ e?%a? |V7,/J|2 dy + C’</ e |f|2 dy + s*\%e?* / |V (a- n)’7'|2 ar
F F F oF
+ 52)\2625/ |b]? dF) + 482/\2625/ IVn)* (Vn - n)( - n) dr.
oF oF

Using the fact that |Vn| > 0 on F\O,, we obtain
sv/ e>a? |V dy+82)\25625/ lth, | dT
F\O, oF
<€s3)\4/ > ot [y|? dy+53)\2/ e a? |V dy—l—C(/ e alf? dy+32/\2/ ¢ |V(a - n)7|>dl
F F F oF
+52A2628/ b df) +452)\2623/ V> (Vn -n) (4 -n) dr.
oF oF

We add the term s)\Q/ e?%0? |Vz/1|2 dy in the both sides of the last equation, to get

n
s)\2/ e2@a? |Vy|? dy+s2)\2ﬁ/ e [, > dT
F OF

<533A4/ e> ot |y dy—|—€s)\2/ e*0? |[Vy|? dy+C</ ol f|? dy—i—sQ)\QeQS/ IV(a-n)7|*dl
F F F oF

R /8F|b|2 dF> + 45222 /6}_|V77|2(V¢n~n)(z/}-n) dr.

We use the following inequality that is proved in [6l Lemma 3]

53)\4/ et [Y|* dy < C (s/\Q/ e*a? |V |? dy—|—$3/\4/ > ot |y dy). (4.31)
F F

n

Then, we get for sufficiently large s and A
5/\2/ e?5% a2 |V¢\2 dy + 53)\4/ e?5oqt |1/1|2 dy + 32)\2&325/ |1/)T\2 dar
F F oOF
< C<53A4/ e?5%at |g[1|2 dy + s\? / e?%%q? |V¢|2 dy + / e % \f|2 dy + 82)\2625/ V(a- n)7'|2 dar
Oy O, F OF

+82)\2623/ |b]? dr> +482)\2623/ (V> (Ven -n) (i -n) dT'.  (4.32)
OF OF
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We recall that

oy M O

Oy1  Oyz
Since 1 is divergence free, we have that
A ==V x (V x ).

We have used the fact that for any scalar function a : R? — R, we have

_ 820,
Vxa= ( 31a> .
We recall the Green formula

/A?/)o'ﬁdy:—/(VXi/J)~(V><ﬁ) dyf/ @-7)(V x¥)dl, Ve [HY(F)]?,
F F

OF

with 7 = (—nn2> Then, we obtain
1

/ V02 (Vibn - n)( - ) dF = / V02 Vbm - by, dT
or oF
:/Vz/;:V@dyf/(wawaﬁ) dyf/ (@ -7)(V x ) dT,
F F oF

where 7 is a [H'(F)]? such that o = [Vn|*¢,, on F and

1Vl (72 < Cll¥nllgrrzome -
Thus, the last term in the right hand side of the inequality (4.32) gives

P A% /8 IVl (Vion - n)(¢ - n) dT < esA?e™ / IVYI* dy + Cs* N> ¢l 7y2 -
F F
Then, we obtain
S)\Q/ eraa2|vw‘2 dy+83)\4/ eraa4 |’¢J|2 dy+82)\2ﬁ628/ |w‘r‘2d1—‘
F F oF
§C<53A4/ e a |y? dy+3/\2/ e**a? |Viy|? dy—l—/ e |f|? dy+32)\2625/ IV(a-n)r|)*dl
@

N O, F oF
|b|? dF).

To adsorb the second term of the right hand side, we proceed like [11] inequality (1.62)] which shows that the

integral of €2**a? |Vi)|* over O, can be estimated by e>**a* [¢|? over a larger set O.
Indeed, we define § € C3(O) such that § =1 in O, and 0 < § < 1. We obtain

+ 53)\2625 ”1/}””[2]_11/2(8}_)]2 + 82)\2625 /8}-

s)\2/ e2a? |V dy<s)\2/ €902 |Vy|* dy,
o

Oy

whence

s)\Q/ e*0a? |V dy:fs/\z/
(@]

%00’ Ay - dy — s)\z/ e***a? (VO - V)¢ - ¢ dy
O O

— 253 / e20a(Vn - V)b - ¢ dy — 25°\3 / €203V - dy
O O

< C(/ e | Ay dy+33/\4/ e ot [y dy+53)\2/ €00 |Vip|* dy).
o o o
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Thus, we get
S)\Q/ BQS(XO[2|VQZ)‘2 dy+83)\4/ eraa4 |¢|2 dr+82)\2ﬂ€28/ |w7|2 dl’
F F oF
<C<33A4/ e*at [y|? dy+/ ol f| dy+52)\2625/ |V(a-n)r|>dl
o F oF

+ 5° A2 [ Fia 2 oo + 57 A% /af 12k dF),

for A and s sufficiently large. Thus, we obtain (4.3)). O

5 Carleman estimate for the linearized system
We consider the following adjoint system

-0 -V -T(v,q) =F, in (0,T), in F,
V.-v=0 in(0,7), in F,

ml (t) = / T(v,q)n dl' + F>, te (0,T), (5.1)

/yL T(v,q)n dU + F3 t € (0,T),
oS

with the boundary conditions

v, =0 in (0,7), on 05,
2vD(v)n+ Bau]. =0 in (0,7), on 09, (5.2)
(v—vs), =0 in (0,7), on 9§, ‘
2vD(v)n+ Bs(v —vs)], =0 in (0,T), on IS,
where vs(y) = £, + k,y*, completed with the initial condition
o(T,)=wvr, inF, £,(T)="tr, ko(T)=kr. (5.3)
Let n € C?(F) which verifies (£.1) with ©,, CC O a non empty open set.
Let A > 0 and
ACNF)nll oo (o) AN oo (o) +n(y))
ty) = , 5.4
B(t,y) tN(T — )N (5.4)
- A CN+2) Il Lo o) _ A2NIINll oo (o)
t) = max fS(t,y) = , *(t) = min S8(t, y),
A() = maxAt.v) e — 5(1) = min ()
€>\(2NH77HLoC(Q)+?7(y)) 6)‘2NH77HLOC(Q) —~
t = *(t) = mi t = t) = t,y). 5.9
£(t,y) Ty £ () ngﬁ(,y) Ty &(t) I;lg&(,y) (5.5)

with N > 0 a sufficiently large integer.

Proposition 5.1. Assume that S is not a disk.
There exist C = C(Q,0) and C = C(Q, O) such that for any Fy € L*(0,T;[L*(F)]?), F» € [L*(0,T))* and
F3 € L?(0,T) and for any vy € [L*(F)]?, b7 € R? and kr € R, the solution (v,£,,k,) of the system (5.1), (5.2)

18



and (5.3) verifies the inequality

T
3)\4/ / =53B(e*)3 |Vu|? dydt + s*A\ / =538 (ey4 u[? dydt
0

st / PN (10 + k(D) dt < T 5730 / / ~268" =3B (E)5 |o|2 dydt+/ / P Ry ? dydt

+/ —335 |, 2 dt+/ 533 | 2 dt). (5.6)
0 0

for all X > C and s > C(TN +T%N).

Proof. Step 1: Decomposition of the solution
Let p(t) =e ~58() and let us write

PU:<P+Z7 pgy:ggo +£z, pkv:kap'i_kza ,O(I:qga"i‘q“ (57)
where

—0vp—V -T(p,q,) = —p'v in (0,T), inF,
V=0 in(0,7), inF,

mli,(t) = /as T(¢,qp)n dT +mp't, te (0,T), (5.8)
J(k,(t)) = / yt - T(p,qp)n dT + Jp'k, t € (0,T),
as
with the boundary conditions
©n =0 in (0,7), on 09,
[2vD(e)n + Bg(p],r =0 in (0,7), on 09, (5.9)
(¢ —¢s)n =0 in (0,7, on dS, -
2vD(p)n + Bs(e — ¢s)], =0 in (0,7), on 9S,

where ps(y) = £, + kwyl‘, with

o(T,")=0, inF, L,(T)=0, Fky(T)=0.

and
—0z —V -T(z,q;) =pF1 in (0,T), in F,
V-z=0 1in (0,7), in F,
ml.(t) = / T(z,q.)n dU' + pFy t € (0,7), (5.10)
88
UL ()) :/ Yt T(z,q)n A0+ pFy t e (0,T),
oS
with the boundary conditions
2z, =0 in (0,7), on 09,
2vD(z)n+ Paz], =0 in (0,T), on 09,
(z—28)n =0 in (0,T), on 9S8,
2vD(z)n+ fs(z —2s)], =0 in (0,T), on 9S,

where zs(y) = £, + k.y*, completed with the initial condition

2(T,-)=0, in F, £.(T)=0, k.(T)=0.
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Using Theorem [2.1] we have
12 e 07122 (7y2) T 12 L2022y + 12l 0,y + 1R g o,my
< C (1Pl ao.mqua e + 10Pelizaoiye + I10Psl o)) - (5:1)
Step 2: We apply the curl operator to the first equation of , to get
—0(Vxp)—VvAV xp)=—p'Vxuv inF. (5.12)
We obtain a heat equation. We recall that

Vxpo 202 001

oy 0y2

We apply the inequality (19) of [2] replacing ¢ by V x ¢. We note that in our case the domain F does not
depend on time, then the inequality (19) of [2] holds true without terms involving the flow u. We get

N [ VT o) g N[ T ol dy N [ () 9 ol ar
F F F

< C( 3A4/ €283 |V x | dy + s\ /We—%ﬁg* IV(V x @)7|*dl

45! // e 2P () TV x Oyl dth+/ / 2BV X of? dydt) (5.13)
oF

Arguing as [2], pp.6-7], we treat the local term appearing in the right hand side of (5.13)), we obtain
T T
sv/ / e 2P |V(V x )| dydt + s3>\4/ / e 2P|V x of? dydt
o JF

+53>\3/ /8 2B (€317 x o|? dth<C<5)\6/ / e 20E% |l dydt
].'

+5A/ / 2B |V(V x )7 drdms*lxl/ / e 2B ()7L |V x p]® dDdt
0 oOF oOF

// =262 |V x o dydt), (5.14)

for A\>C and s > C(TN + T2N). We notice that ¢ satisfies the following problem

Ap=—-Vx(Vxy) in F,
V-p=0 in F,

with the boundary conditions (5.9). Applying the Carleman inequality proved in Proposition we obtain

22 / e 22 |G| dy 4 5171 / e e o dy
Q Q
< C(S‘W‘/ e et ) dy+$/ =MV x (V x @) dy
(@) F

4 [353?’)\2625/

[ l(gs)oI? dr 4 staze ||@s-n||i[3/z(as)), (5.15)
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QN)‘HTI”LOO(Q)
where we have used that a = ¢slas and b = Ss(ps)-1las. We replace s in (5.15) by ¥

ET) b e
15) by

. Multiplying

eNF2)All L oo (0

TETON(T — N

e

and integrating over (0,7), we get

T
W/ / e 282 |Vy|? dydt+s4)\4/ / e 20 o dydt < (84)\4/ /6_2SB§3|<,0|2 dydt
0 O

+s/ / “2B6 |1V x (V x @) dydt+ﬁssSA2/ —283(5*)3/ ((ps)+] dT dt
0 as
T
+S4A2/ e 255( ) ||(p$ n||H3/2(aS dt) (516)
0
Applying the estimates obtained in [I, Theorem 2.2], we get

Il e < € (Iolfaimpe + 19 - @l3acm + 19 X @lairye + s - wllisaos)) - (5.17)

Then, we multiply (5.17) by 83)\46_283(6*)3, we get

3>\4/ / 253 ()3 |72 dydt<0<3/\4/ / 253 ()3 |2 dydt
0

T
+83/\4/ / _255 )3V x ¢ dydt+33/\4/0 6_255( &) |lgs - n||H1/2(aS dt) (5.18)

Adding (5.18), (5.16) and (5.14), we deduce

3>\4/ / “2B (e V| dydt+s4)\4/ / e 2P o dydt
T
+s3)\3/ /@f e 2B (e )3 |V x f? drdt<0(35A6/ /6_28555|Lp|2 dydt

+5A// e 2B |V(V x @)7|? dDdt + s~ A // “238(e) =1 |V x * dDdt
oF oOF

+ BsstA? / =) [ sl dr are sty / 2B (€Y lps - nllgssnqas) dt

0 // 28,121V x o dydt>. (5.19)

Taking (s, \) large enough, the fifth term in the right hand side of (5.19) can be transported to the left side.
Indeed, since @gs is rigid, from [22], Lemma 2.2], we have

16t dy > Clos@) - nlfosas) (5.20)
for any shape of the body S. Moreover, we have the following relation

(Vx@)T=Ven—(Vy)'n, ondF, (5.21)
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_ —TMN2 . .
where 7 = ( n ) Multiplying (5.21) by 7, we get

Vxep=(Ven)-7—((Ve)™n)-7, on dF. (5.22)
In the other hand, we have
((Vo)'n)-T= Z@igojnjn 28 ©;N;)T Z@ njp;7 =V(p-n)-7—Vnr-p, ondF. (5.23)
0,J

Using the boundary conditions (5.9)), we can write

Bs(ps)r =v(Ven+ (Ve)'n)_ + Bser, ondS. (5.24)
Using (5.24)), (5.23)) and (5.22) , we get
Bs / (ps),|? dT' < c( / IV % of? dr + / o2 dT + ||<P8'n|§{3/2(63)>- (5.25)
oS OF OF

Multiplying (5.25) by 83)\36_253(5*)3 and integrating over (0,7), we obtain

3>\3/ / e 2B (63 (ps) 2 dth<C’<3>\3/ / e 2B(e)3 |V x | drdt
oS oOF

T
N / | e R ol arde w5 [C e o nlfaas) dt) (5.26)

Using the inequality in [12, Theorem II.4.1] with r = 2, ¢ = 2, we obtain

3 [ el ar <o (28 [ R Vel ay SN [ FHEP Il an). G
OF F F
Thus, adding (5.27)), (5.26]), (5.19) and using (5.20), we get

T
3>\4/ / () Vgl dydt+s4>\4/ / e 2Pt pf? dydt+54)‘4/ 2R EN L) dt
0
T
+53A3/ P (ol e <o sxs/ e ol ayar

+SA/ / 2B |V(V x o)1) dDdt + s\~ / / e 2B(e1) 71V x oy dTdt
oOF oOF

// 2802 |V x v]? dydt). (5.28)

We emphasize here that to absorb the boundary terms appearing in the right hand side of ([5.28)), we need to
impose that S is not a disk to have sufficient weights to manipulate the angular velocity k,. In fact, if S is not
a disk, from [22] Lemma 2.2], we have

/ o(t, )2 dy > C Ik, (). (5.29)

Let us deal with the last term in the right hand side of (5.28). Noticing that |p'| < Csp(¢*)* /N, we get

/ / =250V |V x of® dydt = / / —28(p 2|V x po|® dydt

< Os? / / —2B(¢ |V X o|® + |V x 2| ) dydt, (5.30)
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for N > 2. Using that s?e~2*%(£*)3 is bounded, applying (5.11) and using (5.29), the inequality (5.28) is reduced

to
w/ / ~28(£%)3 |V|? dydt+s4)\4/ / e 20t o) dydt

+s4A4/T ey (a0 + ) ar< o020 [ / 29 o dyd

+s)\// e 2P V(Y x o)1 dldt + s~ 'A~ // e 2PNV x @) dDdt
oF oOF

+/ / e 3B |y 2 dydt+/ e 3B (| Fy? + |F3)?) dt), (5.31)
0 F 0
for A\ > C and s > C(TN + T%V).

Step 3: Now, it remains to treat the two terms

SA/ / e 2B |V(V x )7 dldt, s~ A~ / / e 2B(E) LV x o dldt. (5.32)
oF or

To this end, let set (1 (t) = s/2A\1/2e=8(!) (£9)1/2(1). Since (i, p, Ly, k) verifies the system (5.8) and (5.9), we
deduce that ((1¢, (194, (14, (1K) satisfies the following system

—0¢(Crp) = V- T(C1, G1qp) = —Clo — Gip'v in (0,7), in F,
0,7

V-(Cie)=0 in (0,7), in F,
m(Cily) = /as T(Cip, G1gp)n dT + m(ily, +méip'l, te (0,7T),
J(Ciky) () = /65 yt - T((Crp), Crgp)n dU + JCky + JCip'k,  t € (0,T),

with the boundary condition

(¢G1p)n =0 in (0,7), on 09,

2vD(Gip)n + Ba(Cip)], =0 in (0,T), on 09,

(G —CGps)n =0 in (0,T), on IS,

2vD(Cie)n+ Bs(Ciy — Gies)], =0 in (0,7), on IS,

completed with the initial condition

(€C)(T,-) =0, in F,  (Gl)(T) =0, (Giky)(T) = 0.
We notice that in the above system all final conditions are equal to zero, then all the compatibility conditions
mentioned in Proposition are satisfied. We proceed exactly as [2]. Using (2.4) and ([2.8)), we obtain by
interpolation
2 2 2 2
”Cl(p”]ﬁ(oﬂﬂ; H23/9(F)]?) + HCl(‘OHHl(07T;[H5/9(]-")]2) + ||Cl€¢||[H23/18(0,T )2 + ||Clk§0||H23/18(01T)
< (|<1<P||L2(0T (m5/9(F)2) ||C1‘P||Ho/18(oT (r2(rye) T 1614, ||[H5/18(o 2 T lICTky ||H5/18(o T)

2 2 2 2
+ ||C1P/U||L2(0’T;[H5/9(]:)]2) + ||Clplv||H5/18(0,T;[L2(}')}2) + HCIP%v”[HS/w(o,T)P + ||C1Plkv||H5/18(o,T) ) (5.33)

Following [2, Proposition 2, pp.11-12], we get

||Cl‘PHL2(0T[H5/9(f) <es )\/ / —2s5 )4 g|? dydt+C’su/5>\/ / —23ﬁ (£4)1V/5H18/5N |72 dydt,
(5.34)
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2 _
1C10 57515 (0,712 (y12) < (8 A// 258 (%) ol dydt

T A T
+82/5)\/ / 6—255(5*)2/5+36/5N |at§0|2 dydt+812/5/\/ /
o Jr 0

6_283(5*)12/5+46/5N |S0|2 dydt), (535)
F

2 —
e Y e
T —~
+32/5)\/ —2sﬁ(§ )2/5+36/5N ’g:p|2 dt+s32/9)\/ e—2sﬁ(§*)32/9+23/9N |€w|2 dt), (5.36)
0 0

and

T
2 —2s
¢kl 3515007y < C (s‘*A / 2P (e [k,
T . T ~
+52/5/\/ 6_25ﬁ(§*)2/5+36/5N|k};|2 dt+332/9/\/ e—zsﬁ(g*)32/9+23/9N|kw|2 dt). (5.37)
0 0
Taking N > 12, we note that the second term in the right hand side of each inequality ([5.35)), (5.36]) and (5.37

can be absorbed by the left hand side of (5.33)) .
On the other hand, we notice that |¢1p| < Cs3/2A\Y2e750(£%)3/241/N ) and we get as for (5.34)

/ |Clﬂ‘ ||”H [H5/9(F))2) dt < C/ 7285(5 )3+2/NHPUH [E5/9 (F))2 dt
584/\/ / _2§/3 ) 1pv)? dydt+C’sll/5)\/ / _255 €3V (pv)* dydt.
Using the decomposition (5.7) and the regularity estimate (5.11]), we deduce from the above inequality

1602012 0 rgrrsso ey < £5°A / | Rentier dydtw( /s / e Vel dyar

- - T -
+/ /6—335 B2 dydt+/ =398 |y 2 dt+/ ¢35 |y 2 dt). (5.38)
0 F 0 0

3 -
Since p' = —55(6)',0, we have

@ e

2
160"V 5 0,322 (yp2) < (HCl Vpv ‘

L2(0,T;[L2(F)]?) L2(0,T5[L2(F)]?)

n H@ (B)'axpv)i L oL )

T =N T N
<C (m | ey ool dyiee x| [ B o dydt),
0 0

where we have used that

‘C1 (B)' ’ < Oshe™ 2B (¢x)3+2/N

and

@By Y < Ot Ae 2B (er )N,
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Using interpolation arguments and the Young inequality, we find as for (5.35)

T
2 9258 [
1€L 0 518 0,72 yp2) < C<82/5>\/ / e~ 2B (£)2/536/ OGN |9, (pv)[* dydt
- 54)\/ / =258 (V4 | pu|? dydt + 512/5>\/ / =258 (£%)12/5+46/(5N) | 5|2 dydt> (5.39)
We get also
2 T 3 2
||C1p/£v||[H5/18(07T)]2 < 0(54)‘/0 e P () |pl|
T . 5 T ~
+ 82/5)\/ 672sﬂ(£*)2/5+36/5N |(P€v)/| dt+832/9)\/ 672sﬁ(£*)32/9+23/9N |p£v|2 dt>, (540)
0 0
and
T
2 -
Jas ko < (523 [ e 2B(€) ok
T _ 5 T ~
+ 82/5>\/ 6_28'8(5*)2/5+36/5N |(pkv)l| dt + 832/9)\/ e—23ﬁ(£*)32/9+23/9N |ka|2 dt) (5.41)
0 0
Now using that 23/9 > 5/2, we have from the trace theorem
T B 2 2
S)\/ / 6_2865* |V(V X QD)T‘ drdt < C ||C1S0||L2(O,T;[H23/9(]:)]2 .
0o JoF

From (5.7), (5.33), (5-34), (5.35), (5.36), (5.37), (5-38), (5-39), (5.40) and (5.41)), we deduce

T N T ~
s)\/ / e~ 2P |V(V x o) dldt < 054)\(/ / e 20t o) dydt
0 oF 0 F

T
w [ [ ool wirs [F e (0P ko)
~ T = T =
+/ /e_3sﬁ P dydt+/ =38 |y 2 dt+/ ¢35 |y 2 dt). (5.42)
0 F 0 0

To estimate the second term in (5.32)), we take Co(t) = s7/2A71/2e 7381 (¢*)=1/2(¢) and we follow again the
arguments in [2], we obtain

||C2‘Pt||L2(0,T,[H14/9(}')]2) ( 165 @||L2 0,T;[L2(F) ]2)+||C 2% ||[L2(0 T)]2+||C k HL2(0 T)+||(C2p ) UHLZ‘ 0,T5[L2(F)]?)

+ H(<2p/)l‘€v||[L2(O,T)]2 + ”(CQpl)/kaLZ(O,T) + ||PF1||L2(0,T;[L2(]-‘)]2) + ||PF2||[L2(07T)]2 + ||pF3||L2(o,T) >

We note that _
|<— | < Cs 3/2 1/2(6*)3/2+2/N€_5ﬂ7

and _
‘(C2,0/)I| < Cs3/2)\_1/2(5*)3/2+2/Ne_36,0.

Using the trace theorem, we have

s~y / /3}- 7285 |V X g0t| di'dt < C HC250t||iZ(O,T,[H14/9(]-‘)]2) .
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Thus, for N >4, A > C and s > C(TN +T2N), we obtain

sTIAT // e 2B (1)1 |V x o7 dldt < 054)\<// e 2B (e 02 dydt
oF oF
T
+/ 2P (10 + [kl dt+/ [P e
0
+/ e~ 358 | Fy? dt+/ e~ 358 | Fy |2 dt). (5.43)
0 0

Combining (5.31), (5.42), (5.43) and (5.7), we get finally (5.6) for N > 12, A > C and s > C(TN + T?V). O

6 Null controllability for the linearized system

In this section, we prove the null controllability of the linear system

atﬂ—V~T(H,7T):U*]_O+F1 in (O,T), in ]:, (6 1)
V:-u=0 1in (0,T), in F, '
mh’ (t) = 7/ T(w,m)n dT + F, t€ (0,T),
., 88 (6.2)
78" () = —/ yt T@mndl + Fy te(0,T),
a8
Uy, = 0 in (0,7), on 01,
[2vD(w)n + ﬂgu}r in (0,7), on 09, (6.3)
(T—1us)n = 0 in (0,T), on dS, ‘
2vD(u)n + Bs (u—Ts)], =0 in (0,7), on S,
with the initial conditions
w(0) =ug, K (0)=1(° (0)=w’ h0)=hr", B(0)=0". (6.4)
The system (6.1),(6.2), (6.3). can be written as
Z'(t) = AZ()+BU +F,
a'(t) = ( )
2(0) = (6.5)
a(0) =

where A is defined as in section [2] and

F  Fyyt
B =P(v*10), F:IP’(F11;+< 22 3}! )1,;).

The vector a is defined by a = (h,f) and we define the operator C for Z € H as

CZ = (bg, ky), if Z =1ty +kgy, in S,

-/

where I = (g, 8 = kg. The equation Z(0) = Z° corresponds to the initial conditions w(0) = g, & (0) = £°,
5,(0) = w" and the vector a” corresponds to a’ = (h°,6°).
Now, let usfix A > C, s > C’(TN + TQN) and let consider

s2)2 —755(T/2) *
pl(t)z{ e BITRE T/ e 0.1)2) 66)
SN0 W)? te (T/2,T),
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—3sB(1/2)
e 2 te (0,7/2),
p)={ <o, 0T (67)
e ? te (T/2,T),
) (t) B 55/2)\36*8ﬁ"(T/2)*%SE(T/2) (E(T/2))5/2 te (0,T/2), (6 8)
’ SN O BEOER)2 e (1/2,T), |
and
*%SW/?) te(0,T/2),
5 te (T/2,T).

We notice that p; are continuous positive functions such that p;(T") = 0.
Let define the following spaces

f

- {f e 0. | L e L2<0,T;H>},
1

Z= {z € L2(0,T;H) | = € LQ(O,T;H)},
P2

u={v e POTIOP) | L e OO
3
Now, we can state the null controllability of the linearized system (6.5

Proposition 6.1. There exists a linear bounded operator Er : H x R® x .7-" — U such that for any (Z°,a", F) €
H xR?x F, the control v* = Er(Z°,a°, F) is such that the solution (Z,a) of (6.5) satisfies Z € Z and a(T ) 0.
Moreover, if Z° € D((—A)'/?), then

Z
o € L*(0,T;D(A)) N C([0,T); D((—A)"/?)) n H'(0, T; H)
4
and we have the estimate

‘ Z

Proof. The second part of Proposition comes from the fact that

C (Il + 1] + 12 i) - (6:10)
P41l L2(0,T;D(A))NC ([0, T;D((—A)*/2))NH(0,T;H)

Pie 1%°(0,T) for i = 1,3, "04” <Ce 80 <o) teloT).

P4 (p4)

Then, using [20, Corollary 4.3], we get

f € L2(0,T:D(4)) N C([0.T): D((— A)/2)) 1 H' (0, T; ),
4

such that (6.10]) is satisfied.
Let us prove the first part. The proof is similar to [20, Theorem 4.4]. The adjoint system associated to the
linear system (6.1)), (6.2) and (6.3) can be written as

—0w —V-T(v,q) =~" in (0,7), in F,
V.-o=0 in(0,7), in F,

me (t / T(v,q)n dl' + L, + € te€(0,T), (6.11)
S

J(k;(t)):/as L T(v,q)n dl + ko +k te(0,T),

27



v, =0 in (0,7), on 99,
2vD(v)n+ faou]. =0 in (0,7), on 09, (6.12)
(v—vs), =0 1in (0,T), on IS, )
2vD(v)n+ Bs(v —vs)], =0 in (0,T), on IS,

where vs(y) = £, + kyyt, with
o(T,) =0, in F, €,(T)=0, k(T)=0.

Here 42 = (¢,k) € R® and 7' € L?(0,T;H). Following the arguments of [20, Theorem 4.1], we show that the
null controllability of the system (6.1), (6.2)), (6.4]) is equivalent to show the following observability inequality

T T T
2 2
|f|HM®%+AImmﬁﬁ<0<éﬂwﬂmﬁ+A‘LMWV@ﬁ> (6.13)
We set ( ) ( /)
e [ pi(T—1) te(0,T/2),
pi (t) = { pi(t)  te(T/2T). (6.14)

Then, (5.6) implies

T T T
* * * 2 *
A|Mﬂﬁﬁ<0<éH@wHCWNmﬁ+A‘meE@ﬁ> (6.15)

Next, we argue as [3, Proposition 4]. Let consider a non negative function 77 € C*([0, T]) such that
0<7<1in[0,7), 7=1in [0,7/2], 7=0in [3T/4,T].
Then (7v,7¢,,Tk,) satisfies the energy estimates
_ 2 —p 12 2
||77UHL2(O,T;[H2(f)]?)mC([o,T];[Hl(f)]l)mHl(o,T;[Lz(f)]Z) + HWUH[HI(O,T)]Z + ||77kv||H1(o,T)
2 12 2 _ X 2
<C (||77/U||L2(0,T;[L2(J-')]2) + ||77/lv||[L2(o,T)]2 + Hn/kUHL2(O,T) + ||77(71 +C 72)HL2(0,T;H)) :
Whence
2 2 2
[0l z2 0,7 25002 (Fy2)n 00,7720 1 (P2 nE 0,7 2422 (F)2) T+ 1ol 0, m/2p2 + 1Kol En 0,7/2)
2 2 2 * 2
<C (”v”L2(T/2,3T/4;[L2(]-')]2) + lolliz2(r/2,37202 T B0l 207 /2,3772) T (' +¢ 72)||L2(0,3T/4;H)) - (6.16)
Using (6.15)), we have

T
2 2 2 * 12
1ol 222,57 a5102702) T Wolliz2 (2,520 T 1ol 2,57)2) < C/o lpivlly dt

T T
* * 2 *
<C </0 [05(+" +C*7*) || dt+/0 /Olpsvl2 dydt),

1
where we have used that the function — is bounded in [T'/2,37'/4].

P1
1
Since p; is constant in (0,7/2) and — is bounded in (0,37"/4), the equation (6.16) gives
P2

, T/2 , 3T/4 )
o)1+ | nmwﬂﬁ<0(A oo + €22 dt

T
+/|
0

T
* * 2 *
p3(v ) | dt-i—/ /O|p3v|2 dydt).
0
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Thus, using that p} = p; in (T/2,T), the estimate (6.15) and using the fact that p; < p; for i = 1,2,3 in [0, T],

we get
2 T 2 r 2 r 2
||U(O)HH+/ o1l dt < C (/ lp2(v" +C*) || dt+/ /Olpavl dydt>.
0 0 0

It remains to prove
T T
WRC(/ o215 dt+/ /|p3v|2 dydt>. (6.17)
0 o Jo

The result follows by using a contradiction argument. In fact, assume that (6.17)) is false. Then there exists a
sequence (7:,72). € L?(0,T;H) x R® such that

V2 =1, (6.18)
and
T ) T )
/ HpgfyéHH dydt+/ / lpsve|” dydt — 0. (6.19)
0 o Jo

Thus, for ¢ > 0
v = 0in L*(0,T — ; H),

and

72 — 4? in R3.
On the other hand, the solution (v, ), of the system (6.11)), (6.12) associated with (v},~2) verifies the estimate
(arguing always like [3, Proposition 4] taking 7=1in [0,7 —¢] and 7=0in [T — 3 7))

2 2 2 2
0kl T2 0, 7—estm2 (P nE (0,7—s122(F)12) 19kl T2 07— (ry) + 1 0)w i 07—z + 1 (Fo)wlla 0,0—e)

T T
<C (/ 27t +C*92) |1 dt+/ / PR dydt).
0 o Jo

v, — v in L*(0,T — g;D(A)) N HY(0,T — ; H),

From the above inequality, we have

and
¢x — qin L*(0,T — &; H(F)).

Therefore, the couple (v, q) satisfies the system

—0w—V -T(v,q) =0 in (0,T —¢), in F,
V-v=0 in(0,T—¢), inF,

ml (t) = /as T(v,q)n dU +¢ te(0,T —¢),

J(KL(t)) = /asyj_ “T(v,q)n dl+k te (0,7 —¢),

v, =0 in (0,7 —¢), on 09,
2vD(v)n+ Bou]. =0 in (0,7 —¢), on 09,
(v—vs), =0 in (0,7 —¢), on dS,

2vD(v)n+ Bs(v —vs)], =0 in (0,7 —¢), on OS.

Moreover, from (6.19)), we have v = 0in (0,7 —¢) X O. Then, using the unique continuity property of the Stokes
system (see for instance [9]), we get
v=Vqg=0in (0,7 —¢) x F.
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The boundary conditions read to
(by + koy™)n =0, Bs(ly +kyt), =0, yeas.

Since S is not a disk, we get that ¢, = 0 and k, = 0 in (0,7 — ¢). Then, we obtain in particular that
7?2 = (¢,k) = 0 from the equations of the structure motion which contradicts (6.18).
O

7 Fixed point

In this section, we prove Theorem by applying a fixed-point argument. For this purpose, we follow the same
steps as [20]. First, we give some estimates on the terms appearing in the system (3.4), (3.5) and (3.6). We
have the following lemma that is proved in [24].

Lemma 7.1. Let X and Y satisfying the properties given in Section @ We obtain for all (u,n) € [H*(F)]* x
H'(F), the following estimates, for all t € [0, T]

! /

I3 [4

p4(17f)2 o= Bl < [ [L>(0.7))2 "o [L2(0 )2 ’ pf(t) H[HZ(’T)P’
ﬁ”NﬂHW(HP e P; (L2(0.7)]2 24/1 (L2(0.7)]2 ‘p‘lu(t)H[Hl(]:)]? P4l(t) [L2(.7-')]27
m(lit)g M| 2z < C Z; . + z; . ‘ /}:&)H[Hl(fm,
p4(17t)2 6= V)W“[L?(F)P = Z; [L>=(0,T)]2 " z; [L2(0,T)]2 ’ p47r(t)H[1L11(F)]2 .

We have also

Lemma 7.2, Let X and Y satisfying the properties given in Section @ We obtain for all (w,n) € [H*(F)])* x
H'(F) the following estimates, for all t € [0,T]

—1(1)  —(2) 211 5/(2) —
%H(gl)_gz))ﬂ“ < h' " —h o -6 u ,
pa(t) [L2(F)] P4 (Lo (0.7)]? P4 (120,72 Pallia2(F))2
1

N _ @ f’
pa(t)? H( T g e
< E/(l) —E/(Q) 5/(1) _g’@) ‘ T H T
Pt [L2(0,T)]2 P [L2(0,1)]? o) iz e a2y
(1) —(2) /(1) 5/(2) —
1 h " —h 0" -0
O P i WY e WL ) R
P4( ) [L2(F)] P4 (L2(0,T)]2 P4 (L2(0,T))2 ,04( ) [H1(F))?
—1(1)  —1(2) 2/(1)  5/(2)
1 h' —h 6" -0 T

e P i T e WO I 01

P4 [L2(F)] P4 (Lo (0,7)]2 P4 [L2(0,1))2 P4 [H(F))?
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Now, we are in position to prove Theorem [T.1]

Proof of Theorem[I.1} For all r > 0, let us set

IC,.:{FEH|’F gr}.
PLlL2(0,1;m)
Let F' € K,., and assume that
Tl pp—— ’ZO‘ RO+ [0 4 16°] < r- (7.1)

From Proposition the solution (@, , h,#) of the linear system (6.1), (6.2), (6.4) with v* = Ex(Z°,a°, F)
satisfies h(T) =0, 6(T) = 0 and

pﬁ € L2(0,T; [H(F)) 0 HY(0, T; [L2(F)]2), —Z” € L2(0,T; L*(F)),
4 4

- e [HY(0,T7)]?, v e H(0,T).

P4 P4

Using (7.1 and (6.10)), we get

u

< Cr. (7.2)
P4

(L2 (F)]?

H Vr
+ N
P4

L2(0,T;D(A))NH (0,T;H)NC(0,T;(D(—A))1/2)

Using the condition ([7.2), we can construct the change of variables defined in Section
We can thus, define the mapping ® : IC,, — K., that associates F' € K., we set

(v -Au-Mu-Nu+ (V-G)r inF,
O(F) = { —mkglE in S,

where (@,, h, 0) is the solution of the linear system (6.1), (6-2) and (6-3). Combining Lemmal7.1] the estimate
(7.2) and

2
(pa)® € L>(0,T),
P1

we obtain
<O +r)dip2,

‘@(F)
P1
Then, for r small enough, we get ®(K,.) C K,. Similarly, using Lemma we get that

L2(0,T;[L*(F)]?)

O(F!) — O(F? Fl! —F?
H ( ) ( ) < C(l 4 T‘)d+1’l" H .
1 L2(0.T4[L2(F)]2) pr iz omLe(m)p)
Thus for r small enough, we obtain that ®|c,_ is a contraction. Then ® admits a fixed point associated to
(u,p, h,0), the unique solution of (3.4)), (3.5), (3.6), (3.7), which ends the proof of Theorem O
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